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In this work the nature of the � or f0ð500Þ resonance is discussed by evaluating its quadratic scalar

radius, hr2i�s . This allows one to have a quantitative estimate for the size of this resonance. We obtain that

the � resonance is a compact object with hr2i�s ¼ ð0:19� 0:02Þ � ið0:06� 0:02Þ fm2. Within our

approach, employing unitary chiral perturbation theory, the � is a dynamically generated resonance

that stems from the pion-pion interactions. Given its small size we conclude that the two pions inside the

resonance are merged. A four-quark picture is then more appropriate. However, when the pion mass

increases, for pion masses somewhat above 400 MeV, the picture of a two-pion molecule is the appropriate

one. The � is then a spread �� bound state. These results are connected with other recent works that

support a nonstandard nature of the � as well, while fulfilling strong QCD constraints, as well as with

lattice QCD. We offer a detailed study of the low-energy S-wave �� scattering data from where we

extract our values for the threshold parameters of S-wave �� phase shifts, the Oðp4Þ chiral perturbation
theory low-energy constants as well as the � pole position. From the comparison with other accurate

determinations in the literature we obtain the average values for the isospin 0S-wave �� threshold

parameters, a00 ¼ 0:220� 0:003, b00 ¼ 0:279� 0:003M�2
� , and for the real and imaginary parts of the �

pole position in
ffiffiffi
s

p
, 458� 14� i261� 17 MeV. The quark mass dependence of the size of the �, its

mass and width are considered too. The latter agree accurately with a previous lattice QCD calculation.

The fact that the mass of this resonance tends to follow the threshold of two pions is a clear indication that

the � is a dynamically generated meson-meson resonance.

DOI: 10.1103/PhysRevD.86.034003 PACS numbers: 12.39.Fe, 13.75.Lb, 14.40.�n, 14.40.Be

I. INTRODUCTION

The lightest resonance in QCD with the quantum num-
bers of the vacuum, JPC ¼ 0þþ, is the � or f0ð500Þ reso-
nance [1]. Its connection with chiral symmetry has been
stressed since the 1960s in the linear sigma model [2],
while its tight relation with the nonlinear sigma model was
realized in the 1990s. In this respect there have been
several papers that clearly connect this resonance with
chiral dynamics of the two-pion system. One has first to
mention the works of Truong and collaborators [3–6] who
first emphasized the important role played by the null
isospin (I) S-wave �� final state interactions in several
processes giving rise to a strong numerical impact on the
estimations based on current algebra technique or chiral
perturbation theory (ChPT) [7–11]. A notoriously im-
proved comparison with experiment was then obtained,
e.g. for K‘4 decays [3], � ! 3� [4], scalar and pion vector

form factors [5] and �� scattering [6]. These works stress
the role of the right-hand or unitarity cut and make use of a
method to resum unitarity based on the expansion of the
inverse of a form factor or scattering amplitude. This is the
so called Inverse Amplitude Method (IAM), that in the end
is analogous to a Paddè method of resummation. Within
this technique the � pole was first obtained in Ref. [12],
together with the K� and � resonances in the P-waves.

However, due to the lack of coupled channels, no further
light scalar resonances were generated, in particular the
f0ð980Þ and a0ð980Þ.
Independently, the � resonance pole was also obtained

simultaneously in Ref. [13], together with the I ¼ 0
f0ð980Þ and a0ð980Þ resonances. The associated ampli-
tudes were determined by solving the Bethe-Salpeter equa-
tion taking as potential the lowest order ChPT Lagrangian.
Only one free parameter (a natural sized cutoff) was
involved. Later on, when the IAMwas extended to coupled
channels [14], it was possible to obtain in Refs. [14–16] the
�, f0ð980Þ, a0ð980Þ and � resonances altogether, that is,
the whole nonet of the lightest scalar resonances [17–22],
together with the nonet of the lightest vector resonances.
The approach of Ref. [13], based on solving a Bethe-

Salpeter equation, was put on more general grounds in
Ref. [19] by applying the N/D method [23]. In this way,
it is possible to include higher orders in the chiral counting
[24,25] as well as explicit resonant fields [26], if required.
Later works based on this scheme are Refs. [27–30]. With
this approach [19] one builds a unitarized meson-meson
scattering amplitude by solving the N/D equations in an
algebraic way so that an approximate solution is obtained
by treating perturbatively the crossed cuts. As a result, the
ChPT expansion is reproduced order by order, while the
unitarity cut is resummed [24]. In this respect, one should
stress that the crossed cuts can be treated perturbatively for
the isoscalar �� S-wave. Its size was estimated to be
smaller than 10% in Ref. [19] along the physical region
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for energies up to around 1 GeV. Indeed, different
approaches with various degrees of sophistication provide
very similar values for the � pole resonance parameters,
mass and width. Either by employing just the leading order
(LO) ChPT [13] (without left-hand cut at all), next-to-
leading order (NLO) [12] or next-to-next-to-leading order
(N2 LO) [31]. In these two later references the left-hand
cut is included as calculated by ChPT at one- and two-loop
orders, respectively. The fact that the results are very
similar clearly indicates that the left-hand cut is indeed a
perturbation. The � pole positions in

ffiffiffi
s

p
, with s the total

center-of-mass energy squared, obtained in these works
are:

ffiffiffiffiffi
s�

p ¼ 468� i194 MeV [13], 440� i245 MeV [12]

and 445� i235 MeV [31]. In the following we identify the
mass and half-width of the � resonance from the pole
position as M� � i��=2 � ffiffiffiffiffi

s�
p

.

More recently, Ref. [32], based on the solution of the
Roy equations [33] and ChPT at two-loops [34,35],
obtained the value 445þ16

�8 � i272þ9
�13 MeV. The Roy equa-

tions implement crossing symmetry exactly, while the
previous references [12,13,19,31] do it perturbatively.
The fact that all these pole positions for the � lie rather
close to each other (particularly one can say that conver-
gence is reached very accurately for the real part) is
another indication for the correctness of treating crossed-
channel dynamics perturbatively, as done in the framework
of Refs. [19,36] (see also [37–39]). Indeed, to our mind,
both schemes are complementary because the Roy equa-
tions need for their implementation of the knowledge of
large amount of data in several partial waves up to high
energies, which is affected by systematics errors in experi-
ments (many of them old ones) and also in theory (e.g. high
energy extrapolations), not always well under control. Let
us also mention that all these analyses neglect altogether
the inelasticity due to the 4� channel in �� S-waves so
that, up to the opening of the K �K threshold at around
1 GeV, no inelasticity is assumed. The 4� channel was
approached in Ref. [28] as �� and �� states (with their
couplings to all the channels predicted from chiral dynam-
ics) and found the � pole at 456� 6� i241� 7 MeV.1

This pole position is quite close to those in the previous
references and compatible with the result 484� 17�
i255� 10 MeV from Ref. [40]. Thus, since the pole posi-
tions of Refs. [12,13,28,31,32,40] lie so close to each other
we could conclude that our present knowledge on the pole
position of the � resonance is quite precise and, further-
more, we understand the underlying physics at the had-
ronic level.

Between earlier approaches to the previous discussed
results based on ChPT concerning the lightest scalars, we

have Refs. [17,41] within the MIT bag model that already
in the late 1970s predicted a complete nonet of four-quark
0þþ resonances (comprising the �, f0ð980Þ, a0ð980Þ
and �), with M� ¼ 660� 100 MeV and �� ¼ 640�
140 MeV. The four-quark nature of the lightest scalars is
also favored in Refs. [42–45] attending to scattering and
production data, including two-photon fusion, J=� and �
decays, and in Refs. [46,47]. The important role played by
two-meson unitarity for understanding the scalar sector forffiffiffi
s

p
& 1 GeV was also stressed in Ref. [18] (a similar

approach was later followed in Ref. [48]), employing a
unitarized chiral quark model, and in Ref. [49], within the
Jülich meson-exchange models. Considerations based on
increasing the QCD number of colors, NC, were exploited
in Refs. [19,47,50–52], showing that the � resonance has
a nonstandard NC dependence. This can be done more
safely for NC * 3, not too large, while statements for
NC � 3 depend much more on fine details of the approach
[39,52–57]. QCD sum rules were also applied for the study
of the lightest scalar meson, e.g. in Refs. [58–62]. It is
argued too that the � resonance is the chiral partner of the
pion [63–66] and the way in which the � pole evolves
when approaching the chiral symmetry restoration limit is
different according to the nature of this resonance [67].
From an experimental point of view new interest is

triggered on the � resonance from recent high-statistics
results, e.g. J=� ! !�� where a conspicuous peak is
seen [68]. Indeed, this decay mode was the first clear
experimental signal of a � resonance [69,70]. Another
marked peak around the � energy region is also observed
in several heavy meson decays. E.g. it was observed with
high statistical significance in D ! �þ���þ [71]. Both
types of decays present a strong peak in the � mass energy
region because the absence of the Adler zero in the pion
scalar form factor, as explained in Refs. [72,73].2 However,
for the low-energy scalar and isoscalar �� scattering the
presence of an Adler zero at s ’ m2

�=2 requires of a strong
nonresonant background to cancel the pole contribution
from the� resonance, as discussed in Ref. [72]. The role of
this large nonresonance background, taking into account
the Adler zero constraint, was already stressed in Ref. [76]
in order to understand S-wave I ¼ 0 �� scattering. These
results triggered other studies on the � and � resonances,
e.g. [21,22,77,78]. Another field of increasing activity,
both experimental [79,80] and theoretical, concerns the
fusion of two photons into a pair of pions and from there
to extract the width of the � to �� [81–86]. This is also
expected to shed light on the nature of the � meson
[81], once nonresonant background effects are properly
considered. At this point Ref. [81] relies on the fact that
nonresonant terms in the S-matrix mainly affect the
phases of residues but not their modulus for sufficiently

1In addition this reference was able to reproduce simulta-
neously all the isoscalar S-wave resonances quoted in the PDG
[1] from �� threshold up to 2 GeV. A coherent picture of the
scalar sector dynamics and spectroscopy then arose, including
the identification of the lightest scalar glueball.

2One can explain consistently both types of decays in terms of
the pion scalar form factors [72,74,75]
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narrow resonances [87], which is arguable for the �
case [86,88].

The relative strength of the � coupling to K �K compared
to �� is also taken as an important property in order to
disentangle between different models for the nature of the
� meson (q �q, four-quarks, glueball or ��-molecule), as
stressed in Ref. [59]. This reference points out that the not
so much suppressed coupling of the � to KþK� (g�KþK�),
as compared with that to �þ�� (g��þ��), jg�KþK�j=
jg��þ��j ¼ 0:37� 0:06 [59], is a key ingredient to advo-
cate for a gluonium nature of the � meson. According to
Ref. [59], a simple q �q interpretation of the � fails to
explain the large width of the�while a four-quark scenario
has difficulties to explain its large coupling to KþK�. It
is then worth emphasizing that the T-matrices obtained
in Refs. [13,19,28] also predict a ratio for the � couplings
to KþK� and �þ�� in perfect agreement with the
value above of Refs. [58,59,89]. Explicitly, we have
jg�KþK�j=jg��þ��j ¼ 0:36� 0:04 from the average col-
lected in Ref. [20]. However, in our case this stems from
the dynamical generation of the � resonance from the
Goldstone boson dynamics associated to the strong
scalar-isoscalar �� interaction. We also stress that this
approach has been confronted with a large amount of
data from different reactions, both scattering and produc-
tion experiments, in most of the reactions already quoted in
this introduction. However, the extensive phenomenologi-
cal studies of Refs. [44,45,90] obtained much smaller
values for the previous ratio of couplings.

One of the aims of this work is to show that the often
identification of dynamically generated resonances from
the interactions of two mesons (pions in our case) as
meson-meson molecules is misleading. As we show here,
depending on the meson mass, one can have situations
where the size of a dynamically generated meson-meson
resonance is certainly too small to be qualified as a two-
meson molecule. Indeed, its size could be as small as that
of one of the mesons involved in their formation. The fact
that the � is such a tight compact object clearly hints that
the two pions pack so much that it is not meaningful
anymore to keep their identities separately. At this stage,
a four-quark compact resonance seems a more appropriate
picture. This is also supported by the NC evolution of the
�-pole trajectory which is clearly at odds with the expec-
tations for a purely �qq or glueball resonance, but in the
lines of what it is expected for a meson-meson or four-
quark resonance [39,52–57,91]. However, by increasing
the pion mass the � resonance pole tends to follow the
two-pion threshold, and when it is close to the latter its size
increases, becoming a spread object. This is a clear indi-
cation for the molecular character of the� for large enough
pion masses, M� * 400 MeV. In addition, let us also
emphasize that our work is the first calculation of the
size of the � resonance. This is a novel way to study its
nature in the literature.

The rest of the paper is organized as follows. In Sec. II
we give a short introduction to the SUð2Þ ChPT
Lagrangians both at LO and NLO that are used in the
rest of the paper. Next we dedicate Sec. III to evaluate
�� scattering at one-loop order in Unitary ChPT. A wide
set of data is fitted, including some recent lattice QCD
determinations as a function of M�. We pay special atten-
tion to the threshold parameters and the � pole position.
For these quantities we also compare with previous phe-
nomenological determinations and the lattice QCD results
on the dependence of the � pole mass as a function of the
pion mass. We dedicate Sec. IV to the calculation of the
scalar form factor of the � resonance. First pion scattering
in the presence of a scalar source is discussed. The scalar
form factor of the � is calculated from the double � pole
present in the amplitude for the previous process, once ��
initial and final state interactions are taken into account.
Then, we determine the quadratic scalar radius of the� and
then have some information on the size of this resonance.
We stress that this radius is pretty small, around 0.5 fm,
indicating that the � is a compact object. We also discuss
the relation between the value of the � scalar form factor
at the origin and the dependence of the � pole with the
pion mass, related by the Feynman-Hellmann theorem.
Both issues, the quadratic scalar radius and the Feynman-
Hellman theorem, are addressed in Sec. V. After conclud-
ing in Sec. VI, we dedicate Appendix A to the loop
functions used throughout the amplitudes calculated,
which are in turn given in Appendix B for pion scattering
in the presence of a scalar source.

II. SUð2Þ CHIRAL LAGRANGIANS

We follow the standard ChPT counting and the pro-
cesses under consideration, the scattering of pions with
and without the presence of a c-number external scalar
source, are calculated both at LO and NLO. The chiral
power counting of a connected diagram, pD (where p is a
generic small momentum compared to �ChPT ’ 1 GeV),
obeys the equation [7,10]

D ¼ 2þX
d

Ndðd� 2Þ þ 2L: (1)

In this equation, d is the chiral dimension of a vertex, Nd

the number of vertices with dimension d and L is the
number of loops. Each derivative increases the counting
by one unit and the lightest quark masses add two units to
D. The LO calculation has D ¼ 2 with no loops (L ¼ 0)
and involves only d ¼ 2 vertices. For the NLO,D ¼ 4, and
one has diagrams with L ¼ 1 that involve only d ¼ 2
vertices. There are also diagrams with L ¼ 0 with only
one d ¼ 4 vertex, with the rest of vertices having d ¼ 2.
Up to NLO,Oðp4Þ, one has to consider the SUð2Þ chiral

Lagrangians at Oðp2Þ, L2, and Oðp4Þ, L4, that we take
from Ref. [7]:
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L 2 ¼ F2

2
ðr�U

Tr�Uþ 2ð	TUÞÞ; (2)

L4 ¼ l1ðr�UTr�UÞ2 þ l2ðr�UTr
UÞðr�U
Tr
UÞ

þ l3ð	TUÞ2 þ l4ðr�	Tr�UÞ þ � � � ; (3)

where F is the pion weak-decay constant in the chiral limit,
the terms proportional to the li are the NLO chiral counter-
terms and the ellipsis indicate terms not shown because are
not needed here. The pion fields are included through the
Oð4Þ real vector-field UðxÞ of unit length, UTU ¼ 1, as:

UT¼ðU0ðxÞ; ~UðxÞÞ; ~UðxÞ¼ ~�ðxÞ
F

¼ 1

F
ð�1;�2;�3Þ;

U0ðxÞ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ~UðxÞ2

q
¼1�1

2
~U2�1

8
~U4���� (4)

We also use the relation between the charged and Cartesian
pion fields given by

�� ¼ �1 � i�2ffiffiffi
2

p ; �0 ¼ �3: (5)

The explicit chiral symmetry breaking due to the finite u
and d quark masses enters through the vector-field 	TðxÞ ¼
2Bðm̂þ sðxÞ; piðxÞÞ. Here, 2Bm̂ ¼ M2 is the pion mass at
leading chiral order3 and m̂ is the algebraic mean of the u
and d quark masses (we consider exact isospin symmetry).
The fields sðxÞ and piðxÞ refer to the scalar and pseudo-
scalar c-number external sources, in order. The covariant
derivative r� reduces in the problem that we are studying

to the standard derivative, r� ! @�, since we do not

consider here external vector nor axial-vector currents.
Finally, the parameter B is related to the value of the quark
condensate in the chiral limit h �qiqji ¼ ��ijF2B [7].

In the following we employ the finite and scale inde-
pendent constants �li defined by

li ¼ lri þ �i

R

32�2
; lri ð�Þ ¼ �i

32�2

�
�li þ logM

2

�2

�
;

R ¼ �n�4

�
2

n� 4
� ðlog4�þ �0ð1Þ þ 1Þ

�
;

(6)

so that �li is, up to a numerical factor, the renormalized
coupling constant lri at the scale � ¼ M ’ M�. In the

chiral limit the �li are not defined as they are then divergent
quantities. The needed �i coefficients are [7]

�1 ¼ 1

3
; �2 ¼ 2

3
; �3 ¼ � 1

2
; �4 ¼ 2: (7)

The infinite quantity R is cancelled with the infinities that
originate from loops, see Appendix A.

The calculation of the pion self-energy, �i�ðp2Þ, is
necessary in order to take into account the renormalization
of the wave function of the initial and final pions. One has
to evaluate the diagrams in Fig. 1 with the result:

�ðp2Þ ¼ 3M2A0ðM2Þ
2F2

þ 2M4l3
F2

� p2A0ðM2Þ
F2

: (8)

Notice that �ðp2Þ is linear in its argument. The one-point
function A0ðM2Þ is given in Eq. (A2), Appendix A, to-
gether with the different n-point loop function needed in
this work. We can write the self-energy Eq. (8) as:

�ðp2Þ ¼ �ðM2
�Þ þ�0ðM2

�Þðp2 �M2
�Þ: (9)

The Dyson resummation gives for the renormalized propa-
gator, �Rðp2Þ,

i�Rðp2Þ ¼ i

ðp2 �M2
�Þð1� �0ðM2

�ÞÞ
� iZ

p2 �M2
�

; (10)

where

Z ’ 1þ �Z ¼ 1� A0ðM2Þ
F2

þOðM4
�Þ;

M2
� ¼ M2

�
1� M2

32�2F2
�l3

�
þOðM6

�Þ:
(11)

Then, in order to take into account the renormalization of
the pion wave function in our diagrams (both for ��
scattering and for the ��s ! �� process), with four

external legs, we have to multiply by a factor ðZ1=2Þ4 ¼
Z2 ¼ 1þ 2�ZþOðM4Þ. In the following, we should keep
in mind that the pion propagators employed are i�Rðp2Þ,
Eq. (10), in terms of the physical pion mass. This will make
simpler the calculation of some diagrams for the process
��s ! ��. Let us also mention that the amplitudes cal-
culated are given in terms of the physical mass and weak-
decay constant of the pion. The latter is given by [7]:

F� ¼ F

�
1þ M2

16�2F2
�l4

�
þOðM4

�Þ: (12)

III. �� SCATTERING AND THE � MESON

A. The �� ! �� amplitude

The chiral Lagrangians exposed in Sec. II comprise four
low-energy constants (LECs), �li, at Oðp4Þ. Additionally,
our resummation procedure, explained below, includes
a subtraction constant through the two-meson unitarity
one-loop function. Before considering the ��s ! ��
amplitude, we must fix these free parameters. This

FIG. 1. Diagrams for the one-loop calculation of the pion self-
energy. Full circles represent Oðp2Þ vertices, while the empty
ones correspond to the Oðp4Þ vertices.

3In our notation M represents the pion mass at LO, i.e., the
parameter that appears directly from the Lagrangian, while M�
refers to the physical pion mass.
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is accomplished by comparing our results for the scalar
�� ! �� phase shifts with I ¼ 0, 2 with experiment, and
also other observables with lattice QCD determinations.

We denote by 	nðs; tÞ the I ¼ 0 �� scattering ampli-
tudes calculated from Fig. 2 in ChPT atOðpnÞ, with n ¼ 2
or 4. Their projections in S-wave are indicated by �nðsÞ.
Diagram (a) is the LO contribution, while the rest of
diagrams are the NLO ones. The last two diagrams,
namely, (e) and (f) contribute to the wave-function renor-
malization of the pion external legs. We introduce the
usual Mandelstam variables s, t and u. The variable s
corresponds to the total energy squared of the two pions
in their center-of-mass frame (CM), while the other two are
defined as:

t ¼ �2p2ð1� cos
Þ u ¼ �2p2ð1þ cos
Þ
sþ tþ u ¼ 4M2

� p2 ¼ s

4
�M2

�

(13)

Here, p2 is the three-momentum squared of the pions in
their CM and 
 is the scattering angle in the same reference
frame. The amplitudes �nðsÞ are then given by,

�nðsÞ ¼ 1

4

Z �1

�1
d cos
	nðs; tÞ: (14)

In the previous equation an extra factor of 1=2 has been
included, in correspondence with the so called unitarity
normalization [13]. The I ¼ 0�� state is symmetric under
the exchange of the two pions so that the unitarity normal-
ization avoids having to take into account the presence of
the factor 1=2whenever it appears as an intermediate state.
In this way, the same formulas as for distinguishable
particles can be employed. In the following of the paper
we employ the unitarity normalization in all the isoscalar
�� matrix elements unless the opposite is stated.

Let us indicate by TðsÞ the scalar-isoscalar unitarized
�� partial-wave amplitude. Following the unitarization
method of Refs. [19,24], the right-hand cut or unitarity
cut is resummed by the master formula:

TðsÞ ¼ VðsÞ
1þ VðsÞGðsÞ : (15)

This formula is deduced by solving algebraically the N/D
method [19,23], treating perturbatively the crossed cuts,
whereas the unitarity cut is resummed exactly. Here, GðsÞ
is the scalar two-point function,

GðsÞ ¼ 1

16�2

�
aþ log

M2
�

�2
� �ðsÞ log�ðsÞ � 1

�ðsÞ þ 1

�
; (16)

with chiral order p0. In the previous equation �ðsÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4M2

�=ðsþ i�Þp
. The interaction kernel VðsÞ has a

chiral expansion, VðsÞ ¼ V2ðsÞ þ V4ðsÞ þ � � � , with the
chiral order determined by the subscript. The different
chiral orders of VðsÞ are calculated by matching TðsÞ
with its perturbative expansion calculated in ChPT. In
this way up to Oðp4Þ,

TðsÞ ¼ VðsÞ
1þ VðsÞGðsÞ ¼ �2ðsÞ þ �4ðsÞ þ . . .

¼ V2ðsÞ þ V4ðsÞ � V2
2 ðsÞGðsÞ þ . . . ; (17)

where the ellipsis indicate Oðp6Þ and higher orders in the
expansion. It results in

V2ðsÞ ¼ �2ðsÞ; V4ðsÞ ¼ �4ðsÞ þ �2ðsÞ2GðsÞ: (18)

The finite piece of the unitarity term in Fig. 2 (that is,
the term of �4ðsÞ that contains the unitarity cut and is
proportional to the unitarity two-point one-loop function)
is given by:

�U
4 ðsÞ ¼ ��2

2ðsÞ �B0ðsÞ: (19)

Here, �B0ðsÞ is the two-meson loop in dimensional regulari-
zation, without the Rþ logðM2=�2Þ piece (that cancels out
with the other infinite and scale dependent terms, see
Eqs. (A5) and (A6) in Appendix A). In this way, the kernel
VðsÞ ¼ V2ðsÞ þ V4ðsÞ has no unitarity cut because

�U
4 ðsÞ þ �2

2ðsÞGðsÞ ¼ ��2
2ðsÞð �B0ðsÞ �GðsÞÞ; (20)

and the cut cancels in the r.h.s. of the previous equation.
The full unitarity cut arises from the denominator
1þ VðsÞGðsÞ in Eq. (15).
In this section we have dealt with the I ¼ 0 unitarized

amplitudes but, needless to say, the same formalism applies
to the I ¼ 2 ones, by just changing the kernel VðsÞ.
We additionally note here that the same subtraction con-
stant is used for both channels, as required by isospin
symmetry [92].

B. Fits and the � meson

At LO, there is just one free parameter corresponding to
the subtraction constant in GðsÞ. At NLO, there are, in
addition, four LECs, �li, i ¼ 1, 2, 3, 4. For I ¼ 0, the phase
shifts that we fit contain the very precise data ofKe4 decays
below

ffiffiffi
s

p ¼ 400 MeV [93–97]. These data are corrected

FIG. 2. Feynman diagrams for �� scattering up to NLO. Full
circles represent Oðp2Þ vertices, while the empty ones corre-
spond to the Oðp4Þ vertices.
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for isospin breaking effects, as explained in Ref. [98].
Above that energy, the data of Ref. [99] and the average
of different experiments [100–105], as used e.g. in
Ref. [19], are taken into account. For I ¼ 2, the data
come from Refs. [106,107]. The fits extended to a maxi-
mum energy

ffiffiffiffiffiffiffiffiffi
smax

p ¼ 0:8 GeV at LO, both for I ¼ 0
and I ¼ 2, whereas at NLO we extend this range up toffiffiffiffiffiffiffiffiffi
smax

p ¼ 1 GeV for I ¼ 2. This is not done for I ¼ 0
because of the related presence of the K �K threshold and
the f0ð980Þ resonance. The phase shifts are denoted by �I

0,

with I ¼ 0, 2. For our NLO fits we also fit recent lattice
QCD results as functions of the pion mass for F� [108,109]
and the isotensor scalar scattering length, a20 [109,110].4

The dependence of F� with the pion mass is calculated at
NLO in ChPT, Eq. (12). The scattering length a20 is defined
through the threshold expansion in powers of p2 of our full
results:

ReTI
0

16�
¼ aI0 þ bI0p

2 þOðjpj4Þ; (21)

that we extrapolate in terms of the pion mass squared.
The resulting values for the fitted parameters are given in

Table I. At LO the subtraction constant for the GðsÞ func-
tion is a ¼ �1:36� 0:12. Four LECs appear additionally
to the subtraction constant as free parameters at NLO. In
order to avoid large correlation among them, the subtrac-
tion constant at NLO is constrained to remain near its value
at LO. This is done by adding a new term to the 	2 taking
into account the difference between the values of a at LO
and NLO, but enlarging its error at LO from 0.12 to 0.2, so
that its contribution to the resulting 	2 is tiny but enough to
remove the large correlations that would appear otherwise
among the LECs and the subtraction constant. The parame-
ters of both fits (LO and NLO) are shown in Table I, and the
corresponding phase shifts are plotted in Fig. 3 with their
respective errors. The left panel is for I ¼ 0 and the right
one for I ¼ 2. The (red) dashed lines arise from our fit at
LO (VðsÞ � V2ðsÞ), whereas the (blue) solid ones show the
NLO fit (VðsÞ ¼ V2ðsÞ þ V4ðsÞ). In the inset of the upper
panel the agreement of our results with the lower energy
data from Ke4 decay can be appreciated. We must stress
that the difference between LO and NLO manifests mostly
in the I ¼ 2 channel phase shifts, as can be seen in Fig. 3.
In this channel, the left-hand cut is more important, but our

amplitudes only incorporates the latter in a perturbative
way, so that at NLO it is well reproduced, but it is absent at
LO. In Fig. 4 our results for F� (left panel) and a20 (right

panel) are shown, and compared with the aforementioned
lattice QCD results.
In Table II we collect some phenomenological

[7,34,111–116] and lattice QCD [117–122] determinations
of the LECs. For the latter the last values of each collabo-
ration are taken, and, in addition, the direct SUð2Þ fit results
are selected if values for SUð2Þ and SUð3Þ fits are offered.
We have also included the range obtained for �l3 from the
data of the NA48/2 Collaboration [97]. These determina-
tions are compared graphically in Fig. 5, where for every
LEC the different results are compatible within errors. The
lattice QCD results concerning �l1;2 are scarce. The JLQCD
and TWQCD Collaborations [120] recently reported �l1 �
�l2 ¼ �2:9� 0:9� 1:3, whereas, from our fit, we obtain
�l1 � �l2 ¼ �3:8� 1:3. For the phenomenological determi-
nations in Table II, since �l1;2 agree well between each other,
also the aforementioned difference between these LECs
does. We finally note that from our fit we obtain at
NLO ChPT that F ¼ 86:8� 0:8 MeV, so that F�=F ¼
1:065� 0:010, compatible with the estimate of lattice
QCD results given in Ref. [123], F�=F ¼ 1:073� 0:015.
Our function GðsÞ stems from the calculation of a once-

subtracted dispersion relation (see e.g. Ref. [19]). If,
instead, it is calculated approximately by employing a
three-momentum cutoff �, one has the following relation
between the subtraction constant and � [15,24]:

að�Þ ¼ �1þ log
e�2

4�2
þO

�
M2

�

�2

�
: (22)

Our values for the fitted subtraction constant gives a cutoff
� ’ 750 MeV ’ M�, which is quite a natural value. We

will make use of these considerations based on Eq. (22)
later on, when dealing with the M� dependence of the �
pole position.
The� pole appears in the second or unphysical Riemann

sheet of the amplitude. This sheet is reached by changing
the function GðsÞ in the following manner [13]. For s real
and above threshold we have

GIIðsþ i�Þ ¼ GIðsþ i�Þ � �GðsÞ; (23)

where the subscript denotes the physical (I) or the unphys-
ical (II) Riemann sheet. In the previous equation, �GðsÞ is
the discontinuity along the unitarity cut,

TABLE I. Summary of our LO and NLO fits. In the last column the 	2 per degree of freedom
is given.

Fit a �l1 �l2 �l3 �l4
	2

d:o:f:

LO �1:36� 0:12 - - - - 1.6

NLO �1:2� 0:4 0:8� 0:9 4:6� 0:4 2� 4 3:9� 0:5 0.7

4We consider the spread of these lattice QCD results as a
source of systematic error for our fits. The final errors included in
the fit are depicted by the dashed error bars in Fig. 4.
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�GðsÞ ¼ GIðsþ i�Þ �GIðs� i�Þ ¼ �i
pðsÞ
8�

ffiffiffi
s

p ; (24)

with pðsÞ ¼ ffiffiffiffiffi
p2

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s=4�M2

�

p
, the CM pion three-

momentum, such that ImpðsÞ> 0. In order to explore the
unphysical Riemann sheet, one then makes the analytical
extrapolation in the cut complex s plane of Eq. (23).

In the second sheet the� resonance is a pole in the I ¼ 0
S-wave �� amplitude,

TIIðs ’ s�Þ ¼ � g2�
s� s�

þ � � � ; (25)

being g� the coupling to the �� channel and the ellipsis
indicate the rest of terms in the Laurent series around s�
(with Ims� < 0). The pole position s� is given in Table III,
together with the resulting values for the threshold parame-
ters of the scalar-isoscalar partial wave. The� pole position
is used to define its mass and width,M� � i��=2 � ffiffiffiffiffi

s�
p

.

The error analysis for any quantities calculated here (e.g.
the fitted values for the LECs, � pole position, etc.) is

performed by randomly varying our parameters around
their fitted values and accepting those values for the
parameters which have a 	2 <	2

min þ �	2. Here 	2
min is

the best value for the 	2. For the LO case, since there is just
one free parameter, we give our two-sigma confidence
interval (otherwise the errors would be too small), given
by �	2 ¼ 4. At NLO the one-sigma confidence interval
corresponds to �	2 ¼ 5:9. The resulting error ellipses are
shown in Fig. 6 for the threshold parameters, upper panel,
and for the � mass and width, lower panel. Notice that
since there is only one free parameter at LO then a curve
results instead of an error ellipse as in NLO. This is why at
LO we have just shown the resulting value with its errors.

C. The � meson. Comparison with
other determinations

We compare now our results for the � mass and
width as well as for the threshold parameters with
other determinations from Refs. [28,32,40,59,124–126].
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FIG. 4 (color online). Dependence of F� (left panel) and a20 (right panel) with M� as compared with lattice QCD data. The (blue)
solid line is given by our NLO fit, whereas the band represents our estimated error. The data are from Refs. [108–110]. For a20 we also
show the data of Ref. [156], although we do not include them in our fits.
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FIG. 3 (color online). Comparison of our scalar �� phase shifts to experimental data for I ¼ 0 (left panel) and I ¼ 2 (right panel).
The (red) dashed line shows our fit for the LO case (VðsÞ � V2ðsÞ), whereas the (blue) solid one shows the NLO fit
(VðsÞ ¼ V2ðsÞ þ V4ðsÞ). The bands represent our uncertainties. The inset in the left panel shows in more detail the low-energy Ke4

decay data. The data for I ¼ 0 are from the Ke4 decay data of Refs. [93–97] (with isospin breaking effects taken into account as in
[98]) and other data from Refs. [99–105]. For I ¼ 2 the phase shifts are from Refs. [106,107].
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References [32,40] are recent sophisticated determinations
of the pion pole position claiming to be very precise. In
Ref. [28], based on chiral Lagrangians and the implemen-
tation of the N/D method, a detailed study of meson-meson
scattering in the scalar sector up to around

ffiffiffi
s

p ¼ 2 GeV
was performed. All the relevant channels were taken into
account, even the 4� channel through the �� and ��
channels whose interactions kernels were predicted mak-
ing use of chiral symmetry and vector meson dominance.
A good description of the data considered was achieved,
which allowed a full description of the resonances experi-
mentally seen up to that energy.5

The relevant quantities contained in those references are
collected in Table IV, and compared in Figs. 7 and 8 with
our LO and NLO determinations. If all these determina-
tions can be considered as different measures of the
same physical quantity, then they should be compatible.
A good check of their mutual compatibility is to determine
whether they are compatible within errors with their
weighted average.6 These values are calculated and given
in Table IV.

The ideal situation is that for the threshold parameters a0
and b0, as can be seen by simple inspection of Fig. 7, or
directly from the values in Table IV. All values agree within
errors with their weighted average:

a00 ¼ 0:220� 0:003; b00M
2
� ¼ 0:279� 0:003: (26)

The latest NA48/2 Collaboration result [97] is a00¼
0:2220�0:0128stat�0:0050syst�0:0037th, in good agree-

ment with Eq. (26). For completeness we also report our
result at NLO for the I ¼ 2 isoscalar scattering length:

a20 ¼ �0:0424� 0:0012: (27)

The last value from Ke4 decays of the NA48/2 Collabo-
ration [97] is a20 ¼ �0:0432� 0:0086stat � 0:0034syst �
0:0028th, whereas the precise determination of Ref. [35]
gives a20 ¼ �0:0444� 0:0010. At this point, it is worth

stressing that our unitarized amplitudes with the kernels
calculated at NLO allow a good reproduction of the low-
energy behavior (Ke4 data and scattering lengths) while
keeping the agreement with the higher energy data.
The case of the�mass and width is not so mild. In Fig. 8

one can see that the agreement within errors of the different
values with the weighted average starts at the level of
ð2� 3Þ�. At this stage it is then preferable to take the
mean of the different measures instead of the weighted
average. In this way we have:

M� ¼ 458� 14 MeV ; ��=2 ¼ 261� 17 MeV :

(28)

The resulting error is around 3 times bigger than that for
the weighted average over the different values considered.
The different determinations agree within errors with the
above result, Eq. (28). It can be concluded that our present
knowledge on the pole position of the � meson is quite
precise, with the uncertainty of the order of few tens of
MeV, lying in a range much narrower than the values
nowadays reported in the PDG.

TABLE II. Comparison of different phenomenological and lattice QCD determinations of the LECs �li, i ¼ 1, 2, 3, 4. Together with
every reference, for an easier comparison the initials of the authors or those of the collaboration are given.

Ref. �l1 �l2 �l3 �l4

[7] GL �2:3� 3:7 6:0� 1:3 2:9� 2:4 4:6� 0:9
[34] CGL �0:4� 0:6 4:31� 0:11 - 4:4� 0:2
[111] ABT 0:4� 2:4 4:9� 1:0 2:5þ1:9

�2:4 4:20� 0:18
[112] PP �0:3� 1:1 4:5� 0:5 - -

[113] GKMS 0:37� 0:95� 1:71 4:17� 0:19� 0:43 - -

[114] BCT - - - 4:4� 0:3
[115] OR - - - 4:5� 0:3
[116] DFGS - - �15� 16 4:2� 1:0
[97] NA48/2 - - 2:6� 3:2 -

[117] RBC/UKQCD - - 2:57� 0:18 3:83� 0:9
[118] PACS-CS - - 3:14� 0:23 4:04� 0:19
[119] ETM - - 3:70� 0:07� 0:26 4:67� 0:03� 0:1
[120,121] JLQCD/TWQCD - - 3:38� 0:40� 0:24þ0:31

�0 4:09� 0:50� 0:52
[122] MILC - - 2:85� 0:81þ0:37

�0:92 3:98� 0:32þ0:51
�0:28

This work 0:8� 0:9 4:6� 0:4 2� 4 3:9� 0:5

5In Table IV we double the errors of our previous determi-
nation [28], so as they have a similar size as those from other
calculations. In this way the weighted average is not so much
biassed from just one determination.

6For a given set of N independent measures xi with their errors
�i, the (weighted) average is given by �x ¼ ðPN

i¼1 xi=�
2
i Þ=ðPN

i¼1 1=�
2
i Þ and the standard deviation � by 1=�2 ¼PN

i¼1 1=�
2
i .
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D. Dependence with M� of the
� meson mass and width

We can now study the evolution of the � meson prop-
erties when the physical pion mass M� varies (e.g. by
changing the current quark masses in QCD). This is an
interesting problem by itself. It is also related to the form
factor of the � meson, F�ðsÞ, since ds�=dM

2
� and F�ð0Þ

are proportional by the Feynman-Hellman theorem, as
discussed below. At LO, the only changes produced by
varyingM2

� are those occurring inside the kernel V2ðsÞ and
the loop function GðsÞ. At NLO, F� varies with M2

�

because of Eq. (12), and also the LECs because it follows
from Eq. (6) that:

�l iðM2
�Þ ¼ �liðM2

�;physÞ � log
M2

�

M2
�;phys

: (29)

We can consider the subtraction constant a in the function
GðsÞ as independent of M� in view of Eq. (22). With the
above considerations one searches the � pole position in
the s-complex plane, s�, for different values ofM�, just as
in the physical pion mass case. The coupling g2� is also
obtained by means of the Cauchy theorem.
Before discussing this evolution, it is useful to make

some analytical derivations. Let us consider the unitarized
�� amplitude, Eq. (15), as a function of both the
Mandelstam variable s and the pion mass squared,
Tðs;M2

�Þ. In the second Riemann sheet it reads:

Tðs;M2
�Þ ¼ Vðs;M2

�Þ
1þ Vðs;M2

�ÞGIIðs;M2
�Þ

: (30)

This function has a Laurent series around s� expressed in
Eq. (25). Taking the derivative of Tðs;M2

�Þ with respect to
M2

� in both sides of Eq. (25), and attending to the double-
pole terms, one obtains:

_s �ðM2
�Þ ¼ � g2�ðM2

�Þ
Vðs�;M2

�Þ2
ð _Vðs�;M2

�Þ

� Vðs�;M2
�Þ2 _GIIðs�;M2

�ÞÞ; (31)

where the dot denotes derivative with respect to M2
�. In

the previous equation we have taken into account that

TABLE III. � pole position and threshold parameters for the
isoscalar scalar partial-wave amplitude.

Fit
ffiffiffiffiffi
s�

p ðMeVÞ a00 b00M
2
�

LO 465� 2� i231� 7 0:209� 0:002 0:278� 0:005
NLO 440� 10� i238� 10 0:219� 0:005 0:281� 0:006

l̄1

GL

CGL

ABT

PP

GKMS

This work

-6 -5 -4 -3 -2 -1 0 1 2 3

l̄2

GL

CGL

ABT

PP

GKMS

This work

3.5 4 4.5 5 5.5 6 6.5 7 7.5

l̄3

GL

ABT

RBC/UKQCD

MILC

PACS-CS

ETM

JLQCD/TWQCD

NA48/2

This work

-2 -1 0 1 2 3 4 5 6

l̄4
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ABT
BCT
DFGS
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RBC/UKQCD
MILC
PACS-CS
ETM
JLQCD/TWQCD
This work

3 3.5 4 4.5 5 5.5

FIG. 5 (color online). Comparison of the different lattice QCD and phenomenological determinations of the LECs collected in
Table II. The (green) diamonds are lattice QCD determinations, and (red) circles are the phenomenological ones. The range obtained
for �l3 by the NA48=2 Collaboration is represented by a (blue) triangle. The (black) squares are our results. For an easier comparison,
we have included a shaded area that represents our results (except for �l3).
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Eq. (30) requires that GIIðs�Þ ¼ �1=Vðs�Þ at the pole
position s�.

Analogously, since g�ðM2
�Þ2 is minus the residue of the

pole of the amplitude in the s variable, one gets:

g2�ðM2
�Þ ¼ Vðs�;M2

�Þ2
V 0ðs�;M2

�Þ � Vðs�;M2
�Þ2G0

IIðs�;M2
�Þ

; (32)

where the prime denotes a derivative with respect to the s
variable. One should replace GIIðs�;M2

�Þ by Gðs�;M2
�Þ

(the function in the physical Riemann sheet) in Eqs. (31)
and (32) for the case when the � pole becomes a bound
state. From Eqs. (31) and (32), given the knowledge of s�
and g2� in the physical case, the evolution of the pion pole
and the coupling with M2

� could be studied directly. We
have checked that the numerical results are the same as
those obtained by looking for the pole in the complex plane
for different pion masses, as explained above.

The main features of the evolution of the � meson with
M� can be grasped by the inspection of Figs. 9 and 10. In
Fig. 9 we show

ffiffiffiffiffi
s�

p
as a function of M�, so that, M� is

shown is the upper plane, ��=2 in the middle one and the
plane M�–��=2 in the panel on the bottom. The (red)
thinner solid lines originate from the LO calculation,
V ¼ V2, and the (blue) thicker solid ones from the NLO

results, V ¼ V2 þ V4, Eq. (18). For the physical situation
(M� ’ 140 MeV), we have the case just described, that is,
the � meson is seen as a pole in the unphysical Riemann
sheet. As we increase M�, the imaginary part of

ffiffiffiffiffi
s�

p
decreases, becoming zero at M� ’ 310 MeV for LO and
at M� ’ 330 MeV for NLO.7

In Fig. 10 we show s� in units of the pion mass squared
in the first and second panels from left to right. In the latter
the scale of the ordinate axis changes and is restricted to
values slightly slower than 4M2

�, so that one can appreciate
the evolution of the real part of s� and distinguish it from
the line s� ¼ 4M2

� (which is difficult to realize from the
first panel for M� � 300 MeV). In the last panel we show
g2� in the same units for varyingM�. For all the panels the
solid (dashed) lines are for the real (imaginary) part, and
the thicker (thinner) lines correspond to NLO (LO) results.
Notice that both for LO and NLO, g2� diverges at the point
where s� becomes purely real. Approaching this point
from lower values of M�, Img2� diverges, whereas, ap-
proaching it from higher values of M� then Reg2� is
the one that diverges. This can be understood from the
behavior of the derivative of s�, that is not defined pre-
cisely at this point, and in view of Eq. (31), where it is seen
that _s� / g2�.
For even larger values of M� (M� ’ 370 MeV at LO

and M� ’ 480 MeV at NLO), s� osculates the 2� thresh-
old, while standing below it, and changes from the
unphysical Riemann sheet to the physical one, becoming
a bound state. Since s� ’ 4M2

� close to this point, the
binding energy is small, and so is the coupling, becoming
exactly zero when s� ¼ 4M2

�. These points are indicated
with arrows in Fig. 10. This behavior can be shown analyti-
cally. From Eq. (32), one deduces that for s� ’ 4M2

�,

g2� ¼ ��64�M�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
js� � 4M2

�j
q

; (33)

with � ¼ þ1 for the unphysical Riemann sheet (at the left
of this point) and � ¼ �1 for the physical Riemann sheet
(at the right). Therefore, g2� ¼ 0 for s� ¼ 4M2

�, as indi-
cated by the arrows in the rightmost panel of Fig. 10.
However, it is worth noticing that from Eq. (33) it follows

that g2�=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffijs�=4�M2

�j
p � g2�=jp�j is finite. On the other

hand, the fact that the pole changes from one Riemann
sheet to the other in a continuous way can be understood in
terms of Eqs. (23) and (24). The difference between the
GðsÞ function calculated in the two Riemann sheets is

FIG. 6 (color online). Monte Carlo-like error analysis for the �
mass (M� � Re

ffiffiffiffiffi
s�

p
) and half-width (��=2 � �Im

ffiffiffiffiffi
s�

p
) and

threshold parameters a00 and b00. The (blue) error ellipses corre-

spond to the NLO fit while the single (red) point with errors is for
the LO result.

7At this point another pole (not shown in the figures) starts to
appear below the � one. This is due to the appearance of two real
solutions for the equation 1þ VðsÞGðsÞ ¼ 0, since the imagi-
nary part of s� is zero in this region. There is no need to consider
further this pole since, irrespective of whether it lies in the same
Riemann sheet than the higher pole, the effects of the latter
overwhelmingly dominate over those of the former. For smaller
M�, since the solutions are not real, the � corresponds to two
complex conjugated values.
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given by a piece proportional to �ðs�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4M2

�=s�
p

that vanishes for s� ¼ 4M2
�. At this point, where the � is a

zero bound state, one also has an infinite value for the
scattering length.

The mere existence of this critical point can be exam-
ined analytically. For s ¼ 4M2

�, the function GðsÞ can be
written as:

Gðs ¼ 4M2
�Þ ¼

aþ logM
2
�

�2

16�2
�

logM
2
�

�2
a

16�2
; (34)

with �2
a ¼ e�a�2 a new scale. If we concentrate on the

simpler case of LO, Vð4M2
�Þ ¼ 7M2

�=2F
2
�, the equation

for finding a pole at s ¼ 4M2
�, V

�1 þG ¼ 0, can be cast
as fðxÞ ¼ 0, with

fðxÞ ¼ 1þ �x logx; (35)

where

x ¼ M2
�=�

2
a (36)

and

� ¼ 7�2
a=ð32�2F2

�Þ � 0: (37)

Since � � 0 a zero of the fðxÞ function is only possible for
0 	 x 	 1. Actually two zeros of this function exists if the
value of the function at its minimum x0 ¼ e�1 is negative
(see Fig. 11). This condition in terms of the variable a
requires that the latter is smaller than the critical value a?,

a? ¼ �1þ log
7�2

32�2F2
�

: (38)

If this is the case there is a zero for 0< x < x0 and another
one for x0 < x< 1. For our value of the renormalization
scale, � ¼ 770 MeV, a? ’ �0:6, so that the fitted value
a ’ �1:4 given in Table I is much smaller than a?. We also
have that our value for x0 corresponds to M� ’ 900 MeV,

TABLE IV. Values ofM�, ��=2, a
0
0 and b

0
0 extracted from the literature. The value of Ref. [97]

corresponds to the latest experiment on Ke4 decays (with the errors added in quadrature for an
easier comparison).

Ref. M�ðMeVÞ ��=2ðMeVÞ a00 b00M
2
�

[124] 470� 50 285� 25 - -

[32] 441þ16
�8 272þ9

�13 - -

[40] 484� 17 255� 10 0:233� 0:013 0:285� 0:012
[28] 456� 12 241� 14 - -

[125] 463� 6þ31
�17 254� 6þ33

�34 0:218� 0:014 0:276� 0:013
[59] 452� 12 260� 15 - -

[126] 457þ14
�13 279þ11�7 - -

[97] - - 0:222� 0:014 -

[35] - - 0:220� 0:005 0:276� 0:006
This work 440� 10 238� 10 0:219� 0:005 0:281� 0:006
Average 453� 5 258� 5 0:220� 0:003 0:279� 0:003
Mean 458� 14 261� 17 0:223� 0:007 0:280� 0:004

a0
0

0.2 0.21 0.22 0.23 0.24 0.25
M2

π b0
0

0.26 0.27 0.28 0.29 0.3

M
2 π

b0 0

a0
0

A
B
C
D

0.26

0.27

0.28

0.29

0.3

0.2 0.21 0.22 0.23 0.24 0.25

FIG. 7 (color online). In this figure we show the values for the threshold parameters a00 and b
0
0 from different papers in the literature,

as indicated in the plots. In the first two panels, from left to right, the (dark gray) inner strip corresponds to the interval covered by the
weighted average whereas the (light gray) outer strip is for the mean value, both given in Table IV. In the last panel, the rectangles
correspond to the aforementioned intervals in the a00 � b00M

2
� plane. The references are: A [125], B [40], C [35] and D refers to the

NLO determination of this work.
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then a pole with s� ¼ 4M2
� exists for 0<M� < 900 MeV.

The solution of Eq. (35) for the value of a fitted gives that
this pole is located atM� ’ 370 MeV, as stated above and
indicated by the left most arrow in the panels of Fig. 10.

For the NLO case, the situation becomes somewhat
more involved, and the function fðxÞ is now:

fðxÞ ¼ 1þ �ðxÞx logxð1þ �ðxÞ�ðxÞxÞ; (39)

where �ðxÞ is defined as in Eq. (37), but at NLO one has to
take into account its implicit dependence on x / M2

�

through F�. On the other hand, �ðxÞ is defined as

�ðxÞ ¼ 40

147
L� 2

7
logx;

L ¼ �lp1 þ 2�lp2 �
3

8
�lp3 þ

21

10
�lp4 þ

21

8
þ 189

40
logxp;

(40)

where �lpi � �liðM2
�;physÞ corresponds to the LECs calculated

at the physical pion mass and

xp ¼ M2
�;phys=�

2
a: (41)

For the values collected in Table I we find that s� ¼ 4M2
�

for M� ’ 480 MeV. Nevertheless, this value is quite
sensitive to the LECs, and it should be taken merely as
indicative (for some values of the LECs not far from the
fitted ones the change from virtual to bound state does not
occur at all). This sensitivity is illustrated by the error band
in Figs. 9 and 10.

In Fig. 9 our results on the pion mass dependence of
the � pole position, partially presented in Ref. [127], are
compared with other works. The (gray) dashed line,
denoted by IAM, gives the results of Ref. [128] in the
framework of the IAM. The points shown come from the
lattice QCD studies of Refs. [129,130]. Interestingly, we
find a remarkably good agreement with the curve from
the IAM results [128] for M� & 400 MeV. As stated by

the authors, the point where s� ¼ 4M2
�, and thus the �

meson becomes a bound state, is M� ’ 460 MeV when
they employed the NLO ChPT amplitudes [131], whereas
M� ’ 290–350 MeV when the N2 LO ChPT amplitudes
were used. We show in Fig. 9 the curves of Ref. [128]
corresponding to this latter case.
A lattice QCD search of light scalar tetraquarks with

JPC ¼ 0þþ (we focus here on the I ¼ 0 results) is per-
formed in Ref. [130]. Along with the lowest �ðpÞ�ð�pÞ
scattering state, an additional lighter state is found. For
the dynamical simulations of Ref. [130] the former state is
denoted in Fig. 9 with n ¼ 1 (green filled circles) and the
latter one with n ¼ 2 (pink filled triangles). For the
quenched simulations we use the (green) empty circles
and the (purple) empty triangles, in the same order as
before.8 The points with n ¼ 1 and 2 overlap at each
pion mass, and the quantitative agreement with our curves
is satisfactory. However, both our curves and the lattice
QCD results of Ref. [130] do not agree with most of the
points of the lattice QCD calculation of Ref. [129] and, in
addition, the tendency of the points is qualitatively differ-
ent to that for our results and those of Ref. [130].
For larger values of M� we obtain values for the �

meson mass, both at LO and NLO, that remain below but
always close to the �� threshold, in agreement with the
lattice QCD results of Ref. [130]. Note that this is not the
case for the IAM calculation of Ref. [128] for M� *
400 MeV. The fact that the � meson follows so closely
the threshold for higher values of M�, both according to
our calculation and to the lattice QCD calculation of

Mσ (MeV)
420 440 460 480 500

Γσ 2 (MeV)
220 240 260 280 300

Γ σ
2

(M
eV

)

Mσ (MeV)

A
B
C
D
E
F
G
H

220

240

260

280

300

420 440 460 480 500

FIG. 8 (color online). In this figure we show the values for the mass and width of the � resonance from different papers in the
literature, as indicated in the plots. In the first two panels, from left to right, the (dark gray) inner strip corresponds to the interval
covered by the weighted average whereas the (light gray) outer strip is for the mean value, both given in Table IV. In the last panel,
the rectangles correspond to the aforementioned intervals in the M� � ��=2 plane. The references are: A [32], B [40], C [126],
D [125], E [59], F [124], G [28], and F refers to the NLO determination of this work.

8However, we must also point out that the lattice QCD
simulations are performed for each pion mass at a single volume
and lattice spacing, so the continuum and infinite volume values
of the � meson mass in the bound state case may differ from
those values.
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Ref. [130], clearly indicates that for such masses it is
dynamically generated from the �� interactions. We
elaborate further on the nature of the � resonance below.
However, one should keep in mind that the � meson
becomes an antibound or virtual state between those pion
masses in which it has zero width and has not crossed to the

physical Riemann sheet yet. In the bound state case,
an additional state appears in the energy levels spectrum
in the box, whereas an antibound state does not. In order
to discern the latter situation one should look at other
computable quantities, such as the sign of the I ¼ 0
S-wave �� scattering length.
It is also interesting to study the chiral limit,M� ! 0. As

can be seen in Fig. 10, s�=M
2
� ! 1, because s� remains

finite in this limit. Indeed, the values calculated for s� near
the chiral limit behave as (forM� 	 150 MeV),

s�ðM2
�Þ ¼ s�;	 þ aM2

� þ bM2
� log

M2
�

M2
�;phys

; (42)

with the values of the � pole position in the chiral limit
given by

ffiffiffiffiffiffiffiffiffi
s�;	

p ¼ 453� i282 MeV (LO) and
ffiffiffiffiffiffiffiffiffi
s�;	

p ¼
402� i263 MeV (NLO), see Fig. 9.

IV. THE SCALAR FORM FACTOR
OF THE � MESON

We turn now our attention to the calculation of the scalar
form factor of the �meson, that is, the interaction of the �
resonance with a scalar source (denoted in the following by
H). As an intermediate step we calculate first the scattering
of two pions in the presence of a scalar source, from which
we extract the scalar form factor of the �. This can be done
because the � originates as a pole in the interaction of a
scalar-isoscalar pair of pions, as discussed in Sec. III. We
start by considering in Sec. IVA the kinematics of the
��H ! �� reaction, which is somewhat more compli-
cated than the standard kinematics of a two-body reaction.
In Sec. IVB, we discuss the one-loop calculation of the
amplitude ��H ! �� from the chiral Lagrangians of
Sec. II. In terms of this amplitude one can derive the scalar
form factor of the � meson, as performed in Sec. IVC.
This is accomplished by taking into account pion rescatter-
ing, similarly as done above for �� scattering, with some
modifications that are carefully examined.

A. Kinematics

We are interested in pion-pion scattering with a scalar
source, �ðp1Þþ�ðp2ÞþHðqÞ!�ðp3Þþ�ðp4Þ, Fig. 12.
The overall center-of-mass frame, CM, is the same as the
rest frame of the final pions, while that corresponding to
the initial ones is denoted by CMB. Because of the pres-
ence of the scalar source CMB does not coincide with CM.
In the CM one has

p3 ¼
� ffiffiffi

s
p
2
;þp

�
; p4 ¼

� ffiffiffi
s

p
2
;�p

�
; p2 ¼ s

4
�M2

�;

(43)

and

FIG. 9 (color online). From top to bottom. First (second)
panel: Mass (half-width) of the � as a function of M�. In the
last panel we show the half-width as a function of the mass of the
� while varying M�. In the figures the (red) thinner and (blue)
thicker solid lines correspond to the LO and NLO results,
respectively. In the upper panel the (black) thin dot-dashed
line represents the two-pion threshold, 2M�. The larger circles
in the last panel highlight the chiral limit and physical case
results, whereas the smaller circles represent 25 MeV steps in
M�, starting at M� ¼ 50 MeV. The dashed, gray lines are the
results of Ref. [128]. The squares in the first panel correspond to
the lattice QCD results of Ref. [129], while the rest of points are
taken from Ref. [130].
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p 1 þ p2 ¼ �q p0
1 þ p0

2 ¼
ffiffiffi
s

p � q0 q � ðq0;qÞ:
(44)

We denote by s and s0 the invariant masses squared for
the final and initial pions, in order. At the end of the
calculation, the limit s, s0 ! s� is taken. It follows that

ðp1 þ p2Þ2 ¼ s0 ¼ ð ffiffiffi
s

p � q0Þ2 � q2 ¼ sþ q2 � 2q0
ffiffiffi
s

p
;

(45)

and then,

q0 ¼ s� s0 þ q2

2
ffiffiffi
s

p ; q2 ¼ ðsþ s0 � q2Þ2
4s

� s0: (46)

Analogously, one has in CMB:

p1 ¼
 ffiffiffiffi

s0
p
2

;þ~p

!
; p2 ¼

 ffiffiffiffi
s0

p
2

;�~p

!
;

~p2 ¼ s0

4
�M2

�; ~q0 ¼ s� s0 � q2

2
ffiffiffiffi
s0

p ;

~q2 ¼ ðsþ s0 � q2Þ2
4s0

� s:

(47)

In the following quantities with a tilde are expressed in
CMB. Notice that ~p is the three-momentum of the first pion
in CMB, while p refers to the three-momentum of the third
pion in CM.
The final (initial) two-pion states are projected into

S-wave in CM (CMB) because the � resonance is defined
as a pole in the second Riemann sheet of the �� isoscalar
S-wave in CM (CMB). The unit three-momenta (indicated
with a hat) are given in terms of the polar and azimuthal
angles (see Fig. 13) as:

FIG. 11 (color online). Representation of the function fðxÞ,
Eq. (35), for two values of a, a > a? (upper line) and a < a?
(bottom line). The variable x is defined in Eq. (36).

FIG. 10 (color online). From left to right. In the first two panel we show s� in units of the pion mass squared as a function ofM�. The
second panel shows in more detail the region for M� � 300 MeV. In the last panel g2� is depicted in the same units. In the figure the
(red) thinner solid lines are for the LO results, and the (blue) thicker solid ones correspond to NLO. The solid lines correspond to
the real part of the quantity shown, whereas the dashed ones represent its imaginary part. We indicate with arrows the points at which
s� ¼ 4M2

� at LO and NLO.

FIG. 12. Kinematics of the �� scattering process in the pres-
ence of a scalar source, �ðp1Þ�ðp2ÞHðqÞ ! �ðp3Þ�ðp4Þ. Pions
correspond to the solid lines and the scalar source to the wavy
one. The gray blob indicates the interactions involved.
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p̂ ¼ ðsin
 cos�; sin
 sin�; cos
Þ;
~̂p ¼ ðsin~
 cos ~�; sin~
 sin ~�; cos~
Þ;
q̂ ¼ ð0; 0; 1Þ;

(48)

where we have chosen the z-axis to be the direction pointed
by q̂. We now work out the Lorentz transformation from
CMB to CM:

ðp1 þ p2ÞCMB ¼
� ffiffiffiffi

s0
p

; ~0
�
;

ðp1 þ p2ÞCM ¼
� ffiffiffi

s
p � q0;�q

�
¼
�
sþ s0 � q2

2
ffiffiffi
s

p ;�q

�
:

(49)

The transformation reads:

sþ s0 � q2

2
ffiffiffi
s

p ¼ �
ffiffiffiffi
s0

p
; �q ¼ ��

ffiffiffiffi
s0

p
v: (50)

It follows then that � ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� v2

p
and v are

� ¼ sþ s0 � q2

2
ffiffiffi
s

p ffiffiffiffi
s0

p ; (51)

v ¼ q

�
ffiffiffiffi
s0

p ¼ 2
ffiffiffi
s

p
sþ s0 � q2

q: (52)

We further define the four-momenta � and � given by

� � ðp1 þ p2Þ; � � ðp1 � p2Þ: (53)

In the CM

� ¼ ð ffiffiffi
s

p � q0;�qÞ: (54)

The momentum transfer� has a simple expression in CMB
where it is given by � ¼ ð0; 2~pÞ. We then perform its
Lorentz transformation to CM, with the result

�0 ¼ �2
q � ~pffiffiffiffi
s0

p ; � ¼ 2~pþ 2ð�� 1Þj~pjðp̂ � q̂Þq̂:
(55)

The problem has six independent Lorentz invariant
kinematical variables.9 We define, in analogy with two-
body scattering, the following six alike Mandelstam
variables,

s ¼ ðp3 þ p4Þ2; s0 ¼ ðp1 þ p2Þ2;
t ¼ ðp1 � p3Þ2; t0 ¼ ðp2 � p4Þ2;
u ¼ ðp1 � p4Þ2; u0 ¼ ðp2 � p3Þ2:

(56)

These variables fulfill the relationship

sþ tþ uþ s0 þ t0 þ u0 ¼ q2 þ 8M2
�; (57)

which is the analogous one to sþ tþ u ¼ 4M2
� valid for

two-pion scattering, Eq. (13). Though q2 and the variables
in Eq. (56) are not independent because of Eq. (57), it is
convenient to write the different amplitudes ��H ! ��
in terms of all of them, given the symmetries present in the
calculation.
In virtue of the previously worked Lorentz transforma-

tion, Eq. (52), we have the four-momenta properly defined
in CM in terms of the key variables s, s0, q2 and the
polar and azimuthal angles in the two-pion center-of-
mass frames [the Lorentz invariants only depend on the
difference between the azimuthal angles, see Eq. (59)
below]. It is convenient to express p1 ¼ ð�þ�Þ=2 and
p2 ¼ ð�� �Þ=2, with � and � given in CM by
Eqs. (54) and (55). In terms of this set of variables, the
Lorentz invariants of Eq. (56) are given by

t ¼ 2M2
� � 2ð�þ Aþ Bþ CÞ;

t0 ¼ 2M2
� � 2ð�� A� Bþ CÞ;

u ¼ 2M2
� � 2ð�þ A� B� CÞ;

u0 ¼ 2M2
� � 2ð�� Aþ B� CÞ;

(58)

where

FIG. 13 (color online). The unit three-momenta in terms of the
polar and azimuthal angles.

9One of the five four-momenta involved in the reaction is fixed
by energy-momentum conservation. From the other four we can
construct six independent scalar products. Notice that p2

1 ¼
p2
2 ¼ p2

3 ¼ M2
� and that q2 can be derived from Eq. (57) in

terms of other Lorentz invariants.
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� ¼ 1

2
�0 � p0

3;4 ¼
1

8
ðsþ s0 � q2Þ;

A ¼ 1

2
�0 � p0

3;4 ¼ � 1

2
jqjj~pj

ffiffiffi
s

pffiffiffiffi
s0

p cos~
;

B ¼ � 1

2
~� � p ¼ þ 1

2
jqjjpj cos
;

C ¼ � 1

2
~� � p

¼ �jpjj~pj
0
@p̂ � ~̂pþ

� ffiffiffi
s

p � ffiffiffiffi
s0

p �
2 � q2

2
ffiffiffi
s

p ffiffiffiffi
s0

p cos
 cos~


1
A:

(59)

In the previous equation the five kinematical variables,

s, s0, q2, cos
, cos~
 are used together with the scalar
product

p̂ � ~̂p ¼ sin
 sin~
 cosð�� ~�Þ þ cos
 cos~
: (60)

In terms of the variables in Eq. (56) one can express the
inverses of several pion propagators that appear in many
Feynman diagrams that contain the scalar source attached
to an external pion leg, cf. diagram (a.2) of Fig. 14. It
results:

D1 ¼ ðqþ p1Þ2 �M2
� ¼ sþ t0 þ u0 � 4M2

�;

D2 ¼ ðqþ p2Þ2 �M2
� ¼ sþ tþ u� 4M2

�;

D3 ¼ ðq� p3Þ2 �M2
� ¼ s0 þ t0 þ u� 4M2

�;

D4 ¼ ðq� p4Þ2 �M2
� ¼ s0 þ tþ u0 � 4M2

�:

(61)

Because of Eqs. (59), the angular dependence of these
inverse propagators is rather simple: D1 and D2 depend

just on cos~
, whileD3 andD4 do on cos
. The propagating
pion can become on-shell for certain angles, giving rise to a
pole in the propagators. These poles, when the S-wave
angular projections are performed, result in logarithmic
divergences. In particular, there is always a pole for
q2 ! 0. We treat this issue later on.

B. The ��H ! �� scattering amplitude

To determine the Feynman diagrams required for the��
scattering in the presence of a scalar source up to Oðp4Þ in
ChPT it is useful to have in mind first those diagrams of
plain �� scattering in Sec. III, Fig. 2. Now, one external
scalar source has to be added in all the possible ways to
those diagrams. As deduced from the Lagrangians L2 and
L4, Eq. (2), the scalar source can couple to any even
number of pions. In Fig. 14 we show the diagrams that
must be calculated at the one-loop level, where the external
scalar source is indicated by a wiggly line. The LO dia-
grams correspond to (a.1) and (a.2).10 Diagrams (a.2), (e.1)
and (f.1) can be handled together because their sum corre-
spond to taking the full pion propagator in between the
external source and the four-pion vertex, Eqs. (10) and (11).
In addition, all the diagrams on the bottom line of Fig. 14,

namely, ð~e:1Þ � ð~f:3Þ, correspond to the wave-function re-
normalization of the LO ones. Both issues are derived to
NLO from the pion self-energy diagrams, Fig. 1, Eq. (11).
Once the renormalization of the pion propagator and the
wave-function renormalization are taken into account, as
well as the rest of diagrams in Fig. 14, one has the basic
topologies shown in Fig. 15.
Compared with �� scattering the presence of the

c-number external scalar source H complicates consi-
derably the simple expressions for the former [7]. The
calculation for each of the diagrams in Fig. 15 is given in
Appendix B. Specifically, we calculate the processes
�0ðp1Þ�0ðp2ÞHðqÞ ! �0ðp3Þ�0ðp4Þ and �0ðp1Þ�0ðp2Þ
HðqÞ ! �þðp3Þ��ðp4Þ, with the former denoted by Tnn

and the latter by Tnc. These two processes are considered
in order to isolate the pion pairs with definite isospin (I) by
taking the appropriate linear combinations. The standard
decomposition of the �0�0 and �þ�� states in two-pion
isospin definite states, j��ðII3Þi, being I3 the third-
component of isospin, is

j�0�0i ¼
ffiffiffi
2

3

s
j��ð20Þi �

ffiffiffi
1

3

s
j��ð00Þi;

j�þ��i ¼ �
ffiffiffi
1

6

s
j��ð20Þi �

ffiffiffi
1

2

s
j��ð10Þi �

ffiffiffi
1

3

s
j��ð00Þi;

(a.1) (a.2) (b.1) (b.2)

(c.1) (c.2) (c.3)

(e.2) (f.3)

(d.1) (d.2) (d.3)

(f.2)(f.1)(e.1)

(ẽ.1) (ẽ.2) (ẽ.3) (f̃.1) (f̃.2) (f̃.3)

FIG. 14. Feynman diagrams for the �� scattering amplitude in
the presence of a scalar source, ��H ! ��, at one-loop order
in ChPT.

10Of course, the scalar source can be attached to any of the pion
legs but for conciseness we draw explicitly the attachment to
only one. This should be understood in the following.
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where we have taken into account that j�þi ¼ �j�;
I ¼ 1I3 ¼ �1i, as follows from the definition of the �þ
field, Eq. (5). Because of isospin conservation (the scalar
source HðqÞ is isoscalar), the Wigner-Eckart theorem
implies

h�0�0jSj�0�0si ¼ þ 2

3
h��ð20ÞjSj��ð20ÞHi

þ 1

3
h��ð00ÞjSj��ð00ÞHi;

h�þ��jSj�0�0si ¼ � 1

3
h��ð20ÞjSj��ð20ÞHi

þ 1

3
h��ð00ÞjSj��ð00ÞHi; (62)

with S the S-matrix. From this equation we can isolate the

purely I ¼ 0 matrix element, Aðs; s0; q2; 
; ~
;�; ~�Þ,
corresponding to

Aðs; s0; q2; 
; ~
;�; ~�Þ � h��ð00ÞjS j��ð00ÞHi: (63)

From Eq. (62), we have:

A ðs; s0; q2; 
; ~
;�; ~�Þ ¼ h�0�0jSj�0�0si
þ 2h�þ��jSj�0�0si

¼ Tnn þ 2Tnc: (64)

We are interested in this matrix element because the � is
isoscalar.

The � is an S-wave resonance so that it is also required
the S-wave angular projection of the initial and final
isoscalar pion pairs. This is straightforward for the final
pions because the CM coincides with its own rest frame,
with the result:

j��; 00i34 � 1

4�

Z
dp̂j�ðp3Þ�ðp4Þð00Þi: (65)

Regarding the initial pair of pions, its state is defined
in CMB analogously as in the previous expression. One

has still to perform the Lorentz boost to the CM frame
so that

j��; 00i12 � UðvÞ 1

4�

Z
d~̂pj�

� ffiffiffiffi
s0

p
2

; ~p

�
�

� ffiffiffiffi
s0

p
2

;�~p

�
ð00Þi;
(66)

where UðvÞ is the Lorentz boost operator from CMB to
CM, with the velocity v given in Eq. (52). When acting on
the pion states (which have zero spin) the only effect is the
transformation of the four-momenta from CMB to CM.
Then, we can also write Eq. (66) as

j��; 00i12 ¼ 1

4�

Z
d~̂pj�ðp1ð~pÞÞ�ðp2ð~pÞÞð00Þi; (67)

where p1 and p2 are written in terms of the four-momenta
in CMB. From Eq. (53), p1 ¼ ð�þ �Þ=2, p2¼ð���Þ=2
with � and � given in Eqs. (54) and (55), in order, as a
function of the CMB kinematical variables.
Employing the states projected in S-wave, Eqs. (65)

and (67), we are then ready to calculate the required
matrix element in ChPT, ’ðs; s0; q2Þ:

’ðs; s0; q2Þ � 1

32�2

Z
d2�Aðs; s0; q2; 
; ~
;�; ~�Þ: (68)

Note that the extra factor 1=2 in Eq. (68) arises because of
the unitary normalization, as explained after Eq. (14). In
the last equation, the double solid angle integration isZ

d2� ¼
Z 1

�1
d cos


Z 1

�1
d cos~


Z 2�

0
d�

Z 2�

0
d ~�: (69)

One linear combination of azimuthal angles,� and ~�, is a
spare variable, and then one integration in Eq. (69) is
trivial. This is so because they appear just through the

expression cosð�� ~�Þ, as explained above, Eq. (59). In
fact, for any periodic angular function, fð�Þ ¼
fð�þ 2�Þ, one has:Z 2�

0
d�

Z 2�

0
d ~�fð�� ~�Þ ¼ 2�

Z 2�

0
d�fð�Þ: (70)

C. Scalar form factor

Once the perturbative amplitude for the process��H !
�� is calculated, we proceed by taking into account pion
rescattering, similarly as was done for �� ! ��, see
Eqs. (15)–(18). The resulting amplitude is denoted by
TSðs; s0; q2Þ, and following the same unitarization method
as in Sec. III from Refs. [19,24], it can be written as:

TSðs; s0; q2Þ ¼ Wðs; s0; q2Þ
ð1þ VðsÞGðsÞÞð1þ Vðs0ÞGðs0ÞÞ : (71)

This is the analog to Eq. (15) but now for the process
��H ! ��, with the new kernel Wðs; s0; q2Þ instead of
VðsÞ in Eq. (15). It is important to stress the presence of
two factors 1þ VG in the denominator of Eq. (71). This is

I II III IV V

VI VII VIII IX X

XI XII XIII

FIG. 15. Final set of Feynman diagrams for the �� scattering
in the presence of a scalar source, ��H ! ��, at Oðp4Þ in
ChPT omitting the pion-propagator dressing and wave-function
renormalization of the leading-order diagrams in Fig. 14.
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so because in ��H ! �� the presence of the scalar
source HðqÞ makes necessary to resum the unitarity loops
corresponding to both final and initial state interactions.

The kernel Wðs; s0; q2Þ is obtained in a chiral expansion
by matching Eq. (71) order by order with its perturbative
calculation. The chiral expansion of the kernel is

W ¼ W2 þW4 þOðp6Þ; (72)

where we omit the dependence on the arguments s, s0 and
q2 for easy reading. The subscripts in Eq. (72) refer to the
chiral order. Then, the amplitude Eq. (71) is expanded, as it
was done in Eq. (17), so that one has:

TSðs; s0; q2Þ ¼ W2 þW4 �W2V2ðsÞGðsÞ
�W2V2ðs0ÞGðs0Þ þOðp6Þ

¼ ’2 þ ’4 þOðp6Þ; (73)

where ’nðs; s0; q2Þ is the OðpnÞ contribution to ’ðs; s0; q2Þ
defined in Eq. (68). The kernels Wnðs; s0; q2Þ are deter-
mined by matching the above expressions order by order,
so that:

W2ðs; s0; q2Þ ¼ ’2ðs; s0; q2Þ
W4ðs; s0; q2Þ ¼ ’4ðs; s0; q2Þ þ ’2�2ðsÞGðsÞ

þ ’2�2ðs0ÞGðs0Þ;
(74)

where it was used that V2ðsÞ ¼ �2ðsÞ, Eq. (18).
The form factor of the � meson, F�ðq2Þ, can now be

extracted from TSðs; s0; q2Þ, employing W ¼ W2 þW4 in
Eq. (71). For that one has to isolate the double � pole
present in TSðs; s0; q2Þ, as drawn on the right-hand side
of Fig. 16. The double �-pole contribution can be
written as11:

F�ðq2Þg2�
ðs�s�Þðs0�s�Þ¼ lim

s;s0!s�

Wðs;s0;q2Þ
ð1þVðsÞGðsÞÞð1þVðs0ÞGðs0ÞÞ

(75)

Expanding the r.h.s. of the above equation around s,
s0 ! s�, and equating the double-pole term, the result is

F�ðq2Þ ¼ g2�
Vðs�Þ2

Wðs�; s�; q2Þ: (76)

In determining the kernels Wnðs; s0; q2Þ, we have fol-
lowed the master guidelines of pure �� scattering proce-
dure to take into account the rescattering of the pions given
in Sec. III A. However, some modifications are needed in
our case because of the presence of the pion propagators in
the external pion legs attached to a scalar source, see
Fig. 15. Let us focus, for clearness, in the LO amplitudes
’2ðs; s0; q2Þ, corresponding to the diagrams I and II in

Fig. 15 (the amplitudes are given in Appendix B). Before
the angular projection in Eq. (68), one has

A 2ðs; s0; q2; 
; ~
;�; ~�Þ ¼ � 2B

F2
�

�
1� 2

X4
i¼1

si �M2
�=2

Di

�
;

(77)

where the subscript in A refers to the chiral order,
s1;2 ¼ s0 and s3;4 ¼ s, and the Di are the inverse of the

pion propagators given in Eq. (61). These contributions
proportional to the propagators stem from the piece
of diagram II in which the on-shell part of the 4�
vertex is retained, so that the pion propagator is not
cancelled out by an off-shell part from the 4� vertex
(cf. Ref. [13]). Considering, for conciseness, the case
s ¼ s0 (the one interesting for the � scalar form factor for
which s ¼ s0 ¼ s�), these propagators can be written as:

1

D1

¼ 1
q2

2 � 2jpjjqj cos~

; (78)

and similarly for the other Di. It should be noted that for
certain values of q2 and s, these propagators can have a

pole in the variable cos~
. In particular, for q2 ! 0 this is
always the case. Upon angular integration, this contribution

gives rise to an imaginary part that diverges as 1=
ffiffiffiffiffiffiffiffijq2jp

for
q2 ! 0�. As shown below, this limit is the one that matters
in order to calculate the quadratic scalar radius of the�, but
this divergence would lead to an undetermined value for it.
This fact is not acceptable and indicates a deficiency in the
procedure followed up to now.
Let us clarify this important technical point and the

way it can be solved. The term of the amplitude

A2ðs; s0; q2; 
; ~
;�; ~�Þ in Eq. (77) that is proportional to
the pion propagators, that we denote by A2;prop,

12 can be

written as:

A 2;prop ¼ �2ðsÞ
X4
i¼1

4B

Di

; (79)

where we have taken into account that �2ðsÞ ¼
ðs�M2

�=2Þ=F2
�. Once A2;prop is projected in the

S-waves for the initial and final pion pairs, Eq. (68), we
end with the contributionW2;prop to the kernelWðs; s; q2Þ in

FIG. 16. External scalar source coupled to a double � pole in
the ��H ! �� process. The � pole is originated by the
resummation of pion rescattering, as indicated in the left diagram
by the iteration of the unitarity two-point function.

11Because of invariance under temporal inversion the ampli-
tudes for �� ! � and � ! �� are equal. 12Recall that we are interested in the s ¼ s0 case.
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Eq. (71). Keeping in this resummation only terms up to
one-loop, and hence proportional to GðsÞ, one obtains
TS2;prop given by

TS2;prop ¼ �2�2ðsÞGðsÞW2;propðs; s; q2Þ; (80)

where the expansion

1

ð1þ �2ðsÞGðsÞÞ2
¼ X1

n¼0

ð�1Þnðnþ 1Þð�2ðsÞGðsÞÞn; (81)

is employed.13

However, the result of the one-loop calculation in ChPT
of the diagram VIII in Fig. 15, once properly projected in
isospin and S-waves as discussed above, gives half of the
amplitude in Eq. (80). Whence Eq. (71) is double counting
this kind of terms at the one-loop level. Analogously, it can
be seen in the n-loop terms of the resummation that the
contribution of the kernel proportional toW2;prop is counted

nþ 1 times, Eq. (81). This is so because we are missing the
proper combinatoric factors as an on-shell factorization
scheme for unitarizing is employed. Thus, instead of re-
summing these terms with 1=ð1þ VGÞ2, they should be
resummed with just 1=ð1þ VGÞ in order to give the proper
diagram counting. Notice that in this case they do not
contribute to the double-pole term needed for F�ðq2Þ, as
can be seen from Eqs. (75) and (76). This is also shown
schematically in Fig. 17. Had we considered an integral
equation for the resummation procedure instead, this kind
of contributions would be integrated giving terms propor-
tional to the three-point function C0ðs; s0; q2Þ, in which the
scalar source interacts with intermediate pions, like the
terms appearing in the diagram X of Fig. 15. This is not
a shortcoming of our approach, because this kind of dia-
grams are properly included when the kernelWðs; s0; q2Þ is
calculated at higher orders in the chiral counting, as can be
seen in Fig. 15. E.g. at the one-loop level calculation of
Wðs; s0; q2Þ one has the diagram X of Fig. 15, that arises
from iterating once the pion-propagator contributions at
tree level.

From the previous discussion we remove the terms of the
amplitudes with the external scalar source coupled to
initial or final asymptotic pion legs from the kernel
Wðs; s0; q2Þ in Eq. (71), as they do not contribute to the
scalar form factor of the �. The latter requires the coupling
of the external scalar source to intermediate pions and
vertices. Now the question arises of how to remove prop-
erly the terms arising from the Feynman diagrams with the
scalar source attached to a pion propagator in an external
pion leg. We cannot simply drop these diagrams because
the pion propagator between the source coupling and a
pure pionic vertex in an external pion leg may be cancelled
by off-shell terms from the �� interaction vertex [13].

Indeed, such contributions are required in order to have
results independent of pion field redefinitions that mix
diagrams with different number of pion propagators.
Rather, a procedure based on the full on-shell amplitude
calculated in ChPT up to some order, which is independent
of the former redefinitions, must be given.
Let us consider the general case, and write these con-

tributions as:

fðx; yÞ
x� x0

; (82)

where x ¼ cos~
 and x0 ¼ q2=ð4jpjjqjÞ.14 Here we have
collected in y the rest of the variables. In order to subtract
the pure pole contribution in Eq. (82) we subtract from the
numerator above the residue of the pole,

fðx; yÞ � fðx0; yÞ
x� x0

: (83)

In the LO case, in view of Eq. (77), this amounts to
removing the whole term proportional to the propagator,

since it just depends on s (or s0) and not on ~
 (or 
), that is,
@fðx; yÞ=@x ¼ 0. This subtraction procedure is indepen-
dent of pion field redefinition because in fðx0; yÞ all the
pion lines are put on-shell so it cannot contain any off-shell
remainder that could be counterbalanced by other off-shell
parts coming from other vertices, and giving rise to pos-
sible pion field redefinition dependences.
With this procedure we are then ready to calculate

F�ðq2Þ. For that we define the new amplitudeBðs; s0; q2; 
;
~
;�; ~�Þ obtained from the originalAðs; s0; q2; 
; ~
;�; ~�Þ,
Eq. (64), by removing the contributions with the scalar
source attached to an external pion leg, following the
procedure in Eq. (83). In terms of the former we calculate
its angular projection as in Eq. (68), obtaining the new
amplitude �ðs; s0; q2Þ:

�ðs; s0; q2Þ ¼ 1

32�2

Z
d2�Bðs; s0; q2; 
; ~
;�; ~�Þ: (84)

Then, the final expression for the interaction kernel, that
we now denote by W ðs; s0; q2Þ, is [cf. Eq. (74)]

FIG. 17. String of unitary diagrams to be resummed when the
scalar source is attached to an external leg. On the right, the
resulting single � pole contribution is depicted.

13Recall that VðsÞ in Eq. (71) is �2ðsÞ because we are unitar-
izing a one-loop ChPT calculation for ��H ! ��.

14We are considering again the case in which the scalar source
is attached to �ðp1Þ, since the argument for the other cases is
analogous.
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W ¼ W 2 þW 4; W 2 ¼ �2;

W 4 ¼ �4 þ�2�2ðsÞGðsÞ þ�2�2ðs0ÞGðs0Þ; (85)

with the subscripts indicating the chiral order as usual.
The scalar form factor of the � is finally given by

F�ðq2Þ ¼ g2�
Vðs�Þ2

W ðs�; s�; q2Þ: (86)

For definiteness let us explicitly give the expressions at
LO and NLO for F�ðq2Þ from the previous equation:

FLO
� ðq2Þ¼ ðgLO� Þ2

V2ðs�Þ2
W 2ðs�;s�;q2Þ;

FNLO
� ðq2Þ¼ ðgNLO� Þ2

ðV2ðs�ÞþV4ðs�ÞÞ2


�
W 2ðs�;s�;q2ÞþW 4ðs�;s�;q2Þ

�
: (87)

With

ðgLO� Þ2 ¼ lim
s!sLO�

ðsLO� � sÞ V2ðsÞ
1þ V2ðsÞGðsÞ ;

ðgNLO� Þ2 ¼ lim
s!sNLO�

ðsNLO� � sÞ V2ðsÞ þ V4ðsÞ
1þ ðV2ðsÞ þ V4ðsÞÞGðsÞ ;

(88)

where sLO� and sNLO� are the � pole positions at LO and
NLO, respectively, given in Table III, and for V2 and V4 see
Eq. (18).

One technical detail is in order. The � resonance is a
pole in the second Riemann sheet of �� scattering for the
physical pion mass. As we have seen in Sec. III D when
increasing the pion mass above some value the � meson
becomes a bound state and moves into the first Riemann
sheet (the corresponding pion mass value is indicated by
the arrows in Fig. 7). Then, Eq. (86) has to be understood in
the same Riemann sheet as the � pole happens. This
requires the evaluation of W ðs; s0; q2Þ in Eq. (85) either
in the first or second Riemann, according to the value taken
for the pion mass.15

We now discuss the analytical continuation of the loop
function C0ðs; s; q2Þ to the second Riemann sheet (we take
from the beginning in the present discussion that s0 ¼ s),
where it is denoted by C0;IIðs; s; q2Þ. The function

C0ðs; s0; q2Þ corresponds to the three-point one-loop func-
tion of diagram X in Fig. 15 and its calculation is discussed
in Appendix A. In order to proceed with the analytical
continuation we first evaluate the difference

�Cðs;q2Þ¼C0ðsþ i�;sþ i�;q2Þ�C0ðs� i�;s� i�;q2Þ
(89)

for s and q2 real and q2 < 4M2
�.

16 The second Riemann
sheet in�� scattering is reached by crossing the real s-axis
above threshold, s > 4M2

�, and so we have to consider
Eq. (89) for the same values of s. It turns out that a cut

in s extends for s > 2M2
� þM�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2

� � q2
p � src for

which �Cðs; q2Þ is nonzero (the same expression for the

cut also occurs for s < 2M2
� �M�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4M2

� � q2
p

). When
q2 ! 0þ (this limits gives the same value for the quadratic
scalar radius as q2 ! 0�) to cross the real axis for
s > 4M2

� implies to consider �Cðs; q2Þ given by the men-
tioned cut for C0, s > src, corresponding to �bC0 in
Eq. (A17). Once this discontinuity is evaluated we con-
tinue it analytically in s and q2 and subtract it toC0ðs; s; q2Þ
(calculated in the first Riemann sheet), as done above to
determine GIIðsÞ, Eq. (23). It results in,

C0;IIðs; q2Þ ¼ C0ðs; q2Þ � �Cðs; q2Þ: (90)

Notice that for calculatingW 4, Eq. (85), it is not necessary
to use GIIðsÞ when the � pole remains in the second
Riemann sheet. This is due to the fact that �4 contains
the two-point one-loop function B0ðsÞ, evaluated in
Appendix A, so that the discontinuity when crossing the
unitarity cut above threshold cancels mutually between
these two functions.
We show in Fig. 18 the modulus squared of F�ðq2Þ

normalized to F�ð0Þ for q2 < 4M2
� calculated at NLO

with the physical value of M�. We observe a monotonous
increasing function with q2. The LO result is just a constant
because�2 is so and is not shown in the figure (it would be
just 1).

FIG. 18 (color online). The normalized scalar form factor of
the � meson calculated at NLO for the physical case with

ffiffiffiffiffi
s�

p
given in Table III. The range in q2 extends from q2 ’
�0:6 GeV2 ’ �30M2

� up to q2 ’ 0:08 GeV2 ’ 4M2
�.

15This qualification is only relevant for W 4ðs; s; q2Þ.

16For q2 > 4M2
� the opening of the 2� production process

introduces additional complications that we skip now since we
are mostly interested to values of q2 around zero, used below to
calculate the quadratic scalar radius of the � resonance. The
whole region q2 < 4M2

� is of interest and considered by us as
well.
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V. QUADRATIC SCALAR RADIUS OF THE �
MESON AND THE FEYNMAN-HELLMAN

THEOREM

The quadratic scalar radius of the � resonance, hr2i�s , is
related to the scalar form factor of the � by a Taylor
expansion around q2 ¼ 0,

F�ðq2Þ ¼ F�ð0Þ þ @F�ðq2Þ
@q2

��������q2¼0
q2 þ � � �

¼ F�ð0Þ
�
1þ q2

6
hr2i�s þ � � �

�
; (91)

where the ellipsis indicate higher powers of q2 in the
Taylor expansion. In this way,

hr2i�s ¼ 6

F�ð0Þ
@F�ðq2Þ
@q2

��������q2¼0
: (92)

Notice that, since the form factor reduces to a constant
(independent of q2) at LO, we find that hr2i�s ¼ 0 for this
case, similarly as the case for the quadratic scalar radius of
the pion [7] within standard ChPT. Whence, the quadratic
scalar radius must be calculated at least at NLO. Before
discussing the results for the physical pion mass case, we
study the dependence of hr2i�s with the pion mass. We show
the square root of the quadratic scalar radius of the �,ffiffiffiffiffiffiffiffiffiffiffihr2i�s
p

, in the upper panel of Fig. 19 as a function of M�,
with its real part given by the (blue) solid line and its
imaginary part by the (red) dashed line. It diverges in the
chiral limit (M� ¼ 0) and where the � pole coincides with
the two-pion threshold (indicated by the rightmost arrow in
Fig. 10). The latter point corresponds to a zero energy
bound state and as such it must have infinite size, as
dictated by elementary quantum mechanics. On the other
hand, in the chiral limit hr2i�s also diverges as logM�,
similarly as the quadratic scalar or vector radius of the
pion [7], because the infinite size of the pion cloud around
the bosons. It is relevant to note that the imaginary part of
this quantity, despite the � meson has a width larger than
200 MeV for pion masses up to around 300 MeV, as shown
in Fig. 9, is much smaller than its real part, which makes its
interpretation easier. In the lower panel of the same figure
we depict the real (blue solid line) and imaginary (red
dashed line) parts of the quadratic scalar radius of the �,
hr2i�s . It is notorious that in most of this range of pion mass
values the square root of hr2i�s is around 0.5 fm quite
independently of the width of the � meson.

For the physical pion mass we find the values

hr2i�s ¼ ð0:19� 0:02Þ � ið0:06� 0:02Þ fm2;ffiffiffiffiffiffiffiffiffiffiffi
hr2i�s

q
¼ ð0:44� 0:03Þ � ið0:07� 0:03Þ fm;

(93)

with the errors calculated as explained in Sec. III. This
value is almost the same as the corresponding quadratic
scalar radius for K�, hr2iK�

s ¼ 0:1806� 0:0049 fm2

[132], for which the scalar resonance � [or K�
0ð800Þ],

tightly related to the � resonance by SUð3Þ symmetry
[17–21], plays a leading role [27,133]. For comparison,
the quadratic scalar radius of the pion is hr2i�s ¼ 0:65�
0:05 fm2 [115].17 It is notorious that the value determined
for the scalar radius of the � resonance is smaller than that
for the pion. It is even smaller than the measured quadratic

electromagnetic pion radius, hr2i��
V ¼ 0:439� 0:008 fm2

[134]. However, hr2i�s is similar to the measured K�

quadratic charge radius [135], hr2iK�
V ¼ 0:28� 0:07 fm2.

Scalar glueballs are expected to have even smaller sizes,
0.1–0.2 fm [136,137].
The value obtained for hr2i�s in Eq. (93) implies that the

two scalar-isoscalar pions generating the � resonance are
so tightly packed that the � resonance becomes a compact
state. Whether the two pairs of color singlet valence quarks

FIG. 19 (color online). Top: the square root of the quadratic
scalar radius of the � as a function of M� is shown for
0<M� < 600 MeV. Bottom: the quadratic scalar radius is
represented in the range 0<M� < 350 MeV. In both panels,
the (blue) solid lines represent the real part of each quantity,
whereas the (red) dashed line is the imaginary part. The points
over the curves represent our results for the physical case with
their statistical errors, Eq. (93). Because of the scale used they
cannot be appreciated in the upper panel.

17A recent lattice QCD determination [120] gives hr2i�s ¼
0:617� 0:079� 0:066 fm2, or, adding the errors in quadrature,
hr2i�s ¼ 0:6� 0:1 fm2, in good agreement with the value given
in Ref. [115].
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�qq in the two-pion state recombine giving rise to combi-
nations of other possible QCD states as e.g. q2 �q2

[17,21,41,46,138], glueball, etc. is beyond the scope of
our study based on hadronic degrees of freedom. In this
respect the large NC evolution of the � pole position
[19,47,50–52,139] is enlightening and clearly indicates
that the � resonance is not dominantly a glueball or a �qq
resonance. In Refs. [52,139] it was found that this large NC

behavior is compatible with the fact that this resonance
owes its origin to �� interactions becoming a �� reso-
nance. This large NC behavior is also compatible with a
ðq �qÞ2 state that fades away as two q �q mesons as expected
in the large NC limit [91]. This picture on the dynamical
generation from �� interactions of the � meson is also
supported by the nontrivial simultaneous fulfillment [139]
of semilocal duality [139,140] and scalar, pseudoscalar
spectral function sum rules [139], both for NC ¼ 3 and
varying NC.

On the other hand, for larger values ofM�, the � meson
closely follows the 2� threshold, as demonstrated in the
previous section, and its size is then large. Thus, in this
range of pion masses, the � meson progressively becomes
a two-pion molecule and its nature is then much more clear
and simple (for M� * 400 MeV it follows from Fig. 19

that
ffiffiffiffiffiffiffiffihr2ip

> 1:5 fm).18 This can also be related from the
behavior of the quantity g2dG=ds evaluated at s ¼ s� (and
G evaluated in the Riemann sheet in which the pole ap-
pears). This quantity is close to one for a composite meson
[147–152]. We have checked that for the large values of
M� in which the � meson is a bound state, we have
g2dG=ds * 0:8, which points to a molecular nature. For
values of the pion mass close to the physical one, we have
instead g2dG=ds ’ 0.

Another interesting point is to consider the relation
between F�ð0Þ and the derivative of the� pole with respect
to the quark mass. According to the Feynman-Hellmann
theorem [153], one has the relation:

ds�
dM2

¼ �F�ð0Þ
2B

: (94)

Notice that F�ð0Þ is proportional to B and precisely their
ratio is not ambiguous. On the other hand, ds�=dM

2
� is

given in Eq. (31). Then we can write:

ds�
dM2

¼ � g2�ðM2
�Þ

Vðs�;M2
�Þ2

ð _Vðs�;M2
�Þ

� Vðs�;M2
�Þ2 _GIIðs�;M2

�ÞÞ dM
2
�

dM2
: (95)

The dependence of M2
� on M2 is worked out up to OðM4

�Þ
in Eq. (11) from where one obtains:

dM2
�

dM2
¼ 1� M2

�

16�2F2
�

�
�l3 � 1

2

�
þOðM4

�Þ: (96)

We show our results for �F�ð0Þ=2B at NLO and compare
them with ds�=dM

2 in Fig. 20, so as to check Eq. (94). In
the upper two panels we show the real part and in the

FIG. 20 (color online). Feynman-Hellmann theorem: compari-
son between ds�=dM

2 and �F�ð0Þ=2B, Eq. (95), as a function
of the pion mass. The (blue) thick solid lines correspond to
ds�=dM

2 at NLO, Eq. (31), whereas the (red) dot-dashed lines
are evaluated at LO, where ds�=dM

2 ¼ ds�=dM
2
�. The (green)

dashed lines are �F�ð0Þ=2B. From top to bottom, in the first
panel the real part of the quantities are represented in the range
M�, 50<M� < 600 MeV. In the second panel, the same is
shown for 50<M� < 300 MeV. The bottom panel shows their
imaginary part.

18A similar value was obtained for the size of the �ð1405Þ
resonance in Ref. [141], which is also a resonance that qualifies
as dynamically generated form the meson-baryon interactions
[24,142–145]. In Ref. [146] the matter or scalar form factor for
this resonance was studied.
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bottom one the imaginary part. The agreement is certainly
remarkable for M� & 300 MeV, at the level of just a few
percents of difference. This range of pion masses is high-
lighted in the second and third panels, from top to bottom.
Let us note that in Eq. (94) we are comparing two quanti-
ties that are obtained from the chiral expansion of two
different interacting kernels. The expansion is not per-
formed on the full amplitudes and this is why there is not
a perfect agreement, as it is the case in the standard
perturbative calculations of ChPT [7,8]. In our case the
factor Vðs�;M2

�Þ2 multiplying _GIIðs�;M2
�Þ in the right-

hand side of Eq. (95) is equal to ðV2 þ V4Þ2, while �4

from Eq. (84) only contains V2
2 , because it is a ChPT one-

loop calculation at Oðp4Þ.19 Thus, the differences corre-
spond to higher-order terms in the calculation of F�ð0Þ,
beyond the Oðp4Þ or NLO calculation of the kernel
W ðs; s0; q2Þ, Eq. (85), performed in the present work.

Another point also worth mentioning is the fact that the
left-hand side of Eq. (95) does not involve any contribution
with pion propagators in the external legs but the derivative
acts on the vertices and intermediate pion propagators in
loop functions. This is also the case in F�ð0Þ once the pion
propagators in the external legs are removed as explained
in Sec. IVC.

VI. SUMMARYAND CONCLUSIONS

In this work we have discussed the nature of the �
resonance (nowadays also called f0ð500Þ in the PDG [1])
by evaluating its quadratic scalar radius, hr2i�s . This allows
one to have a quantitative idea of the size of this resonance.

There are many studies since the 1990s based on supple-
menting Chiral Perturbation Theory with nonperturbative
S-matrix methods, that clearly indicate a dynamical origin
for the � resonance due to the isoscalar scalar �� strong
self interactions [3–6,12–14]. More recent studies based on
the dependence with NC of the � pole [19,39,50–52] also
corroborate that this resonance cannot be qualified as a
purely �qq or glueball, with the pole trajectories compatible
with the expectations for a meson-meson dynamically gen-
erated object or a four-quark state. In the largeNC limit it is
well known that loops are suppressed so that the �� re-
scattering vanishes away and then the � resonance pole
disappears according to Refs. [19,52,139]. These results
have been strongly supported recently [139] by the simul-
taneous fulfillment of semilocal duality [139,140] and sca-
lar, pseudoscalar spectral sum rules [139], both for NC ¼ 3
and varying NC.

The next question is whether the two pions are loosely
distributed, so that the � meson might be qualified as
molecular or, on the contrary, they overlap each other
giving rise to a compact object of a size comparable or
even smaller than that of its constituents. A proper way to

answer this question is to determine quantitatively the
size of the � resonance. For that we calculate in this
work the quadratic scalar radius of this resonance obtain-
ing the value hr2i�s ¼ ð0:19� 0:02Þ � ið0:06� 0:02Þ fm2.
Despite the fact that the � has a large width the resulting
value for the quadratic scalar radius is almost a real quan-
tity, which makes easier its physical interpretation. This
value is very close to the K� quadratic scalar radius,
hr2iK�

s ¼ 0:1806� 0:0049 fm2 [132], similar to the mea-

sured K� quadratic charge radius [135], hr2iK�
V ¼ 0:28�

0:07 fm2, and smaller than the quadratic scalar radius
of the pion, hr2i�s ¼ 0:65� 0:05 fm2 [115]. This means
that the � is certainly a compact object. The square root of

its quadratic scalar radius is
ffiffiffiffiffiffiffiffiffiffiffihr2i�s

p ¼ ð0:44� 0:03Þ �
ið0:07� 0:03Þ fm2.
We have further tested our result for the size of the � by

considering the dependence of hr2i�s on the pion mass. As
M� rises the � meson mass follows the 2� threshold. This
fact has been recently observed in the lattice QCD calcu-
lation of Ref. [130], and was pointed out much earlier in
Refs. [19,20] as well as in the more recent work [128]. In
such a situation, with a small binding energy, the expected
size of the � resonance should be definitely larger than that
of a hadron. We obtain a quadratic scalar radius that
increases rapidly as soon as the width of the �meson tends
to vanish, which for our present NLO fit occurs for pion
masses above ’ 330 MeV. In this way, already for pion

masses around 370 MeV,
ffiffiffiffiffiffiffiffiffiffiffihr2i�s

p
is larger than 1 fm and

diverges for M� ’ 470 MeV, precisely the value at which
the � resonance becomes a zero binding energy bound
state. In this case, a molecular or �� bound state image is
appropriate for the � meson. For even higher pion masses,
the binding energy is still small which gives rise to large
sizes for the �. Nevertheless, we observe a steady (albeit
weak) tendency to increase the binding energy for higher
pion masses so that its size tends to dismiss progressively,
but for the mass range explored in this work it is always
* 1:5 fm. The clear tendency of the � resonance to follow
the two-pion threshold is a manifest indication for this
resonance being a meson-meson dynamically generated
one. For smaller pion masses between 50 and 300 MeV
the square root of the quadratic scalar radius of the �
meson is rather stable with a value around 0.5 fm, inde-
pendently of its width.
The value of the scalar form factor of the � resonance at

q2 ¼ 0, F�ð0Þ, is related via the Feynman-Hellmann theo-
rem with the derivative of the � pole position with respect
to the pion mass. Within uncertainties, we have checked
the fulfillment of such relation.
We have studied �� scattering in NLO SUð2Þ Unitary

Chiral Perturbation Theory as well. We obtain a good
reproduction of �� phase shifts for I ¼ 0 and I ¼ 2, and
also for lattice QCD results of the I ¼ 2 scattering length
a20 and F�. We have offered a detailed comparison between

different precise determinations in the literature, including

19Notice that the derivative with respect to M2
� of the function

Gðs;M2
�Þ is proportional to C0ðs; s;M2

�Þ.
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our present calculation, of the � meson mass and width,
and of the threshold parameters a00, b00. The resulting

average values are a00 ¼ 0:220� 0:003 and b00M
2
� ¼

0:279� 0:003. For the � meson pole parameters we take
the mean of the different values with the result M� ¼
458� 14 MeV and ��=2 ¼ 261� 17 MeV. Our own
determinations obtained here at NLO in Unitary ChPT
are a00 ¼ 0:219� 0:005, b00M

2
� ¼ 0:281� 0:006, M� ¼

440� 10 MeV and ��=2 ¼ 238� 10 MeV.
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APPENDIX A: LOOP FUNCTIONS

In this Appendix, we give the loop functions used
through the paper. We start with the scalar one-, two- and
three-point one-loop integrals, denoted by A0, B0 and C0,
respectively, and depicted in Fig. 21. The vector and tensor
integrals, defined later, can be cast in terms of the former.
Special attention is dedicated to the case of the three-point
function, whose cuts are also calculated since they are
needed in order to evaluate the scalar form factor of the
� meson. Notice that all the internal masses are equal, as
we only have pions as degrees of freedom. For this reason,
we do not include the dependence on the internal massM2

in the following (except for the case of the function A0,
which does not depend on any external momenta).

1. Scalar loop integrals

The simplest one is the one-point loop integral, given by

A0ðM2Þ ¼ i
Z d4k

ð2�Þ4
1

k2 �M2 þ i�
: (A1)

In dimensional regularization, it results in:

A0ðM2Þ ¼ M2

16�2

�
Rþ log

M2

�2

�
; (A2)

with

R ¼ �n�4

�
2

n� 4
� ð1þ �0ð1Þ þ log4�Þ

�
; (A3)

and n ! 4.
The two-point function is

B0ðP2Þ¼ i
Z d4k

ð2�Þ4
1

ðk2�M2þ i�Þððk�PÞ2�M2þ i�Þ ;
(A4)

and analogously it is evaluated in dimensional regulariza-
tion, with the result

B0ðP2Þ ¼ 1

16�2

�
Rþ log

M2

�2
� 1� �ðP2Þ log�ðP

2Þ � 1

�ðP2Þ þ 1

�
;

(A5)

with �ðP2Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4M2=P2

p
. Since the function is

divergent and �-dependent, we define the subtracted func-
tion, �B0ðP2Þ,

�B 0ðP2Þ ¼ B0ðP2Þ �
Rþ logM

2

�2

16�2
: (A6)

This is the function that will appear in the amplitudes,
because the term subtracted cancels out with the alike
terms in the loops and the chiral counterterms. The same
procedure, applied to A0ðM2Þ, gives

�A 0 ¼ A0ðM2Þ � M2

16�2

�
Rþ log

M2

�2

�
¼ 0; (A7)

this is why in the amplitudes of Appendix B there is no
dependence on �A0.
The three-point function is defined by

C0ðp2
1; p

2
2; q

2Þ

¼ i
Z d4k

ð2�Þ4
1

k2 �M2 þ i�


 1

ððk� p1Þ2 �M2 þ i�Þððk� p2Þ2 �M2 þ i�Þ ;

(A8)

and it depends on the three scalars p2
1, p2

2 and q2 �
ðp1 � p2Þ2. It is finite and after some manipulations
[154], it can be cast in the integral form:

FIG. 21. Diagrams for the one-loop functions A0, B0 and C0

(from left to right and top to bottom, respectively).

M. ALBALADEJO AND J. A. OLLER PHYSICAL REVIEW D 86, 034003 (2012)

034003-24



C0ðp2
1; p

2
2; q

2Þ ¼ 1

16�2�ðp2
1; p

2
2; q

2Þ1=2



(Z 1

0
dz

logfðp2
1; zÞ � logfðp2

1; z1Þ
z� z1

þ
Z 1

0
dz

logfðp2
2; zÞ � logfðp2

2; z2Þ
z� z2

þ
Z 1

0
dz

logfðq2; zÞ � logfðq2; z3Þ
z� z3

�
;

(A9)

where we have defined:

fðp2; zÞ ¼ p2zðz� 1Þ þM2 � i�; (A10)

�ða; b; cÞ ¼ a2 þ b2 þ c2 � 2ab� 2bc� 2ac; (A11)

z1 ¼ 1

2

 
1þ p2

1 � p2
2 � q2

�ðp2
1; p

2
2; q

2Þ1=2
!
; (A12)

z2 ¼ 1

2

 
1þ p2

2 � p2
1 � q2

�ðp2
1; p

2
2; q

2Þ1=2
!
; (A13)

z3 ¼ 1

2

 
1þ q2 � p2

1 � p2
2

�ðp2
1; p

2
2; q

2Þ1=2
!
: (A14)

The usefulness of Eq. (A9) lies in the fact that it is well
suited for its analytical continuation to the complex plane,
which is needed in our case, since the cases p2

1 ¼ p2
2 ¼ s�

are studied. Notice that the residues of the integrals when
z ! zi are zero because of the form of the numerators, and
also that, since zðz� 1Þ 	 0 for z 2 ½0; 1�, the arguments
of the logarithms do not cross any cut.

On the other hand, since the pole of the � resonance
appears in the unphysical Riemann sheet, we need to
calculate the amplitudes ��H ! �� in this sheet. This
involves the function C0ðs; s; q2Þ in this sheet,20 and
this is not so trivial as in the case of the function GðsÞ
[see Eqs. (23) and (24)]. For that purpose, we calculate the
discontinuity along the unitarity cut of the function
C0ðs; s; q2Þ:
�C0 ¼ C0ðsþ i�; sþ i�; q2Þ � C0ðs� i�; s� i�; q2Þ;

(A15)

for s � 4M2. This can be obtained directly from the inte-
gral representation in Eq. (A9), and the result depends
on the value of q2. We are interested mainly in the case
q2 	 0, and we find two cases:

�aC0 ¼ i

4��ðs; s; q2Þ1=2 log

�
z� � z1
zþ � z1

�
for q2 	 q2an;

(A16)

�bC0 ¼ i

4��ðs; s; q2Þ1=2 log

�
1� z1
�z1

z� � z1
zþ � z1

�

þ i

8��ðs; s; q2Þ1=2 log

�
1� z3
�z3

�
for q2an 	 q2 	 4M2; (A17)

where we have defined z� ¼ 1
2 ð1� �ðsÞÞ. In the previous

equation q2an is the so called anomalous threshold, given by
M2q2an ¼ �sðs� 4M2Þ 	 0, where the last inequality fol-
lows from s � 4M2. The case that connects continuously
with q2 ¼ 0 corresponds to �bC0, which is the required
one in the calculation of the quadratic scalar radius. For
more details on the analytical extrapolation chosen see the
discussion in Sec. IVC.
As a cross-check of the validity of our procedure, let us

note that the function C0 is related for q2 ¼ 0 to the
derivative of the function GðsÞ with respect toM2, denoted
by dGðs;M2Þ=dM2 ¼ _G. Indeed, one has

2C0ðs; s; 0Þ ¼ _GðsÞ ¼ 1

8�2s�ðsÞ log
�ðsÞ � 1

�ðsÞ þ 1
: (A18)

In the calculation of the scalar form factor C0 appears,
while in the derivative of the � pole position, _s�, one has
_G. Both are related through the Feynman-Hellmann theo-
rem, Eq. (94), and thus, the unphysical Riemann sheet for
the function C0 must be related to that of the functionGðsÞ.
When the pole is in the unphysical Riemann sheet,
we have:

_GIIðsÞ ¼ _GIðsÞ � _�GðsÞ ¼ _GIðsÞ � i

4�s�ðsÞ : (A19)

If we now calculate the value �bC0ðs; s; 0Þ, we find:

�bC0ðs; s; 0Þ ¼ i

8�s�ðsÞ ; (A20)

so that

C0;IIðs; s; 0Þ ¼ C0;Iðs; s; 0Þ � �bC0ðs; s; 0Þ

¼ C0;Iðs; s; 0Þ � i

8�s�ðsÞ ; (A21)

which implies, as stated, 2C0;IIðs; s; 0Þ ¼ _GIIðsÞ.

2. Vector and tensor loop integrals

Vector and tensor loop integrals appear throughout the
amplitudes in Appendix B. We reduce them to the scalar
ones by means of the Passarino-Veltman method [155].
We start with the two-point vector and tensor integrals,
defined by

20Notice that we have already taken that s ¼ s0, since this will
be the case in the � form factor, s ¼ s0 ¼ s�.
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Bf�;�
g ¼ i
Z d4k

ð2�Þ4


 fk�; k�k
g
ðk2 �M2 þ i�Þððk� PÞ2 �M2 þ i�Þ :

(A22)

On Lorentz-invariance grounds, we can write

B� ¼ �P�B11ðPÞ; (A23)

where the minus sign is introduced for convenience, and,
performing the contraction P�B�, it can be shown that:

B11ðP2Þ ¼ � 1

2
B0ðP2Þ: (A24)

Analogously, the tensor integral can be decomposed as:

B�
 ¼ P�P
B20ðP2Þ þ g�
P
2B21ðP2Þ; (A25)

and the following results, by the appropriate contractions,
are obtained:

P2B20ðP2Þ ¼ A0ðM2Þ
3

�M2 � P2

3
B0ðP2Þ

þ 1

48�2

�
M2 � P2

6

�
; (A26)

P2B21ðP2Þ ¼ A0ðM2Þ
6

þ 4M2 � P2

12
B0ðP2Þ

� 1

48�2

�
M2 � P2

6

�
: (A27)

For the three-point vector and tensor integrals, we
define:

Cf�;�
g ¼ i
Z d4k

ð2�Þ4
fk�;k�k
g

k2�M2þ i�


 1

ððk�p1Þ2�M2þ i�Þððk�p2Þ2�M2þ i�Þ ;
(A28)

and

C� ¼ �p�
1 C11 � p�

2 C12; (A29)

C�
 ¼ p�
1 p



1C21 þ p�

2 p


2C22

þ ðp�
1 p



2 þ p


1p
�
2 ÞC23 þ g�
C24; (A30)

where for simplifying the writing we have omitted the
arguments inCijðp2

1; p
2
2; q

2Þ. The results for these functions
are

C11 ¼ ðp2
2B0ðp2

2Þ � p1p2B0ðp2
1Þ � ðp2

2 � p1p2ÞB0ðq2Þ
� p2

2ðp2
1 � p1p2ÞC0ðp2

1; p
2
2; q

2ÞÞ=ð2 detH Þ;
(A31)

C12 ¼ ðp2
1B0ðp2

1Þ � p1p2B0ðp2
2Þ � ðp2

1 � p1p2ÞB0ðq2Þ
� p2

1ðp2
2 � p1p2ÞC0ðp2

1; p
2
2; q

2ÞÞ=ð2 detH Þ;
(A32)

C24 ¼ � 1

64�2
þM2

2
C0ðp2

1; p
2
2; q

2Þ

þ 1

4
ðB0ðq2Þ þ p2

1C11 þ p2
2C12Þ; (A33)

C21 ¼ ðp2
2Ra � p1p2RcÞ= detH ; (A34)

C22 ¼ ðp2
1Rd � p1p2RbÞ= detH ; (A35)

C23 ¼ ðp2
1Rc þ p2

2Rb � p1p2ðRa þ RdÞÞ=ð2 detH Þ;
(A36)

with

H ¼ p2
1 p1p2

p1p2 p2
2

 !
; (A37)

and

Ra ¼ 1

4
B0ðq2Þ � 1

2
p2
1C11 � C24; (A38)

Rb ¼ 1

4
B0ðq2Þ � 1

2
p2
1C12 � 1

4
B0ðp2

2Þ; (A39)

Rc ¼ 1

4
B0ðq2Þ � 1

2
p2
2C11 � 1

4
B0ðp2

1Þ; (A40)

Rd ¼ 1

4
B0ðq2Þ � 1

2
p2
2C12 � C24: (A41)

Analogously to the scalar loop integrals, we define the
subtracted functions �Bij and �Cij by substituting in their

expressions given above A0 ! �A0 and B0 ! �B0. The am-
plitudes ��H ! �� in Appendix B are then written in
terms of finite and scale independent functions.

APPENDIX B: ��H ! ��AMPLITUDES

In this Appendix, the amplitudes ��H ! �� are given
for completeness. We follow the nomenclature given
in Fig. 15. The finite contributions to every amplitude
are given once the infinite and scale dependent terms are
cancelled among them. In this way, the amplitudes are
written in terms of the finite and scale independent con-
stants �li as well as the subtracted loop functions defined in
Appendix A, �B0, etc... The diagrams denoted in Fig. 15 by
VI, XI and XII, both in the case of �0�0H ! �0�0 and
�0�0H ! �þ��, are proportional to the tadpole function,
A0ðM2Þ, so they do not contribute to the finite amplitude, as
explained before.
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In the subsequent, unless the opposite is stated, the
subscript i ¼ 1; . . . ; 4 indicates the pion leg with four-
momentum pi to which the scalar source is attached. The
functions Di, corresponding to the inverse of the pion
propagators when the scalar source is attached to the ith
external pion leg, are used through this Appendix. These
functions were defined in Eq. (61).

1. Diagrams I

a. �0�0H!�0�0

TðLOÞ ¼ � 6B

F2
�

; (B1)

TðNLOÞ ¼ � 3B

F4
�

M2
�

4�2
�l4: (B2)

b. �0�0H ! �þ��

TðLOÞ ¼ � 2B

F2
�

; (B3)

TðNLOÞ ¼ � B

F4
�

M2
�

4�2
�l4: (B4)

The NLO result corresponds to the LO diagram I multi-
plied by 2�Z, with the latter given in Eq. (11). In addition
M2, F2 are expressed in terms of the physical values
according to the expansions of Eqs. (11) and (12).

2. Diagrams II

a. �0�0H!�0�0

TðLOÞ
1 ¼ 2B

F2
�

�
1þM2

�

D1

�
; TðLOÞ

2 ¼ 2B

F2
�

�
1þM2

�

D2

�
;

TðLOÞ
3 ¼ 2B

F2
�

�
1þM2

�

D3

�
; TðLOÞ

4 ¼ 2B

F2
�

�
1þM2

�

D4

�
:

(B5)

TðNLOÞ
1 ¼ B

F4
�

��l4M2
�

4�2
þM4

�

D1

4�l4 � 3�l3
16�2

�
;

TðNLOÞ
2 ¼ B

F4
�

��l4M2
�

4�2
þM4

�

D2

4�l4 � 3�l3
16�2

�
;

TðNLOÞ
3 ¼ B

F4
�

��l4M2
�

4�2
þM4

�

D3

4�l4 � 3�l3
16�2

�
;

TðNLOÞ
4 ¼ B

F4
�

��l4M2
�

4�2
þM4

�

D4

4�l4 � 3�l3
16�2

�
:

(B6)

b. �0�0H!�þ��

TðLOÞ
1 ¼ 2B

F2
�

s�M2
�

D1

; TðLOÞ
2 ¼ 2B

F2
�

s�M2
�

D2

;

TðLOÞ
3 ¼ 2B

F2
�

s0 �M2
�

D3

; TðLOÞ
4 ¼ 2B

F2
�

s0 �M2
�

D4

:

(B7)

iTðNLOÞ
1 ¼ B

F2
�

M2
�

D1

4�l4ðs�M2
�Þ � �l3M

2
�

16�2
;

iTðNLOÞ
2 ¼ B

F2
�

M2
�

D2

4�l4ðs�M2
�Þ � �l3M

2
�

16�2
;

iTðNLOÞ
3 ¼ B

F2
�

M2
�

D3

4�l4ðs0 �M2
�Þ � �l3M

2
�

16�2
;

iTðNLOÞ
4 ¼ B

F2
�

M2
�

D4

4�l4ðs0 �M2
�Þ � �l3M

2
�

16�2
:

(B8)

The NLO results are obtained by multiplying the LO ones
by 3�Z and with M2, F2 reexpressed in terms of the
physical M2

� and F2
�, respectively, according to Eqs. (11)

and (12). Notice that in addition to the factor Z2 from the
wave-function renormalization of the external pion legs
there is an extra factor Z from the renormalized pion
propagator, Eq. (10).

3. Diagrams III

The diagrams III and higher in numeration are purely
NLO contributions. To simplify the writing we then omit
the superscript NLO in the corresponding amplitudes.

a. �0�0H!�0�0

T ¼ � 3B

F4
�

�l4
8�2

q2: (B9)

b. �0�0H!�þ��

T ¼ � B

F4
�

�l4
8�2

q2: (B10)

4. Diagrams IV

a. �0�0H!�0�0

T1 ¼ B

F4
�

�l4q
2 � �l3M

2
�

8�2

�
1þM2

�

D1

�
;

T2 ¼ B

F4
�

�l4q
2 � �l3M

2
�

8�2

�
1þM2

�

D2

�
;

T3 ¼ B

F4
�

�l4q
2 � �l3M

2
�

8�2

�
1þM2

�

D3

�
;

T4 ¼ B

F4
�

�l4q
2 � �l3M

2
�

8�2

�
1þM2

�

D4

�
:

(B11)
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b. �0�0H ! �þ��

T1 ¼ B

F4
�

�l4q
2 � �l3M

2
�

8�2

�
s�M2

�

D1

�
; T2 ¼ B

F4
�

�l4q
2 � �l3M

2
�

8�2

�
s�M2

�

D2

�
;

T3 ¼ B

F4
�

�l4q
2 � �l3M

2
�

8�2

�
s0 �M2

�

D3

�
; T4 ¼ B

F4
�

�l4q
2 � �l3M

2
�

8�2

�
s0 �M2

�

D4

�
:

(B12)

5. Diagrams V

a. �0�0H!�0�0

T1 ¼ � B

F4
�

�l1 þ 2�l2
24�2

�
D1 þ 2M2

� � s2 þ t02 þ u02 � 4M4
�

D1

�
;

T2 ¼ � B

F4
�

�l1 þ 2�l2
24�2

�
D2 þ 2M2

� � s2 þ t2 þ u2 � 4M4
�

D2

�
;

T3 ¼ � B

F4
�

�l1 þ 2�l2
24�2

�
D3 þ 2M2

� � s02 þ t02 þ u2 � 4M4
�

D3

�
;

T4 ¼ � B

F4
�

�l1 þ 2�l2
24�2

�
D4 þ 2M2

� � s02 þ t2 þ u02 � 4M4
�

D4

�
:

(B13)

b. �0�0H!�þ��

In these amplitudes, we define:

Pðs; t; uÞ ¼ 4M4
�ð�l1 þ 2�l2Þ þ �l1s

2 þ �l2ðt2 þ u2Þ � 2M2
�ð2�l1sþ 2�l2ðtþ uÞÞ (B14)

T1 ¼ � B

24�2F4
�

�
�l1sþ �l2ðt0 þ u0Þ � 2M2

�ð�l1 þ 2�l2Þ � Pðs; t0; u0Þ
D1

�
;

T2 ¼ � B

24�2F4
�

�
�l1sþ �l2ðtþ uÞ � 2M2

�ð�l1 þ 2�l2Þ � Pðs; t; uÞ
D2

�
;

T3 ¼ � B

24�2F4
�

�
�l1s

0 þ �l2ðt0 þ uÞ � 2M2
�ð�l1 þ 2�l2Þ � Pðs0; t0; uÞ

D3

�
;

T4 ¼ � B

24�2F4
�

�
�l1s

0 þ �l2ðtþ u0Þ � 2M2
�ð�l1 þ 2�l2Þ � Pðs0; t; u0Þ

D4

�
:

(B15)

6. Diagrams VII

1. �0�0H!�0�0

T1 ¼ � B

F4
�

�
2q2 þD1 þM2

�

2q2 �M2
�

D1

�
�B0ðq2Þ; T2 ¼ � B

F4
�

�
2q2 þD2 þM2

�

2q2 �M2
�

D2

�
�B0ðq2Þ;

T3 ¼ � B

F4
�

�
2q2 þD3 þM2

�

2q2 �M2
�

D3

�
�B0ðq2Þ; T4 ¼ � B

F4
�

�
2q2 þD4 þM2

�

2q2 �M2
�

D4

�
�B0ðq2Þ:

(B16)

b. �0�0H!�þ��

T1 ¼ � B

F4
�

ðs�M2
�Þ
�
1þ 2q2 �M2

�

D1

�
�B0ðq2Þ; T2 ¼ � B

F4
�

ðs�M2
�Þ
�
1þ 2q2 �M2

�

D2

�
�B0ðq2Þ;

T3 ¼ � B

F4
�

ðs0 �M2
�Þ
�
1þ 2q2 �M2

�

D3

�
�B0ðq2Þ; T4 ¼ � B

F4
�

ðs0 �M2
�Þ
�
1þ 2q2 �M2

�

D4

�
�B0ðq2Þ:

(B17)

M. ALBALADEJO AND J. A. OLLER PHYSICAL REVIEW D 86, 034003 (2012)

034003-28



7. Diagrams VIII

1. �0�0H!�0�0

s-channel diagrams:

T1 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ s2 � 2sM2

�

D1

�
�B0ðsÞ;

T2 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ s2 � 2sM2

�

D2

�
�B0ðsÞ;

T3 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ s02 � 2s0M2

�

D3

�
�B0ðs0Þ;

T4 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ s02 � 2s0M2

�

D4

�
�B0ðs0Þ:

(B18)

t-crossed diagrams:

T1 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ t02 � 2t0M2

�

D1

�
�B0ðt0Þ;

T2 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ t2 � 2tM2

�

D2

�
�B0ðtÞ;

T3 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ t02 � 2t0M2

�

D3

�
�B0ðt0Þ;

T4 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ t2 � 2tM2

�

D4

�
�B0ðtÞ:

(B19)

u-crossed diagrams:

T1 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ u02 � 2u0M2

�

D1

�
�B0ðu0Þ;

T2 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ u2 � 2uM2

�

D2

�
�B0ðuÞ;

T3 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ u2 � 2uM2

�

D3

�
�B0ðuÞ;

T4 ¼ � 2B

F4
�

�
M2

�

2
þ

3
2M

4
� þ u02 � 2u0M2

�

D4

�
�B0ðu0Þ:

(B20)

b. �0�0H!�þ��

In the t- and u-channel amplitudes, we define:

Qðs;t;uÞ¼ðsþu�2M2
�ÞðM2

�� tÞþM2
�t

2
�B0ðtÞ

þ tðsþu�4M2
�Þ �B20ðtÞþ2tðu�2M2

�Þ �B21ðtÞ
(B21)

s-channel diagrams

T1 ¼ � B

F4
�

ðs�M2
�Þ
�
1þ sþM2

�

D1

�
�B0ðsÞ;

T2 ¼ � B

F4
�

ðs�M2
�Þ
�
1þ sþM2

�

D2

�
�B0ðsÞ;

T3 ¼ � B

F4
�

ðs0 �M2
�Þ
�
1þ s0 þM2

�

D3

�
�B0ðs0Þ;

T4 ¼ � B

F4
�

ðs0 �M2
�Þ
�
1þ s0 þM2

�

D4

�
�B0ðs0Þ:

(B22)

t-crossed diagrams

T1 ¼ � 2B

F4
�

Qðs; t0; u0Þ
D1

; T2 ¼ � 2B

F4
�

Qðs; t; uÞ
D2

;

T3 ¼ � 2B

F4
�

Qðs0; t0; uÞ
D3

; T4 ¼ � 2B

F4
�

Qðs0; t; u0Þ
D4

:

(B23)

u-crossed diagrams:

T1 ¼ � 2B

F4
�

Qðs; u0; t0Þ
D1

; T2 ¼ � 2B

F4
�

Qðs; u; tÞ
D2

;

T3 ¼ � 2B

F4
�

Qðs0; u; t0Þ
D3

; T4 ¼ � 2B

F4
�

Qðs0; u0; tÞ
D4

:

(B24)

8. Diagrams IX

In these amplitudes, the scalar source s can be attached
to one of the two four-pion vertices (recall Fig. 15), which
we denote here by the subscript i ¼ 1, 2.

a. �0�0H!�0�0

s-channel diagrams:

T1 ¼ B

F4
�

ð2sþM2
�Þ �B0ðsÞ;

T2 ¼ B

F4
�

ð2s0 þM2
�Þ �B0ðs0Þ:

(B25)

t-crossed diagrams:

T1 ¼ B

F4
�

ð2tþM2
�Þ �B0ðtÞ;

T2 ¼ B

F4
�

ð2t0 þM2
�Þ �B0ðt0Þ:

(B26)

u-crossed diagrams:

T1 ¼ B

F4
�

ð2uþM2
�Þ �B0ðuÞ;

T2 ¼ B

F4
�

ð2u0 þM2
�Þ �B0ðu0Þ:

(B27)
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b. �0�0H!�þ��

s-channel diagrams:

T1 ¼ B

F4
�

ð4s� 3M2
�Þ �B0ðsÞ;

T2 ¼ B

F4
�

ð4s0 � 3M2
�Þ �B0ðs0Þ:

(B28)

t-crossed diagrams:

T1 ¼ � B

F4
�

ðt� 2M2
�Þ �B0ðtÞ;

T2 ¼ � B

F4
�

ðt0 � 2M2
�Þ �B0ðt0Þ:

(B29)

u-crossed diagrams:

T1 ¼ � B

F4
�

ðu� 2M2
�Þ �B0ðuÞ;

T2 ¼ � B

F4
�

ðu0 � 2M2
�Þ �B0ðu0Þ:

(B30)

9. Diagrams X

a. �0�0H!�0�0

s-channel diagrams:

T¼�2B

F4
�

(
ð2ðs�M2

�Þðs0 �M2
�ÞþM4

�ÞC0ðs;s0;q2Þ

þM2
�ð �B0ðsÞþ �B0ðs0Þþ2 �B0ðq2ÞÞþsþs0 �q2

2
�B0ðq2Þ

)

(B31)

t-crossed diagrams:

T¼�2B

F4
�

(
ð2ðt�M2

�Þðt0 �M2
�ÞþM4

�ÞC0ðt;t0;q2Þ

þM2
�ð �B0ðtÞþ �B0ðt0Þþ2 �B0ðq2ÞÞþ tþ t0 �q2

2
�B0ðq2Þ

)

(B32)

u-crossed diagrams:

T¼�2B

F4
�

(
ð2ðu�M2

�Þðu0�M2
�ÞþM4

�ÞC0ðu;u0;q2Þ

þM2
�ð �B0ðuÞþ �B0ðu0Þþ2 �B0ðq2ÞÞþuþu0�q2

2
�B0ðq2Þ

)

(B33)

b. �0�0H!�þ��

s-channel diagrams:

T¼�2B

F4
�

ððss0 �M4
�ÞC0ðs;s0;q2Þþðsþs0�2M2

�Þ �B0ðq2Þ

þðs0 �M2
�Þ �B0ðs0Þþðs�M2

�Þ �B0ðsÞÞ (B34)

t-crossed diagrams:

T¼�2B

F4
�

0
@ð2M2

��tÞð2M2
��t0Þ

2
C0ðt;t0;q2Þ

þ2M2
��t

2
ð �B0ðq2Þþ �B0ðtÞÞþ2M2

��t0

2
ð �B0ðq2Þþ �B0ðt0ÞÞ

þtþt0�q2

4
�B0ðq2Þþðs�s0Þ2�ðu�u0Þ2

2
�C23ðt;t0;q2Þ

�ðsþs0�u�u0Þ �C24ðt;t0;q2Þ
1
A (B35)

u-crossed diagrams:

T¼�2B

F4
�

0
@ð2M2

��uÞð2M2
��u0Þ

2
C0ðu;u0;q2Þ

þ2M2
��u

2
ð �B0ðq2Þþ �B0ðuÞÞ

þ2M2
��u0

2
ð �B0ðq2Þþ �B0ðu0ÞÞ

þuþu0 �q2

4
�B0ðq2Þþðs�s0Þ2�ðt� t0Þ2

2
�C23ðu;u0;q2Þ

�ðsþs0 � t� t0Þ �C24ðu;u0;q2Þ
1
A (B36)

10. Diagrams XIII

a. �0�0H!�0�0

T ¼ B

F4
�

ð25M2
� þ 8q2Þ �B0ðq2Þ: (B37)

b. �0�0H!�þ��

T ¼ B

F4
�

ð5ðsþ s0 �M2
�Þ þ q2Þ �B0ðq2Þ: (B38)
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