
New physics effects and hadronic form factor uncertainties in B ! K�‘þ‘�

Diganta Das and Rahul Sinha

The Institute of Mathematical Sciences, Taramani, Chennai 600113, India
(Received 17 May 2012; published 21 September 2012)

It is well known that new physics can contribute to weak decays of heavy mesons via virtual processes

during its decays. The discovery of new physics, using such decays is made difficult due to intractable

strong interaction effects needed to describe it. Modes such as B ! K�‘þ‘� offer an advantage as they

provide a multitude of observables via angular analysis. We show how the multitude of ‘‘related

observables’’ obtained from B ! K�‘þ‘�, can provide many new ‘‘clean tests’’ of the standard model.

The hallmark of these tests is that several of them are independent of the unknown universal form factors

that describe the decay in heavy quark effective theory. We derive a relation between observables that is

free of form factors and Wilson coefficients, the violation of which will be an unambiguous signal of new

physics. We also derive relations between observables and form factors that are independent of Wilson

coefficients and enable verification of hadronic estimates. We show how form factor ratios can be

measured directly from helicity fraction with out any assumptions what so ever. We find that the allowed

parameter space for observables is very tightly constrained in standard model, thereby providing clean

signals of new physics. We examine in detail both the large-recoil and low-recoil regions of the K� meson

and point out special features and derive relations between observables valid in the two limits. In the large-

recoil regions several of the relations are unaffected by corrections to all orders in �s. We present yet

another new relation involving only observables that would verify the validity of the relations between

form factors assumed in the low-recoil region. The several relations and constraints derived will provide

unambiguous signals of new physics if it contributes to these decays.
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I. INTRODUCTION

It is well known that physics beyond the standard model,
referred to as new physics, can either be discovered by
direct production of new particles at high energies or by
indirect searches at high luminosity facilities where new
physics can contribute virtually to loop processes. The
most well known example of the latter kind is the muon
magnetic moment. Unfortunately, even though muon is a
lepton, hadronic contributions have to be estimated and
turn out to be the limiting factor in the search for new
physics. Indirect searches for new physics often involve
precision measurement of a single quantity as in the case of
muon magnetic moment. The single measurement is com-
pared to a theoretical estimate that needs to be accurately
calculated. There are, however, certain decays which
involve measurement of several related observables.
Well-known examples of such decays are B ! V1V2 where
B decays to two vector mesons V1 and V2 and the semi-
leptonic penguin decay B ! K�‘þ‘�. The heavy meson
decays to such modes occur in multiple partial waves and
allow a measurement of a multitude of related observables.
In this paper we will show how the observables obtained
from an angular analysis of B ! K�‘þ‘� allow for a
cleaner signals of new physics if it exists.

It is hoped that flavor changing neutral current transi-
tions in b ! s and b ! dwill be altered by physics beyond
the standard model (SM), and their study would reveal
possible signal of new physics (NP) if it exists. However,

understanding the hadronic flavor changing neutral current
decays requires estimating hadronic effects which cannot
be completely accurately done. Experimental data
collected by the Belle and BABAR collaborations at the B
factories, CLEO, Tevatron, and now LHCb seem to indi-
cate that new physics does not show up as large and
unambiguous effects in flavor physics. This has bought
into focus the need for theoretically cleaner observables,
i.e., observables that are relatively free from hadronic
uncertainties. In the search for new physics it is, therefore,
crucial to effectively separate the effect of new physics
from hadronic uncertainties that can contribute to the
decay.
One of the modes that is regarded as significant in this

attempt is B ! K�‘þ‘� an angular analysis of which is
known to result in a multitude of observables [1–3], each of
which is a function of an invariant dilepton mass q2.
Throughout, our discussions we will neglect the lepton
and s-quark masses, ignore the very small CP violation
arising within the standard model [1,2], and exclude study-
ing the resonant region in q2. In this limit, any observable
that is chosen may eventually be expressed in terms of six
real transversity amplitudes that correspond to the three
states of polarizations ofK� and the left or right chirality of
the lepton ‘�. We can, hence, have at best six independent
observables. Several different experiments BABAR, Belle,
CDF, and LHCb have studied the mode B ! K�‘þ‘�
[4–10], providing valuable data as a function of the dilep-
ton invariant mass q2 by studying uniangular distributions.
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The partial branching fraction is measured in chosen q2

bins by preforming a complete angular integration. A study
of the angular distribution of the direction of the lepton in
an appropriately chosen frame (see Sec. III) has also al-
ready been done by all the four experiments to measure the
forward-backward asymmetry AFB and the longitudinal
polarization fraction FL, in terms of integrated dilepton
invariant mass regions of q2. CDF and LHCb have, in
addition, performed an angular study of the azimuthal
angle defined as the angle between the planes formed by
the leptons and the decay products of K�, i.e., K, �. We
will show that the F? helicity fraction can be obtained
from a uniangular distribution of azimuthal angle. Future
experimental studies at LHC-B, Belle II, and Super-B will
enable the study this mode with significantly larger statis-
tics and make possible the analysis with multiangular
distributions and the measurement of all the observables.

In a recent paper [11] it was shown that the multitude of
related observables obtained via an angular analysis in
B ! K�‘þ‘� can provide many ‘‘clean tests’’ of the stan-
dard model. The hallmark of these tests is that several of
them are independent of the universal form factors �k and
�? required to describe the decay using heavy quark
effective theory (HQET). Indeed, in the large recoil region
considered in Ref. [11], these relations are even more
interesting as they are unaffected by corrections to all
orders in �s. We will refer to such relations that are
independent of universal form factors and are unaffected
by corrections to all orders in �s as ‘‘clean relations.’’ A
variety of relations were derived which included relations
between observables and form factors that are independent
of Wilson coefficients. Such relations are inherently clean
and important as they enable verification of hadronic esti-
mates. We show how form factor ratios can be measured
directly from ratios of helicity amplitudes measured at the
zero crossings of asymmetries without any assumptions
what so ever. Another achievement is the derivation of a
relation between observables alone, based entirely on the
assumption that the amplitudes have form given by the
standard model, but which is nevertheless independent of
form factors and Wilson coefficients. This relation would
provide an unambiguous test of the standard model relying
purely on observables. We also presented a clean expres-
sion for the ‘‘effective photon vertex’’ involving the same
operator that also contributes to the process B ! K��. We
emphasize that the amplitude for B ! K�� involves the
universal form factor �k and is inherently not clean. It is,

hence, somewhat surprising that the same vertex can be
expressed independent of the universal form factors in
heavy quark effective theory in a way that is valid at order
1=mb to all orders in �s. While C9 and C10 individually
depend on form factors, we find that the expression for the
ratio C9=C10 is clean. Based purely on the signs of the form
factors and the fact that zero crossing of the forward-
backward asymmetry has been observed, we convincingly

concluded that the signs of the Wilson coefficients are
in agreement with standard model. We found that there
exist three sets of equivalent solutions to each of the
three Wilson coefficients involving different observables.
However, only two of the sets are independent. It was
shown that the allowed parameter space for observables
is very tightly constrained in the standard model, thereby
providing clean signals of new physics.
In this paper we not only derive all the expressions

presented in Ref. [11] in detail but also derive several
new expression and constraints. We extend the analysis
to examine in detail both the large-recoil and low-recoil
regions of the K� meson and probe special features and
relations valid in the two limits. We present yet another
new relation involving only observables that would verify
the validity of the relations between form factors assumed
in the low-recoil region. Under this approximation men-
tioned earlier, we have the six real presumably nonzero
amplitudes that are described in terms of eight combina-
tions of form factors and Wilson coefficients. We elaborate
in this paper how the six observables can be used to verify
the standard model and to distinguish possible new physics
contributions from hadronic effects, which in the usual
approach, hinder the discovery of new physics. This is
made possible by fortunate advances in our understanding
of these form factors that permit us to make two reliable
inputs in terms of ratios of form factors which are well
predicted at order 1=mb to all orders in�s and are free from
universal form factors �k and �? in heavy quark effective

theory.
In this paper we briefly review the theoretical framework

ofB ! K�‘þ‘� in the standard model in Sec. II. In Sec. III
we express the differential decay distribution in terms of
angular variables and helicity amplitudes. We also define
observables that are directly measurable by angular analy-
sis. The helicity amplitudes are expressed in terms of form
factors in Sec. IV, where we also set up essential notations
used throughout the paper. While most of our analysis is
independent of the values of form factors, we do use the
various symmetries possible in the heavy quark limit to
emphasize the variety of interesting results possible with
B ! K�‘þ‘�. In Sec. IVAwe discuss the symmetry rela-
tions among form factors arising in the large recoil limit of
the K� meson. A similar discussion for the low-recoil limit
is presented in Sec. IVB. Our model independent analysis
is described in details in Sec. V, where we also derive the
bulk of new relations. The results presented in this section
are in general valid for all q2. The large recoil limit is
obtained simply by assigning the form factors the expres-
sions or values valid in this limit. The low-recoil limit
requires special attention and is discussed in Sec. VI,
where we consider special features and derive more new
interesting new results. In Sec. VII we summarize the main
results of the paper. The derivation involved in the solu-
tions of Wilson coefficients are given in Appendix A, and
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the numerical values of form factors and inputs we used are
presented in Appendix B.

II. THEORETICAL FRAMEWORK

The decay BðpÞ ! K�ðkÞ‘�ðq1Þ‘�ðq2Þ is described
within the standard model by an effective Hamiltonian
H eff that involves separation of long-distance QCD ef-
fects from the short-distance QCD and weak interaction
effects. The effective short-distance Hamiltonian for
b ! s‘þ‘� transition is well understood and is given by
[2,3,12]

H eff ¼ GF�ffiffiffi
2

p
�
VtbV

�
ts

�
Ceff
9 ð�s��PLbÞ �‘��‘

þ C10ð�s��PLbÞ �‘���5‘

� 2Ceff
7

q2
ð �si���q

�mbPRbÞ �‘��‘

�
; (1)

where q� ¼ q1� þ q2� ¼ p� � k� and we have defined

PL;R ¼ ð1� �5Þ
2

and q2 is the dilepton invariant mass squared. In the above
we have ignored the s quark mass and throughout this
paper we will ignore the lepton mass. The Wilson coeffi-
cientsCeff

7;9;10 are evaluated at the scale� ¼ mb ¼ 4:8 GeV

at next-to-next-to-leading logarithm accuracy [3]:

Ceff
7 ¼�0:304; Ceff

9 ¼ 4:211þYðq2Þ; C10¼�4:103;

where

Ceff
7 ¼ C7 � 1

3
C3 � 4

9
C4 � 20

3
C5 � 80

9
C6

and the function Yðq2Þ is given by [3,13–15]

Yðq2Þ ¼ hðq2; mcÞ
�
4

3
C1 þ C2 þ 6C3 þ 60C5

�

� 1

2
hðq2; mbÞ

�
7C3 þ 4

3
C4 þ 76C5 þ 64

3
C6

�

� 1

2
hðq2; 0Þ

�
C3 þ 4

3
C4 þ 16C5 þ 64

3
C6

�

þ 4

3
C3 þ 64

9
C5 þ 64

27
C6:

The function hðq2; mqÞ reads

hðq2; mqÞ ¼ � 4

9

�
ln
m2

q

�2
� 2

3
� y

�
� 4

9
ð2þ yÞ

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jy� 1j

q �
�ð1� yÞ

�
ln
1þ ffiffiffiffiffiffiffiffiffiffiffiffi

1� y
p
ffiffiffi
y

p � i
�

2

�

þ�ðy� 1Þ arctan 1ffiffiffiffiffiffiffiffiffiffiffiffi
y� 1

p
�

where we have defined y ¼ 4m2
q=q

2, and we have

neglected the small weak phase.
The B ! K� hadronic matrix elements of the local quark

bilinear operators �s��PLb and �si���q
�mbPRb can be

parametrized in terms of the q2-dependent QCD form
factors V, A1;2, T1;2;3 as

h �K�ðkÞj �s��ð1� �5Þbj �BðpÞi

¼ �i��ðmB þmK� ÞA1ðq2Þ þ p�ð��:qÞ 2A2ðq2Þ
mB þmK�

þ i���	��
��p	k�

2Vðq2Þ
mB þmK�

(2)

h �K�ðkÞj �s���q
�ð1þ �5Þbj �BðpÞi

¼ i���	��
��p	k�2T1ðq2Þ þ T2ðq2Þ½���ðm2

B �m2
K� Þ

� 2ð��:qÞp�� � ð��:qÞq2 2T3ðq2Þ
m2

B �m2
K�

p�; (3)

where, q� ¼ p� � k�. We have dropped terms propor-

tional to q� since the terms q� �‘���5‘ and q� �‘��‘

do not contribute in the limit of vanishing lepton mass.
The form factors have been studied using QCD sum rules
on the light cone, QCD factorization in the heavy quark
limit, soft-collinear theory, and using operator product

expansion that is valid for large dilepton mass
ffiffiffiffiffi
q2

p
. The

decay B ! K�‘þ‘� has the advantage that it can be
studied as a function of the dilepton mass or q2. If one
excludes the resonant region and the very small CP viola-
tion arising within SM, all theWilson coefficients and form
factors contributing to the decay are real. In this paper as
mentioned above we will make both these assumptions.
The complete angular distribution requires the polariza-

tion of K� or a study of the angular distribution of the K�
decay into K�. This is readily done in the narrow width
approximation for the K� since the decay of K� ! K� is
itself well understood in terms of an effective Lagrangian.
The resulting matrix elements are described in a model
independent approach in terms of three reliably calculable
effective Wilson coefficients that represent short-distance
contributions and six (in the limit of vanishing lepton
mass) B ! K� form factors. The B ! K�‘þ‘� matrix
element can, hence, be written as

M ¼ GF�ffiffiffi
2

p
�
VtbV

�
ts

��
Ceff
9 hK�j�s��PLbj �Bi�l��l

þ C10hK�j�s��PLbj �Bi�l���5l

� 2C7mb

q2
hK�j�si���q

�PRbj �Bi�l��l

��
: (4)
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III. ANGULAR DISTRIBUTION
AND OBSERVABLES

The decay �BðpÞ ! K�ðkÞ‘þðq1Þ‘�ðq1Þ with K�ðkÞ !
Kðk1Þ�ðk2Þ on the mass shell, is completely described by
four independent kinematic variables. These are the lepton-
pair invariant mass squared q2 ¼ ðq1 þ q2Þ2, the angle 


between the decay planes formed by ‘þ‘� and K�, respec-
tively, and the angles �‘ and �K defined as follows: assuming

that the K� has a momentum along the positive z direction in
theB rest frame,�K is the angle between theK and theþz axis
and �‘ is the angle of the ‘

� with theþz axis. The differential
decay distribution of B ! K�‘þ‘� can be written as

d4�ðB ! K�‘þ‘�Þ
dq2d cos�‘d cos�Kd


¼ Iðq2; �‘; �K;
Þ

¼ 9

32�
½Is1sin2�K þ Ic1cos

2�K þ ðIs2sin2�K þ Ic2cos
2�KÞ cos2�‘ þ I3sin

2�Ksin
2�‘ cos2


þ I4 sin2�K sin2�‘ cos
þ I5 sin2�K sin�‘ cos
þ Is6sin
2�K cos�‘ þ I7 sin2�K sin�‘ sin


þ I8 sin2�K sin2�‘ sin
þ I9sin
2�Ksin

2�‘ sin2
�: (5)

We note that I’s are q2 dependent but we have chosen to
suppress the explicit q2 dependence for simplicity.
Throughout the paper, we will not explicitly state the q2

dependence of observables and variables; however, the
dependence is implicit. A study of the angular distribution
of the decay will allow us to measures all the I’s. Since the
K� in B ! K�‘þ‘� decay is created on shell, it has three

polarization states. Hence, we can express I’s explicitly in

terms of the six transversity amplitudesAL;R
?;k;0, where? ,

k , and 0 represent the polarizations and L, R denote the

chirality of the lepton ‘�. We can write the nine observ-

ables explicitly in terms of the six transversity amplitudes

AL;R
?;k;0 as

Is1 ¼
3

4
½jAL

?j2 þ jAL
k j2 þ ðL ! RÞ�; Ic1 ¼ ½jAL

0 j2 þ ðL ! RÞ�; Is2 ¼
1

4
½jAL

?j2 þ jAL
k j2 þ ðL ! RÞ�;

Ic2 ¼ �½jAL
0 j2 þ ðL ! RÞ�; I3 ¼ 1

2
½jAL

?j2 � jAL
k j2 þ ðL ! RÞ�; I4 ¼ 1ffiffiffi

2
p ½ReðAL

0A
L�
k Þ þ ðL ! RÞ�;

I5 ¼
ffiffiffi
2

p ½ReðAL
0A

L�
? Þ � ðL ! RÞ�; Is6 ¼ 2½ReðAL

kA
L�
? Þ � ðL ! RÞ�; I7 ¼

ffiffiffi
2

p ½ImðAL
0A

L�
k Þ � ðL ! RÞ�;

I8 ¼ 1ffiffiffi
2

p ½ImðAL
0A

L�
? Þ þ ðL ! RÞ�; I9 ¼ ½ImðAL�

k AL
?Þ þ ðL ! RÞ�:

In the above we have ignored the lepton mass. As mentioned above we will assume that the resonant region is excluded in
the analysis and that CP violation arising within the standard model is negligible. In the absence of CP violation the
conjugate mode �B ! �K�‘þ‘� has an identical decay distribution except that I5;6;8;9 switch signs to become�I5;6;8;9 in the
differential decay distribution [1,2]. The helicity amplitudesAL;R

?;k;0 are then all real and only six of the I’s can be nonzero
and independent. In fact, it is easy to see that I7, I8, and I9 must vanish in the limit of vanishing CP violation.

The explicit form of these transversity amplitudes are

AL;R
? ¼ N

ffiffiffi
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2

B;m
2
K� ; q2Þ

q �
½ðCeff

9 � Ceff
10 Þ�

Vðq2Þ
mB þmK�

þ 2mb

q2
Ceff
7 T1ðq2Þ

�
; (6a)

AL;R
k ¼ �N

ffiffiffi
2

p ðm2
B �m2

K� Þ
�
½ðCeff

9 � Ceff
10 Þ�

A1ðq2Þ
mB �mK�

þ 2mb

q2
Ceff
7 T2ðq2Þ

�
; (6b)

AL;R
0 ¼ � N

2mK�
ffiffiffiffiffi
q2

p
�
½ðCeff

9 � Ceff
10 Þ� �

�
ðm2

B �m2
K� � q2ÞðmB þmK� ÞA1ðq2Þ � �ðm2

B;m
2
K� ; q2Þ A2ðq2Þ

mB þmK�

�

þ 2mbC
eff
7

�
ðm2

B þ 3m2
K� � q2ÞT2ðq2Þ �

�ðm2
B;m

2
K� ; q2Þ

m2
B �m2

K�
T3ðq2Þ

��
(6c)

where
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N ¼ VtbV
�
ts

�
G2

F�
2

3 � 210�5m3
B

q2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2

B;m
2
K� ; q2Þ

q �
1=2

; (7)

with �ðm2
B;m

2
K� ; q2Þ ¼ m4

B þm4
K� þ q4 � 2ðm2

Bm
2
K� þm2

K�q2 þm2
Bq

2Þ. We note that the helicity amplitudes AL;R
?;k;0 are

functions of q2; for simplicity, we have suppressed the explicit dependence on q2:

Iðq2; �‘; �K;
Þ ¼ 9

16�

�ðjAL
?j2 þ jAR

?j2 þ jAL
k j2 þ jAR

k j2Þ
4

sin2�Kð1þ cos2�‘Þ þ ðjAL
0 j2 þ jAR

0 j2Þcos2�Ksin2�‘

þ ðjAL
?j2 þ jAR

?j2 � jAL
k j2 � jAR

k j2Þ
4

cos2
sin2�Ksin
2�‘ þReðAL

kA
L�
? �AR

kA
R�
? Þcos�‘sin2�K

þReðAL
0A

L�
? �AR

0A
R�
? Þffiffiffi

2
p cos
 sin�‘ sinð2�KÞ þ

ReðAL
0A

L�
k þAR

0A
R�
k Þ

2
ffiffiffi
2

p cos
 sinð2�‘Þ sinð2�KÞ
�
:

(8)

It is easy to see that integration over cos�K, cos�‘, and 
 results in the differential decay rate with respect to
the invariant lepton mass, which is given by the sum of the modulus squared of all the transversity amplitudes at the
same invariant lepton mass:

d�

dq2
¼ X

�¼0;k;?
ðjAL

�j2 þ jAR
�j2Þ: (9)

It is obvious from Eq. (8) that a complete study of the angular distribution will allow us to measure six observables. We
define the relevant observables to be the three helicity fractions defined as follows:

FL ¼ jAL
0 j2 þ jAR

0 j2
�f

; (10a)

Fk ¼
jAL

k j2 þ jAR
k j2

�f

; (10b)

F? ¼ jAL
?j2 þ jAR

?j2
�f

; (10c)

where �f �
P

�ðjAL
�j2 þ jAR

�j2Þ, and FLþFkþF?¼1. The well-known forward-backward asymmetry AFB,

AFB ¼
½R1

0 �
R
0
�1�d cos�‘ d2ð�þ ��Þ

dq2d cos�‘R
1
�1 d cos�‘

d2ð�þ ��Þ
dq2d cos�‘

; (11)

and two new angular asymmetries,

A4 ¼
½R3�=2

�=2 d
� R�=2
��=2 d
�½R1

0 d cos�K � R
0
�1 d cos�K�½

R
1
0 d cos�‘ �

R
0
�1 d cos�‘� d4ð�� ��Þ

dq2d cos�‘d cos�Kd
R
2�
0 d


R
1
�1 d cos�K

R
1
�1 d cos�‘

d4ð�þ ��Þ
dq2d cos�‘d cos�Kd


; (12)

A5 ¼
R
1
�1 d cos�‘½

R3�=2
�=2 d
� R�=2

��=2 d
�½R1
0 d cos�K � R

0
�1 d cos�K� d4ð�þ ��Þ

dq2d cos�‘d cos�Kd
R
1
�1 d cos�‘

R
2�
0 d


R
1
�1 d cos�K

d4ð�þ ��Þ
dq2d cos�‘d cos�Kd


: (13)

AFB, A4, and A5 can be written directly in terms of the transversity amplitudes as follows:

A4 ¼
ffiffiffi
2

p
�

ReðAL
0A

L�
k Þ þ ReðAR

0A
R�
k Þ

�f

; (14)
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A5 ¼ 3

2
ffiffiffi
2

p ReðAL
0A

L�
? �AR

0A
R�
? Þ

�f

; (15)

AFB ¼ 3

2

ReðAL
kA

L�
? �AR

kA
R�
? Þ

�f

: (16)

A complete angular analysis requires much larger
data set than are currently analyzed, hence, angular
distributions in terms of only one angular variable have
been studied. The angular distribution as a function
of q2 and cos�‘ with 
 and cos�K integrated out is
given by

d2�

dq2d cos�‘
¼ �

�
AFB cos�‘ þ 3

8
ð1� FLÞð1þ cos2�‘Þ

þ 3

4
FLð1� cos2�‘Þ

�
: (17)

Angular analysis in terms of cos�‘ enables the measure-
ment of both FL the longitudinal helicity fraction and the
forward-backward asymmetry AFB. The other helicity frac-
tions F? or Fk can be measured from the angular distribu-

tions as well, but it has been believed that one need to
perform a full angular analysis. It is, however, easy to see
that a combination of FL and F? can be measured if the
angular distribution in terms of 
 is studied. The angular
distribution in 
 is given by

d2�

dq2d

¼ �

2�

�
1� 1� FL � 2F?

2
cos2
þ I9 sin2


�
:

(18)

The distribution in 
 allows us to measure 1� FL � 2F?.
If FL is measured independently, one can obtain F?. The
distribution also allows us to measure I9, which is immeas-
urably small in SM [1] and assumed to be zero in our study.
Recently, the angular analysis in 
 has been studied [9,16]
by the CDF and LHCb collaborations. In the next section
we will show that 1� FL � 2F? is also small in the SM as
a consequence of heavy quark effective theory. We will
conclude in Sec. II that the angular distribution will be
almost constant for q2 � 0, with small variation in cos
 at
large q2.

There is yet another technique to measure F? which
involves studying angular distributions in terms of only one
angular variable. However, this approach requires indepen-
dent analysis in the transversity frame defined with J=c at
rest. In this frame the lepton makes an angle �tr with the z
axis. The expression for the differential decay rate as a
function of cos�tr is given by

d�

dq2d cos�tr
¼ �

�
3

8
ð1� F?Þð1þ cos2�trÞ

þ 3

4
F?ð1� cos2�trÞ

�
: (19)

Clearly, F? the perpendicular polarization fraction can
be measured from a fit to cos�tr in the transversity frame.
The errors in FL and F? measured in this fashion will
be correlated and the correlation will have to be taken
care of.

IV. NOTATION: OBSERVABLES IN TERMS
OF FORM FACTORS

The six transversity amplitudes in Eqs. (6a)–(6c) are
written in terms of the Wilson coefficients and the form
factors in most general form as

AL;R
? ¼ CL;RF? � ~G?; (20a)

AL;R
k ¼ CL;RF k � ~Gk; (20b)

AL;R
0 ¼ CL;RF 0 � ~G0 (20c)

where to leading order, CL;R ¼ Ceff
9 � C10 and ~G� ¼

Ceff
7 G�. C

eff
7 , Ceff

9 , and C10 are the Wilson coefficients

that represent short-distance corrections. F � and ~G�

are defined below in terms of q2-dependent QCD form
factors that parametrize the B ! K� matrix element [3]
and are suitably defined to include both factorizable and
nonfactorizable contributions at any given order. The
treatment of the form factors depends largely on the
recoil energy of the K� or equivalently q2 and will have
to be treated differently in the limit of heavy quark
effective theory. In the large recoil limit (see Sec. IVA)
the next-to-leading order effects including factorizable
and nonfactorizable corrections can be parametrically

included by replacements Ceff
9 ! C9 and defining ~G� ¼

Ceff
7 G� þ � � � , with the dots representing the next-

to-leading and higher order terms. Hence, the Wilson
coefficient and form factor can be lumped together into a

single factor ~G�. We note that even at leading order it is
impossible to determine Ceff

7 with the value of G� being
determined. The treatment of form factors in the low-
recoil limit (see Sec. IVB for details) differs significantly
from the large recoil. In the low-recoil limit the leading
corrections are the nonperturbative effects up to and

including terms suppressed by �QCD=Q (where Q ¼
fmb;

ffiffiffiffiffi
q2

p g) and include the next-to-leading order correc-
tions from the charm quark mass mc and the strong cou-
pling at Oðm2

c=Q
2; �sÞ.

The form factors F � and ~G� can be related to the form
factors V, A1;2, and T1;2;3 introduced in Eqs. (6a)–(6c) [3]

by comparing these expressions for AL;R
� with those in

Eqs. (20a)–(20c). Including higher order QCD correction

and nonfactorizable corrections, F � and ~G� can be
written as
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~G?¼�N
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�ðm2

B;m
2
K� ;q2Þ

q 2mb

q2
Ceff
7 T1ðq2Þþ���; (21a)

~Gk¼N
ffiffiffi
2

p ðm2
B�m2

K� Þ2mb

q2
Ceff
7 T2ðq2Þþ���; (21b)

F?¼N
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2�ðm2

B;m
2
K� ;q2Þ

q Vðq2Þ
mBþmK�

; (21c)

F k¼�N
ffiffiffi
2

p ðmBþmK� ÞA1ðq2Þ; (21d)

F 0¼ �N

2mK�
ffiffiffiffiffi
q2

p
�
ðm2

B�m2
K� �q2ÞðmBþmK� ÞA1ðq2Þ

��ðm2
B;m

2
K� ;q2Þ A2ðq2Þ

mBþmK�

�
; (21e)

~G0¼ N

2mK�
ffiffiffiffiffi
q2

p 2mb

�
ðm2

Bþ3m2
K� �q2ÞCeff

7 T2ðq2Þ

��ðm2
B;m

2
K� ;q2ÞC

eff
7 T3ðq2Þ

m2
B�m2

K�

�
þ���: (21f)

With the help of Eqs. (20a)–(20c), the observables FL,
Fk, F?, AFB, A4, and A5 can be written in terms of the

Wilson coefficients and from factors as

FL�f¼2ðC2
9þC2

10ÞF 2
0þ2~G2

0�4C9F 0
~G0; (22a)

Fk�f¼2ðC2
9þC2

10ÞF 2
kþ2~G2

k�4C9F k ~Gk; (22b)

F?�f¼2ðC2
9þC2

10ÞF 2
?þ2~G2

?�4C9F? ~G?; (22c)

�A4�f

2
ffiffiffi
2

p ¼ ~Gk ~G0þðC2
9þC2

10ÞF 0F k�C9ðF k ~G0þ ~GkF 0Þ;
(22d)ffiffiffi

2
p

A5�f

3
¼C10ðF? ~G0þ ~G?F 0Þ�2C9C10F 0F?; (22e)

AFB�f

3
¼C10ðF k ~G?þF? ~GkÞ�2C9C10F kF?: (22f)

We use Eqs. (22a)–(22f) to solve the Wilson coefficients in
terms of the observables and the form factors. This solu-
tions are achieved by defining new variables

rk ¼
~Gk
F k

� C9; (23a)

r? ¼
~G?
F?

� C9; (23b)

r0 ¼
~G0

F 0

� C9; (23c)

r^ ¼
~Gk þ ~G0

F k þF 0

� C9: (23d)

In terms of these new variables rk, r?, r0, and r^
the observables in Eqs. (22a)–(22f) can be written
conveniently as

Fk�f ¼ 2F 2
kðr2k þ C2

10Þ; (24a)

F?�f ¼ 2F 2
?ðr2? þ C2

10Þ; (24b)

FL�f ¼ 2F 2
0ðr20 þ C2

10Þ; (24c)

ðFL þ Fk þ
ffiffiffi
2

p
�A4Þ�f ¼ 2ðF 0 þF kÞ2ðr2^ þ C2

10Þ;
(24d)ffiffiffi

2
p

A5�f ¼ 3F?F 0C10ðr0 þ r?Þ; (24e)

AFB�f ¼ 3F?F kC10ðrk þ r?Þ; (24f)

ðAFB þ ffiffiffi
2

p
A5Þ�f ¼ 3F?ðF 0 þF kÞC10ðr^ þ r?Þ:

(24g)

It is easy to see that only six of the seven equations
above are independent; the last Eq. (24g) is easily obtained
from Eqs. (24e) and (24f). Considerable notational sim-
plification is achieved by defining the following six ratios
of form factors:

P1 ¼ F?
F k

; P2 ¼ F?
F 0

;

P3 ¼ F?
F 0 þF k

¼ P1P2

P1 þ P2

(25)

P0
1 ¼

~G?
~Gk

; P0
2 ¼

~G?
~G0

;

P0
3 ¼

~G?
~Gk þ ~G0

¼ P0
1P

0
2

P0
1 þ P0

2

:

(26)

Clearly, r^ introduced in Eq. (23) is not independent
and is easily obtained from a combination of rk and r0.
The expression for r^ in terms of rk and r0 and form factors

ratios P1 and P2 is easily derived to be

r^ ¼ rkP2 þ r0P1

P2 þ P1

: (27)

Naively, we have nine theoretical parameters, the three
Wilson coefficients C7, C9, and C10 and the six form
factors F 0, F k, F?, G0, Gk, and G?, describing the six

observables �f, FL, F?, A4, A5, and AFB. As mentioned

earlier, Ceff
7 and G� cannot be distinguished and they are

lumped together beyond leading order, so that we have
only eight independent theoretical parameters, the two
Wilson coefficients C9 and C10 and six form factors F 0,

F k, F?, ~G0,
~Gk, and ~G?. It is obvious that with two

theoretical inputs in addition to the observables we should,
in principle, be able to solve for the remaining six
theoretical parameters purely in terms of these two reliable
inputs and observables. Fortunately, advances in our
understanding of these form factors permit us a judicious
choice of the two reliable inputs which depends on the
energy of recoiling K� (or equivalent q2). At large recoil
the two inputs are the ratios of form factors P1 and P0

1
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which are well predicted at next-to-leading order in
QCD corrections and free from form factors �k and �?
in heavy quark effective theory. While the choice of P1 and
P0
1 works well at low q2, at low recoil another condition

equating the three ratios ~G�=F � for � ¼ f0; k;?g is
needed.

The decay mode B ! K�‘þ‘� has been studied with
form factors calculated in different models. For example,
in Ref. [17] the mode has been studied using light-
cone hadron distribution amplitudes [18] combined with
QCD sum rules on the light cone [19]. In Ref. [20] the
mode was studied using naive factorization and QCD sum
rules on the light cone. In Refs. [15,21,22] it has been
studied in the heavy quark limit using QCD factorization
[23,24]. Soft-collinear effective theory [25–29] that is valid
for small q2 (large recoil of K�) has been used to study
the decay in Ref. [30], while operator product expansion
that is valid for large q2 (low recoil) has been studied in
Ref. [31].

In the next two subsections that follow, we will
digress to consider the B ! K�‘þ‘� form factors and
their relations in the two limits of the K� meson recoil
energy. We will present our model independent analy-
sis in the next section (Sec. V). We will assume P1 and
P0
1 as inputs for most of the paper as the results are valid

throughout the q2 domain, except when P1 ¼ P0
1. We

will show that the validity of the large recoil limit
approximation can be verified by a direct measurement
of P1 in terms of helicity fractions, at the zero-crossing
point of AFB, i.e., at AFB ¼ 0. The low-recoil limit is
considered at the end in Sec. VI, where we will also
examine the special case P1 ¼ P0

1. The validity of

the low-recoil limit can also be tested through a re-
lation derived purely between observables which is valid
only in the low-recoil limit. In both the recoil regions we
derive several important relations between observables,
Wilson coefficients, and form factors. We find that the
six observables are not independent as there exists one
constraint relation that involves observables alone and,
hence, free from the details of recoil energy approxi-
mation as well. As a consequence, we find that F k cannot
be solved for and must be taken as an additional input
as well.

A. Form factor in the large recoil limit

In B ! K� transition at low q2, the light meson K�
carries a large energy EK� . Since the initial B meson
contains the heavy b quark, in this limit the form factors
can be expanded in small ratios of �QCD=mb and

�QCD=EK� [32]. This reduces the independent B ! K�

form factors from seven to two universal form factors �?
and �k. In terms of these two form factors, the seven form

factors can be written up to 1=mb and �s corrections as
[32,33]

A1ðq2Þ ¼ 2EK�

mB þmK�
�?ðEK� Þ; (28a)

A2ðq2Þ ¼ mB

mB �mK�
½�?ðEK� Þ � �kðEK� Þ�; (28b)

A0ðq2Þ ¼ EK�

mK�
�kðEK� Þ; (28c)

Vðq2Þ ¼ mB þmK�

mB

�?ðEK� Þ; (28d)

T1ðq2Þ ¼ �?ðEK� Þ; (28e)

T2ðq2Þ ¼ 2EK�

mB

�?ðEK� Þ; (28f)

T3ðq2Þ ¼ �?ðEK� Þ � �kðEK� Þ; (28g)

where, EK� is the energy of the K� meson,

EK� ¼ m2
B þm2

K� � q2

2mB

:

We note that the form factor A0 does not appear in our
expressions in the massless lepton limit. In the large recoil
limit T2=T1 and V=A1 are well predicted and reduce to the
simple form

T2

T1

¼ 2EK�

mB

; (29)

V

A1

¼ ðmB þmK� Þ2
2EK�mB

: (30)

Note that these ratios are independent of the universal form
factors �k and �? and are valid to all orders in the strong

coupling constant [15].
In addition to the order �s corrections to the hadronic

form factors, there also exist ‘‘nonfactorizable’’ correc-
tions, which can be significant in the heavy quark and large
recoil limit. Following Ref. [15], these nonfactorizable
corrections can be incorporated in next-to-leading order
in QCD by the following transformations [34]:

Ceff
7 Ti ! T i; (31a)

Ceff
9 ! C9; (31b)

where the Wilson coefficients are taken at the next-to-next-
to leading order, and the T i are defined as

T 1 ¼ T ?; T 2 ¼ 2EK�

mB

T ?; T 3 ¼ T ? þT k:

(32)

The complete expressions of T ?;k are given in Ref. [15].

The form factor ratios P1;2;3 and P0
1;2;3 can be written

with the help of the Eqs. (28a)–(28g). The expressions for
the ratio’s P1 and P0

1 are of particular interest, since these
form factor ratios do not receive any QCD corrections in
the heavy quark effective theory and are independent of
both of the form factors �k and �? to all orders in �s and to
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leading order in the 1=mb expansion. We will take expres-
sions for P1 and P

0
1 as input and find that they are given by

the simple form

P1 ¼ F?
F k

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2

B;m
2
K� ; q2Þ

q
ðmB þmK� Þ2

Vðq2Þ
A1ðq2Þ

�
2
4�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2

B;m
2
K� ; q2Þ

q
2EK�mB

3
5; (33a)

P0
1 ¼

~G?
~Gk

¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2

B;m
2
K� ; q2Þ

q
m2

B �m2
K�

T 1

T 2

¼
2
4�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2

B;m
2
K� ; q2Þ

q
mB

2EK� ðm2
B �m2

K� Þ

3
5: (33b)

It may be noted that the form factor ratios P1 and P0
1 do

not depend on the universal form factors �k and �? and are

unaltered by the inclusion of nonfactorizable corrections
and higher order corrections in QCD. P1 and P0

1 are hence
used by us as reliable theoretical inputs. On the other hand,
it is easy to see that P2;3 and P

0
2;3 depend on universal form

factors and hence receive corrections from higher order
and nonfactorizable contributions that result in a more
complicated expression. In our approach P2;3 and P0

2;3

will be obtained in terms of observables and P1 and P0
1

in Eqs. (87), (88), (90), and (91).
The expressions (33a) and (33b) are valid for large recoil

region where q2 is small and are usually considered ex-
tremely accurate for q2 between 1 GeV and 6 GeV [33].
The region q2 < 1 GeV is ignored to eliminate resonance
contributions which might not only introduce uncertainties
but might also introduce complex contributions which
we have assumed are absent. Unless otherwise stated,
large recoil region would mean 0:10 GeV2 	 q2 	
12:86 GeV2. We stress that once the nonfactorizable cor-
rections are taken into account, the Wilson coefficient C7

can no longer be separated from the hadronic form factor.
The C7 and the the hadronic form factors lump together

into effective photon vertex ~G�, which as we will show, can
be expressed in terms of observables and the form factors
P1 and P0

1.

B. Form factor in the low-recoil limit

A model independent description for the case of low-
recoil energy of the K� in B ! K�‘þ‘� decay was put
forward by Grinstein and Pirjol [31] in the modified heavy
quark effective theory framework. In this approach [31],
‘‘near the zero point q2 � ðmB �mK� Þ2, the long-distance
contributions to B ! K�‘þ‘� can be computed as short-
distance effect using simultaneous heavy quark and opera-

tor product expansion in 1=Q with Q ¼ fmb;
ffiffiffiffiffi
q2

p g.’’ In
view of this the subleading mK�=mB terms are neglected
and nonfactorizable corrections are ignored. An elaborate

study of the predictions for B ! K�‘þ‘� was undertaken
in Ref. [35] where the next-to-leading order corrections
from the charm quark mass mc and strong coupling at
Oðmc=Q

2; �sÞ were included. The result is a relation be-
tween the B ! K�‘þ‘� form factors that reduces the
number of independent hadronic form factors to only three,
i.e., V, A1, and A2 can be expressed in terms of the form
factors T1, T2, T3 as

T1ðq2Þ ¼ Vðq2Þ; (34a)

T2ðq2Þ ¼ A1ðq2Þ; (34b)

T3ðq2Þ ¼ A2ðq2Þm
2
B

q2
(34c)

where the expression of  is given in [35].
In the low-recoil limit the nonfactorizable corrections

and higher order corrections in �s are ignorable, hence, we

have ~G� ¼ Ceff
7 G� for all � ¼ f0; k;?g. The condition in

Eq. (34) together with Eq. (21) on ignoring mK�=mB terms
can be recast as

Gk
F k

¼ G?
F?

¼ G0

F 0

� ̂ ¼ �
2mBmb

q2
: (35)

This can easily be seen to imply that

P 1 ¼ P0
1; P2 ¼ P0

2; P3 ¼ P0
3; (36)

and hence,

rk ¼ r? ¼ r0 ¼ r^ � r: (37)

In the low-recoil limit the form factor ratios P1 and P0
1

are easily derived to be

P 1 ¼ P0
1 ¼

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðm2

B;m
2
K� ; q2Þ

q
ðmB þmK� Þ2

Vðq2Þ
A1ðq2Þ

: (38)

Note that in this limit as well, the two ratios P1 and P
0
1 are

independent of the universal form factors �k and �?. The
low-recoil approximation is expected to work well in re-
gion 14:18 GeV2 	 q2 	 19 GeV2. Conventionally, the
low-recoil region is meant to imply this range of q2. In
Sec. VI we will reconsider the low-recoil region to study
the special feature that emerge in the low-recoil region. In
the low-recoil limit we need to take special care of the fact
that P1 ¼ P0

1.

V. MODEL INDEPENDENTANALYSIS

In this section we present a new model independent
approach that offers a possibility of isolating hadronic
effects from genuine new physics contributions. We begin
by deriving the solutions for the Wilson coefficients C9,

C10 and the effective photon vertex
~Gk, in terms of observ-

ables and the minimum number of required form factor
ratios, some of which are more or less independent of
hadronic uncertainties.
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The first set of solutions are obtained using three inde-
pendent Eqs. (24a), (24b), and (24f), and one easily solves
(see Appendix A) for rk þ r? to be

rk þ r? ¼ 

ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F?

�
P2
1Fk þ F?


 P1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4FkF? � 16

9
A2
FB

s �
1=2

:

However, rk þ r? ¼ 0 when AFB ¼ 0 from Eq. (24f). The

term inside the round bracket of the above equation be-
comes a whole square if AFB ¼ 0, hence,

rk þ r?jAFB¼0 ¼ 

ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F?

ð ffiffiffiffiffiffiffi
F?

p 
 P1

ffiffiffiffiffiffi
Fk

q
Þ ¼ 0: (39)

Since, the expression for rk þ r? should be valid for all

values of the observables, the right-hand side could go to
zero only if positive sign ambiguity is chosen, taking into
account that P1 is negative. This fixes the sign ambiguity
inside the round bracket. The condition rk þ r? ¼ 0 gives us
the familiar relation for the zero crossing of AFB. The defini-
tions of rk and r? straightforwardly imply that AFB ¼ 0 at

2C9 ¼ C7

�
G?
F?

þ Gk
F k

�
;

¼ � 4mb

q2
C7

T1ðq2Þ
Vðq2Þ ðmB þmK� Þ

�
1� m2

K�

2m2
B

�
;

¼ � 4mbmB

q2
C7

�
1� m2

K�

2m2
B

�
þOð�sÞ; (40)

where we have used Eqs. (29) and (30). The Oð�sÞ depen-
dence arises from the ratio T1ðq2Þ=Vðq2Þ, which also
depends on �?ðq2Þ [33].

Notice that, Eq. (39) implies that when AFB ¼ 0, we
must have a exact equality

P 1 ¼ �
ffiffiffiffiffiffiffi
F?

p
ffiffiffiffiffiffi
Fk

p
��������AFB¼0

(41)

enabling a measurement of P1 in terms of the ratio of
helicity fractions. If zero crossing were to occur, it would

provide an interesting test of our understanding of form
factors. Very recently, LHCb has confirmed [16] zero
crossing of AFB for the first time. The zero crossing is
observed at q2 ¼ 4:9þ1:1�1:3 GeV2, which is consistent with

the predictions of the standard model and lies in the large
recoil region. Equation (41) can, hence, be used to measure
P1 at the zero crossing of AFB. A confirmation of the
estimate of P1 with direct helicity measurements would
leave no doubt on the reliable predictability HQET in the
large recoil region.
The solution of C10 in terms of the observables and

hadronic form factors now reads as

C10 ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F k

2

3

AFB

½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1Fk þ F? þ P1Z1

q
�
; (42)

where Z1 is defined as

Z1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4FkF? � 16

9
A2
FB

s
: (43)

This solution allows us to measure C10 directly in terms of
observables, ‘‘clean’’ form factors P1, P

0
1 and on F k. In

Tables I and II we have present the predicted values of F?
and C10 using FL and AFB values from [10,16], respec-
tively. In Table II we also estimate F? which is computed
directly from data using Eq. (18) and the value of S3 quoted
in Ref. [16].
A rather unexpected observation is that as long as

4FkF? � 16
9 A

2
FB, the term P2

1Fk þ F? þ P1Z1 is always

positive. This is easily seen by an (infinite) series expan-
sion in AFB:

P2
1FkþF?þP1Z1¼ðP1

ffiffiffiffiffiffi
Fk

q
þ ffiffiffiffiffiffiffi

F?
p Þ2� 4A2

FBP1

9
ffiffiffiffiffiffiffiffiffiffiffiffi
FkF?

p
� 4A4

FBP1

81ðFkF?Þ3=2
þOðA6

FBÞ�0; (44)

where every term is positive since P1 is negative. Since the
Wilson coefficient C10 is real in the standard model, Z1

must be real restricting the observables Fk, F?, and AFB

such that

TABLE I. The predictions for F? [Eq. (52)] and C10 [Eq. (42)] using 0:37 fb�1 LHCb [10] data for FL, AFB, and d�=dq2. ‘‘(T)’’ in
the first column indicates the values quoted are theoretical estimates. The form factor F k and the ratios P1 and P0

1 are averaged over

each q2 bin using heavy-to-light form factors at large recoil (for 0:10 GeV2 	 q2 	 12:86 GeV2) and heavy-to-light form factors at
low recoil (for 16 GeV2 	 q2 	 19 GeV2). The region 14:18 GeV2 	 q2 	 16 GeV2 is neglected as the form factors cannot be
calculated reliably in this region. The unusual large value of C10 in the 0:10 GeV2 	 q2 	 2 GeV2 region could be due to failure in
estimatingF k or perhaps be a signal new physics. It is unlikely [36,37] that such a large effect can be due to the contributions from low

lying resonances in the experimental data. It may be noted that the estimate of F? does not depend on universal form factors and is
clean in the low-recoil limit.

q2 ðGeV2Þ 0.10–2.00 2.00–4.30 4.30–8.68 10.09–12.86 14.18–16.00 16.00–19.00 1–6

F? (T) 0:44
 0:01 0:14
 0:06 0:19
 0:03 0:25
 0:04 � � � 0:14
 0:016 0:21
 0:05

C10 (T) 14:36
 1:68 2:81
 0:78 3:00
 0:384 2:34
 0:372 � � � 3:11
 0:39 3:81
 0:58
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4FkF? � 16

9
A2
FB: (45)

The violation of this condition will be a clear signal of new
physics. On the other hand, if the experiments find a real
value that does not agree with the estimates of standard
model value, it could either be a signal of new physics or of
the uncertainties in form factor estimations. The Wilson
coefficient C9, can also be solved (see Appendix A) in
terms of observables and form factor ratios,

C9 ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F k

ðFkP1P
0
1 � F?Þ � 1

2 ðP1 � P0
1ÞZ1

½
ðP1 � P0
1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1Fk þ F? þ P1Z1

q
�
: (46)

All the discussions following Eq. (42) equally are appli-
cable to this solutions. The way the matrix element decom-
position is defined in the heavy quark and large energy
limit, at next-to-leading logarithmic order [15], does not
allow us to factor out the Wilson coefficient Ceff

7 from the
hadronic form factors Ti. Hence, the solution of C7 is not
possible. However, we can solve for the effective photon

vertex ~Gk, which we can express in terms of the observ-

ables and P1, P
0
1. The solution of ~Gk is

~G k ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p ðP2
1Fk � F?Þ

½
ðP1 � P0
1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1Fk þ F? þ P1Z1

q
�
: (47)

To obtain the three expressions, Eqs. (42), (46), and (47),
we removed the sign ambiguities in the solution by looking
at the behavior of the solutions at the AFB zero crossing
points. All of our solutions for the Wilson coefficients
depend explicitly on the assumption that AFB � 0, hence,
the Wilson coefficients can be determined at any q2 except

at the zero crossing of AFB. The denominator of ~Gk and C9

depend on P1 � P0
1, so the behavior of the Wilson coef-

ficients at the point P1 ! P0
1 needs careful examination.

Unlike the zeros of AFB, which can be experimentally
determined and hence avoided, the crossing point for P1

and P0
1 a priori can only be determined based on calcu-

lations and hence, may be uncertain. We note that in this
limit we have rk � r? ¼ 0, where as in the limit AFB ¼ 0,

we had rk þ r? ¼ 0. Naively, C9 and ~Gk appear to be

divergent in the limit P1 ! P0
1, as can be seen from

Eqs. (46) and (47) and indeed Eq. (A8) cannot be used to
determine theWilson coefficientsC7 andC9. However, it is
easily seen that the Wilson coefficients are finite when

P1 ! P0
1. Consider the combination ~Gk �F kC9, which

is seen from Eqs. (47) and (46) to be manifestly finite in the
limit P0

1 ! P1:

~G k �F kC9 ¼
ffiffiffiffiffiffi
�f

2

s
FkP1 þ 1

2Z1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1Fk þ F? þ P1Z1

q : (48)

We will show that the combination ~Gk �F kC9 can be

determined and indeed if F k is assumed ~Gk and C9 can

be individually determined and are finite.
In the limit P0

1 ¼ P1, Eq. (23) implies

r2k þ C2
10 ¼ r2? þ C2

10 ¼
Fk�f

2F 2
k
¼ F?�f

2F 2
?
: (49)

We thus have

P 2
1 ¼ P02

1 ¼ F?
Fk

¼ F 2
?

F 2
k
; (50)

which enables a measurement of P1. Indeed if the hadronic
estimate P2

1 ¼ F?=Fk is verified by measurement even

when AFB � 0, we can conclude with certainty that
P1 ¼ P0

1. Hadronic estimates can thus be verified experi-
mentally. Note that a similar condition at AFB ¼ 0 also
provided a measurement of P1 in Eq. (41).
Many more important results can be derived from the

expressions derived so far. We can use Eqs. (42) and (46) to
obtain the ratio C9=C10:

R � C9

C10

¼ 2ðFkP1P
0
1 � F?Þ � ðP1 � P0

1ÞZ1
4
3AFBðP1 � P0

1Þ
: (51)

We emphasize that C9=C10, defined henceforth as R, is
expressed as a ‘‘clean parameter’’ in terms of observables
and the two ratios of form factors which are predicted
exactly in heavy quark effective theory. Our expressions
so far depend on the helicity fractions Fk and F?; however,

TABLE II. The same as Table I but with 1:0 fb�1 LHCb data [16]. ‘‘(E)’’ in the first column indicates the values quoted are
experimental estimates. F? (E) is computed directly from data using Eq. (18) and the value of S3 quoted in Ref. [16]. The values of C10

seem to decrease with the larger data set used and are marginally lower than theoretical estimates. Unfortunately, the cause of
discrepancy in C10 cannot be fixed; it could either be due to failure in estimating F k or perhaps be a signal of new physics. Note that in

the 0:10 GeV2 	 q2 	 2 GeV2 region C10 is still large even with improved statistics. We emphasize that the two values of F? are in
good agreement almost throughout the q2 region.

q2 ðGeV2Þ 0.10–2.00 2.00–4.30 4.30–8.68 10.09–-12.86 14.18–16.00 16.00–19.00 1–6

F? (E) 0:36þ0:14
�0:11 0:11þ0:09

�0:15 0:31
 0:09 0:145þ0:12
�0:13 0:35
 0:13 0:08þ0:13

�0:14 0:22þ0:10
�0:11

F? (T) 0:31
 0:03 0:15
 0:04 0:20
 0:03 0:22
 0:03 � � � 0:12
 0:01 0:17
 0:03
C10 (T) 12:91
 1:07 2:60
 0:779 2:88
 0:32 2:0
 0:25 � � � 2:55
 0:29 3:26
 0:45
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FL has been measured and since FL þ Fk þ F? ¼ 1,
we can express Fk in terms of FL and F?. All of our

conclusions throughout the paper can be reexpressed in
terms of just two helicity fractions FL and F?.

Equation (51) can be used to experimentally test the ratio
of C9 and C10. On the other hand, if the ratio R ¼ C9=C10

is known very accurately, F? can be predicted using
Eq. (51) in terms of FL and AFB as

F? ¼ �4RAFBðP1 � P0
1Þð1þ P1P

0
1Þ þ 3ð1� FLÞðP1 þ P0

1Þ2 � ðP1 � P0
1Þ

ffiffiffiffiffiffiffi
T?

p
3ð1þ P2

1Þð1þ P02
1 Þ

; (52)

where

T? ¼ 9ð1� FLÞ2ðP0
1 þ P1Þ2 � 24RAFBð1� FLÞðP1 � P0

1Þð1� P1P
0
1Þ � 16A2

FB½R2ðP1 � P0
1Þ2 þ ð1þ P2

1Þð1þ P02
1 Þ�:

The sign of the term containing
ffiffiffiffiffiffiffi
T?

p
could either be

positive or negative. Of the two possible solutions for
F?, in Eq. (52) we have chosen the solution which gives
the correct value of R obtained from Eq. (51). This solution
corresponds to the one with the negative ambiguity as
shown in Eq. (52). As seen from Eq. (52), the transversity
amplitude F? is expressed in terms of two observables FL

and AFB which has already been measured. Using the
measured values of FL and AFB from Refs. [10,16], we

have tabulated the predicted values ofF? in Tables I and II,
respectively.
In order that F? take real values, T? must be positive.

The positivity of T? imposes constraints on the possible
values for FL and AFB, which cannot, therefore, be arbi-
trarily chosen. The requirement for a real solution for F?,
hence, implies a constraint on AFB in terms of P1, P

0
1, R,

and observable FL:

�3ð1� FLÞ
4

T� 	 AFB 	 3ð1� FLÞ
4

Tþ;

T
 ¼ ðP1 þ P0
1Þ2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1þ P2
1Þð1þ P02

1 Þ
q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðP1 þ P0
1Þ2 þ R2ðP1 � P0

1Þ2
q

� ð1� P1P
0
1ÞðP1 � P0

1ÞR
: (53)

It is easy to see that T
 � 1 when P1 � P0
1 � �1. Given

the values of P1 and P
0
1 from Table III, we expect T
 � 1.

The allowed domain for AFB is hence almost free from
R as long as P1 � P0

1 � �1. In Fig. 1, we have de-
picted the permitted FL � AFB parameter space by the
solid (blue) triangle for R ¼ �1. In the figure to the left
P1 and P0

1 values are averaged over 1 to 6 GeV2 using
heavy-to-light form factors at large recoil (see Sec. IVA),
and in the figure to the right we have used P1 and P

0
1 values

averaged over 16 to 19 GeV2 using heavy-to-light
form factors at low recoil (see Sec. IVB). Inside the
triangles, the solid (black) lines correspond to the F?
values; the dashed (blue) lines correspond to the C10 values
as function of FL and AFB. In Fig. 2 the variation of the
parameter space is studied as a function of R. The large-
dashed (red) triangle and the identical lines correspond to
R ¼ 10. The R ¼ �10 case is depicted by the small

dashed (blue) line. The R ¼ �1 case is shown for refer-
ence with solid (black) lines. In the figure to the left P1 and
P0
1 values are averaged over 1 to 6 GeV2 and in the figure

to the right we have used P1 and P0
1 values averaged over

16 to 19 GeV2.
Interestingly, Eq. (51) can also be inverted to express

AFB in terms of P1, P
0
1, and R:

AFB ¼ 3ðRX�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
YðP1 � P0

1Þ2ð1þ R2Þ � X2
q

Þ
4ðP1 � P0

1Þð1þ R2Þ : (54)

where X ¼ 2ðFkP1P
0
1 � F?Þ and Y ¼ 4FkF?. Note

that the Eq. (51) is quadratic in AFB, and should have
resulted in a two-fold ambiguity in the solution. One easily
confirms that only the solution with a positive sign in
front of the square root is valid by substituting the observ-
ables in terms of the form factors and the Wilson coeffi-
cients. The usefulness of the result in Eq. (54) is that it
constrains the FL � F? parameter space. This is easily
derived by requiring that AFB in Eq. (54) is real, implying
the positivity of the argument of the radical in the expres-
sion for AFB:

TABLE III. The form factor ratios P1, P
0
1 and F k averaged

over different q2 bins at large recoil.

GeV2 0.10–2 2–4.3 4.3–8.68 10.09–12.86 1–6

P1 �0:8924 �0:9286 �0:9034 �0:8337 �0:9259

P0
1 �0:9189 �0:9561 �0:9302 �0:8585 �0:9533

F kð10�12Þ �5:7667 �11:330 �17:4311 �25:8917 �11:8692
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1þ P2
1 þ P02

1 þ R2ðP1 � P0
1Þ2 � ðP1 � P0

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2ðP1 � P0

1Þ2 þ ðP0
1 þ P1Þ2

q
2P2

1P
02
1

	 1� FL

F?

	 1þ P2
1 þ P02

1 þ R2ðP1 � P0
1Þ2 þ ðP1 � P0

1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þ 1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2ðP1 � P0

1Þ2 þ ðP0
1 þ P1Þ2

q
2P2

1P
02
1

: (55)

The constraint implied by this bound is depicted in Figs. 3
and 4 where we have considered two different values
corresponding to different bins of averaged q2 values. P1

and P0
1 are averaged over the q2 region as described in the

figure caption. The reader will note the rigorous constraint
within the standard model, i.e., R ¼ �1, depicted in the

figures by the diagonal thick solid (blue) line that predicts
F? to lie in a very narrow region, well approximated by a
line that is a function of FL and with the slope depending
on the domain of q2. It is obvious from Eq. (55) that as R2

increases from unity, a wider region around this solid line
is allowed. The allowed FL-F? parameter space for
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2

C10 F

1 q 2 6
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F
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0.8
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F
L

FIG. 1 (color online). The allowed FL � AFB parameter space depicted by the solid (blue) triangle for R ¼ �1 is obtained by
demanding that F? [see Eq. (52)] is real valued. In the figure to the left P1 and P0

1 values are averaged over 1 to 6 GeV2 using heavy-

to-light form factors at large recoil (see Sec. IVA), and in the figure to the right we have used P1 and P0
1 values averaged over 16 to

19 GeV2 using heavy-to-light form factors at low recoil (see Sec. IVB). Inside the triangles, the solid (black) lines correspond to the
F? values; the dashed (blue) lines correspond to the C10 values as function of FL and AFB.
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FIG. 2 (color online). The same as Fig. 1, except that the variation of the parameter space is studied as a function of R. The large-
dashed (red) triangle and the identical lines correspond to R ¼ 10. The R ¼ �10 case is depicted by the small dashed (blue) line.
R ¼ �1 case is shown for reference with solid (black) lines. In the figure to the left P1 and P0

1 values are averaged over 1 to 6 GeV2

and in the figure to the right we have used P1 and P0
1 values averaged over 16 to 19 GeV2.
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jRj ¼ 10 are also depicted as a wedge of dashed (blue)
lines. In Fig. 4 on the right we have shown an enlarged
region where for jRj ¼ 10 we have plotted the values of
AFB evaluated using Eq. (54). As the figures shows, the
FL � F? correlation is not particularly sensitive to R. Also
plotted in these figures are the constraints on the FL � F?
parameter space arising from Z2

1 > 0 for different values of
AFB. The plots also include other details which will be
discussed later.

It is interesting to note that irrespective of the value of R,
in the limit P0

1 ! P1 one obtains ð1� FLÞ=F? ¼
1þ 1=P2

1. In the limit mB ! 1 and the energy of the K�,
EK� ! 1, it is easy to see thatP1 ¼ P0

1 ! �1, and we find
that Fk ¼ F?. In this limit Eq. (18) will result in a constant

distribution in
. Since P1 and P
0
1 values differ slightly, we

expect only a very small coefficient of cos
.
The measurements of FL and F? must be consistent

with value of AFB and there exists a domain of R, P1, and

0
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F

FIG. 4 (color online). The same as in Fig. 3 except that P1 and P0
1 averaged over 16 GeV2 	 q2 	 19 GeV2. The figure to the right

is the inset of the figure to the left. In this figure the solid and the dashed diagonal (blue) lines are the same as in the figure to the right.
The dotted-dashed (red) lines labeled by ‘‘a,b,c,d’’ correspond to AFB ¼ 0:5, 0.3, 0,�0:3, respectively, for R ¼ �10. The line ‘‘c’’ (for
AFB ¼ 0) divides the domain and corresponds to the thick dashed (red) line in Fig. 3. The AFB, FL, and F? must be consistent as shown
by the dotted-dashed lines. For R ¼ �1, similar lines exist for different value of AFB but overlap with the solid blue line. Hence, they
are not depicted in the figure.
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FIG. 3 (color online). The constraints on FL � F? parameter space arising from Eq. (55) with the value of P1 and P0
1 averaged over

1 GeV2 	 q2 	 6 GeV2. The allowed region for R ¼ �1 is depicted by the diagonal thick solid (blue) line that predicts F? to lie in a
very narrow region, well approximated by a line. The allowed FL � F? parameter space for jRj ¼ 10 is also depicted as a wedge of
dashed (blue) lines. The shaded region in the left figure is forbidden by FL þ F? þ Fk ¼ 1. In the figure on the left the thick dashed

(red) line correspond to the solution of F? from Eq. (54) for AFB ¼ 0. This line divides the allowed domain into two regions fixing the
sign of AFB relative to C9=C10 and C7=C10 as depicted in the figure. The additional cures in the right figure correspond to the constraint
on FL � F? arising from Z2

1 > 0 for different values of AFB: 0.05, 0.25, 0.5, 0.7, where all the regions to the left of these curves are

allowed.
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P0
1 for which the consistency may hold. These values must

be verified to be consistent with the values of observables.
Bounds on P2

1 can be obtained from the equations derived
so far, in terms of observables alone. Extremizing P2

1 in
terms of all the nonobservables in Eq. (42), we can get
following bounds on P2

1:

P 2
1 +

4FkF? � 16
9 A

2
FB

F2
k

8 FkF? +
2

7

�
4AFB

3

�
2
: (56)

For AFB ¼ 0, we have already noted the exact equality
P2
1 ¼ F?=Fk. Analytical bounds on P0

1 are also possible

but are harder to obtain.
We now derive some useful relations that involve C7 and

are hence valid only at the leading order. Equations (42)
and (47) can be reexpressed in this limit as

C7

C10

¼ 3

2

F k
Gk

ðP2
1Fk � F?Þ

AFBðP1 � P0
1Þ

(57)

where we have used the fact that ~Gk ¼ C7Gk at leading

order. We emphasize thatC7=C10 is not as clean as C9=C10,
which is expressed in Eq. (51) in terms of observables and
ratios of two form factors which are predicted exactly in
heavy quark effective theory. C7=C10 on the other hand
depends on F k=Gk which in turn depends on the heavy

quark effective theory form factor �?. It may nevertheless
be noted that the sign of F k=Gk is quite accurately pre-

dicted to be negative, since A1ðq2Þ and T2ðq2Þ are always
positive. Equation (57) directly implies a constraint on the
sign of C7=C10. It is easy to conclude that ðC7=C10ÞAFB_0
only if P2

1 + F?=Fk when P1 � P0
1 > 0. Equation (56)

together with Eq. (57) can be used to obtain more useful
bounds that are purely in terms of observables alone, albeit
they are not completely exhaustive. Equation (56) implies

P2
1Fk�F?+

Z1�FkF?
Fk

8FkF?+
2

7

�
4AFB

3

�
2
; (58)

which, in turn, implies for ðP2
1Fk � F?Þ< 0 that

C7

C10

AFB > 0 8 FkF? <
32

63
A2
FB: (59)

If, however, ðP2Fk � F?Þ> 0, we obtain an analogous

condition

C7

C10

AFB < 0 8 FkF? >
16

27
A2
FB: (60)

The above bounds have nothing to say on the sign of
C7=C10 in the region,

32

63
A2
FB 	 FkF? 	 16

27
A2
FB (61)

and may not be particularly useful, in general. One can
nevertheless draw conclusions on the signs of the Wilson
coefficients by combining Eq. (51) together with Eq. (57)
to write

�
2

3

C9

C10

P00
1 �

4

3

C7

C10

P1

�
AFB ¼ ðP1

2Fk þ F? þ P1Z1Þ> 0;

(62)

where P00
1 ¼ ðGk=F kÞðP1 þ P0

1Þ> 0 since each of

ðGk=F kÞ, P1 and P0
1 are always negative. Defining

E1 � C9

C10

AFB; E2 � C7

C10

AFB; (63)

for convenience, Eq. (62) reads

2

3
P00
1E1 � 4

3
P1E2 > 0: (64)

In SM, C7=C10 > 0 and C9=C10 < 0, hence, the sign of E2

(E1) will be same (opposite) to that observed for AFB. If for
any q2 we find AFB > 0, Eq. (64) cannot be satisfied unless
the contribution from the E2 term exceeds the E1 term, or
the sign of the E2 term is wrong in SM. In the SM the E2

term dominates at large recoil, i.e., small q2, hence, AFB

must be positive at small q2 to be consistent with SM. If
AFB < 0 is observed for all q2, i.e., no zero crossing of AFB

is seen, one can convincingly conclude that C7=C10 < 0 in
contradiction with SM. However, if zero crossing of AFB is
confirmed with AFB > 0 at small q2 it is possible to con-
clude that the signs C7=C10 > 0 and C9=C10 < 0 are in
conformity with SM, as long as other constraints like
Z2
1 > 0 hold. In Ref. [16] the zero crossing is indeed

seen. However, in the 2 GeV2 	 q2 	 4:3 GeV2 bin,
Z2
1 > 0 is only marginally satisfied. We emphasize that

these conclusions drawn from Eq. (62) are exact and not
altered by any hadronic uncertainties.
As mentioned in the text earlier, there are three sets

of solutions of Wilson coefficient, C9 and C10 and the

effective photon vertices ~G0 and
~G0 þ ~Gk. We next discuss

the second and the third sets of solutions. The method of
solutions is identical to first set of solutions [see Eqs. (41),
(46), and (47)] and has been discussed in Appendix A.
Using Eqs. (24b), (24c), and (24e), we can easily solve for
r0 þ r? as

r0 þ r? ¼ 

ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F?

ðP2
2FL þ F? 
 P2Z2Þ1=2; (65)

where we have defined

Z2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4FLF? � 32

9
A2
5

s
; (66)

and the form factor ratios P2 has been previously defined in
Eq. (25). It is easy to derive that

r0 þ r?jA5¼0 ¼ 

ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F?

ð ffiffiffiffiffiffiffi
F?

p 
 P2

ffiffiffiffiffiffi
FL

p Þ ¼ 0; (67)

since Eq. (24e) implies that we have r0 þ r? ¼ 0 at A5¼0.
Once again, repeating the arguments made when AFB ¼ 0,
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the expression of r0 þ r? ¼ 0 is valid for all values of the
observables. The right-hand side of Eq. (67) can be zero
only when positive sign ambiguity is chosen, since P2 is
negative. At the zero crossing points of A5 we also have the
following exact equality:

P 2 ¼ �
ffiffiffiffiffiffiffi
F?

p
ffiffiffiffiffiffi
FL

p
��������A5¼0

(68)

enabling measurements of form factor ratio P2 in terms of
observables, as long as the zero crossing of A5 occurs in the
large recoil region (we have verified at leading order that
this is indeed true). We now write the second set of
solutions of Wilson coefficients C9 and C10 and the effec-

tive photon vertex ~G0:

C10 ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F 0

2

3

ffiffiffi
2

p
A5

½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
2FL þ F? þ P2Z2

q
�
; (69)

C9 ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F 0

ðFLP2P
0
2 � F?Þ � 1

2 ðP2 � P0
2ÞZ2

½
ðP2 � P0
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
2FL þ F? þ P2Z2

q
�
; (70)

~G 0 ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p ðP2
2FL�F?Þ

½
ðP2�P0
2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
2FLþF?þP2Z2

q
�
: (71)

It is easy to derive these relations which are identical to the
ones derived in Eqs. (42), (46), and (47) except for the

replacements: Fk!FL, AFB!
ffiffiffi
2

p
A5, F k ! F 0, Gk!G0,

which also imply that rk!r0, P1 ! P2, and P0
1!P0

2.

Straightforward extremization with respect to all the non-
observables in Eq. (69) gives the following bounds on the
form factor ratios P 2:

P 2
2 +

4FLF? � 32
9 A

2
5

F2
L

8 FLF? +
2

7

�
4

ffiffiffi
2

p
A5

3

�
2

Equations (69)–(71) give

C9

C10

¼ 2ðFLP2P
0
2 � F?Þ � ðP2 � P0

2ÞZ2

4
3

ffiffiffi
2

p
A5ðP2 � P0

2Þ
; (72)

~G0

C10

¼ 3

2
F 0

ðP2
2FL � F?Þffiffiffi

2
p

A5ðP2 � P0
2Þ
: (73)

Equation (72) can be inverted to obtain expressions for A5

akin to the expression for AFB obtained in Eq. (54). One
easily derives

ffiffiffi
2

p
A5 ¼

3ðRX2 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y2ðP2 � P0

2Þ2ð1þ R2Þ � X2
2

q
Þ

4ðP2 � P0
2Þð1þ R2Þ ; (74)

where X2 ¼ 2ðFLP2P
0
2 � F?Þ and Y2 ¼ 4FLF?.

Equations (72) and (73) can be combined to obtain

�
2

3

C7

C10

P00
2 �

4

3

C9

C10

P2

�
A5 ¼ ðP2

2FL þ F? þ P2Z2Þffiffiffi
2

p > 0;

(75)

where P00
2 ¼ ðG0=F 0ÞðP2 þ P0

2Þ> 0, since G0=F 0, P2,
and P0

2 are all negative. While this is not easily seen as in
the case of P00

1 we have numerically verified at leading order
that this is true for the entire q2 domain. We have shown
earlier by doing a power expansion in AFB, that ðP2

2FL þ
F? þ P2Z2Þ is always positive. It is easy to see that similar
arguments can be made for the positivity of ðP2

2FL þ F? þ
P2Z2Þ by considering expansions in A5. Hence, if the term in
the bracket must be positive, A5 must be positive. At large
recoil the term in the bracket is expected to be positive.
The arguments made above for r0 þ r? can be

repeated for r^ þ r?. One easily solves using
Eqs. (24b), (24d), and (24g):

r^ þ r? ¼ 

ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F?

ðP2
3ðFL þ Fk þ

ffiffiffi
2

p
�A4Þ

þ F? 
 P3Z3Þ1=2; (76)

where P3 has been defined in Eq. (25) and we have defined

Z3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ðFL þ Fk þ

ffiffiffi
2

p
�A4ÞF? � 16

9
ðAFB þ ffiffiffi

2
p

A5Þ2
s

:

(77)

Equation (24g) implies that r^ þ r? ¼ 0 when AFB þffiffiffi
2

p
A5 ¼ 0, hence,

r^ þ r?jAFBþ
ffiffi
2

p
A5¼0 ¼ 


ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F?

ð ffiffiffiffiffiffiffi
F?

p


 P3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FL þ Fk þ

ffiffiffi
2

p
�A4

q
Þ

¼ 0: (78)

Once again we choose the positive sign to fix the sign
ambiguity since P3 is negative. At the zero crossing points

of AFB þ ffiffiffi
2

p
A5 we, hence, have the equality

P 3 ¼ �
ffiffiffiffiffiffiffi
F?

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FL þ F? þ ffiffiffi

2
p

�A4

q
��������AFBþ

ffiffi
2

p
A5¼0

: (79)

Hence, the zero crossing of AFB þ ffiffiffi
2

p
A5 enables the mea-

surement of form factor ratio P3 as well, in terms of
observables. Note, however, that P3 is not independent
and related to P1 and P2 [see Eq. (25)]. The consequences
of this relation will be discussed later. The new solutions to

C10, C9 and
~Gk þ ~G0:
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C10 ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p ðF 0 þF kÞ
2

3

AFB þ ffiffiffi
2

p
A5

½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
3ðFL þ Fk þ

ffiffiffi
2

p
�A4Þ þ F? þ P3Z3

q
�
; (80)

C9 ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p ðF 0 þF kÞ
ððFL þ Fk þ

ffiffiffi
2

p
�A4ÞP3P

0
3 � F?Þ � 1

2 ðP3 � P0
3ÞZ3

½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
3ðFL þ Fk þ

ffiffiffi
2

p
�A4Þ þ F? þ P3Z3

q
�

; (81)

~Gk þ ~G0 ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p ðP2
3ðFL þ Fk þ

ffiffiffi
2

p
�A4Þ � F?Þ

½
ðP3 � P0
3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
3ðFL þ Fk þ

ffiffiffi
2

p
�A4Þ þ F? þ P3Z3

q
�
: (82)

While these solutions may look more complicated they can

also be obtained from Eqs. (42), (46), and (47) by the replace-

ments Fk ! FL þ Fk þ
ffiffiffi
2

p
�A4, AFB ! AFB þ ffiffiffi

2
p

A5,

F k ! F k þF 0,
~Gk ! ~Gk þ ~G0, which also imply rk !

r^, P1 ! P3, and P0
1 ! P0

3.
Once again straightforward extremization with respect

to all the nonobservables in Eq. (80) results in the follow-
ing bounds on the form factor ratio P3:

P2
3 +

4ðFL þ Fk þ
ffiffiffi
2

p
�A4ÞF? � 16

9 ðAFB þ ffiffiffi
2

p
A5Þ2

ðFL þ Fk þ
ffiffiffi
2

p
�A4Þ2

8 ðFL þ Fk þ
ffiffiffi
2

p
�A4ÞF? +

2

7

�
4ðAFB þ ffiffiffi

2
p

A5Þ
3

�
2
:

These bounds are a very good test of our understanding of
the form factors. Similar relations can be derived from
Eqs. (80)–(82):
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FIG. 5 (color online). The requirement that Z1, Z2, Z3 must be real, for any consistent set of independent observables AFB, FL, F?, and
A5 constrains the allowed FL � F? parameter space to lie only within the solid black lines. A4 is given by Eq. (97). Even within the allowed
FL � F? domain only the region on the right is allowed depending on the values of AFB and A5. In the four figures we have sampled values
of AFB and A5, which are as depicted. There is no hadronic assumption made in obtaining the constraints depicted in these plots.
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C9

C10

¼ 2ððFL þFk þ
ffiffiffi
2

p
�A4ÞP3P

0
3 �F?Þ� ðP3 �P0

3ÞZ3

4
3 ðAFB þ

ffiffiffi
2

p
A5ÞðP3 �P0

3Þ
;

(83)

~Gk þ ~G0

C10

¼ 3

2
ðF k þF 0Þ

� ðP2
3ðFL þ Fk þ

ffiffiffi
2

p
�A4Þ � F?Þ

ðAFB þ ffiffiffi
2

p
A5ÞðP3 � P0

3Þ
: (84)

Equation (83) can be inverted to obtain expressions for

AFB þ ffiffiffi
2

p
A5 akin to the expression for AFB obtained in

Eq. (54). One easily derives

AFB þ ffiffiffi
2

p
A5 ¼

3ðRX3 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Y3ðP3 � P0

3Þ2ð1þ R2Þ � X2
3

q
Þ

4ðP3 � P0
3Þð1þ R2Þ

(85)

where X2 ¼ 2ðFLP3P
0
3 � F?Þ, Y2 ¼ 4FLF?, X3 ¼

2ððFL þ Fk þ
ffiffiffi
2

p
�A4ÞP3P

0
3 � F?Þ, and Y3 ¼ 4ðFL þ

Fk þ
ffiffiffi
2

p
�A4ÞF?.

From Eqs. (83) and (84) we can obtain yet another
important relation, which is of the same kind as we ob-
tained earlier in Eqs. (62) and (75):

�
2

3

C7

C10

P00
3 � 4

3

C9

C10

P3

�
ðAFB þ ffiffiffi

2
p

A5Þ

¼ ½ðP2
3ðFL þ Fk þ

ffiffiffi
2

p
�A4Þ þ F? þ P3Z3� > 0;

(86)

whereP00
3 ¼ ðG0 þGkÞ=ðF 0 þF kÞðP3 þ P0

3Þ> 0. This is
easily verified to be true at leading order for the entire q2

domain. We have shown earlier by doing a power expan-
sion in AFB and A5, that, respectively, ðP2

1Fk þ F? þ
P1Z1Þ and ðP2

2FL þ F? þ P2Z2Þ are always positive. It is
easy to see that similar arguments can be made for the

positivity of ðP2
3ðFL þ Fk þ 2

ffiffiffi
2

p
�A4Þ þ F? þ P3Z3Þ by

considering expansions in AFB þ ffiffiffi
2

p
A5. These equations

are equally useful to determine the sign of C7 as discussed
earlier; however, the form factors involved are not com-
pletely free from HQET form factor.

Equations (69)–(71) and (80)–(82) have been expressed
in terms of from factor ratios P2, P

0
2, P3, P

0
3, which are not

completely free from the hadronic form factors, both at
large and at low recoil. The form factor ratios P1 and P

0
1 on

the other hand is completely free from the Isgur-Wise form
factors �k and �? in the limit of heavy quark and large

recoil of the vector meson. We can express the form factor
ratios P2, P

0
2, P3, P

0
3 in terms of P1 and P0

1. Equating the

relations obtained for C9=C10 and C7=C10 in Eqs. (51) and
(57) with those in Eqs. (72) and (73), we obtain relations

only between form factor ratios P1, P
0
1, P2, P

0
2 and observ-

ables. The two equations so obtained can be used to solve
for P1 and P0

2 in terms of P1 and P0
1.

P 2 ¼ 2P1AFBF?ffiffiffi
2

p
A5ð2F? þ Z1P1Þ � Z2P1AFB

; (87)

P0
2 ¼

ffiffiffi
2

p
A5ðF? � FkP2

1ÞP2
2P

0
1

AFBT2ðP1 � P0
1Þ þ

ffiffiffi
2

p
A5ðF? � FkP2

1ÞP2P
0
1

; (88)

where

T2 ¼ P1ðF? � FLP
2
2Þ: (89)

We emphasize that while P2 and P
0
2 on the left-hand side

depend on the Isgur-Wise wave functions �k and �?, P1

and P0
1 are independent of them. These two equations can

be used to obtain information about the wave functions.
Equation (87) is also very important in the sense that the
domain of observables is itself constrained by the terms
under the radical signs that must be positive to obtain
real P2. Similar relations for P3 and P0

3 in terms of

P1 and P0
1 can be obtained by using Eqs. (51), (57), (83),

and (84), to get

P 3 ¼ 2P1AFBF?
ðAFB þ ffiffiffi

2
p

A5Þð2F? þ Z1P1Þ � Z3P1AFB

; (90)

P0
3 ¼

ðAFB þ ffiffiffi
2

p
A5ÞðF? � FkP2

1ÞP2
3P

0
1

AFBT3ðP1 � P0
1Þ þ

ffiffiffi
2

p
A5ðF? � FkP2

1ÞP2
3P

0
1

; (91)

where

T3 ¼ P1½F?ð1þ P2
3Þ � P2

3ð1þ
ffiffiffi
2

p
�A4Þ�: (92)

As emphasized earlier, the Wilson coefficients are real
constants except for the nonresonant regions. This implies
that just like Z1, both Z2 and Z3 are always real if resonant
regions and CP violation are excluded:

4FLF? � 16

9
ð ffiffiffi

2
p

A5Þ2; (93)

4ðFL þ Fk þ
ffiffiffi
2

p
�A4ÞF? � 16

9
ðAFB þ ffiffiffi

2
p

A5Þ2: (94)

The combination of bounds in Eqs. (44) and (93) results in
yet another interesting bound among observables alone but
involving only A2

FB, A
2
5, and F?:

4ð1� F?ÞF? � 16

9
ðA2

FB þ 2A2
5Þ: (95)

In Fig. 6 we depict the constraint on AFB, A5, and F?
arrived at by Eq. (95). We emphasize that like the bounds
derived in Eqs. (45), (93), and (94), this bound is also
completely free from any hadronic uncertainty.
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In Eq. (25) we showed that P3 is not independent
but related to P1 and P2. P3 and P2 are themselves
expressed in terms of observables and P1 in Eqs. (90)
and (87), respectively. This constraint results in

an interesting relation that depends on observables
alone:

Z3 ¼ Z1 þ Z2: (96)

We use this relation to solve for A4 leading to

A4 ¼ 8A5AFB

9�F?
þ ffiffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FLF? � 8

9A
2
5

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FkF? � 4

9A
2
FB

q
�F?

: (97)

Since F? is already predicted in Eq. (52) in terms of the
already measured observables FL and AFB and P1, P

0
1 and

R, we can estimate A4 in terms of A5. The correlations
predicted by Eq. (95) would have to hold unless NP con-
tributes. In Figs. 7 and 8, we present the correlation be-
tween the observables. It may be noted that Eq. (97) is a
relation involving only observables without any assump-
tions of hadronic form factors, hence, its violation must be
an unambiguous signal of NP.
Let us summarize the approach that has led to these

solutions. We have six observables, the decay width of B !
K�‘þ‘�, �f, the helicity fractions FL and F? and the

angular asymmetries AFB, A4 and A5. These six observables
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FIG. 6 (color online). The constraint on AFB, A5, and F?
arrived at by Eq. (95). The depicted values correspond to both
F? and 1�F?.
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FIG. 7 (color online). The allowed region in the FL � F? parameter space, shaded as gray, for R ¼ �1 and different values of A5. The
values ofP1 andP

0
1 are averaged over 1 GeV2 	 q2 	 6 GeV2. The blue lines correspond to the value ofA4 that is estimated using Eq. (97).
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are expressed in terms of eight theoretical parameters in the
most general approach. The parameters being the six effective

form factors F 0, F k, F?, ~G0,
~Gk, and ~G? and the two

Wilson coefficients C9 and C10. Three of the observables �f,

FL, and AFB have already been measured by several experi-
ments. We assume three further inputs—the ratio R ¼
C9=C10 as it is theoretically reliably estimated in SM and
the ratios P1 and P

0
1 of form factors as defined in Sec. IV. P1

and P0
1 are accurately predicted theoretically in the heavy

quark limit to be free from higher order corrections and the
known universal form factors �k and �?. These inputs allow
us to estimate F?. We find that by making an assumption of
one further observable A5, we are able to predict the only
remaining observable A4, completely free from hadronic
parameters or estimate of R. Clearly, only five of the observ-
ables are independent in SM andF k remains unsolved given

all the observables possible. It has also been realized earlier
[38] following a different approach that there exist symme-
tries in the angular distribution which reduce the number of
independent observables.We emphasize that in our approach,
C9=C10 and all the expressions independent of Wilson co-
efficients are ‘‘clean’’ in the large recoil limit.

VI. THE LOW-RECOIL LIMIT

In Sec. IVB we found that [see Eqs. (35) and (37)] in the
low-recoil limit the form factors satisfied the conditions

Gk
F k

¼ G?
F?

¼ G0

F 0

¼ ̂;

which implies that

rk ¼ r? ¼ r0 ¼ r^ � r:

This reduces the number of independent relations [see
Eqs. (22a)–(22f)] and the low-recoil limit thus needs to
be treated more carefully. In this limit the Wilson coeffi-
cients C7 and C9 cannot be solved following the approach
in Appendix A, as it is obvious from Eq. (A8). We will,
however, be able to solve for r and, in turn, for C7 and C9 if
̂ is assumed or equivalently with the additional input of
Gk, since F k is in any case a required input. This results in
one additional constraint relation between observables. In
this section we derive a new relation among observables
that will test the validity of the assumption on the form
factors in the low-recoil limit. We will also elaborate on
various other constraints in this limit.

We begin by considering Eqs. (A1)–(A3) in the low-
recoil limit. Clearly, since r2 þ C2

10 is independent of

helicity, Eqs. (A1) and (A2) reduce to the same equation,
hence, we have

r2 þ C2
10 ¼

�fFk
2F 2

k
¼ �fF?

2F 2
?

� F̂�f

2
; (98a)

4rC10 ¼
2AFB�f

3F kF?
� 4AFB

3
ffiffiffiffiffiffiffiffiffiffiffiffi
FkF?

p F̂�f

2
; (98b)

where

F̂ � Fk
F 2

k
¼ F?

F 2
?
: (99)

Equation (50) then implies that

P 2
1 ¼ P02

1 ¼ F?
Fk

¼ F 2
?

F 2
k
: (100)

It is obvious from Eq. (98) that we can solve for r2 andC2
10:

r2 ¼ F̂�f

4

�
1þ Z1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2FkF?
p

�
; (101)

C2
10 ¼

F̂�f

4

�
1� Z1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2FkF?
p

�
: (102)

The sign of r=C10 is fixed such that

r

C10
¼ 3

4

2
ffiffiffiffiffiffiffiffiffiffiffiffi
F?Fk

p þ Z1

AFB

; (103)

in order to satisfy the limit derived by appropriate combi-
nation of Eqs. (47) and (46).
In the low-recoil limit ‘‘r’’ is the same not just for k and

? helicities but for all three helicities. This requires, in
analogy with Eq. (100), that

P2
1 ¼ P02

1 ¼ F?
Fk

¼ F 2
?

F 2
k
; (104a)

P2
2 ¼ P02

2 ¼ F?
FL

¼ F 2
?

F 2
0

; (104b)

P2
3 ¼ P02

3 ¼ F?
ðFL þ FkÞ ¼

F 2
?

ðF 2
0 þF 2

kÞ
: (104c)

One can, hence, measure P1, P2, and P3 in the low-recoil
region in terms of the ratio of helicity fractions. Hence, the
value C2

10F
2
k can be expressed in terms of observables
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FIG. 8 (color online). The same as Fig. 7, but studying the
variation in R. The small dashed (green) curves are for the
case R ¼ 10 while the big dashed (blue) curves correspond to
R ¼ �10. The solid black curves are for the standard model
value of R ¼ �1. Note the insensitivity to the value of R for the
large recoil region 1 GeV2 	 q2 	 6 GeV2.
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alone. In the large recoil case C2
10F

2
k depended on P1 and

P2. The form factor P1 ¼ P0
1 can be measured, enabling a

possibility of verifying the estimates presented in Table IV.
To derive a relation between observables that is valid at low
recoil and that tests the validity of the approximation, we
note that Eq. (98) leads to the generalized relation

r2 þ C2
10

2rC10

¼ 2

3

AFBffiffiffiffiffiffiffiffiffiffiffiffi
FkF?

p ¼ 2

3

ffiffiffi
2

p
A5ffiffiffiffiffiffiffiffiffiffiffiffiffi

FLF?
p

¼ 2

3

ðAFB þ ffiffiffi
2

p
A5Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� F? þ ffiffiffi
2

p
�A4ÞF?

q : (105)

The equalities on the left side of the above equation yields
two interesting relations

ffiffiffi
2

p
A5 ¼ AFB

ffiffiffiffiffiffi
FL

p
ffiffiffiffiffiffi
Fk

p ; (106)

A4 ¼
ffiffiffi
2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffi
FLFk

q
: (107)

It is easily seen by direct substitution of Eq. (106) in Eq. (97)
that it reduces to Eq. (107), hence, it is not independent. It is
emphasized that a reasonable validity of the low-recoil ap-
proximation requires large q2 and not the exact equality of
form factors as derived Eq. (104). Even though the values of
the form factors depicted in Table IVare not exactly equal, the

low-recoil approximation works well as seen from Fig. 9
where we plot the left-hand and right-hand sides of
Eqs. (106) and (107). These figures demonstrate the domain
of validity of the low-recoil approximation and the region
where new physics can be tested. The values of observables
are estimated using the form factors given in Table IV.
We emphasize that the relations derived in Eqs. (106)

and (107) are extremely important both in testing the
validity of the low-recoil approximation and the presence
of new physics. The value of A5 predicted by these rela-
tions tests the validity of the low-recoil approximation,
whereas the value of A4 verifies the validity of SM. If
both the relations are found to be valid, it would prove
both the validity of the low-recoil limit and the absence of
new physics. On the other hand, if both the relations fail,
we must conclude that low-recoil limit is not valid. The
presence of new physics could still be tested by the validity
of Eq. (97) even in this large q2 domain. The remaining
meaningful possibility is that Eq. (106) holds and (107) is
violated. This would imply validity of low-recoil limit but
signal the presence of new physics. It is interesting to note
that one should expect from Eqs. (106) and (107) a very
tiny product of asymmetries A4 and A5:

A4A5 ¼ AFBFL

�
; (108)

since the right-hand side AFB and FL have already been
measured. We emphasize that even in the low-recoil limit,
C9=C10 and all the expressions independent of Wilson
coefficients are independent of the universal form factors
�k and �?.

VII. CONCLUSIONS

In this paper we have derived several important new
results. After a brief introduction,we discuss the differential
decay distribution of B ! K�‘þ‘� and introduced the
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FIG. 9 (color online). In the figure to the left the left-hand side (solid curve) and right-hand side (dashed blue curve) of Eq. (106) are
plotted. The figure on the right is the corresponding figure for Eq. (107). These figures demonstrate the domain of validity in q2 for the low-
recoil approximation and the region where new physics can be tested. The values are estimated using the form factors given in Table IV.

TABLE IV. The form factor ratios P1, P
0
1 and F k averaged

over different q2 bins at low recoil.

GeV2 14.18–16 16–19

P1 �0:6836 �0:4719
P0
1 �0:7093 �0:4952

F kð10�12Þ �27:8735 �25:0050
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observables �f, FL, F?, AFB, A4, and A5. While the partial

decay rate �f can be measured by angular integration, the

other observables require a study of angular distributions.
We showed how uniangular distributions in the azimuthal
angle
 can be used to measure the helicity fractionF?.FL

and AFB have already been measured by studying the uni-
angular distribution in �‘. A4 and A5 can only be measured
by a complete angular analysis involving�‘ and
 requiring
higher statistics. After setting up our notation and defining
the observables in terms of form factors, we expressed the
amplitude in the most general form within the standard

model as AL;R
� ¼ CL;RF � � ~G�, where � ¼ f0;?; kg is

the helicity of the K�, CL;R ¼ Ceff
9 � C10 and L, R defines

the chirality of the ‘�. The form factors F � and ~G� are
expressed in terms of conventional B ! K� form factors V,

A1;2 and T1;2;3. To be exact
~G� � C7G� þ � � �with the dots

representing the higher order and nonfactorizable contribu-
tions and only at leading order G�’s are related to T1;2;3. It

may be noted that even at leading orderC7 andG� cannot be
separated and C7 can only be defined at leading order on
assumingG�. The six observables are thus defined in terms

of eight parameters, the six form factors F �,
~G� and two

Wilson Coefficients C9;10. Hence, only six theoretical pa-

rameters can be eliminated in terms of observables and a
minimum of two reliable theoretical inputs are needed, to
resolve between new physics and hadronic contributions.
This is made possible by the significant advances in our
understanding of form factors that permit us to make truly
these reliable inputs. One of our achievements are deriva-
tions of ‘‘clean relations’’ that permit the verifications of
these hadronic inputs.

The B ! K� form factors are estimated using heavy
quark effective theory and the treatment varies on the recoil
energy of theK�. At large recoil the ratio of the form factors

P1 ¼ F?=F k and P0
1 ¼ ~G?=~Gk are reliably evaluated at

Oð1=mbÞ to be free from universal wave functions and are
unaltered by nonfactorizable contributions and higher order
corrections in �s. In the large recoil limit we, therefore,
choose P1 and P0

1 as the two inputs in addition to observ-
ables. In the low-recoil limit the relationsP1 ¼ P0

1 between
the form factors serves as an additional input.

We summarize briefly a few significant new results. The
simple analytic derivation and solutions to the Wilson
coefficients in terms of the observables and ‘‘clean’’ form

factors was achieved by defining new variables r� ¼
~G�=F � � C9. These enable solutions to C9 and C10 in
terms of observables, P1, P

0
1 and the form factor F k to be

C9 ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F k

ðFkP1P
0
1 � F?Þ � 1

2 ðP1 � P0
1ÞZ1

½
ðP1 � P0
1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1Fk þ F? þ P1Z1

q
�
;

C10 ¼
ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F k

2

3

AFB

½

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1Fk þ F? þ P1Z1

q
�
;

where Z1 is expressed in terms of observables in Eq. (43).
Two additional solutions for C9 and C10 can be obtained in
terms of different observables. These are obtained by the
replacements

(i) Fk ! FL, AFB ! ffiffiffi
2

p
A5, F k ! F 0, Gk!G0, which

also imply that rk ! r0, P1 ! P2 and P0
1 ! P0

2.

(ii) Fk ! FL þ Fk þ
ffiffiffi
2

p
�A4, AFB ! AFB þ ffiffiffi

2
p

A5,

F k ! F k þF 0,Gk ! Gk þ G0, which also imply

rk ! r^, P1 ! P3 and P0
1 ! P0

3.

We found that the form factor ratiosP1,P2, andP3 can be
directly measured in terms of the ratio of helicity fractions
at q2 corresponding to the zero crossings of asymmetries

AFB, A5 and AFB þ ffiffiffi
2

p
A5, respectively, by the relations:

P1 ¼ �
ffiffiffiffiffiffiffi
F?

p
ffiffiffiffiffiffi
Fk

p
��������AFB¼0

; P2 ¼ �
ffiffiffiffiffiffiffi
F?

p
ffiffiffiffiffiffi
FL

p
��������A5¼0

;

P3 ¼ �
ffiffiffiffiffiffiffi
F?

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FL þ F? þ ffiffiffi

2
p

�A4

q
��������AFBþ

ffiffi
2

p
A5¼0

:

Since we have neglected the tiny CP violation in the
standard model, we find that the observables must satisfy the
following inequalities which are completely free from any
hadronic uncertainties and hence clean. These relations are

4FkF? � 16

9
A2
FB 4FLF? � 16

9
ð ffiffiffi

2
p

A5Þ2;

4ð1� F?ÞF? � 16

9
ðA2

FB þ 2A2
5Þ;

4ðFL þ Fk þ
ffiffiffi
2

p
�A4ÞF? � 16

9
ðAFB þ ffiffiffi

2
p

A5Þ2:
In Fig. 5 we have plotted the constraints on FL � F? that
depend only on observables. The condition 4FkF? �
16=9A2

FB implies that if jAFBj is large, FL must be small so
that4FkF? can be sufficiently large.Our approach is sensitive

enough to already show tensions in the data [16].
Clearly, expressions for C9 and C10 are not ‘‘clean.’’

However, the ratio C9=C10 is obtained as a ‘‘clean expres-
sion.’’ Assuming the theoretical estimate of C9=C10 which
is reliably evaluated at next-to-next-to-leading logarithm
in the standard model, we ‘‘cleanly’’ predicted F? in
Eq. (52). The correlation between AFB, FL, and F? have
been plotted in Figs. 1–4. We showed that the valid domain
of AFB is constrained in terms of FL as follows:

�3ð1� FLÞ
4

T� 	 AFB 	 3ð1� FLÞ
4

Tþ;

where T
 is given in terms of P1, P
0
1 and R in Eq. (53). It is

interesting to note that FL and F? are constrained with the
standard model to lie in a very narrow region, well
approximated by a line as shown in Figs. 3 and 4. The

effective photon vertex ~Gk and ~G0 can also be expressed as

a clean expression.
The C9=C10 and C7=C10 ratios in Eqs. (51) and (57)

were combined to obtain

DIGANTA DAS AND RAHUL SINHA PHYSICAL REVIEW D 86, 056006 (2012)

056006-22



�
2

3

C9

C10

P00
1 �

4

3

C7

C10

P1

�
AFB ¼ ðP1

2Fk þ F? þ P1ZÞ> 0:

If the AFB zero crossing is confirmed [16] with AFB > 0 at
small q2, then based on the signs of the from factors, it is
unambiguously concluded that the signs of C7=C10 and
C9=C10 are in agreement with the standard model, i.e.,
C7=C10 > 0 and C9=C10 > 0 as long as other constraints
like Z2

1 > 0 hold. In Ref. [16] the zero crossing is indeed
seen. However, in the 2 GeV2 	 q2 	 4:3 GeV2 bin,
Z2
1 > 0 is only marginally satisfied. These conclusions

are exact and not altered by any hadronic uncertainties.
We have obtained three sets of C9=C10 and C7=C10

solutions involving different observables and form factor
ratios. Since, the form factor ratios P1 and P0

1 are the ones
that are most reliably estimated in both large recoil and
low-recoil limits, we obtain relations for P2, P

0
2 and P3, P

0
3

in terms of P1, P
0
1 and observables. Equating the relations

obtained for C9=C10 and C7=C10 in Eqs. (51) and (57) with
those in Eqs. (72) and (73), we get

P2 ¼ 2P1AFBF?ffiffiffi
2

p
A5ð2F? þ Z1P1Þ � Z2P1AFB

;

P0
2 ¼

ffiffiffi
2

p
A5ðF? � FkP2

1ÞP2
2P

0
1

AFBT2ðP1 � P0
1Þ þ

ffiffiffi
2

p
A5ðF? � FkP2

1ÞP2P
0
1

;

where T2 ¼ P1ðF? � FLP
2
2Þ. Similar relations can be de-

rived for P3 and P0
3 [see Eqs. (90) and (91)]. Even though

P2,P
0
2 andP3,P

0
3 inherently depend on �k and �?, we have

expressed them in terms of ‘‘clean relations’’ above.
Hence, in our approach, all the expressions for observables
are ‘‘clean,’’ with only the Wilson coefficients C7, C9,
and C10 being expressed in terms of only one form factor
Gk or F k.

We have derived significant constraints between observ-
ables that can be used to test for new physics. The con-
straint purely in terms of observables arises, since P2 and
P3 are expressed in terms of observables and P1 while P3

itself is related in Eq. (25) to P1 and P2. We obtain the
interesting constraint (97) among observables:

A4 ¼ 8A5AFB

9�F?
þ ffiffiffi

2
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FLF? � 8

9A
2
5

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FkF? � 4

9A
2
FB

q
�F?

:

The observables A4 and A5 also impose constraints on the
parameter space. In Fig. 5 we plot constraints on the
parameter space of FL � F? that depend purely on ob-
servables AFB and A5 with A4 being calculated in terms of
the above relation between observables. As seen, the pa-
rameter space is highly constrained in the standard model.

We introduced six observables of which three �f, FL,

and AFB have already been measured. We showed that F?
can expressed in terms of P1, P

0
1 and the ratio C9=C10. If

we further choose a value for A5, A4 can be obtained. In
Fig. 7 we depict the constraints in the AFB � FL parameter
space. These constraints and the constraints obtained in

Fig. 1 completely fix the parameter space and predict the
values of yet unmeasured observables.
We pay special attention to the low-recoil limit and

derive two new relations

ffiffiffi
2

p
A5 ¼ AFB

ffiffiffiffiffiffi
FL

p
ffiffiffiffiffiffi
Fk

p ; A4 ¼
ffiffiffi
2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffi
FLFk

q
(111)

in terms of observables alone. These two relations allow us
to test not only the validity of the low-recoil approximation
but also the presence of new physics. The value of A5

predicted by these relations tests the validity of the low-
recoil approximation, whereas the value of A4 verifies the
validity of SM. If both relations hold, we verify that the
low-recoil approximation is correct and that no new phys-
ics can exist. If both relations fail, we can conclude that the
low-recoil approximation fails but one can nevertheless
still test for new physics by Eq. (97), which is valid in
general. If A5 is accurately predicted but A4 does not have
the value given by these two relations, one can conclude
that there is new physics and that the low-recoil limit is
accurate.
In this paper we reexamined the new physics discovery

potential of the mode B ! K�‘þ‘�. This mode has an
advantage as a multitude of observables can be measured
via angular analysis. We showed how the multitude of
related observables obtained from B ! K�‘þ‘� can pro-
vide many new clean tests of the standard model and
discriminate new physics contributions from hadronic ef-
fects. The hallmark of these tests is that most of them are
independent of the unknown form factors �k and �? in

heavy quark effective theory. In the large recoil limit [at
Oð1=mbÞ] these relations are valid to all orders in �s. We
derive a relation between observables that is free of form
factors and Wilson coefficients, the violation of which will
be an unambiguous signal of new physics. We also ob-
tained for the first time relations between observables and
form factors that are independent of Wilson coefficients
and enable verification of hadronic estimates. We show
how form factor ratios can be measured directly from a
helicity fraction without any assumptions whatsoever. We
find that the allowed parameter space for observables is
very tightly constrained in the standard model, thereby
providing clean signals of new physics. We examine in
detail both the large-recoil and low-recoil regions of theK�
meson and probe special features valid in the two limits.
Another new relation involving only observables that
would verify the validity of the relations between form
factors assumed in the low-recoil region was also derived.
The several relations and constraints derived will provide
unambiguous signals of new physics if it contributes to
these decays. We emphasize that in our approach, C9=C10

and all the expressions independent of Wilson coefficients
are clean in the large recoil limit, and in the low-recoil limit
they are reliably calculated as they do not depend on the
universal form factors �k and �?.
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APPENDIX A: DERIVATION OF
WILSON COEFFICIENTS

Below we present the solution of rk þ r?. The solutions
of r0 þ r? and r^ þ r? are identical.

We start with the expression involving rk and r? in

terms of observables as expressed in Eqs. (24a), (24c),
and (24f):

r2k þ C2
10 ¼

Fk�f

2F 2
k
; (A1)

r2? þ C2
10 ¼

F?�f

2F 2
?
; (A2)

2C10ðrk þ r?Þ ¼ 2

3

AFB�f

F?F k
: (A3)

We can write

FkF?�2
f

4F 2
kF

2
?

¼ ðrkr? � C2
10Þ2 þ C2

10ðrk þ r?Þ2

¼ ðrkr? � C2
10Þ2 þ

A2
FB�

2
f

9F 2
kF

2
?

hence,

rkr? � C2
10 ¼ 
 �f

2F kF?

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
FkF? � 4A2

FB

9

s
: (A4)

Now we can express C2
10 in terms of r2k using Eq. (A1) or in

terms of r2? using Eq. (A2), to reexpress rkr? � C2
10:

2rkr? � 2C2
10 ¼ 2rkr? �

�
Fk�f

2F 2
k
� r2k

�
�

�
F?�f

2F 2
?
� r2?

�

¼
�
ðrk þ r?Þ2 �

Fk�f

2F 2
k
� F?�f

2F 2
?

�
:

(A5)

Equating Eqs. (A4) and (A5) we get

rk þ r? ¼ 

�
Fk�f

2F 2
k
þ F?�f

2F 2
?

 �f

2F kF?
Z1

�
1=2

¼



ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F?

½P21Fk þ F? 
 P1Z1�1=2; (A6)

where Z1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4FkF? � 16

9 A
2
FB

q
. Now, Eqs. (A1) and (A2)

imply

r2k � r2? ¼ Fk�f

2F 2
k
� F?�f

2F 2
?
; (A7)

which gives rk � r? to be

rk � r? ¼



ffiffiffiffiffiffi
�f

q
ffiffiffi
2

p
F?

P2
1Fk � F?

½P2
1Fk þ F? 
 P1Z1�1=2

: (A8)

C10 is readily solved using Eq. (A3) and the expression for
rk þ r? obtained above. C7 and C9 are also easily solved

using Eq. (23) and the expressions for rk � r?. The solu-

tions for C7, C9 and C10 are presented in Eqs. (47), (46),
and (42), respectively.

APPENDIX B: FORM FACTOR CALCULATIONS

In this appendix we discuss the calculations of form
factors and the form factor ratios. In our numerical analysis
we have calculated the average value of the form factorF k
and the two form factor ratios P1 and P0

1 in different q2

regions.
As already discussed in Sec. IVA, at large recoil region

the heavy quark symmetry applies and the seven form
factors V, A1;2;3, T1;2;3 are functions of Isgur-Wise form

factors �kðq2Þ and �?ðq2Þ [39]. These two form factors are

parametrized as [15]

�?ðq2Þ ¼ �?ð0Þ
�

1

1� q2=m2
B

�
2
;

�kðq2Þ ¼ �kð0Þ
�

1

1� q2=m2
B

�
3
;

where �?ð0Þ ¼ 0:266
 0:032 and �kð0Þ ¼ 0:118
 0:008
[3]. The two ratios P1, P

0
1 [see Eqs. (33a) and (33b)] are

independent of Isgur-Wise form factors, and only F k [see
Eq. (21)] is dependent on �?. In Table III we have calcu-
lated the values of P1, P

0
1 and F k averaged over each q2

bin used by the recent experiments [10].
At low recoil the seven form factors V, A1;2;3, T1;2;3 are

parametrized [40] as

Vðq2Þ ¼ r1
1� q2=m2

R

þ r2
1� q2=m2

fit

;

A1ðq2Þ ¼ r2
1� q2=m2

fit

;

A2ðq2Þ ¼ r1
1� q2=m2

fit

þ r2
ð1� q2=m2

fitÞ2
;

T1ðq2Þ ¼ r� 1

1� q2=mR62
þ r2

1� q2=m2
fitÞ2

;

T2ðq2Þ ¼ r2
1� q2=m2

fitÞ2
;

T3ðq2Þ ¼ m2
B �mK�

q2
ð ~T3ðq2Þ � T2ðq2ÞÞ;

(B1)

where ~T3 has same parametrization as A1. The parameters
r1, r2,m

2
R,m

2
fit for each of the above form factors have been

taken from Ref. [40]. Following the above parametrization,
the ratios P1, P

0
1 and F k have been calculated in the low-

recoil region, averaged over each q2 bin and have been
shown in Table IV.
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