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Caged black hole with Maxwell charge
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We construct the perturbative solution of the charged black hole in the Kaluza-Klein spacetime with the
matched asymptotic expansion method. The corrections to the thermodynamic variables are calculated up to
the post-Newtonian order. We confirmed that the method can work very well in the Einstein-Maxwell theory.
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I. INTRODUCTION

In the last decade, the higher-dimensional black holes
have been known to have much richer structure than in
four-dimensional spacetime [1]. The discovery of the black
ring solution [2,3] revealed that the uniqueness and the
horizon topology theorem in four dimension are no longer
valid in higher dimensions.

The similar breakdown happens in the Kaluza-Klein
spacetimes. When the mass scale is smaller than the scale
of the extra dimension, black string solutions and the
black holes localized in the Kaluza-Klein spacetime (the
caged black hole solutions) exist for the same total mass,
which have different horizon topologies. Furthermore,
there exist the uniform black strings (UBS) and the nonuni-
form black strings (NUBS). The NUBS phase bifurcates
from the UBS phase at the marginally stable mode of the
Gregory-Laflamme instability [4,5]. This system admits
interesting phenomena such as the topology changing
phase transition from the NUBS phase to the caged black
hole phase, and the critical dimension for the stability of
the NUBS phase [6].

Since it is difficult to construct the exact solutions of the
black objects with the nontrivial horizon topology, the
numerical or perturbative approach is helpful in the analy-
sis of higher dimensions. In the Kaluza-Klein spacetime,
the small, caged black holes have been first studied pertur-
batively using a single coordinate patch [7,8]. Gorbonos
and Kol used two coordinate patches and introduced the
systematic procedure to obtain the solutions perturbatively
[9]. This perturbative method is called the matched asymp-
totic expansion (MAE). The MAE can be applied to a
spacetime having at least two separate scales. Using the
MAE, they constructed the small, caged black holes up to
the post-Newtonian order in the asymptotic zone [9,10].
This method is also useful in the ultraspinning limit of the
black objects [11,12].

The effective field theory (EFT) method [13] is another
useful method for systematically obtaining the thermody-
namic properties of such spacetime, which is considered to
be equivalent with the MAE method. In the EFT method,
the small scales are integrated out to give the effective
Lagrangian for the coarse-grained black objects. This is
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applied to the caged black holes [14,15]. The caged black
holes with charge are also studied by the EFT [16].

In this paper, we will generalize the MAE method to the
Einstein-Maxwell theory and construct the perturbative
solution of the charged black holes in the Kaluza-Klein
spacetime. In the neutral limit, the solutions here reproduce
the neutral results [10]. We also calculated the correction to
the thermodynamic variables up to the post-Newtonian
order which confirms the EFT result [16].

The organization of this paper is as follows. In Sec. II,
we explain the setup of the caged black hole and the
matching method. In Sec. III, the Newtonian order is
solved at the asymptotic zone. In Sec. IV, we solve the
near zone perturbation. In Sec. V, we match the near zone
results with the results in Sec. III and evaluate some of the
thermodynamic variables. In Sec. VI, we solve the post-
Newtonian equation at the asymptotic zone. In Sec. VII, we
compute the post-Newtonian correction to the global
charges and analyze the thermodynamic properties of so-
lutions. We summarize our work in Sec. VIIL. In the
Appendixes, we will present some useful formulae and
the details of the computations.

II. MATCHED ASYMPTOTIC EXPANSION

In this section, we introduce the method of the matched
asymptotic expansion in the (n + 3)-dimensional Kaluza-
Klein spacetime with the Einstein-Maxwell theory. The

action is given by
1 1

= — R —_F Fmv — dn+3’ 1

S [(167TG 40w )V g% )

where F,,, is the field strength of the Maxwell field A,
defined by F,, = d,A, — 9,A,. In this paper we choose
the unit of G = 1, hereafter. The Einstein equation becomes

1
Rguy = 87Ty, (@)

Rl“’ _E

where the energy-momentum tensor is given by
1
T,uv = F,LL/\FV)\ - ZFaBFaﬁg,uw 3)

and the field equation for the Maxwell field is
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We consider a static, localized black hole solution in the
Kaluza-Klein spacetime which is called “caged black hole.”
Then we take the small black hole limit in which the scale of
the black hole p, is much smaller than the compactification
scale L. Since the Maxwell charge is bounded above by the
extreme limit, it can be assumed to be the same order as the
mass ~pg. Therefore, we can perform a similar treatment
with the neutral case [9,10].

In this small black hole limit we have two asymptotic
zones. The spacetime asymptotes to the flat Kaluza-Klein
spacetime in the asymptotic zone (p > p,) and the
charged spherical black hole in the near zone (p < L).
Let us introduce two coordinate systems. In the asymptotic
zone, it is better to use the cylindrical coordinates (r, z) as

ds? = —di* + dz* + dr* + 2dQ3 )

in which the z-direction is periodic as z~z+ L.
The periodicity requires that we must consider the
gravity from the mirror images of the black hole. This is
equivalent to the infinite array of black holes in the higher-
dimensional Minkowski spacetime. In the near zone, on the
other hand, it is better to use the spherical coordinates
(p, x) in order to see the black hole perturbation as

ds® = —d* + dp? + p*(dx? + sinxydQ32).  (6)

In the asymptotic zone, the relation between two coordi-
nate systems is

r = psiny, 7 = pcosy. @)
We expand the metric and the Maxwell field in both

zones. In the near zone, we consider the black hole pertur-
bation with the expansion parameter 1/L as

(near) _

glne (BH) + Z h(near,k)’ (8)

where h(heark) — O(1/LF). g(BH) is the metric of the (n + 3)-
dimensional background charged black hole spacetime

ggy)dx'“dx” = —f(p)dr* + —dp* + Pzdﬂﬁﬂ’ ©)

f()

where

n

floy=1-20

7 oy
4 p2n ’

(10)

and o is a dimensionless charge parameter which becomes
ol = 1 in the extreme limit. The total mass of this black
hole is

_ (n + l)wn+1p8
0 167 ’
where o, = 27T(k+1)/2/f'(%) is the area of the

k-dimensional unit sphere, S¥. The background Maxwell
field is

an
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Adxt = —=0
nw,i1p

dt, (12)

where the total charge of the background black hole is

given by
n(n + 1
0= [+ \/ wiple  (13)

and the nonvanishing component of the field strength is the
electric field

Fo— nin+1) pb

In the asymptotic zone, we consider the post-Newtonian
expansion with the expansion parameter p, as

g™ 4 S ) (15)

m=1

where A@Y™™ ~ O(p™) and 7 uv is the metric of the
(n + 3)-dimensional Kaluza-Klein spacetime (5). The
Maxwell field is also expanded in the same way. It is worth
noting that the Newtonian approximation is the order of pj
because the mass M is written as pj ~ GM.

Now we are ready to consider the matching procedure
between the two zones. In the limit p, << L, there exists
the overlap region (py < p < L) in which we will match
the two expansions order by order. The “matching ladder”
can be understood by the dimensional counting. If we take
the harmonic gauge, the linear part of the post-Newtonian
equation in the order of p becomes

Calsym™m = g, (16)

where U] = n#”9,,0,. Since we consider the static space-
time, it reduces to the Laplace equation. The homogeneous
solutions with a multipole / behave as p’ and p~'~". For
the asymptotic zone, the near zone black hole seems to
have multipole moments and behaves as p~/~". From the
dimensional counting, the terms with p~/~" in asymptotic
solution of O(p{') appear in the dimensionless form

h(asym,m) 3 p(r;1 (17)
mv Lm*l*nlern'
Therefore, the near solution of O(1/LF) contributes to the
asymptotic solution with the multipole / of O(pk™*?).
Similarly, the gravity from the mirror images of the
black hole affects the near zone geometry in the form of
multipole moments at the infinity, which are proportional
to p'. The dimensional counting shows
k=11
ps_'P
hf(ilze/ar,k) =) OLk . (18)
Then, the asymptotic solution of O(p{}) determines to the
near solution with the multipole / of O(1/L™*1).

044018-2



CAGED BLACK HOLE WITH MAXWELL CHARGE

III. NEWTONIAN POTENTIAL
IN ASYMPTOTIC ZONE

We start the matching of the near zone solutions with the
Newtonian order solution in the asymptotic zone. We will
omit the script ““near” or “asym’ for brevity. As explained
in the previous section, the near zone background metric of
O(1/L°) gives the correction to the asymptotic metric in
O(pg). At this order, the solution is just the Newtonian
potential from the array of the point source as in the neutral
case [9]. In the harmonic gauge 9 Mﬁf“’ = (0 where
h wr = Py — %hn uv the linearized Einstein equation is

— %Dﬁﬁi‘l = 87T\, (19)

Since T, is written in terms of the square of F,, and
the leading order of F v is the Newtonian order, the
Einstein equation is the same as the vacuum case at this
order (namely, T;f,l = (). The boundary condition in the
overlap region is determined by the behavior of the near
background metric. In the overlap region, the near zone
background metric in the harmonic coordinates is given as
O(1/L°) terms in Eq. (D8), which becomes

g~ 1 4 20 (20a)
g ( )511 (20b)
np"

Requiring the periodicity in z-direction and the harmonic
condition, the homogeneous solution with a pole at the
origin is given by

hgl) =® = pg Z

k=—00

(n) —

2+ kL)2)n/2’ @1

(21b)

Since @ = pi/p" as p <K L, the coefficients are determined
by the match with Eq. (20). This is equivalent to the
Newtonian potential from the infinite array of point masses,

TV = Y My (x)8(z — kL). (22)
k=—o00

Imposing the Lorenz gauge 8’%5’2) =0, the Maxwell
equation is

OAY = o. (23)
In the same way, the solution is given by

Q < 1

AV = ¢ = :
roY Ny 1y kzz,oo (P + (z = kL))"

24

This is also equivalent to the potential obtained from the
infinite array of point charges,
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I =3 006" (x)8(z — kL). (25)
k=—00

Now we can see that the gauge potential is proportional to
the Newtonian potential,

+
p=—20 g | . (26)
nwn+1p(r)l 32

® is expanded in the overlap region for r, z < L,

C(cosy),  (27)

o= +22§( +2k)p3f2k

where C7(x) is the Gegenbauer
Appendix A for the definition).

polynomial (see

IV. NEAR ZONE PERTURBATION

‘We now proceed to the leading order in the near zone. The
leading order correction in the near zone comes from the
asymptotic solution of O(py) in the previous section. In this
paper, we only consider the monopole (I = 0) correction
which is O(1/L").

Here, we calculate the linear perturbation around the
black hole metric of Eq. (9) as g, = gﬁ?yH) + hy,. Since
we consider the static perturbation, we can set the following
ansatz for the metric perturbation

2 = —f(1 + Ag)dr?
+ £ + Bp)dp? + p*(1 + Ep)dQ2,,, (28)

and for the Maxwell field perturbation

% ao)dt. 29)

n
nwy,+1p

We write the linearized Einstein equation as

A dxt = (

1
8R,, = 87T|:5TMV - —l(g(BH)“BéTaB

- T(O)aﬁhaﬂ)gg?y) - T(O)huv]

n+1
= 8m5S,,, (30)

where T,(?,), is the energy-momentum tensor of the back-
ground. The components of T}?,), are given by

—T70 = —7Or = T(O)X)( = T(O)aie

152 _ n(n+ 1)o? p3"
2 647 p2n+2’

€1V

where {6;};,—,_, are coordinates of §". The explicit forms for
each components of R, and 65, are given in Egs. (C9)
and (C10). The Maxwell equation becomes

ooy = 5 2 0+ 1E, -

Wyt
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This can be easily integrated as
&
Cl6 == 5((71 + I)EO - AO - BO + 261’0), (33)

where a( is an integral constant. Using the above and
Eg. (C10), 6S,,, becomes

2g? o2t
652==——Z—fj%g§[01+:UEb——Ao+-2a01 (34a)
l’lO’z p(Z)n
6Spp = T W (I’l + 1)E0 - BO + 2(10], (34b)
and
n0.2 p%n
Ss¥, = — s [E) — Ay — By + 2], (34c)

where 8S# = gBragg  Subtracting the p p-component
from the t7-component in Eq. (30), we obtain the following
equation:

pEll + 2E, — Al — B}, =0, (35)

which is the same with the neutral cases. Another indepen-
dent equation comes from the y y-component in Eq. (30),

1 1
SPUE+ ')+ (n+ DpfEy+ pf (4~ BY)

}'l0'2 ,0(2)”
+n(Ey— By) = 4 [(n+1)Ey— By +2a0]  (36)

Integrating Eq. (35), we have
pE) + Ey — Ay — By = —2Cy, 37
where C; is an integral constant. Imposing
Ag+By+(n—1Ey;=0 (38)
as the residual gauge condition, Eq. (37) can be solved as
_ & n Copg

n

n p

Ey

(39

where C, is an integral constant.
To solve Eq. (36) in the gauge condition (38), we
introduce a new variable defined by

1
= — —1(A0 + I’lBo) = EO - Bo, (40)
n—
where Ag and B, are written by V¥ as
AO =V - nEo, BO = EO -, (41)
Using the above and Eq. (39), Eq. (36) becomes

2n
P+ nf ¥ =308 o g + C) +nCa] - (42)

and then the solution is given by
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. Cspg Py

i apmloilan )Gl @3)

where Cj is an integral constant. Even after imposing the
gauge condition (38), there is still the remaining gauge
degree of freedom p — p + 6Cpl/2p" !, which changes
Egs. (39) and (43) as

26 Ing’

Ey— / (44a)
noop
Cv ! . n 2n
f— 3P0 2”02” [0%(ag + C,) + nCL],  (44b)
p p

where C)y = C, + 8C and Cy’ = C3 + ndC. Therefore C,
can be the pure gauge, and we define the gauge invariant
combination C; = C; — nC,. Here, C; is the ambiguity of
the bare mass and « is the ambiguity of the bare charge
which we can freely choose.

As the boundary condition at the horizon, we impose the
regularity conditions for Ay, By, and E, which fix the
horizon position. We write the position of the outer event
horizon as p,, which is the larger root of f(p) = 0,

1
ph =541 +VT= o) (45)

The regularity of W at p = p, is guaranteed; this condi-
tion is satisfied if the right-hand side of Eq. (43) vanishes as
p — p, which gives

] n
l0'2(010 +C)) +=nCy, = (C; + nCz)p—+. (46)
2 2 PO

In general, the perturbed spacetime may not become
extremal or neutral when the background spacetime is
extremal (o = 1) or neutral (¢ = 0). Then, we will further
fix the parameter region of ¢ so that the solution becomes
extremal when o = 1 and neutral when o = 0. The ex-
tremal condition is attained by imposing that the right-hand
side of Eq. (43) has the double roots, (f¥)'|,—,. ,—1 =0,
which becomes

(@g + C; + nCy)ly=y = 0=(C5 + nC))l,—;,  47)
where we used Eq. (46). The neutral condition is
(2C3 + nCy)l = = 0. (48)

Although C; and «y may depend on o in general, we
can set these to satisfy the above conditions for not only
o = 0, 1 but also arbitrary o as

C,=C3=0, ag = —Cj. (49)
Therefore, ¥ becomes zero, that is,
¥ =0. (50)

Then, from Egs. (33), (39), and (41), the perturbation
becomes
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Ay = —2C,, (51a)
B, =251 (51b)
n
E =251, 510)
n
ap = - —10_ —+ a, (51d)
nw,.1p

where «; is an integral constant. As a result, the near
solutions depend on two parameters, C; and «;, which
are determined by matching with the asymptotic solutions
in the overlap region.

V. MATCHING FROM THE
NEWTONIAN POTENTIAL

As mentioned in Sec. II, the near zone monopole cor-
rection of @(1/L") comes from the monopole parts of the
Newtonian order asymptotic solution. The monopole from
the asymptotic zone behaves as a constant which has the
dimensionless form p{j/L" at the Newtonian order.

Since the leading order terms in the near zone perturba-
tion are not affected by the gauge transformation into the
harmonic coordinates (D7), the near solution in the overlap
region (py <K p) becomes

hg]ear,n) _ _fAO ~ 2C1, (52a)
B 2C
plnearn) _ B0 71’ 52b
i (52b)
near,n 2C
h(XX B ) — p2E0 S5 T]p2 (52C)

On the other hand, the p{}/L" term in the expansion of the
Newtonian potential (27) is

hg';]sym,n) - = pO + 2§(l’l) p() + - (53)
p Li’l
and the matching provides
€=, (54)

We now define the expansion parameter A= {(n)p{/L".
Also, for the Maxwell field the leading order term of the
near solution matches the gauge potential ¢ of the asymp-
totic solution in the overlap region as

2
Agnear,n) > = &n)t (55)
nwy,+1Pg

Then, combining Eq. (51) with the ansatz (28) and (29),
the near zone metric up to O(1/L") becomes
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g = —f(1 —24) + O(1/L™), (56a)
g(pn;,ar) _ ]lc(l + 27/\) + @(I/LZ”) (56b)
e = (1 + Q) +O(/L7),  (560)

and the gauge potential in the near zone is

240 (1- &) +O(1/L2")
nw, 1P 2p
(57)

From the leading order near solution (56), the correction to
the local constants can be computed. The surface gravity «
becomes

Agnear) _ QO .
nwy+1p

. = 1 |apgtl|
2 J=8u&pp | p=p.
1 1
=311+ LA+ 5 40 - )
f p=p+
" +1 58
- SR T= (1 -"0) o9
2p% n
n+1
= K0<1 - /\),
n
where k, = V1 — o7 npy/ 2p"*! is the surface gravity for

L = oo, The horizon area A becomes

ﬂ = a)n+1(g)()()(n-*—l)/zlp:pJr
n+1
wn+1pr-§—+l< )
n
+1
= ﬂlo(l + A), (59)
n

where A, is the horizon area for L = oo,
We can also calculate the electrostatic potential U,

UEAI — Al p—eo

— 20 (1 +V1-a2N) (60)

nwn+lp+
= Uy(1 + V1 — a2)),

where U, is the electrostatic potential for L = o0. We note
that the boundary condition of the asymptotic solution
leads to A,|,— = 0.

p=p+

VI. MONOPOLE MATCHING IN
POST-NEWTONIAN ORDER

The leading correction to the mass and tension in the asymp-
totic zone are computed through the monopole perturbation of
the post-Newtonian order O(p3"). The near zone perturbation
of O(1/L") considered in the previous section gives the
boundary condition in the overlap region, which behaves as
p3"/L" p". First, we present the post-Newtonian equation for
the gravity and the Maxwell field and then solve them.
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A. Post-Newtonian order perturbation equation
In the asymptotic zone, we consider perturbations of the
metric and Maxwell fields to the post-Newtonian order,

Cuv = Mup + O+ 150, A, =AW + AR, (61)
where hf,’,’) and Ag”) are the post-Newtonian corrections. In

the harmonic gauge, the post-Newtonian equation becomes

1
— 50 + R, h)

= SWI:TELZS) - m”flaﬂng)ﬂw], (62)
|
1 o? T
O| a7 + —<1 + —)clﬂ =0,
[ 1t ) ) |
1 no? T
(2n) _ _ 2 - _
D[A(z”) p b Qg
' 2nwn+l Pg -
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where we used the Einstein equation of the Newtonian order
Gﬁf,), = T}I’,), = 0. R[ﬂ, is the second order perturbation of
the Ricci tensor, which gives a source term from the
Newtonian order of Egs. (21) and (24). The Maxwell equa-
tion in this order is given by

AL
DAE%H) + aVI:TF(n)VM _ h(n)vaFg/-)L _ ]’lgl,)lF(n)Va] =0.

(63)
Using Eq. (26), then, Egs. (62) and (63) become
(64a)
+1 +1
20 - oD, + (0D, (64b)
2n o n ”
(64c¢)

The general solution is constructed by the inhomogeneous and homogeneous solutions. The coefficients of the homoge-
neous solution are determined by the boundary condition. We write the general solution as follows:

; I o PO
hﬁ?)=—§<1+ 2)<I>2+s,L—(,1<I>, (65a)
1 no? yofs
h(.z.") = (1 - )@251_' + s n @+ Pf(_[ G(x, X')S;;(x' dﬁzx/)’ 00
i 2 2 s w/mampan OIS (0
A — Qo goy Pig (65¢)

21,410} L

where Pf means the finite part of the integration and s, s,
s, are the dimensionless coefficients of the homogeneous
solution. The Green function in the compact space,
[—L/2,L/2] X R""! is given by

1
nwy+
S 1
wEo(x —X')? + (z— 2/ — mL)?)/?’

G(x,x)=—

X

(66)

where x is the coordinate vector of R”*!, which gives
r = |x|. We write the integrand as
|

n

)

ij =

1
1= (@) = 2APD) ) (67)

B. Matching from the near solution

Now, we determine the coefficients s, s;;, s4 of the
homogeneous term by matching with the near solution.
The monopole moment of the near solution behaves as
~p~". Then the relevant terms of this order in the overlap
region have the dependence of p%" /L"p" in the dimen-
sionless form. Transforming Egs. (56) and (57) into the
harmonic coordinates (D7), the near zone solution up to the
relevant order becomes

ggrtlear) — _|:1 —2)\ - (1 _ 2A)p—2:| + @(I/LG’ l/pbz)y (683)
o
2A 22\ pg

gl [1 L2 (1 + _)”_ql]a,.j +O(1/L>, 1/p™), (68b)
n n/np

2A
A = 2200y Doy )4 0(1/L,1/p?), (68¢)
nwy,+1P nwy+1p

We extract the monopole moment of O(1/L"),
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g ~ —20(n &

g(near) g(n) p S

ij n

A gnear) —

Meanwhile, the corresponding terms in the post-Newtonian
solution (65) are

nw,1py L"p"

PHYSICAL REVIEW D 86, 044018 (2012)

Ln n’ (698.)
L'y ij (69b)
2n
. {m)Qy  pg (69¢)

overlap region. The matching between two solutions
shows

he ~ | s, — 25(")(1 + 7)] LF:,O - (70a) 5, = 2é’(n) (71a)
B 2 2n
hi” ~ sij+2g(zn)(1_m;)5fj]f° . (700) s,-j=—§(n)5u %ij (716
| n npn
{(n)Qy
i 2 2n e 71
AP ~ s, _75('1)@31]_/:’0 - (70c) 4 nw,1 104 (71
| nw,1p5lL"p
The finite part of the integration term in Eq. (65b)  Therefore, the post-Newtonian correction is deter-
does not contribute to the monopole moment in the  mined as
|
e _ _1 2
hyy ~3 1+Z > <I> + A D, (72a)
1
hﬁ.f.”):—z(l )@23 +Z /\6136 +Pf< f G(x,x')s,.j(x')d””x/), (72b)
2n [~ (L/2).(L/2)]xR"*!
AP = — Qg Q° A, (72¢)
M0, ph w0 P

VII. GLOBAL CHARGES AND
THERMODYNAMICS

In this section, we compute the global charges and
confirm that the first law of the thermodynamics holds
for the current cases.

A. Global charges

Now, we calculate the post-Newtonian correction
to the global charges. The (n + 2)-dimensional mass M
and tension 7 of the asymptotically Kaluza-Klein
spacetime are determined by the asymptotic behavior
[17,18]

asym c
h( Y| ) r” ’ —, (73)
B = (74)
Then, we find
w,L
M = 160 (l’lcl - Cz): (75)
a)l’l
T= 16—7T(C' — nc,). (76)

[
The total electric charge Q is determined in the same way,

0] 1

(asym) _,
A,
" (n—Dw,L

(77)

To extract the global charges, we take the limit r > L, z.
As in Eq. (B1), ® becomes

nw, pO
(n - Do, Lr "

(78)

Since the Green function in Eq. (66) has a similar behavior
as @, the integration becomes

f G(x, x')S;;(x")d" 2x!
[—(L/2),(L/2)]XR""! '

1 1

~ S..(x d"+2x’.
(n—Daw, Lr"! .[[(L/z),(L/z)]XR”“ &)
(79)
Then, Eq. (72) gives
h(asym,2n) ~ nwn-#lo'z{(n) ,0%" 1 , (80)

(n—1Nw, L o]
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h(asym,Zn) ~ Wyt 0-2 {(n) ,0(2)" 1
2z - (n_ 1)‘% L+l -1
(n+1)(1—0?)

L)2
+ - Pf(fd"“xf dz@zz).
2n(n—1)w,Lr""! -L/2 ”

(1)

The second term in S (x) does not contribute to Eq. (81)
because it is the total derivative. The finite part of the
integration is computed in Ref. [10]

L/2 —1 2n
Pf(/d"“x[ / dzq)?z) - _ (n In{(n)w,py '
—L/2

L/ Ln
(82)
As a result, the ADM mass and tension become
(n+ Dw,pp 1
M=—""""2(1+_-(1+0%)A
167 ( U+ )
1
= Mo(l + 5(1 + 02)/\), (83)
7L = n(n + l)wn+1p(r)l (1 _ 0'2))l
327 (84)

From Eq. (72c), the total charge Q becomes
0 = Qo(1 + A). (85)

At o = 0, these results reproduce the results in the neutral
case [10].

Moreover, in the extremal case (o = 1) we can confirm
that our results correspond to the exact solutions in
Ref. [19]. The exact solutions of the (n + 3)-dimensional
extremal caged black hole are given by

ds* = —H 2df* + HY"§,;dx'dx/,

(86)
n+1 1
A dxt = — H™'dt,
mn
where
. = 1
Hx)=1+p ) (87)

e (P (2 = kL)

If we set uw = pg(1+ A)/2, at o =1 the perturbative
solutions constructed agree with the above solutions up
to O(A).

There is the apparent difference between our results and
the results by the EFT calculation [16]. This simply comes
from the ambiguity of the parametrization. For example,
see Egs. (3.7) and (3.25) in Ref. [16] which are M and 7.
Changing the gauge condition in Eq. (49) gives the differ-
ent length scale p, — py(1 + €;(o)) and charge parame-
trization o — o(1 + €,(A, )). We note that, to keep

PHYSICAL REVIEW D 86, 044018 (2012)

o =1 be the extreme limit, one requires €,(A, 1) =0
further. To reproduce the results by the EFT, we should
impose the following gauge condition instead of Eq. (49),

204Gy

C2 = n
npo

, G =C, ay = 0. (88)

B. First law and the Smarr formula

Here we confirm that our solutions satisfy the Smarr
formula

M =" J;l kA + 7L + nQU, (89)
and the first law

dM = tdL + %Kdﬂ + UdO. (90)
Collecting  the  thermodynamic  variables from

Eqgs. (58)-(60), (83), and (84), we write

_I_
M=M0<1 +%(1 + 02))\), A= ;210(1 +7 ; 1/\),

0=0,(1+ ), K=KO<1 —":1/\>,
U=Uy(1+v1—a2), TL=gMO(1—02))l, 1)

where

_ (I’l + 1)a)n+1p(l)
167 ’

A= o (LYY
n ’

My

2 92)
n(n +1) ol
Qo =35 @nt1PbOKe =gVl =07
0
Uy = 7()".
nw, 1P

From the direct computation, the above expressions are
easily confirmed to follow Eq. (89) up to O(A).

To confirm the first law for the current case, we take the
variation of M with L, A and Q. Changing the variables
from (py, A, o) to (L, A, Q), the variation becomes

(0, M) 2.0 ((apoM)/\,U'
(aﬂM)L,Q = % (a/\M)p(],U'
(aQM)Lﬂ\ F(atrM)p/(,,)L (93)
nM/po
a(po, A, o)
a(L, A,
( Q) Myor

Using L={¢(n)/"poA~(/" the Jacobian d(pg, A, o)/
d(L, A, Q) is computed as
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Ipo A o) _ (a(L, A, Q))—1
a(L’ JZL Q) a(p(), )\, 0')

poA/L
= | poko(1 = 2n + 1)A/n)/8mnM,
poUo(1 = 2A)/nM,

Using this, we can show that the variation of M satisfies the
first law (90) up to O(A),

(0.M) 2,0 T
(GAM)L,Q = K/87T (95)
(0oM);, 2 U

Note that this is also achieved through the Harrison
transformation from the neutral seed solutions [20]. On
the other hand, our argument gives us a direct confirmation
using the direct construction of the perturbative solutions.

VIII. SUMMARY AND DISCUSSION

In this paper, we constructed the perturbative solution of
the small black holes with the Maxwell charge in the caged
spacetime using the matched asymptotic expansion. The
expansion of the Maxwell field can be performed in the
same way as the metric. Although our results seem differ-
ent with the EFT calculation in Ref. [16], this is just the
difference in the parametrization. We also confirmed the
first law and the Smarr formula, which were shown for a
sequence of charged black objects in Kaluza-Klein space-
time in Ref. [20].

Another way to construct the charged solution is to use
the Harrison transformation [20,21], which produces the
charged dilatonic solution from the neutral seed solution.
However, the charged stationary solution like the rotating
black ring cannot be produced by the Harrison transforma-
tion. In such case, one should rely on some perturbative
methods with the Maxwell field, as we used in this paper.
Since the charged black ring is studied only by the black-
fold approach [22], it is also interesting to study the
charged black ring beyond the blackfold approach.

We have not included the finite size effect which comes
from the deformation of the horizon. To see this effect, we
must consider the multipole perturbation which will be
studied in future work.

_ < Pl _ 2mlz 2 —(n/2)
¢ mZI (r2 + m2L?)n/2) [(1 2+ m2L? * 2+ m2L? U

- L/r 2p8

PHYSICAL REVIEW D 86, 044018 (2012)

(94)
—nA/L 0
Ako/87mM, —oKy/8TM,
)\UO/MO U0(1+\/1_0'2)\/1_0'2/0'M0
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APPENDIX A: GEGENBAUER POLYNOMIALS

The Gegenbauer polynomials C}(x) are defined as the
coefficients of the following generating function:

1 (o]
—_——— = Cr(x)t, Al
(1 — 2xt + 12)” l:zo /&) (AD
where C}(x) is written as
—_1) 1
Cr(x) — (=D T'(v + 2)F(l + 2v) (1 — 2)-20/2
! 120 Tew)L(+v+1)
d' _
X W[(l _ x2)((21+2y 1)/2)]' (A2)
It follows the equation
(1 —x2)y"— Qv+ 1)y +I(1+2v)y=0. (A3)

APPENDIX B: ASYMPTOTIC LIMIT OF THE
NEWTONIAN POTENTIAL

In the limit, r > z, L, the Newtonian potential ® in
Eq. (21a) behaves as

2mLz 7 —(n/2) Jol
r2+m?l? 2+ m?L? (7% + %)/

n
nwy,+1 Po

2pg
— + O3/ =
Lrn—l'n:](1+(mL/r)2)(11/2) ( /r)

0 dt
+ ny—__——ntl + ).
L1 _[0 (1+2)n/2) oa/r) (n—Dw, L' oa/rm

(B1)
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APPENDIX C: MULTIPOLE PERTURBATION
IN THE NEAR ZONE

In this appendix, we give the equation for the multipole
perturbation around the charged black hole.

1. Ansatz

The static spacetime can be written in this form

ds* = g,(x)di* + g;;(x)dx'dx. (C1)
In this ansatz, we consider the linear perturbations around
the black hole as g,, = gg?,,H) +h where the back-
ground metric is given by

s

2
$B dxndxr = —f(p)di® + ap p2dQ02, .. (C2)

f(p) "
Since the background metric has SO(n + 2) symmetry, we
can expand the perturbations in terms of the spherical
harmonics on the (n + 1)-dimensional sphere. Here, we
consider only scalar perturbations. We explicitly write all
nonzero components of the perturbations,

he = —=f> Alp)Y,, (C3a)
=0
hy = 1Y Bi(p)Y,, (C3b)
=0
hpa = f_l Z Cl(p)@aYb (C30)
=1
— 1
= 52 - 2
AT Dip)| DDy~ - v DV
+ 0%V Y. Elp)Y), (C3d)

=0

where vy, is the metric of the (n + 1)-dimensional unit
sphere and D, denotes the covariant derivative with respect
to y,,. Here, Y, is the spherical harmonics with /-th multi-
pole moment, which satisfies D?Y, = —I(I + n)Y,. The

gauge transformation for the metric perturbations is given
by hy,—hy, + L ggﬁ?,}{) under the infinitesimal coordi-
nate transformations x* — x* — &£#. Then, the components

transform as

!

/
Al_'Al+?‘fp’ Bl_'Bl+2§;)l_7§p’
C— C + &+ fp2L], D;— D; +2¢,
2 21(1 + n)
E—E+—§ ———4 (C4)
p n+1
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where we have expanded &* with the harmonics Y, and ¢;
defined as £* = £;'D*Y,. Note that we have not transformed
the time coordinate . Using the above gauge degrees of
freedom &7 and {;, we can set C; = D; =0 [9]. In the
monopole case, C, and D, are automatically zero and then
&6 becomes the residual gauge. For the vector potential, we
write the perturbations 8A,, 0A,, and 04, as

8A, = ap)Y,, (C5a)
=0

8A, =D bi(p)Y.. (C5b)
=0

BAa = Z Cl(p)DaYI‘ (CSC)

=1

The U(1) gauge transformation of A, — 8A, + 9,4,
where i is a scalar function, transforms the potential as

by — b, + ), =ty (C6)

where ¢,(p) is the expansion coefficient of ¢ for
the spherical harmonics Y. Therefore, we can set ¢; = 0
(I # 0) by choosing i, appropriately. In the monopole case,
we also set by = 0 because ¢ is automatically zero. The
field strength becomes

8F, =—> aY, (C7a)
=0

8F,, =~ a/D,Y, (C7b)
=1

8F,,=— > b/D,Y, (C7c)
=1

2. Perturbation equation

The Einstein equation for the linear perturbation is

1
8R,, = 87T|:5TMV e l(g(BH)"‘BSTaB

1
_ 0B (BH) _ 7(0) ]
haB)gﬂ« n+1 h,LLV
= 8755, (C8)

Under the metric ansatz (C3), the nonvanishing compo-
nents of R, become
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OR,; = — #[—2/)2 Al = Bp*f +2(n + DpfIA] + p*f'B) — (n + Dp*f'E]

—2(p°f" + (n+ Dpf)(A,

zfA;l —

pp

— (n+ 1)(p*f' +4pf)E; + 2I(I + n)B/]Y,

1
OR,, = —[—2pfA] — 2npfE; — (pf' — 2f)A, + (pf’ + 2nf)B,1D,Y,,
dpf

- B[) + Zl(l + n)Al]Yl,

(C9a)

2(n + D> fE] = 3p*f'A] + (p°f' + 2(n + 1)pf)B,

(C9b)
(C9¢c)

1
Oy = 5|~ = (027 + 200+ DPIE] — p(A] = B) + 20pf + nf)B: — E) + 10+ wE; [V

- %[Az + B, + (n — 1)E;]D,D,Y,,

where we write only the /-th pole components. On the other
hand, the nonvanishing components of 85, become

88, = —f——(2€al + E2B))Y,  (Cl0a)
n+1
1 n
0S,, = ? p— (2&a) + E2A)Y,, (C10b)
1
= p2 _ - I— /
BSab P Yabn ¥ 1[ 25”1
+ SZ(EI - Al - Bl)]Yl’ (CIOC)
1
5Spa = ?5al@aYl, (ClOd)
6S,, = fEb,D,Y,, (C10e)

where & is defined by Eq. (14). From 6R,, =0 and
Eq. (C10e), we see b; = 0 for [ # 0. Moreover, a;(I # 0)
is determined by using the Einstein equation from
Egs. (C9c) and (C10d). Therefore, we do not need to solve
the Maxwell equation directly to determine a;(I # 0).

(n+ Dp*fII" + (n + 1)pfIl’ —

pr V" + 2p%f + Bn + 17)p AW + (2n* — I(I + n))¥ = 0.

Using the new dimensionless variable x = (p/p,)",
Eq. (C13) becomes

H dIl
fx + fo — pi(p; + DII
2

=7 lpl(l?z + V¥ (Cl4a)

and

d 7

f2 (2f+#)—+a pipr+ DY =0,
(C14b)

where p;=1/n. Using f(x) = (x —x,)(x —x_)/x?%,

Eq. (C14b) becomes

(C9d)

3. Master equations

From the traceless part of Egs. (C9d) and (C10c), we
obtain the following algebraic relation:

because [(n + 1)D, D, — v, D*]Y, # 0 when [>1.
Note that for [ = 0, 1 we do not have any constraint from
the perturbation equations but we can require this equation
by using the residual gauge [see Eq. (38)].

Now, we introduce the following master variables:

A]E\II_HH, BIEH_\P, EZE]._.[, (C12)

which satisfy Eq. (C11). Using the master variables, we
obtain the following master equations from the perturba-
tion equations:

(n+ DI+ n)Il = =2I(I + n)V¥, (Cl13a)
(C13b)
[
2
(x—xp)(x— x,)% + (4x — 2x, — 2x_ )ﬂ

This equation has the three singular points : x = x_, x,

and oo. Therefore, the equation for W becomes the

hypergeometric  differential equation. Using ¢ =

(x—x)/ (x+ — x_), it becomes standard form

&1 - f) i& + 2 - 4§)—§ +(pr +2)(p — DY =0.
(C16)

This is the same with one for the neutral case [9].

Similarly, defining II = xI1/(x, —x_), Eq. (Cl4a)
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becomes the hypergeometric differential equation with a
source term

(-l =22t Dt oy,

T + pi(pr + DI

(C17)
where we defined e = x_/(x; — x_). So, our multipole
solution, in general, can be written by four hypergeometric
functions and the characteristic solution for Eq. (C17). In
the neutral case, we do not need to solve the equation for I1
because I1 is obtained directly from ¥ using Eq. (C9c) and

SR, = 0.

APPENDIX D: GAUGE TRANSFORMATION INTO
THE HARMONIC COORDINATES

To match the near solution with the asymptotic solution
in the overlap region, we need the near solution written in
the harmonic gauge. If we write the harmonic coordinates
as xj (x*) = (t, py(p), x,...), the harmonic condition
(V2x#* = 0) becomes

V2(p,, cosy) = 0. (D1)

In the above, V? is the Laplacian for the full near metric
Suv = g%{) + h,,. Since the monopole perturbation does
not depend on y, Eq. (D1) up to O(1/L") becomes

1 1
(1 — 5h<">)a,,[(1 + Eh<">)p"+1f(1 — Bo)apph]

= (n+ 1)(1 + Ep)p" 'py (D2)

where 1) = A, + By + (n + 1)E, is the trace of hifl
J

PHYSICAL REVIEW D 86, 044018 (2012)
©) 4 (n (n)

We expand p;, as p, = p,” + p; ), where p,” is of
O(1/L"). Then, the O(1/L°) equation becomes
3,(p"  fo,p)) = (n+ Dp ' p.  (D3)

Assuming p;, — p as p — o, the solution is given by

Py =p —% pp O+ O /p> ). (D4
The O(1/L") equation is
0,(p" 1 f0,p3") = (n + Dp" 1 pft)
= 9,(p"* ' fByd ppﬁ)—f 19,k fa,pf
—(n+ 1)p" 'Eyp . (D5)

Note that the O(1/L") equation is trivial in the gauge

choice (49). Here we consider cases for general C,, Cs,

(m)

a. Assuming p,” — 0 as p — 0o, the solution becomes

n) _ C3 + nCz pg
Py = —FH

. O+ 03 /p> ). (DO)

As a result, we have

(1 = nC, = C3) + O(pg"/ p* ™).

D7)

_ _ __bPo
pi(p) = p ImpT

This equation gives the coordinate transformation from
(t, p, x,...) into (¢, py(p), x, . ..). In the harmonic coordi-
nates, the near zone metric and the gauge field become

g = — £(p)(1 + Ay(p)) = —(1 —2C, — (1 -2C) — C3)p—2> +00/L>, 1/ pj"), (D8a)
near a 2 — 2C 2C n n
gl — (a—”) FU )1+ Bolp)) = 1+ 250 4 Pb. (1 26 63) +00/L>, 1/p2) (D8b)
Ph np} n
2C 20
e = 0201+ Eolp)) = p(1+ 20+ L (14 28— ) o0/ 1 /7)) (D8o)
n  npy n
Fipen) — fizzﬂ(l — g —2C, + O(1/L*, 1/p})). (D8d)
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