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New exact solutions of quadratic curvature gravity
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It is a known fact that the Kerr-Schild type solutions in general relativity satisfy both exact and
linearized Einstein field equations. We show that this property remains valid also for a special class of the
Kerr-Schild metrics in arbitrary dimensions in generic quadratic curvature theory. In addition to the anti-
de Sitter (AdS) wave (or Siklos) metric which represents plane waves in an AdS background, we present
here a new exact solution, in this class, to the quadratic gravity in D dimensions which represents a
spherical wave in an AdS background. The solution is a special case of the Kundt metrics belonging to

spacetimes with constant curvature invariants.
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L. INTRODUCTION

Whatever the full UV-finite quantum gravity is, its suc-
cessful low energy limit, general relativity (GR), is based
on the Riemannian geometry. In this context finding exact
Riemannian spacetimes as solutions to Einstein’s equa-
tions (with or without a cosmological constant and/or
sources) has evolved to be a fine art on its own. There
are at least two books [1,2] that compile and classify these
spacetimes, discuss their physical interpretations and
present techniques of finding solutions. Like any other
low energy theory, GR is expected to receive corrections
at high energies built on more powers of curvature starting
with the quadratic gravity which is the subject of this work.
Even though much has been studied in quadratic gravity
theories, compared to Einstein’s theory very little is known
about the exact solutions in generic D dimensions (D = 3
and D = 4 are somewhat special as we shall discuss be-
low). There has been a revival of interest in quadratic
gravity theories because of three recent enticing develop-
ments: a specific quadratic gravity model in (2 + 1)
dimensions dubbed as the new massive gravity (NMG)
[3] provided the first example of a parity invariant non-
linear unitary theory with massive gravitons in its pertur-
bative spectrum. The second development was the
introduction of “‘critical gravity” [4,5] built from the
Ricci scalar, the square of the Weyl tensor and a tuned
cosmological constant that has the same perturbative
spectrum as the Einstein’s theory with an improved UV
behavior. The third one is the observation that with
Neumann boundary conditions on the metric non-
Einstein solutions of the conformal gravity are eliminated
and the theory reduces to the cosmological Einstein’s
gravity in D = 4 dimensions [6]. All these developments
in quadratic curvature gravity theories prompted us
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to study systematically some exact solutions of these
theories.

In this work, we will present special Kundt type radiat-
ing solutions [7,8] to quadratic gravity theories in generic
D dimensions. This will be a D-dimensional generalization
of the works in three dimensions [9,10]." Subclasses of
Kundt metrics in various forms have also been studied as
solutions of topologically massive gravity [12,13] in
[9,10,14-20]. In D dimensions, the anti-de Sitter (AdS)-
wave metric (also called the Siklos metric [21,22]) which is
a Kundt metric of Type N with a cosmological constant
was shown to be a solution of the quadratic curvature
theories [23] generalizing the result in D = 3 [24]. All
Einstein spacetimes of Type N solve this theory exactly in
D dimensions [25,26]. It is a known fact that in D = 4 all
Einstein spaces solve quadratic theory exactly. Critical
quadratic gravity has genuinely new solutions with asymp-
totically non-AdS geometry that has logarithmic behavior
in Poincaré and global coordinates [23,27]. It is important
here to note that the works of Coley et al. [7,8,28-32] on
the classification of pseudo-Riemannian spacetimes, on
spacetimes with constant invariants and on Kundt space-
times in general relativity have attracted many researchers
[9,19,20,33] to use them in higher order curvature theories
in arbitrary dimensions. Another important point is that all
those metrics solving higher order curvature theories be-
long to both Kundt and Kerr-Schild classes, [1,34,35].

The layout of the paper is as follows: In the next section,
we discuss the Kerr-Schild class of metrics in AdS back-
grounds possessing some special properties. These proper-
ties are so effective that some tensorial quantities, like
Ricci and Riemann tensors become linear in the metric
“perturbation” around the AdS background. In the third
section, we show that the full quadratic gravity field equa-
tions reduce to a fourth order linear partial differential

In [11], for D = 3, Kundt type solutions of NMG [9,10] are
used to generate solutions of f(R,,) theories which naturally
includes the generic quadratic curvature theory.
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equation. We give a new exact solution which we call a
spherical-AdS wave that has asymptotically AdS and
asymptotically non-AdS; i.e. Log mode behavior just like
the previously found AdS wave. In Sec. IV, we show that
the same class solve the linearized quadratic gravity field
equations. We delegate the details of the computations to
the Appendices.

II. A SPECIAL CLASS OF
KERR-SCHILD METRICS

Let us take a D-dimensional metric in the Kerr-Schild
form [34,35]

8uv = &uv T 2VA,A,, (1)

where g,, is the metric of the AdS space and V is a
function of spacetime (see [36] for some properties of the
Kerr-Schild metrics with generic backgrounds and see also
[26,37] with an AdS background). The vector A#* = gHVA,
is assumed to be null; ie. A ,A* =g, ,A*A” =0 and
geodesic A#V A, = 0. These two assumptions imply

AN =0, A, =g,A,  AV,A, =0,
where the barred covariant derivative is with respect to

&.v- The inverse metric can be found as
gry = ghtr = 2VAHNY. 2)

Writing the metric in the form (1) will help us in explicitly
observing the fact that the solutions of the field equations
of the quadratic gravity are also solutions of the linearized
field equations of the theory with h,, =2VA,A,. AdS
wave or Siklos spacetimes are in this class with the line
element

1 D3
ds® = kz—zz(—dt2 + dx* + Z (dx™)? + dzz)

+2V(t, x, x,,,, z)AM/\,,dx“ ® dx”

m=1

1 D-3
= W<2dudv + ) (dx™)? + a’zz)
Z

+ 2V (u, x,,, z)du?, 3)

m=1

where in the second line we have used the null coordinates
defined as u = (x + 1)/+/2, v = (x — 1)/+/2 and chosen
Aydx* = du and A#9,V = 0 that is V does not depend
on v. The constant k? is related to the cosmological con-
stant as —k? = %. With these assumptions, A*
becomes divergence free (nonexpanding) with respect
to the full and background metrics namely V, A* =
\Y, uA* =0, and the Ricci scalar turns out to be a constant
given as R = —D(D — 1)k?. Besides being nonexpand-
ing, it is possible to show that A* is a shear-free,
V“)\”V(MA,,) = (0, and nontwisting, V“A”V[M)\V] =0,
vector. As A, is a null vector which is nonexpanding,
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shear-free and nontwisting, AdS wave is a Kundt space-
time by definition. Furthermore, the Weyl tensor satisfies
the following property

C AT =0, 4

aByo

therefore, A, is a null direction of the Weyl tensor. In
D =4, (4) is equivalent to the metric being of Type N.
Note that A, is not a Killing vector, but §, = Z% A, isanull
Killing vector. Recently, it was shown that the AdS-wave
metric (3) solves the quadratic gravity field equations in D
dimensions provided that the function V satisfies a fourth
order linear partial differential equation which was solved
in the most general setting [23].

In this work, we present a new Kundt solution of the
quadratic gravity field equations in D dimensions which is
also in the Kerr-Schild form (1) as the AdS wave. The new
solution is similar to the AdS-wave metric in form, but
with a different A, which dramatically changes the space-
time. To reach the new metric, let us rewrite the back-
ground AdS in the spherical coordinates which turns the
full metric to

k222
+2VA A dxt ® dx”
1
= 27c0ld [—d[2 +dr? + r2dQ%_2:|

+2VA, A dxt ® dx?, (5)

1 D-2
ds® = —[—dﬂ + ) (dx™)? + dzz:l

m=1

where dQ32_, is the metric on the unit sphere in (D — 2)
dimensions. Here, note that since z >0, one needs to
constrain € in the interval 0 = 6 < 77/2. In the spherical
coordinates, boundary of AdS (z — 0) can be reached with
the limits 7 — 0 or/and @ — 7/2. One can define the null
coordinates as u = \/—E(r + 1) and v = \/%(r — 1), then (5)

becomes
2 (u + v)?
d 2=—|:2d dv+-——"402 ]
ST 2w+ v)Pcos2g L 7MY 2 D-2
+ 2V(M, prg)duzy
1 ddudv
= +dQj, )
k*cos?6 ((u + v)? b=2
+2V(u, Qp_,)du?, (6)

where we have again chosen A, dx* = du and A#9,V = 0.
With these assumptions, once again V, A* =V A* = 0.

This metric can be recast in other coordinates as
(1) Cartesian:

1 D-2
dSZ = W[_dtz + Z (dxm)2 + dZZ]
Z

+ V(A dxt ), ™

m=1
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where

D—2
m=12....D—2; =72+ Z(xm)z. (8)
m=1

Here, we note that an infinite boost in the
(t — x') plane reduces this metric to the AdS-wave
metric (3).

(2) Another form of the above metric can be given as
4cosh’k inh’k
ds? = dr* + 2 qudv + 403
kK (u+ v) k

+2V(u, r, Qp_3)du?. )
This form was given in [28,33] as an example of
Kundt spacetimes with constant curvature invari-
ants. There exists no null Killing vector field of
this spacetime. D = 3 case of this form of the
metric was given [10,17] as the most general
Type-N solution of the three-dimensional NMG.

The AdS-wave metric (3) and the spherical-wave metric
(6) have the following (not necessarily independent) prop-
erties which define the Kerr-Schild-Kundt (KSK) class:

(1) 8., is the metric of the AdS space, g,, = §u» T

2VA, A, is the full metric.

(2) The vector A* = gM” ), assumed to have the prop-
erties of being null A, A* = g, ,A#A” = 0 and geo-
desic A¥V A, = 0.

V is a function of spacetime assumed to satisfy
A#9,V = 0. This assumption has wonderful impli-

3)

cations together with the assumption V, A¥ =

V,A# = 0. With these assumptions, Riemann and
Ricci tensors become linear in V and the scalar
curvature becomes constant.

@) V, A, = A, &,), where €#4, = 0.7

(5) A, is nonexpanding, V, A* =0, shear-free,
VEA'V(, A,y = 0, and nontwisting, V¥ A"V, A,] =
0 which are implied by the fourth property. Note that
one can replace the full covariant derivative and the
metric with the background covariant derivative and
the background metric in these relations, namely
v“)l”v[ﬂ/\y] = (), etc.

These properties are useful in calculating various ten-
sorial quantities. Here, we note the results of the relevant
computations and delegate some to Appendix B. The
Riemann tensor of (1) after using some of the properties
listed above reduces to

2Symmetrization is done as usual; ie. 2A(,B,) =A,B, +
A,B,.

PHYSICAL REVIEW D 86, 024009 (2012)

RH*

B = RMWB +V, Q5 = VpQH,, (10)

where
VVQﬂaﬁ - VBQ”CW = ZAHA[VV'B](?'U’V — ZA”)\[VV'B]GQV
+ A[,,fﬁ](/\aaﬂv— A*9,V
+ A EHV) (A 68 — AHE,)
XA, dgV+2VaAr
XAV €g = AL Vgéa), (1D
where the background part reads R, ,,5 = —kz(gwgaﬂ -
gup Zuv) and the remaining part is linear in V. The property
(4) leads to

R? 0

R
])(Aag,u.u - )\Vg,ua)' (12)

P D(D —
For the class of Kerr-Schild-Kundt metrics, the Ricci ten-
sor follows from (10) as

R,,=—(D- l)kzgw, — pALA,, (13)

where
p =0V +2£,04V +IVE 0 —2VIX(D —2), (14)

where [J = V”Vp and A#9, p = 0 and the Ricci scalar is
R = —D(D — 1)k*. It is amusing to see that the metric
solves the cosmological Einstein equations in the presence
of a null fluid in all dimensions as long as 7, = pA,A,,
but our task is to show that the same metric solves the
vacuum field equations of the quadratic gravity.

Using the properties listed above of the new metric we
find the following tensors that we shall need in the field
equations of the most general quadratic gravity;

OR,, = —0(pA,A,), (15)
or in another form
DR, = —AuA,(Op +26,07p + 3p€ €7
— 2pk*(D — 1)), (16)
and
RLR,, = (D — 1)*k*g,, +2(D — Dk*pA,A,, (17
R,avpR*® = (D — 1)*k*g,, + (D — 2)k*pA,A,, (18)
Ruap,R,PY =2(D — Dk*g,, + 4K pA, A, (19)
III. A NEW SOLUTION OF THE
QUADRATIC GRAVITY
The action of the quadratic gravity is
1
1= '/'deﬂ/—gl:— (R —2A¢) + aR? + BR2,,
K
+ YRy — 4R + R ] (20)
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The (source-free) field equations were given in [38,39] as

1 1 1
;(R/“, _EgMVR + AOg,LLV> + 2CYR<RMV _Zg/'LVR>

+ Qe+ B)(g,0—V,V, )R+ zy[RRM ~2R . R
1
+Ru5p:R,7PT—2R R, — Zgw(Ri rop — ARG, + Rz)]
1 1
+ ﬂD(RM,, —Eg/“,R) + 2,8<Rm,,,p — ZgMVR(,p)R‘Tp =0.
(21)
Using (13)—(19) in (21), one obtains
A—A D—1)(D—-2
04 fA2=0, A= (D=2 )k2,
2K 2
(D—4) (D-3)(D—4)
=(Da+ +
(22)

as a trace equation, and the remaining traceless equation is
a fourth order equation,

(BO + )(pAuA,) =0, (23)

where

4AD 4A

4A(D — 3)(D — 4)
a +
k D-—2 D —1

(D—-1)(D-2)
(24)
As noted before, AdS wave [23] solves (23). Now, let us
find the second solution that is the spherical-AdS-wave
metric (6). This can be achieved by obtaining a fourth order
scalar equation on V

(O —M*)OV(u, Qp-y) =0,

B+

(25)

where

M= -S40
B (26)

O =0 — 2k*sin260, — 2k*(D — 2 — sin?6).

To reach (25), we have calculated p for the spherical-AdS
wave which is p = OV. It is important to notice that there
are two different types of solutions to (25). The first type
solution is V =V, + V, where V, is a solution to the
quadratic partial differential equation (PDE)

@ V] (I/l, QD*Z) == O, (27)

which is also a solution of the cosmological Einstein’s
theory, (p = 0), and V, is a solution to again a quadratic
PDE

(O — M*)V,(u, Qp_,) = 0. (28)

As long as M?> # 0, V=V, +V, is the most general
solution to the fourth order PDE (25). But, when
M? = 0, then the equation becomes
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02V(u, Qp_,) =0, (29)

and new solutions arise which represent the non-Einstein
solutions of the critical gravity. To get the solutions,
let us employ the separation of variables technique as
V(u, Qsz) = F(M, H)G(u, QD73) where G(M, QD*3) is
the function defined on the (D — 3)-dimensional unit
sphere. For a scalar function ®(u, 6, Qp_3), let us calcu-
late VPV ,®(u, 6, f,_3) for the background AdS metric

ddudv 1

d§2=2 2 RN )
k*cos?0(u + v)*>  k*cos?0

3, (30)

which corresponds to V = 0 in (6):

VoV, ®(u, 0, Qp_3) = 28"V,0,D(u, 6, Qp_3)
+ gﬂfﬂfvﬂiaﬂfb(u, 0, QD—3)’
€1Y)
where (); represents the angular coordinates on §P72

which includes the 6 direction. Using the results in
Appendix C, the first term yields

287"V, 0,D(u, 6, Q_3) = 2k?sinf cosfd yP(u, 6, Qp_5).

(32)
On the other hand, the second term can be written as
g4V 00, P(u,0,Qp_3)
:gﬂiﬂiaﬂiagi@(u, 6,Qp_3)
_gﬂiﬂifgfﬂiaﬂjcb(u, 0,Qp-3)
—gHTY 0, P(,0,Qp_3), (33)

In Appendix C, it is shown that f?liili = 0; therefore, the

last term vanishes. Then, let us calculate the remaining
terms in (33) which corresponds to the box operator acting
on a scalar function with the following metric conformal to
the metric Ma,q, (not to be confused with the flat metric)

on the round SP~2 sphere:
ds®> =

————dO} , = a0 = ® *Na.q,
k2cos?g P2 i i

w = kcosé. (34)

The Christoffel connection of 80,0, is related to the
Christoffel connection of M0,0, via the usual conformal

transformations
fﬁg = (Fgﬁ)sD*2 — 640glnw — 5g8a Inw

+ Nupn*? 9, Inw, (35)

Using this result in gﬂfﬂfvgiaﬂ@, one obtains
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gh Vg, 00,P(u, 6, Qp 3)
= o’ [n%%0g 00, P(u, 6, Qp_3)
— (g g g2, (u, 6, Qp_3)]
+ w2[2n905?’89 Inw — n%nq o %%, Inw]
X dg,Pu, 6, Ap_3), (36)
where the operator in the first square bracket is the

Laplace-Beltrami operator on S”~2 which can be recur-
sively written as

1 b Qp_
ASD’ZCD(”’ 0,91)73): 9 (SinD_30M)

sin? 3006 90

1
+MAS[F} (D(M, 0, QD—3)

(az + (D —3)cotf g + ! A )
== —3)cotd—+—-Ag-3
062 960  sin9

X ®(u,0,Qp_3). (37)
Collecting (36) and (37), one arrives at
gﬂiﬂivﬂ,aﬂiq)(u’ 0, QD—3)

02 ] 1
= k2COS20(ﬁ + (D - 3) Coteﬁ + mASD73)

X D(u, 6, Qp_3) + k(D — 4)

X sinf cosfd, P(u, 6, Qp_3). (38)
Finally, one has
_ 2D(u, 0, Ap_
DCI)(M, 0, QD—3) = kzcoszﬂ% + k2[(D - 3)
() Qp_
X cotf + sinf cos@]%ﬂ
+ k2cot?0A oo P(u, 6, Qp_3).  (39)

This result is sufficient for us to carry out the separa-
tion of variables. Let us first focus on the FEinstein
modes satisfying (27). Using (39) for V(u, Qp_,) =
F(u, 0)G(u, Qp_3), one has two decoupled equations

2

0520% + [(D — 3) cotd — 3 sinf cosh] 0F(w, 9)
—[2(D — 2 — sin?0) + a*(u)cot?*0]F(u, ) = 0, (40)
(Agp-s + a*(u))G(u, Qp_3) =0, 41)

where a? is an arbitrary function of u. Both of these

equations can be solved exactly for a®> # 0: (40) has a
solution in terms of hypergeometric functions and (41) in
terms of spherical harmonics on S~ [40]. Since the most
general solution is not particularly illuminating to depict
here for the sake of simplicity let us concentrate on D = 4,
for which one has
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F(u, 6) = cl[(lu)

6\«
(tani) secO(a + sech)

co(u)
(a> = 1)

(tan%)ia secl(a — sec), (42)

G(u, @) = c53(u) cos(ad) + c4(u) sin(ad).

Here, one of the functions ¢;(u) can be set to 1 without loss
of generality, if it is not zero. Note that ¢ = 0 and > = 1
are the special values for which the solutions can be
obtained as

(i) D=4and a = 0:

F(u,0)=c,(u)sec?6

+ cz(u)<cos6‘ + loglitaln<§)j|>sec2 6, (44)

(43)

Gu, p) = c3(u) + c4(u)p.

More explicitly, the solution reads

V(u, 6, )= 00220[1 + cz(u)<c0s0 + log[tan(g):l):l
X (c3(u) + c4(u) ). (46)

Let us investigate the near-boundary behavior of
this metric by defining x = 7/2 — # and finding
the asymptotic form for small x. In order to have
complete comparison with the AdS-wave boundary
behavior, one needs to expand up to O(x*) which
yields

(45)

F(u, x) ~ %[1 + %xz + ¢ (u)x® + 0(x4)]. 47)

Here, the leading order represents the asymptoti-
cally AdS spacetime just like the AdS wave;
while the next-to-leading order shows that the
spherical-AdS wave approaches to AdS spacetime
more slowly than the AdS-wave which exactly
behaves as

1
V ads-wave (i, X) = x—z[l + cp(u)x’]. (48)

(i) D =4 and a*> = 1 is also a simple solution which
we depict here:
F(u, 8) = c{(u) secf tand

+ ¢, (u) cscH(log[tanG):l

— sec + arctanh[cosﬁ]seczﬁ), (49)

G(u, ¢) = c3(u) cos(¢) + c4(u) sin(¢).  (50)

Clearly, the solutions of (28), which we call massive

024009-5



GURSES, SISMAN, AND TEKIN

modes, have the same functional form as the Einstein
modes in (42) and (43). In order to obtain the massive
modes explicitly, the only thing one should do is to replace
a in (42) with va* + M?.

Now, let us focus on the non-Einstein solutions of the
M? = 0 case with the field equation (29) corresponding to
the critical gravity. We are interested in the spherical-wave
solutions which spoil the asymptotically AdS nature of the
spacetime. Thus, in order to study the near-boundary be-
havior, it is enough to study the # dependence of the metric
function V by studying the square of the operator appear-
ing in the # equation (40) as acting on V(u, 0) as

2 9
2 + _ _ : .
[cos 9—602 [(D — 3)cotd — 3sinf cosd] Y
2
—ap-2- sin29)] V(u, 6) = 0. 51)

Besides the homogeneous solutions (44), the particular
solution of the equation

92 d
[00529—2 + [(D — 3) cotd — 3sinf cosf]—
20 a0

—2(D—2— sinzﬁ)]V(u, )

= @[1 + cz(u)(cosé? + log[tan(gﬂ)], (52)

also provide a solution to (51). As the 1/x? part of (48)
gives rise to the Log mode which changes the boundary
behavior in the AdS-wave case, one may expect that
1/cos?6 part of the homogeneous solution (44), having
the same near-boundary behavior, should give rise to the
Log mode of the spherical-AdS wave. This expectation is
confirmed by investigating the asymptotic behavior of the
particular solution for the source with ¢,(u) = 0 which can
be found as

log[tané ]
3cos?0

Again with the definition x = 77/2 — 6, the asymptotic
form of (53) for small x becomes

V,(u, 0) = (53)

1
Vy(u, 0) ~ = logx + 0(1), (54)
X

which is same as the exact form of the Log mode of the
AdS wave. With the asymptotic behavior (54), the Log
mode associated with the spherical-AdS wave changes the
asymptotically AdS nature of the spacetime in the same
way as the AdS wave.

Since the solutions we have found in this section are also
solutions of the linearized field equations as we show
below, these metrics constitute new explicit solutions for
the FEinstein and non-Einstein (Log mode) excitations
of the critical gravity besides the previously studied
AdS-wave solution [23,27].
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IV. LINEARIZED FIELD EQUATIONS AS EXACT
FIELD EQUATIONS

Once one recognizes the fact that the curvature tensors,
(10) and (13), and the two tensors appearing in the field
equations, (15)—(19), are linear in the metric function V for
the Kerr-Schild-Kundt class of metrics defined as

g,uv = g,u,l/ + 2V)\/L/\w )\’U“GMV = O,

(55)
VA, = A€, At =0,

one realizes that the exact field equations of the quadratic
curvature gravity reduce to the linearized field equations
in the metric perturbation h,, = g,, = &u» = 2VA,A,
for the KSK class (55). Even though this is straight forward
to see, let us analyze this observation in a little more detail
for the sake of completeness. First of all, for a generic
metric perturbation #,,, the linearized field equations
corresponding to the field equations of the quadratic cur-
vature gravity (21) has the form [38,39,41]

cGL, + Qa + ﬂ)(gwi -V,V, + szzgw)RL

- 2A
+ B(06k, ~ 5= 8uk") =0 (56

where the parameter ¢ is defined in (24), and Q}L“,, R;
represent the linearized cosmological Einstein tensor and
the linearized scalar curvature, respectively, which have
the forms
1 2A
L —plL __'5 pL_
272 R,u,v Eg/LVR D— zh,uw (57)

1 VLAY VLAY =
RL, = E(V Vhye+V°V,h,, —0Oh,, —V,V,h),

- - 2A (58)
RL - _Dh + VUV“h(W - mh
Here, RL, is the linearized Ricci tensor, and A is the

effective cosmological constant corresponding to the AdS
background and satisfies the field equation (22).

After describing the linearized field equations and the
linearized quantities for generic h,,,, let us focus on the
KSK class where h,, = 2V A, A, and after this point &,,,
represents the metric perturbation defined for the KSK
class. First thing to notice is that &, satisfies 7 = 0 and
Vﬂh/“’ = (; therefore, the nontrivial part of hﬂ,, 1S its
transverse-traceless part which represents the (massive
and/or massless) spin-2 excitations. For tranverse-traceless
h,,, the linearized field equations take the form

s
(BO + 0)GL, =0, (59)
where
2A
/Lw =RL — ——hy, = R/L“, + k*(D — l)hl“,. (60)

D=2
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Now, let us compare (59) with the quadratic curvature
gravity field equation for the KSK class (23). From (13),
one can find the linearized Ricci tensor for the KSK
class as

wa = —pALA, — K*(D — 1)h (61)

uv

therefore, G%, is just G5, = —pA,A,. As a result, the
field equations of the exact theory and the linearized
field equations are equivalent for the KSK class of metrics
which includes the AdS wave [23] and the spherical-AdS-
wave metrics presented above. Note that not all solutions
of (59) taken as a linear equation of generic perturbation
h,,, solve the full nonlinear theory. Such linear solutions
were studied in [42,43].

V. FURTHER RESULTS AND CONCLUSIONS

We have defined a new subclass of metrics in the Kerr-
Schild-Kundt class for which the null vector A#* has a
symmetric covariant derivative, namely V,A, = A, &,
(note that A* is not a recurrent vector; therefore, our
subclass does not have the special holonomy group
Sim(n — 2) discussed in [29]). Up to now two explicit
metrics in this class as solutions to quadratic gravity theo-
ries has been shown to exist. One of them is the previously
found AdS-wave metric [23], and the other one which we
called spherical-AdS wave was presented above. The latter
solution is a generalization of the D = 3 solution of new
massive gravity given in [10,17]. Just like the AdS wave,
the spherical-AdS wave has Log modes which do not
asymptote to the AdS space [23,27]. As of now, it is not
clear if these two metrics exhaust the class of Kerr-Schild-
Kundt metrics having a null vector with a symmetric-
covariant derivative or there are some other.

In this work, even though we have concentrated in the
quadratic gravity theories both for the sake simplicity and
for recent activity in quadratic gravity theories, the class
of metrics that we have studied has rather remarkable
properties which make them potential solutions to a large
class of theories that are built on arbitrary contractions
of the Riemann tensor whose Lagrangian is given as
f(g*”, R, o) along the lines of [11]. Leaving the details
for another work [44], let us summarize the curvature
properties of the Kerr-Schild-Kundt class having a null
vector with a symmetric-covariant derivative:

(1) These metrics describe spacetimes with constant sca-
lar invariants built form the contractions of the
Riemann tensor, but not its covariant derivative, de-
noted as CSI, [28], for example R = —D(D — 1)k?,
RyRY,=D(D— 1)%k%, RMQBVRWBV =2D(D—1)k*.

(2) All symmetric second rank tensors built from the
contractions of the Riemann tensor are linear in
AyA, for example see (17)—(19). This property
implies property 1 above. This property is also

PHYSICAL REVIEW D 86, 024009 (2012)

sufficient to show that this class of metrics also solve
the Lovelock theory [44].

(3) Related to property 2, these metrics linearize the
field equations. For example,

OR,, =R,
= A, A [0p +2€,0%p +1pé, &V
— 2pkA(D - 2)]. (62)

We expect that similar properties hold for symmetric
two tensors built from the covariant derivatives of the
Riemann tensor, namely [(ng)RM,,p(,)"]aB = a(k®)gap +
b(p)A,Ag, which is consistent with the boost weight de-
composition of the Riemann tensor and its derivatives [45]
This would lead to the result that these metrics could solve
all geometric theories.
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APPENDIX A: DEFINITION OF ¢,

Let us discuss the symmetric-covariant derivative of the
vector A*, VA, = A, §,). Here, A, &# = 0 should hold
in order to have A#* as a null geodesic. Besides, note that
VA, = \Y uA, (see Appendix B). One can take the AdS
background metric in the canonical form as

1 D—-2
ds> = —[—dﬂ + 3 (dxm)? + dzz], (A)

k222 m=1

where z>0 and z — O represents the AdS boundary.
The Christoffel connection of (A1), which is in the form
uv = w_znw where w(z) = kz, can be calculated with

the usual conformal transformations as
_ 1 1
FZB =Enaﬁ5§‘ —2(855%4- 8583), (A2)

With this result, V uA, becomes

= 1 1
VA, =0,4, —=mA +=(A, 8, + A,6%). (A3)
Z 4

Note that the last term in the parenthesis is already in the

form where A, &,). Therefore, the first two terms should
take a form

1

6“)\,,—Enﬂvx\z=a/\#/\v+)tﬂf,,+)\v§#. (A4)
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Now, let us define &, for the AdS-wave and the
spherical-AdS wave metrics. For AdS-wave metric, A,
has the form

1
A, dx* = —=(dt + dx), AS
u \/5( ) (AS)
in the canonical coordinates of AdS, and one has
_ 1 2
V#AV=—()1M6;’;+/\,,62):>§M = -0 (A6)
Z Z
For the spherical-AdS wave, one has
D—me z
Ay dxt = dt + ledem +odz,
D-2
=Y (") + 22 (A7)
m=1
and V uA, becomes
- 1 1, 1,
VM/\V = —;/\“/\,, + ;5M)t,, + ;BVAM
1
+ E(/\M(Sf, + )\,,6;) (A8)
therefore,
1 2 2

APPENDIX B: CURVATURE TENSORS OF THE
KERR-SCHILD METRIC

In this section, we obtain the forms of the Riemann and
Ricci tensors, and the scalar curvature for the Kerr-Schild
metric

8uv = &uv T 2VA,A,, BD)

where g,,, is the metric of the AdS spacetime, the vector
A# is null and geodesic for both g,,, and g,,,;

Ay AR = g AFAY = g ARAY =0, (B2)

ABV A, = AV A, =0, (B3)

and, finally, V is a function of spacetime which is assumed

to satisfy A#9,V = 0. The Christoffel connection of g v
has the form

rh, = fgﬁ + Q4 (B4)

*The exposition until Appendix B 2 is rather standard. Here,
we provide self-contained presentation on curvature tensors of
the Kerr-Schild metric (B1) satisfying A#d,V = 0 in addition to
the generally assumed properties (B2) and (B3). See [46,47] for
Kerr-Schild metrics having the property (B2) with a flat back-
ground and [36] for Kerr-Schild satisfying (B2) and (B3) for
generic backgrounds and generic V.

PHYSICAL REVIEW D 86, 024009 (2012)

where T'# s 1s the Christoffel connection of the background
metric g,,, and the terms linear in V' collected in Qﬁfﬁ
which can be written as

O o=V (VAR L) + V(VAEA,) = VH(VA,Ag). (BS)
One can easily show that O* p satisfies the properties

QM/LBZO’ /\MQ“aﬁ =0, A“Q/‘QB =0, (B6)
which have the important implication that the covariant
derivative of A* reduces to the covariant derivative with

respect to the background AdS metric, namely

VA, =V,A, (B7)
With (B4), the Riemann tensor has the form
R g = R“WB + V,,Q“ab, - VzQ*+,,
+ Q“WQ"EQ - Q“ﬁaQ"m, (BS)

where R* 5 18 the Riemann tensor of the AdS spacetime
having the form

R#QVIB = _kz(aggaﬁ - (Sggouf)-

Contraction of the Riemann tensor with two A#* vectors has
the simple form

(B9)

— R — 12
A AR g = A A'RE o = K2 A A,

A“AYRH® = A\”RH = —k2A*A (B10)
avf avf B

Using (B6), one can obtain the Ricci tensor from (BS8) as

Royg=Rup +V,QF ;= QF, Q7 (B11)
where the Ricci tensor of the AdS spacetime is R,p =
—k*(D — 1) 5. The last term can be written in the form

05,07

o= AV AV, A )V#A?,  (B12)

M

therefore the Ricci tensor with down indices is quadratic in
V. However, it is well-known that the Ricci tensor with up-
down indices, Rf; = gP“R,p, is linear in V for a metric in
the Kerr-Schild form [48];

R = R = 2VAPA*R,p5 + 379V, QF 5 (BI3)
Finally, the scalar curvature is a constant having a value
which is equal to the background one;

R=R=—-D(D - 1)k (B14)

1. Curvature tensors of the Kerr-Schild-Kundt class

Up to now, we consider the Kerr-Schild metrics for
which A* is a null geodesic as usual. On the other hand,
the AdS-wave and spherical-AdS-wave metrics belong to
the class of Kerr-Schild-Kundt metrics for which the vector
A* satisfies the property
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VoA, = Apé), &M, =0. (B15)

Note that due to £&#A, =0, one has &+ = gh’¢, =
g"”€,. The nonexpanding, V,A* =0, shear-free,
VEA"V(, A,y = 0, and nontwisting, V# A"V, A,; = 0, na-
ture of the vector A* simply follows from (B15) which
means the Kerr-Schild metric is a member of the Kundt
class by definition. Immediate implications of (B15) are

f'uv,u,)‘v = é:MVVA,u = %Avfﬂg,w (B16)

and

V., (EFA,) = 0= AvV &, = —E-V,A,.  (B17)

Using the Ricci identity in the form [V w V,J\* =R, , A"
together with V uA* =0, one can obtain

OA, = —k2(D — 1)A,, (B18)

and explicitly calculating the left-hand side yields the
relation

MV E,=—A[V, Er+1gre, +23(D—1)] (B19)

that is used in the calculations below.
In order to study the curvature tensors, first one should
find the (}* , 5 part of the Christoffel connection which is

linear in V, and it becomes

Q’U“aﬁ = —)la/\BaMV + 2)\’“‘)\@3[3)‘/ + 2V/\M)‘(a§,8)'
(B20)

Note that contraction of the vector & with Q# 5 yields

E QP 5= =N Ag€, 0mV,

(B21)
EXQF 5= MAp(EY0,V + VEE,),

SO V/pr #* vﬂfp. Now, using (B20), we can calculate
YVQMaB and Q*,,Q7%,, for the KSK class. First,
V,Q# 5 can be obtained as

V, Q8 == A Ag(V, 0KV + £,04V) = A, A(u g "V
F2M4 A, V)0,V + 204 A, €50,V
F2VAE NV, E1p) + RARE, + E-A,)

X (VAwég + AadgV)

F AN (VE g+ EadpV). (B22)

Then, the linear in V terms in the Riemann tensor becomes

PHYSICAL REVIEW D 86, 024009 (2012)
V,QF 5= VgQr,,
= 20, A, V510tV = 2040,V 510,V
+ A[Vfﬁ](/\aaf‘v — AR,V + A EHV)
+ (Aag'u - /\#ga)/\[vaﬁ]v

+2VAE (A V€5 — ALV g1én). (B23)
Second, the term Q*,, Q7 Ba has the form
Q“WQ‘TBQ = —/\ﬂ/\a/\ﬂ/\y(aav)(vg(, +4d,V). (B24)

Note that Q#,,Q7 5, is symmetric in » and S indices;
therefore, the quadratic in V terms in the Riemann tensor
cancel each other due to antisymmetry in » and (. Thus,
the Riemann tensor for the KSK class is linear in V and has
the form

RE = RE o+ 0,08 — V08,

43

(B25)

where the last two terms are given in (B23). Now, let us
discuss the contractions of the Riemann tensor with one A*
vector. By using (B6), (B15), and (B21), one can show that

/\#Rﬂavﬂ = )\ﬂR#aVﬁ’ /\aRMm/ﬁ = A“RH

NRE o= NRE o= 20PVAF A Ap,

avf’
(B26)

where the last one is implied by either one of the previous
two results. After using (B9), one can also have

R

RH —
A DD =1)

WR¥ g (B27)

(Avgaﬁ - Aﬂgav)’

where the right-hand side can also be written in terms of
background quantities, and the other two contractions fol-
low similarly. On the other hand, one can calculate
/\”R“wﬂ explicitly by using (B6), (B15), (B22), (B21),
and (B19), as

A'RE 5= N'RE 5 = 2VAF A, Ag(V, &

+ %gygv +2k2(D — 1)), (B28)
which together with (B26) implies
V., +16,6"+ k22D - 3) =0. (B29)

This relation can be verified explicitly for the AdS-wave
and the spherical-AdS wave cases.

In order to calculate the Ricci tensor, one needs to
calculate V L - One may follow two routes: directly
computing it from (B22) by using (B19) and (B29) or using
the following result obtained by use of the Ricci identity;

V Vo (VAEAg) = —=k*DV A, A, (B30)
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with the original form of the OQ# B in (B5). Then, one can
obtain the Ricci tensor as

Rop = —k*(D — 1)gag — pAaip, (B31)
where

p =0V +2£,04V +1VE 0 —2VIA(D - 2), (B32)

or
Rop = —K*(D — 1)g,p — (O + 2k*)(VA,Ap). (B33)
Two forms of the Ricci tensor imply
O(VAaAg) = (p — 2VE*) A, A (B34)

It is possible to verify this relation by explicitly calculating
the left-hand side by using (B18). Besides, one can easily
show that the scalar curvature is constant, since the linear
part of the Ricci tensor is in the form R% g~ Aalp.

Finally, let us show that the KSK metrics satisfy
Cravp AP = 0 where the Weyl tensor is defined as

2
Cpuavp = Ryuavpg = 55 8uvRp1a ~ 8atrRp1u)

2

Using (B26), 8., = §uv ~ ApA,and Ry, — Ry ~ AuA,,
it can be shown that C,,,, A reduces to C,,,3A? where

Cavp = 0; therefore, one has

CravpAP = Chanprf = 0. (B36)

2. Two tensors in the field equations

In order to find the field equations of the quadratic
curvature gravity for the KSK metrics (B15), one needs
to obtain the form of the two tensors RﬁRp,,, RMWBR“B,
RMQBYR,,“M and LR, for this class of metrics. By using

(B31), the term RY, R v can easily be calculated as
RLR,, = (D — 1)*k*g,, +2(D — Dk?pA,A,. (B37)

The term R, BRO‘B is also rather simple: after using (B31)
and (B26), one has

RuavpR* = (D — 1)*k*g,,, + (D — 2)k*pA,A,.
(B38)
Then, moving to R,.z,R,*#” whose calculation is

straightforward, but time consuming. It is better to calcu-
late R, ,R, 7" = R*7 ,R"P ., which can be written as

R'WTVBRVB)/O' — RVB’}/O'gUaRMaVﬁ

— 2VR"P A7 A°R¥ 5 (B29)

where (B26) is used and the first term explicitly has the
form

PHYSICAL REVIEW D 86, 024009 (2012)
RVBWg‘mRMWB = R”ﬂwg‘m{lé#wﬁ + 2)\a/\[,,vﬁ]6”V
— ZAMA[VvB]aaV + ALép
X (Agd*V — A*9,V + £FALV)
+ (A& — A E )AL 0V + 2VAH
X (Vg = A Vg€l (B4O)
Since the terms in R¥ ,,; which are linear in V involve
either A, or A, or Ag, using again (B26) yields
RVB'yo'go-aRMaVﬁ = Ryﬁ'ya'gu-aRMayﬁ + (RVB)/U)LR#UVB;
(B41)
where (R*2,,), = R"2,,, — R"P,. With this result and
(B9), R””VﬁR”BW becomes
RET, RYB,, = R"6 RA7 & (RB,,), R,

= —2K[RY + (RY).] (B42)

where (RY), = —pA*A, from (B31). As a result, one
obtains

Ruapy, R, ™Y =2(D — Dk*g,, + 4K2pA,A,.  (B43)

Finally, let us study the term [IR s and from (B31) it
immediately becomes (IR, = —[(pA, A,). Then, since

VA, = ?M)\p, OA# = CA* and Op = Op, one has

UR,, =

nv _lj(p/\MAV)' (B44)

In Appendix B 1, we have discussed the explicit calcula-
tion of [1(V A, A,) which becomes
O(VALA) = A, A3V +2£,0°V +1VE &7

—2VK3(D — 1)), (B45)

and in deriving this relation A#9,V = 0 is used. One can
show that A#9,p = 0 (note that A”V &, ~ A,), then the
same relation also holds for p. Hence, one has

OR,, = = A A (0p +2£,07p + 5p€ &7
—2pk*(D — 1)). (B46)
APPENDIX C: SPHERICAL-ADS
WAVE COMPUTATIONS
Let us have the AdS metric in the coordinates
4dud 1
ds? = ey a0 .. (C)

k2cos?0(u + v)*  k*cos?6

Then, some components of the Christoffel connection for
this metric are
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PHYSICAL REVIEW D 86, 024009 (2012)

f‘Zu — , FZU =0, 1:;0 =tané, V,u,)‘v = _FZ,V = _/\;L/\VFZM - /\M 5053 - 5;01, ZM)‘V

N (C3)

Iiy=0 17,=0 I,=0,

and one has
0 2tané B0 —tang ) )
W (v % ’ &, = -T2, —2r,89 (C4)

[0, =~k 8qq.cotd, Tfo =0 Tho =0 (C2) Finally, one can calculate p as
where (); denotes the angular coordinates of d()3,_, other p =DV —4k2sinfcosfd,V — 2k3(D — 2 —sin20)V.  (C5)
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