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Relativistic action-at-a-distance description of gravitational interactions?
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It is shown that certain aspects of gravitation may be described using a relativistic action-at-a-distance
formulation. The equations of motion of the model presented are invariant under Lorentz transformations
and agree with the equations of Einstein’s theory of general relativity, at the first post-Newtonian
approximation, for any number of interacting point masses.
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I. INTRODUCTION

After the discovery of the action-at-a-distance formulation
of electrodynamics [1-10], several relativistic noninstanta-
neous action-at-a-distance theories have been investigated
[11-21]. Instantaneous action-at-a-distance formulations
have been studied using a variety of approaches [22-31].
For gravity, several relativistic action-at-a-distance models
have been proposed [32—46] and compared with observa-
tions [47,48]. A major difficulty with most of the models
proposed is their disagreement with Einstein’s theory of
general relativity (GR) in the so-called “slow motion ap-
proximation” [first post-Newtonian approximation (1PN)],
even for the simpler case of two point masses (N = 2).

The objective of this paper is to present a relativistic action-
at-a-distance description of gravitational interactions for a
system consisting of an arbitrary number N of point masses.

The model presented in this paper is in agreement with GR
at 1PN for an arbitrary number N of interacting point masses.

Our description also agrees with GR in the so-called
“fast motion approximation” for N point masses [at the
first post-Minkowskian order (IPM)], and it is in agree-
ment with GR for the one-body case (N = 1) at all orders
(assuming the central mass is not spinning) if the
Schwarzschild metric is expressed in the isotropic gauge.

II. AN ACTION FUNCTIONAL FOR GRAVITY IN
THE RELATIVISTIC ACTION-AT-A-DISTANCE
FORMULATION

In order to describe a relativistic system of N point
masses interacting gravitationally, we consider the follow-
ing action functional:
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In(1),m; (i =1,2,..., N) is the mass of particle i, A; is
a Poincaré invariant parameter labeling the events along
the world line z/*(A;) of particle i, ¢ is the speed of light,
and G is the universal gravitational constant.

The functions F;; = F;(&i ¥ip Vi 6 £j)» Fijx =
Fijk(‘fij! it fjk» Yij» Vjir Yike Yki> Vijko Vijo i Zj, {y), are in-
variant under Poincaré transformations since they are as-
sumed to be functions of the Poincar€ invariants &;;, v;;,
and ¢;. The Poincaré invariants p;;, &;;, v, and {; are
defined as follows [49]:

pij = (2 = 2% @)
&ij = (2iz)), 3)
ij = (2ilz; = 2), “)
{i=1 ®)

dzt*

We denote zf' = 7.
diag(+1, —1, —1, —1).

The action functional (1) is invariant under Lorentz
transformations and does not involve any fields to mediate
the interactions between the masses. The particles interact
with each other directly, and we assume that the interac-
tions propagate at the speed of light ¢ in vacuum. The Dirac
delta functions in (1) account for the interactions propagat-
ing at the speed of light forward and backward in time.

The action (1) can be written in a compact form as
follows:

The metric tensor: 7,, =
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Notice that not only the two-body interactions (k = 2)
but all possible k-body interactions (k = 2, ..., N) contrib-
ute to the action.
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Without loss of generality we can assume that F;; = F;;, Fyj; = Fijg, and soon (Fyj, i = Fiiy i i)
From (1), we can see that we can write the action of an individual particle i as follows:
Si = —micfdAi<§i 2 Zm][d/\jﬁ(pl])F,]
JFi
- 4 Z Z m; mk[ dA; dAk(s(sz)(d(p]k)szk + s(p]k)a(pkl) Jki + 8(pkl)6(plj)Fkl]) +.. ) (7)

JFEILk#L ]

The equations of motion of the relativistic particles can be derived from the action (1) [or from (7)] using the variational
principle. We find
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Integrating by parts and taking into account that
(dpz/ d YI

)

we can write the equations of motion (8) in the form
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Multiplying (8) by 2;, (and performing the summation over ), we find that the solutions of the equations of motion (8)
must satisfy the following N conditions (i = 1,2, ..., N):

d OF; . OF ik
—(fi +— fd)\ 5(,0;/ ( ij Z;"L —,L]> Z m; mk[ d/\/d/\k<3(Pij)5(ij)(Fijk - ZZH —;JL)
d)ti ]:#t aZi ]:#t k#i,j azi
L, 0F L OF,;;
+ 5(ij)5(Pki)<iji -z a;/) + 5(Pki)5(Pij)(Fkij -z az'“lj)) + ) =0. (22)
i i
Let us assume that F; ; (k =2,..., N) are homogeneous functions of degree two in Z;, ..., Z; ; i.€., we assume that
they satisfy the following conditions:
4 W =...=z W =2F; ;. (23)
iy i
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The conditions (22) combined with (23) guarantee that,
for the solutions of the equations of motion, the expressions

2G
{i [dA 8 pl])Flj
]#z

z D m; mk_[ dA;dAi(8(pij)S(p ) Fiji

JFLk#i,j
+ 8(p ) 0(pi) Fii + 6(pii)8(pij)Frij) + ... = ¢;
(24)

are constants (which by simple scaling can be made
equal to 1):

gi - jd/\ a(le)Flj
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(25)
From (23) it immediately follows that
1 ath sy _ 1 62F,] it bz (26)
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Using (26) we immediately see that the action for particle i
(7) can be rewritten in a compact form as

S, = —me f dAg sz, 27)
where
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Using (28)—(31) the equations of motion (8) can also be
written in a more compact form:

(i) 5 L (08)un 8up _ g ) azh —
vZ; t + = 0. 32
url 2( aziﬁ azlz}z 9z ,u Z ( )

From (10), (22), and (28), we find that the conditions
(22) can be simply expressed as

cizl) = 0. (33)

d/\

From (25), (26), and (28), it follows that for the solutions
of the equations of motion

d\? = g\, dz"dz?. (34)

Notice that g(') is not a field. It depends not only on z;,
zj, and z; (j # i) but also on Z;.

The main task in our formulation is to determine the
functions F;, F;j., etc., in (6) and to verify that the pre-
dictions of the theory are in agreement with observations.

III. TEST PARTICLES AND THE FORMULATION
OF THE ACTION-AT-A-DISTANCE MODEL
AS A FIELD THEORY

Let us assume that in the limit m; — O the tensor gii),,
does not depend on z;. Only in this limit, in which m; is a
test particle, we may have a field interpretation for the
metric tensor gﬁi)y.

Let us consider a system of N + 1 point particles, one of
them being a test particle of mass m and the other N
particles having masses m; (i =1,..., N). Let z(A) be
the worldline of the test particle. From (27) we see that
we can write the action for the test particle as follows:

S = —mcj.d/\g#,,z'“z"’. (35)

In (35), the metric tensor g, depends on z [and on z;
and z; (i = 1,..., N)] but does not depend on Z. It can be
given a field interpretation, if one desires to do so [50].

From (32) we see that for a test particle the equations of
motion are

l(ag,u,a + ag,u,B aga,B

2B —
AN az“) #=0. 0G0

8uvi’ +

Assuming that the matrix g, is invertible, these are, of
course, the well-known equations for geodesics.

It may be possible to impose conditions on the functions
Fij, Fij, etc., in (6) if, for example, one demands that the
metric tensor g, (which is associated with a test particle)
obeys Einstein’s field equations. Of course, there is no
guarantee that this can be done at all orders in the post-
Minkowskian expansion, either due to the mathematical
complexity of the equations or due to the possibility that
Einstein’s theory of general relativity may not exactly
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admit a dual (action-at-a-distance) formulation, or at least
not one described by an action of the form (6).
At the first post-Minkowskian order we can write [51-54]

F a()é:l/ + BO ij (37)

where « and B, are constants, and

fij = \[gifj- (38)

At the first post-Minkowskian approximation there is no
need to consider the functions F;j since the terms asso-
ciated with these functions in the action (1) give contribu-
tions only at the second post-Minkowskian order.

From (28) and (37) it follows that, at the first post-
Minkowskian order, in the presence of N massive particles
the metric tensor associated with a test particle is given by
the formula

8ur = Mur t hiu), (39)

where
2G
Wl = =23 Fom [ and(z = 2ot + Boitnl
(40)

From (40) it immediately follows that, at the first post-
Minkowskian order, the quantities hgu, obey the equations

()A
_ ah)

a9z 2 a9z
G
_2

ahrr
nkr

(@ + 280" T [ dri ot~ 2z
(41)

In this approximation, the Ricci tensor is given by the
expression

~ p)
R., = Ry
1) 24, (1) (DA (1) (42)
:l< 0%h,) + 0Ny _ 9 _ azhw>
2\dztaz, 9z"dz, 9zMaz”  azrazy/)
and the scalar curvature
27,(Dp 27 ()p
R~ RO = qaegt) = 0T TR T g
ap dzP0z,  97%z,

At the first post-Minkowskian approximation Einstein’s
equations take the form [51-54]:

1 87G

R, — =1, RV = Tﬁ?i, (44)
where T,(?Z is the energy-momentum tensor in this

approximation:
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Ti(z) = Y m;c? f dAiziy 2,04z — z)).  (45)
i

Substituting (40) into (42)—(44) we find that, at the first
post-Minkowskian approximation, Einstein’s equations re-
duce to the following:

20z =z L. g
fd)t —agagf  L@otiulinn
+ (ag + 2B0)21(8588 — m,,mP)]
= 87szl fdAiZiMZiV64(Z - Z,‘). (46)

Recalling that

up P23( — )

08((z — 2)?) = e

S 47754(Z - Z,’),
47)

from (47) and (46), we find agreement with the equations
of general relativity, in the first post-Minkowskian approxi-
mation, if [51-54]

ay =2, (48)

By = —1. (49)
From (48), (49), and (41), it follows that

o1 an*
(')ZV 2 0z"

=0. (50)

In field theory, the linearized Einstein’s equations (44),
together with the conditions (50), are the equations obeyed
by spin 2 fields [55].

IV. A POSSIBLE EXPRESSION FOR F;;

More generally, beyond the first post-Minkowskian or-
der, let us assume that the functions F';; can be expressed as
follows:

Fij = ( lj’ ]1)5;1 + B(fu, ]z) ij (51)
where
Gm;
o= 52
GU 2C2|77ij| ( )
and [49]
Yij
nij = \/Z{— (53)
We assume that the functions « and 8 are symmetric:
( €ijr jl) ( €ji» €ij), (54)
B( l]’ ) B(EJI’ IJ)' (55)
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V. THE ONE-BODY PROBLEM

Let us consider the case of a test particle interacting with
a particle of mass M. This is the case N = 1 (the one-body
problem). The motion of the mass M is not affected by the
presence of the test particle. The mass M moves with
constant velocity in any inertial reference frame.

Let us, for simplicity, consider the inertial frame in
which the mass M is at rest and positioned at the origin
of the coordinate system. In this frame of reference the
world line of the test particle is described by the four-
vector z* = (ct, 7). From (28) and (51) we find the com-
ponents of the metric tensor g, in this reference frame to
be as follows:

2GM(a(0, €) + B(0, €))

8oo=1~— 5 , (56)
c°r
80i =0, 57)
2GM B(0,
In (56)=(58)
GM

If we choose the functions « and B as follows:

(1+e*— (1—ef

a0, 6) = —— 7, (60)
1-( 4
po.g=""U" (o)

one can easily check that the metric (56)—(58), with a and
B given by (60) and (61), coincides with the well-known
Schwarzschild metric of GR in isotropic form [55].

Since a, B, and €; are Poincaré invariants, we can write
the functional relations

4 (1_5,'[)2
(1 + 6/5) (1+e;)?

a0, e,) = , (62)
J de;;
1—(1+e€;)
B0, €;) = % (63)

Jt
At the second post-Minkowskian order (up to terms
proportional to G? in the metric), we can write

(64)

a(O, Eji) = + aleﬁ,

B, €;;) = By + Bi€jis (65)

where «q, By, @, and B are constants.
The values of these constants can easily be determined
by expanding (62) and (63). We find

gy = 2, (66)

PHYSICAL REVIEW D 86, 045009 (2012)

Bo=—1 (67)
1

ap = _5, (68)
3

pr=—3. (69)

VI. THE SECOND POST-MINKOWSKIAN
APPROXIMATION

Let us now consider the gravitational N-body problem
described by the action (6). Assume that F;; are given by
(51), (54), and (55). At the second post-Minkowskian
(2PM) order the functions « and B will be given by the
expressions

ale; €;) = ay + a;(€; + €;), (70)

Be;j €;) = Bo + Bile;; + €5). (71)

Let us consider the case where the functions F;;; can be
written as

Fij = a(eij» €ji» €ki> €ik> € Ekj)fijfjkfki
+ b(€;j, €jir €rir €t €j10 €1V i858k

+ c(€;j, €ir €xi € €1 €4 ERL (72)

We assume that the functions a, b, and ¢ are symmetric
in the indexes (ik):

a(ekj’ €jk> €ik> €ki> €ji> €ij) = a(eij’ €ji» €ki> €iko> € ko> Ekj)’ (73)

b(ekj’ €jk> €ik> €ki> €ji> €jj =b(eijr €i> €ki> €k € jks ekj)! (74)

c(€xj» €k €ito €xir €ji> €17) = C(€), €0y €pis €1 € jrr €xj)- - (T5)

At the second post-Minkowskian order we have

a(eijr €jis €kis €ik> €jk> ij) = 4y, (76)
b(€;j, €ir €ir €itr €j1r €j) = by, (77)
C(Eij’ eji’ €ris €iks Ejk’ Ekj) = Cy, (78)

where a, by, and ¢, are constants.

Therefore, at the second post-Minkowskian order we
can write the action, for a system of N particles interacting
gravitationally, as follows:
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—Zmic f dM\ ¢

G

i jFi
G’m; m;my
22—
i jFLkFIL]
X ff dAidAjdA8(pij)8(p i) Fijeo (79)
where
FU = (a() + al(eij + Eji))§ + (BO + Bl(el] + E]z)) ij

(80)

ljk aOfuf]kgkt + bofzfjgk + cOé‘:k,é’J (81)

At the second post-Minkowskian approximation there is
no need to consider the functions F; ; for k > 3 since the
terms associated with these functions in the action (6) give
contributions only at the (k — 1)-post-Minkowskian order.

At the second Post-Minkowskian order the equations of
motion are

PHYSICAL REVIEW D 86, 045009 (2012)

2+ G, [arolo, )0 + AP+ B9,
J#Fi

+ C(O)/LVZJV)

Z Z m; mk[ d)tjd)Lk5(p,'j)5(ij)A$)liM

JFELk#i,j
264§kz m; mk[ d/\jd/\k(S(pﬁ)(S(plk)AE?])(M =0
JFLkFL]
(82)

Substituting (80) and (81) into (11)—(14) and (18) we
find (in this approximation)

(zf —2}) 26 (€ i
AS})M @€} + Boli) +— 75— 7, 5( L+ 7),30

g £ Gij My

vt (g2, D) puiz] o
1/2 0\ Sij ijSij ] 05ij p
& mji ;i

2(zf = 2) Eymij M
AEJI)’M = N R J <€ji - 6ij<l + 2T ]))( lf + Bl 12J)
i gijnji 77,,
Z;M é:z ni T]l
M7 R v IR O J)( i+ 3,6
i Mji v
ZZ}M 7},‘]' ) 2 Nji 7ij
N DR A D R ( COVPI LTS R0
i i Ji v
B = —2agz ) = 2Bol i, (85)
NGt k) 2z 7))
= Sl i) + = ek i)
J Ji
2(z¢ — 28y 4"
T ofutf Bl 2 ety H ) 2802, 60
i Mji jibj

A(O)/L
7/1 Yk/

7]1

Yij
+_k<§jy_]+ é:l]

Yji i

yz}

(4;:%,] 7”(§]k o T2 ) )éstibo +

(22

(fjk +y_§k))(a0§jk§ij +2c0érid) (87)

(' —z}) 1
ijk ’yﬁ (gj — (§/k+,y—§k))(a0§ij§jk§ki+b0§i;/‘§k+cofii§i)

Yik §k))§jk§kiao = {ididkbo — ‘f%igjcﬂ)
Vkj
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(zf = 2%)
Ag(z)z)f —yz gj(a()gjlflkgk_/+b0§jglgk+cogk]§l)+w( Oé:jifik‘fkj_{—b()gjgigk+CO§%]‘§[)
Ji ki
. Yi i gl gi Vi i '_5:1
+zzr(z,%fl+zk$kkl y/’l+yk’z)(g,§kbo+f o+ 2((4 ]’l+zk$—k’j+ykf)fk,§,kao 7(bo§,z,-zk+co§i,.§,->)
. Yi i, &
(0 Ji+zk1—k’j+y;)§k]f,,ao ki(bozjzimcofija)). (88)

From (80), (81), and (28) it follows that, at the second post-Minkowskian approximation, the metric tensor associated
with the particle i (with non-negligible mass m;) is given by the formula

2G 5(/)1
ggt)V = T],u,v - fdA 6(plj)[aozj/.sz1/ + ,80477;“/ - -/‘d)t e [alzj,u,Z]V + Blgjn/.u/]
j#l j#t
szi Slpi)l . . Zip | @i = 2ju) : .
- &ijfdAjM[alZ.juzjv + B1dinu, t+ (?ﬂ + M)(alfl‘j?iu + Bidizin)
J#i ij i Yij
Ziv (ZiV - ij)) ZilL (Ziy, - ij,) Ziv (Ziu - Zjv)
+tlt (agzz +B{Zz)+ [( + )(_+ )
(fi Yij 1ot A i Yij {i Yij
1 22iu2in in ~ Zju)\Ziv — Zjp
+ _(nluu - Cint + (Z £ ZHL)Z(Z % )>](a1§lz] + B] ] z m; mk[ dA; d)\k
Gi gi nij /#:tk#tj

1 .. .. ..
X [8(pij)6(pjk)<§aijk(ij,Zkv + Zkpijp) T bodiliMuy + Coijk#Zku)

+ 5(/0;1<)5(Pki)(l

Zaofjk(Z'k,LZju + Zjuiin) T bodilkmu + Cofkimiju)

+ 8(pk1)8(p1])( aOf}k(zk,u,Z]V + Z],u,zkv) + (bO{kgj + Cogjk)n,u,v)] (89)

For the case of a test particle (the mass of which can be neglected) in the presence of N particles with non-negligible
masses m; (i = 1,..., N) the above expression simplifies to the following:

2G . .
gp.v = 77,;,1/ - 72””1 fd/\l(s((z - Zi)z)[aozi,uziv + IBOZ%nMV]

8((z —z)HED2 .
4 Z fd/\ ZZ (ZZ_ Ziz))l [ A1 Ziuliv + BIZIZ’Y];LV]

4Zme f d\d)A;

i j#Fi

[8((Z — I )2)6((21 - Zj)2)< aO(Z Zj)(ZlMZjV + Zj,u,zw) + bOZ Z 77;4,1/ + COZ Zj/.LZjV)

+6((z; — 2)))6((z — z))* )( ao(2iz))ZinZjv + Ziutin) + boZi G My + €025 szw)

+ 802 = 50 — ) 3a0leit) Gt + 2iun) + 0323 + ez n) | ©0)
|
VII. THE FIRST POST-NEWTONIAN remaining N — 1 particles at the past and future times t(’ )
APPROXIMATION (j #i,s = —, +) and also ont M (k#dQ, js = —, +).
The equations of motion (82) involve multiple times. The Using Taylor series expansions involving the particles’

force acting on mass i depends on the state of motion of  present motions at time 7, one can rewrite Egs. (82) using

particle i at time ¢ and, to account for the time needed for the ~ just the one time variable 7 [56]. We use series expansions
. . . . . 2

transmission of the interactions, on the states of motion of the up to terms of second order (%) (IPN).
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From the definition (5) it follows that

cdi(1 — %12

da, = , 1)
gil/z
i 51/26 92)

J

The Dirac delta function can be expressed as follows [10]:

8(c*(r—1;)* = (7 — 7))
1 8= 8(t; — 1)
=5 ret ) + Badv = (i, +) (93)
2\ kg =+ I
In (93), tﬁ-i"") (s = —, +) are the two roots of the equation:
2t — 1)) — (F(r) — F;(1;)> = 0 (94)
and
- _ i)
Rﬁ‘ = c(t 5 ), (95)
dv — () _
REN = (i} — 1), (96)
Rt =7 — ) (97)
ij ity
padv — = _ 2(i+)
Ry =TF —F . (98)
t— tﬁ-i’_) is the time it takes for a signal to travel forward

in time at the speed of light from particle j to particle i.

tE-i’+) —t is the time it takes for a signal to travel

backward in time at the speed of light from particle j to
particle i.
To terms of second order we can write

> - 2
.. R T I (7 70 R '
ri—rﬁ’ )~r,-j+vji+vj ”2] —aj2”2, (99)
C C C
> S+ - - - >
i rﬁ.”)zrij—vji—i-vj ”2/ —ajzljz, (100)
C C C
- — - > rij
o) =~ — a2, (101)
C
r..
- (i + - >
70 ~ g 4+ g, (102)
J J J c

From (94)—(102), we find (to terms of second order)

(nl] ])2 (;l]&j
2¢? 2¢?

s (1
ey

c

), (103)

PHYSICAL REVIEW D 86, 045009 (2012)
(, )

( ad\ »(z +))
(Radv + ij _/

(nl] ]) 1] j)
2¢? 2¢?

). (104)

) T

From the definitions (3)—(5), (38), and (53), it is not
difficult to see that, to terms of second order, we can write

G _ v v @:9) 105)
dij 2¢2  2c2 2’ (
(l ) (ﬁijv (’_:z)_)J
mi =\t =t a) (106)
(,+) f)lij»] (;1/_)1
nji “r\lt =t 5a) (107)
. > > 2
775'1"_) = _Vij<1 - ( o) (nll /) (¥; ZUI)
! c 2c
+ 2]c] 2JC2] ) (108)
(i) ”(1 n (ﬁijl_}i) _ (ﬁijljj) n (v; — 5;‘)2
77;/ c B 202
(nl ) (rz )
21c/ 2jc : ) (109)

In (99)-(109), 7

particle i with respect to partlcle Jr i =

— 7; is the relative position of
G, is the
Tij

velocity of particle i, and ¥;, d; the velocity and the
acceleration of particle j. All these quantities are given at
time f.

From (25) and (80) at the first post-Minkowskian order,
for the solutions of the equations of motion we obtain

—1+%C = Zm fdA S(p,j)é’,(aof + Bo) (110)

JFi

Now, substituting (92), (93), and (103)—(105) into (110),
to terms of second order, for the solutions of the equations
of motion we can write

gG=1 +—(6Y0+/30)Z

JFi ’j

(111)

Substituting (91)—(109) and (111) into (82)—(88) we find
the equations of motion to terms of second order (in ’Lf—;')
(first post-Newtonian approximation):
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L @) 26ag .
a; + Glay + ,30)2 poad +—=at—v,t— 0 zz_ % 2(300 ﬂo)z—aj
JFi l/ ¢ ¢ ¢ ];t,rtj J#i lj
2 2(a0 + BO)Z z/ j) + 22 j -)lj(ao(v + U - Z(U )) _(a'O + :80)(”1] j) )
JFi l] JFi lj
2 (BO ao)U Z 2] (( l] ])) +— 2 Z 2 (2(10(}71”171) - ( BO)(nl] /))
JFEI lj /#:t lj
) m2
+B0)2+(11 +Bl)z 3 nz; 2(2(010+BO)2+CY1 +B1)Z ]nz]
VEal) l] J#Fi U
Mk = 2 2
Z > L= —(2(ao+/30) +ao+bo+co)+—((ao+ﬁo) +ag+ byt )= (112)
c? JFEkFEL) rlj Tik Tik

Complete agreement with the equations of motion of
general relativity [57,58], at the first post-Newtonian order,
is achieved if

ag =2, (113)
Bo=—1 (114)

a, + B, = -2, (115)
ag + by + co = —2. (116)

VIII. CONCLUSIONS

We have obtained Lorentz invariant equations of motion
describing the gravitational interactions of a system consisting
of N point masses. The equations are derived explicitly

from a Lorentz invariant action. Contrary to general rela-
tivity, which is a field theory, the model presented here is a
relativistic action-at-a-distance description (the interac-
tions are not mediated by a field). We have shown that
the equations of motion for N point masses agree with
those of general relativity at the first post-Newtonian ap-
proximation. Agreement with general relativity for the N
body problem at orders beyond 1.5PN has not been estab-
lished. The model presented is in agreement with general
relativity for the one-body case, at all orders. At the first
post-Minkowskian approximation our model reduces to the
model of Havas and Goldberg [51,52], which is known to
be in agreement with general relativity in this approxima-
tion. Because of this agreement, gravitational radiation
effects in our model begin to appear at the 2.5PN order

(%) [59,60].
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