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Size of the o- meson and its nature
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In this work the nature of the o or f(H(500) resonance is discussed by evaluating its quadratic scalar
radius, {(r2)¢. This allows one to have a quantitative estimate for the size of this resonance. We obtain that
the o resonance is a compact object with (r*)7 = (0.19 = 0.02) — i(0.06 *+ 0.02) fm>. Within our
approach, employing unitary chiral perturbation theory, the o is a dynamically generated resonance
that stems from the pion-pion interactions. Given its small size we conclude that the two pions inside the
resonance are merged. A four-quark picture is then more appropriate. However, when the pion mass
increases, for pion masses somewhat above 400 MeV, the picture of a two-pion molecule is the appropriate
one. The o is then a spread 77 bound state. These results are connected with other recent works that
support a nonstandard nature of the o as well, while fulfilling strong QCD constraints, as well as with
lattice QCD. We offer a detailed study of the low-energy S-wave 7r7r scattering data from where we
extract our values for the threshold parameters of S-wave 77 phase shifts, the O(p*) chiral perturbation
theory low-energy constants as well as the o pole position. From the comparison with other accurate
determinations in the literature we obtain the average values for the isospin 0S-wave 77 threshold
parameters, a) = 0.220 * 0.003, b3 = 0.279 =+ 0.003M 2, and for the real and imaginary parts of the o
pole position in /s, 458 + 14 — {261 = 17 MeV. The quark mass dependence of the size of the o, its
mass and width are considered too. The latter agree accurately with a previous lattice QCD calculation.
The fact that the mass of this resonance tends to follow the threshold of two pions is a clear indication that
the o is a dynamically generated meson-meson resonance.
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L. INTRODUCTION

The lightest resonance in QCD with the quantum num-
bers of the vacuum, JP© = 0% " is the o or f,(500) reso-
nance [1]. Its connection with chiral symmetry has been
stressed since the 1960s in the linear sigma model [2],
while its tight relation with the nonlinear sigma model was
realized in the 1990s. In this respect there have been
several papers that clearly connect this resonance with
chiral dynamics of the two-pion system. One has first to
mention the works of Truong and collaborators [3—6] who
first emphasized the important role played by the null
isospin (I) S-wave w7 final state interactions in several
processes giving rise to a strong numerical impact on the
estimations based on current algebra technique or chiral
perturbation theory (ChPT) [7-11]. A notoriously im-
proved comparison with experiment was then obtained,
e.g. for K, decays [3], n — 3 [4], scalar and pion vector
form factors [5] and 777 scattering [6]. These works stress
the role of the right-hand or unitarity cut and make use of a
method to resum unitarity based on the expansion of the
inverse of a form factor or scattering amplitude. This is the
so called Inverse Amplitude Method (IAM), that in the end
is analogous to a Padd¢ method of resummation. Within
this technique the o pole was first obtained in Ref. [12],
together with the K* and p resonances in the P-waves.
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However, due to the lack of coupled channels, no further
light scalar resonances were generated, in particular the
£0(980) and a((980).

Independently, the o resonance pole was also obtained
simultaneously in Ref. [13], together with the 7 =10
f0(980) and a((980) resonances. The associated ampli-
tudes were determined by solving the Bethe-Salpeter equa-
tion taking as potential the lowest order ChPT Lagrangian.
Only one free parameter (a natural sized cutoff) was
involved. Later on, when the IAM was extended to coupled
channels [14], it was possible to obtain in Refs. [14—16] the
o, f0(980), a((980) and « resonances altogether, that is,
the whole nonet of the lightest scalar resonances [17-22],
together with the nonet of the lightest vector resonances.

The approach of Ref. [13], based on solving a Bethe-
Salpeter equation, was put on more general grounds in
Ref. [19] by applying the N/D method [23]. In this way,
it is possible to include higher orders in the chiral counting
[24,25] as well as explicit resonant fields [26], if required.
Later works based on this scheme are Refs. [27-30]. With
this approach [19] one builds a unitarized meson-meson
scattering amplitude by solving the N/D equations in an
algebraic way so that an approximate solution is obtained
by treating perturbatively the crossed cuts. As a result, the
ChPT expansion is reproduced order by order, while the
unitarity cut is resummed [24]. In this respect, one should
stress that the crossed cuts can be treated perturbatively for
the isoscalar 77 S-wave. Its size was estimated to be
smaller than 10% in Ref. [19] along the physical region
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for energies up to around 1 GeV. Indeed, different
approaches with various degrees of sophistication provide
very similar values for the o pole resonance parameters,
mass and width. Either by employing just the leading order
(LO) ChPT [13] (without left-hand cut at all), next-to-
leading order (NLO) [12] or next-to-next-to-leading order
(N2 LO) [31]. In these two later references the left-hand
cut is included as calculated by ChPT at one- and two-loop
orders, respectively. The fact that the results are very
similar clearly indicates that the left-hand cut is indeed a
perturbation. The o pole positions in /s, with s the total
center-of-mass energy squared, obtained in these works
are: /s, = 468 — i194 MeV [13], 440 — i245 MeV [12]
and 445 — i235 MeV [31]. In the following we identify the
mass and half-width of the o resonance from the pole
position as M, — il',/2 = /5.

More recently, Ref. [32], based on the solution of the
Roy equations [33] and ChPT at two-loops [34,35],
obtained the value 445%16 — 2729, MeV. The Roy equa-
tions implement crossing symmetry exactly, while the
previous references [12,13,19,31] do it perturbatively.
The fact that all these pole positions for the o lie rather
close to each other (particularly one can say that conver-
gence is reached very accurately for the real part) is
another indication for the correctness of treating crossed-
channel dynamics perturbatively, as done in the framework
of Refs. [19,36] (see also [37-39]). Indeed, to our mind,
both schemes are complementary because the Roy equa-
tions need for their implementation of the knowledge of
large amount of data in several partial waves up to high
energies, which is affected by systematics errors in experi-
ments (many of them old ones) and also in theory (e.g. high
energy extrapolations), not always well under control. Let
us also mention that all these analyses neglect altogether
the inelasticity due to the 47 channel in 77 S-waves so
that, up to the opening of the KK threshold at around
1 GeV, no inelasticity is assumed. The 47 channel was
approached in Ref. [28] as oo and pp states (with their
couplings to all the channels predicted from chiral dynam-
ics) and found the o pole at 456 = 6 — i241 + 7 MeV.!
This pole position is quite close to those in the previous
references and compatible with the result 484 = 17 —
i255 = 10 MeV from Ref. [40]. Thus, since the pole posi-
tions of Refs. [12,13,28,31,32,40] lie so close to each other
we could conclude that our present knowledge on the pole
position of the o resonance is quite precise and, further-
more, we understand the underlying physics at the had-
ronic level.

Between earlier approaches to the previous discussed
results based on ChPT concerning the lightest scalars, we

'"In addition this reference was able to reproduce simulta-
neously all the isoscalar S-wave resonances quoted in the PDG
[1] from 77 threshold up to 2 GeV. A coherent picture of the
scalar sector dynamics and spectroscopy then arose, including
the identification of the lightest scalar glueball.
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have Refs. [17,41] within the MIT bag model that already
in the late 1970s predicted a complete nonet of four-quark
0*" resonances (comprising the o, f,(980), ay(980)
and ), with M, = 660 = 100 MeV and I', = 640=*
140 MeV. The four-quark nature of the lightest scalars is
also favored in Refs. [42-45] attending to scattering and
production data, including two-photon fusion, J/W¥ and ¢
decays, and in Refs. [46,47]. The important role played by
two-meson unitarity for understanding the scalar sector for
J5 =1 GeV was also stressed in Ref. [18] (a similar
approach was later followed in Ref. [48]), employing a
unitarized chiral quark model, and in Ref. [49], within the
Jillich meson-exchange models. Considerations based on
increasing the QCD number of colors, N, were exploited
in Refs. [19,47,50-52], showing that the o resonance has
a nonstandard N dependence. This can be done more
safely for No = 3, not too large, while statements for
N > 3 depend much more on fine details of the approach
[39,52-57]. QCD sum rules were also applied for the study
of the lightest scalar meson, e.g. in Refs. [58-62]. It is
argued too that the o resonance is the chiral partner of the
pion [63-66] and the way in which the o pole evolves
when approaching the chiral symmetry restoration limit is
different according to the nature of this resonance [67].
From an experimental point of view new interest is
triggered on the o resonance from recent high-statistics
results, e.g. J/V — wm where a conspicuous peak is
seen [68]. Indeed, this decay mode was the first clear
experimental signal of a o resonance [69,70]. Another
marked peak around the o energy region is also observed
in several heavy meson decays. E.g. it was observed with
high statistical significance in D — 7wt 7~ 7+ [71]. Both
types of decays present a strong peak in the o mass energy
region because the absence of the Adler zero in the pion
scalar form factor, as explained in Refs. [72,73].2 However,
for the low-energy scalar and isoscalar 77 scattering the
presence of an Adler zero at s =~ m2 /2 requires of a strong
nonresonant background to cancel the pole contribution
from the o resonance, as discussed in Ref. [72]. The role of
this large nonresonance background, taking into account
the Adler zero constraint, was already stressed in Ref. [76]
in order to understand S-wave I = 0 777 scattering. These
results triggered other studies on the o and k resonances,
e.g. [21,22,77,78]. Another field of increasing activity,
both experimental [79,80] and theoretical, concerns the
fusion of two photons into a pair of pions and from there
to extract the width of the o to yy [81-86]. This is also
expected to shed light on the nature of the o meson
[81], once nonresonant background effects are properly
considered. At this point Ref. [81] relies on the fact that
nonresonant terms in the S-matrix mainly affect the
phases of residues but not their modulus for sufficiently

One can explain consistently both types of decays in terms of
the pion scalar form factors [72,74,75]
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narrow resonances [87], which is arguable for the o
case [86,88].

The relative strength of the o coupling to KK compared
to 77 is also taken as an important property in order to
disentangle between different models for the nature of the
o meson (gqg, four-quarks, glueball or 77r-molecule), as
stressed in Ref. [59]. This reference points out that the not
so much suppressed coupling of the o to K* K~ (g, x+x-)>
as compared with that to 7" 7~ (gorm ) |€ok+k-1/
lgorm| = 0.37 £0.06 [59], is a key ingredient to advo-
cate for a gluonium nature of the o meson. According to
Ref. [59], a simple gg interpretation of the o fails to
explain the large width of the o while a four-quark scenario
has difficulties to explain its large coupling to K*K~. It
is then worth emphasizing that the T-matrices obtained
in Refs. [13,19,28] also predict a ratio for the o couplings
to K"K~ and w7 in perfect agreement with the
value above of Refs. [58,59,89]. Explicitly, we have
lgok+k-1/185m+ x| = 0.36 = 0.04 from the average col-
lected in Ref. [20]. However, in our case this stems from
the dynamical generation of the o resonance from the
Goldstone boson dynamics associated to the strong
scalar-isoscalar 777 interaction. We also stress that this
approach has been confronted with a large amount of
data from different reactions, both scattering and produc-
tion experiments, in most of the reactions already quoted in
this introduction. However, the extensive phenomenologi-
cal studies of Refs. [44,45,90] obtained much smaller
values for the previous ratio of couplings.

One of the aims of this work is to show that the often
identification of dynamically generated resonances from
the interactions of two mesons (pions in our case) as
meson-meson molecules is misleading. As we show here,
depending on the meson mass, one can have situations
where the size of a dynamically generated meson-meson
resonance is certainly too small to be qualified as a two-
meson molecule. Indeed, its size could be as small as that
of one of the mesons involved in their formation. The fact
that the o is such a tight compact object clearly hints that
the two pions pack so much that it is not meaningful
anymore to keep their identities separately. At this stage,
a four-quark compact resonance seems a more appropriate
picture. This is also supported by the N, evolution of the
o-pole trajectory which is clearly at odds with the expec-
tations for a purely gq or glueball resonance, but in the
lines of what it is expected for a meson-meson or four-
quark resonance [39,52-57,91]. However, by increasing
the pion mass the o resonance pole tends to follow the
two-pion threshold, and when it is close to the latter its size
increases, becoming a spread object. This is a clear indi-
cation for the molecular character of the o for large enough
pion masses, M, = 400 MeV. In addition, let us also
emphasize that our work is the first calculation of the
size of the o resonance. This is a novel way to study its
nature in the literature.
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The rest of the paper is organized as follows. In Sec. II
we give a short introduction to the SU(2) ChPT
Lagrangians both at LO and NLO that are used in the
rest of the paper. Next we dedicate Sec. III to evaluate
71T scattering at one-loop order in Unitary ChPT. A wide
set of data is fitted, including some recent lattice QCD
determinations as a function of M .. We pay special atten-
tion to the threshold parameters and the o pole position.
For these quantities we also compare with previous phe-
nomenological determinations and the lattice QCD results
on the dependence of the o pole mass as a function of the
pion mass. We dedicate Sec. IV to the calculation of the
scalar form factor of the o resonance. First pion scattering
in the presence of a scalar source is discussed. The scalar
form factor of the o is calculated from the double o pole
present in the amplitude for the previous process, once 77
initial and final state interactions are taken into account.
Then, we determine the quadratic scalar radius of the ¢ and
then have some information on the size of this resonance.
We stress that this radius is pretty small, around 0.5 fm,
indicating that the o is a compact object. We also discuss
the relation between the value of the o scalar form factor
at the origin and the dependence of the o pole with the
pion mass, related by the Feynman-Hellmann theorem.
Both issues, the quadratic scalar radius and the Feynman-
Hellman theorem, are addressed in Sec. V. After conclud-
ing in Sec. VI, we dedicate Appendix A to the loop
functions used throughout the amplitudes calculated,
which are in turn given in Appendix B for pion scattering
in the presence of a scalar source.

II. SU(2) CHIRAL LAGRANGIANS

We follow the standard ChPT counting and the pro-
cesses under consideration, the scattering of pions with
and without the presence of a c-number external scalar
source, are calculated both at LO and NLO. The chiral
power counting of a connected diagram, p? (where p is a
generic small momentum compared to Acppr = 1 GeV),
obeys the equation [7,10]

D=2+ Y Nyd—2)+2L. (1)
d

In this equation, d is the chiral dimension of a vertex, N,
the number of vertices with dimension d and L is the
number of loops. Each derivative increases the counting
by one unit and the lightest quark masses add two units to
D. The LO calculation has D = 2 with no loops (L = 0)
and involves only d = 2 vertices. For the NLO, D = 4, and
one has diagrams with L =1 that involve only d = 2
vertices. There are also diagrams with L = 0 with only
one d = 4 vertex, with the rest of vertices having d = 2.

Up to NLO, O(p*), one has to consider the SU(2) chiral
Lagrangians at O(p?), £,, and O(p*), L,, that we take
from Ref. [7]:
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F2
L,= T(Vﬂ UTVHU + 2(xTU)), )

L, =1,(V*U"V ,U)* + L(VFUTV'U)(V UV, U)
+ LXTU)? + 1,(VF XV, U) + - -, 3)

where F is the pion weak-decay constant in the chiral limit,
the terms proportional to the /; are the NLO chiral counter-
terms and the ellipsis indicate terms not shown because are
not needed here. The pion fields are included through the
0(4) real vector-field U(x) of unit length, UTU = 1, as:
ax) 1.,

ﬁ(X):?_F T, T )7T3))

Uo(x)=\/1—l7(x)2=1—%l72—%l74—--- (4)

We also use the relation between the charged and Cartesian
pion fields given by

UT=(U°(x), U(x)),

1= ;.2
L _ T Fim 0 3

= 5 = 7. (&)

The explicit chiral symmetry breaking due to the finite u
and d quark masses enters through the vector-field y7 (x) =
2B(im + s(x), p'(x)). Here, 2B = M? is the pion mass at
leading chiral order’ and 77 is the algebraic mean of the u
and d quark masses (we consider exact isospin symmetry).
The fields s(x) and pi(x) refer to the scalar and pseudo-
scalar c-number external sources, in order. The covariant
derivative V, reduces in the problem that we are studying
to the standard derivative, VM — s since we do not
consider here external vector nor axial-vector currents.
Finally, the parameter B is related to the value of the quark
condensate in the chiral limit {(G'q’) = —8"F?B [7].

In the following we employ the finite and scale inde-
pendent constants /; defined by
L= 1ty () = 25 (1 + loghts
i i Yi 3277_2’ i\ 3272\ Vi OgMZ ’
) (0)
R= “"_4(ﬂ ~ (loghm + (1) + 1)),

so that l_i is, up to a numerical factor, the renormalized
coupling constant /] at the scale u =M =M,. In the
chiral limit the /; are not defined as they are then divergent
quantities. The needed 7y; coefficients are [7]

1 2 1

=, =, =2 7
Y173 Y2 =3 Y4 (7
The infinite quantity R is cancelled with the infinities that

originate from loops, see Appendix A.

*In our notation M represents the pion mass at LO, i.e., the
parameter that appears directly from the Lagrangian, while M,
refers to the physical pion mass.
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-Z(p?) O
——] > - + o
FIG. 1. Diagrams for the one-loop calculation of the pion self-

energy. Full circles represent O(p?) vertices, while the empty
ones correspond to the O(p*) vertices.

The calculation of the pion self-energy, —iX(p?), is
necessary in order to take into account the renormalization
of the wave function of the initial and final pions. One has
to evaluate the diagrams in Fig. 1 with the result:

3MPAM?) | 2M*ly  pPAg(MP)

2F? F? F?
Notice that 3(p?) is linear in its argument. The one-point
function Ay(M?) is given in Eq. (A2), Appendix A, to-
gether with the different n-point loop function needed in
this work. We can write the self-energy Eq. (8) as:

2(p?) = 2(M3) + 2 (M3)(p* — M3). ©)

The Dyson resummation gives for the renormalized propa-
gator, Ag(p?),

3(p?) =

®)

. 7
Ag(p?) = : = 1
N P Ve TRV Rl VAR
where
2
Z~1+6Z=1 —Aogf ) + OM*),
2 (11
M2=M2<1—7l_>+ M$).
T 327T2F2 3 (9( 77)

Then, in order to take into account the renormalization of
the pion wave function in our diagrams (both for 7w
scattering and for the wars — 77 process), with four
external legs, we have to multiply by a factor (Z!/2)* =
72 =1+ 28Z + O(M*). In the following, we should keep
in mind that the pion propagators employed are iAg(p?),
Eq. (10), in terms of the physical pion mass. This will make
simpler the calculation of some diagrams for the process
7rars — arar. Let us also mention that the amplitudes cal-
culated are given in terms of the physical mass and weak-
decay constant of the pion. The latter is given by [7]:

2

M
F,=F(1+——=1I,)+ 0OM).
. (1 = 214) O(M*) (12)

III. 777 SCATTERING AND THE o MESON

A. The 77w — w7 amplitude

The chiral Lagrangians exposed in Sec. II comprise four
low-energy constants (LECs), [;, at O(p*). Additionally,
our resummation procedure, explained below, includes
a subtraction constant through the two-meson unitarity
one-loop function. Before considering the w7s — 7w
amplitude, we must fix these free parameters. This
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KK

(©)

AX X

FIG. 2. Feynman diagrams for 77 scattering up to NLO. Full
circles represent O(p?) vertices, while the empty ones corre-
spond to the O(p*) vertices.

is accomplished by comparing our results for the scalar
7 — 7 phase shifts with /7 = 0, 2 with experiment, and
also other observables with lattice QCD determinations.
We denote by y,(s, 1) the I = 0 7rar scattering ampli-
tudes calculated from Fig. 2 in ChPT at O(p"), with n = 2
or 4. Their projections in S-wave are indicated by &,(s).
Diagram (a) is the LO contribution, while the rest of
diagrams are the NLO ones. The last two diagrams,
namely, (e) and (f) contribute to the wave-function renor-
malization of the pion external legs. We introduce the
usual Mandelstam variables s, t and u. The variable s
corresponds to the total energy squared of the two pions
in their center-of-mass frame (CM), while the other two are
defined as:
t = —2p>(1 — cosf) u = —2p>(1 + cos6)
, s (13)

s+t+u=4M§T p=Z—M727

Here, p? is the three-momentum squared of the pions in
their CM and @ is the scattering angle in the same reference
frame. The amplitudes &,(s) are then given by,

£,(s) = % [__11 dcosy, (s, 1). (14)

In the previous equation an extra factor of 1/2 has been
included, in correspondence with the so called unitarity
normalization [13]. The I = O 7 state is symmetric under
the exchange of the two pions so that the unitarity normal-
ization avoids having to take into account the presence of
the factor 1/2 whenever it appears as an intermediate state.
In this way, the same formulas as for distinguishable
particles can be employed. In the following of the paper
we employ the unitarity normalization in all the isoscalar
7777 matrix elements unless the opposite is stated.

Let us indicate by T(s) the scalar-isoscalar unitarized
7rar partial-wave amplitude. Following the unitarization
method of Refs. [19,24], the right-hand cut or unitarity
cut is resummed by the master formula:

PHYSICAL REVIEW D 86, 034003 (2012)

V(s)
1+ V(s)G(s)

This formula is deduced by solving algebraically the N/D
method [19,23], treating perturbatively the crossed cuts,
whereas the unitarity cut is resummed exactly. Here, G(s)
is the scalar two-point function,
o(s) — )
(16)
o(s) +

with chiral order p°. In the previous equation o(s) =

J1 —4M2 /(s + i€). The interaction kernel V(s) has a
chiral expansion, V(s) = V,(s) + V4(s) + - -+, with the
chiral order determined by the subscript. The different
chiral orders of V(s) are calculated by matching T(s)
with its perturbative expansion calculated in ChPT. In
this way up to O(p*),

_ V(s)
Tls) = 1+ V(s)G(s)

= V(s) + Va(s) —

T(s) = (15)

1 M
G(s) = o2 (a + logF — o(s)log

= &(s) + £4(s) + ...
V3(s)G(s) + ..., 17)

where the ellipsis indicate O(p®) and higher orders in the
expansion. It results in

Va(s) = &5(s), Va(s) = &4(s) + &,(5)°G(s).  (18)

The finite piece of the unitarity term in Fig. 2 (that is,
the term of &,(s) that contains the unitarity cut and is
proportional to the unitarity two-point one-loop function)
is given by:

7 (s) = —&5(5)By(s). (19)

Here, B(s) is the two-meson loop in dimensional regulari-
zation, without the R + log(M?/ u?) piece (that cancels out
with the other infinite and scale dependent terms, see
Egs. (AS) and (A6) in Appendix A). In this way, the kernel
V(s) = V,(s) + V4(s) has no unitarity cut because

EL(5) + E()G(s) = —&(5)(Bo(s) — G(s)),  (20)

and the cut cancels in the r.h.s. of the previous equation.
The full unitarity cut arises from the denominator
1 + V(s)G(s) in Eq. (15).

In this section we have dealt with the / = O unitarized
amplitudes but, needless to say, the same formalism applies
to the I =2 ones, by just changing the kernel V(s).
We additionally note here that the same subtraction con-
stant is used for both channels, as required by isospin
symmetry [92].

B. Fits and the o meson

At LO, there is just one free parameter corresponding to
the subtraction constant in G(s). At NLO, there are, in
addition, four LECs, l_,-, i=1,2,3,4. For I = 0, the phase
shifts that we fit contain the very precise data of K4 decays
below /s = 400 MeV [93-97]. These data are corrected
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TABLE 1. Summary of our LO and NLO fits. In the last column the y? per degree of freedom
is given.

Fit a l_l l_z l_3 l_4 d./\jf.
LO —1.36 £0.12 - - - - 1.6
NLO —1.2*04 0.8 0.9 46 *+0.4 2+4 39*05 0.7

for isospin breaking effects, as explained in Ref. [98].
Above that energy, the data of Ref. [99] and the average
of different experiments [100-105], as used e.g. in
Ref. [19], are taken into account. For I = 2, the data
come from Refs. [106,107]. The fits extended to a maxi-
mum energy ./Smax = 0.8 GeV at LO, both for 1 =0
and [ = 2, whereas at NLO we extend this range up to
Smax = 1 GeV for I = 2. This is not done for I =0
because of the related presence of the KK threshold and
the £,(980) resonance. The phase shifts are denoted by &,
with I = 0, 2. For our NLO fits we also fit recent lattice
QCD results as functions of the pion mass for F. [108,109]
and the isotensor scalar scattering length, a(z) [109,110].*
The dependence of F,. with the pion mass is calculated at
NLO in ChPT, Eq. (12). The scattering length @3 is defined
through the threshold expansion in powers of p? of our full
results:

ReT}
167

that we extrapolate in terms of the pion mass squared.
The resulting values for the fitted parameters are given in
Table 1. At LO the subtraction constant for the G(s) func-
tion is a = —1.36 = 0.12. Four LECs appear additionally
to the subtraction constant as free parameters at NLO. In
order to avoid large correlation among them, the subtrac-
tion constant at NLO is constrained to remain near its value
at LO. This is done by adding a new term to the y? taking
into account the difference between the values of a at LO
and NLO, but enlarging its error at LO from 0.12 to 0.2, so
that its contribution to the resulting y? is tiny but enough to
remove the large correlations that would appear otherwise
among the LECs and the subtraction constant. The parame-
ters of both fits (LO and NLO) are shown in Table I, and the
corresponding phase shifts are plotted in Fig. 3 with their
respective errors. The left panel is for / = 0 and the right
one for I = 2. The (red) dashed lines arise from our fit at
LO (V(s) = V,(s)), whereas the (blue) solid ones show the
NLO fit (V(s) = V,(s) + V4(s)). In the inset of the upper
panel the agreement of our results with the lower energy
data from K,, decay can be appreciated. We must stress
that the difference between LO and NLO manifests mostly
in the I = 2 channel phase shifts, as can be seen in Fig. 3.
In this channel, the left-hand cut is more important, but our

= al + blp* + O(|pl*), @2n

“We consider the spread of these lattice QCD results as a
source of systematic error for our fits. The final errors included in
the fit are depicted by the dashed error bars in Fig. 4.

amplitudes only incorporates the latter in a perturbative
way, so that at NLO it is well reproduced, but it is absent at
LO. In Fig. 4 our results for F,, (left panel) and a (right
panel) are shown, and compared with the aforementioned
lattice QCD results.

In Table II we collect some phenomenological
[7,34,111-116] and lattice QCD [117-122] determinations
of the LECs. For the latter the last values of each collabo-
ration are taken, and, in addition, the direct SU(2) fit results
are selected if values for SU(2) and SU(3) fits are offered.
We have also included the range obtained for /5 from the
data of the NA48/2 Collaboration [97]. These determina-
tions are compared graphically in Fig. 5, where for every
LEC the different results are compatible within errors. The
lattice QCD results concerning [ 1,2 are scarce. The JLQCD
and TWQCD Collaborations [120] recently reported [; —
l_2 = —2.9 = 0.9 £ 1.3, whereas, from our fit, we obtain
I, — I, = —3.8 = 1.3. For the phenomenological determi-
nations in Table II, since /, 1.2 agree well between each other,
also the aforementioned difference between these LECs
does. We finally note that from our fit we obtain at
NLO ChPT that F = 86.8 = 0.8 MeV, so that F,_/F =
1.065 = 0.010, compatible with the estimate of lattice
QCD results given in Ref. [123], F,./F = 1.073 = 0.015.

Our function G(s) stems from the calculation of a once-
subtracted dispersion relation (see e.g. Ref. [19]). If,
instead, it is calculated approximately by employing a
three-momentum cutoff A, one has the following relation
between the subtraction constant and A [15,24]:

2

2
ey M,

Our values for the fitted subtraction constant gives a cutoff
A =750 MeV = M, which is quite a natural value. We
will make use of these considerations based on Eq. (22)
later on, when dealing with the M, dependence of the o
pole position.

The o pole appears in the second or unphysical Riemann
sheet of the amplitude. This sheet is reached by changing
the function G(s) in the following manner [13]. For s real
and above threshold we have

GH(S + lE) = GI(S + lE) - AG(S), (23)

where the subscript denotes the physical (I) or the unphys-
ical (II) Riemann sheet. In the previous equation, AG(s) is
the discontinuity along the unitarity cut,
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FIG. 3 (color online). Comparison of our scalar 777 phase shifts to experimental data for / = 0 (left panel) and I = 2 (right panel).
The (red) dashed line shows our fit for the LO case (V(s) = V,(s)), whereas the (blue) solid one shows the NLO fit
(V(s) = V,(s) + V4(s)). The bands represent our uncertainties. The inset in the left panel shows in more detail the low-energy K,4
decay data. The data for / = 0 are from the K,, decay data of Refs. [93-97] (with isospin breaking effects taken into account as in

[98]) and other data from Refs. [99—105]. For I = 2 the phase shifts are from Refs. [106,107].
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FIG. 4 (color online). Dependence of F,, (left panel) and a% (right panel) with M. as compared with lattice QCD data. The (blue)
solid line is given by our NLO fit, whereas the band represents our estimated error. The data are from Refs. [108-110]. For a3 we also

show the data of Ref. [156], although we do not include them in

AG(s) = Gi(s + ie) — Gi(s — ie) = _igl:f/)g’

with p(s) = Vp? = [s/4 — M2, the CM pion three-
momentum, such that Imp(s) > 0. In order to explore the
unphysical Riemann sheet, one then makes the analytical
extrapolation in the cut complex s plane of Eq. (23).

In the second sheet the o resonance is a pole inthe I = 0
S-wave 7 amplitude,

(24)

8>

s — S,
being g, the coupling to the 77 channel and the ellipsis
indicate the rest of terms in the Laurent series around s,,
(with Ims . < 0). The pole position s,, is given in Table III,
together with the resulting values for the threshold parame-
ters of the scalar-isoscalar partial wave. The o pole position
is used to define its mass and width, M,, — il',/2 = /5.

The error analysis for any quantities calculated here (e.g.
the fitted values for the LECs, o pole position, etc.) is

Ty(s=s,)=— 4+ (25)

our fits.

performed by randomly varying our parameters around
their fitted values and accepting those values for the
parameters which have a y*> < y2. + Ay?. Here x2. is
the best value for the y2. For the LO case, since there is just
one free parameter, we give our two-sigma confidence
interval (otherwise the errors would be too small), given
by Ax?> = 4. At NLO the one-sigma confidence interval
corresponds to A y?> = 5.9. The resulting error ellipses are
shown in Fig. 6 for the threshold parameters, upper panel,
and for the o mass and width, lower panel. Notice that
since there is only one free parameter at LO then a curve
results instead of an error ellipse as in NLO. This is why at
LO we have just shown the resulting value with its errors.

C. The o meson. Comparison with
other determinations

We compare now our results for the o mass and
width as well as for the threshold parameters with
other determinations from Refs. [28,32,40,59,124-126].
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TABLE II.
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Comparison of different phenomenological and lattice QCD determinations of the LECs [;, i = 1, 2, 3, 4. Together with

every reference, for an easier comparison the initials of the authors or those of the collaboration are given.

Ref. I A I I

[7] GL —23+37 6.0+ 13 29+24 46+09
[34] CGL —0.4 + 0.6 431 +0.11 - 44+02
[111] ABT 0.4 +24 49+ 1.0 2519 420 +0.18
[112] PP 03 % 1.1 45+05 - -
[113] GKMS 037095+ 1.71 417 *0.19 + 0.43 - -
[114] BCT - - - 44+03
[115] OR - - - 45+03
[116] DFGS - - ~-15+ 16 42+ 1.0
[97] NA48/2 - - 2.6 32 -
[117] RBC/UKQCD - - 2.57 +0.18 3.83+0.9
[118] PACS-CS - - 3.14 + 0.23 4.04 % 0.19

[119] ETM -
[120,121] JLQCD/TWQCD -
[122] MILC -
This work

- 3.70 = 0.07 =+ 0.26
- 3.38 + 0.40 + 0.24+031
- 2.85 + 0.817037
2+4

4.67+0.03 0.1
4.09 * 0.50 = 0.52
3.98 +0.321031
3.9+05

References [32,40] are recent sophisticated determinations
of the pion pole position claiming to be very precise. In
Ref. [28], based on chiral Lagrangians and the implemen-
tation of the N/D method, a detailed study of meson-meson
scattering in the scalar sector up to around /s = 2 GeV
was performed. All the relevant channels were taken into
account, even the 47 channel through the oo and pp
channels whose interactions kernels were predicted mak-
ing use of chiral symmetry and vector meson dominance.
A good description of the data considered was achieved,
which allowed a full description of the resonances experi-
mentally seen up to that energy.’

The relevant quantities contained in those references are
collected in Table IV, and compared in Figs. 7 and 8 with
our LO and NLO determinations. If all these determina-
tions can be considered as different measures of the
same physical quantity, then they should be compatible.
A good check of their mutual compatibility is to determine
whether they are compatible within errors with their
weighted average.® These values are calculated and given
in Table IV.

The ideal situation is that for the threshold parameters a,
and by, as can be seen by simple inspection of Fig. 7, or
directly from the values in Table I'V. All values agree within
errors with their weighted average:

ad = 0.220 = 0.003, bIM2 = 0.279 £ 0.003.  (26)

°In Table IV we double the errors of our previous determi-
nation [28], so as they have a similar size as those from other
calculations. In this way the weighted average is not so much
biassed from just one determination.

®For a given set of N independent measures x; with their errors
o;, the (weighted) average is given by x = (XY x;/07)/
(¥ ,1/0?) and the standard deviation o by 1/0?=

N, 1/a?.

The latest NA48/2 Collaboration result [97] is ag=
0.2220 = 0.0128, == 0.0050,5 = 0.0037,, in good agree-
ment with Eq. (26). For completeness we also report our
result at NLO for the / = 2 isoscalar scattering length:

al = —0.0424 = 0.0012. (27)

The last value from K,, decays of the NA48/2 Collabo-
ration [97] is aj = —0.0432 = 0.00864, = 0.0034, =
0.0028,, whereas the precise determination of Ref. [35]
gives a3 = —0.0444 = 0.0010. At this point, it is worth
stressing that our unitarized amplitudes with the kernels
calculated at NLO allow a good reproduction of the low-
energy behavior (K,, data and scattering lengths) while
keeping the agreement with the higher energy data.

The case of the o mass and width is not so mild. In Fig. 8
one can see that the agreement within errors of the different
values with the weighted average starts at the level of
(2 — 3)o. At this stage it is then preferable to take the
mean of the different measures instead of the weighted
average. In this way we have:

M, =458 = 14 MeV,  TI,/2 =261 %17 MeV.

(28)

The resulting error is around 3 times bigger than that for
the weighted average over the different values considered.
The different determinations agree within errors with the
above result, Eq. (28). It can be concluded that our present
knowledge on the pole position of the o meson is quite
precise, with the uncertainty of the order of few tens of
MeV, lying in a range much narrower than the values
nowadays reported in the PDG.
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FIG. 5 (color online).

Comparison of the different lattice QCD and phenomenological determinations of the LECs collected in

Table II. The (green) diamonds are lattice QCD determinations, and (red) circles are the phenomenological ones. The range obtained
for [; by the NA48/2 Collaboration is represented by a (blue) triangle. The (black) squares are our results. For an easier comparison,
we have included a shaded area that represents our results (except for I3).

D. Dependence with M . of the
o meson mass and width

We can now study the evolution of the o meson prop-
erties when the physical pion mass M, varies (e.g. by
changing the current quark masses in QCD). This is an
interesting problem by itself. It is also related to the form
factor of the o meson, F(s), since ds,/dM2 and F(0)
are proportional by the Feynman-Hellman theorem, as
discussed below. At LO, the only changes produced by
varying M2 are those occurring inside the kernel V,(s) and
the loop function G(s). At NLO, F, varies with M2
because of Eq. (12), and also the LECs because it follows
from Eq. (6) that:

~|

i(M2) = T;(M?

7.phys) (29)

TABLE IIl. o pole position and threshold parameters for the
isoscalar scalar partial-wave amplitude.

Fit J55(MeV) al BOM2

LO 465 £2—1i231 =7 0.209 £0.002 0.278 = 0.005
NLO 440+ 10—-1i238 =10 0.219 £0.005 0.281 = 0.006

We can consider the subtraction constant a in the function
G(s) as independent of M, in view of Eq. (22). With the
above considerations one searches the o pole position in
the s-complex plane, s, for different values of M, just as
in the physical pion mass case. The coupling g2 is also
obtained by means of the Cauchy theorem.

Before discussing this evolution, it is useful to make
some analytical derivations. Let us consider the unitarized
7o amplitude, Eq. (15), as a function of both the
Mandelstam variable s and the pion mass squared,
T(s, M2). In the second Riemann sheet it reads:

V(s, M%)
1+ V(s, M2)G (s, M%)

T(s, M2) = (30)

This function has a Laurent series around s, expressed in
Eq. (25). Taking the derivative of T'(s, M2) with respect to
M?2 in both sides of Eq. (25), and attending to the double-
pole terms, one obtains:

g5 (M?)
V(sy M%)
— V(sg, M2)?G (s, M2)),

so’(Mzr) = - (V(sa" M727)
(31)

where the dot denotes derivative with respect to M2. In
the previous equation we have taken into account that
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FIG. 6 (color online). Monte Carlo-like error analysis for the o
mass (M, = Re,/s,) and half-width (I',/2 = —Im,/5,) and
threshold parameters a8 and bg. The (blue) error ellipses corre-
spond to the NLO fit while the single (red) point with errors is for
the LO result.

Eq. (30) requires that Gy (s,) = —1/V(s,) at the pole
position s,;.

Analogously, since g, (M2)? is minus the residue of the
pole of the amplitude in the s variable, one gets:

V(sq M7)?

2 M2 — ,
8o Mx) = Uit M)~ Vs, MEPG (s, ME)

(32)

where the prime denotes a derivative with respect to the s
variable. One should replace Gy;(s,, M%) by G(s,, M2)
(the function in the physical Riemann sheet) in Egs. (31)
and (32) for the case when the o pole becomes a bound
state. From Eqgs. (31) and (32), given the knowledge of s,
and g2 in the physical case, the evolution of the pion pole
and the coupling with M2 could be studied directly. We
have checked that the numerical results are the same as
those obtained by looking for the pole in the complex plane
for different pion masses, as explained above.

The main features of the evolution of the o meson with
M . can be grasped by the inspection of Figs. 9 and 10. In
Fig. 9 we show /s, as a function of M, so that, M, is
shown is the upper plane, I';,/2 in the middle one and the
plane M, —I',/2 in the panel on the bottom. The (red)
thinner solid lines originate from the LO calculation,
V =V,, and the (blue) thicker solid ones from the NLO

PHYSICAL REVIEW D 86, 034003 (2012)

results, V =V, + V,, Eq. (18). For the physical situation
(M, = 140 MeV), we have the case just described, that is,
the o meson is seen as a pole in the unphysical Riemann
sheet. As we increase M, the imaginary part of /s,
decreases, becoming zero at M, = 310 MeV for LO and
at M, =330 MeV for NLO.’

In Fig. 10 we show s, in units of the pion mass squared
in the first and second panels from left to right. In the latter
the scale of the ordinate axis changes and is restricted to
values slightly slower than 4M2, so that one can appreciate
the evolution of the real part of s, and distinguish it from
the line s, = 4M2 (which is difficult to realize from the
first panel for M, = 300 MeV). In the last panel we show
g2 in the same units for varying M .. For all the panels the
solid (dashed) lines are for the real (imaginary) part, and
the thicker (thinner) lines correspond to NLO (LO) results.
Notice that both for LO and NLO, g2 diverges at the point
where s, becomes purely real. Approaching this point
from lower values of M, Img2 diverges, whereas, ap-
proaching it from higher values of M, then Reg? is
the one that diverges. This can be understood from the
behavior of the derivative of s, that is not defined pre-
cisely at this point, and in view of Eq. (31), where it is seen
that §, = g2.

For even larger values of M, (M, =370 MeV at LO
and M =~ 480 MeV at NLO), s, osculates the 27 thresh-
old, while standing below it, and changes from the
unphysical Riemann sheet to the physical one, becoming
a bound state. Since s, =~ 4M2 close to this point, the
binding energy is small, and so is the coupling, becoming
exactly zero when s, = 4MZ. These points are indicated
with arrows in Fig. 10. This behavior can be shown analyti-
cally. From Eq. (32), one deduces that for s, =~ 4M37,

g% = —n64dmM [ls, — 4MZ%], (33)

with n = +1 for the unphysical Riemann sheet (at the left
of this point) and » = —1 for the physical Riemann sheet
(at the right). Therefore, g2 = 0 for s, = 4M?, as indi-
cated by the arrows in the rightmost panel of Fig. 10.
However, it is worth noticing that from Eq. (33) it follows

that g2 /4/|s,/4 — M%| = g% /|p,| is finite. On the other
hand, the fact that the pole changes from one Riemann
sheet to the other in a continuous way can be understood in
terms of Eqgs. (23) and (24). The difference between the
G(s) function calculated in the two Riemann sheets is

7 At this point another pole (not shown in the figures) starts to
appear below the o one. This is due to the appearance of two real
solutions for the equation 1 + V(s)G(s) = 0, since the imagi-
nary part of s, is zero in this region. There is no need to consider
further this pole since, irrespective of whether it lies in the same
Riemann sheet than the higher pole, the effects of the latter
overwhelmingly dominate over those of the former. For smaller
M ., since the solutions are not real, the o corresponds to two
complex conjugated values.
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TABLE IV. Valuesof M,,T",/2, ag and b8 extracted from the literature. The value of Ref. [97]
corresponds to the latest experiment on K,4 decays (with the errors added in quadrature for an
easier comparison).

PHYSICAL REVIEW D 86, 034003 (2012)

Ref. M, (MeV) I, /2(MeV) al bOM2
[124] 470 = 50 285 £ 25 - -
[32] 44111 27219, - -
[40] 484 = 17 25510 0.233 £0.013 0.285 = 0.012
[28] 456 = 12 241 = 14 - -
[125] 463 = 6731 254 = 673 0.218 = 0.014 0.276 = 0.013
[59] 452 = 12 260 £ 15 - -
[126] 457*14 279+ - -
[97] - - 0.222 = 0.014 -
[35] - - 0.220 = 0.005 0.276 = 0.006
This work 440 = 10 238 £ 10 0.219 = 0.005 0.281 = 0.006
Average 453 £5 258 £5 0.220 = 0.003 0.279 = 0.003
Mean 458 = 14 261 £ 17 0.223 £ 0.007 0.280 = 0.004
given by a piece proportional to o(s,) = /1 — 4M2% /s, x=M3/u; (36)
that vanishes for s, = 4M2. At this point, where the o is a nd
zero bound state, one also has an infinite value for the a
scattering length. a="Tu2/(327*F2) = 0. (37)

The mere existence of this critical point can be exam-
ined analytically. For s = 4M2, the function G(s) can be
written as:

a+logM—z’ logsz
G(s = 4M?2) = E=_5 34
(0= M) = o2 = Tom G

with u2 = e “u? a new scale. If we concentrate on the
simpler case of LO, V(4M2) = 7MZ%/2F2, the equation
for finding a pole at s = 4M37, V=1 + G =0, can be cast
as f(x) = 0, with

Since a = 0 a zero of the f(x) function is only possible for
0 = x = 1. Actually two zeros of this function exists if the
value of the function at its minimum x, = e~ ! is negative
(see Fig. 11). This condition in terms of the variable a
requires that the latter is smaller than the critical value a,

7u?

— 1+ log—t__
A 802 F2

(38)
If this is the case there is a zero for 0 < x < x; and another
one for xy < x < 1. For our value of the renormalization
scale, u = 770 MeV, a, =~ —0.6, so that the fitted value

fx) =1+ axlogx, (35) i )
a =~ —1.4 given in Table I is much smaller than a,. We also
where have that our value for x, corresponds to M, = 900 MeV,
! ! A ‘ 0.3; —
B —B—
—— —— C —o— | ]
D —e— 0.29j ]
—— —— —
. N;g 0.28f .
5 = — 19
R R 027 .
coaoor o, () Caoo1 . D)L L, 026 vt
02 021 022 023 024 0.250.26 0.27 0.28 0.29 0.3 02 021 022 023 024 0.25
al M2 B0 a?
0 n 70 0

FIG. 7 (color online). In this figure we show the values for the threshold parameters aJ and b)) from different papers in the literature,
as indicated in the plots. In the first two panels, from left to right, the (dark gray) inner strip corresponds to the interval covered by the
weighted average whereas the (light gray) outer strip is for the mean value, both given in Table IV. In the last panel, the rectangles
correspond to the aforementioned intervals in the a8 - bng, plane. The references are: A [125], B [40], C [35] and D refers to the

NLO determination of this work.
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FIG. 8 (color online).

In this figure we show the values for the mass and width of the ¢ resonance from different papers in the

literature, as indicated in the plots. In the first two panels, from left to right, the (dark gray) inner strip corresponds to the interval
covered by the weighted average whereas the (light gray) outer strip is for the mean value, both given in Table IV. In the last panel,

the rectangles correspond to the aforementioned intervals in the M,

—T',/2 plane. The references are: A [32], B [40], C [126],

D [125], E [59], F [124], G [28], and F refers to the NLO determination of this work.

then a pole with s, = 4M? exists for 0 < M, < 900 MeV.
The solution of Eq. (35) for the value of « fitted gives that
this pole is located at M, =~ 370 MeV, as stated above and
indicated by the left most arrow in the panels of Fig. 10.

For the NLO case, the situation becomes somewhat
more involved, and the function f(x) is now:

f(x) =1+ a(x)xlogx(l + a(x)B(x)x),

where a(x) is defined as in Eq. (37), but at NLO one has to
take into account its implicit dependence on x o« M2
through F .. On the other hand, B(x) is defined as

(39)

By = oL 2

logx,
w 21 21 189 “0)
=1 +20) - —l”+—l”+—+ logx,,
S T T
where I} = [;(M?, . .) corresponds to the LECs calculated

at the physical pion mass and

xXp =M% o/ M 41)
For the values collected in Table I we find that s, = 4M2
for M, =480 MeV. Nevertheless, this value is quite
sensitive to the LECs, and it should be taken merely as
indicative (for some values of the LECs not far from the
fitted ones the change from virtual to bound state does not
occur at all). This sensitivity is illustrated by the error band
in Figs. 9 and 10.

In Fig. 9 our results on the pion mass dependence of
the o pole position, partially presented in Ref. [127], are
compared with other works. The (gray) dashed line,
denoted by 1AM, gives the results of Ref. [128] in the
framework of the IAM. The points shown come from the
lattice QCD studies of Refs. [129,130]. Interestingly, we
find a remarkably good agreement with the curve from
the IAM results [128] for M, < 400 MeV. As stated by

the authors, the point where s, = 4M%, and thus the o
meson becomes a bound state, is M =~ 460 MeV when
they employed the NLO ChPT amplitudes [131], whereas
M =290-350 MeV when the N2 LO ChPT amplitudes
were used. We show in Fig. 9 the curves of Ref. [128]
corresponding to this latter case.

A lattice QCD search of light scalar tetraquarks with
JP€ = 0"* (we focus here on the I = 0 results) is per-
formed in Ref. [130]. Along with the lowest 7(p)a(—p)
scattering state, an additional lighter state is found. For
the dynamical simulations of Ref. [130] the former state is
denoted in Fig. 9 with n = 1 (green filled circles) and the
latter one with n =2 (pink filled triangles). For the
quenched simulations we use the (green) empty circles
and the (purple) empty triangles, in the same order as
before.® The points with n =1 and 2 overlap at each
pion mass, and the quantitative agreement with our curves
is satisfactory. However, both our curves and the lattice
QCD results of Ref. [130] do not agree with most of the
points of the lattice QCD calculation of Ref. [129] and, in
addition, the tendency of the points is qualitatively differ-
ent to that for our results and those of Ref. [130].

For larger values of M, we obtain values for the o
meson mass, both at LO and NLO, that remain below but
always close to the 7r7r threshold, in agreement with the
lattice QCD results of Ref. [130]. Note that this is not the
case for the IAM calculation of Ref. [128] for M, =
400 MeV. The fact that the o meson follows so closely
the threshold for higher values of M., both according to
our calculation and to the lattice QCD calculation of

8However, we must also point out that the lattice QCD
simulations are performed for each pion mass at a single volume
and lattice spacing, so the continuum and infinite volume values
of the o meson mass in the bound state case may differ from
those values.
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FIG. 9 (color online). From top to bottom. First (second)
panel: Mass (half-width) of the o as a function of M. In the
last panel we show the half-width as a function of the mass of the
o while varying M .. In the figures the (red) thinner and (blue)
thicker solid lines correspond to the LO and NLO results,
respectively. In the upper panel the (black) thin dot-dashed
line represents the two-pion threshold, 2M .. The larger circles
in the last panel highlight the chiral limit and physical case
results, whereas the smaller circles represent 25 MeV steps in
M, starting at M, = 50 MeV. The dashed, gray lines are the
results of Ref. [128]. The squares in the first panel correspond to
the lattice QCD results of Ref. [129], while the rest of points are
taken from Ref. [130].

Ref. [130], clearly indicates that for such masses it is
dynamically generated from the w7 interactions. We
elaborate further on the nature of the o resonance below.
However, one should keep in mind that the o meson
becomes an antibound or virtual state between those pion
masses in which it has zero width and has not crossed to the

PHYSICAL REVIEW D 86, 034003 (2012)

physical Riemann sheet yet. In the bound state case,
an additional state appears in the energy levels spectrum
in the box, whereas an antibound state does not. In order
to discern the latter situation one should look at other
computable quantities, such as the sign of the I =0
S-wave m scattering length.

It is also interesting to study the chiral limit, M. — 0. As
can be seen in Fig. 10, s,/M2 — oo, because s, remains
finite in this limit. Indeed, the values calculated for s, near
the chiral limit behave as (for M, = 150 MeV),

2

M
so(M%2) = s,, + aM2 + bM2 log——"—, (42)

ar,phys

with the values of the o pole position in the chiral limit
given by /5, =453 —i282 MeV (LO) and /5, =
402 — i263 MeV (NLO), see Fig. 9.

IV. THE SCALAR FORM FACTOR
OF THE o MESON

We turn now our attention to the calculation of the scalar
form factor of the o meson, that is, the interaction of the o
resonance with a scalar source (denoted in the following by
H). As an intermediate step we calculate first the scattering
of two pions in the presence of a scalar source, from which
we extract the scalar form factor of the o. This can be done
because the o originates as a pole in the interaction of a
scalar-isoscalar pair of pions, as discussed in Sec. III. We
start by considering in Sec. IVA the kinematics of the
miH — i reaction, which is somewhat more compli-
cated than the standard kinematics of a two-body reaction.
In Sec. IV B, we discuss the one-loop calculation of the
amplitude 777H — 77 from the chiral Lagrangians of
Sec. II. In terms of this amplitude one can derive the scalar
form factor of the o meson, as performed in Sec. IV C.
This is accomplished by taking into account pion rescatter-
ing, similarly as done above for 777 scattering, with some
modifications that are carefully examined.

A. Kinematics

We are interested in pion-pion scattering with a scalar
source, m(py)+7(p,) + H(q)— m(p3) + m(p,), Fig. 12.
The overall center-of-mass frame, CM, is the same as the
rest frame of the final pions, while that corresponding to
the initial ones is denoted by CMB. Because of the pres-
ence of the scalar source CMB does not coincide with CM.
In the CM one has

S
I
VRS
%
+
~
N
I
/N
2
|
~
=
[3%]

I
Bl
<
E}l\)

(43)

and
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FIG. 10 (color online). From left to right. In the first two panel we show s, in units of the pion mass squared as a function of M. The
second panel shows in more detail the region for M, = 300 MeV. In the last panel g2 is depicted in the same units. In the figure the
(red) thinner solid lines are for the LO results, and the (blue) thicker solid ones correspond to NLO. The solid lines correspond to
the real part of the quantity shown, whereas the dashed ones represent its imaginary part. We indicate with arrows the points at which
s, = 4M>2 at LO and NLO.

P +pP.=—q P+p)=s—¢° q= (4" q). Analogously, one has in CMB:
(44)
N s
pP1= 2 ’ + ’ P = 2 ’ _p ’
We denote by s and s’ the invariant masses squared for
the final and initial pions, in order. At the end of the s M2 0 _ 5~ ' = ¢ (47)
calculation, the limit s, s’ — s, is taken. It follows that p 4 ™ 4 2\/? ’
e (s + 5" — ¢?)?
= —
(p1+p)?=5"=(5—a"P —q* =5+ ¢* — 24"V, 4s’

45
(“43) In the following quantities with a tilde are expressed in

CMB. Notice that p is the three-momentum of the first pion
in CMB, while p refers to the three-momentum of the third

and then,
pion in CM.
The final (initial) two-pion states are projected into
o s—s +4 = (s+s —q°)? _ (46) S-wave in CM (CMB) because the o resonance is defined

q 2\/§ ’ 4s ’ as a pole in the second Riemann sheet of the 77 isoscalar
S-wave in CM (CMB). The unit three-momenta (indicated
with a hat) are given in terms of the polar and azimuthal
angles (see Fig. 13) as:

1 T
0.8 x =Xx0 -
06 T m(p1) 7(p3)
04+ § i
021 i a>a, a
Z 0 i
) \_/ H<q>
-0.21 B
04fF Tz -
0.6 ‘ .
0.8 ‘ - ! L m(p2) m(pa)
0 0.2 04 0.6 0.8 1
X
FIG. 12. Kinematics of the 777 scattering process in the pres-
FIG. 11 (color online). Representation of the function f(x), ence of a scalar source, 7(p;)m(p,)H(q) — 7(p3)7(p4). Pions
Eq. (35), for two values of a, a > a, (upper line) and a < a, correspond to the solid lines and the scalar source to the wavy
(bottom line). The variable x is defined in Eq. (36). one. The gray blob indicates the interactions involved.
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p
FIG. 13 (color online). The unit three-momenta in terms of the
polar and azimuthal angles.

P = (sinf cos g, sinf sing, cosh),
p = (sind cos e, sind sind, cos), (48)
4G=1(00,1),

where we have chosen the z-axis to be the direction pointed
by q. We now work out the Lorentz transformation from
CMB to CM:

(p1 + P2)ems = (\/37 6)

(P + pew = (V5 — 4% —a) = (M, —q).

The transformation reads:

+l_2
sTS t]:’y\/?y

25

It follows then that y = 1/+/1 — v? and v are

—q = —yVs'v. (50)

s+s' — ¢
')’_W, (51)

q 2s
= = . 52
v y\/? s+s’—q2q (52)

We further define the four-momenta 3, and A given by
%= (p1+ p) A =(p1 — p. (53)

In the CM

PHYSICAL REVIEW D 86, 034003 (2012)
S =(s—4¢"% —q). (54)

The momentum transfer A has a simple expression in CMB
where it is given by A = (0,2p). We then perform its
Lorentz transformation to CM, with the result

A() — _2q : f)’
Vs'

A =2p+2(y = DIpl( - 0)§.

(55)

The problem has six independent Lorentz invariant
kinematical variables.” We define, in analogy with two-
body scattering, the following six alike Mandelstam
variables,

s = (p3 + ps)*, s'=(p + p2)?
r= (pl - P3)2’ tl = (pZ - p4)2r (56)
u=(p;—p  u' =(ps—p3)

These variables fulfill the relationship
stt+ut+s' +1 +u =q*+8MZ, (57)

which is the analogous one to s + ¢ + u = 4M?Z valid for
two-pion scattering, Eq. (13). Though g¢? and the variables
in Eq. (56) are not independent because of Eq. (57), it is
convenient to write the different amplitudes wwH — 77
in terms of all of them, given the symmetries present in the
calculation.

In virtue of the previously worked Lorentz transforma-
tion, Eq. (52), we have the four-momenta properly defined
in CM in terms of the key variables s, s/, ¢°> and the
polar and azimuthal angles in the two-pion center-of-
mass frames [the Lorentz invariants only depend on the
difference between the azimuthal angles, see Eq. (59)
below]. It is convenient to express p; = (2 + A)/2 and
pr=(2—A)/2, with ¥ and A given in CM by
Egs. (54) and (55). In terms of this set of variables, the
Lorentz invariants of Eq. (56) are given by

t=2M% —2(a+A+ B+ C),
¢ =2M%2—2(a—A— B+ C),
u=2M2—-2(a+A—-B—-C),
u' =2M%2 —2(a —A+ B —C),

(58)

where

One of the five four-momenta involved in the reaction is fixed
by energy-momentum conservation. From the other four we can
construct six independent scalar products. Notice that p? =
p% = p% = M2 and that ¢?> can be derived from Eq. (57) in
terms of other Lorentz invariants.
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1 1, /5 -
A= EAO 'p§,4 _§|Q||p|\/7?0059,
12 1
B= —EE-p = +§Iq||p|cos6’,
1>
C=—-—-A-
) p

| ||~|(A Q_i_<\/§—\/?)2_qz ; 5)
= —|plipl| PP cosf cosd |.
2.5V

(59)

In the previous equation the five kinematical variables,
s, s, g%, cosf, cosf are used together with the scalar

product
p - p = sinfsind cos(¢p — @) + cosh cosh. (60)

In terms of the variables in Eq. (56) one can express the
inverses of several pion propagators that appear in many
Feynman diagrams that contain the scalar source attached
to an external pion leg, cf. diagram (a.2) of Fig. 14. It
results:

D =(q+p)-—Mi=s+1+u—4M2,
Dy,=(qg+ p))—M2=s+1t+u—4M2%,

(61)
Dy=(q—p3)’ =Mz =s'+1' +u—4M,
D,=(qg—p)>—M2=5s+1t+u —4M2.

KX KX

(a2) (b.1) (b.2)

e ¢

(c.1) (c.2) (c.3)

XK K

(d.1) (d.2) (d.3)

XK IK KA

(e.1) (e2) (.1 (£.2) (£3)

AKX XK KK

(&.1) (&.2) (8.3) &1 (f2) .3)

FIG. 14. Feynman diagrams for the 77 scattering amplitude in
the presence of a scalar source, wmwH — 7, at one-loop order
in ChPT.
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Because of Egs. (59), the angular dependence of these
inverse propagators is rather simple: D; and D, depend
just on cos@, while D5 and D, do on cosf. The propagating
pion can become on-shell for certain angles, giving rise to a
pole in the propagators. These poles, when the S-wave
angular projections are performed, result in logarithmic
divergences. In particular, there is always a pole for
g*> — 0. We treat this issue later on.

B. The w7wH — 77 scattering amplitude

To determine the Feynman diagrams required for the 77
scattering in the presence of a scalar source up to O(p*) in
ChPT it is useful to have in mind first those diagrams of
plain 7r7r scattering in Sec. III, Fig. 2. Now, one external
scalar source has to be added in all the possible ways to
those diagrams. As deduced from the Lagrangians £, and
L,, Eq. (2), the scalar source can couple to any even
number of pions. In Fig. 14 we show the diagrams that
must be calculated at the one-loop level, where the external
scalar source is indicated by a wiggly line. The LO dia-
grams correspond to (a.1) and (a.2).10 Diagrams (a.2), (e.1)
and (f.1) can be handled together because their sum corre-
spond to taking the full pion propagator in between the
external source and the four-pion vertex, Egs. (10) and (11).
In addition, all the diagrams on the bottom line of Fig. 14,
namely, (&.1) — (f.3), correspond to the wave-function re-
normalization of the LO ones. Both issues are derived to
NLO from the pion self-energy diagrams, Fig. 1, Eq. (11).
Once the renormalization of the pion propagator and the
wave-function renormalization are taken into account, as
well as the rest of diagrams in Fig. 14, one has the basic
topologies shown in Fig. 15.

Compared with 77 scattering the presence of the
c-number external scalar source H complicates consi-
derably the simple expressions for the former [7]. The
calculation for each of the diagrams in Fig. 15 is given in
Appendix B. Specifically, we calculate the processes
7 (p) 7 (p)H(q) — 7 (p3)7°(py) and 7°(p)7°(ps)
H(q) — 7" (p3)@m (p4), with the former denoted by T,
and the latter by 7,.. These two processes are considered
in order to isolate the pion pairs with definite isospin (/) by
taking the appropriate linear combinations. The standard
decomposition of the 7°7° and 7% 7~ states in two-pion
isospin definite states, |7m(Il3)), being I3 the third-
component of isospin, is

| 7070 = ‘Elﬂﬂ(ﬂ))) - ‘EI w(00)),
|7ta™) = —\EIWT(ZOD - \EIWW(IOD - \/glmr(OO)),

10f course, the scalar source can be attached to any of the pion
legs but for conciseness we draw explicitly the attachment to
only one. This should be understood in the following.
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XL AKX
X

FIG. 15. Final set of Feynman diagrams for the 77 scattering
in the presence of a scalar source, wwH — i, at O(p*) in
ChPT omitting the pion-propagator dressing and wave-function
renormalization of the leading-order diagrams in Fig. 14.

XII XII

where we have taken into account that |7') = —|m;
I = 115 = —1), as follows from the definition of the 7*
field, Eq. (5). Because of isospin conservation (the scalar
source H(g) is isoscalar), the Wigner-Eckart theorem
implies

(RIS 7s) = + (0S| w20} H)

+ L0018 7 (00)H),

(ISl as) = = 3 (0S| Q0)H)
+ L Er0)ISlmm00H), (6

with S the S-matrix. From this equation we can isolate the
purely /=0 matrix element, A(s,s', g% 6,0, ¢, P),
corresponding to

Alss'.q%, 0,0, ¢, ¢) = (wm(00)| S |7m(00)H).  (63)
From Eq. (62), we have:
A(s 5, 4% 6,0, ¢, §) = (7°7|S| 707 s)
+ At 7 |S|a07Os)
=T,, +2T,. (64)

We are interested in this matrix element because the o is
isoscalar.

The o is an S-wave resonance so that it is also required
the S-wave angular projection of the initial and final
isoscalar pion pairs. This is straightforward for the final
pions because the CM coincides with its own rest frame,
with the result:

7700020 = ;- [avlmtpymipoo0). 63

Regarding the initial pair of pions, its state is defined
in CMB analogously as in the previous expression. One
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has still to perform the Lorentz boost to the CM frame
so that

003, = U [ df,h,(ﬁ ﬁ)w<¢_?

b)Y —13)(00)>,

(66)

where U(v) is the Lorentz boost operator from CMB to
CM, with the velocity v given in Eq. (52). When acting on
the pion states (which have zero spin) the only effect is the
transformation of the four-momenta from CMB to CM.
Then, we can also write Eq. (66) as

000 = 7 [ dblar(p @) w(pENO0). (67

where p; and p, are written in terms of the four-momenta
in CMB. From Eq. (53), p; = (2 + A)/2, p,=(2 —A)/2
with 3 and A given in Egs. (54) and (55), in order, as a
function of the CMB kinematical variables.

Employing the states projected in S-wave, Egs. (65)
and (67), we are then ready to calculate the required
matrix element in ChPT, ¢(s, s/, ¢%):

1
12y =
o(s, 5", q%) T
Note that the extra factor 1/2 in Eq. (68) arises because of
the unitary normalization, as explained after Eq. (14). In
the last equation, the double solid angle integration is

1 1 ~ 27 27~
deQ =f dcosﬁf dcosﬁ[ dd)[ de.  (69)
-1 -1 0 0

One linear combination of azimuthal angles, ¢ and g{; isa
spare variable, and then one integration in Eq. (69) is
trivial. This is so because they appear just through the
expression cos(¢p — @), as explained above, Eq. (59). In
fact, for any periodic angular function, f(y)=
f(y + 27), one has:

[7a0 [7abs6 - &)= 27 [Tayn. a0

f EOAG s, g% 0,0, &)  (68)

C. Scalar form factor

Once the perturbative amplitude for the process wmH —
777 is calculated, we proceed by taking into account pion
rescattering, similarly as was done for w7 — 7, see
Egs. (15)—(18). The resulting amplitude is denoted by
T(s, s', ¢%), and following the same unitarization method
as in Sec. III from Refs. [19,24], it can be written as:

;oo W(s, s', ¢*)
Istes ) = T yimamn + vieey: Y

This is the analog to Eq. (15) but now for the process
mmH — 1, with the new kernel W(s, s/, ¢?) instead of
V(s) in Eq. (15). It is important to stress the presence of
two factors 1 + VG in the denominator of Eq. (71). This is
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so because in wwH — 77 the presence of the scalar
source H(qg) makes necessary to resum the unitarity loops
corresponding to both final and initial state interactions.
The kernel W(s, s, ¢%) is obtained in a chiral expansion
by matching Eq. (71) order by order with its perturbative
calculation. The chiral expansion of the kernel is

W =W, + W, + O(p°), (72)

where we omit the dependence on the arguments s, s’ and
g* for easy reading. The subscripts in Eq. (72) refer to the
chiral order. Then, the amplitude Eq. (71) is expanded, as it
was done in Eq. (17), so that one has:

Ts(s, s', g*) = Wy + Wy — WV, (s)G(s)
— W) Vy(s")G(s") + O(p®)
= ¢, + ¢4 + O(p°), (73)

where ¢, (s, s/, g%) is the O(p") contribution to ¢(s, s’, g%)
defined in Eq. (68). The kernels W,(s, s/, g%) are deter-
mined by matching the above expressions order by order,
so that:

Wz(S, S/’ q2) = ¢2(S’ sl’ qZ)
Wa(s, s, %) = @uls, s, *) + @26:()G(s)  (74)
+ 0,6,(s)G(s),

where it was used that V,(s) = &,(s), Eq. (18).

The form factor of the o meson, F,(g?), can now be
extracted from T(s, s, g%), employing W = W, + W, in
Eq. (71). For that one has to isolate the double o pole
present in T(s, s’, g?), as drawn on the right-hand side

of Fig. 16. The double o-pole contribution can be
written as'’

Foldee | W(s,s',q°)
(s=5,)(8"—5,)  ss5—s,(1+V(s)G(s))(1+ V(sG(s"))

(75)

Expanding the r.h.s. of the above equation around s,
s’ — s, and equating the double-pole term, the result is

g2

m W(Sm So q2)~ (76)

F o(qz) =

In determining the kernels W, (s, s', ¢*), we have fol-
lowed the master guidelines of pure 77 scattering proce-
dure to take into account the rescattering of the pions given
in Sec. III A. However, some modifications are needed in
our case because of the presence of the pion propagators in
the external pion legs attached to a scalar source, see
Fig. 15. Let us focus, for clearness, in the LO amplitudes
©5(s, 5", ¢*), corresponding to the diagrams I and II in

""Because of invariance under temporal inversion the ampli-
tudes for mm — o and o — 77 are equal.
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W(s,s',q%)

cee vee =
il b
1+ V(s)G(s")S 1+ V(s)G(s)

FIG. 16. External scalar source coupled to a double o pole in
the wmH — 7 process. The o pole is originated by the
resummation of pion rescattering, as indicated in the left diagram
by the iteration of the unitarity two-point function.

Fig. 15 (the amplitudes are given in Appendix B). Before
the angular projection in Eq. (68), one has

(1_2zs —M2/2>

(77)

As(s. 5, % 0,0, b, d) =

where the subscript in A refers to the chiral order,
51, =" and s34 = s, and the D; are the inverse of the
pion propagators given in Eq. (61). These contributions
proportional to the propagators stem from the piece
of diagram II in which the on-shell part of the 4w
vertex is retained, so that the pion propagator is not
cancelled out by an off-shell part from the 47 vertex
(cf. Ref. [13]). Considering, for conciseness, the case
s = s’ (the one interesting for the ¢ scalar form factor for
which s = s’ = s,), these propagators can be written as:

1 1

—_—— (78)
Dy £ —2lpliqlcosd

and similarly for the other D,. It should be noted that for
certain values of g> and s, these propagators can have a
pole in the variable cosf. In particular, for g% — 0 this is
always the case. Upon angular integration, this contribution

gives rise to an imaginary part that diverges as 1/ \/Iq_zl for
g* — 0. As shown below, this limit is the one that matters
in order to calculate the quadratic scalar radius of the o, but
this divergence would lead to an undetermined value for it.
This fact is not acceptable and indicates a deficiency in the
procedure followed up to now.

Let us clarify this important technical point and the
way it can be solved. The term of the amplitude
As(s, s, q% 6,0, ¢, d;) in Eq. (77) that is proportional to
the pion propagators, that we denote by ﬂz,prop,lz can be
written as:

4 4B
A 2,prop fZ(S) ZF) (79)
i=1"1

where we have taken into account that &,(s) =
(s — M%/2)/F%. Once A,,,, is projected in the
S-waves for the initial and final pion pairs, Eq. (68), we
end with the contribution W, ., to the kernel W(s, s, g%)in

12Recall that we are interested in the s = s’ case.
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Eq. (71). Keeping in this resummation only terms up to
one-loop, and hence proportional to G(s), one obtains
T prop given by

TS2,prop = _2§Z(S)G(S)W2,prop(s’ S, 6]2), (80)
where the expansion

1

— — n n
(T 6H00E7 & Ve DEE6GWr, @)
is employed.13

However, the result of the one-loop calculation in ChPT
of the diagram VIII in Fig. 15, once properly projected in
isospin and S-waves as discussed above, gives half of the
amplitude in Eq. (80). Whence Eq. (71) is double counting
this kind of terms at the one-loop level. Analogously, it can
be seen in the n-loop terms of the resummation that the
contribution of the kernel proportional to W, .., is counted
n + 1 times, Eq. (81). This is so because we are missing the
proper combinatoric factors as an on-shell factorization
scheme for unitarizing is employed. Thus, instead of re-
summing these terms with 1/(1 + VG)?, they should be
resummed with just 1/(1 + VG) in order to give the proper
diagram counting. Notice that in this case they do not
contribute to the double-pole term needed for F,(g?), as
can be seen from Eqgs. (75) and (76). This is also shown
schematically in Fig. 17. Had we considered an integral
equation for the resummation procedure instead, this kind
of contributions would be integrated giving terms propor-
tional to the three-point function Cy(s, s’, ¢%), in which the
scalar source interacts with intermediate pions, like the
terms appearing in the diagram X of Fig. 15. This is not
a shortcoming of our approach, because this kind of dia-
grams are properly included when the kernel W(s, s, ¢?) is
calculated at higher orders in the chiral counting, as can be
seen in Fig. 15. E.g. at the one-loop level calculation of
W(s, s', g*) one has the diagram X of Fig. 15, that arises
from iterating once the pion-propagator contributions at
tree level.

From the previous discussion we remove the terms of the
amplitudes with the external scalar source coupled to
initial or final asymptotic pion legs from the kernel
W(s, s', ¢*) in Eq. (71), as they do not contribute to the
scalar form factor of the o. The latter requires the coupling
of the external scalar source to intermediate pions and
vertices. Now the question arises of how to remove prop-
erly the terms arising from the Feynman diagrams with the
scalar source attached to a pion propagator in an external
pion leg. We cannot simply drop these diagrams because
the pion propagator between the source coupling and a
pure pionic vertex in an external pion leg may be cancelled
by off-shell terms from the 77 interaction vertex [13].

BRecall that V(s) in Eq. (71) is &,(s) because we are unitar-
izing a one-loop ChPT calculation for mmH — 7.
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. =

FIG. 17. String of unitary diagrams to be resummed when the
scalar source is attached to an external leg. On the right, the
resulting single o pole contribution is depicted.

Indeed, such contributions are required in order to have
results independent of pion field redefinitions that mix
diagrams with different number of pion propagators.
Rather, a procedure based on the full on-shell amplitude
calculated in ChPT up to some order, which is independent
of the former redefinitions, must be given.

Let us consider the general case, and write these con-
tributions as:

fx,y)

X —xy

(82)

where x = cosf and x, = ¢%/(4|pllql)."* Here we have
collected in y the rest of the variables. In order to subtract
the pure pole contribution in Eq. (82) we subtract from the
numerator above the residue of the pole,

fx,y) = flxo, y)_

X — Xp

(83)

In the LO case, in view of Eq. (77), this amounts to
removing the whole term proportional to the propagator,
since it just depends on s (or s”) and not on 6 (or 0), that is,
df(x, y)/dx = 0. This subtraction procedure is indepen-
dent of pion field redefinition because in f(x,, y) all the
pion lines are put on-shell so it cannot contain any off-shell
remainder that could be counterbalanced by other off-shell
parts coming from other vertices, and giving rise to pos-
sible pion field redefinition dependences.

With this procedure we are then ready to calculate
F,(g?). For that we define the new amplitude B(s, s/, ¢, 6,
6, b, ¢3) obtained from the original A(s, s', ¢2, 6, 6, ¢, q’;),
Eq. (64), by removing the contributions with the scalar
source attached to an external pion leg, following the
procedure in Eq. (83). In terms of the former we calculate
its angular projection as in Eq. (68), obtaining the new
amplitude ®(s, s, ¢°):

1

(I)(S, s/, qz) = W

/ d2OB(s, s, 4% 0,0, b, d).  (84)

Then, the final expression for the interaction kernel, that
we now denote by W(s, s', %), is [cf. Eq. (74)]

“We are considering again the case in which the scalar source
is attached to 7(p,), since the argument for the other cases is
analogous.
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W=W2+W4, WQ:®2,

85)
W, =D, + $y&,(s)G(s) + Pyr&,(s")G(s"),

with the subscripts indicating the chiral order as usual.
The scalar form factor of the o is finally given by

g2
Vs, 2 e

For definiteness let us explicitly give the expressions at
LO and NLO for F,(g?) from the previous equation:

F (612) - Sor Sos qz) (86)

LO( 2\ — (81&0)2
FP(q%) TATRE

NLO( 2\ — (8o
) = G + Vi)

X(Wals:50: a2+ Wilsnsg®) (87

WZ (sa'r So qz):

LO)2

With
V,(s)
LOY2 — 1 2 ,
R S AR
V,o(s) + Vi(s)
NLOY2 — | NLO __ 2 4
(60" = i (o™ = ) 1,00 + Va() G’
(88)
where sL© and sN© are the o pole positions at LO and

NLO, respectively, given in Table III, and for V, and V, see
Eq. (18).

One technical detail is in order. The o resonance is a
pole in the second Riemann sheet of 777 scattering for the
physical pion mass. As we have seen in Sec. III D when
increasing the pion mass above some value the o meson
becomes a bound state and moves into the first Riemann
sheet (the corresponding pion mass value is indicated by
the arrows in Fig. 7). Then, Eq. (86) has to be understood in
the same Riemann sheet as the o pole happens. This
requires the evaluation of W(s, s’, ¢%) in Eq. (85) either
in the first or second Riemann, according to the value taken
for the pion mass. '

We now discuss the analytical continuation of the loop
function Cy(s, s, ¢°) to the second Riemann sheet (we take
from the beginning in the present discussion that s’ = ),
where it is denoted by Cyy(s,s,¢*). The function
Cy(s, s', ¢*) corresponds to the three-point one-loop func-
tion of diagram X in Fig. 15 and its calculation is discussed
in Appendix A. In order to proceed with the analytical
continuation we first evaluate the difference
AC(s,qg*) = Cy(s +ie s+ i€ qg?) — Co(s — i€, s — i€, g%)

(89)

SThis qualification is only relevant for W,(s, s, ¢%).
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FIG. 18 (color online). The normalized scalar form factor of
the o meson calculated at NLO for the physical case with /s,

given in Table III. The range in ¢ extends from g¢° =
—0.6 GeV? ~ —30M2 up to ¢*> =~ 0.08 GeV? ~ 4MZ.

for s and ¢? real and g% < 4M2.'® The second Riemann
sheet in 7777 scattering is reached by crossing the real s-axis
above threshold, s > 4M72,, and so we have to consider
Eq. (89) for the same values of s. It turns out that a cut

in s extends for s>2MZ + M_J4M> — ¢*> = s,, for
which AC(s, g?) is nonzero (the same expressmn for the

cut also occurs for s <2MZ — M, /4M>2 — g*). When
g*> — 07 (this limits gives the same value for the quadratic
scalar radius as g>— 07) to cross the real axis for
s > 4M? implies to consider AC(s, g?) given by the men-
tioned cut for Cy, s> s,, corresponding to A,C, in
Eq. (A17). Once this discontinuity is evaluated we con-
tinue it analytically in s and ¢? and subtract it to Cy(s, s, %)
(calculated in the first Riemann sheet), as done above to
determine G;(s), Eq. (23). It results in,

Cout(s, %) = Co(s, ¢*) — AC(s, ¢%). (90)

Notice that for calculating W, Eq. (85), it is not necessary
to use G (s) when the o pole remains in the second
Riemann sheet. This is due to the fact that ®, contains
the two-point one-loop function By(s), evaluated in
Appendix A, so that the discontinuity when crossing the
unitarity cut above threshold cancels mutually between
these two functions.

We show in Fig. 18 the modulus squared of F,(g?)
normalized to F,(0) for ¢*> <4M2 calculated at NLO
with the physical value of M ,.. We observe a monotonous
increasing function with g. The LO result is just a constant
because @, is so and is not shown in the figure (it would be
just 1).

For ¢? > 4M?2 the opening of the 27 production process
introduces additional complications that we skip now since we
are mostly interested to values of g> around zero, used below to
calculate the quadratic scalar radius of the o resonance. The
whole region g?> < 4M?Z is of interest and considered by us as
well.
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V. QUADRATIC SCALAR RADIUS OF THE o
MESON AND THE FEYNMAN-HELLMAN
THEOREM

The quadratic scalar radius of the o resonance, (r*)?, is
related to the scalar form factor of the o by a Taylor
expansion around g% = 0,

Fo(g) = Fo(0) + Leld)

7*=0
2
- FU(O)(I + %(ﬂ}g - ) ©1)

where the ellipsis indicate higher powers of ¢ in the
Taylor expansion. In this way,

6 9F,(q%)

il o R

92)

7*=0

Notice that, since the form factor reduces to a constant
(independent of ¢?) at LO, we find that (#2)? = 0 for this
case, similarly as the case for the quadratic scalar radius of
the pion [7] within standard ChPT. Whence, the quadratic
scalar radius must be calculated at least at NLO. Before
discussing the results for the physical pion mass case, we
study the dependence of (?)? with the pion mass. We show
the square root of the quadratic scalar radius of the o,

V{r*)?, in the upper panel of Fig. 19 as a function of M,
with its real part given by the (blue) solid line and its
imaginary part by the (red) dashed line. It diverges in the
chiral limit (M, = 0) and where the o pole coincides with
the two-pion threshold (indicated by the rightmost arrow in
Fig. 10). The latter point corresponds to a zero energy
bound state and as such it must have infinite size, as
dictated by elementary quantum mechanics. On the other
hand, in the chiral limit (+2)7 also diverges as logM.,,
similarly as the quadratic scalar or vector radius of the
pion [7], because the infinite size of the pion cloud around
the bosons. It is relevant to note that the imaginary part of
this quantity, despite the o meson has a width larger than
200 MeV for pion masses up to around 300 MeV, as shown
in Fig. 9, is much smaller than its real part, which makes its
interpretation easier. In the lower panel of the same figure
we depict the real (blue solid line) and imaginary (red
dashed line) parts of the quadratic scalar radius of the o,
(r?)7. It is notorious that in most of this range of pion mass
values the square root of (r?)¢ is around 0.5 fm quite
independently of the width of the ¢ meson.
For the physical pion mass we find the values

(r*)? = (0.19 = 0.02) — i(0.06 = 0.02) fm?,

\/<r2>f{ = (0.44 = 0.03) — i(0.07 = 0.03) fm,

with the errors calculated as explained in Sec. III. This
value is almost the same as the corresponding quadratic
scalar radius for K, (r*)X7 =0.1806 * 0.0049 fm>

(93)
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FIG. 19 (color online). Top: the square root of the quadratic
scalar radius of the o as a function of M, is shown for
0<M, <600 MeV. Bottom: the quadratic scalar radius is
represented in the range 0 < M, <350 MeV. In both panels,
the (blue) solid lines represent the real part of each quantity,
whereas the (red) dashed line is the imaginary part. The points
over the curves represent our results for the physical case with
their statistical errors, Eq. (93). Because of the scale used they
cannot be appreciated in the upper panel.

[132], for which the scalar resonance k [or KS(SOO)],
tightly related to the o resonance by SU(3) symmetry
[17-21], plays a leading role [27,133]. For comparison,
the quadratic scalar radius of the pion is (r*)7 = 0.65 =
0.05 fm? [115]."7 1t is notorious that the value determined
for the scalar radius of the o resonance is smaller than that
for the pion. It is even smaller than the measured quadratic
electromagnetic pion radius, (+2)7 = 0.439 + 0.008 fm?
[134]. However, (r2)? is similar to the measured K~
quadratic charge radius [135], ()5~ = 0.28 = 0.07 fm?.
Scalar glueballs are expected to have even smaller sizes,
0.1-0.2 fm [136,137].

The value obtained for (r*)? in Eq. (93) implies that the
two scalar-isoscalar pions generating the o resonance are
so tightly packed that the o resonance becomes a compact
state. Whether the two pairs of color singlet valence quarks

"7A recent lattice QCD determination [120] gives (r2)7 =
0.617 = 0.079 =+ 0.066 fm?, or, adding the errors in quadrature,
(r’)7 = 0.6 = 0.1 fm?, in good agreement with the value given
in Ref. [115].
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gq in the two-pion state recombine giving rise to combi-
nations of other possible QCD states as e.g. ¢>3°
[17,21,41,46,138], glueball, etc. is beyond the scope of
our study based on hadronic degrees of freedom. In this
respect the large N evolution of the o pole position
[19,47,50-52,139] is enlightening and clearly indicates
that the o resonance is not dominantly a glueball or a g¢g
resonance. In Refs. [52,139] it was found that this large N,
behavior is compatible with the fact that this resonance
owes its origin to 7r7r interactions becoming a 77 reso-
nance. This large N behavior is also compatible with a
(qg)? state that fades away as two gg mesons as expected
in the large N limit [91]. This picture on the dynamical
generation from 77 interactions of the o meson is also
supported by the nontrivial simultaneous fulfillment [139]
of semilocal duality [139,140] and scalar, pseudoscalar
spectral function sum rules [139], both for No = 3 and
varying Nc.

On the other hand, for larger values of M, the o meson
closely follows the 27 threshold, as demonstrated in the
previous section, and its size is then large. Thus, in this
range of pion masses, the o meson progressively becomes
a two-pion molecule and its nature is then much more clear
and simple (for M, = 400 MeV it follows from Fig. 19

that \/272—) > 1.5 fm)."® This can also be related from the
behavior of the quantity g?dG/ds evaluated at s = s, (and
G evaluated in the Riemann sheet in which the pole ap-
pears). This quantity is close to one for a composite meson
[147-152]. We have checked that for the large values of
M. in which the o meson is a bound state, we have
g2dG/ds = 0.8, which points to a molecular nature. For
values of the pion mass close to the physical one, we have
instead g?dG/ds = 0

Another interesting point is to consider the relation
between F(0) and the derivative of the o pole with respect
to the quark mass. According to the Feynman-Hellmann
theorem [153], one has the relation:

dm? 2B

ds, _ _F,(0) o)

Notice that F,(0) is proportional to B and precisely their
ratio is not ambiguous. On the other hand, ds,/dM?2 is
given in Eq. (31). Then we can write:

ds g%'(M%-) - 2
T = ST (V(s,, M2
e Vs, M%)z( (s5, M7)
: dm?
- V(s,, M2)*G ,M2)—Z. 95
(sa' 77') Il(sa- 77)) dM2 ( )

18 A similar value was obtained for the size of the A(1405)
resonance in Ref. [141], which is also a resonance that qualifies
as dynamically generated form the meson-baryon interactions
[24,142—-145]. In Ref. [146] the matter or scalar form factor for
this resonance was studied.
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The dependence of M2 on M? is worked out up to O(M%)
in Eq. (11) from where one obtains:

dM> M; ( 1)

r =1 ——— L — =)+ OM). 96
sz 167TZF%T 3 2 ( 77-) ( )
We show our results for —F(0)/2B at NLO and compare
them with ds,/dM? in Fig. 20, so as to check Eq. (94). In
the upper two panels we show the real part and in the

8 T T
Re(fg) LO - -

Re(sg) NLO —
L F5(0)
6F _Re( -2 NL
e( 2B ) O -

Re ss

| | | |
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My (MeV)

Re 5o
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I I I
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My (MeV)

5) LO - -
5) NLO —
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3 Tm(

Im s
(i8]
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FIG. 20 (color online). Feynman-Hellmann theorem: compari-
son between ds,/dM? and —F(0)/2B, Eq. (95), as a function
of the pion mass. The (blue) thick solid lines correspond to
ds,/dM? at NLO, Eq. (31), whereas the (red) dot-dashed lines
are evaluated at LO, where ds,/dM? = ds,/dM>2. The (green)
dashed lines are —F,(0)/2B. From top to bottom, in the first
panel the real part of the quantities are represented in the range
M, 50 <M, <600 MeV. In the second panel, the same is
shown for 50 < M, <300 MeV. The bottom panel shows their
imaginary part.
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bottom one the imaginary part. The agreement is certainly
remarkable for M, = 300 MeV, at the level of just a few
percents of difference. This range of pion masses is high-
lighted in the second and third panels, from top to bottom.
Let us note that in Eq. (94) we are comparing two quanti-
ties that are obtained from the chiral expansion of two
different interacting kernels. The expansion is not per-
formed on the full amplitudes and this is why there is not
a perfect agreement, as it is the case in the standard
perturbative calculations of ChPT [7,8]. In our case the
factor V(s,, M%)> multiplying G,,(s,, M2) in the right-
hand side of Eq. (95) is equal to (V, + V,)?, while &,
from Eq. (84) only contains V3, because it is a ChPT one-
loop calculation at O(p*)."® Thus, the differences corre-
spond to higher-order terms in the calculation of F(0),
beyond the O(p*) or NLO calculation of the kernel
W(s, s', ¢%), Eq. (85), performed in the present work.

Another point also worth mentioning is the fact that the
left-hand side of Eq. (95) does not involve any contribution
with pion propagators in the external legs but the derivative
acts on the vertices and intermediate pion propagators in
loop functions. This is also the case in F(0) once the pion
propagators in the external legs are removed as explained
in Sec. IVC.

VI. SUMMARY AND CONCLUSIONS

In this work we have discussed the nature of the o
resonance (nowadays also called f,(500) in the PDG [1])
by evaluating its quadratic scalar radius, (+2)7. This allows
one to have a quantitative idea of the size of this resonance.

There are many studies since the 1990s based on supple-
menting Chiral Perturbation Theory with nonperturbative
S-matrix methods, that clearly indicate a dynamical origin
for the o resonance due to the isoscalar scalar 77 strong
self interactions [3—6,12—14]. More recent studies based on
the dependence with N of the o pole [19,39,50-52] also
corroborate that this resonance cannot be qualified as a
purely gq or glueball, with the pole trajectories compatible
with the expectations for a meson-meson dynamically gen-
erated object or a four-quark state. In the large N limit it is
well known that loops are suppressed so that the 77 re-
scattering vanishes away and then the o resonance pole
disappears according to Refs. [19,52,139]. These results
have been strongly supported recently [139] by the simul-
taneous fulfillment of semilocal duality [139,140] and sca-
lar, pseudoscalar spectral sum rules [139], both for N = 3
and varying N.

The next question is whether the two pions are loosely
distributed, so that the o meson might be qualified as
molecular or, on the contrary, they overlap each other
giving rise to a compact object of a size comparable or
even smaller than that of its constituents. A proper way to

“Notice that the derivative with respect to M2 of the function
G(s, M2) is proportional to Cy(s, s, MZ).
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answer this question is to determine quantitatively the
size of the o resonance. For that we calculate in this
work the quadratic scalar radius of this resonance obtain-
ing the value (r?)7 = (0.19 = 0.02) — i(0.06 = 0.02) fm?.
Despite the fact that the o has a large width the resulting
value for the quadratic scalar radius is almost a real quan-
tity, which makes easier its physical interpretation. This
value is very close to the K7 quadratic scalar radius,
(r?YK™ = 0.1806 *+ 0.0049 fm? [132], similar to the mea-
sured K= quadratic charge radius [135], (+2)K" = 0.28 +
0.07 fm?, and smaller than the quadratic scalar radius
of the pion, (r?)” = 0.65 + 0.05 fm? [115]. This means
that the o is certainly a compact object. The square root of

its quadratic scalar radius is /(r*)? = (0.44 = 0.03) —
i(0.07 = 0.03) fm?.

We have further tested our result for the size of the o by
considering the dependence of (#?)? on the pion mass. As
M . rises the o meson mass follows the 277 threshold. This
fact has been recently observed in the lattice QCD calcu-
lation of Ref. [130], and was pointed out much earlier in
Refs. [19,20] as well as in the more recent work [128]. In
such a situation, with a small binding energy, the expected
size of the o resonance should be definitely larger than that
of a hadron. We obtain a quadratic scalar radius that
increases rapidly as soon as the width of the o meson tends
to vanish, which for our present NLO fit occurs for pion
masses above = 330 MeV. In this way, already for pion

masses around 370 MeV, /(r?)? is larger than 1 fm and
diverges for M,. = 470 MeV, precisely the value at which
the o resonance becomes a zero binding energy bound
state. In this case, a molecular or 7777 bound state image is
appropriate for the o meson. For even higher pion masses,
the binding energy is still small which gives rise to large
sizes for the o. Nevertheless, we observe a steady (albeit
weak) tendency to increase the binding energy for higher
pion masses so that its size tends to dismiss progressively,
but for the mass range explored in this work it is always
= 1.5 fm. The clear tendency of the o resonance to follow
the two-pion threshold is a manifest indication for this
resonance being a meson-meson dynamically generated
one. For smaller pion masses between 50 and 300 MeV
the square root of the quadratic scalar radius of the o
meson is rather stable with a value around 0.5 fm, inde-
pendently of its width.

The value of the scalar form factor of the o resonance at
g*> = 0, F,(0), is related via the Feynman-Hellmann theo-
rem with the derivative of the o pole position with respect
to the pion mass. Within uncertainties, we have checked
the fulfillment of such relation.

We have studied 77 scattering in NLO SU(2) Unitary
Chiral Perturbation Theory as well. We obtain a good
reproduction of 777 phase shifts for / = 0 and / = 2, and
also for lattice QCD results of the I = 2 scattering length
a} and F .. We have offered a detailed comparison between
different precise determinations in the literature, including
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our present calculation, of the ¢ meson mass and width,
and of the threshold parameters aj, b). The resulting
average values are a) = 0.220 =0.003 and bIMZ =
0.279 = 0.003. For the o meson pole parameters we take
the mean of the different values with the result M, =
458 + 14 MeV and I',/2 =261 =17 MeV. Our own
determinations obtained here at NLO in Unitary ChPT
are a) = 0.219 * 0.005, biMZ% = 0.281 = 0.006, M, =
440 + 10 MeV and ', /2 = 238 = 10 MeV.
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APPENDIX A: LOOP FUNCTIONS

In this Appendix, we give the loop functions used
through the paper. We start with the scalar one-, two- and
three-point one-loop integrals, denoted by A, By and C,
respectively, and depicted in Fig. 21. The vector and tensor
integrals, defined later, can be cast in terms of the former.
Special attention is dedicated to the case of the three-point
function, whose cuts are also calculated since they are
needed in order to evaluate the scalar form factor of the
o meson. Notice that all the internal masses are equal, as
we only have pions as degrees of freedom. For this reason,
we do not include the dependence on the internal mass M?>
in the following (except for the case of the function A,
which does not depend on any external momenta).

FIG. 21. Diagrams for the one-loop functions Ay, By and C
(from left to right and top to bottom, respectively).
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1. Scalar loop integrals

The simplest one is the one-point loop integral, given by

d*k 1
Ag(M?) = f . Al
oMY =i i e M T ie (A
In dimensional regularization, it results in:
M? M?
Ay(M?) = R + log— ), A2
O( ) 167T2 ( Og,bbz) ( )
with
_ 2
R=pr 4(—4 T+ 10g477)), (A3)
n—
and n — 4.
The two-point function is
d*k 1
By(P?) =i ,
o= | ot @ i T i)~ PR M2 ie)
(A4)

and analogously it is evaluated in dimensional regulariza-
tion, with the result

BO(PZ) =

1 M? o(P?) —1
R +log— — 1 — o(P?)1 7)
1677'2< Og,u2 () OgO'(Pz) +1

(AS)
with o(P?) =41 —4M?/P?. Since the function is
divergent and p-dependent, we define the subtracted func-
tion, By(P?),

R+ log":—f
1672

This is the function that will appear in the amplitudes,
because the term subtracted cancels out with the alike
terms in the loops and the chiral counterterms. The same
procedure, applied to Ay(M?), gives

B((P?) = By(P?) — (A6)

M? M?
5 (R + log—z) =0,
167 M

this is why in the amplitudes of Appendix B there is no
dependence on Aj.
The three-point function is defined by

Ag = AyM?) - (A7)

Co(p?, p3, g%

[ d% 1
! Qm)* k2 — M?* + ie
% 1
(k= p))? = M*> + ie)((k — pp)* — M* + ie)’

(A8)

and it depends on the three scalars p?, p3 and ¢ =
(p; — p2)*. It is finite and after some manipulations
[154], it can be cast in the integral form:
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1
167°A(p?, p3 ¢7)'/?
« l fl . 08f (Pt 2) ~ logf (pt 21)
0

Co(p?. p3. ¢%) =

-

N f L loss (p3, 2) — logf(p3, z)
0

Z— 2
2 _ 2
N [1 dz logf(q*, z) — logf(q ,23)},
0 1723
(A9)

where we have defined:

f(p%2) = pPa(z — 1) + M? — ie, (A10)

Ma, b, ¢c) = a® + b*> + ¢ — 2ab — 2bc — 2ac, (A1D)
O O

2= %(1 + %), (A13)

2= %(1 + %). (A14)

The usefulness of Eq. (A9) lies in the fact that it is well
suited for its analytical continuation to the complex plane,
which is needed in our case, since the cases p7 = p3 = s,
are studied. Notice that the residues of the integrals when
7 — z; are zero because of the form of the numerators, and
also that, since z(z — 1) = 0 for z € [0, 1], the arguments
of the logarithms do not cross any cut.

On the other hand, since the pole of the o resonance
appears in the unphysical Riemann sheet, we need to
calculate the amplitudes w7wH — 77 in this sheet. This
involves the function Cy(s, s, ¢°) in this sheet,?’ and
this is not so trivial as in the case of the function G(s)
[see Egs. (23) and (24)]. For that purpose, we calculate the
discontinuity along the unitarity cut of the function
CO(S’ S, q2):

ACy = Co(s + i€, s + i€, ¢*) — Co(s — i€, s — i€, ¢°),
(A15)

for s = 4M?. This can be obtained directly from the inte-
gral representation in Eq. (A9), and the result depends
on the value of ¢g>. We are interested mainly in the case
q2 = 0, and we find two cases:

2ONotice that we have already taken that s = s’, since this will
be the case in the o form factor, s = s’ = s,,.
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1 - — 2
A,Cy = lo ( ) for ¢> = 42,
0 47 A(s, s, g*)'/? 7+ — 2 1 1
(A16)
ACo— i lo(l_Z]L_Z])
b0 47 A(s, s, qz)l/2 & -1 Z+ — 2
i 1 - Zg)
+ lo -
8A(s, s, g*)'/? g( -3
for ¢%, = ¢* = 4M?, (A17)

where we have defined z. = %(1 *+ o(s)). In the previous
equation g2, is the so called anomalous threshold, given by
M?*q2, = —s(s — 4M?) = 0, where the last inequality fol-
lows from s = 4M?. The case that connects continuously
with ¢g?> = 0 corresponds to A,C,, which is the required
one in the calculation of the quadratic scalar radius. For
more details on the analytical extrapolation chosen see the
discussion in Sec. IV C.

As a cross-check of the validity of our procedure, let us
note that the function C, is related for g> = 0 to the
derivative of the function G(s) with respect to M2, denoted
by dG(s, M?)/dM?* = G. Indeed, one has

2Cy(s, 5,0) = G(s) = 877-21 o) =1 g

so(s) Oga(s) +1°

In the calculation of the scalar form factor C, appears,
while in the derivative of the o pole position, §,, one has
G. Both are related through the Feynman-Hellmann theo-
rem, Eq. (94), and thus, the unphysical Riemann sheet for
the function C, must be related to that of the function G(s).
When the pole is in the unphysical Riemann sheet,
we have:

. . . . i
Gu(s) = Gi(s) — AG(s) = Gy(s) ————. (Al9)
4aso(s)
If we now calculate the value A,Cy(s, s, 0), we find:
AyCols, 5,0) = ——— (A20)
8mwsa(s)
so that
Co.ii(s, 5,0) = Coyy(s, 5,0) = A, Co(s, 5,0)
= Couls,5,0) — — (A21)

8mso(s)’

which implies, as stated, 2C. (s, s, 0) = G;(s).

2. Vector and tensor loop integrals

Vector and tensor loop integrals appear throughout the
amplitudes in Appendix B. We reduce them to the scalar
ones by means of the Passarino-Veltman method [155].
We start with the two-point vector and tensor integrals,
defined by
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B [ d*k
. =i | —
{mwspv} (277.)4
y {kysk kb '
(k> — M? + ie)((k — P)> — M? + ie)
(A22)
On Lorentz-invariance grounds, we can write
Bt = —PIBy(P), (A23)

where the minus sign is introduced for convenience, and,
performing the contraction P#B,,, it can be shown that:

1
B (P?) = _EBO(PZ) (A24)

Analogously, the tensor integral can be decomposed as:
B,ul/ = PMPVBZO(PZ) + g,u,VPzBZI(Pz): (A25)

and the following results, by the appropriate contractions,
are obtained:

AoM?) M2 — P

P2By(P?) = 3 3 By(P?)

+ 48172 (M2 . I:), (A26)
P2B, (P?) = Ao(éyﬂ) N 4M212_ P? By(P)

- 481772 (M2 - %2). (A27)

For the three-point vector and tensor integrals, we
define:

[ d*k fkukuk,)
Clusan =1 Qm)* k> —M? + i€
y 1
(k= py)* = M?* +ie)((k— py)* — M* +ie)
(A28)
and

Ct = —p{Cy — p5Cy, (A29)

Cr” = p{'p{Cy + py p5Cyy
+ (pi'py + pYp5)Cos + g4 Cos,  (A30)

where for simplifying the writing we have omitted the
arguments in C; j(P%, P3, ¢*). The results for these functions
are

Ci = (p3Bo(p3) — p1p2Bo(p?) — (P2 — p1p2)Bo(?)

— p3(p? — P1P2)Co(P3. P} 42)/ (2 detH),
(A31)
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Cia = (pBo(p?) — p1P2Bo(P3) — (p7 — p1pP2)Bo(q?)

— p3(p3 — p1p)Co(p3. P3. 7))/ (2 detH),
(A32)

1 M
a2t TCO(p%’ P2 4%)

1
+ Z(Bo(qz) + piCyy + p3Cr),  (A33)

Cyy = —

Cy = (P3R, — pipaR.)/ detH, (A34)

Cy = (P%Rd — p1P2Ry)/ detH, (A35)

Cyp = (P%Rc + P%Rb — pip2(R, + Ry))/ (2 detH),

(A36)
with
2
I = ( P P11272 ) (A37)
P1P2 P>
and
1 n_1 5
R, = ZBo(q ) — §P1C11 — Cy, (A38)
1 n_1 5 1 2
R, = ZBo(q ) — §P1C12 - ZBO(pz): (A39)
1 n_1 5 1 2
R. = ZBO(q ) — §P2C11 - ZBO(Pl), (A40)
1 n_1 5
R; = ZBO(‘I ) — zpzclz = Cy. (A41)

Analogously to the scalar loop integrals, we define the
subtracted functions B;; and C;; by substituting in their
expressions given above A, — A, and B, — B,. The am-
plitudes wmH — 7 in Appendix B are then written in

terms of finite and scale independent functions.

APPENDIX B: 77wH — 7mAMPLITUDES

In this Appendix, the amplitudes wwH — 7 are given
for completeness. We follow the nomenclature given
in Fig. 15. The finite contributions to every amplitude
are given once the infinite and scale dependent terms are
cancelled among them. In this way, the amplitudes are
written in terms of the finite and scale independent con-
stants /; as well as the subtracted loop functions defined in
Appendix A, By, etc... The diagrams denoted in Fig. 15 by
VI, XI and XII, both in the case of 7°7°H — 7°7° and
m°7°H — 7 7™, are proportional to the tadpole function,
Ay(M?), so they do not contribute to the finite amplitude, as
explained before.
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In the subsequent, unless the opposite is stated, the
subscript i = 1,...,4 indicates the pion leg with four-
momentum p; to which the scalar source is attached. The
functions D;, corresponding to the inverse of the pion
propagators when the scalar source is attached to the iy,
external pion leg, are used through this Appendix. These
functions were defined in Eq. (61).

1. Diagrams I

a. 77'H— 770

PHYSICAL REVIEW D 86, 034003 (2012)

b. 7 H - o™

710 = — fé (B1)
T(NLO) ;Z 4M_7i 1’4_ (B2)
b. °7m°H — 7t m
7o) — IZV_?,’ (B3)
TNLO) = — F% 4M—:’; Iy (B4)

The NLO result corresponds to the LO diagram I multi-
plied by 267, with the latter given in Eq. (11). In addition
M?, F? are expressed in terms of the physical values
according to the expansions of Egs. (11) and (12).

2. Diagrams II

a 77°H— 7=

2B Mz 2B MZ
T = (1 + —) T8 = (1 + —)
F2 D, F2 D,
2B M2 2B M2
T4 =2 (1 + —) T80 =2 (1 + —)
F2 D; FZ D,
(BS)
T(NLO) _ B{I_4M$T M4 4[4 - 313}
! F*laz> D, 1672
ooy _ B LM, n M3 4y — 313
2 Fil4m> D, 167
T 2 (B6)
7(NLO) _ B{I4M37 _,’_Miﬁr 13}
3 F:l4m® D, 167
7(NLO) _ E{_4M37 n M3 4y — 313}
4 7 2 2
F; 4w D, 1677'

g0 _2Bs—M ;LO)ZZ_BS_M2
F; D F2 D, (B7)
T§L0)=2_BS/_M% A(lLO)zz_BS'_M%'
F. D; F2 Dy
iyvio) _ B M3 4ly(s — M3) — M3
! F2 D, 1672 ’
o) _ B M3 41,(s — M%) — LM%
F2 D, 1672 ’ -
B M2 AL(s — M2) — .M (B8)
iT(NLO) _ b Mg 4(s 77-) M,
’ F2 Ds 1672 ’
,T(NLo) B M 414(5‘ - MZ) - ZI;M2
l 4 = 3
Fz D4 167

The NLO results are obtained by multiplying the LO ones
by 36Z and with M?, F? reexpressed in terms of the
physical M2 and FZ, respectively, according to Eqgs. (11)
and (12). Notice that in addition to the factor Z2 from the
wave-function renormalization of the external pion legs
there is an extra factor Z from the renormalized pion
propagator, Eq. (10).

3. Diagrams III

The diagrams III and higher in numeration are purely
NLO contributions. To simplify the writing we then omit
the superscript NLO in the corresponding amplitudes.

a 77°H— 7'
3B |
" (B9)

b. 7 H - o™

B I, ,
=—— — B10
F% 872 K ( )
4. Diagrams IV
a 77 °H— 7'
B I1,q* — ;M2 M?
Tl — — 49 23 T (1 + _77),
F7r 87T Dl
B l,q* — ;M2 M?
Tz _ — 49 23 T <1 + _77')’
Fﬂ. 877 D2
; ; 5 (B11)
B — LM M
T3 — — 49 23 T <1 + _77')’
F,n- 877' D3
B I I3 M2 M?
T4 - —4 4q 23 T (1 + —ﬂ->
Fﬂ. 877 D4
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b. #'7'H — =t m™

T1=

B l,q*> — ;M2 (s — M2 . B l,q> — ;M2 (s — M2
F_fT 82 ( D, )’ 2_F_4 8?2 ( D, )’
B 1,q*> — ;M2 (s’ — M~ - B 1,q*> — LM% (s' — M2~
F* 82 ( D, ) ST g ( D, )

(B12)

T3:

5. Diagrams V

a 77 °H— 770

i

s+ 12+ u? — 4M;*,>
D,

( 2 S +z2+u2—4M;‘T)

F4 2477 D2 ’

(B13)
T3 = (

b. 7 H - o™

In these amplitudes, we define:
P(s, t,u) = 4ME(1; + 20) + I;s* + L(? + u?) — 2MZ2(21,s + 20,(t + u)) (B14)

T1:_

- - - - P(s, 7, u
(lls F I+ ) — 2M2(T, + 2T) — (SD ))

B
24 2F4 1

T2 = l]S+lz(t+M)_2M2(ll +212)_

")

24
 24r F 2 (B15)

P(s', 7,
T; = s'+ L+ u) — 2M2(1, + 21,) — M)

24772F4 < D;
( P(s', 1, u’))
D, /

T4 S+lzt+u/)_2M(ll+2l_2)_

24772F 4
6. Diagrams VII

1. #°7H — 7%=

» 2q2 — M%T
D,
2q2 - M72,
D5

_ B 2¢> — M%) -
}Bo(qz), T, = — F_4{2q2 + Dy + MZ T}Bo(qz),

i (B16)

_ B 2¢g% — M%) -
}Bo(ﬂlz)y T,=— 1[7—4{2512 + Dy + M2 u}Bo(flz)'

D,

T, = ——12¢g- + D; + M=,
1 F;‘T{q

= -5 g+ D+ m2
37 Fi q 3 ™

b. 7 H - wr o™

B 282 — M2 - B
T, = _?i(s - quf){l + N, }BU(CIZ), T, = _F(S - M%){l +

1 T

247 — M2) -
2

2¢° - M

5 B17)
7T}Bo(flz)-

B 24 — M2 - B
Ty = —— ’—M2{1+—’T}B ), Ty=-—— ’—M2{1+
3 F?T (S 77) D3 0(‘1 ) 4 F?T (S 7T) .
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7. Diagrams VIII
1. 7°7H— 77"

s-channel diagrams:

r_ ZB{MZ +%M§‘T + 5% — 2sM,2,}B )
A D, oL
2B (M2  3IME + 5% —2sM2) -
T,=——f + 2 ”}B (s)
Fl2 D,
2B (M2 3M% + 5" —25'M2) -
L=-mi7 * 2 D 7T}Bo(sl),
T 3
;. __2B M_3,+§M;‘,+s'2—2s’M$, (s
4 12 D O(S )
T 4
t-crossed diagrams
2B (M2 3ME + 12— 20M%
- -2 i)
Fil2 D,
o _Z_B{M_% ML+ - 2tM%}B 0
? FA12 D, o
2 374 12 _ 4 pag2
po _2B[ME MG+t 2tM7TB(/)
A ) D o#)
T 3
2B (M2 3MA + 1 —2tM2) -
T, =— FT{TW + T }Bo(t).
T 4
u-crossed diagrams:
2B (M2 3MA 4+ u? —2u'M2) -
T\=-——15 + i }Bo(ul),
Fil2 D,
2B (M2 3M% + u? — 2uM?) -
—_ _ =)y + 2 T 77}
T, F?r 3 D, By(u),
2B (M2 3ME + u? — 2uM?) -
L=-mi7 * : D ”}Bo(u),
T 3
2B [M%:  3AME A+ u? —2u'M2) -
T4 = — F_4 3 + 2 D 77'}B()(l/l/).
T 4

b. "7 H —mt o™

In the #- and u-channel amplitudes, we define:

(s+u—2M2%)(M=%
2

— 1)+ M=%t

By (1)

O(s, t,u)=

(B18)

(B19)

(B20)

+1(s + u—4MZ%) By (1) + 21(u — 2M%) By, (1)

(B21)

PHYSICAL REVIEW D 86, 034003 (2012)

s-channel diagrams

B s+ M2\ -
I, = _F—4(S - M%)<1 + )BO(S),
w
B + M2\ -
Ty=——(s— M%)<1 + 2 7T)BO(S),
P % B22
= ——\8 — S ),
3 F?r T D3 0
B "+ M2\
Ty= (s~ M%,)<1 +2 ”)Bo(s’).
7 4
t-crossed diagrams
T :_2_B O(s, v, u') T :_Z_B O(s, t, u)
l F» Dy ? F, Dy
T 2B O(s', t', u) T — 2B Q(s', t, u)
} F* Dy 4 F* D,
(B23)
u-crossed diagrams:
;o 2BO6ut) L 2B O(u)
! F* D, 2 F* D,
s 2BOGLw) 2B QG un)
3 F* Dy 4 FL D,
(B24)

8. Diagrams IX

In these amplitudes, the scalar source s can be attached

to one of the two four-pion vertices (recall Fig. 15), which
we denote here by the subscript i = 1, 2.

0,0

a 77 H— 7'

s-channel diagrams:

Tl = F—(2S + 1‘42 )B()(S)
B” (B25)
T2 = F_4(2Sl + M%)Bo(sl)

t-crossed diagrams:
B _
T, = F_4(2t + M3)B(1),
Bﬂ (B26)
T2 = F—4(2t/ + M%)Bo(f/)

u-crossed diagrams:

B _
T = F—4(2M + M2)By(u),

B” (B27)
T2 = F—4(2Ml + M%)Bo(u/)

o
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b. 7 H - wro™

s-channel diagrams:

B _
Tl - F_;"T(4S - 3M%.)B0(S),

B (B28)
T, = F—4(4s’ — 3M2)By(s").

mw

t-crossed diagrams:

B _
Tl = - F—?T(t - 2M%.)B0(t),

(B29)
T2 = - F—4(t/ - ZM%)Eo(ﬂ)
u-crossed diagrams:
__B 2\R
Tl = - F(u - 2M7T)Bo(u),
4 (B30)
I, = T (u — 2M2)B,(u).

9. Diagrams X
a. 7°7°H— 77"

s-channel diagrams:

2B
F—4|(2<s ~ M)~ M2) + ME)Cos. ')

2

+ M2(Bo(s) + Bo(s') + 2Bo(q?)) + Mé()(qz)]

2
(B31)
t-crossed diagrams:
r—-28 (= M2)(' — M%) + M) Co(1,7, %)
- F_;lr )\ T ) Colt, 1, q
_ _ . t+t—q*
+M%<Bo<r>+30(ﬂ>+2Bo<q2>>+Zquz)]
(B32)

u-crossed diagrams:
2B 2 2 4
T=— 7 Qu—MZ)(u' —M2)+ME)Co(u, ', ¢%)

m

utu —q*
+M%(By(u) + Bo(u') + 2Bo(g%)) + dl_quo(C]z)]

(B33)

PHYSICAL REVIEW D 86, 034003 (2012)
b. ?'7a"H— 7t~
s-channel diagrams:

2B
T=-— i “((ss' —M*)Cy(s,s", ¢*) + (s + ' —2M2)By(q%)

+(s' = M7)By(s") + (s — M7) Bo(s)) (B34)

t-crossed diagrams:

T=—

Co(t, 7, 612)

2B [ (M2 —1)(2M2 — ')
F* 2

2M2 2M2—1 _
(Bo(qz) + By(1) + ?(30(512) + By(t))
1+ t’ =)= (u—u')? -
+TB ( 2) +( a ) (u = ) C23(t1 t/’ qz)
—(s+s5 —u—u')Cyult,t, q2)> (B35)
u-crossed diagrams:
2B [ (M2 — u)(2MZ — u')
T= _F_4( ) CO(M, u', qz)
2M2 —u _
‘*‘T(Bo(qz) + By(u))
2M2% —
+f(30(q2) + By(u'))
u+u —q* - (s—s)2—(t—1)?
+%BO(C]2)+ 2 Cos(u, ', ¢*)
—(s+s" —1=1)Coy(u, i, 612)) (B36)
10. Diagrams XIII
a 7'7°H— 7=
B 2 NB (2
T= F(%M” + 8¢%)By(g?). (B37)
b. 77" H— mtm™
T—B(5(+'—M2)+ 2)Bo(q?) B38
=g Blsts =) T q°)Bo(q). (B38)

o
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