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It is shown that certain aspects of gravitation may be described using a relativistic action-at-a-distance

formulation. The equations of motion of the model presented are invariant under Lorentz transformations

and agree with the equations of Einstein’s theory of general relativity, at the first post-Newtonian

approximation, for any number of interacting point masses.
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I. INTRODUCTION

After the discovery of the action-at-a-distance formulation
of electrodynamics [1–10], several relativistic noninstanta-
neous action-at-a-distance theories have been investigated
[11–21]. Instantaneous action-at-a-distance formulations
have been studied using a variety of approaches [22–31].
For gravity, several relativistic action-at-a-distance models
have been proposed [32–46] and compared with observa-
tions [47,48]. A major difficulty with most of the models
proposed is their disagreement with Einstein’s theory of
general relativity (GR) in the so-called ‘‘slow motion ap-
proximation’’ [first post-Newtonian approximation (1PN)],
even for the simpler case of two point masses (N ¼ 2).

The objective of this paper is to present a relativistic action-
at-a-distance description of gravitational interactions for a
system consisting of an arbitrary number N of point masses.

The model presented in this paper is in agreement with GR
at 1PN for an arbitrary numberN of interacting point masses.

Our description also agrees with GR in the so-called
‘‘fast motion approximation’’ for N point masses [at the
first post-Minkowskian order (1PM)], and it is in agree-
ment with GR for the one-body case (N ¼ 1) at all orders
(assuming the central mass is not spinning) if the
Schwarzschild metric is expressed in the isotropic gauge.

II. AN ACTION FUNCTIONAL FOR GRAVITY IN
THE RELATIVISTIC ACTION-AT-A-DISTANCE

FORMULATION

In order to describe a relativistic system of N point
masses interacting gravitationally, we consider the follow-
ing action functional:
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In (1), mi (i ¼ 1; 2; . . . ; N) is the mass of particle i, �i is
a Poincaré invariant parameter labeling the events along
the world line z

�
i ð�iÞ of particle i, c is the speed of light,

and G is the universal gravitational constant.
The functions Fij ¼ Fijð�ij; �ij; �ji; �i; �jÞ, Fijk ¼

Fijkð�ij; �ik; �jk; �ij; �ji; �ik; �ki; �jk; �kj; �i; �j; �kÞ, are in-
variant under Poincaré transformations since they are as-
sumed to be functions of the Poincaré invariants �ij, �ij,

and �i. The Poincaré invariants �ij, �ij, �ij, and �i are

defined as follows [49]:

�ij ¼ ðzi � zjÞ2; (2)
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�i ¼ _z2i : (5)

We denote _z
�
i ¼ dz

�
i

d�i
. The metric tensor: ��	 ¼

diagðþ1;�1;�1;�1Þ.
The action functional (1) is invariant under Lorentz

transformations and does not involve any fields to mediate
the interactions between the masses. The particles interact
with each other directly, and we assume that the interac-
tions propagate at the speed of light c in vacuum. The Dirac
delta functions in (1) account for the interactions propagat-
ing at the speed of light forward and backward in time.
The action (1) can be written in a compact form as

follows:
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Notice that not only the two-body interactions (k ¼ 2)
but all possible k-body interactions (k ¼ 2; . . . ; N) contrib-
ute to the action.*martinez@phas.ubc.ca
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Without loss of generality we can assume that Fji ¼ Fij, Fkji ¼ Fijk, and so on (Fiki2...ik�1i1 ¼ Fi1i2...ik�1ik).

From (1), we can see that we can write the action of an individual particle i as follows:

Si ¼ �mic
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The equations of motion of the relativistic particles can be derived from the action (1) [or from (7)] using the variational
principle. We find
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Integrating by parts and taking into account that
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we can write the equations of motion (8) in the form
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Multiplying (8) by _zi� (and performing the summation over�), we find that the solutions of the equations of motion (8)

must satisfy the following N conditions (i ¼ 1; 2; . . . ; N):
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Let us assume that Fi1...ik (k ¼ 2; . . . ; N) are homogeneous functions of degree two in _zi1 ; . . . ; _zik ; i.e., we assume that

they satisfy the following conditions:
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The conditions (22) combined with (23) guarantee that,
for the solutions of the equations of motion, the expressions
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are constants (which by simple scaling can be made
equal to 1):
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Using (26) we immediately see that the action for particle i
(7) can be rewritten in a compact form as

Si ¼ �mic
Z

d�ig
ðiÞ
�	 _z

�
i _z	i ; (27)

where

gðiÞ�	¼��	�G

c2

X
j�i

mj

Z
d�j�ð�ijÞ

@2Fij

@ _z�i @ _z	i

�G2

2c4
X
j�i

X
k�i;j

mjmk

ZZ
d�jd�k

�
�ð�ijÞ�ð�jkÞ

@2Fijk

@ _z
�
i @ _z	i

þ�ð�jkÞ�ð�kiÞ
@2Fjki

@ _z�i @ _z	i
þ�ð�kiÞ�ð�ijÞ

@2Fkij

@ _z�i @ _z	i

�
þ ...:

(28)

From (28), (23), and (26) it follows that
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Using (28)–(31) the equations of motion (8) can also be
written in a more compact form:
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From (10), (22), and (28), we find that the conditions
(22) can be simply expressed as
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From (25), (26), and (28), it follows that for the solutions
of the equations of motion
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�
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Notice that gðiÞ�	 is not a field. It depends not only on zi,
zj, and _zj (j � i) but also on _zi.

The main task in our formulation is to determine the
functions Fij, Fijk, etc., in (6) and to verify that the pre-

dictions of the theory are in agreement with observations.

III. TEST PARTICLES AND THE FORMULATION
OF THE ACTION-AT-A-DISTANCE MODEL

AS A FIELD THEORY

Let us assume that in the limit mi ! 0 the tensor gðiÞ�	

does not depend on _zi. Only in this limit, in which mi is a
test particle, we may have a field interpretation for the

metric tensor gðiÞ�	.
Let us consider a system of N þ 1 point particles, one of

them being a test particle of mass m and the other N
particles having masses mi (i ¼ 1; . . . ; N). Let zð�Þ be
the worldline of the test particle. From (27) we see that
we can write the action for the test particle as follows:

S ¼ �mc
Z

d�g�	 _z
� _z	: (35)

In (35), the metric tensor g�	 depends on z [and on zi
and _zi (i ¼ 1; . . . ; N)] but does not depend on _z. It can be
given a field interpretation, if one desires to do so [50].
From (32) we see that for a test particle the equations of

motion are
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�
_z
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Assuming that the matrix g�	 is invertible, these are, of

course, the well-known equations for geodesics.
It may be possible to impose conditions on the functions

Fij, Fijk, etc., in (6) if, for example, one demands that the

metric tensor g�	 (which is associated with a test particle)

obeys Einstein’s field equations. Of course, there is no
guarantee that this can be done at all orders in the post-
Minkowskian expansion, either due to the mathematical
complexity of the equations or due to the possibility that
Einstein’s theory of general relativity may not exactly
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admit a dual (action-at-a-distance) formulation, or at least
not one described by an action of the form (6).

At the first post-Minkowskian order we can write [51–54]

Fij ¼ 
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ij þ �0�

2
ij; (37)
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At the first post-Minkowskian approximation there is no
need to consider the functions Fijk since the terms asso-

ciated with these functions in the action (1) give contribu-
tions only at the second post-Minkowskian order.

From (28) and (37) it follows that, at the first post-
Minkowskian order, in the presence of N massive particles
the metric tensor associated with a test particle is given by
the formula
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At the first post-Minkowskian approximation Einstein’s
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Substituting (40) into (42)–(44) we find that, at the first
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duce to the following:
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from (47) and (46), we find agreement with the equations
of general relativity, in the first post-Minkowskian approxi-
mation, if [51–54]
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In field theory, the linearized Einstein’s equations (44),
together with the conditions (50), are the equations obeyed
by spin 2 fields [55].

IV. A POSSIBLE EXPRESSION FOR Fij

More generally, beyond the first post-Minkowskian or-
der, let us assume that the functions Fij can be expressed as

follows:
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 and � are symmetric:
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V. THE ONE-BODY PROBLEM

Let us consider the case of a test particle interacting with
a particle of massM. This is the case N ¼ 1 (the one-body
problem). The motion of the mass M is not affected by the
presence of the test particle. The mass M moves with
constant velocity in any inertial reference frame.

Let us, for simplicity, consider the inertial frame in
which the mass M is at rest and positioned at the origin
of the coordinate system. In this frame of reference the
world line of the test particle is described by the four-
vector z� ¼ ðct; ~rÞ. From (28) and (51) we find the com-
ponents of the metric tensor g�	 in this reference frame to

be as follows:
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gij ¼ ��ij

�
1� 2GM�ð0; 
Þ

c2r

�
: (58)

In (56)–(58)


 ¼ GM

2c2r
: (59)

If we choose the functions 
 and � as follows:


ð0; 
Þ ¼
ð1þ 
Þ4 � ð1�
Þ2

ð1þ
Þ2
4


; (60)

�ð0; 
Þ ¼ 1� ð1þ 
Þ4
4


; (61)

one can easily check that the metric (56)–(58), with 
 and
� given by (60) and (61), coincides with the well-known
Schwarzschild metric of GR in isotropic form [55].

Since 
, �, and 
ji are Poincaré invariants, we can write

the functional relations


ð0; 
jiÞ ¼
ð1þ 
jiÞ4 � ð1�
jiÞ2

ð1þ
jiÞ2
4
ji

; (62)

�ð0; 
jiÞ ¼
1� ð1þ 
jiÞ4

4
ji
: (63)

At the second post-Minkowskian order (up to terms
proportional to G2 in the metric), we can write


ð0; 
jiÞ � 
0 þ 
1
ji; (64)

�ð0; 
jiÞ � �0 þ �1
ji; (65)

where 
0, �0, 
1, and �1 are constants.
The values of these constants can easily be determined

by expanding (62) and (63). We find


0 ¼ 2; (66)

�0 ¼ �1; (67)


1 ¼ � 1

2
; (68)

�1 ¼ � 3

2
: (69)

VI. THE SECOND POST-MINKOWSKIAN
APPROXIMATION

Let us now consider the gravitational N-body problem
described by the action (6). Assume that Fij are given by

(51), (54), and (55). At the second post-Minkowskian
(2PM) order the functions 
 and � will be given by the
expressions


ð
ij; 
jiÞ � 
0 þ 
1ð
ij þ 
jiÞ; (70)

�ð
ij; 
jiÞ � �0 þ �1ð
ij þ 
jiÞ: (71)

Let us consider the case where the functions Fijk can be

written as

Fijk ¼ að
ij; 
ji; 
ki; 
ik; 
jk; 
kjÞ�ij�jk�ki

þ bð
ij; 
ji; 
ki; 
ik; 
jk; 
kjÞ�i�j�k
þ cð
ij; 
ji; 
ki; 
ik; 
jk; 
kjÞ�2

ki�j: (72)

We assume that the functions a, b, and c are symmetric
in the indexes (ik):

að
kj;
jk;
ik;
ki;
ji;
ijÞ¼að
ij;
ji;
ki;
ik;
jk;
kjÞ; (73)

bð
kj;
jk;
ik;
ki;
ji;
ijÞ¼bð
ij;
ji;
ki;
ik;
jk;
kjÞ; (74)

cð
kj;
jk;
ik;
ki;
ji;
ijÞ¼cð
ij;
ji;
ki;
ik;
jk;
kjÞ: (75)

At the second post-Minkowskian order we have

að
ij; 
ji; 
ki; 
ik; 
jk; 
kjÞ � a0; (76)

bð
ij; 
ji; 
ki; 
ik; 
jk; 
kjÞ � b0; (77)

cð
ij; 
ji; 
ki; 
ik; 
jk; 
kjÞ � c0; (78)

where a0, b0, and c0 are constants.
Therefore, at the second post-Minkowskian order we

can write the action, for a system of N particles interacting
gravitationally, as follows:
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S ¼ �X
i

mic
Z

d�i�i

þX
i

X
j�i

Gmimj

c

ZZ
d�id�j�ð�ijÞFij

þX
i

X
j�i

X
k�i;j

G2mimjmk

c3

�
ZZZ

d�id�jd�k�ð�ijÞ�ð�jkÞFijk; (79)

where

Fij ¼ ð
0 þ 
1ð
ij þ 
jiÞÞ�2
ij þ ð�0 þ �1ð
ij þ 
jiÞÞ�2ij;

(80)

Fijk ¼ a0�ij�jk�ki þ b0�i�j�k þ c0�
2
ki�j: (81)

At the second post-Minkowskian approximation there is
no need to consider the functions Fi1...ik for k > 3 since the

terms associated with these functions in the action (6) give
contributions only at the (k� 1)-post-Minkowskian order.

At the second Post-Minkowskian order the equations of
motion are

€z�i þ G

c2
X
j�i

mj

Z
d�j�ð�ijÞðAð0Þ�

ij þ Að1Þ�
ij þ Bð0Þ�	

ij €zi	

þ C
ð0Þ�	
ij €zj	Þ

þG2

c4
X
j�i

X
k�i;j

mjmk

ZZ
d�jd�k�ð�ijÞ�ð�jkÞAð0Þ�

ijk

þ G2

2c4
X
j�i

X
k�i;j

mjmk

ZZ
d�jd�k�ð�jiÞ�ð�ikÞ ~Að0Þ�

jik ¼ 0:

(82)

Substituting (80) and (81) into (11)–(14) and (18) we
find (in this approximation)

A
ð0Þ�
ij ¼ðz�i �z�j Þ

�2
ji

ð
0�
2
ijþ�0�

2
ijÞþ

2 _z�i

�1=2i �ji

�2ij

�
�ij

�ij
þ�ij

�ji

�
�0

þ _z
�
j

�1=2j �ji

�

0

�
�2
ijþ2�ij�ij

�ij

�ji

�
��0�

2
ij

�
; (83)

A
ð1Þ�
ij ¼ 2ðz�i � z�j Þ

�2
ji

�

ji � 
ij

�
1þ �ij�ij

�ij�ji

� �2
ij

�2
ji

��
ð
1�

2
ij þ �1�

2
ijÞ

þ _z�i

�1=2i �ji

�
4
ji�

2
ij

�
�ij

�ij
þ �ij

�ji

�
�1 � 
ij

�
1� �2

ij

�2
ji

�
ð
1�

2
ij þ 3�1�

2
ijÞ
�

þ 2 _z
�
j

�1=2j �ji

�

ji

�

1

�
2�ij�ij

�ij

�ji

þ �2
ij

�
� �1�

2
ij

�
� 
ij

�

1

�
�2
ij þ �ij�ij

�
�ji

�ij

� �ij

�ji

��
þ �1�

2
ij

��
; (84)

Bð0Þ�	
ij ¼ �2
0 _z

�
j _z	j � 2�0�j�

�	; (85)

C
ð0Þ�	
ij ¼ �ðz�i � z�j Þðz	i � z	j Þ

�j�
2
ji

ð
0�
2
ij þ �0�

2
ijÞ þ

2ðz�i � z�j Þ
�1=2j �ji

ð
0�ij _z
	
i þ �0�i _z

	
j Þ

� 2ðz	i � z	j Þ�1=2i �ij

�j�
2
ji

ð
0�ij _z
�
j þ �0�j _z

�
i Þ þ 2

�ij�
1=2
i

�ji�
1=2
j

ð
0ð��	�ij þ _z
�
j _z	i Þ þ 2�0 _z

�
i _z	j Þ; (86)

Að0Þ�
ijk ¼ðz�i � z

�
j Þ

�ji

�
�j
�ji

� 1

�kj

�
�jkþ

�jk

�kj

�k

��
ða0�ij�jk�kiþb0�i�j�kþc0�

2
ki�jÞ

þ2 _z�i
�ji

�
�j
�ij

�ji

þ�ij�
�ij

�kj

�
�jkþ

�jk

�kj

�k

��
�j�kb0þ

_z�j
�ji

��
�j
�ij

�ji

��ij

�kj

�
�jkþ

�jk

�kj

�k

��
�jk�kia0��i�j�kb0��2

ki�jc0

�

þ _z
�
k

�ji

�
�j
�ij

�ji

þ�ij�
�ij

�kj

�
�jkþ

�jk

�kj

�k

��
ða0�jk�ijþ2c0�ki�jÞ; (87)
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~A
ð0Þ�
jik ¼ðz�i �z�j Þ�j

�2
ji

ða0�ji�ik�kjþb0�j�i�kþc0�
2
kj�iÞþ

ðz�i �z�k Þ�k
�2
ki

ða0�ji�ik�kjþb0�j�i�kþc0�
2
kj�iÞ

þ2 _z�i

�
�j
�ij

�2
ji

þ�k
�ik

�2
ki

þ�ij

�ji

þ�ik

�ki

�
ð�j�kb0þ�2

kjc0Þþ _z�j

��
�j
�ij

�2
ji

þ�k
�ik

�2
ki

þ�ik

�ki

�
�kj�ika0� 1

�ji

ðb0�j�i�kþc0�
2
kj�iÞ

�

þ _z�k

��
�j
�ij

�2
ji

þ�k
�ik

�2
ki

þ�ij

�ji

�
�kj�jia0� 1

�ki

ðb0�j�i�kþc0�
2
kj�iÞ

�
: (88)

From (80), (81), and (28) it follows that, at the second post-Minkowskian approximation, the metric tensor associated
with the particle i (with non-negligible mass mi) is given by the formula

gðiÞ�	 ¼ ��	 � 2G

c2
X
j�i

mj

Z
d�j�ð�ijÞ½
0 _zj� _zj	 þ �0�j��	� �G2

c4
X
j�i

m2
j

Z
d�j

�ð�ijÞ
j�jij ½
1 _zj� _zj	 þ �1�j��	�

�G2mi

c4

X
j�i

mj

Z
d�j

�ð�ijÞ
j�ijj

�

1 _zj� _zj	 þ �1�j��	 þ

�
_zi�
�i

þ ðzi� � zj�Þ
�ij

�
ð
1�ij _zj	 þ �1�j _zi	Þ

þ
�
_zi	
�i

þ ðzi	 � zj	Þ
�ij

�
ð
1�ij _zj� þ �1�j _zi�Þ þ 1

2

��
_zi�

�i
þ ðzi� � zj�Þ

�ij

��
_zi	
�i

þ ðzi	 � zj	Þ
�ij

�

þ 1

�i

�
��	 �

2 _zi� _zi	
�i

þ ðzi� � zj�Þðzi	 � zj	Þ
�2
ij

��
ð
1�

2
ij þ �1�

2
ijÞ
�
�G2

c4

X
j�i

X
k�i;j

mjmk

ZZ
d�jd�k

�
�
�ð�ijÞ�ð�jkÞ

�
1

2
a0�jkð _zj� _zk	 þ _zk� _zj	Þ þ b0�j�k��	 þ c0�j _zk� _zk	

�

þ �ð�jkÞ�ð�kiÞ
�
1

2
a0�jkð _zk� _zj	 þ _zj� _zk	Þ þ b0�j�k��	 þ c0�k _zj� _zj	

�

þ �ð�kiÞ�ð�ijÞ
�
1

2
a0�jkð _zk� _zj	 þ _zj� _zk	Þ þ ðb0�k�j þ c0�

2
jkÞ��	

��
: (89)

For the case of a test particle (the mass of which can be neglected) in the presence of N particles with non-negligible
masses mi (i ¼ 1; . . . ; N) the above expression simplifies to the following:

g�	 ¼ ��	 � 2G

c2
X
i

mi

Z
d�i�ððz� ziÞ2Þ½
0 _zi� _zi	 þ �0 _z

2
i ��	�

�G2

c4
X
i

m2
i

Z
d�i

�ððz� ziÞ2Þð _z2i Þ1=2
jð _ziðz� ziÞÞj ½
1 _zi� _zi	 þ �1 _z

2
i ��	�

�G2

c4
X
i

X
j�i

mimj

ZZ
d�id�j

�
�
�ððz� ziÞ2Þ�ððzi � zjÞ2Þ

�
1

2
a0ð _zi _zjÞð _zi� _zj	 þ _zj� _zi	Þ þ b0 _z

2
i _z

2
j��	 þ c0 _z

2
i _zj� _zj	

�

þ �ððzi � zjÞ2Þ�ððz� zjÞ2Þ
�
1

2
a0ð _zi _zjÞð _zi� _zj	 þ _zj� _zi	Þ þ b0 _z

2
i _z

2
j��	 þ c0 _z

2
j _zi� _zi	

�

þ �ððz� zjÞ2Þ�ððz� ziÞ2Þ
�
1

2
a0ð _zi _zjÞð _zi� _zj	 þ _zj� _zi	Þ þ ðb0 _z2i _z2j þ c0ð _zi _zjÞ2Þ��	

��
: (90)

VII. THE FIRST POST-NEWTONIAN
APPROXIMATION

The equations of motion (82) involve multiple times. The
force acting on mass i depends on the state of motion of
particle i at time t and, to account for the time needed for the
transmission of the interactions, on the states of motion of the

remaining N � 1 particles at the past and future times tði;sÞj

(j � i, s ¼ �, þ) and also on tðj;sÞk (k � i, j, s ¼ �, þ).

Using Taylor series expansions involving the particles’
present motions at time t, one can rewrite Eqs. (82) using
just the one time variable t [56]. We use series expansions

up to terms of second order ( v
2

c2
) (1PN).
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From the definition (5) it follows that

d�i ¼
cdtð1� v2

i

c2
Þ1=2

�1=2i

; (91)

d�j ¼
cdtjð1� v2

j ðtjÞ
c2

Þ1=2
�1=2j

: (92)

The Dirac delta function can be expressed as follows [10]:

�ðc2ðt� tjÞ2 � ð~ri � ~rjÞ2Þ

¼ 1

2c

0
B@ �ðtj � tði;�Þ

j Þ
ðRret

ij � ð ~Rret
ij ~vði;�Þ

j Þ
c Þ

þ �ðtj � tði;þÞ
j Þ

ðRadv
ij þ ð ~Radv

ij ~vði;þÞ
j Þ

c Þ

1
CA: (93)

In (93), tði;sÞj (s ¼ �,þ) are the two roots of the equation:

c2ðt� tjÞ2 � ð~riðtÞ � ~rjðtjÞÞ2 ¼ 0 (94)

and

Rret
ij ¼ cðt� tði;�Þ

j Þ; (95)

Radv
ij ¼ cðtði;þÞ

j � tÞ; (96)

~R ret
ij ¼ ~ri � ~rði;�Þ

j ; (97)

~R adv
ij ¼ ~ri � ~rði;þÞ

j : (98)

t� tði;�Þ
j is the time it takes for a signal to travel forward

in time at the speed of light from particle j to particle i.

tði;þÞ
j � t is the time it takes for a signal to travel

backward in time at the speed of light from particle j to
particle i.

To terms of second order we can write

~r i � ~rði;�Þ
j � ~rij þ ~vj

rij
c
þ ~vj

ð ~rij ~vjÞ
c2

� ~aj
r2ij

2c2
; (99)

~r i � ~rði;þÞ
j � ~rij � ~vj

rij
c
þ ~vj

ð ~rij ~vjÞ
c2

� ~aj
r2ij

2c2
; (100)

~v ði;�Þ
j � ~vj � ~aj

rij
c
; (101)

~v ði;þÞ
j � ~vj þ ~aj

rij
c
: (102)

From (94)–(102), we find (to terms of second order)

ð1�vði;�Þ2
j

c2
Þ1=2

ðRret
ij �

ð ~Rret
ij ~vði;�Þ

j Þ
c Þ

� 1

rij

�
1�ð ~nij ~vjÞ2

2c2
�ð~rij ~ajÞ

2c2

�
; (103)

ð1�vði;þÞ2
j

c2
Þ1=2

ðRadv
ij þð ~Radv

ij ~vði;þÞ
j Þ

c Þ
� 1

rij

�
1�ð ~nij ~vjÞ2

2c2
�ð~rij ~ajÞ

2c2

�
: (104)

From the definitions (3)–(5), (38), and (53), it is not
difficult to see that, to terms of second order, we can write

�ij

�ij
� 1þ v2

i

2c2
þ v2

j

2c2
� ð ~vi ~vjÞ

c2
; (105)

�ði;�Þ
ji � rij

�
1þ ð ~nij ~vjÞ2

2c2
þ ð ~rij ~ajÞ

2c2

�
; (106)

�ði;þÞ
ji � �rij

�
1þ ð ~nij ~vjÞ2

2c2
þ ð~rij ~ajÞ

2c2

�
; (107)

�ði;�Þ
ij � �rij

�
1� ð ~nij ~viÞ

c
þ ð ~nij ~vjÞ

c
þ ð ~vi � ~vjÞ2

2c2

þ ð ~nij ~vjÞ2
2c2

� ð~rij ~ajÞ
2c2

�
; (108)

�ði;þÞ
ij � rij

�
1þ ð ~nij ~viÞ

c
� ð ~nij ~vjÞ

c
þ ð ~vi � ~vjÞ2

2c2

þ ð ~nij ~vjÞ2
2c2

� ð ~rij ~ajÞ
2c2

�
: (109)

In (99)–(109), ~rij ¼ ~ri � ~rj is the relative position of

particle i with respect to particle j, ~nij � ~rij
rij
, ~vi is the

velocity of particle i, and ~vj, ~aj the velocity and the

acceleration of particle j. All these quantities are given at
time t.
From (25) and (80) at the first post-Minkowskian order,

for the solutions of the equations of motion we obtain

�i ¼ 1þ 2G

c2
X
j�i

mj

Z
d�j�ð�ijÞ�j

�

0

�2
ij

�2ij
þ �0

�
: (110)

Now, substituting (92), (93), and (103)–(105) into (110),
to terms of second order, for the solutions of the equations
of motion we can write

�i � 1þ 2G

c2
ð
0 þ �0Þ

X
j�i

mj

rij
: (111)

Substituting (91)–(109) and (111) into (82)–(88) we find

the equations of motion to terms of second order (in v2

c2
)

(first post-Newtonian approximation):
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~ai þGð
0 þ�0Þ
X
j�i

mj

r2ij
~nij þv2

i

c2
~ai þð ~vi ~aiÞ

c2
~vi þ 2G
0

c2
~ai
X
j�i

mj

rij
� G

2c2
ð3
0 ��0Þ

X
j�i

mj

rij
~aj

� G

2c2
ð
0 þ�0Þ

X
j�i

mj

rij
~nijð ~nij ~ajÞþ G

c2
X
j�i

mj

r2ij
~nij

�

0ðv2

i þv2
j � 2ð ~vi ~vjÞÞ� 3

2
ð
0 þ�0Þð ~nij ~vjÞ2

�

þ G

c2
ð�0 �
0Þ ~vi

X
j�i

mj

r2ij
ðð ~nij ~viÞ� ð ~nij ~vjÞÞþ G

c2
X
j�i

mj

r2ij
~vjð2
0ð ~nij ~viÞ� ð
0 ��0Þð ~nij ~vjÞÞ

þG2mi

c2
ðð
0 þ�0Þ2 þ
1 þ�1Þ

X
j�i

mj

r3ij
~nij þG2

c2
ð2ð
0 þ�0Þ2 þ
1 þ�1Þ

X
j�i

m2
j

r3ij
~nij

þG2

c2
X
j�i

X
k�i;j

mjmk

r2ij
~nij

�
1

rik
ð2ð
0 þ�0Þ2 þa0 þb0 þ c0Þþ 1

rjk
ðð
0 þ�0Þ2 þa0 þ b0 þ c0Þ

�
¼ 0: (112)

Complete agreement with the equations of motion of
general relativity [57,58], at the first post-Newtonian order,
is achieved if


0 ¼ 2; (113)

�0 ¼ �1; (114)


1 þ �1 ¼ �2; (115)

a0 þ b0 þ c0 ¼ �2: (116)

VIII. CONCLUSIONS

We have obtained Lorentz invariant equations of motion
describing the gravitational interactions of a system consisting
of N point masses. The equations are derived explicitly

from a Lorentz invariant action. Contrary to general rela-
tivity, which is a field theory, the model presented here is a
relativistic action-at-a-distance description (the interac-
tions are not mediated by a field). We have shown that
the equations of motion for N point masses agree with
those of general relativity at the first post-Newtonian ap-
proximation. Agreement with general relativity for the N
body problem at orders beyond 1.5PN has not been estab-
lished. The model presented is in agreement with general
relativity for the one-body case, at all orders. At the first
post-Minkowskian approximation our model reduces to the
model of Havas and Goldberg [51,52], which is known to
be in agreement with general relativity in this approxima-
tion. Because of this agreement, gravitational radiation
effects in our model begin to appear at the 2.5PN order

( v
5

c5
) [59,60].
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