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Restoration of rotational symmetry in the continuum limit of lattice field theories
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We explore how rotational invariance is systematically recovered from calculations on hyper-cubic

lattices through the use of smeared lattice operators that smoothly evolve into continuum operators with
definite angular momentum as the lattice-spacing is reduced. Perturbative calculations of the angular
momentum violation associated with such operators at tree level and at one loop are presented in A¢*
theory and QCD. Contributions from these operators that violate rotational invariance occur at tree-level,
with coefficients that are suppressed by @(a?) in the continuum limit. Quantum loops do not modify this
behavior in A¢*, nor in QCD if the gauge-fields are smeared over a comparable spatial region.
Consequently, the use of this type of operator should, in principle, allow for Lattice QCD calculations
of the higher moments of the hadron structure functions.
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L. INTRODUCTION

Lattice quantum chromodynamics (LQCD) is a numeri-
cal technique in which Euclidean space correlation func-
tions of QCD are calculated by a Monte-Carlo evaluation
of the Euclidean space path integral [1]. The computa-
tional resources are now becoming available for LQCD to
recover the spectrum of mesons and baryons that have been
observed in the laboratory, and to make predictions of
states with exotic quantum numbers that will be the focus
of future experimental efforts. It is also providing precise
determinations of the matrix element of weak operators
that are required to further constrain the mixing of the
eigenstates of the weak interaction contained in the
Cabibbo-Kobayashi-Maskawa (CKM) matrix. LQCD is
allowing for a comprehensive description of the structure
of nucleons, and more recently to their interactions that are
crucial to the field of nuclear physics. This marks the
beginnings of a comprehensive program to determine nu-
clear structure and dynamics directly from QCD.

Space-time is pixelated, or discretized, in LQCD calcu-
lations, with the quarks residing on the lattice sites, and the
gluon fields residing on the links between lattice sites. The
lattice spacing, a, the distance between adjacent lattice
sites, is required to be much smaller than the characteristic
hadronic length scale of the system under study. In princi-
ple, the effects of a finite lattice spacing can be systemati-
cally removed by combining calculations of correlation
functions at several lattice spacings with the low-energy
effective field theory which explicitly includes the discre-
tization effects. This type of effective field theory is some-
what more complicated than its continuum counterpart as it
must reproduce matrix elements of the Symanzik action
constructed with higher dimension operators induced by
the discretization [2—4]. While the action lacks Lorentz
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invariance and rotational symmetry, it is constrained by
hyper-cubic symmetry. As computers have finite memory
and performance, the lattice volumes are finite in all four
space-time directions. Generally, periodic boundary con-
ditions are imposed on the fields in the space-directions
(a three-dimensional torus), while (anti) periodic boundary
conditions are imposed on the (quark) gauge-fields in the
time-direction. However, the conceptual and practical
problems arising from the explicit breaking of the space-
time symmetries of the continuum theory, down to those of
a hyper-cubic lattice theory, remain a challenge in the
continuum extrapolation of classes of observables calcu-
lated using LQCD. One knows, however, that as the lattice
becomes finer, the full space-time symmetries of the con-
tinuum are in fact approximately recovered for observables
involving wavelengths that are large compared with the
scale of pixelation." As a result, a quantitative description
of this restoration, as well as its implication for calculation
of lattice observables, is possible.

Efforts to reduce lattice artifacts and achieve a better
behaved theory in the continuum limit date back to the
early stages of development of LQCD. Many that fall
under the name of Symanzik improvement include a sys-
tematic modification of the action in such a way to elimi-
nate O(a") terms from physical quantities calculated with
LQCD at each order in perturbation theory [2—4,8—-15], or
nonperturbatively. However, as will be discussed, discreti-
zation effects are known to give rise to more subtle issues;
the treatment of which turns out to be more involved.
LQCD is commonly formulated on a hyper-cubic grid, as
aresult the full (Euclidean) Lorentz symmetry group of the
continuum is reduced to the discrete symmetry group of a
hyper-cube. As the (hyper-) cubic group has only a finite
number of irreducible representations (irreps) compared to

'For some numerical illustrations of this recovery in SU(2)
lattice gauge theories, as well as the scalar ¢* theory, see
Refs. [5-7].
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infinite number of irreps of the rotational group, a given
irrep of the rotational group is not irreducible under the
(hyper-) cubic group. Consequently, one cannot assign a
well-defined angular momentum to a lattice state, which is
generally a linear combination of infinitely many different
angular momentum states (see for example Refs. [16—18]).
In principle, one can identify the angular momentum of a
corresponding continuum state in a lattice calculation from
the degeneracies in the spectrum of states belonging to
different irreps of the cubic group as the lattice spacing is
reduced (a review of baryon spectroscopy efforts is given
in Ref. [19], for some recent meson spectroscopy works
see Refs. [20-23]). However, as the density of degenerate
states substantially increases with increasing the angular
momentum, the identification of states with higher angular
momentum becomes impossible with the current statistical
precision. The other issue is that the cubic symmetry of
the lattice allows the renormalization mixing of interpolat-
ing operators with lower dimensional ones. The induced
coefficients of the lower-dimensional operators scale as
inverse powers of the lattice spacing, and hence diverge
as the lattice spacing goes to zero. Although renormaliza-
tion mixing of operators is familiar from the continuum
quantum field theory, it happens more frequently in LQCD
calculations as the reduced symmetry of the hyper-cube is
now less restrictive in preventing operators from mixing.
To obtain useful results for, as an example, the matrix
elements of operators from LQCD calculations, nonpertur-
bative subtraction of the power-divergences is required and
generally introduces large statistical uncertainties.

To overcome these obstacles, it has been recently pro-
posed by Dudek, et al. [24-26] (and later applied to
bottom-baryon systems by Meinel [27]) that by means of
a novel construction of interpolating operators, the excited
states of several mesons and baryons can be identified to
high precision. The essence of this method is that if one
uses a set of cubically invariant local operators which have
already been subduced [28] from a rotationally invariant
local operator with a definite angular momentum, J, while
at the same time smearing the gauge and quark fields over
the hadronic scale [29-31], the constructed operator has
maximum overlap onto a continuum state with angular
momentum J if the lattice spacing is sufficiently small.
The subduction is assumed to be responsible for retaining
“memory”’ of the underlying angular momentum of the
continuum operator, while the smearing is assumed to
suppress mixing with operators of different angular mo-
mentum by filtering contributions from ultraviolet (UV)
modes. In another approach, states with higher angular
momentum in the glueball spectra of 2 + 1 dimensional
SU(2) gauge theories [32,33] are isolated by using glueball
interpolating operators that are linear combinations of
Wilson loops which are rotated by arbitrary angles in order
to project out a particular angular momentum J in the
continuum. In addition, the links are smeared, or blocked,
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in order to be smooth over physical length scales rather
than just in the UV [34]. So by monitoring the angular
content of the glueball wave function in the continuum
limit with a probe with definite J, the 0~ /4~ puzzle in the
glueball spectroscopy has been tackled. The prominent
feature of these works is that the recovery of rotational
symmetry for sufficiently small lattice spacings is qualita-
tively emergent from their numerical results.

The same issue occurs in LQCD calculations of higher
moments of hadron structure functions, the extraction of
which requires the matrix elements of local operators
between hadronic states. Although Lorentz invariance for-
bids twist-2 operators with different J from mixing in the
continuum, generally they can mix in LQCD calculations
with power-divergent mixing coefficients [35,36]. The
power-divergent mixing problem associated with the lower
moments can be avoided by several means as described, for
example, in Refs. [36—45]. In addition to these approaches,
two methods [46,47] have been suggested that highlight
the idea of approaching the continuum properties of the
hadronic matrix elements by suppressing the contributions
from the UV, and in that sense resemble the idea of
operator smearing in the proposals described above. In
LQCD calculations of non-leptonic K-decay, Dawson
et al. [46] suggested that point-splitting the hadronic cur-
rents by a distance larger than the lattice spacing, but
smaller than the QCD scale, results in an operator product
expansion of the currents with the coefficients of lower
dimensional operators scaling with inverse powers of the
point-splitting distance, as opposed to the inverse lattice
spacing. This considerably reduces the numerical issues
introduced by the operator mixing. In a different, but still
physically equivalent approach, Detmold and Lin [47]
showed that in the LQCD calculation of matrix elements
of the Compton scattering tensor, the introduction of a
fictitious, nondynamical, heavy quark coupled to physical
light quarks removes the power divergences of the mixing
coefficients. This technique enables the extraction of
matrix elements of higher spin twist-2 operators with a
simple renormalization procedure. The essence of this
method is that the heavy quark propagator acts as a smear-
ing function in the momentum-space, suppressing contri-
butions from the high energy modes, provided that its mass
is much smaller than the inverse lattice spacing.

Encouraged by the results of the numerical nonpertur-
bative investigation of Refs. [24-26,32,33], as well as the
results of Refs. [46,47], we aim to quantify the recovery of
rotational symmetry with analytical, perturbative calcula-
tions in A¢* and QCD. In order to achieve this goal, we
first define a composite operator on the lattice which has a
well-defined angular momentum in the continuum limit
and is smeared over a finite physical region, and show how
the noncontinuum contributions to the multipole expansion
of the operator scales as the lattice spacing is reduced
toward the continuum. Tree-level contributions to matrix
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elements that violate rotational symmetry, either by the
lattice operator matching onto continuum operators with
the “wrong” angular momentum, or matching onto con-
tinuum operators that explicitly violate rotational symme-
try, scale as @(a?) as a — 0. This includes the (naively)
power divergent contributions from lower-dimension
operators. In order to make definitive statements about
the size of violations to rotational symmetry, it must be
ensured that the tree-level scalings are not ruined by quan-
tum fluctuations. This is demonstrated by a perturbative
calculation of the two-point function in A¢* scalar field
theory with an insertion of such an operator. It is confirmed
that quantum corrections at any order in perturbation
theory do not alter the observed classical scalings of non-
continuum contributions. This result is comparable with
finite size scaling results of the leading irrelevant operator
that breaks rotational invariance in three dimensional O(N)
models given in Refs. [48,49]. The critical exponent p
introduced there has a realization in terms of small-a
scaling of the leading rotational invariance violating terms
in this calculation. Its value is shown to be consistent with
the results presented here.

After gaining experience with this operator in scalar
field theory, the generalization to gauge theories is straight-
forward. Special attention must be paid to the gauge links
that appear in the definition of gauge-invariant operator(s)
that are the analogue of those considered in the scalar field
theory. Also, it is well known that the perturbative expan-
sion of operators used in LQCD are not well-behaved due
to the presence of tadpole diagrams [50]. Naively, tadpoles
make enhanced contributions to the matrix elements of the
operators we consider, and that tadpole improvement of
the gauge links and smearing of the gluon fields are crucial
to the suppression of violations of rotational symmetry.
After discussing the continuum behavior of the QCD
operator(s), and their potential mixings, which violate
rotational invariance at O(a?), we determine the renormal-
ization of the operator(s) on the lattice at one-loop order.
The leading rotational invariance violating contributions to
the renormalized lattice operator are suppressed by
O(a,a?), (where a;, = g2/(4m) and g, is the strong cou-
pling constant) provided that the gauge fields are also
smeared over a physical region similar to the matter fields.
This means that the leading rotational invariance violating
operators introduced by the quantum loops make sublead-
ing contributions compared to tree level, @(a?). The loop
contributions that scale as O(«a a) do not violate rotational
symmetry, and hence are absorbed into the operator
Z-factor.

II. OPERATORS IN SCALAR FIELD THEORY

The goal is to construct a bilinear operator of the scalar
fields on a cubic lattice which has certain properties. First
of all, as it was discussed earlier, it has to be smeared over a
finite region of space. This physical region should be large
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FIG. 1 (color online). A contribution to the lattice operator
defined in Eq. (1), with [n| = N. All the points inside the three-
dimensional spherical shell |na| = Na are included in the
operator. The two length scales defining the operator, the lattice
spacing, a, and the operator size, Na = 1/A, are shown.

compared to the lattice spacing, and, for our purposes,
small compared to typical length scale of the system to
allow for a perturbative analysis. The spatial extent of the
operator can be identified with its renormalization scale.
Second, it is required to transform as a spherical tensor
with well-defined angular momentum in the continuum
limit. An operator that satisfies these conditions is

3 |n|SN

éL,M(X;a’ N) = NG Z d(x)p(x + na)Y, =), (1)

where n denotes a triplet of integers, and it is normalized
by the spatial volume of the region over which it is dis-
tributed. ¢(x) is the scalar field operator, N is the maxi-
mum number of lattice sites in the radial direction, and
Y; () is a spherical harmonic evaluated at the angles
defined by the unit vector in the direction of n, fi, as shown
in Fig. 1. This operator can also be written in a multipole
expansion about its center as

éL,M(X; a,N)

3 |l‘l|SN

S 2 %ﬁ"“")(an-V>k¢<x>YL,M<ﬁ>, @

where the gradient operator acts on the x variable,
V=V,

Although the operator 8, ,/(x;a, N) is labeled by its
angular momentum in the continuum limit, from the

*This corresponds to one particular choice of radial structure
of the operator. However, the results of the calculations and the
physics conclusions presented in this work do not change qual-
ititively when other smooth radial structures are employed, such
as a Gaussian or exponential.
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right-hand side of Eq. (2), it is clear that it is a linear
combination of an infinite number of operators with
angular momentum compatible with its parity. To be more
specific, consider the M = 0 component of the operator
expanded in a derivative operator basis,

(d)
5 Coan™ Cloo®)
Ad

L'd

00(x;a,N) = 09 (x;a),  (3)

where (’)( )(X a) are defined in Appendix A. The operator

subscrlpt denotes that there are L' free indices in the de-
rivative operator, while d denotes the total number of
derivatives. As is discussed in the Appendix A, there are
operators in this basis which are not rotationally invariant

but only cubically invariant. cl 1o(N) are coefficients of

LO L
each operator in the expansion whose values are determined

by matching Eq. (2) with Eq. (3). Finally A = 1/(Na) is the
momentum-scale of the smeared operator which is kept
fixed as the lattice spacing is varied. Therefore, as the lattice
spacing decreases, more point shells (shells of integer
triplets) are included in the sum in Eq. (2). The convergence
of this derivative expansion is guaranteed as the scale A is
set to be much larger than the typical momentum encoun-
tered by the operator.

A. Classical scalar field theory

In order for the operator to recover its continuum limit as
Lo:1/o Should
have certain properties. First of all, those associated with
the operators with L # L' as well as the rotational invari-
ance violating operators, should vanish as a — 0. Also the
coefficients of rotational invariant operators with L = L’
should reach a finite value in this limit. These properties
will be shown to be the case in a formal way shortly, but in
order to get a general idea of the classical scaling of
the operators and the size of mixing coefficients, we first
work out a particular example. Consider the operator
05 0(x; a, N) expanded out up to five derivative operators,

the lattice spacing vanishes, the coefficients c\d

93,0(X; a, N)

= 7C(;]0)/1{) W) 0" (x;a) + 7C(330)XO3(N) 0 (x; )
4 Cgso)-x(;(N) 0% (x: a) + %(9(5 ®V)(x: a)
- —C%X(;(N Lo xia) + (;O)A*g(N Lo%.x:a)
G0 (x4 0T @

where the superscript RV denotes the rotational invariance
violating operator and its corresponding coefficient in the
above expansion.
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The numerical values of the coefficients in Eq. (4), at
the classical level, as a function of the maximum shell
included in the sum in Eq. (2) are shown in Figs. 2 and 3.

From these plots it is clear that while the coefficients C30 30

and Cgo 4 reach a finite value for large N, the coefficients
of lower and higher angular momentum operators, as well
as the rotational invariance violating operator, approach
zero. To find the values of the leading order (LO) coef-
ficients in this limit, as well as to see how the nonleading
contributions scale with N = 1/(Aa), one can apply the
Poisson re-summation formula to the right-hand side
of Eq. (2),

éL,M(X; a, N) =

3 ak ,
- d3 O(N — i2mp-y
ngk!g[ YO = y)e

X px)(y - V) P YL u(P), )

where p is another triplet of integers, and the p summation
is unbounded. The continuum values of the coefficients
obtained in the N — oo limit, corresponding to the p = 0
term in Eq. (5), are

15 |7 &> —1
d .
=i a=ss o

while the other coefficients in Eq. (4) vanish in this limit as
expected. The LO corrections to these continuum values
can be calculated as following. The deviation of Cg3());3o
from its continuum value can be found from

3 (Na)® 1 .
I3 ~ 477_( ;) oj:) dyy*dQ;e>™PY p(x)(§ - V)?
X p(x)Y3(¥), (7

where V = V_é_ and the y-variable in Eq. (7) is rede-
fined to lie between O and 1, and it is straightforward to
show that

3) cos(27N|p|)
SC’%O 30 T ;) Iplg
Tp

3 25
X (—Elpl6 + 15Ipl*p? - 71)2) (®)

It is interesting to note that, after trading N for 1/(aA),
the finite lattice spacing corrections are not monotonic in
a, but exhibit oscillatory behavior, which is clearly evi-
dent in Fig. 2.

The deviation of Cglo);w from its continuum value of zero
follows similarly, and is found to scale as ~1/N?,

Zcos(2’iT1\’|p|)(|p|4—5p‘§). ©)

scll) =
30,10 N2 1677 p;ﬁo | |6
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FIG. 2 (color online).
in the summation in Eq. (1).
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FIG. 3 (color online). A comparison between the tree-level
coefficients Cg‘é), 1o to illustrate the relative rates of convergence
to the continuum limit.

The tree-level values of the coefficients C;“(l)). 0

appearing in Eq. (4) as a function of the largest n-shell included

As in the case of the operator that conserves angular
momentum in the continuum limit, the subleading correc-
tion (and in this case the first nonzero contribution) to
the coefficient is suppressed by 1/N2. This can be shown
to be the case for all the subleading contributions to the

coefficients C;dﬁ)/l

the integrals that are required in calculating deviations
from the continuum values have the general form

z fl dyy2+k
p#0 0

X [de@izWNp‘yyilyiz e ﬁik YLM(Qy)! (10)

Lo @S follows. As is evident from Eq. (5),

3 a)

]i1~--ik ~
47 k!

which can be written as
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3 (Na)* 1 Z
47 k! (i27TN)kp#Oap,]” ap,k

1 .
xf dyy2+kfdﬂyeIQva-yYLM(Qy)
0

3 (Na)* 4mit Z d
47 k! (2@N)* #)ap,] ap

Jirik ~

Yim(Qp)

i
1
x [0 dyy?*j, 2N |ply). (11)

The y integration over the Bessel function gives rise to

either — C?zsfgf; I;JZI) or — stg(;;f; ||1)’2|), up to higher orders in

1/N, depending on whether L is even or odd. Thus the LO
contribution from Eq. (11) in the large N limit is obtained
by acting on the numerator with the p derivatives, produc-
ing k powers of N, multiplying the 1/N? from the denomi-
nator. Therefore, Eq. (11) scales as

Jivix ~ (Na)" _____ (12)

and, in general, the deviation of any coefficient from its
continuum value is suppressed by 1/N? = A%a®. This
result implies that in calculating the matrix element of
L = 3 operator, one has a derivative expansion of the form

A3é3,0(x; a, N)
A2 1
=aig (og”(x; @)+ @y (99>(x; a)

0P (x:a) + a, 0% (x: a)

T a3 55 A2 2 A2N2

5
+ a5@ZZZ(X a) + ag5 A2 EZL(X;G)

8 v
t a5 A2N2 Ozzz:(x5a) + (9< ) (13)

bu(k:a N) = 6VTdR)I-K)Y Y

P L ML, M,

iL1+L2\/(2L1 +
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where the mixing with L # 3 operators (with coefficients
a137..), as well as the operator with broken rotational
symmetry (with coefficient a), vanish in the large N limit,
while the coefficients of L = 3 operators (with coefficients
as ), are fixed by the scale of the operator, A. It is clear
that for N = 1 and A = 1/a, where no smearing is per-
formed, the problem with divergent coefficients of the
lower dimensional operators is obvious, as, for example,
the coefficient of OV (x; a) diverges as 1/a” asa — 0, as is
well known.

The fact that all the subleading contributions to the
classical operator are suppressed at least by 1/N? regard-
less of L and L’ can be understood as follows. In the
classical limit, where the short distance fluctuations of
the operator are negligible, the operator does not probe
the distances of the order of lattice spacing when a — 0.
The angular resolution of the operator is dictated by the
solid angle discretization of the physical region over which
the operator is smeared, and therefore is proportional to
1/N?. The question to answer is whether the quantum
fluctuations modify this general result.

Before proceeding with the quantum loop calculations,
it is advantageous to transform the operator into
momentum-space to simplify loop integrals. This can be
done easily by noting that for zero momentum insertion,
the operator acting on the field with momentum Kk is

In|=N

D ey, (n)d(k)d(—k),

n

§LM(k;a: N) =

47N3
(14)

which, after using the partial-wave expansion of ¢’ and
the exponential term resulting from the Poisson relation,
can be written as

2L, + 1)
2L +1

1
X (L My LyMoJ LMY ap (0100, (€2,) [0 dyy2j, (aNIKly)j, aNIply). (15)

Although this form seems to be somewhat more compli-
cated than in position-space, it turns out that it is advanta-
geous to work in momentum-space when dealing with
higher angular momenta, as well as for M # 0. Further,
the dimensionless parameters |k|/A and N that define the
physics of such systems are now explicit. It is straightfor-
ward to show this form recovers the values of the leading
and subleading coefficients given in Egs. (8) and (9), and
it is worth mentioning how they emerge from Eq. (15). For
a nonzero value of |p| and N = oo, the spherical Bessel
function j,,(27N|ply) vanishes for any value of L,.

However, for large values of N but |p| = 0 the only non-
zero contribution is from L, = 0, and thus L; = L, leaving
a straightforward integration over a single spherical Bessel
function j; (aN|k|y) to obtain the continuum limit given in
Eq. (6). Extracting the subleading contributions and the
violations of rotational symmetry is somewhat more in-
volved, and we provide an explicit example in Appendix B.

B. Quantum corrections in A¢*

In order to determine the impact of quantum fluctuations
on the matrix elements of 6, ,;, defined in Eq. (1), we
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FIG. 4. One-loop correction to the two-point function with an
insertion of 6, 4 in A¢p*

consider loop contributions in A¢* theory. Beside its
simplicity which enables us to develop tools in performing
the analogous calculations in lattice QCD, this theory
corresponds to some interesting condensed matter systems.
For example, three dimensional O(N) models, which
describe important critical phenomena in nature, have a
corresponding A¢* field theory formulation. As pointed
out in Refs. [48,49], anisotropy in space either due to the
symmetries of the physical system, or due to an underlying
lattice formulation, will result in the presence of irrelevant
operators in the effective Hamiltonian which are not rota-
tionally invariant, and introduce deviations of two-point
functions from their rotationally invariant scaling law near
the fixed point. However, as the rotationally invariant fixed
point of the theory is approached, the anisotropic devia-
tions vanish like 1/£° where &% is the second moment
correlation length derived from the two-point function, and
p is a critical exponent which is related to the critical
effective dimension of the leading irrelevant operator
breaking rotational invariance. It has been shown that in
the large N approximation of O(N) models, p =2 for
cubic-like lattices. In the following, it will be shown that,
by inserting éL,M defined in Eq. (1) into the two-point
function, the same scaling law emerges when approaching
the rotational-invariant continuum limit of A¢* theory.

7w/ Aa
dQ4[ d
0

7/Aa
J}:Z(l)/l = 2\/—7;5L,05M,0f
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At tree level, the contributions to the two-point function
from an insertion of @ 1.m at zero momentum transfer has
been already discussed in Sec. II A. At one-loop, there is
only one diagram with an insertion of 8 1.u that contributes
to the two-point function, as shown in Fig. 4. This diagram
introduces corrections only to the L = 0 matrix element as
there are no free indices associated with the loop. The
lattice integral associated with this one-loop diagram is

3\ [n|=N w/a d4k eik~na
LM f
n

= - Y (Q),
4mN? (oo @ B 5 )
(16)

where k2 = %Z #sinz(k”Ta), A is the coupling constant and
m is the ¢ mass. The three-momentum integration can be
evaluated by noting that the region of integration can be
split into two parts: region I where 0 < |k| = 7/a and
therefore is rotationally symmetric, and region II where
m/a < |k| = 3m/a which consists of disconnected
angular parts. Also as the three-momentum integration is
UV convergent, a small a expansion of the integrand can
be performed. Using Eq. (15), the contribution from
region I to the p = O term in the Poisson sum is

I =0
3A w/a w/a 1
=—4iL/ dk4/ dka‘/‘de(Azi
(2m) —(m/a) 0 (k= + m2)2

<[ [ a2 suaniily) |ri(n0

3A
T i"[Jry + I + O(1/NY)], 7)
o

1

99

1
dyy?j ,
[q2 ¥ q421 ¥ mz/Az]z -/0 yy ]U(CIY)

—(7/Aa)
_]IL\IA]}O _ L j‘ﬂ'/Aa
N? ) -(z/ra)

2 2w 4 /7
+ 8,440y g + 0 +
5L,4(3 O e B

with ¢ = |k|/A and g4 = k;/A. The LO integral, J+$,
is convergent, while the next-to-leading-order (NLO) con-
tribution, JYLO, while not convergent, is not divergent, but
is of the form sin(N77)/N?. This implies that they depend
on the ratio of the two mass scales, A and m, but without
inverse powers of a. So as a — 0, the LO L = 0 operator
makes an unsuppressed contribution to the L = 0 matrix

element, while the contributions to this matrix element

7/ ANa q4 6\/E
‘I4[ dqq’ 2 2 272 3[
0 lg* + q5 + m*/A?]

’277' 1 .
§5M,4) /0 dyy2J4(Q)’) :I,

!
5 6L,08M,O/0dyy2j0(qy) (18)

I
from the NLO rotational symmetry violating L = 0 and
L = 4 operators are suppressed by 1/N?.

A simple argument shows that contributions from
integration region II, for which 7/a < |k| = «/37/a, are
also suppressed by 1/N?. After defining a new momentum
variable [, = kyaand > = I} + I3 + [3, the p = O term of

the Poisson sum in region II is
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o \/§7T
4iL / dl, / diP / dQ,
- ()

() o
(42 Slnz(l /2)+a2m2)2j;) dyy”j.(Nly),
(19)

where f(),) identifies the angular region of integration,
and whose parametric form does not matter for this dis-
cussion. This region still exhibits cubic symmetry, and
gives rise to contribution to the L = 0, 4, 6, §, . .. operators.
On the other hand, the three-momentum integration is
entirely located in the UV as a — 0, and thus

sin?(1,/2) + sin*(I,/2) + sin®(l3/2) + sin?(1,/2) = 1.
(20)

Also, integration over the Bessel function brings in a factor
of —cos(NI)/(N?I?), up to higher orders in 1/N. So the
integrand does not have any singularities in region II of the
integration, and is bounded. As a result,

T4 (p=0)

1\12 (477_)4[ dl4[ dl[ dY (), (21

and consequently J (”)(p = 0) itself is suppressed by 1/N?2.
This completes the discussion of the p = 0 term in the
Poisson sum, corresponding to a zero-momentum insertion
of the continuum operator into the loop diagram. It then
remains to determine the scaling of the p # O terms in the
summation in the large N limit. The integral arising from
the p # O terms is, up to numerical factors,

frr/a
#0
p p¢0 (/a) (277)4

(k2 m2)? Y om, (Qk)YLZMZ(Q 5)

X ﬁ) dyy2j,. (Nalkly)jr, @aNlply).  (22)

This integral is finite in UV, and the integrand can be
expanded in powers of a, giving a leading contribution of

[ﬂ/Aa dqdqy
P#O p;ﬁo (m/Aa) 277.)4

X (C] + CI4 + m2/A2)2 YLIM] (Qﬁ)yLzMz(Qf?)

1
X ﬁ) dyy2js, (ay)jn,@mNIply). 23)

A nonzero angular integration requires that L; = 0, and
the integral is suppressed at least by a factor of 1/N? as
integration over the Bessel functions introduces a factor of
1/(27N|pl)? up to a numerical coefficient and a bounded

PHYSICAL REVIEW D 86, 054505 (2012)

trigonometric function at LO in 1/N. The next order term
in the small a expansion of the integrand can be easily
shown to bring in an additional factor of 1/N?. So one can
see that the p # O terms in the Poisson summation, which
give rise to noncontinuum contributions to the two-point
function at one loop, are always suppressed by at least a
factor of 1/N2.

The result of the one-loop calculation is promising: all
the sub-leading contributions that break rotational symme-
try are suppressed by 1/N? compared to the leading L = 0
continuum operator contribution to the two-point function.
A little investigation shows that this scaling also holds to
higher orders in A¢* theory. Suppose that the operator
is inserted into a propagator inside an n-loop diagram
contributing to the two-point function. Considering the
continuum part of the operator first, the leading term in
the small a expansion of the integrand gives rise to 2n
propagators, while the integration measure contributes 4n
powers of momentum. Although this appears to be loga-
rithmically divergent, the spherical Bessel function con-
tributes a factor of inverse three-momentum and either a
sine or cosine of the three-momentum, rendering the dia-
gram finite. The same argument applies to the NLO term in
the small a expansion of the integrand, resulting in a 1/N?
suppression of the breaking of rotational invariance.
Insertion of the noncontinuum operator in loop diagrams
are also suppressed by 1/N? for similar reasons.

The interpretation of finite size scaling results presented
in Refs. [48,49] in terms of what has been observed in this
section is now straightforward. Near the critical point, the
correlation length is the only relevant physical scale in the
problem, and tends to infinity. So as the critical point is
approached, one does not probe the underlying lattice
structure as the correlation length becomes much larger
than the lattice spacing, and extends over an increasing
number of point shells. In comparison, inserting an opera-
tor which only probes distances of the order of a physical
scale that is much larger than the lattice spacing, resembles
the physics near a rotational-invariant fixed point, and the
same scaling law for the nonrotational invariant operators
is expected (in the same theory) as the lattice spacing goes
to zero.

III. OPERATORS IN QCD

The necessity of introducing a gauge link to connect
the fermionic fields in a gauge invariant way, makes the
discussion of the operator and its renormalization more
involved in gauge theories. The reason is two-folded: first,
as is well known, perturbative LQCD is ill-behaved as a
result of nonvanishing tadpoles which diverge in the UV,
making the small coupling series expansion of the opera-
tors slowly convergent. The other difficulty is that as the
operator is smeared over many lattice sites, the links
are necessarily extended links. Thus, to analytically
investigate the deviations from a rotational invariant path,
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working with a well-defined path on the grid is crucial.
In this section, the strategies to deal with these problems
are discussed, and the scaling laws of different operator
contributions to the two-point function in QCD with an
insertion of the smeared operator are deduced.

In position-space, perhaps the simplest gauge-invariant
smeared operator of quark bilinears is

éL,M(X; a, N)
3 |n|SN _
=yt 2 PEUE X+ na)p(x +na)YL (@)
(24)
where

U(x, X +na) = e [ Atyda

—1+ig fm”A(z) dz+ O, (25)

where the actual path defining U will be considered sub-
sequently. As the fermion operator is a spin singlet, S = 0,
the total angular momentum of this operator in the con-
tinuum is J = L. One could also consider operators of
the form

3 [n|=N B
FU(X, x +
v 2 MY U x

X ¢(X + na)YL,M(ﬁ), (26)

9’J‘L,M(X;a, N) =

which can be used to form operators with J =L + 1, L,
L — 1. Tt is clear that the set of operators with angular
momentum J will mix under renormalization, but the
vector nature of QCD precludes mixing between the i
and i y* s operators in the chiral limit. However to cap-
ture the main features of operator mixing in the continuum
limit of LQCD, it suffices to work with the simplest
operator, in Eq. (24). At tree level, the contributions of
this operator away from the continuum limit scale in the
same way as in the scalar theory, with contributions that
violate rotational invariance suppressed by ~1/N?.

Let us first discuss the one-loop renormalization of
the operator in the continuum. There are four one-loop
diagrams contributing to the operator renormalization as
shown in Fig. 5. The diagram in Fig. 5(a) results from
inserting the LO term in the small coupling expansion of

PHYSICAL REVIEW D 86, 054505 (2012)

the operator in the loop. At zero external momentum this

diagram is
d*k
dyy dQ
/ Y / @m)*

wa(lkﬂ“ + m)*y®
(k2 + m2)2k2

I"(Sa) —Ta Ta

eNEYY (Qy),  (27)

which is clearly convergent in the UV. Also it contains
L = 0 as well as L = 1 operator as can be seen from the
angular part of the integral

f O, A0 LF (2, m, k) + fo(2 m, Kk - 7]

M
XY () Y70 () Y 0 (£2y)
= 4 1(k2r ks, m)‘sL’OBM'O

47 Oy_1— 0
+1’_ k2, ki, m)|K|S [ (M)
3f2( 5 m)k| L1 V1 \/5

Oy _1 + 6
" in(%) " 735M,0]: (28)

where f| and f, are some functions of their arguments.
One can check however that as m/A — 0 (the chiral limit),
the contribution to the L = 1 operator is suppressed by the
quark mass.

The diagrams in Fig. 5(b) comes from the next term
in the expansion of Eq. (25). It is straightforward to show
that the Feynman rule for the one-gluon vertex with zero
momentum insertion into the operator is

A 3 &Sy A 1 (k )

VA=_" _ = Apik+p)na _ Lip'na

& 4aN3 gan (p—p’)-na(e er™)
X 64(17 - p/ - k)YL,M(ﬁ)’ (29)

where the radial path between points x and x + na is taken
in evaluating the link integral, p and p’ are the momenta
of incoming and outgoing fermions respectively, A is the
Lorentz-index of the gluon field, and k is the momentum of
the gluon coming out of the vertex. Note that in principle,
any path between points x and X + na can be taken in the
above calculation, but if one is interested in deviations
of the renormalized lattice operator from the rotational
invariance compared to the continuum operator, a path
between two points should be chosen in the continuum in

k k
) g%
a b

k
| %
g% %,
c d

FIG. 5. One-loop QCD corrections to the fermionic two-point function with an insertion of 6 .m» given in Eq. (24), at zero external

momentum
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such a way that it respects rotational invariance explicitly.
Any path other than the radial path, on the other hand, is
equivalent to infinitely many other paths resulting from
rotated versions of the original path around the radial path.
To reveal rotational invariance at the level of the contin-
uum operator, an averaging over these infinite copies of the
path is needed, and this makes the calculation of the link
more involved.

Now at zero external momentum, using expression (29)
with p = 0, the contribution from the second and third
diagrams in Fig. 5(b) is

F(ShSL) _TaTu fd fd
yy (277_

ik- y+my vy 1 iNa
R+mE k .(Nky_l)YLM(Qy) (30)

As is evident, because of a nonoscillatory contribution to
the operator, there is a logarithmically divergent piece from
the above integration contributing to the L = 0 operator,
which along with the logarithmic divergent contribution
from wave function renormalization, contributes to the
anomalous dimension of the operator. Also the angular
integration of the above expression:

[ deko[

- ] 0, (g1 (Naylk]) + g2(Naylkmy - 711 (Q),
31)

indicates that as before, in addition to L = 0 operator, an
L = 1 contribution is present which is finite at UV, and can
be shown to vanish for m/A — 0. g, and g, are some
functions of their arguments whose explicit forms do not
matter for this discussion.

The last diagram in Fig. 5 corresponds to the @(g?) term
in the small coupling expansion of the gauge link. It
contains the tadpole of the continuum theory whose value
depends in general on the regularization scheme. For ex-
ample, by using a hard momentum cutoff which is matched
easily with the lattice regularization, it diverges quadrati-
cally. However, it is not hard to see that in dimensional
regularization which respects the full rotational symmetry

y: yym]@fwk'y — )Y, (Qy)

> @; —

a
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of the continuum, it vanishes in d = 4, therefore it does not
contribute to the renormalization of the continuum opera-
tor. But the fourth diagram in Fig. 5 does not only include
the conventional tadpoles, Fig. 6(a), it also contains the
diagram where a gluon is emitted by the Wilson line inside
the operator and then absorbed at another point on the
Wilson line, Fig. 6(b) as a consequence of the matter fields
being separated by a distance na. It is straightforward to
show this diagram is convergent, and scales by a,/|Ax|?
where Ax is the distance between two gluon vertices and
a, is evaluated at the energy scale of the order of 1/|Ax]|.
This completes the qualitative discussion of the operator
renormalization and mixing at one-loop order in the
continuum.

Let us start the discussion of the lattice operator by
assuming that its definition is still given by Eq. (24).
However, this can be shown to be a naive definition of
the operator on the lattice. The reason is implicit in the
discussion of tadpoles given above. Although tadpoles are
absent from the operator renormalization in the continuum,
on the lattice, they are nonvanishing, and result in large
renormalizations, as can be seen in perturbative lattice
QCD calculations. As was suggested long ago by Lepage
and Mackenzie [50], to make the perturbative expansion of
the lattice quantities well behaved, and to define an appro-
priate connection between the lattice operators and their
continuum counterparts, one can remove tadpoles from the
expansion of the lattice operators in a nonperturbative
manner by dividing the gauge link by its expectation value
in a smooth gauge,

1
Ux,x+ap)— —Ux x+ap), (32)
Up

where a simpler, gauge invariant choice of u, uses
the measured value of the plaquette in the simulation,
g = (3 Tr(Uyag))'/*. There remains still another issue
regarding the tadpole contributions to the smeared operator
which is not fully taken care of by the simple single-link
improvement procedure explained above. The operator
introduced in Eq. (24) is smeared over several lattice
sites, and as a result includes extended links. As will be
explained shortly, in spite of O(«,) corrections due
to tadpoles from a single link, there is an O(Nay)

FIG. 6. The tadpole contribution consists of the conventional tadpole diagram (a), which vanishes when using a mass-independent
regulator in the continuum (such as dimensional regularization), as well as the diagram shown in (b) which is of the order of a,/|Ax|?,

where Ax is the distance between two gluon vertices.
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enhancement due to the tadpoles from the extended link
with length ~Na. So although a nonperturbative tadpole
improvement could introduce nonnegligible statistical
errors, this improvement is crucial, otherwise the relation
between the lattice smeared operator and the correspond-
ing continuum operator is somewhat obscure.

The reason for the O(Na,) enhancement of tadpoles
from the extended links can be illustrated by working out
a particular example. Suppose that the link is extended
between points x and x + Naé, entirely along the 1 axis.
Then in order to make a tadpole, not only can each gauge
field be contracted with the other gauge field belonging to
the same elementary link, but also it can be contracted with
a gauge field from one of the remaining N — 1 elementary
links (see Fig. 7). Note that each diagram in Fig. 7 comes
with a multiplicity of N — m, where m is the number of
links between the contracted gluonic vertices. At LO in g,
the corresponding contribution from the extended tadpole
is of the form

eimalq

w/a o
IED 2[ Ak ~3 33
st —(w/a) KB4k +k+k m? (33)

from which the contribution from all the diagrams in Fig. 7
can be obtained,

N—1
> (V- m)— = O(Na,). (34)

m=1

Note that the m = 0 term, corresponding to the first dia-
gram in Fig. 7, has been excluded from the above sum as it
is just the single link tadpole contribution. Given that there
are N single links, the total contribution from single link
tadpoles is O(Na;) as well.

Another issue with the extended links is the fact that
without tadpole improvement, breakdown of rotational
symmetry occurs at O(Na,). The reason is that without

0 Na N

0 ;g; E Na N-1

1
O.M.Na

FIG. 7. Tadpole diagrams contributing to the smeared operator
at one-loop order. Shown in the right are the number of diagrams
of each type.
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tadpole improvement of the extended links, contributions
from the different A, irreps in a given point shell are
normalized differently. For example, there are more tad-
pole diagrams at O(g?) contributing to an extended link
between points (0, 0, 0) and (2, 2, 1) (five single links) than
to an extended link between points (0, 0, 0) and (3, 0, 0)
(three single links) although both points belong to the
same point shell (i.e., have the same separation in position-
space). This fact magnifies the necessity of tadpole
improvement as well as providing a prescription for an
appropriate improvement of an extended link. As the ex-
pectation value of a link belonging to a given A, irrep in a
given shell is in general different from the expectation
value of the link belonging to another A; irrep in the
same shell, one needs to redefine the link in a given irrep
by dividing it by its expectation value in the same irrep,

1
Uai (x,x +an) —» — Ui (x, x + an), (35)
I/lAil

where u,i = <UA§ (x, x + an)), and the A{’s are different

A, irreps belonging to the n?-shell. With this prescription
for tadpole improvement of the extended links, the renor-
malized operator is assured to be safe from large rotational
invariance breaking effects of the order of O(Na,). With
this new definition of the gauge link, Eq. (24) is now a well-
defined lattice operator with an appropriate continuum
limit which can be used in our subsequent analysis.

As the cancellation of the tadpole diagram is assured by
the new definition of the operator, there are only three one-
loop diagrams that contribute to the renormalization of the
lattice operator. The first diagram in Fig. 5 corresponds to
the following loop integral at zero external momentum for
Wilson fermions,

F(Sa) — (lg)2 TaTa

w/a
N3 Z / (m/a) (27r)4

: k,a k,a
ik-na p P
X e’k [ypcos( 5 ) 1rsm( 5 )]

. sin(k, a 2
(i &9 4 Mk)
z# sin (k a) + M(k)2

X [y/’ cos(kl%a) —ir sin(?)]
z;l() Yin(Q), (36)

where M(k) = M + 2r/ay. ,sin*(k,a/2), and r is the
Wilson parameter. Clearly at LO in the lattice spacing,
one recovers the corresponding diagram with the insertion
of the continuum operator, Eq. (27), and so it contributes to
both the L = 0 and L = 1 operators. Note that although
the integration region is not rotationally symmetric like the
continuum integral, the convergence of integral at UV
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ensures that the contributions from nonrotationally sym-
metric integration region II, defined in Sec. IIB, are
suppressed by additional powers of 1/N compared to the
rotational invariant region I:

3'L T NeYs
ST ~ —jg2TaTe > f di, / il ] o,
167" J-7 ™ £(6)
(il ,y* + ma)?
(12 + m2a2)212

YLM(QI)I: fo 1 dyy2jL(le)],
(37)

where: [, = k,a and [> = [§ + 3 + [5. The integrand is
clearly convergent, and the integration region is entirely in
the UV, and so the only dependence on a = 1/(AN) comes
from the integration over the Bessel function, giving a LO
contribution proportional to 1/N?. However, the first sub-
leading contribution from this diagram scales as ~a,/N
for Wilson fermions instead of ~a/N?. The reason is that
the small a expansion of the integrand in Eq. (36) includes
terms at O(a) which is proportional to the Wilson parame-
ter. The integrand scales as ~1/k* multiplied by the
spherical Bessel function in the UV which still gives rise
to a convergent four-momentum integration for any value
of L,

1

1 1
S (5a,r) f 4 I:[ 2 - ] ~ = —,
I a | d*k— . dyy*j, (Naky) al

(38)

These contributions are rotational invariant, and will be
included in the renormalization Z-factor of the operator
when matching the lattice operator with its continuum
counterpart. Further, the integrals that appear at O(a?) in
an expansion of Eq. (36) are also convergent, and the terms
containing rotational invariance breaking contributions are
suppressed by 1/N2. This completes discussion of the first
one-loop diagram of Fig. 5.

The second diagram contains the one-gluon vertex
operator, and requires evaluating a line integral over the
path on the grid defining the extended link. As was pointed
out in the discussion of the path in the continuum, in
general any path can be chosen in evaluating the operator
both in the continuum or on the lattice, but requiring the
recovery of rotational symmetry at the level of the operator
means that the extended link has to exhibit rotational
symmetry in the continuum limit. As already discussed,
the simplest rotational invariant path in the continuum is
the radial path between the points, so it makes sense to try
to construct a path on the grid which remains as close as
possible to the radial path between points x and x + na as
it passes through the lattice sites. One might expect though
that choosing a path in continuum which is the same as
its lattice counterpart is a more legitimate choice. One
example of such a path is an L-shaped path. However, it
is not hard to verify that the L-shaped link does not restore
rotational invariance in the continuum limit as the contin-
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uum path explicitly breaks rotational symmetry. So the
problem of evaluating the one-gluon vertex of the smeared
operator is reduced to finding the closest path to the
straight line on the grid. In a lattice calculation, one can,
in principle, construct an algorithm which finds a path on
the three-dimensional grid in such a way that the area
between the path and the rotational invariant radial path
is a minimum. One such algorithm has already been used in
Ref. [32] to construct a path that follows the straight line
between sites A and B as closely as possible, by forming
a diagonal link at each step which has the maximum

projection onto the vector AB. By this construction of
“super-links™, the authors have been able to form arbitrary
(approximate) rotations of the Wilson loops, therefore
constructing glueball operators which project onto a defi-
nite spin J in the continuum limit. However, the analytic
form of the super-link has not been given. In Appendix D, a
method to evaluate the link on such a path is illustrated
with a small number of examples. For the following dis-
cussion, however, a particular example has been consid-
ered which encapsulates the essential features of the
recovery of the rotational invariant path, and gives us an
idea how to deal with the general case.

Suppose that the link connects points x and x + na on a
cubic lattice where n = ‘;—"(Q, 1,0), and ay = 2Ka. As
usual a denotes the lattice spacing, and Q is an arbitrary
integer. The continuum limit is recovered when the integer
K tends to infinity for a finite value of ;. Then as is shown
in Appendix D, for a path which is symmetric under
reflection about its midpoint and remains as close as pos-
sible to the vector na (see Fig. 8), the O(g) term in the
momentum-space expansion of the link has the following
form

BT
Ul9(g) = ig g elme/? 7( )[Ay(q) +2A,(q)

sin(%29)

% Sin(QQan/2K+2) (QQXQO + q’vaO)iI‘
2K+l

(39)

sin(qxa0/2K+1) 2K+2

As K — oo limit which corresponds to a — 0, one obtains
U(lg)(q)

sin(439)

q-na

iqna/2

2
=2ige [A-na +%(qu+qy)2A-na

a>
51040 ~ 1) +300,4, +3¢0) + O |
(40)
recovering the continuum link, given in Eq. (29), and

contains broken rotational invariance contributions which
are suppressed by ~O(a?). This scaling has been shown in
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X+na X+na

FIG. 8 (color online).

(a) The link between points x and x + na forn =

C

(2, 1, 0) which remains as close as possible to the diagonal

link. (b) The link between the same points for n = 2(2, 1, 0) which consists of two separate links of part (a) with the lattice spacing
being halved. (c) The link for n = 2X(2, 1, 0) which consists of 2% separate links of part (a) with the lattice spacing divided by 2.

Appendix D to hold for vectors n of the forms:
“(Q,0,1),and 2(Q, Q, Q) as well.

Let us now examine how the insertion of this contribu-
tion from the operator modifies the scaling of the rotational
invariance violating operators at one-loop. The contribu-
tion from the second diagram in Fig. 5 with the insertion of
this vertex can be calculated order by order in small a by
expanding the vertices and propagators as before. At the
LO one gets

@0, 1, 1),

m/a  d*k ik, y* +m
I‘(Sb) —_ 2Ta Ta_~ [ 1%
ig 47TN3 Z (/a) (277')4 (k* + m?)k?

lkl‘la_l

x< 1 Lan)[an 7+ (k 0+k)%an-7
ik ‘na

2
- S 0RQ 1)+ 30Kk, + 38 va ] @)

Clearly, after adding the contribution from the third diagram
in Fig. 5, the LO contribution from the above expression, the
first term in the bracket of Eq. (41), recovers the results
obtained previously for the insertion of the continuum
operator, up to suppressed contributions from the integra-
tion region II, as discussed before. Therefore this term
contributes to the L = 0 operator with a logarithmically
divergent coefficient, which along with the wave function
renormalization contributes to the anomalous dimension of
the lattice operator. Note that the wave function renormal-
ization gives rise to a logarithmically divergent contribution
to the L = 0 operator at LO in the lattice spacing, recover-
ing the continuum result, and the subleading contributions
are suppressed at least by a = 1/(N A) for Wilson fermions.
This term also contains and L = 1 operator which is pro-
portional to m, and vanishes in the chiral limit.

The second term in the bracket of Eq. (41) is O(a?), and

can be written as
w/a
TaT az /

STGb502 —
(w/a) (277')4

7TN 3

m ezk na _ |
X1 +—- 7 [ ——
[ ik na" 7] (k* + m?)k?

X (ke Q + k)Y u(Qn) ~ O(g2a%).  (42)

This scaling arises as a result of the UV divergence of the
nonoscillatory contribution to the integral and is entirely a
UV effect. For this term there is no dependence upon n and
as such the factor of N3 is canceled by a corresponding
N3 from the sum. Terms proportional to the mass are
convergent in the UV, and as such are suppressed by a’
in the continuum limit.

The last term in the above expression Eq. (41) contains
rotational breaking contributions. It is multiplied by an
explicit factor of a2, but as seen in the previous term, the
power divergence of the nonoscillatory part of the integral
gives rise to an overall scaling of O(g?). This completes the
discussion of the one-loop corrections to the lattice opera-
tor for the specific displacement vector na used above. It is
also straightforward to check the obtained scaling of differ-
ent terms for other choices of the vector na. In general,
subleading contributions to the continuum link are O(a?),
and so by dimensional analysis it has an associated factor
of momentum squared. On the other hand, it always con-
tains a nonoscillatory term, and as a result, the noncontin-
uum contributions and the violations of rotational
symmetry scale as O(a;).

Given the discussion of the previous paragraphs, we
naively conclude that the rotational symmetry breaking
scales as ~O(a,) in the continuum limit. It is the one-
gluon vertex associated with the smeared-operator that is
dominating this behavior, with the contributions from other
diagrams scaling as ~a,/N for Wilson fermions [Egs. (36)
and (37)] and a,/N? from the other loop diagrams com-
pared with ~1/N? from the tree-level matching. However,
this scaling can be further improved by smearing the
gauge-field. The O(«,) contributions are due to the explicit
factor of a” being compensated by a quadratic loop diver-
gence, (7/a)?, rendering a suppression by only the cou-
pling in the continuum limit, analogous to the impact of
tadpole diagrams. However, by smearing the gluon field
over a volume of radius 1/A, = aN g,3 the offending
diagrams in Fig. 5 scale as

3We have distinguished the smearing radius of the operator, N,
from the smearing radius of the gluons, N,, but in principle they
could be set equal.
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aS

STOP323 — o g2 A2 ~ N (43)
8

due to the suppression of the high momentum modes in the
gluon propagator.

The natural question to ask here is what is the scale of the
coupling in this process? Note that the bare coupling con-
stant of lattice QCD suffers from large renormalization as
discussed before, so a better-behaved weak coupling ex-
pansion of the lattice quantities uses a renormalized cou-
pling constant as the expansion parameter. As is suggested
by Lepage and Mackenzie [50], one first fixes the renor-
malization scheme by determining the renormalized cou-
pling a'"(k*) from a physical quantity such as the heavy
quark potential. Then the scale of the coupling is set by the
typical momentum of the gluon in a given process. In the
case considered above, the energy scale of the strong cou-
pling constant is dictated by the scale of the gluon smearing
region as the dominant contribution to the integral comes
from this region of the integration: k* ~ 7/(N,a). A better
estimate of the scale can be obtained by the method ex-
plained in Ref. [50], but since we are interested in the
continuum limit where a — 0, this is already a reliable
estimation of the momentum scale of the running coupling.

The analysis in QCD is more complex at one-loop level
than in the scalar theory due to the presence of the gauge-
link required to render the operator gauge-invariant. We
have found that the contributions from the operator defined
in Eq. (24) scale in the same way as those in the scalar
theory, with the violation of rotational symmetry sup-
pressed by factors of ~1/N?, but both tadpole improve-
ment of the extended links and smearing of the gauge-field
is required. Our analysis of Wilson fermions reveals the
contributions to matrix elements that violate rotational
invariance in the continuum limit at the one-loop level are
suppressed by factors of ~a/N* and ~a,/NZ, and thus
for a smearing defined in physical units, deviations from
rotational invariance scale as @(a?). Contributions that
scale as ~a,/N and are proportional to the Wilson parame-
ter, conserve angular momentum and can be absorbed by
the operator Z-factor. Most importantly, as in the scalar
theory, there are no mixings with lower dimension opera-
tors that diverge as inverse powers of the lattice spacing.

IV. SUMMARY AND CONCLUSIONS

In this paper, a mechanism for the restoration of rota-
tional symmetry in the continuum limit of lattice field
theories is considered. The essence of this approach is to
construct an appropriate operator on the cubic lattice which
has maximum overlap onto the states with definite angular
momentum in the continuum. In analogy to the operator
smearing proposals given in Refs. [24-26,32,33], the
operator is constructed on multiple lattice sites. Using
spherical harmonics in the definition of the operator is
key to having the leading contributions to the classical
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operator be those with the desired angular momentum.
The sizes of the contributions are controlled by the scale
of the smearing of the operator, with sub-leading contribu-
tions to both lower and higher dimensional operators that
violate rotational symmetry being suppressed by 1/N>—
reflective of the pixelation of the operator and fields. The
A¢* scalar field theory is shown to preserve this universal
scaling of the leading non-rotationally invariant contribu-
tions at all orders in perturbation theory, compatible with
the finite size scaling results of A¢*-type theories near
their rotational invariant fixed points [48,49]. The same
can be shown to be true in g¢> scalar field theory.

Gauge invariance somewhat complicates the construc-
tion and analysis of analogous operators in QCD. Although
the tree-level lattice operator in QCD exhibits the same
scaling properties as the scalar operator, extended gauge-
links connecting the quark fields generate gluonic interac-
tions that contribute to loop diagrams that are power-law
divergent. Such contributions are either eliminated by tad-
pole improvement of the extended links, or are suppressed
by smearing of the gauge-field. We find that it is the
physical length-scales and continuum renormalization-
scale that dictate the size of matrix elements. The leading
noncontinuum corrections from the one-loop diagrams
preserve angular momentum, scaling as ~a a for Wilson
fermions, and can be absorbed by the operator Z-factor. In
contrast, contributions that violate rotational symmetry are
suppressed by a,a’> as a — 0. While we have chosen a
specific form for the smeared operator, we expect that the
results, in particular the scaling of the violations to rota-
tional symmetry, are general features of a smeared operator
with any (smooth) profile. Also, it is worth mentioning that
although the calculations preformed in this work, and the
subsequent conclusions, relate operators and matrix ele-
ments in H(3) to those in O(3), the methodology and results
are expected to hold in relations between H(4) and O(4).
Instead of working with operators formed with spherical
harmonics to recover SO(3) invariance, one would work
with operators formed with hyper-spherical harmonics to
recover O(4) symmetry.

We conclude the paper by discussing the practicality of
our result for the current LQCD calculations as well as
its connection to the infra-red (IR) rotational invariance
recovery of the lattice theories:

(1) It is important to understand and to quantify the
violation of angular momentum conservation in the
states and matrix elements calculated using lattice
QCD with the lattice spacings currently employed.
One interesting result is that by using the tadpole-
improved operator extended over several lattice sites
and built from the smeared gauge links, the quantum
corrections introduce noncontinuum corrections to
the tree-level results that are suppressed by at least
o, i.e., they do not introduce power-divergent con-
tributions. As an example, suppose that a lattice
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FIG. 9 (color online). The absolute value of the ratio of the
tree-level coefficient, cgl(){m, of a lowest dimension operator with
L =1 to the tree-level coefficient, C?o);mv of the lowest dimen-
sion operator with angular momentum, L = 3, resulting from the
L =3 operator in Eq. (1), as a function of the number of
included point-shells.

calculation aims to determine a matrix element of an
operator with L = 3. Then, as is demonstrated in
Fig. 9, the coefficient of the lower dimensional de-
rivative operator with L = 1 is almost 10 times
larger than the coefficient of the L = 3 derivative
operator when the operator is defined over one lattice
site, N = 1. The computational time required to
accurately perform the subtraction of the L =1
contribution is significant for a smearing scale of,
say, A ~ 2 GeV. Fortunately, by halving the lattice
spacing and smearing the operator over just two
point shells (N = 2), the contamination from the
lower dimensional operator is reduced by a factor
of ~3, requiring a factor of ~10 less computational
resources to accurately perform the subtraction at the
same level of precision. Further, by smearing the
operator over ten point shells, the contamination
from the lower dimensional operator is reduced to
~1% of its value at N = 1. Given that the lattice
spacing associated with A = 2 GeV is a ~ 0.1 fm
for N = 1, to be able to smear out to the N = 2 shell
requires a lattice spacing of a ~ 0.05 fm, pushing
the limits of current lattice generation. To smear out
to the N = 10 shell would require a lattice spacing of
a ~ 0.01 fm which is currently impractical.

(i) The restoration of rotational invariance as discussed
in this paper regards only the UV asymptote of the
lattice theories: as one reaches a good pixelation of a
region of space where the lattice operator probes, the
identification of eigenstates of the angular momen-
tum operator becomes possible. In other words, the
more point-shells included in the lattice operator, the

PHYSICAL REVIEW D 86, 054505 (2012)

contributions to the physical quantities not only as
a result of short-distance discretization effects, but
also as a result of boundary effects of the finite cubic
lattice in the IR regime of the theories. The finite size
of the lattice imposes (anti-)periodic boundary con-
ditions on the lattice wave functions which enforces
the lattice momenta to be discretized, p = 2mn
where L is the spatial extent of the lattice and n is
a vector of integers. The IR rotational invariant
theory is achieved as the lattice becomes infinitely
large, corresponding to a large number of point-
shells in the momentum-space. However, beyond
this intuitive picture, one needs to examine in a
quantitative way how this recovery takes place in
the large volume limits of the lattice theories in the
same way as it was discussed for small lattice spac-
ing limit of the theories. One quantitative explana-
tion of this IR recovery, has been given recently in
Ref. [51] in the context of the extraction of phase
shifts in higher partial-waves from the energies of
scattering particles in a finite volume using
Liischer’s method. The idea is that as one includes
higher momentum shells, the number of occurrence
(multiplicity) of any given irrep of the cubic group
increases. As a result, for a fixed energy in the large
volume limit, linear combinations of different states
of a given irrep can be formed which can be shown to
be energy eigenstates; and the energy-shift of each
combination due to interactions is suppressed in all
but one partial-wave in the infinite-volume limit. So,
although each irrep state has an overlap onto infi-
nitely many angular momentum states, the high
multiplicity of a given irrep in a large momentum
shell generates energy-eigenstates which dominantly
overlap onto states of definite angular momentum,
and the mixing with other angular momentum states
becomes insignificant in the large volume limit. This
picture also helps to better understand the mechanism
of the UV rotational invariance recovery due to the
operator smearing. It is the high multiplicity of the
irreps in large (position-space) shells that is respon-
sible for projecting out a definite angular momentum
eigenstate. These large shells are obtained by reduc-
ing the pixelation of the lattice by taking a — 0 in
position-space, or increasing the size of the lattice by
taking L — o0 in momentum-space—both are re-
quired in order to recover rotational invariance from
calculations performed on a lattice.
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APPENDIX A: OPERATOR BASIS

In this appendix, a basis for composite local operators is
presented. Any local operator that is bilinear in the scalar
field with L spatial indices, and that is invariant under
cubic transformations, can be written as

09 (%)= ¢1(x0Y . $(x),

where ledi)%i, is a homogeneous function of the operator

V,, and degree d (d = L) is defined to be the number of
V’s. Their forms are determined by the symmetric traceless
tensor of rank L that respect cubic symmetry constructed
from d V’s. The operators composed of fewer than seven
derivatives and with no spatial indices are

09(x) = ¢T(x)¢(x)
09 (x) = ¢T(x)V?p(x)
09 (x) = ¢T(x)(V?)?¢(x)
O (x) = ¢T(x) Y Vi (x)
J

(Al)

(A2)

09(x) = 1)V p(x)
(9(6,RV;1)(X) = (Z’)T(x)VzZV;‘(ﬁ(X)

OORV(x) = ¢t (X)ZV?Q"(X)-
J
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Except for three of these operators which explicitly break
the rotational symmetry, they transform as L = 0 under
rotations.

The operators with one spatial index with up to six
derivatives are

0" (x) = ¢t (x)V,$(x)

0P(x) = ¢ (X)V2V,(x)

0P (x) = ¢1(x)(V2)*V,¢(x)
O (%) = ¢TR) Y VIVih(x).

There is one operator which {)reaks rotational invariance,
and the rest transform as L = 1 under rotations.

The operators with two spatial indices with up to six
derivatives are

@E?)(X) = d)T(X)I:vivj - %Bijv2]¢(x)

(A3)

0 (x) = d’T(X)VzI:V,-Vj - %5ijv2i|¢(x) A
0 (x) = ¢+<x>(v2>2[vivj - %%Vz]wﬂ

0% (x) = ¢*(x)ZV2[VM - %WZ]MX)-
k

There is one operator which breaks rotational invariance,
and the rest transform as L = 2 under rotations.

Operators with three, four, and five spatial indices which
have L =3, L =4, and L =5, respectively are listed
below. There is no operator which breaks rotational invari-
ance up to six derivatives:

O5x) = [ V9,90~ V(0,94 + 8,71 + 8, o0 -
00\ (x) = ¢T(x)v2[v,.v,vk - %vz(a,»,vk + 8,V + SkiV,)]cﬁ(x),
Ol (x) = ¢T(x)[viv,vkv, - ;VZ((S,.,V,{V, + 8,V V, + 6, ViV, + 8, V.V, + 6,V.V, + 8,V.V))
+ 25 (TR0 + 40+ 940, |6(x)
0, (x) = ¢f(x)v2[vivjvkv, - ;VZ(sijvkv, + 8,V + 8,V,V, + 8,YV, + 6,V.V; + 5,V.V))
+ %(V2)2(5ij5k1 +0udj + 5i15jk):¢(x), (A6)

@(5)

ijklm

(X) = (;’)T(X)I:V,Vjvkvlvm - %Vz(b‘,jvkvlvm + 5,-kvjvlvm + SiZVijVm + 5,-mvkvlvj + Sjkvivlvm

+6,ViV.V, +6,,Vi,V.V,+ 6,V.V,V, +6.,V,V,V,+6,V.V,V))

1
+ @(vz)z[(aijskl + 0y + 810 )Vy + (8:i0km + 88 + 80 )V + (88, + 8i0j1 + 648 ,,)Vy

+ (8imOi + 0iSpy + 618, )V + (8,60 + 8,8 + 6m16jk)vi]i|¢(x)-

(A7)
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Note that as demonstrated in Eq. (A2), there can be more
than one operator that breaks rotational invariance at a
given order in derivative expansion. To arrive at a notation
that is general and useful, one can use the fact that any
cubically invariant polynomial of a three-vector V, can be
expanded in terms of only three cubically invariant struc-

tures,
v v v
k k k

The number of times each structure appears in a derivative
operator, as well as the number of free indices, uniquely
specifies the operator. For example, with nine derivatives
and one spatial index, one can make four independent
operators,

(9(4,0,0) (X) —

(A8)

T (x)(V?)*V,; ¢ (x)

0219 (x) = ¢T(x)(V2)2<ZV2>Vi¢(X)
% (A9)
@gl,o,l)(x) _ ¢T(X)(V2)(ZV§’>V,¢(X)

01 () = ) Z1) Vi (x)
k
and generally,
(m,n,p) — (T2\m 4\ 6\’
o = @y (39:) (E9) Vo). a0
k k

It is then obvious that d = 2m + 4n + 6p + L gives the
total number of derivatives in the operator, where L is the
number of free indices. For n = p = 0, the operator is
rotationally invariant with angular momentum L.

APPENDIX B: ROTATIONAL INVARIANCE
VIOLATING COEFFICIENTS : AN EXAMPLE

In this appendix, an explicit derivation of a rotational
invariance violating coefficient in both coordinate-space,
and momentum-space formalism, introduced in Sec. II,
is presented. Consider the position-space operator
9(4)(X a, N) where superscript indicates that only opera-
tors with four derivatives are retained in the expansion
of 900. The goal is to derive the LO correction to the

; ; (4) (4:RV),
continuum values of coefficients Cpy o and Cpoo':

B(K)P(—K)[(Na)*ClhiolKI* + (Na)*C

~(4)

900(1( a, N)

PHYSICAL REVIEW D 86, 054505 (2012)

dX)[(Na)* Cl) o (V2)?
+ (Na)* Clety (V4 + Vi + V1o (x)

98‘8(X;a, N) =

_ 3 (aN)* b6 i27Np-
i 3, A
X () - V)* (%) Y(Ly). (B1)
The y integration is
1 . .
[ dyyéldﬂyetZWNp-yyzy/ykyl
0
— a(pipi pkpl) + (8164 + 65/ + §il k)
+ B(pipi 84 + pipksil + pip!sik + pkpl§ii
+ p/p'et + plptst, (B2)

and the coefficients «, B, and y can be determined. It
is easy to see that coefficient ¢ makes the dominant
contribution in the large N limit. Using

S oA = SA)(pIAL + o F@)). ®3)
p p J

for any rotational invariant function f of the vector p,
with

1 1
p= E(Ipl4 —3ph), o= 5(5172‘ —Ipl*, (B9
(4) (4:RV)
one finds that the deviations of Coo oo and Coo,oo from

their continuum values are

3cos(27rN|p|))
—— e |(=3pi+plY)
96/ pzﬂ,( dlplin )PP

3cos(27N|p|)
96@%( el )7

@
g Coo.00 =

(4;RV) __
6 COO 00

—Ipl*).
(B5)

The emergence of rotational invariance violating coef-
ficients from the momentum-space construction is some-
what less obvious. From Egs. (14) and (15) the operator

~(4)

00 (K; @, N) can be written as

o000 (K3 + K} + k)]

+ 1)L, + 1)

= ¢(K)P(—K)6\TY

p L M1L7M2

\/(2L1

X Yy (DY () jo dyy2j.. (aNIkly)j., @mNIply)le,

L 1 (L10; L,0[00)(LM; L,M,|00)

(B6)

where only the terms of order k* are retained from the integral. As such, only L; = 4 with Y,-4(£);) and Y4(Q;), and
L; = 0 with Y,({2;), contribute to the sum. This reduces the relation to
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i ! (aNlk|y)*
000 (k;ar N) = 6\/;Z{YOO(Q/€)YOO(Q[AJ)'/;) dyszOy

+ (40;40]00)(44; 4 — 4|00)Y44(Q)Y4_4(£25) + (40;40[00)(4 — 4;44[{00)Y4_ () Y4s(Q2})]

N|k|y)*
X ﬁ) dyy2%j4<2wvlply>}. (B7)

JjoaNIply) + 9[(40;40100)*Y40(22) Y40 ()

Using the relations

21 |1 3 /35
D (PPl Yi( Q) =4/ =D F (PGPt = I, D (P (Ipl*Y4es(Q5)) =—‘/—Zf(p2)(5p‘z‘ —Ipl). (BY)
m 16\ . m 1627 o
and keeping the LO term in 1/N from the y integration gives

A(4) . cos(27rN|p|)){ NZY .
0o (k;a, N) = 3(aN|k — 5 Sp; —
s ) = 3l 3 (=B H s Vo0 + 5 5 = gl

21 |1 3 |35
X [E\Eym(n,g) + E\/;(Y“—“(Q D+ y44(n,;))]}. (B9)

ki + Ky + k? @/‘
[k|* 5

Finally, we use the relation

4 2 2
—— Yoo(Qp) + I/SFYM(Q;Q) + 3 3—757(Y4—4(Q;g) + Yuu(2p)), (B10)

to identify the coefficients 8CE)O 0o and 56&5(‘; ! from Eq. (B9)

3cos(27N|pl) ARV 3cos(27N|pl)
8CH 0= ( )—34+ ), SCHRY = ( ) spt—1Ipl), (Bl
00,00 96\/_;) 477'2|p|6N2 ( P: |P| ) 00,00 96\/_;) 47T2|p|6N2 ( P; |P| ) ( )
[
which recovers the position-space results given in Eq. (B5).  where
APPENDIX C: MATRIX ELEMENTS FOR R 4 k a
NONZERO EXTERNAL MOMENTUM i = 2 Zsin2<%),
The loop calculations presented in the body of this 4 g k. +P.) (C2)
paper have been performed for vanishing external mo- (k¥ P32 = _ZZSin2< ' p a)
mentum, therefore only the quantum corrections to the a7z 2
L = 0 operator have been considered. In this appendix,
the generalization to nonzero external momentum is
presented, where the one-loop correction to the two-point
function with an insertion of the smeared operator is k k
considered in scalar g¢p3 theory, see Fig. 10. The loop
integral to be evaluated is p P
N .
3 =y /w/a d*k
M = 47N3 = J—(x/a) Qm)* s
elkna
X > YT 5 Yiu(Qy), (C1) FIG. 10. One-loop contribution to the two-point function with
(k= + m*)*((k + P)> + m?) an insertion of the operator in g¢?>
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Note that the operator is smeared over a physical region whose size is small compared to the hadronic scale, and as a result
the external momenta are small compared to the scale of the operator A = 1/Na. Therefore one may perform a Taylor

expansion of the loop integral in P;/A to obtain

_ 3 . 1 TN 4 " 2 .
T = 167 ZLP f dqsd’q [/ dyy JL(qy)]YLM(Q )( szsm <2N> + 4N?sin? <2N) +P>

> qi 5 q4 Py
( N Zsm (2N> + 4N-<sin <2N + ZNA) +

o 4N Y3 1 sm( )sm( ) +4N2 Y3 lcos<N)sm2(2f\),A) ¢

m>\~1
+)

(C3)

x| -
k=0

where q = k/A, g4 = k4/A, and only the leading term in
the Poisson sum is retained. As was shown before, the
nonzero terms in the Poisson sum are suppressed by at
least 1/N? compared to the continuum operator insertion
in the loop.

The first term in the above Taylor expansion corresponds
to the zero external momentum in the loop, therefore at
LO, it contributes to the L = 0 operator, and the sublead-
ing rotational invariance breaking operators can be easily
shown to be suppressed by 1/N? using the procedure
described in Sec. IIB. Note that the loop integrals one
needs to deal with in g¢> are more convergent than com-
parable integrals in A¢* theory, which simplifies the dis-
cussion of the scaling of the different contributions.

The next term in the Taylor expansion of the loop
integral can be expanded in large N since the integral is
convergent. The numerator has an expansion of the form

3
L . (a\ . (P
Num. ~ 4N? Z 3 sm<ﬁ> Sm(NA)
P.
+4N? 2( ’)
Zcos( )sm SNA

2P-q |P]? 1
= + o+
o)

where the rotational invariance breaking terms are sup-
pressed by at least 1/N?, and the leading contribution to
the above integral modifies the L = 1 matrix element,
while the L = 0 term is suppressed by 1/A compared to
the L =1 contribution. The next terms in the Taylor
expansion give rise to contributions to the L =2,3,...
matrix elements at the LO in 1/A, while the rotational
invariance violating terms remain suppressed by at least
1/N? compared to the LO contributions.

(C4)

APPENDIX D: LINKS ON THE GRID

In this appendix, the method to evaluate the link at O(g)
on a three-dimensional grid is outlined through an
example, and the result is generalized to other similar

4AN? Y3 | sin (") + 4N?sin? ("4 + 2’;;‘/\) + % ’

|
cases. The link is constructed to be the closest link to the
continuum diagonal link in the continuum.

Suppose that the link lies between points x and x + na
on a cubic lattice where: na = ay(Q, 1, 0). Q is an arbitrary
integer and a, is a finite number denoting the original
lattice spacing which is not necessarily small. Then the
paths which make minimal area with the diagonal path can
be formed easily. Among those, the paths which are sym-
metric under reflection around the midpoint of the path are
desired since they have somewhat simple forms. One such
path is shown in Fig. 8(a) for Q = 2, where it is straight-
forward to show that:

(1g) o igma)2 sin(Qq,ao/4)
U = a A +2A (q) ——2 =L -
(Q’l‘())(q) tgape |: y(q) x(q) Sin(qxa0/2)

X cos(quao + q.yza())]. (D1)

If the lattice spacing is halved, the closest link to the
diagonal path can be obtained by adding up two paths
each of the form above with an appropriate phase factor
and where na is replaced by na/2, Fig. 8(b),

qna
U @) =g eiamer? E i [A (g)+24,(q)
Sil’l(quao/S) qu ao qyaO
X sin(q.ay/4) cos( 2 + ) )] (D2)

This process can be repeated to build extended gauge links
on finer grids. For the general case, where the original
lattice spacing is divided by 2%, it is not hard to show that

- f(qna
an . Nl
U(l,(g) (q) lgielq'na/Z ( )
2%(0,1,0) 2K (q na
ln 2K+l)

sin(0g,a0/2%*%) cos( 22
sin(qxao/ZK“) 2K+2

[A (@) +24,(q)

qyado
+2l}é+l>i|'

(D3)
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The continuum limit is obtained by taking K — oo, which corresponds to a = a,/2X — 0, recovering Eq. (40). Note that
after interchanging the gauge field indices properly, this expression is applicable to a class of n vectors with one zero
component and n;/n; = Q for the ratio of the remaining components.

The above expression for the gauge link in Eq. (D3) can be generalized easily to another class of n vectors with one
component being equal to Q and the other two components each being one. For example for na = a((Q, 1, 1) one obtains

- i (q."”) , . . .
U(lKég)Ql ])(q) 21(; el na/2 (@ [Az(q)ezqyao/zK 1 +Ay(q)e iq,aq/2K*1
2 +
Sin(quao/ZK”) 0q.ay | 4,90 | 4,49
+24,(q) sin(g,ag/2571) ¢ <2K+2 + SKFI + 212<+1)i|‘ (D4)
X

However, since the vector na is symmetric in its y and z components, the link has to respect this symmetry as well. In fact,
there exist an equivalent path which arises from the first path by interchanging the steps in the y direction and the
z direction. Taking an average of these two paths gives a link which is symmetric in the y and z components,

. qna
(1g) a0 iqna/2S sin(15) 4y%0 0
0 @) = 8¢ 9 giamal n(gkl}rlll I:Az(q) cos <2K+1) + Ay(gq) COS<2K+1)

sin(qxao/zK-H) 2K+2 2K+1 2K+1 ][

Taking the K — oo limit of the above link gives rise to the rotational invariant link as well as noncontinuum corrections
which start at O(a?).

Another class of n vectors are those where two components are equal to Q while the other one is equal to one. For
example for na = ay(Q, O, 1) the link which is symmetric with respect to x and y can be shown to have the form:

+2A,(q)

Ax : K+2
(1g) L Ax/2 Il( 2 ) qx%0 Sln(Q(CIan + ano)/z )
UZK(QXQXI) zg 21( ¢ ln(g,ﬁ’,‘) 2{ A.(q) cos 2K+1 + A,(q) cos 251) ) Sin((q,aq + qya0)/25%)
0q.ay | Qqya0 _ q.a
X COS( 2K+20 + 21(12 + 21Z<+?) + AZ(Q)]’ (D6)

where U the average of two links which are identical upon interchanging the x and y coordinate axes. This link recovers the
rotational invariant link up to corrections of @(a?).
For n vectors with equal components, na = a,(Q, O, Q), there are six equivalent links which are averaged over to obtain

q-Ax
7(1g) ol Ax/2 805 )[ ( (qy 0 6Izao) (Clxao 61za0)
U T A + + A, (g)cos +
2K(0x 0% Q) lg 2K si H(%'KAJ) (Q) K+1 = pK+1 Y (Q) 2K+1 " 9K+1

—+

A (q)cos(qxao q_vao))sin((quaovLquao+quao)/2K+2) COS(quao +quao +quao)] D7)

2K+1 2K+1 Sin((qxao + anO + anO)/2K+1) 2K+2 2K+2 2K+2

which results in @(a?) corrections to the rotational invariant continuum path. It is the case that determining the link for a
general extended path is quite involved, but the general trend that the deviation from the rotationally invariant continuum
path is O(a?) is anticipated.
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