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We study the sigma model with SU(N) X SU(N) symmetry in 1 + 1 dimensions. The two- and four-
particle form factors of the Noether current operators are found, by combining the integrable-bootstrap

method with the large-N expansion.
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L. INTRODUCTION

The quantum principal chiral sigma model is completely
integrable in one space and one time dimension [1,2]. Its
action is

N
S=-

d’xn*'Tra, Ux)To,U(x),
285

(1.1

where U(x) € SU(N), u, v = 0, 1, and where n*” is the
Minkowski metric, n° =1, p'!l = —1, »° = 50 =0.
The action is invariant under the global transformation
U(x) — V., U(x)Vyg, for V;, Vg € SU(N). The model is
asymptotically free and has a mass gap m. There are two
Noether currents,

Ja)i = 3, Uap () (),

(1.2)

Ji g = U(x)d , Uy (x),

—iN
2g5 "

—iN

o2

0
where a, b = 1,..., N, associated with the symmetries
U — VU and U — UVy, respectively.

In this paper, we calculate the two- and four-excitation
form factors of the current operators using a large-N
expansion and the form-factor bootstrap method [3]. This
approach has been used in Ref. [4], to find the form factors
of the renormalized field operator. We also find the two-
particle form factor for all N > 2.

In the next section, we review the exact S matrix for the
chiral model. We calculate the two-particle form factors in
the planar limit in Sec. III, and for general N in Sec. IV. In
Sec. V, we calculate the four-particle form factor, and we
discuss our results in the final section.

II. THE EXACT S MATRIX AND
MULTIPARTICLE STATES

The sigma model has elementary particles of mass m,
which carry both left and right colors. These elementary
particles form bound states which obey a sine formula [5]
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sin(%f)

sin(%)’

m,=m 2.1)
where m, is the mass of a r-particle bound state. In the
large-N limit, the mass of a r-particle bound state is
m, = mr, for finite . This means that there are no bound
states of a finite number of elementary particles in the
planar limit, since the binding energy vanishes.

We introduce particle and antiparticle creation operators
?I;r,(@)ab and %[I(ﬁ)ba, respectively, where 6 is the particle
rapidity, defined in terms of the momentum vector by
po = mcoshf, p; = msinhf, and a, b=1,..., N are
left and right color indices, respectively. A product of
creation operators acting on the vacuum in order of increas-
ing rapidity, from left to right, gives the multiparticle state
|P; 01, ap, bl;A’ 02! b2) a;.. '>in

= AL(01)a,5, A1 (02)p,, - 10),  where 8, > 6, >
(2.2)

The S matrix of two particles, with incoming rapidities
0, and 6,, outgoing rapidities 6] and 6, is
0u[<Py 0/1’ 1, d];P, 0/2’ C, d2|Pr 01’ ap, bl;P’ 62! ay, b2>in
= Spp(0) 2L 47050 — 6,)476(6), — 6,),

ajbyiaz by

where 6 = 6, — 6,. We follow convention and call the

function Spp(0)25251% the S matrix. It is given by

Spp(0)22ic5 = x(0)Scan(0) e Scan ()55,

where Scgn(6) is the S matrix of two elementary excita-
tions of the SU(N) chiral Gross-Neveu model [6,7]:
cie, _ T(i6/27 + DI(=i6/27 — 1/N)
Scon(0)aiiay = 1 = —
r@e/2a+1—-1/N)I'(=i6/2m)

X (5,31, 58 — @ 58! 5;3),

(2.3)

and y(0) is the Castillejo—Dalitz—Dyson (CDD) factor [8,9]:

sinh(§ — 7))

—. 2.4
sinh(§ + %) 24)

x(0) =
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The CDD factor is chosen such that the S matrix has the ;)11(01)0 , It 5(62) s
minimum number of singularities and reproduces the parti- o cadaic ; ’ ;
cle mass spectrum of the theory [9]. The particle-antiparticle = SPP(e)a: b2, alzblz A (92)4242 AL p(0; )L,dl,
S matrix is related to thy ticle-particle S matrix b -
' ma. rix is rela e_ o. e particle-pa 1c' e S matrix .y crqss 211(0 Yora %[T(OZ)bzaz
ing, i.e. 0 — 6 = 7i — 0. The S matrix for a particle with

incoming rapidity #; and outgoing rapidity €}, and an . SAA(Q)Z:ZZI ZLZLQ[T(ez)dzcﬂ[}(eﬂdlcl,
antiparticle with incoming rapidity 6, and outgoing rapidit
P B Py T BOmE TP 901, 21 (021,
, = Sup(0) 257N 9T (9,), . AL6,) (2.7)
. N N 2ari AP aiby;byas 2)dycy YHP cid;*
dycpsedy dy ocy oCy gd; 17172
SAP(Q)albz;bzaz - S(b’, N)[6b26a28a16b1 - Né

The r-excitation form factor of an operator B(x) is
X (8,4,0,01280287 + 8286,8,,,00%)  defined as

47 01V, 8y, Cys...51,,6,,C
— Nzé‘z 5a1a2561625b1b25d1d2 ]’ (2.5) < | (X)l 1 y B R s U r>
= 67’Zk=1x'p"j:? c 6y,...,0,),
where b
9 mi ) . where I;, = P if the kth excitation is a particle, and I, = A
S(6,N) = Smh(§ W) [F(10/27T + DI(=if/2m — I/N)]Z if the kth excitation is an antiparticle, and C; is the set of
sinh(§ + Z)LT(@6/27 + 1 = 1/N)['(—i6/2m) indices a;, by for I, = P or by, a; for I, = A. The x

(2.6)  invariance.
The vacuum expectation value of two operators B(x)
The creation operators satisfy the Zamolodchikov — and €(y) can be expressed in terms of form factors, using
algebra: completeness of in states

dependence of the form factor is trivial, due to Lorentz
=1+ (9( )

(OIB(IC()]0) = <0|%<x>|o><0|s<y>|o>+zz [ttt

=& Qm) i (r+ t)'
X OIBX)|P, 0,,a,,by;...;P,0,,a,b;A by, dy, cy;...;A b, d,c,)
X{P,0,a,by;...;P 0, a,b;A &, d,ci;...;A b, d, c,|E(>)|0). (2.8)
[

II1. SMIRNOV’S AXIOMS AND THE iL(x) = V, L)V
J " X L] 1 XV,
TWO-PARTICLE FORM FACTORS
. . AL(O) = VRALOVL,
In this section, we calculate the first nonvanishing form ; ;
factor of the current operators at large N. We will discuss QIA(6’) -V QIA(e)VR-
only the left-handed current jft (x)¢ in detail, since the same
method yields the right-handed-current form factor.
Under a global SU(N) X SU(N) transformation, the  Only form factors with an equal number of particles and
current and the particle and antiparticle creation operators  antiparticles are invariant under such global transforma-

transform as tions. The first nontrivial form factor is
|

<O|J,u(x)aoc0|A 01’ bl’ aips P, 02’ az, b2> - <O|J (x)aOCOQIT(H )bla] s)IT(QZ)azbZlO)

= (pl - pZ)p,e_ix.(pl+p2)F(a)(8a0a25blb2800al -

%Bagcgﬁb]bzaalaz), 3.1
for 6, > 0,, and
(O (X age, | P1, 01, @y, bis A, 02, by, az) = (01 (0) g, A5 (02) 1,1, 21 (81,4, 10)
=(p1 — pz),ue*ix.(p,+pz)F/(0)<5a[,a25b,b2500a, - %600%61,,,,2501@), (3.2)

for 6, > 6, where, as before, § = 6; — 6,. The (9(%) term in Eq. (3.1) ensures the tracelessness of the current operator.
Lorentz invariance requires that the function F(6) depend only on the rapidity difference 6 [3].
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We next apply the scattering axiom, also known as
Watson’s theorem [3]. This axiom follows from the
Zamolodchikov algebra (2.7) on the creation operators of
the in-state. This gives a relation between F(0) and F'(6):

<0|j/11(0)%009/[;(02)(12]728211.(0 )b]al |0>
= Sap(0)45152% (015 (0) e, W5 (01) 4y, 2E(62) 1,0, 10),
3.3)

or

27

o

In obtaining Eq. (3.4), some factors of 1/N in the S matrix
were canceled by summing over group indices in Eq. (3.3).
We next consider the Smirnov periodicity axiom [3],
which follows from crossing symmetry. For the
M-excitation form factor of an operator ®B(0), the period-
icity axiom is
<0|%(O)?IJr (61)c, ?IT (02)c, -
<OI§B(O)?I L (Oy —
X (Oy-1)c,,10).

For more discussion of this axiom, see Refs. [4,10].
Applying the periodicity axiom to our form factors (3.1),
we find the two equivalent conditions:

(01 75(0) gy e A 5(02)0,, 201 (1), 4, 10)
= (0175(0) g, e, AL(O) — 2770), ¢, A F(02) 0, 10) = F'(6)
= F(6 — 2ri), (3.6)

F'(0) = S(0, N)(l - (3.4)

AT (Bu)c, 10)
2mi)e, A O, ... U]

Iy—

(3.5)

and

(O175(0) e 5 (01), 0, A (02) 1, 10)
= (0175(0) g, e, A (05 — 2771) 3, AL (1), 10y = F(O)

= F'(0 + 2. 3.7
Combining Eq. (3.4) with Eq. (3.6) gives
F(6 — 2mi) = §(6, N)(g * 7”)F(e) (3.8)

where we have defined the function $(6, N) = S(6, N).
For large N, we expand 8(6,N) =1+ O@F) and

F(0) = FO(0) + 4 F'() + & F*(0) + ..., so that
_l’_
FO(0 — 2mi) = (9 ”’.)Fo(e). (3.9)
0 — i
The general solution to Eq. (3.9) is
8(6)
FO(9) = , 3.10
®) 0+ i ( )

where g(6) satisfies the periodicity condition g(6 — 2i) =
g(6). The minimal choice is to take g(#) = g, a constant.
We do not present a proof that this is the right choice for the
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function g(#), but it is the simplest solution and is thus likely
to be the correct physical solution.

Next, we determine the value of g. There is a conserved
charge Qa[,c‘,» associated with the current operator. This
charge is

aoco [dx ]0 (x apcp*

We fix the value of g by requiring that the charge generates
the SU(N) Lie algebra:

QL* =0, [O% 1,
where the structure coefficients are

C1C2d3 __ +( 9Cy od3 oC) €l 943 9C2
ajacy — 1(5018a2663 - 81126611663)'

C1C2d3 L c3

L c ] —
2 ll]ﬂzL'; ’

3.11)

We cross the incoming particle from Eq. (3.1) to an out-
going antiparticle, via 6, — 6, — i, to find

(4, 0, by, llzljé(x)aocolA» 04, by, a1>
= m(cosh@, + cosh@,) exp{—im[x°(coshf; — coshf,)
— x!'(sinh@, — sinh@,)]}F,(6 + i)
1
X (6‘1002 6hlh2 66‘0‘11 - N 6(10(‘0 Shlhz 6“1‘12)'

The integral over x! gives the matrix element of the charge
operator:

<A 01? b2) a2|Qa0L0|A) 01’ bl) al)
= 2m)*2(p1)o8(6, — 6,)

1 ;
X <5a0u2 6171172 6cou1 - N 6aoco 6h1h2 6a1u2)Fl (771)

The matrix element of the commutator of two charges is
found by inserting a complete set of one-antiparticle inter-
mediate states:

(A, 05, by, ar|[ Q% .. QL. A, 01, by, ay)

d@
- 2 <A 02; bZ: aZIQaOCOIA) 03; b}) a3>

X <A 0'5) b3) a3|Qa4c4|A) 0]; bl: al)

de
f 3 (A, 65, b, aZlQa4¢4 A, 05, bs, a3>

X <A 03, b3, a3|ancO|A, 0], bl’ a1>.
With the choice F(mi) = 1, Eq. (3.12) becomes
(A, 0,5, by, ar|[ Q5 0, 0%, 41IA, 6,, by, ay)
= lfzgfzi?é(A, 02) bZ) a2|Qa5 C5|A’ 01’ bl’ al>’
which is equivalent to Eq. (3.11). This fixes the constant
g = 2.
We have not yet discussed the annihilation-pole axiom
[3]. This axiom relates the form factors of M particles to

the form factors of M — 2 particles. The general multi-
particle form factor of the current operator is

(3.12)
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<0|jﬁ(0)goco|A, 01, by, ar5...3A,0,b,a5P, 0,11, a1, b415...3 P, 0y, a3, b33 A, 0,y by, 0,13 P, 0, a,, b,)

=[p1+...+p =P+ ...+ p) + puy — pn]M‘TO(al’ coor 0)ageoay by b (3.13)

n

Here, we have factored out the vector-valued prefactor in square brackets, consisting of a linear combination of the particle
momenta, chosen to make F?(6,, ..., 6,) a Lorentz scalar. We define a Lorentz-scalar-valued operator O4yc, bY

0104y, |A, 01, by, ay; .. .3 A, 0, by ap P04y, apyy, byyys .. .5 Py 0y, any bys A, 0,1, by, a, 15 P, 0, a,, b))
— T0
- :F (01, ERR] en)aocoal...a,,;bl...bn-

The form factor has a pole at 8,_,, = 0, — 6, = — i, corresponding to annihilation of the (n — 1)st and nth
excitations. We cross the nth particle to an outgoing antiparticle, yielding

(A, 0,, by, a1 (0)aye 1A, 01, by, @y 5A 01, by, @y POy, gy, brigs .5 P, Oy, Gy by A, 01, by, Gy
=[lpr+...+pr= (1 + .. po) F puct + Pl
X (A, 0,,b,, anl(OaOColAr 01, b1, a15...3A, 0, b, ai P04y, apey, bigys 5Py 0y, an, by A, 0,1, by, @)

By the generalized crossing formula [10],

(A, 0,, b, 0,104 |A, 01, b1, a1;.. .3 A, 0, by, a5P, 014y, ap11, byyys .5 Py Oy, angy by A 0,4, by g, @)
=(A,0,, b, a,lA 0, b,,a)F°,, ..
+ FO6, —im_, 01, ..., 00 Dascsaara, bbb, TOr 60, =6;>..>6, or

=(A 0,,b,,a,|A 0,1, b,-1,a,-)FOO1, ..., 020)ascoar...an:br..on

© 0,1, 1 )aocoaz...an,] 3by.b, g

+ FOO1, ..., 0,1, 0, + iT ) uycoarayi,.p, TOr6;>...>0,_,=0, (3.14)
where the right-hand side contains the n- and the n — 2-particle form factors, and m#_ = 7 — €. Near the annihilation pole
at #,_,, = — i, the form factors are of the form

1

j_"@(en — i, 01’ e en—l)aocoal...ah;bl...b” = . h(ell SRR en)aocoal...ah;bl...b,,’ and

¢9n_1 - Hn + i€

1

f@(‘91, v 01,0, + iﬂ-*)aocoal...an;bl‘..bn = mh(el, S 0;1)aocoal...an;b1...bnr
n— n

where A(04, ..., 0,)4,c0a,..a,:b,..b, 1S an analytic function in 6, _;,. We use the identity

1 1
—p T i78(0,_, — 0,),
0, — 0, * ic {an_l—an}“” (01 = 0)

where P{f(6,_,, 6,)} is the principal value of f(6,_;, 8,). We apply Watson’s theorem to Eq. (3.14), and find

<A’ 0}1’ bn’ anloaoc(,lA’ 01’ bl’ aps... ;A’ 0[} bl’ a; P’ 0[+l’ ai+1, bl+l; cees P» 021’ asy, bZI;A’ an—ly bn—l’ an—l>
= <A) Bn’ bn’ anlA’ an—l’ bl/zfl) a;71>SAA(01n—1)

dicia. b
X Sap(On_1141)c...

N
di-ici-13ba;
dicpsbic

bl _,al _ :b\aj
L XX Sua(0-1)

dicy;bya;
!

M X S.a(0 cardaisayby o o g P
4p(0,—121) Fo@,, ..., ZI)aocoa'..‘tl/z,:b'l b,

1+1

Cre1di13a1 b4y cydasaby 1
1
+ (P{i} - l.7T5(0”_1 - 0n))h(0lr cee en)a cody...dy3by...b
0}1—1 i Hn 0cod] nst1 n
= <AJ 0}1) bn) anlA; 9;17]) bn*]! an*l>~T@(0]) cey 621)[19000[...021;171...bz[
1 .
+ (P{m} + l775(0n,1 - 0,,))]’],(01, ey 0n)aocoaln.ll,,;bl‘,.b”- (315)
We will use the normalization (A, 6,, b, a,|A, 6,1, b,_y, a,—) = 478, . 6, ., 6(6,- — 6,). Comparing the terms
proportional to 6(6,_; — 6,) in Eq. (3.15), we recover the annihilation-pole axiom [10]:
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h(61’ e en—l’ Gn—l)aocoal...an;b]...bn
= Res|9n71n:,m~f@(01, ey
=2iFG,,...,

X (50/101 ...5a/ - 15b/b1...

5.8 a8

0 . ! YN N
2[)u0c0a1...a21,b na,_a -

-
6b;—1bn 1
dicp;al. b

1412141
Cra1dir 1301410141

X Sap(0,-1141)

IV. TWO-PARTICLE FORM FACTORS
AT FINITE N

In this section, we find the exact two-particle form factor
of the current operator, for arbitrary N = 2. For N = 2, the
principal chiral model is equivalent to an O(4)-symmetric
vector model. The form factors of currents of the O(4)
model were found in Ref. [11].

Our result for the two-particle form factor, for general
N, is

<0|jﬁ(0)aocolA; 61! bl’ al;P? 02’ ay, b2>
1
= (pl - pZ)p,F(e)<5a0a2 5b1b2 5coa1 _Naaoco 8b1b2 Salaz)J
where F|(0) satisfies Eq. (3.8). We insert

g(0)
0+ i’

F(0) =

into Eq. (3.8), finding

2(6 — 27i) = 8(6, N)g(6). .1

We solve Eq. (4.1) by a contour-integration method first
used in Ref. [11]. We define a contour C to be that from
—o00 to 0 and from oo + 277i to —oo + 277i, bounding the
strip in which the form factor is holomorphic. Then,

Ing(#) = f — coth

00 d —
=f —Z cothZ 0 In 8(2) —.
—oo 4Tl 2 g(z + 2mi)

lng(z)

We differentiate both sides with respect to 6, and use
Eq. (4.1) to write

d 1 0 dz .
—|[lng(0)| = — ———  InS(z, N). (4.2
a6 O =g L,o s 1 — g WO (4D
The solution to Eq. (4.2) is
00 . 2 s 0 2
8(6) = gexp f dxa (e W) ST O/27] 5
0 sinhx
where the function A(x, N) is defined by
~ 00 0
$(6, N) = exp f dxA(x, N) sinh(x—,), (4.4)
0 i

1 1° l l
= Saa(01,- 1)d’l’cl ;,”Ial X

X X Sap(0,— 120 ividb 21)

PHYSICAL REVIEW D 86, 025025 (2012)

021, 01, 0”)%6‘0‘11 <Gy —1Ay3by. by by 1Dy

di-yci-13b)a)
X Spa (0= ayere,

(3.16)

cydyzagby

and g is a constant. Note that expanding the S matrix in
powers of 1/N yields A(x, N) = 3; B(x) + Cf)(#).

To express the function $(6, N), presented in Eq. (2.6), in
the form (4.4), we use the integral formula of the gamma
function [12,13],

F(z)—exp[ [LeexwL(z— e~ x],

for Rez > 0.

Then,

[r(fé DIGY - @]z
I +1-hHrae
0 dx 4e—x(62x/N _

1
= exp — —72)6) sinh(x—6,>, 4.5)
0 i

X 1—e

for N > 2. We use the formula [10]

sinf(z +a) o dx sinhx(1 — z) .

Shwkw T4 = sinh(xa),

sinf (z — a) 0 X sinhx
for0<z<l,

to write the CDD factor as
_sinf(1-3) -2
sing (1 —3)+ %)

©dx —2 sinh(2x/N)
sinhx

sinh(g — =)

sinh(g +7)

= exp

nh(;), (4.6)

for N > 2. Combining Egs. (4.5) and (4.6) gives

dx[—2sinh(2x/N) = 4e *(e*/N — 1)
S(BN)_epr 7[ snhx | 1—2% ]

0o X

X sinh(—a,). 4.7
i
From Egs. (4.1) and (4.3), the form factor is
g o dx [ —2sinh(3)
Fi0) = —>— — ] —
1(6) (6 + i) expj; X I: sinhx

4e”‘(e2"/’_\’2— 1)] sinz[x(w'.i - 0)/277']. 48)

1—e sinhx

The condition F,(7i) = 1 implies g = 27i.
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V. FOUR-PARTICLE FORM FACTORS

Next, we find the four-excitation form factor of the current operator, in the large-N limit. Only the form factor with two
particles and two antiparticles is nonzero, because of the global symmetry. The most general Lorentz- and SU(N) X
SU(N)-invariant four-particle form factor, respecting the tracelessness of the current operator is

<0|jﬁ(0)a0C0|A, 61, bl’ al;A, 02, bz, aj; P, 63, as, b3; P, 04, Ay, b4>
= (015 (0) g A5 (01), 0, AL (02) 100 A (03) 1y, 2B (04) 1,1, 10)

1 > S
= N[l)l + P2 = 3 — PaluF (04, 05, 03, 04) - Dy coayarasasibybabsby (5.1
for 01 > 02 > 03 > 04,

<O|jﬁ(0)aUcO|A) 01’ bl’ al;P’ 02) ay, bQ;A) 63: b}» a}; P: 04» ay, b4>
= <0|jﬁ(0)a0¢-0911(91)b,a,91;5(93)@1?3 9[1(92);12@91;(94)(14;;4|0>

1 > >
= N[pl + P2 — p3 = PalG(01, 0, 05, 04) - Dyycoaarasasiv bybsbys (5.2)

for 01 >03 >02>04,

<O|jﬁ(0)aocolA, 01, bl, ag, P, 02, aj, bz; P, 63, as, b3;A, 64, b4, a4)
= (0175 0, A (01,0, 25(03)ay, A5 (04) 1, A1 (02)1,4,10)

1 N N
= N[m + P2 — p3 — Pal H(Oy, 02, 03, 04) - Dyycoayarasasib, bybsby (5.3)
for 01 > 03 > 04 > 02,

<O|jﬁ(0)a“(,'0|PJ 01, ap, b1§A, 02, bz, a; P, 03, as, b3§A, 04, b4, a4>
= <0|jﬁ(0)a00091;(03)a3b3%[;(Gl)blal912(04)@!74%[1(02)%512'(»

1 > >
= N[pl + P2 — P3 — p4],u,K(01’ 02’ 63’ 04) ' Da(,cnuluza3a4;b]b2h3h4r (54)
for 65> 60, >0, > 6,,

<0|J.i1(0)aocolp, 01, ay, b1§P, 92, a, bz;A, 93, b3, a3;A, 04, b4, Cl4>
= (0175(0) ey 2B (03)a, A B (04, AL (01,0, AL (62),4,10)

1 S S
= N[pl + P2 — p3 — Pal L0y, 05, 05, 04) - Dy coa,arasanbrbsbs (5.5)
for 03 > 04 > 01 > 02,

<0|jﬁ(0)aocolpy 01’ ay, bl;A! 627 b2! aZ;Ar 03r b3, as; Pr 04: ay, b4>
= (01 75(0) gy e A 5 (03) ey, X1 (01D, 0, 28 (02)1,0, 2 5(8) 0,,10)

1 > S
= N[pl tpy—p3— P4]yQ(91, 0,, 05, 6,) - Daocoa1a2a3a4;b1b2b3b4: (5.6)
for 03 > 01 > 02 > 04,

<O|jﬁ(0)a0C0|A) 02, bz, aQ;Ay 01, b]y ay; P, 93, as, b3; P, 04, ay, b4>
= <O|jﬁ(0)aocoi)1j\(02)b2az 91;(91)111111%;(93)@!;3 912(64)114%'0)

1 > >
= ﬁ[pl + P2 — P3 — p4],u.F(02’ 01r 03’ 04) : Duoc()ala2a3u4;h|b2b3b4’ (57)

for 02 > 01 > 03, >04, and

025025-6
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<0|jf’«(0)a000 |A, 01, bl’ al;A, 02, bz, aj; P, 04, Ay, b4, P, 03, as, b3>
= (015 (0)tgee A5 (01), 0, AL (02) 1000 A (00) 1y, 2 (03) 1y, 10)
] - >
= N[Pl + P2 — p3 = PalF (01, 02, 04, 03) - Dy coayarasasib, bybsbys

for 6, > 0, > 6, > 6, where we define the eight-component vectors

( 6“0”3 6‘11 Co 502114 6171 by 6b2b4 - % 511000 6111 as 60204 6171 by 6172174 \
80003 8“1 Co 802“4 8b1 by szbs - % 8“000 8“1 as 802“4 8')1 by 8b2173
50004 5‘1100 302“3 5b1b3 6b2b4 o % 50000 5“1“4 602“3 51’1173 6b2b4
[D’ ] _ 5‘10<14 5“100 5“2“3 5171i74 51721?3 B %500% 501“4 5“203 51’1174 5b2b3
docoitasdibibababy 6“0“3 6111 ay 60200 5171 by 6b2b3 - % 511000 311203 50104 6171 by 6172173 ,
8a0a3 aal a, 8026(; 8171 bs 6b2b4 - % 80000 802“3 801“4 8b1 by 61’2}’4
50004 501“3 50200 5b1b3 6b2b4 B % 50000 5“2“4 801“3 51’1173 61’2174
\ 5a0a4 501 as 6a2a0 51)] by 51)2!)3 - % 541000 5412114 6(1,(13 51)] by 6b2b3

(F1(91, 6, 63, 64) \
F3(0,, 05, 03, 64)
F3(01, 6, 03, 0,)
F4(0,, 05, 03, 64)
Fs5(6,, 05, 03, 64)
Fe(01, 05, 03, 0,)
F7(01, 05, 03, 0,)
Fy(0,, 05, 03, 64)

[F(6y, 65, 05, 05)] =

and similarly for é, Ijl, K , L and Q
Watson’s theorem relates the form factors with different ordering of rapidities, yielding

€0175(0) 4y, sl[:{ (01)p,4, §2I;ra(¢93)a3b3 912; (02)p,4, 91;5(94)(141;4 |0)
= Sap(023)05252% (O (0) 4y 2L (01,0, W (02) s, A(O3) ey, 2B (04) 1,5, 10),

(O1E(0) 4y, 2L(01)p, 0, WE(O3) 1,1, 2B (04) 1, 201 (0) 5,0, 10)
= Sap(020) 52520 (O L (0) gy 2O, 0, WEO3) 1y, 21 (02) e, UE(0) ,0,10),

<O|],LLL (O)aoco %[;(03)(13173 %[,1 (0 1 )bl a; %[;(04)%174 %[Z (02)172112 |0>
= Sap(013)0 5535 (O (0) gy L)) ¢, 2 03)ety 5 (O0) 1,1, 2 (82)5,0,10),

(O175(0) tges U5 (03) 1y 5 (O4) 1, A5 (1), 0, AL (), 10)
= Sap(018)0 5 50 (O L (0) agcy 2 (03) sy A5 (01) gy, AF(O) 1, 2L (82)5,0,10),

(150 4y 2H(03) 0, A5 (01,0, 2E (02) 1,0, A (04 0,5, 10)
= Sap(013)1555% O (0) gy WE (O, UBO3) ey, 2L (02),0, U (O4) 15,10,

025025-7
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(0175 (0)aye, 2 (01,0, UF (02,0, 1 (03) 1, 2 p(0) 5, 10)

= Sa4(012) <O|jﬁ(O)aOCOQIX(HZ)dZCZQIX(el)dlclQI;(03)u3b3QI;(04)a4b4|0>:

(O175.(0) a0 2501, 0, UL (02) 5,0, W5 (03) 0, 2 p(03) 1, 10)
(0145 (0) 4y, %j\ (01)p,a, 91} (62)p,4, 912(94%40{4 9I}:>(03)c3d3 |0).

dycyidc
biay;bray

= SPP(034)21Z§éZiiz
These imply, respectively,
(! 0
—2mi 2mi
w (-%)
—2i
Noxs 0
- A b m) -1
G(6,, 0, 05, 0,) = N\0x 02 N
0 0
0 0
0 0
0 0

> 1
X F(0,, 0,, 05, 04) + @(m)

= M,(0,, 05)F(0,6,, 63, 6,) + (9< )

H(8,, 05, 05, 0,) =

oS O o O

\ o

> 1
X G0y, 0y, 0, 0,) + @(W)

— W15(0, 0)G (0, 02, 0, 0) + (9( )

oS o o O

0
0

2ari 4%
(— * —) (1
0
0
0
0
1
N2

1
N?

0
0
0
dmi _ 4>
b3 9%3 )
0
0
0
0
472
e—) 0
—2mi
Ny,
04 Ny
1
0
0
0
0

025025-8

PHYSICAL REVIEW D 86, 025025 (2012)

- 2A7n'
N,

—2mi
Nty

0 0
0 0
—2ri
0 Noy
0 0

1 0

0 1
—2ari

0 Now

—1(2mi _ 4n?
N 04 0%4

_ 2mi
(1-3)

Z1( 27 4
N<023

(-%) )

o O o O

_ 2mi
04

i

)

4z
02

(5.10)

oS o o O

—%Wi
Ny

1/

(5.11)
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(1

E(Hl) 02) 03’ 04) =

\

. 1
X H(6y, 0,, 03, 0,4) + @(m)

_ 2mi
013

o o o o o

0

—2mi

Nb,;
1

0
0
0
0

0

0
0

_ 2mi
( —)
0

0

0 0
0 0
=27
v, O
1 0
0 1
—2qri
0 WA]S
0 0
2@ 2w
Nbi;  Nby;

2 . 2 : 2
+ 47 ] —4mi _4m ) —1(2mi | 4w
0% 0 0 N\bs 0,

PHYSICAL REVIEW D 86, 025025 (2012)

o o o o o o
oS o o o o o

o (en))

o o 1
= M3(01, 03)H(01, 02, 03, 04) + @(F) (512)
1 0 0 0 0 0 0 0 \
=2mi _ 2mi
Noy, (1 914) 0 0 0 0 0 0
0 0 1 0 0 0 0 0
=2mi _ 2mi
0 0 Now (1 914) 0 0 0 0
5(01, 05, 63, 04) = dai __ 4x? —1(27i 4 4x* —1(2mwi 4 47
—2mi _ 2mi —2mi
Zm g 0 0 0 (1 6) e 0
0 0 0 0 0 0 1 0
—2mi _ 2mi
0 0 0 0 0 0 Vo (1 914) )
S 1
X K(Hl: 027 03: 04) + @(W)
. - 1
= M0, 0,)K(0,, 0, 05, 04) + @(W)’ (5.13)
o - > 1
(04, 05, 03, 0,) = M3(0,, 03)G (6, 65, 605, 0,4) + @<m>, (5.14)
(0 W 00 1 FEE o0 0
;%)7]7: 0 0 0 ;VZGZZ 1 0 0
0 0 0 @7 0 0 2I 1
) 0 0 2= 0o 0 0 1 | i
F(6y, 0y, 65, 6,) = i . i ? |F(62, 6,05, 6,) + @<—2)
@22 0 0 0 3 o0 0 N
w0 00 0
0 0 @4 1 0 0 0 2
\o 0 1 @E o0 0 =
- > 1
= 1,(0,,0,)F(0,, 6,, 05, 04) + @(ﬁ)’ (5.15)
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(0 o w10 0 0 0

o0 1 2M o0 0 0 0

Dm0 2T 0 0 0 0
1 2@ 2mi 0 0 0 0

F(01,050500=| Ngﬂ N(G)M O F0 00,0 03”@(%)

o 0 0 0o FE o F 1
o 0 o0 o0 1 PE o P

\0 0 0 0 Pm 1 3= 0

= T,(05, 0,)F(0,, 0, 0,4, 63) + @(ﬁ) (>-16)

Next, we apply the Smirnov periodicity axiom (3.5):

(01550 4y, 2101 = 2770), 0, AL (02,0, U E(03) 0y, 2B (04) 115, 10)
= (0175 (0)aes 24 62),0, 25 (03) 1, A5 (02 0,0, AL (01,0, 10),
(017 (0) gy U8 (B2 = 2771)1,0, AL (63) 1y, AF(04) 0,1, 21 (61)1,,10)
= (01750 4y 25 (03) s, A (00 0, 205 (01,0, AL (82,4, 10,
(0175 (0) gy A5O3 = 2778) 1, A (04 1,1, A5 (01) 5,0, 2L (02) 1,0, 10)
= (0150 4y ey 25 (0) s, A5 (O, 0, 2F (02,0, A (03,10,
(01550 4y, 2450 = 2771),5, AL(01)p, 0y U (02) 1,0, 25 (83) 03, 10)
= (01750)aye, 2561, 0, 28 (62)1,0, U5 (03) 1, A (00) 1,5, 10),

which imply, respectively,

F(0, — 277, 05, 05, 0,) = H(6, 0,, 03, 0), (5.17)
H(60, — 2, 0y, 05, 0,) = L(6,, 05, 03, 6,), (5.18)
L(6y, 05, 05 — 2710, 64) = O(6,, 65, 64, 65), (5.19)
0(6,, 05, 0, — 27i, 05) = F(6;, 05, 63, 6,). (5.20)

We combine Watson’s theorem with the periodicity axiom, to express Egs. (5.17), (5.18), (5.19), and (5.20) in terms of
only F(6,, 85, 05, 6,). We combine Eq. (5.17) with Egs. (5.13), (5.12), and (5.15), and find

F(8, — 27, 05, 03, 04) = M(8,, 0,)M5(0,, 05)[T,(6,, 0,)1 ' F(6), 05, 0, 6,). (5.21)
Combining Eq. (5.18) with Egs. (5.11), (5.10), and (5.15) gives
[T,(6,, 0, — 2] ' F(6,, 0, — 27i, 0, 0,) = M,(0,, 0,)M,(0,, 0,)F (0}, 05, 63, 6,). (5.22)
Combining Eq. (5.19) with Egs. (5.12), (5.10), and (5.16) gives
M 5(0,, 05 — 2m)M (85, 05 — 2mi)F(6), 05, 03, 04) = [T5(05, 0,)] ' F(8), 65, 6, 0,). (5.23)
Finally, we combine Eq. (5.20) with Egs. (5.13), (5.11), and (5.16) to find
M 4(01, 04 — 27505, 04 — 27)[T5(05, 04 — 270)] ' F(6,, 05, 03, 04 — 277i) = F(0y, 0, 05, 0.). (5.24)

The set of equations (5.21), (5.22), (5.23), and (5.24) are difficult to solve, for finite N. In the large-N limit, the matrices
M 1,2.3,.4 become diagonal and mutually commute, and the matrices 71,2 become their own inverses. This greatly simplifies

025025-10
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the problem, allowing us to find the form factors. We expand the form factors in powers of 1/N as F (64, 0,, 05, 04) =

ﬁo(el; 92) 03) 04) + %ﬁl(al) 02; 03) 94) +...

Egs. (5.21) and (5.22) and Eq. (5.22) to get
FOO, — 2mi, 0, — 27i, 03, 0,) = M4(0,, 0,)M3(0,, 03)M,(0,, 0,)M(6,, 0:)F°(0,, 0,, 63, 0,),

or explicitly, in terms of the components of F 0(01, 05, 03, 64),

FY(0, — 2mi, 0,
F(0, — 2mi, 0, — 2i, 03, 0,) =
Fg(el — 2mi, 0,
FY(0, — 2mi, 0, — 2i, 03, 0,) =
FO0, — 2mi, 0,
FY(6, — 2mi, 6,

Fg(ﬁl - 27Tl, 02 - 27Tl, 03, 04) - (

0,3 + 77'1')(024 + 77'1)2
J\Ory —

0,3 + i

(023 - 77'1)

<923 + 77'1)

- 27Tl, 03, 04) = 9
24

013 + i 924 + i

l

=
I
3

Oy3 — miJ\Ooy —

i\(0» + mi\2

B
=

[+
3

- 27Tl, 03, 04) ==

A~ A~ A~~~
>
=
3

FY(6,, 0,, 63, 6,),

F 91; 02) 93! 04)

0,4 +
(24 m>FO(91’92»92,94)

)Fo(el’ 65, 03, 6,),

iJ\0y3 — i
014 + TiN2(0y; + Ti
2 ( 2 )Fo(eb 0, 03, 0,),
014 - T 023 Tl
04 + 605+ 0,4 +
—2mi, 65, 0,) = (=2 m ( b m)( A m>FO(91, 05, 03, 6,4),
014_7Tl 9]3_7Tl 924
03 + 654 +
- 27Tl, 03, 04) = 13 m ( 24 Wl)F (91, 02, 93, 64)
013 — Tl 024 Tl

014+ i
014 — Tl

)
)
)
)
)
)
)

913_7Tl 923

The solution which satisfies (5.25), (5.15), and (5.16) is

where the functions g(6,, 6,, 65, 6,) and g,(6,, 6, 03, 6,) are periodic under ;, — 6,
Instead of the analysis of the previous paragraph, we could have combined Eqs. (5.23) and (5.24) to obtain
M 401, 04 = 2m)M5(0,, 05 — 2mi) My (03, 04 — 27i)M (05, 65 — 2 (61, 0, 05
= ﬁo(el, 02, 03, 94)
The condition (5.27) is equivalent to Eq. (5.25). The solution of Eq. (5.27) is Eq. (5.26)

gl (9]) 02’ 03) 04)
(613 + i) (0pq + i)*’

82(61, 65, 05, 04)

F(l)(el) 02) 03) 04) =

F(6,, 05, 05, 04) =

8201, 05, 04, 053)

(014 + 7i)(Op3 + 7i)(Op4 + i)’

Fg(al) 92, 63) 94) =

gl(alr 02) 04’ 03)
(014 + 7Tl)(023 + 7Ti)2,

8105, 01, 03, 0,)
(014 + i) (03 + i)’
g2(02) 01: 03; 04)

F(0y, 6y, 63, 64) =

Fg(gl) 02) 03) 04) =

(0,3 + mi)(0y3 + 7i)(0yy + i)’

F(6,, 05, 05, 0,) =

81(0, 04, 04, 053)
(013 + i) (0 + i)’
82(62, 61, 04, 03)

Fg(al) 92, 63) 94) =

F(6,, 05,05, 04) =

(014 + 7Tl)(013 + 771)(924 + 7Tl),

025025-11

(014 + 7i) (013 + 7i)(0p3 + i)’

0, + 0, +
<13 m)< - 7Tl)Fg(é’l»492’6’3’94)

— 2.

— 211, 04 — 2770)

, simplifying the periodicity conditions for F°(6;, 65, 65, 6,). We combine

(5.25)

(5.26)

(5.27)
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The minimal choice for the functions g;,(6, 6,, 63, 6,) is to set them equal to constants, g(6y, 65, 65, 0,) =
g1, 8201, 6,, 63, 0,) = g,. These constants are fixed using the annihilation-pole axiom. There is an annihilation pole at
6,4, = —ri. The annihilation-pole axiom [Eq. (3.16)] implies

Reslg,,——7i€01 Ouy WA (01,0, A (03)ay, UL (02)1,0, A 1 (84) 1,10}
= 2i{<0|@a0c091;(61)b]a1212(63)a3b3|0>8a2a4 8b2b4

blal;b'a dycy;alb!
- <O|@a0c0§2[;(01)b’1a’] Wp(03) 41,1008 410, 801,544 (012) 1ot at SaP(023) oot (5.28)
We substitute Eq. (3.10) into the right-hand side of Eq. (5.28) to find
blalib a dycy;aibly
<0| @aoco szII(gl)blal %[;(93)(13[,3 |0>6a2a4 5172174 - <O|@a0c0 91‘;1;(01)17']0/] 9IF‘(03)11'317'3 |O>5a’2a4 617’2174 SAA(HIZ)d?c]Z;h:a]l SAP(023)(1;b;;b‘2a‘2
27 271 1
= (013 + 7Tl) {N9Az3 (6a0a4 5u2u3 5coa1 5h1b3 5h2b4 - N 5a000 5a1a4 6a2u3 5}11173 6h2b4)
1 /2w 2 472 1
+ N (923 + le o 012923)(6&0“3 5“2“4 6“100 6b2b3 6h|b4 - N 5“000 6611“3 6“2“4 (Shzb,% 6h|b4)
=2 1
X le <8aoa3 8ala4 8a2c0 8b1b3 8b2b4 - ﬁ 8aoco 6a2a3 8a1a4 8b1b3 8b2b4)}'

Equation (5.28) yields for the constants g, = 87%i, g; = 0. It is worth mentioning that the constants g, and g, are
determined in terms of the normalization constant g of the two-particle form factor. If we chose g(6) from Eq. (3.10) to be a
more general periodic function, and not a constant, then it would be inconsistent with the annihilation-pole axiom to make
81.2(01, 65, 05, 6,) constants. In this way, the choice of the functions g (61, 85, 65, 64) (and probably the arbitrary periodic
functions which emerge from form factors with more particles) is at least partially fixed by the choice of solution for the
two-particle form factor. We notice that the double poles present in Eq. (5.26) vanish, because g; = 0. The first term on the
right-hand side of Eq. (5.28) is of order 1/N. This is the reason we introduced a factor of 1/N in Egs. (5.1) through (5.8).
The minimal four-particle form factor satisfying all of Smirnov’s axioms for large N is

<0|jfx,(0)a0c‘0 |A, 01, bl’ Lll;A, 02, bz, aj; P, 03, as, b3, P, 04, Ay, b4>

872
=[p+p—p3— P4]#T

1
% {(914 + mi)(0p3 + i) (04 + i)
. 1
(015 + 7i)(0y3 + 7i)(Oyy + 7i
. 1
(014 + mi)(013 + 7i) (04 + i)
) 1
(014 + 70)(0)3 + i) (03 + i

which is the main result of this section.

VI. CONCLUSIONS

We found the two-particle form factor of the principal-
chiral-model current operator, for general N. We were only
able to find the four-particle form factor for large N,
because the S matrix is much simpler in this limit.

Form factors of more excitations can be calculated at
large N, using this method. As we add particles, the
number of functions to determine grows very fast. This
will be tedious, but perhaps not impossible. We hope it is

) <5a0a4 6a1a3 aazco 5b1b4 6b2b3 Y Baoco 6a2a4 5a1a3 6b1b4 5b2b3 )}’

1

(8510(13 6a1 o 6a2a4 8b1b4 6b2b3 Y 6aoco 6a1a3 6a2a4 6b1b4 6b2b3)

N
1
N

) (8a0a4 Salco 8a2a3 5blb3 6b2b4 a7 6aoco 6a1a4 8a2a3 6b1b3 8b2b4>

1

<8a0a3 8a1a4 8(1200 8b1b3 6b2b4 Y 8(1000 6(12(13 8a1a4 Sb] bs 5b2b4>

N

1
N (5.29)

possible to calculate all the form factors in the planar limit.
With knowledge of all the form factors, we can write down
an expression for the Wightman function which should be
valid at all energy scales. Since the theory is asymptoti-
cally free, the high energy (short distances) limit of this
Wightman function should correspond to the perturbative,
weakly coupled regime. In principle, we should find
Wightman and Green functions which contain the results
from perturbation theory in the high-energy limit. This
problem is under investigation.

We are interested in applying the form factors found
here to (2 + 1)-dimensional anisotropic Yang-Mills theory.
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This is a theory were the coupling constants are weak, but
different in different directions. The form factors of the
O(4)-symmetric sigma model were used to calculate
the string tension [14], and the glueball masses [15] of
the SU(2) gauge theory. We can apply our results to extend
this treatment beyond the SU(2) gauge group.
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