
Multiparticle form factors of the principal chiral model at large N

Axel Cortés Cubero*

Baruch College, The City University of New York, 17 Lexington Avenue, New York, New York 10010, USA
and The Graduate School and University Center, The City University of New York, 365 Fifth Avenue,

New York, New York 10016, USA
(Received 13 May 2012; published 23 July 2012)

We study the sigma model with SUðNÞ � SUðNÞ symmetry in 1þ 1 dimensions. The two- and four-

particle form factors of the Noether current operators are found, by combining the integrable-bootstrap

method with the large-N expansion.

DOI: 10.1103/PhysRevD.86.025025 PACS numbers: 11.15.Pg, 11.15.Tk, 11.40.�q, 11.55.Ds

I. INTRODUCTION

The quantum principal chiral sigma model is completely
integrable in one space and one time dimension [1,2]. Its
action is

S ¼ N

2g20

Z
d2x���Tr @�UðxÞy@�UðxÞ; (1.1)

where UðxÞ 2 SUðNÞ, �, � ¼ 0, 1, and where ��� is the
Minkowski metric, �00 ¼ 1, �11 ¼ �1, �01 ¼ �10 ¼ 0.
The action is invariant under the global transformation
UðxÞ ! VLUðxÞVR, for VL, VR 2 SUðNÞ. The model is
asymptotically free and has a mass gap m. There are two
Noether currents,

jL�ðxÞca ¼ �iN

2g20
@�UabðxÞU�bcðxÞ;

jR�ðxÞdb ¼ �iN

2g20
U�daðxÞ@�UabðxÞ;

(1.2)

where a, b ¼ 1; . . . ; N, associated with the symmetries
U ! VLU and U ! UVR, respectively.

In this paper, we calculate the two- and four-excitation
form factors of the current operators using a large-N
expansion and the form-factor bootstrap method [3]. This
approach has been used in Ref. [4], to find the form factors
of the renormalized field operator. We also find the two-
particle form factor for all N > 2.

In the next section, we review the exact S matrix for the
chiral model. We calculate the two-particle form factors in
the planar limit in Sec. III, and for general N in Sec. IV. In
Sec. V, we calculate the four-particle form factor, and we
discuss our results in the final section.

II. THE EXACT S MATRIX AND
MULTIPARTICLE STATES

The sigma model has elementary particles of mass m,
which carry both left and right colors. These elementary
particles form bound states which obey a sine formula [5]

mr ¼ m
sinð�rN Þ
sinð�NÞ

; r ¼ 1; . . . ; N � 1; (2.1)

where mr is the mass of a r-particle bound state. In the
large-N limit, the mass of a r-particle bound state is
mr ¼ mr, for finite r. This means that there are no bound
states of a finite number of elementary particles in the
planar limit, since the binding energy vanishes.
We introduce particle and antiparticle creation operators

Ay
Pð�Þab and Ay

Að�Þba, respectively, where � is the particle

rapidity, defined in terms of the momentum vector by
p0 ¼ m cosh�, p1 ¼ m sinh�, and a, b ¼ 1; . . . ; N are
left and right color indices, respectively. A product of
creation operators acting on the vacuum in order of increas-
ing rapidity, from left to right, gives the multiparticle state

jP;�1; a1; b1;A;�2; b2; a2; . . .iin
¼ Ay

Pð�1Þa1b2Ay
Að�2Þb2a2 . . . j0i; where �1 >�2 > . . . :

(2.2)

The S matrix of two particles, with incoming rapidities
�1 and �2, outgoing rapidities �01 and �02, is

outhP; �01; c1; d1;P; �02; c2; d2jP; �1; a1; b1;P; �2; a2; b2iin
¼ SPPð�Þc2d2;c1d1a1b1;a2b2

4��ð�01 � �1Þ4��ð�02 � �2Þ;
where � ¼ �1 � �2. We follow convention and call the

function SPPð�Þc2d2;c1d1a1b1;a2b2
the S matrix. It is given by

SPPð�Þc2d2;c1d1a1b1;a2b2
¼ �ð�ÞSCGNð�Þc2;c1a1;a2SCGNð�Þd2;d1b1;b2

; (2.3)

where SCGNð�Þ is the S matrix of two elementary excita-
tions of the SUðNÞ chiral Gross-Neveu model [6,7]:

SCGNð�Þc2;c1a1;a2 ¼
�ði�=2�þ 1Þ�ð�i�=2�� 1=NÞ
�ði�=2�þ 1� 1=NÞ�ð�i�=2�Þ
�

�
�c1
a1�

c2
a2 �

2�i

N�
�c1
a2�

c2
a1

�
;

and�ð�Þ is the Castillejo-Dalitz-Dyson (CDD) factor [8,9]:

�ð�Þ ¼ sinhð�2 � �i
N Þ

sinhð�2 þ �i
N Þ

: (2.4)
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The CDD factor is chosen such that the S matrix has the
minimum number of singularities and reproduces the parti-
cle mass spectrum of the theory [9]. The particle-antiparticle
S matrix is related to the particle-particle S matrix by cross-

ing, i.e. � ! �̂ ¼ �i� �. The S matrix for a particle with
incoming rapidity �1 and outgoing rapidity �01, and an
antiparticle with incoming rapidity �2 and outgoing rapidity
�02, is

SAPð�Þd2c2;c1d1a1b2;b2a2
¼ Sð�̂; NÞ

�
�d2
b2
�c2
a2�

c1
a1�

d1
b1
� 2�i

N�̂

� ð�a1a2�
c1c2�d2

b2
�d1
b1
þ �c2

a2�
c1
a1�b1b2�

d1d2Þ

� 4�2

N2�̂2
�a1a2�

c1c2�b1b2�
d1d2

�
; (2.5)

where

Sð�;NÞ ¼ sinhð�2� �i
N Þ

sinhð�̂2þ �i
N Þ

�
�ði�=2�þ 1Þ�ð�i�=2�� 1=NÞ
�ði�=2�þ 1� 1=NÞ�ð�i�=2�Þ

�
2

¼ 1þO
�
1

N2

�
: (2.6)

The creation operators satisfy the Zamolodchikov
algebra:

Ay
Pð�1Þa1b1Ay

Pð�2Þa2b2
¼ SPPð�Þc2d2;c1d1a1b1;a2b2

Ay
Pð�2Þc2d2Ay

Pð�1Þc1d1 ;
Ay

Að�1Þb1a1Ay
Að�2Þb2a2

¼ SAAð�Þd2c2;d1c1b1a1;b2a2
Ay

Að�2Þd2c2Ay
Að�1Þd1c1 ;

Ay
Pð�1Þa1b1Ay

Að�2Þb2a2
¼ SAPð�Þd2c2;c1d1a1b1;b2a2

Ay
Að�2Þd2c2Ay

Pð�1Þc1d1 : (2.7)

The r-excitation form factor of an operator BðxÞ is
defined as

h0jBðxÞjI1; �1; C1; . . . ; Ir; �r; Cri
¼ e�i

P
r
k¼1

x�pkFB
C1;...Cr

ð�1; . . . ; �rÞ;
where Ik ¼ P if the kth excitation is a particle, and Ik ¼ A
if the kth excitation is an antiparticle, and Ck is the set of
indices ak, bk for Ik ¼ P or bk, ak for Ik ¼ A. The x
dependence of the form factor is trivial, due to Lorentz
invariance.
The vacuum expectation value of two operators BðxÞ

and CðyÞ can be expressed in terms of form factors, using
completeness of in states

h0jBðxÞCðyÞj0i ¼ h0jBðxÞj0ih0jCðyÞj0i þ X1
r¼1

X1
t¼1

Z d�1 . . . d�r; d�1 . . . d�t

ð2�Þrþtðrþ tÞ!
� h0jBðxÞjP; �1; a1; b1; . . . ;P; �r; ar; br;A;�1; d1; c1; . . . ;A;�t; dt; cti
� hP; �1; a1; b1; . . . ;P; �r; ar; br;A;�1; d1; c1; . . . ;A;�t; dt; ctjCðyÞj0i: (2.8)

III. SMIRNOV’S AXIOMS AND THE
TWO-PARTICLE FORM FACTORS

In this section, we calculate the first nonvanishing form
factor of the current operators at large N. We will discuss
only the left-handed current jL�ðxÞca in detail, since the same

method yields the right-handed-current form factor.
Under a global SUðNÞ � SUðNÞ transformation, the

current and the particle and antiparticle creation operators
transform as

jL�ðxÞ ! VLj
L
�ðxÞVy

L;

Ay
Pð�Þ ! Vy

RA
y
Pð�ÞVy

L;

Ay
Að�Þ ! VLA

y
Að�ÞVR:

Only form factors with an equal number of particles and
antiparticles are invariant under such global transforma-
tions. The first nontrivial form factor is

h0jjL�ðxÞa0c0 jA; �1; b1; a1;P; �2; a2; b2i ¼ h0jjL�ðxÞa0c0Ay
Að�1Þb1a1Ay

Pð�2Þa2b2 j0i
¼ ðp1 � p2Þ�e�ix�ðp1þp2ÞFð�Þ

�
�a0a2�b1b2�c0a1 �

1

N
�a0c0�b1b2�a1a2

�
; (3.1)

for �1 > �2, and

h0jjL�ðxÞa0c0 jP1; �1; a1; b1;A; �2; b2; a2i ¼ h0jjL�ðxÞa0c0Ay
Pð�2Þa2b2Ay

Að�1Þb1a1 j0i
¼ ðp1 � p2Þ�e�ix�ðp1þp2ÞF0ð�Þ

�
�a0a2�b1b2�c0a1 �

1

N
�a0c0�b1b2�a1a2

�
; (3.2)

for �2 > �1, where, as before, � ¼ �1 � �2. The Oð1NÞ term in Eq. (3.1) ensures the tracelessness of the current operator.
Lorentz invariance requires that the function Fð�Þ depend only on the rapidity difference � [3].
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We next apply the scattering axiom, also known as
Watson’s theorem [3]. This axiom follows from the
Zamolodchikov algebra (2.7) on the creation operators of
the in-state. This gives a relation between Fð�Þ and F0ð�Þ:
h0jjL�ð0Þa0c0Ay

Pð�2Þa2b2Ay
Að�1Þb1a1 j0i

¼ SAPð�Þd1c1;c2d2a2b2;b1a1
h0jjL�ð0Þa0c0Ay

Að�1Þd1c1Ay
Pð�2Þc2d2 j0i;

(3.3)

or

F0ð�Þ ¼ Sð�̂; NÞ
�
1� 2�i

�̂

�
Fð�Þ: (3.4)

In obtaining Eq. (3.4), some factors of 1=N in the S matrix
were canceled by summing over group indices in Eq. (3.3).

We next consider the Smirnov periodicity axiom [3],
which follows from crossing symmetry. For the
M-excitation form factor of an operator Bð0Þ, the period-
icity axiom is

h0jBð0ÞAy
I1
ð�1ÞC1

Ay
I1
ð�2ÞC2

. . .Ay
IM
ð�MÞCM

j0i
¼ h0jBð0ÞAy

IM
ð�M � 2�iÞCM

Ay
I1
ð�1ÞC1

. . .Ay
IM�1

� ð�M�1ÞCM�1
j0i: (3.5)

For more discussion of this axiom, see Refs. [4,10].
Applying the periodicity axiom to our form factors (3.1),

we find the two equivalent conditions:

h0jjL�ð0Þa0c0Ay
Pð�2Þa2b2Ay

Að�1Þb1a1 j0i
¼ h0jjL�ð0Þa0c0Ay

Að�1 � 2�iÞb1c1Ay
Pð�2Þa2b2 j0i ) F0ð�Þ

¼ Fð�� 2�iÞ; (3.6)

and

h0jjL�ð0Þa0c0Ay
Að�1Þb1a1Ay

Pð�2Þa2b2 j0i
¼ h0jjL�ð0Þa0c0Ay

Pð�2 � 2�iÞa2b2Ay
Að�1Þb1a1 j0i ) Fð�Þ

¼ F0ð�þ 2�iÞ: (3.7)

Combining Eq. (3.4) with Eq. (3.6) gives

Fð�� 2�iÞ ¼ Ŝð�; NÞ
�
�þ �i

�� �i

�
Fð�Þ; (3.8)

where we have defined the function Ŝð�; NÞ � Sð�̂; NÞ.
For large N, we expand Ŝð�;NÞ ¼ 1þOð 1

N2Þ and

Fð�Þ ¼ F0ð�Þ þ 1
N F

1ð�Þ þ 1
N2 F

2ð�Þ þ . . . , so that

F0ð�� 2�iÞ ¼
�
�þ �i

�� �i

�
F0ð�Þ: (3.9)

The general solution to Eq. (3.9) is

F0ð�Þ ¼ gð�Þ
�þ �i

; (3.10)

where gð�Þ satisfies the periodicity condition gð�� 2�iÞ ¼
gð�Þ. The minimal choice is to take gð�Þ ¼ g, a constant.
We do not present a proof that this is the right choice for the

function gð�Þ, but it is the simplest solution and is thus likely
to be the correct physical solution.
Next, we determine the value of g. There is a conserved

charge QL
a0c0 , associated with the current operator. This

charge is

QL
a0c0 ¼

Z
dx1jL0 ðxÞa0c0 :

We fix the value of g by requiring that the charge generates
the SUðNÞ Lie algebra:

QL
a
a ¼ 0; ½QL

a1
c1 ; QL

a2
c2� ¼ if

c1c2a3
a1a2c3Q

L
a3

c3 ; (3.11)

where the structure coefficients are

f
c1c2a3
a1a2c3 ¼ ið�c2

a1�
a3
a2�

c1
c3 � �c1

a2�
a3
a1�

c2
c3Þ:

We cross the incoming particle from Eq. (3.1) to an out-
going antiparticle, via �2 ! �2 � �i, to find

hA; �2; b2; a2jjL0 ðxÞa0c0 jA; �1; b1; a1i
¼ mðcosh�1 þ cosh�2Þ expf�im½x0ðcosh�1 � cosh�2Þ

� x1ðsinh�1 � sinh�2Þ�gF1ð�þ �iÞ
�

�
�a0a2�b1b2�c0a1 �

1

N
�a0c0�b1b2�a1a2

�
:

The integral over x1 gives the matrix element of the charge
operator:

hA; �1; b2; a2jQL
a0c0 jA; �1; b1; a1i

¼ ð2�Þ22ðp1Þ0�ð�1 � �2Þ
�

�
�a0a2�b1b2�c0a1 �

1

N
�a0c0�b1b2�a1a2

�
F1ð�iÞ:

The matrix element of the commutator of two charges is
found by inserting a complete set of one-antiparticle inter-
mediate states:

hA; �2; b2; a2j½QL
a0c0 ; Q

L
a4c4�jA; �1; b1; a1i

¼
Z d�3

4�
hA; �2; b2; a2jQL

a0c0 jA; �3; b3; a3i
� hA; �3; b3; a3jQL

a4c4 jA; �1; b1; a1i
�

Z d�3
4�

hA; �2; b2; a2jQL
a4c4 jA; �3; b3; a3i

� hA; �3; b3; a3jQL
a0c0 jA; �1; b1; a1i: (3.12)

With the choice Fð�iÞ ¼ 1, Eq. (3.12) becomes

hA; �2; b2; a2j½QL
a0

c0 ; QL
a4

c4�jA; �1; b1; a1i
¼ ifc0c4a5a0a4c5hA; �2; b2; a2jQL

a5
c5 jA; �1; b1; a1i;

which is equivalent to Eq. (3.11). This fixes the constant
g ¼ 2�i.
We have not yet discussed the annihilation-pole axiom

[3]. This axiom relates the form factors of M particles to
the form factors of M� 2 particles. The general multi-
particle form factor of the current operator is
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h0jjL�ð0Þa0c0 jA; �1; b1; a1; . . . ;A; �l; bl; al;P; �lþ1; alþ1; blþ1; . . . ;P; �2l; a2l; b2l;A; �n�1; bn�1; an�1;P; �n; an; bni
¼ ½p1 þ . . .þ pl � ðplþ1 þ . . .þ p2lÞ þ pn�1 � pn��FOð�1; . . . ; �nÞa0c0a1...an;b1...bn : (3.13)

Here, we have factored out the vector-valued prefactor in square brackets, consisting of a linear combination of the particle
momenta, chosen to make FOð�1; . . . ; �nÞ a Lorentz scalar. We define a Lorentz-scalar-valued operator Oa0c0 by

h0jOa0c0 jA; �1; b1; a1; . . . ;A; �l; bl; al;P; �lþ1; alþ1; blþ1; . . . ;P; �2l; a2l; b2l;A; �n�1; bn�1; an�1;P; �n; an; bni
� FOð�1; . . . ; �nÞa0c0a1...an;b1...bn :

The form factor has a pole at �n�1n � �n�1 � �n ¼ ��i, corresponding to annihilation of the (n� 1)st and nth
excitations. We cross the nth particle to an outgoing antiparticle, yielding

hA; �n; bn; anjjL�ð0Þa0c0 jA; �1; b1; a1; . . . ;A; �l; bl; al;P; �lþ1; alþ1; blþ1; . . . ;P; �2l; a2l; b2l;A; �n�1; bn�1; an�1i
¼ ½p1 þ . . .þ pl � ðplþ1 þ . . .þ p2lÞ þ pn�1 þ pn��

� hA; �n; bn; anjOa0c0 jA; �1; b1; a1; . . . ;A; �l; bl; al;P; �lþ1; alþ1; blþ1; . . . ;P; �2l; a2l; b2l;A; �n�1; bn�1; an�1i:
By the generalized crossing formula [10],

hA; �n; bn; anjOa0c0 jA; �1; b1; a1; . . . ;A; �l; bl; al;P; �lþ1; alþ1; blþ1; . . . ;P; �2l; a2l; b2l;A; �n�1; bn�1; an�1i
¼ hA; �n; bn; anjA; �1; b1; a1iFOð�2; . . . ; �n�1Þa0c0a2...an�1;b2...bn�1

þFOð�n � i��; �1; . . . ; �n�1Þa0c0ana1...;an�1;bnb1...bn�1
for �n � �1 > . . .> �n�1 or

¼ hA; �n; bn; anjA; �n�1; bn�1; an�1iFOð�1; . . . ; �2lÞa0c0a1...a2l;b1...b2l
þFOð�1; . . . ; �n�1; �n þ i��Þa0c0a1...an;b1...bn for �1 > . . .> �n�1 � �n; (3.14)

where the right-hand side contains the n- and the n� 2-particle form factors, and �� ¼ �� 	. Near the annihilation pole
at �n�1n ¼ ��i, the form factors are of the form

FOð�n � i��; �1; . . . ; �n�1Þa0c0a1...an;b1...bn ¼
1

�n�1 � �n þ i	
hð�1; . . . ; �nÞa0c0a1...an;b1...bn ; and

FOð�1; . . . ; �n�1; �n þ i��Þa0c0a1...an;b1...bn ¼
1

�n�1 � �n � i	
hð�1; . . . ; �nÞa0c0a1...an;b1...bn ;

where hð�1; . . . ; �nÞa0c0a1...an;b1...bn is an analytic function in �n�1n. We use the identity

1

�n�1 � �n � i	
¼ P

�
1

�n�1 � �n

�
	 i��ð�n�1 � �nÞ;

where Pffð�n�1; �nÞg is the principal value of fð�n�1; �nÞ. We apply Watson’s theorem to Eq. (3.14), and find

hA; �n; bn; anjOa0c0 jA; �1; b1; a1; . . . ;A; �l; bl; al;P; �lþ1; alþ1; blþ1; . . . ;P; �2l; a2l; b2l;A; �n�1; bn�1; an�1i
¼ hA; �n; bn; anjA; �n�1; b

0
n�1; a

0
n�1iSAAð�1n�1Þb

0
n�1a

0
n�1;b

0
1a

0
1

d1c1;b1a1
� . . .� SAAð�ln�1Þdl�1cl�1;b

0
l
a0
l

dlcl;blcl

� SAPð�n�1lþ1Þdlcl;a
0
lþ1

b0
lþ1

clþ1dlþ1;alþ1blþ1
� . . .� SAPð�n�12lÞc2l�1d2l�1;a

0
2l
b0
2l

c2ld2l;a2lb2l
�FOð�1; . . . ; �2lÞa0c0a01...a02l;b01...b02l

þ
�
P

�
1

�n�1 � �n

�
� i��ð�n�1 � �nÞ

�
hð�1; . . . ; �nÞa0c0a1...an;b1...bn

¼ hA; �n; bn; anjA; �n�1; bn�1; an�1iFOð�1; . . . ; �2lÞa0c0a1...a2l;b1...b2l
þ

�
P

�
1

�n�1 � �n

�
þ i��ð�n�1 � �nÞ

�
hð�1; . . . ; �nÞa0c0a1...an;b1...bn : (3.15)

We will use the normalization hA; �n; bn; anjA; �n�1; bn�1; an�1i ¼ 4��an�1an�bn�1bn�ð�n�1 � �nÞ. Comparing the terms
proportional to �ð�n�1 � �nÞ in Eq. (3.15), we recover the annihilation-pole axiom [10]:
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hð�1; . . . ; �n�1; �n�1Þa0c0a1...an;b1...bn
¼ Resj�n�1n¼��iFOð�1; . . . ; �2l; �n�1; �nÞa0c0a1...a2lan�1an;b1...b2lbn�1bn

¼ 2iFOð�1; . . . ; �2lÞa0c0a01...a02l;b01...b02l�a0
n�1

an�b0
n�1

bn

� ð�a0
1
a1 . . .�a0

n�1
an�1

�b0
1
b1 . . .�b0

n�1
bn�1

� SAAð�1n�1Þb
0
n�1a

0
n�1;b

0
1a

0
1

d1c1;b1a1
� . . .� SAAð�ln�1Þdl�1cl�1;b

0
l
a0
l

dlcl;blcl

� SAPð�n�1lþ1Þdlcl;a
0
lþ1

b0
lþ1

clþ1dlþ1;alþ1blþ1
� . . .� SAPð�n�12lÞc2l�1d2l�1;a

0
2l
b0
2l

c2ld2l;a2lb2l
Þ: (3.16)

IV. TWO-PARTICLE FORM FACTORS
AT FINITE N

In this section, we find the exact two-particle form factor
of the current operator, for arbitraryN � 2. ForN ¼ 2, the
principal chiral model is equivalent to an Oð4Þ-symmetric
vector model. The form factors of currents of the Oð4Þ
model were found in Ref. [11].

Our result for the two-particle form factor, for general
N, is

h0jjL�ð0Þa0c0 jA;�1;b1;a1;P;�2;a2;b2i
¼ ðp1�p2Þ�Fð�Þ

�
�a0a2�b1b2�c0a1 �

1

N
�a0c0�b1b2�a1a2

�
;

where F1ð�Þ satisfies Eq. (3.8). We insert

Fð�Þ ¼ gð�Þ
�þ �i

;

into Eq. (3.8), finding

gð�� 2�iÞ ¼ Ŝð�;NÞgð�Þ: (4.1)

We solve Eq. (4.1) by a contour-integration method first
used in Ref. [11]. We define a contour C to be that from
�1 to 1 and from 1þ 2�i to �1þ 2�i, bounding the
strip in which the form factor is holomorphic. Then,

lngð�Þ ¼
Z
C

dz

4�i
coth

z� �

2
lngðzÞ

¼
Z 1

�1
dz

4�i
coth

z� �

2
ln

gðzÞ
gðzþ 2�iÞ :

We differentiate both sides with respect to �, and use
Eq. (4.1) to write

d

d�
½lngð�Þ� ¼ 1

8�i

Z 1

�1
dz

sinh2 1
2 ðz� �Þ lnŜðz; NÞ: (4.2)

The solution to Eq. (4.2) is

gð�Þ ¼ g exp
Z 1

0
dxAðx; NÞ sin

2½xð�i� �Þ=2��
sinhx

; (4.3)

where the function Aðx; NÞ is defined by

Ŝð�; NÞ ¼ exp
Z 1

0
dxAðx; NÞ sinh

�
x�

�i

�
; (4.4)

and g is a constant. Note that expanding the S matrix in
powers of 1=N yields Aðx; NÞ ¼ 1

N2 BðxÞ þOð 1
N3Þ.

To express the function Ŝð�;NÞ, presented in Eq. (2.6), in
the form (4.4), we use the integral formula of the gamma
function [12,13],

�ðzÞ ¼ exp
Z 1

0

dx

x

�
e�xz � e�x

1� e�x þ ðz� 1Þe�x

�
;

for Re z > 0:

Then,

�
�ð i�̂2� þ 1Þ�ð�i�̂

2� � 1
NÞ

�ð i�̂2� þ 1� 1
NÞ�ð�i�̂

2� Þ
�
2

¼ exp
Z 1

0

dx

x

4e�xðe2x=N � 1Þ
1� e�2x

sinh

�
x�

�i

�
; (4.5)

for N > 2. We use the formula [10]

sin�2 ðzþ aÞ
sin�2 ðz� aÞ ¼ exp2

Z 1

0

dx

x

sinhxð1� zÞ
sinhx

sinhðxaÞ;

for 0< z < 1;

to write the CDD factor as

sinhð�̂2� �i
N Þ

sinhð�̂2þ �i
N Þ

¼ sin�2 ðð1� 2
NÞ� �

�iÞ
sin�2 ðð1� 2

NÞþ �
�iÞ

¼ exp
Z 1

0

dx

x

�2sinhð2x=NÞ
sinhx

sinh

�
x�

�i

�
; (4.6)

for N > 2. Combining Eqs. (4.5) and (4.6) gives

Ŝð�; NÞ ¼ exp
Z 1

0

dx

x

��2 sinhð2x=NÞ
sinhx

þ 4e�xðe2x=N � 1Þ
1� 2�2x

�

� sinh

�
x�

�i

�
: (4.7)

From Eqs. (4.1) and (4.3), the form factor is

F1ð�Þ ¼ g

ð�þ �iÞ exp
Z 1

0

dx

x

��2 sinhð2xN Þ
sinhx

þ 4e�xðe2x=N � 1Þ
1� e�2x

�
sin2½xð�i� �Þ=2��

sinhx
: (4.8)

The condition F1ð�iÞ ¼ 1 implies g ¼ 2�i.
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V. FOUR-PARTICLE FORM FACTORS

Next, we find the four-excitation form factor of the current operator, in the large-N limit. Only the form factor with two
particles and two antiparticles is nonzero, because of the global symmetry. The most general Lorentz- and SUðNÞ �
SUðNÞ-invariant four-particle form factor, respecting the tracelessness of the current operator is

h0jjL�ð0Þa0c0 jA; �1; b1; a1;A; �2; b2; a2;P; �3; a3; b3;P; �4; a4; b4i
¼ h0jjL�ð0Þa0c0Ay

Að�1Þb1a1Ay
Að�2Þb2a2Ay

Pð�3Þa3b3Ay
Pð�4Þa4b4 j0i

¼ 1

N
½p1 þ p2 � p3 � p4�� ~Fð�1; �2; �3; �4Þ � ~Da0c0a1a2a3a4;b1b2b3b4 ; (5.1)

for �1 > �2 > �3 > �4,

h0jjL�ð0Þa0c0 jA; �1; b1; a1;P; �2; a2; b2;A; �3; b3; a3;P; �4; a4; b4i
¼ h0jjL�ð0Þa0c0Ay

Að�1Þb1a1Ay
Pð�3Þa3b3Ay

Að�2Þb2a2Ay
Pð�4Þa4b4 j0i

¼ 1

N
½p1 þ p2 � p3 � p4�� ~Gð�1; �2; �3; �4Þ � ~Da0c0a1a2a3a4;b1b2b3b4 ; (5.2)

for �1 > �3 > �2 > �4,

h0jjL�ð0Þa0c0 jA; �1; b1; a1;P; �2; a2; b2;P; �3; a3; b3;A; �4; b4; a4i
¼ h0jjL�ð0Þa0c0Ay

Að�1Þb1a1Ay
Pð�3Þa3b3Ay

Pð�4Þa4b4Ay
Að�2Þb2a2 j0i

¼ 1

N
½p1 þ p2 � p3 � p4�� ~Hð�1; �2; �3; �4Þ � ~Da0c0a1a2a3a4;b1b2b3b4 ; (5.3)

for �1 > �3 > �4 > �2,

h0jjL�ð0Þa0c0 jP; �1; a1; b1;A; �2; b2; a2;P; �3; a3; b3;A; �4; b4; a4i
¼ h0jjL�ð0Þa0c0Ay

Pð�3Þa3b3Ay
Að�1Þb1a1Ay

Pð�4Þa4b4Ay
Að�2Þb2a2 j0i

¼ 1

N
½p1 þ p2 � p3 � p4�� ~Kð�1; �2; �3; �4Þ � ~Da0c0a1a2a3a4;b1b2b3b4 ; (5.4)

for �3 > �1 > �4 > �2,

h0jjL�ð0Þa0c0 jP; �1; a1; b1;P; �2; a2; b2;A; �3; b3; a3;A; �4; b4; a4i
¼ h0jjL�ð0Þa0c0Ay

Pð�3Þa3b3Ay
Pð�4Þa4b4Ay

Að�1Þb1a1Ay
Að�2Þb2a2 j0i

¼ 1

N
½p1 þ p2 � p3 � p4�� ~Lð�1; �2; �3; �4Þ � ~Da0c0a1a2a3a4;b1b2b3b4 ; (5.5)

for �3 > �4 > �1 > �2,

h0jjL�ð0Þa0c0 jP; �1; a1; b1;A; �2; b2; a2;A; �3; b3; a3;P; �4; a4; b4i
¼ h0jjL�ð0Þa0c0Ay

Pð�3Þa3a3Ay
Að�1Þb1a1Ay

Að�2Þb2a2Ay
Pð�4Þa4b4 j0i

¼ 1

N
½p1 þ p2 � p3 � p4�� ~Qð�1; �2; �3; �4Þ � ~Da0c0a1a2a3a4;b1b2b3b4 ; (5.6)

for �3 > �1 > �2 > �4,

h0jjL�ð0Þa0c0 jA; �2; b2; a2;A; �1; b1; a1;P; �3; a3; b3;P; �4; a4; b4i
¼ h0jjL�ð0Þa0c0Ay

Að�2Þb2a2Ay
Að�1Þb1a1Ay

Pð�3Þa3b3Ay
Pð�4Þa4b4 j0i

¼ 1

N
½p1 þ p2 � p3 � p4�� ~Fð�2; �1; �3; �4Þ � ~Da0c0a1a2a3a4;b1b2b3b4 ; (5.7)

for �2 > �1 > �3; >�4, and
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h0jjL�ð0Þa0c0 jA; �1; b1; a1;A; �2; b2; a2;P; �4; a4; b4;P; �3; a3; b3i
¼ h0jjL�ð0Þa0c0Ay

Að�1Þb1a1Ay
Að�2Þb2a2Ay

Pð�4Þa4b4Ay
Pð�3Þa3b3 j0i

¼ 1

N
½p1 þ p2 � p3 � p4�� ~Fð�1; �2; �4; �3Þ � ~Da0c0a1a2a3a4;b1b2b3b4 ; (5.8)

for �1 > �2 > �4 > �3, where we define the eight-component vectors

½ ~Da0c0a1a2a3a4;b1b2b3b4� ¼

�a0a3�a1c0�a2a4�b1b3�b2b4 � 1
N �a0c0�a1a3�a2a4�b1b3�b2b4

�a0a3�a1c0�a2a4�b1b4�b2b3 � 1
N �a0c0�a1a3�a2a4�b1b4�b2b3

�a0a4�a1c0�a2a3�b1b3�b2b4 � 1
N �a0c0�a1a4�a2a3�b1b3�b2b4

�a0a4�a1c0�a2a3�b1b4�b2b3 � 1
N �a0c0�a1a4�a2a3�b1b4�b2b3

�a0a3�a1a4�a2c0�b1b4�b2b3 � 1
N �a0c0�a2a3�a1a4�b1b4�b2b3

�a0a3�a1a4�a2c0�b1b3�b2b4 � 1
N �a0c0�a2a3�a1a4�b1b3�b2b4

�a0a4�a1a3�a2c0�b1b3�b2b4 � 1
N �a0c0�a2a4�a1a3�b1b3�b2b4

�a0a4�a1a3�a2a0�b1b4�b2b3 � 1
N �a0c0�a2a4�a1a3�b1b4�b2b3

0
BBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCA

; (5.9)

½ ~Fð�1; �2; �3; �4Þ� ¼

F1ð�1; �2; �3; �4Þ
F2ð�1; �2; �3; �4Þ
F3ð�1; �2; �3; �4Þ
F4ð�1; �2; �3; �4Þ
F5ð�1; �2; �3; �4Þ
F6ð�1; �2; �3; �4Þ
F7ð�1; �2; �3; �4Þ
F8ð�1; �2; �3; �4Þ

0
BBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCA

;

and similarly for ~G, ~H, ~K, ~L and ~Q.
Watson’s theorem relates the form factors with different ordering of rapidities, yielding

h0jjL�ð0Þa0c0Ay
Að�1Þb1a1Ay

Pð�3Þa3b3Ay
Að�2Þb2a2Ay

Pð�4Þa4b4 j0i
¼ SAPð�23Þd2c2;c3d3a3b3;b2a2

h0jjL�ð0Þa0c0Ay
Að�1Þb1a1Ay

Að�2Þd2c2Ay
Pð�3Þc3d3Ay

Pð�4Þa4b4 j0i;

h0jjL�ð0Þa0c0Ay
Að�1Þb1a1Ay

Pð�3Þa3b3Ay
Pð�4Þa4b4Ay

Að�2Þb2a2 j0i
¼ SAPð�24Þd2c2;c4d4a4b4;b2a2

h0jjL�ð0Þa0c0Ay
Að�1Þb1a1Ay

Pð�3Þa3b3Ay
Að�2Þd2c2Ay

Pð�4Þc4d4 j0i;

h0jjL�ð0Þa0c0Ay
Pð�3Þa3b3Ay

Að�1Þb1a1Ay
Pð�4Þa4b4Ay

Að�2Þb2a2 j0i
¼ SAPð�13Þd1c1;c3d3a3b3;b1a1

h0jjL�ð0Þa0c0Ay
Að�1Þd1c1Ay

Pð�3Þc3d3Ay
Pð�4Þa4b4Ay

Að�2Þb2a2 j0i;

h0jjL�ð0Þa0c0Ay
Pð�3Þa3b3Ay

Pð�4Þa4b4Ay
Að�1Þb1a1Ay

Að�2Þb2a1 j0i
¼ SAPð�14Þd1c1;c4d4a4b4;b1a1

h0jjL�ð0Þa0c0Ay
Pð�3Þa3b3Ay

Að�1Þd1c1Ay
Pð�4Þc4d4Ay

Að�2Þb2a2 j0i;

h0jjL�ð0Þa0c0Ay
Pð�3Þa3b3Ay

Að�1Þb1a1Ay
Að�2Þb2a2Ay

Pð�4Þa4b4 j0i
¼ SAPð�13Þd1c1;c3d3a3b3;b1a1

h0jjL�ð0Þa0c0Ay
Að�1Þd1c1Ay

Pð�3Þc3d3Ay
Að�2Þb2a2Ay

Pð�4Þa4b4 j0i;
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h0jjL�ð0Þa0c0Ay
Að�1Þb1a1Ay

Að�2Þb2a2Ay
Pð�3Þa3b3APð�4Þa4b4 j0i

¼ SAAð�12Þd2c2;d1c1b1a1;b2a2
h0jjL�ð0Þa0c0Ay

Að�2Þd2c2Ay
Að�1Þd1c1Ay

Pð�3Þa3b3Ay
Pð�4Þa4b4 j0i;

h0jjL�ð0Þa0c0Ay
Að�1Þb1a1Ay

Að�2Þb2a2Ay
Pð�3Þa3b3APð�4Þa4b4 j0i

¼ SPPð�34Þc4d4;c3d3a3b3;a4b4
h0jjL�ð0Þa0c0Ay

Að�1Þb1a1Ay
Að�2Þb2a2Ay

Pð�4Þc4d4Ay
Pð�3Þc3d3 j0i:

These imply, respectively,

~Gð�1; �2; �3; �4Þ ¼

1 0 0 0 0 0 0 0

�2�i
N�̂23

�
1� 2�i

�̂23

�
0 0 0 0 0 0

�2�i
N�̂23

0

�
1� 2�i

�̂23

�
0 0 0 �2�i

N�̂23
0

0 �1
N

�
2�i
�̂23

þ 4�2

�̂223

�
�1
N

�
2�i
�̂23

þ 4�2

�̂223

� �
1� 4�i

�̂23
� 4�2

�̂223

�
0 0 0 �1

N

�
2�i
�̂23

þ 4�2

�̂223

�

0 0 0 0

�
1� 2�i

�̂23

�
�2�i
N�̂23

0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 �2�i
N�̂23

�
1� 2�i

�̂23

�

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCA

� ~Fð�1; �2; �3; �4Þ þO
�
1

N2

�

� M
$

1ð�2; �3Þ ~Fð�1�2; �3; �4Þ þO
�
1

N2

�
; (5.10)

~Hð�1; �2; �3; �4Þ ¼

�
1� 4�i

�̂24
� 4�2

�̂224

�
�1
N

�
2�i
�̂24

þ 4�2

�̂224

�
�1
N

�
2�i
�̂24

þ 4�2

�̂224

�
0 0 �1

N

�
2�i
�̂24

� 4�2

�̂224

�
0 0

0

�
1� 2�i

�̂24

�
0 �2�i

N�̂24

�2�i
N�̂224

0 0 0

0 0

�
1� 2�i

�̂24

�
�2�i
N�̂24

0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 �2�i
N�̂24

�
1� 2�i

�̂24

�
0 0

0 0 0 0 0 0

�
1� 2�i

�̂24

�
�2�i
N�̂24

0 0 0 0 0 0 0 1

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCA

� ~Gð�1; �2; �3; �4Þ þO
�
1

N2

�

� M
$

2ð�2; �4Þ ~Gð�1; �2; �3; �4Þ þO
�
1

N2

�
; (5.11)
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~Kð�1; �2; �3; �4Þ ¼

�
1� 2�i

�̂13

�
�2�i
N�̂13

0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0

�
1� 2�i

�̂13

�
�2�i
N�̂13

0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 �2�i
N�̂13

�
1� 2�i

�̂13

�
0 0

0 0 0 0 0 �1
N

�
2�i
�̂13

þ 4�2

�̂213

� �
1� 4�i

�̂13
� 4�2

�̂213

�
�1
N

�
2�i
�̂13

þ 4�2

�̂213

�

0 0 0 �2�i
N�̂13

�2�i
N�̂13

0 0

�
1� 2�i

�̂13

�

0
BBBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCA

� ~Hð�1; �2; �3; �4Þ þO
�
1

N2

�

� M
$

3ð�1; �3Þ ~Hð�1; �2; �3; �4Þ þO
�
1

N2

�
; (5.12)

~Lð�1; �2; �3; �4Þ ¼

1 0 0 0 0 0 0 0

�2�i
N�̂14

�
1� 2�i

�̂14

�
0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 �2�i
N�̂14

�
1� 2�i

�̂14

�
0 0 0 0

0 0 0 0

�
1� 4�i

�̂14
� 4�2

�̂214

�
�1
N

�
2�i
�̂14

þ 4�2

�̂214

�
0 �1

N

�
2�i
�̂14

þ 4�2

�̂214

�

�2�i
N�̂14

0 0 0 0

�
1� 2�i

�̂14

�
�2�i
N�̂14

0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 �2�i
N�̂14

�
1� 2�i

�̂14

�

0
BBBBBBBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCCCCCCA

� ~Kð�1; �2; �3; �4Þ þO
�
1

N2

�

� M
$

4ð�1; �4Þ ~Kð�1; �2; �3; �4Þ þO
�
1

N2

�
; (5.13)

~Qð�1; �2; �3; �4Þ ¼ M
$

3ð�1; �3Þ ~Gð�1; �2; �3; �4Þ þO
�
1

N2

�
; (5.14)

~Fð�1; �2; �3; �4Þ ¼

0 �2�i
N�12

0 0 1 �2�i
N�12

0 0

�2�i
N�12

0 0 0 �2�i
N�12

1 0 0

0 0 0 �2�i
N�12

0 0 �2�i
N�12

1

0 0 �2�i
N�12

0 0 0 1 �2�i
N�12

1 �2�i
N�12

0 0 0 �2�i
N�12

0 0

�2�i
N�12

1 0 0 �2�i
N�12

0 0 0

0 0 �2�i
N�12

1 0 0 0 �2�i
N�12

0 0 1 �2�i
N�12

0 0 �2�i
N�12

0

0
BBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCA

~Fð�2; �1; �3; �4Þ þO
�
1

N2

�

� I
$
1ð�1; �2Þ ~Fð�2; �1; �3; �4Þ þO

�
1

N2

�
; (5.15)
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~Fð�1; �2; �3; �4Þ ¼

0 �2�i
N�34

�2�i
N�34

1 0 0 0 0

�2�i
N�34

0 1 �2�i
N�34

0 0 0 0

�2�i
N�34

1 0 �2�i
N�34

0 0 0 0

1 �2�i
N�34

�2�i
N�34

0 0 0 0 0

0 0 0 0 0 �2�i
N�34

1 �2�i
N�34

0 0 0 0 �2�i
N�34

0 �2�i
N�34

1

0 0 0 0 1 �2�i
N�34

0 �2�i
N�34

0 0 0 0 �2�i
N�34

1 �2�i
N�34

0

0
BBBBBBBBBBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCCCCCCCCCA

~Fð�1; �2; �4; �3Þ þO
�
1

N2

�

� I
$
2ð�3; �4Þ ~Fð�1; �2; �4; �3Þ þO

�
1

N2

�
: (5.16)

Next, we apply the Smirnov periodicity axiom (3.5):

h0jjL�ð0Þa0c0Ay
Að�1 � 2�iÞb1a1Ay

Að�2Þb2a2Ay
Pð�3Þa3b3Ay

Pð�4Þa4b4 j0i
¼ h0jjL�ð0Þa0c0Ay

Að�2Þb2a2Ay
Pð�3Þa3b3Ay

Pð�4Þa4b4Ay
Að�1Þb1a1 j0i;

h0jjL�ð0Þa0c0Ay
Að�2 � 2�iÞb2a2Ay

Pð�3Þa3b3Ay
Pð�4Þa4b4Ay

Að�1Þb1a1 j0i
¼ h0jjL�ð0Þa0c0Ay

Pð�3Þa3b3Ay
Pð�4Þa4b4Ay

Að�1Þb1a1Ay
Að�2Þb2a2 j0i;

h0jjL�ð0Þa0c0Ay
Pð�3 � 2�iÞa3b3Ay

Pð�4Þa4b4Ay
Að�1Þb1a1Ay

Að�2Þb2a2 j0i
¼ h0jjL�ð0Þa0c0Ay

Pð�4Þa4b4Ay
Að�1Þb1a1Ay

Að�2Þb2a2Ay
Pð�3Þa3b3 j0i;

h0jjL�ð0Þa0c0Ay
Pð�4 � 2�iÞa4b4Ay

Að�1Þb1a1Ay
Að�2Þb2a2Ay

Pð�3Þa3b3 j0i
¼ h0jjL�ð0Þa0c0Ay

Að�1Þb1a1Ay
Að�2Þb2a2Ay

Pð�3Þa3b3Ay
Pð�4Þa4b4 j0i;

which imply, respectively,

~Fð�1 � 2�i; �2; �3; �4Þ ¼ ~Hð�2; �1; �3; �4Þ; (5.17)

~Hð�2 � 2�i; �1; �3; �4Þ ¼ ~Lð�1; �2; �3; �4Þ; (5.18)

~Lð�1; �2; �3 � 2�i; �4Þ ¼ ~Qð�1; �2; �4; �3Þ; (5.19)

~Qð�1; �2; �4 � 2�i; �3Þ ¼ ~Fð�1; �2; �3; �4Þ: (5.20)

We combine Watson’s theorem with the periodicity axiom, to express Eqs. (5.17), (5.18), (5.19), and (5.20) in terms of

only ~Fð�1; �2; �3; �4Þ. We combine Eq. (5.17) with Eqs. (5.13), (5.12), and (5.15), and find

~Fð�1 � 2�i; �2; �3; �4Þ ¼ M
$

4ð�1; �4ÞM$ 3ð�1; �3Þ½ I$1ð�1; �2Þ��1 ~Fð�1; �2; �3; �4Þ: (5.21)

Combining Eq. (5.18) with Eqs. (5.11), (5.10), and (5.15) gives

½ I$1ð�1; �2 � 2�iÞ��1 ~Fð�1; �2 � 2�i; �3; �4Þ ¼ M
$

2ð�2; �4ÞM$ 1ð�2; �4Þ ~Fð�1; �2; �3; �4Þ: (5.22)

Combining Eq. (5.19) with Eqs. (5.12), (5.10), and (5.16) gives

M
$

3ð�1; �3 � 2�iÞM$ 1ð�2; �3 � 2�iÞ ~Fð�1; �2; �3; �4Þ ¼ ½ I$2ð�3; �4Þ��1 ~Fð�1; �2; �3; �4Þ: (5.23)

Finally, we combine Eq. (5.20) with Eqs. (5.13), (5.11), and (5.16) to find

M
$

4ð�1; �4 � 2�iÞM$ 2ð�2; �4 � 2�iÞ½ I$2ð�3; �4 � 2�iÞ��1 ~Fð�1; �2; �3; �4 � 2�iÞ ¼ ~Fð�1; �2; �3; �4Þ: (5.24)

The set of equations (5.21), (5.22), (5.23), and (5.24) are difficult to solve, for finite N. In the large-N limit, the matrices

M
$

1;2;3;4 become diagonal and mutually commute, and the matrices I
$
1;2 become their own inverses. This greatly simplifies
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the problem, allowing us to find the form factors. We expand the form factors in powers of 1=N as ~Fð�1; �2; �3; �4Þ ¼
~F0ð�1; �2; �3; �4Þ þ 1

N
~F1ð�1; �2; �3; �4Þ þ . . . , simplifying the periodicity conditions for ~F0ð�1; �2; �3; �4Þ. We combine

Eqs. (5.21) and (5.22) and Eq. (5.22) to get

~F 0ð�1 � 2�i; �2 � 2�i; �3; �4Þ ¼ M
$

4ð�1; �4ÞM$ 3ð�1; �3ÞM$ 2ð�2; �4ÞM$ 1ð�2; �3Þ ~F0ð�1; �2; �3; �4Þ; (5.25)

or explicitly, in terms of the components of ~F0ð�1; �2; �3; �4Þ,

F0
1ð�1 � 2�i; �2 � 2�i; �3; �4Þ ¼

�
�13 þ �i

�13 � �i

��
�24 þ �i

�24 � �i

�
2
F0
1ð�1; �2; �3; �4Þ;

F0
2ð�1 � 2�i; �2 � 2�i; �3; �4Þ ¼

�
�14 þ �i

�14 � �i

��
�23 þ �i

�23 � �i

��
�24 þ �i

�24 � �i

�
F0
2ð�1; �2; �3; �4Þ;

F0
3ð�1 � 2�i; �2 � 2�i; �3; �4Þ ¼

�
�13 þ �i

�13 � �i

��
�23 þ �i

�23 � �i

��
�24 þ �i

�24 � �i

�
F0
3ð�1; �2; �3; �4Þ;

F0
4ð�1 � 2�i; �2 � 2�i; �3; �4Þ ¼

�
�14 þ �i

�14 � �i

��
�23 þ �i

�23 � �i

�
2
F0
4ð�1; �2; �3; �4Þ;

F0
5ð�1 � 2�i; �2 � 2�i; �3; �4Þ ¼

�
�14 þ �i

�14 � �i

�
2
�
�23 þ �i

�23 � �i

�
F0
5ð�1; �2; �3; �4Þ;

F0
6ð�1 � 2�i; �2 � 2�i; �3; �4Þ ¼

�
�14 þ �i

�14 � �i

��
�13 þ �i

�13 � �i

��
�24 þ �i

�24 � �i

�
F0
6ð�1; �2; �3; �4Þ;

F0
7ð�1 � 2�i; �2 � 2�i; �3; �4Þ ¼

�
�13 þ �i

�13 � �i

�
2
�
�24 þ �i

�24 � �i

�
F0
7ð�1; �2; �3; �4Þ;

F0
8ð�1 � 2�i; �2 � 2�i; �3; �4Þ ¼

�
�14 þ �i

�14 � �i

��
�13 þ �i

�13 � �i

��
�23 þ �i

�23 � �i

�
F0
8ð�1; �2; �3; �4Þ:

The solution which satisfies (5.25), (5.15), and (5.16) is

F0
1ð�1; �2; �3; �4Þ ¼

g1ð�1; �2; �3; �4Þ
ð�13 þ �iÞð�24 þ �iÞ2 ;

F0
2ð�1; �2; �3; �4Þ ¼

g2ð�1; �2; �3; �4Þ
ð�14 þ �iÞð�23 þ �iÞð�24 þ �iÞ ;

F0
3ð�1; �2; �3; �4Þ ¼

g2ð�1; �2; �4; �3Þ
ð�13 þ �iÞð�23 þ �iÞð�24 þ �iÞ ;

F0
4ð�1; �2; �3; �4Þ ¼

g1ð�1; �2; �4; �3Þ
ð�14 þ �iÞð�23 þ �iÞ2 ;

F0
5ð�1; �2; �3; �4Þ ¼

g1ð�2; �1; �3; �4Þ
ð�14 þ �iÞ2ð�23 þ �iÞ ;

F0
6ð�1; �2; �3; �4Þ ¼

g2ð�2; �1; �3; �4Þ
ð�14 þ �iÞð�13 þ �iÞð�24 þ �iÞ ;

F0
7ð�1; �2; �3; �4Þ ¼

g1ð�2; �1; �4; �3Þ
ð�13 þ �iÞ2ð�24 þ �iÞ ;

F0
8ð�1; �2; �3; �4Þ ¼

g2ð�2; �1; �4; �3Þ
ð�14 þ �iÞð�13 þ �iÞð�23 þ �iÞ ; (5.26)

where the functions g1ð�1; �2; �3; �4Þ and g2ð�1; �2; �3; �4Þ are periodic under �1;2 ! �1;2 � 2�i.
Instead of the analysis of the previous paragraph, we could have combined Eqs. (5.23) and (5.24) to obtain

M
$

4ð�1; �4 � 2�iÞM$ 3ð�1; �3 � 2�iÞM$ 2ð�2; �4 � 2�iÞM$ 1ð�2; �3 � 2�iÞ ~F0ð�1; �2; �3 � 2�i; �4 � 2�iÞ
¼ ~F0ð�1; �2; �3; �4Þ: (5.27)

The condition (5.27) is equivalent to Eq. (5.25). The solution of Eq. (5.27) is Eq. (5.26)
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The minimal choice for the functions g1;2ð�1; �2; �3; �4Þ is to set them equal to constants, g1ð�1; �2; �3; �4Þ ¼
g1; g2ð�1; �2; �3; �4Þ ¼ g2. These constants are fixed using the annihilation-pole axiom. There is an annihilation pole at
�24 ¼ ��i. The annihilation-pole axiom [Eq. (3.16)] implies

Resj�24¼��ih0jOa0c0A
y
Að�1Þb1a1Ay

Pð�3Þa3b3Ay
Að�2Þb2a2Ay

Pð�4Þa4b4 j0i
¼ 2ifh0jOa0c0A

y
Að�1Þb1a1Ay

Pð�3Þa3b3 j0i�a2a4�b2b4

� h0jOa0c0A
y
Að�1Þb01a01APð�3Þa0

3
b0
3
j0i�a0

2
a4�b0

2
b4SAAð�12Þ

b0
2
a0
2
;b0

1
a0
1

d1c1;b1a1
SAPð�23Þd1c1;a

0
3b

0
3

a3b3;b2a2
g: (5.28)

We substitute Eq. (3.10) into the right-hand side of Eq. (5.28) to find

h0jOa0c0A
y
Að�1Þb1a1Ay

Pð�3Þa3b3 j0i�a2a4�b2b4 � h0jOa0c0A
y
Að�1Þb01a01APð�3Þa0

3
b0
3
j0i�a0

2
a4�b0

2
b4SAAð�12Þ

b0
2
a0
2
;b0

1
a0
1

d1c1;b1a1
SAPð�23Þd1c1;a

0
3
b0
3

a3b3;b2a2

¼ 2�

ð�13 þ �iÞ
�
2�i

N�̂23

�
�a0a4�a2a3�c0a1�b1b3�b2b4 �

1

N
�a0c0�a1a4�a2a3�b1b3�b2b4

�

þ 1

N

��2�i

�̂23
þ 2�i

�12
� 4�2

�12�̂23

��
�a0a3�a2a4�a1c0�b2b3�b1b4 �

1

N
�a0c0�a1a3�a2a4�b2b3�b1b4

�

��2�i

N�12

�
�a0a3�a1a4�a2c0�b1b3�b2b4 �

1

N
�a0c0�a2a3�a1a4�b1b3�b2b4

��
:

Equation (5.28) yields for the constants g2 ¼ 8�2i, g1 ¼ 0. It is worth mentioning that the constants g1 and g2 are
determined in terms of the normalization constant g of the two-particle form factor. If we chose gð�Þ from Eq. (3.10) to be a
more general periodic function, and not a constant, then it would be inconsistent with the annihilation-pole axiom to make
g1;2ð�1; �2; �3; �4Þ constants. In this way, the choice of the functions g1;2ð�1; �2; �3; �4Þ (and probably the arbitrary periodic
functions which emerge from form factors with more particles) is at least partially fixed by the choice of solution for the
two-particle form factor. We notice that the double poles present in Eq. (5.26) vanish, because g1 ¼ 0. The first term on the
right-hand side of Eq. (5.28) is of order 1=N. This is the reason we introduced a factor of 1=N in Eqs. (5.1) through (5.8).

The minimal four-particle form factor satisfying all of Smirnov’s axioms for large N is

h0jjL�ð0Þa0c0 jA; �1; b1; a1;A; �2; b2; a2;P; �3; a3; b3;P; �4; a4; b4i

¼ ½p1 þ p2 � p3 � p4�� 8�2i

N

�
�

1

ð�14 þ �iÞð�23 þ �iÞð�24 þ �iÞ
�
�a0a3�a1c0�a2a4�b1b4�b2b3 �

1

N
�a0c0�a1a3�a2a4�b1b4�b2b3

�

þ 1

ð�13 þ �iÞð�23 þ �iÞð�24 þ �iÞ
�
�a0a4�a1c0�a2a3�b1b3�b2b4 �

1

N
�a0c0�a1a4�a2a3�b1b3�b2b4

�

þ 1

ð�14 þ �iÞð�13 þ �iÞð�24 þ �iÞ
�
�a0a3�a1a4�a2c0�b1b3�b2b4 �

1

N
�a0c0�a2a3�a1a4�b1b3�b2b4

�

þ 1

ð�14 þ �iÞð�13 þ �iÞð�23 þ �iÞ
�
�a0a4�a1a3�a2c0�b1b4�b2b3 �

1

N
�a0c0�a2a4�a1a3�b1b4�b2b3

��
; (5.29)

which is the main result of this section.

VI. CONCLUSIONS

We found the two-particle form factor of the principal-
chiral-model current operator, for general N. We were only
able to find the four-particle form factor for large N,
because the S matrix is much simpler in this limit.

Form factors of more excitations can be calculated at
large N, using this method. As we add particles, the
number of functions to determine grows very fast. This
will be tedious, but perhaps not impossible. We hope it is

possible to calculate all the form factors in the planar limit.
With knowledge of all the form factors, we can write down
an expression for the Wightman function which should be
valid at all energy scales. Since the theory is asymptoti-
cally free, the high energy (short distances) limit of this
Wightman function should correspond to the perturbative,
weakly coupled regime. In principle, we should find
Wightman and Green functions which contain the results
from perturbation theory in the high-energy limit. This
problem is under investigation.
We are interested in applying the form factors found

here to (2þ 1)-dimensional anisotropic Yang-Mills theory.
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This is a theory were the coupling constants are weak, but
different in different directions. The form factors of the
Oð4Þ-symmetric sigma model were used to calculate
the string tension [14], and the glueball masses [15] of
the SUð2Þ gauge theory. We can apply our results to extend
this treatment beyond the SUð2Þ gauge group.
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