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We compute four-point functions of the stress tensor and conserved currents in AdS,;/CFT; using bulk
perturbation theory. We work at tree-level in the bulk theory, which we take to be either pure gravity or
Yang-Mills theory in AdS. We bypass the tedious evaluation of Witten diagrams using recently developed
recursion relations for these correlators. In this approach, the four-point function is obtained as the sum of
residues of a rational function at easily identifiable poles. We write down an explicit formula for the four-
point correlator with arbitrary external helicities and momenta. We verify that, precisely as conjectured in
a companion paper, the Maximally Helicity Violating (MHV) amplitude of gravitons or gluons appears as
the coefficient of a specified singularity in the MHV stress-tensor or current correlator. We comment on
the remarkably simple analytic structure of our answers in momentum space.
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I. INTRODUCTION

It is remarkable that even fifteen years after AdS/CFT
was discovered [1] there are very few explicit computa-
tions of boundary correlation functions, at four points or
higher, from the bulk point of view [2]. In principle, such
computations are straightforward: we need to link interac-
tion vertices with bulk-bulk and bulk-boundary propaga-
tors, and integrate over their positions [3]. However, in
practice these computations are difficult for two reasons.
First, it is hard to do the bulk integrals in closed form,
although this can be sidestepped by using clever tricks [4]
or by transforming to Mellin space [5]. However, in theo-
ries like gravity the interaction vertices themselves are very
complicated. For example, the four-point vertex, even in
four-dimensional flat space, contains 2850 terms [6] and is
even more complicated in AdS. Consequently, the four-
point function of the stress tensor has never before been
computed explicitly.

In this paper, we point out that going to momentum
space on the boundary in AdS, solves both these problems
at once for correlators of conserved currents of the stress
tensor. In AdS,, the momentum-space bulk to boundary
and bulk to bulk propagators for gluons and gravitons can
be written in terms of elementary functions and so doing
z-integrals is very simple.

Furthermore, by generalizing insights from flat space
computations of gravity and Yang-Mills amplitudes [7,8],
we are able to sidestep the tedious evaluation of interaction
vertices. Instead, we compute explicit expressions for the
four-point functions of the stress tensor by using the known
three-point functions as input and combining this with a
knowledge of the analytic properties of the correlators.

More specifically, we implement the recursion relations
proposed in a companion paper [9]. These relations allow
us to write down a formula for the four-point function in
terms of residues of a rational function, at specific poles.
This rational function is obtained through the product of
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two deformed three-point ‘“‘transition amplitudes” as we
explain in more detail in Sec. I'V.

In [9], it was pointed out that momentum space also
allows us to take an elegant “‘flat space limit.” Here we
take the flat space limit of our results for correlation
functions of the stress tensor and obtain exactly the famous
formulas for maximally helicity violating (MHV) ampli-
tudes of gluons and gravitons in four-dimensional flat
space.

To facilitate this comparison, we write our results for
MHYV correlators in the spinor helicity formalism that
was originally developed for four-dimensional flat space
amplitudes but, as pointed out in [10], is also useful for
computations in AdS,.

Apart from this flat space limit, our answers have some
other interesting structural properties. For example, we can
immediately see the contribution of the entire conformal
block of the stress tensor itself in the correlator. Once again
momentum space makes this simple. Here, we just have to
multiply correlators to get the contribution of the primary
and all its descendants rather than worrying about the
complicated expressions for conformal blocks in position
space.

Second, the transition amplitudes that appear in our
computations are finite. So we avoid the divergences that
appear in momentum space AdS integrals from the region
near the boundary. An interesting consequence of this is
that the correlators can be written as rational functions of
the external spinors, and norms of partial sums of the
external momenta. In particular we do not find any loga-
rithms in our answers. We comment more on this interest-
ing fact in the Discussion section.

A brief overview of this paper is as follows. We start by
reviewing the spinor helicity formalism in Sec. II. The
four-point computations require three-point transition
amplitudes, which are very similar to correlators, but are
obtained by replacing a bulk to boundary propagator with
a normalizable mode. We compute these three-point
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functions for Yang-Mills theory and gravity in Sec. III. In
Sec. IV, we use these results to write down an explicit
formula for the four-point function in terms of residues of a
rational function at prespecified poles. In Sec. V, we evalu-
ate this formula for correlators of conserved currents, with
two positive helicity and two negative helicity insertions,
using the spinor helicity formalism and verify that, in the
flat space limit, it reduces to the scattering amplitude of
gluons, as conjectured in [9]. In Sec. VI, we evaluate this
formula for stress tensor correlators, with the same combi-
nation of helicities, and, once again verify, that in the flat
space limit it reduces to the maximally helicity violating
amplitude of gravitons.

The main idea of this paper is presented in Sec. IV and
the reader who is not interested in the fine details of four-
point correlators can skip straight to this section. Moreover,
we should warn the reader that some of the computations in
Secs. Vand VI are a little heavy on algebra. For this reason,
we have provided a Mathematica program [11] that can be
used to automate the formulas that are implemented there.

II. SPINOR HELICITY FORMALISM

We start by reviewing the spinor helicity formalism for
correlation functions in three-dimensional conformal field
theories that was introduced in [10].

We will use the mostly positive metric. So, for two
vectors on the boundary

k -k = (k) + (kp)?* — (ko)™ 2.1

In this paper, just as in [9] we use bold-face for vectors but
not their components. We use i, j etc. for boundary space-
time indices and u, v etc. for bulk spacetime indices. We
use m, n etc. to index particle-numbers but one difference
from [9] is that here it is convenient to place this index in
subscripts rather than superscripts. Also, the components
of a momentum vector come with a naturally lowered
index.
Our o matrix conventions are the following:

00:10 01_:01
ad 0 1) xa 1 0/
02_:0—1" 03.:1 0.
“ i 0 o 0 -1

Given a three-momentum k = (k, k, k,), we convert it
into spinors using

2.2)

koo = koo, + kio' + kyo? + ilklo® = A Ay, (2.3)

where

|kl = Vk - k = [k} + k3 — k3. 2.4)
If k is spacelike to start with, then the o component will

be imaginary.
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In components, we have the following expressions for
the spinors

: ky + ik, )

A= ‘/k + ilk|, —=),
( ’ Vko + ilk|

_ : ky — ik, )

A= ‘/k + ilk|, —=).
( ’ N

We have the freedom to rescale the spinors by any
1

complex number: A — aA, A — LA, without changing
the momentum. If we do this with spinors corresponding
to an external particle, then this rescales the polarization
vectors and amplitudes pick up a simple phase. However,
when we use the recursion relations, we also need spinors
for an internal particle when we cut a propagator to form
the product of two amplitudes. In such cases, A,y and A;y
always come together and so we can rescale them without

any physical effect at all. For example, we could choose:

ky + ik,
M = (1 2%),
n ( ko+ilk|)

(2.5)

Xie = (ko + ilk|, ky — iky).

(2.6)

We can raise and lower spinor indices using the € tensor.
We choose the € tensor to be io, for both the dotted and the
undotted indices. This means that

01

l'=1=—¢l0 2.7

and spinor dot products are defined via
(A ) = €B A4 dop = A AS,

_ L _ (2.8)
NA) = €¥P A dyp = A
However, we should expect our expressions for CFT3
correlators to only have a manifest SO(2, 1) invariance.
This means that we might have mixed products between
dotted and undotted indices. Such a mixed product extracts
the z-component of vector and is performed by contracting
with o

2ilk| = (07)**kae = [A, A (2.9)

The reader should note that we use square brackets only for
this mixed product; products of both left- and right-handed
spinors are denoted by angular brackets. Second, we note

that this mixed dot product is symmetric:
(A A]=[A AL (2.10)

When we take the dot products of two 3-momenta, we
have

k-q=(kiqi + kaqy — koqo)

@.11)
Y e A &) + e KA, A1)

Note that we have made a choice of the metric that is
mostly positive.
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Another fact to keep in mind is that
kl +k2 :k3 2)\1/‘1 + /\2/{2
= A3 + 3[4, A ]+ [Ag A1 = [A3, A3]) 0.
(2.12)

We also need a way to convert dotted to undotted
indices. We write

Ao =03,0% X, =c3,A%  (2.13)
This has the property that
(. &) =@ A) (2.14)

where the quantity on the right-hand side is defined
in (2.9).

With all this, we can write down polarization vectors for
conserved currents. The polarization vectors for a momen-
tum vector k associated with spinors A, A are given by

XA, ALK, MRy A Ay
+:2 a_az aa’ —:2 CY_CY: OZCV.
C« TEOAlk] Cad TSN il
(2.15)
These vectors are normalized so that
et et =€ € =0, et-e =2 (2.16)

Polarization tensors for the stress tensor are just outer-
products of these vectors with themselves:

ei = eiieji. 2.17)

In this paper, we will compute three and four-point
functions of the stress tensor and conserved currents in
momentum space:
<Tiljl(k1).”Tinjn(k")’

(2.18)

T(el,kl,...,e,,,k,,) =elilj1 e

nln.]n

where

(T (k") ... T (k™)) = f<T{Ti"" (eq) . T ()1

X ¢t 2ot b xm gy (2.19)
and T is the time-ordering symbol. Given the explicit
formulas for polarization vectors, we can also label corre-
lators using the helicity and momenta of the various in-
sertions. For example:

T(+, kl’ +, kz, -, k3) = T(ef, k], e;r, kz, e;, k3) (220)
We will use the same notation to refer to correlators of
conserved currents, and the meaning should be clear from
the context.
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III. THREE-POINT TRANSITION AMPLITUDES

In this section we compute three-point transition ampli-
tudes that are an essential building block for the four-point
computation. We start with Yang-Mills theory where the
Feynman rules are quite easy to establish and then move on
to gravity.

We remind the reader that transition amplitudes are
computed by replacing one bulk to boundary propagator
with a normalizable mode. Below, we use spinors
Al ... A3, and Ay, ... A5 to specify the three momenta in
the amplitude. We will use p = —i|k3]| to indicate that this
leg is distinguished because it is the one that is associated
with the normalizable mode.

A. Yang-Mills theory

Let us first review the form of the gauge-boson bulk to
boundary propagator in AdS,. As we will see below for
both gauge-bosons and gravitons propagating in Ads,, the
bulk to boundary and bulk to bulk propagators are very
simple in momentum space. This allows us to easily per-
form the z-integrals that appear in transition amplitudes.

It is convenient to work in “axial gauge’ where we set
the radial-component to 0. In this gauge, the non-
normalizable free wave-functions in AdS (these are the
same as the bulk to boundary propagators) are given by

2 k- “Hzethex
A= \/;fi(lklz)l/ze’k *Ki(lklz) = e leit; (3.1

Ay =0; e k=0,
for k> > 0 i.e. for spacelike momenta. For timelike mo-
menta, the modified Bessel function K should replaced by
a Hankel function of the first kind—H"(|k|z). However, it
is more convenient to continue using the expressions above
and simply interpret |k| as an imaginary quantity when k is
timelike."

This normalization of the bulk-boundary propagators is
chosen so that the two-point function of the currents is
normalized as:

T(€y, ky, €3, ky) = —(2m)3i83 (ky — ky)(€; - €)|ky].
(3.2)

Below, we will also need the normalizable free wave-
function of the gauge field, which is

A= Eizl/zeik'le/2(|k|z); Ayp = 0; € k=0,

(3.3)
and exists only for timelike momenta, k2 > (0. We caution

the reader that we have normalized this solution differently
from the bulk to boundary propagator.

'Strictly speaking, the identity, HY(x) = 2 (=i)** 1K, (—ix)
tells us that we should take |k| to have a negative imaginary part
for timelike momenta.
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Next, we need the Feynman rules for Yang-Mills theory
in AdS. For simplicity, let us consider color-ordered cor-
relators, which correspond to color-ordered amplitudes in
the bulk. The Feynman rules for color-ordered diagrams, as
generalized to AdS, have a three-point and a four-point
vertex, which is given by:

Vv, = \%[(a{‘ﬁy(az)ﬂ)aéj + (ag‘ﬁy(al)ﬂ)ag

+ (agvv(c%)#)aﬂ,
V4= i[(al caz)(ay - ay) — %(01 “ay)(asz - ay)

1
5@ agia;-ay | (3.4
where the a, represent the external lines that meet at the

vertex and AVB = AVB — BV A for two vector fields A
and B. The connection coefficients are given by

I =138"2(0a885 + 0p8as — 958ap)

35
— (805 — 508), — 8%5%). G-
Here O represents the radial direction in AdS.
Below we work out the three-point transition amplitudes
for the different combinations of helicities. We will use the
symbol E, below to mean:

E, = (ky| + ksl + |k3l) = |yl + lka| +ip. (3.6)

First, we note that for every amplitude we have a leading
factor that comes from the z integrals

R™M(|kq, 1k2l, p)

_ 2y 1kq|1ks| f""z
T 0

32K, Ik |2)K, o (1eal2) Ty 2 (p2)dz

2p

= il . 3.7
|ky|? + 2|kl Ky | + 1ko* + p?

We should remind the reader that the answers for corre-
lators worked out in [10] involve the radial integral:

R;}\I\/E[(lkllr |k2|r |k3|)
2\3/2

- (—) ey gl
ar

X jo 212K, (kg 2K (k2K (K l2)dz

1
AR

(3.8)

Apart from a normalization factor that arises because the
normalizable mode in the transition amplitude is normal-
ized differently compared to the bulk-boundary propaga-
tors, the answers for transition amplitudes and correlators
are related by the following simple substitution in the term
that comes from the radial integral:
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1
R™M(kql, 1kl |pl) = ﬁ(RE&“(Ile k2|, —ilpl)

— Ryt (ki k2l il pl). 3.9)
The tensor structures that we need to compute is given
by

i

T; = R™(|kyl, k5|, p) ﬁ{(fl c€)(ky —ky) - €

+ (2€; - ky)(€1 - €3) — 2(€1 - ky)(€; - €3)}.  (3.10)
(Here the dependence of T on the momenta and polar-
izations is not shown explicitly although we are using the
subscript 3 to remind the reader that this is a three-point
function and the superscript * to indicate that this is a
transition amplitude.) Except for the radial part, which is
modified as explained above, the spinor expressions that
we obtain from polarization contractions are the same as
the expressions for correlators in [10].

1. ++— Amplitude

We use the polarization vectors given in Sec. II. Notice
that there is a leading factor of % from the interaction

vertex that gets multiplied with the norm factors from the
denominator of the polarizations. We get another factor of
2 in the denominator when we convert momentum dot
products to spinor contractions. With these observations,
we see that the + + — amplitude is given by

iIR™(|kq|, k51, p)
221k lkz| p

X [ A3+ (o, AL, 404, A

— (AL [ ], A3 P). (3.11)

Ti(+, +, —) = (A1, A2)*(Ag, A3)

Actually each term inside the brackets is proportional to
the same quantity and we can write the whole amplitude in
the flat space MHV form multiplied by a prefactor. To see
this, we note the following relations:

ML+ A + X305 = iE, 07, (3.12)
which leads to
A1 3043, Ap) = —iE,[A), A2]) (3.13)

and similar identities for other pairs of spinors. Moreover,
we also have the identity

<)‘1, )\2></{1» Xz) = _2((k1 'kz) - |k1||kz|)
= (lky| + 1k2])? — (ky + ky)?
= —iE,(p + i(lky| + |ks))).

(3.14)

Substituting this we find that
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—R™(|k, |k»l, p)

Ti(+, + —) = (k] + ip — lkyl)
3 220kl lp !
X (ip + k| = leal)(lky| + ks — ip)
<)_‘]) X2>4

S S 3.15
(A1 (g, A3)XA5, Ap) G-19)

2. +++ Amplitude
The + + + amplitude is given by
pYM
Ti(+, +’+):lR (Ikyl, k51, p)
22lky k2| p
+<)12)):l>[/{2) /\]]<X1,X3>2

(<)_tl: X2>2[A2) )_‘3]()_‘2’ X3>

= 2041, A1, 12 KA, A3)2). (3.16)
After using the identities above, we find that
_pYM
rih 4 ) = KK Kol p)
22lky|lkes | p
X E (A, o)Ay A3XAs, Ay). (3.17)
3. ——— Amplitude
The — — — amplitude is related to the + + + ampli-
tude by parity and is given by
. _ —R™M(lkyl, [k, p)
T3(_’ > _) -
22lky k| p
X E (A1, A Ay, A3)As, Ap). (3.18)

4. ——+ Amplitude

The — — + amplitude is related to the + + — ampli-
tude by parity and is given by

_ —R™(|kq], |k3l, p)

Ti(— — +) = (lky| +ip — |kql)
3 2Wolkillkslp !
X (ip + lky| — k) (Iky| + ks — ip)
4
(A Ag) (3.19)

<)\l’ /‘2><A2, )\3><)l3’ Al)

The list above covers all possible three-point transition
amplitudes. The amplitude for any other combination of
helicities can be obtained by just cyclically permuting the
spinor expressions, while keeping RYM unchanged.

5. Flat space limit

When the three-point amplitudes are written in the forms
above, it is manifest that the flat space limit described in [9]
holds. Let us remind the reader that in [9], we conjectured
that the n-point conserved-current correlator in 3 dimen-
sions and the flat space gluon-scattering amplitude in
4 dimensions should be related, at tree-level, through
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M(eyky,...€.k,)= lim (Z /9" I)T(el,kl, ...€.k,).
(Snt)o

(3.20)

Here Igm are the on-shell four-dimensional vectors pro-
duced by taking the three-dimensional vector k,, and
appending its norm to form the four-dimensional vector
km = {kp, ilky}

Now, as we mentioned above, to compute correlators
rather than transition amplitudes all we need to do is to
replace R™ above with R}) defined in (3.8).

For example, looking at the + + — correlator (the — —
+ case works in exactly the same way), we see that

242 (A, Ay

T\(‘i‘, +, _) Y P — — —. (321)
’ E=0 E, (A1 A Ag, A3)(As, Ap)
This is because at £, = 0, we can replace W =

—2i and so the numerator in RY}) neatly cancels with the
denominator leaving behind the factor of Ei . Of course this
P

is multiplied with the famous 3-point gluon amplitude in
four dimensions, which is precisely what we expect from
our flat-space conjecture.

B. Gravity

We now turn to the computation of three-point transition
amplitudes in the pure gravity theory, using the Hilbert
action in the bulk. Just as we found above, we find that the
answers for transition amplitudes are very similar to the
answers for correlators, except that the part of the answer
that comes from the radial integral over the bulk-boundary
propagators gets modified as in (3.9).

The bulk to boundary propagator for gravity is given by
the expression:

€;i . 2
hij(e k. x, 7) = = ([k|z)¥/2e™ XJ;K3/2(|k|z)

NN

= (1 + |klz)e Wlzeikx
z

(3.22)

It is important to note that in (3.22), both indices on h are

lowered. If one index had been raised the leading factor of

le would be absent. As explained above, this form of the

bulk to boundary propagator is correct for spacelike mo-
mentum k - k > 0. For timelike momentum, we should
analytically continue the expression above while taking
|k| to have a negative imaginary part.

The careful reader might note that we have an extra factor
of 24/2. This is present because our polarization vectors
are unconventionally normalized as shown in (2.16) so that
€ (k) - € (k) = 2. This normalization is convenient because
below we will extend momentum vectors by their polarizations
and this helps remove factors of \/5 there; however these factors
sometimes reappear in final results as above.
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When we refer to the ““normalizable mode” that enters
transition amplitudes, we are referring to the solution
1 4
hij(e k, x, z) = Z—Zeijz3/2.]3/2(|k|z)e’k’x. (3.23)
This is because it is this term that naturally enters the bulk
to bulk propagator. We will have to be careful about these

different normalizations when we compare correlators to
transition amplitudes below.

1. Interaction vertices

To obtain the three-point gravity transition amplitude,
we first need to expand the Hilbert action out to third order
in fluctuations.® The computations in this subsection were
performed using the excellent program Xact [13] that
allowed us to automate the tensor manipulations below.

We start with the cubic action given in [14]

—1 1
S = T3 /\/Igl(vﬂ,, - ng,V)h‘“’, (3.24)
where
Ry = —vp(hw(wh; + VVhly — V h*"))
1
+ V?(hPN ¥ h,,) + E(VMh; + V?hy
1
- Vph“”)vph“”gab — EV“hPUV”h"”
+ Vphﬁvph‘”’ ~V, hhVPho?, (3.25)

This term still contains various terms with a double
derivative. To remove these we need to add the two-

derivative terms
|

(V/,LV

— 1h1vV

w'tpo

- %guvv)hﬂy —B= %ngg,u,Vhp{Tvchptrvdh'uV + %g“lg,uuh'u’yvch

PHYSICAL REVIEW D 85, 126008 (2012)

1
B=- EnggWVd(h/’“”hp"VChp(,) + V,(h*"hPN ,h, )

1
+ 5 ngg'qup(h/LVhp(Tvchd”)

|
+ Egcdg,uuvp(hﬂyhpo—vdhcn')
=V, (h*"h*?N yh,e) — V(W PN b, )

1
- EnggWVp(h“"hP"Vghcd) + V,(h* 7N s h,,,).

(3.26)

Here, we should note that although in position space
these terms can only give a delta function contribution
to boundary correlators, we could have been worried
about them in momentum space. This is because the
recursion relations involve multiplying two three-point
functions in momentum space, or convoluting two
three-point functions in position space; in this manner
what was a delta function contribution may become
important. However, fortuitously, when we evaluate this
boundary term on linearized solutions to the equations of
motion in the gauge

ho® =0, hiy =0, (3.27)

and on-shell, so that

3, =0, (3.28)

the boundary terms in B genuinely vanish upon integra-
tion. We find then that

Y h?? — h?oV h

w'po

V, hv

po

vyhptf - %ngg,u,Vhpavchda'vphMV - %ngg,u,Vhpo-vdhca'vph#V

+ 1PV gV Y = REYN B, oV 1P — e, gg h# YN By VP R
— 1e,,8%08 PV yh o, VPR + Yg kYN L, VPR + Lg RV, VP R

vup

+ 10,808, PV Jhe g VPR — Yo hEVN B, VPR — Ygedg BN B NP R,

ptpy

+ BB b, VPR, + g%l hPTN RN hey + A, hEYNP R N b,

ptpo

— hPoN b Gy, — hEYNPRT N G,

2
(3.29)

We write this term out in detail because this is what we would have to use if we were to try and compute an exchange
Feynman diagram. Fortunately, in our method we only need the on-shell three-point function. When we impose just the
traceless conditions from (3.27), we find a remarkable simplification:

4%

ny

—V,h,,V7h,”).

- %gw,V)h’“’ —B= —hW(gv#thth ++V*h, V,h,” =2V, h,,V7h,” +V, h,,Vh, "

(3.30)

Mt is possible to obtain the three-point on-shell amplitude without going through this process, and by using the flat space result, as
was done in [12]. Our approach is more direct. It also has the advantage that it helps us keep track of the boundary terms that we are
adding to the action. It also lets us see how the on-shell computation is much simpler than using Feynman rules.
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We now convert all covariant derivatives to partial derivatives using the connection coefficients (3.5), and again impose
the tracelessness condition on 4. This leads to

(Viw = L8, VIREY = B = 4R, h® hyye — 309,190, h g — D9 B0y ghe (3.31)

+ 209, h, 09h,¢ — h® 0 hyy0%h,¢ + hed 4hy, 0%h,C + 2zh,Che dohy,. (3.32)

If we now also use the on-shell condition d,h%® = 0, then the third term in the first line above [Eq. (3.31)] drops out. This
results in

(V - %gMVV)hMV —B= 4hachabl’lbc - %h“béahc‘iabhcd + Zhababhcdadhac - h“béchbdadhac + h“bédhbcédhac

3%

+ 2zh,Ch gy (3.33)
By adding another total derivative term, which vanishes on-shell we find
(Viw = 38, VIW* = B + 0 .(h*P hygd 4h) = 4h, hhye — 3020, hM0pheg + 30 0yhegd?h, + h* 9 4y 0% h,

+ 220, h dghy,. (3.34)

We can make this even simpler and get rid of the z derivatives, if we remember that in (3.24), this term is multiplied by

Jg= Zd%l Now,

1
Zd—+1(4hachabhbc + h“b(?dhbcadhac + 2Zhachabaohbc)
1 cpapb 2 ijpa b c 41b hi a 3pcpa h[g
- ZdTl 4hahbhc + Z ')’] hbai(hc)ajha + Z haao ? aOhc + 2Z hahba() ?

1 3 1 1
= —(zzn”hzai(hf’.)ajh; + Ezzao(hghgaoh‘j) - §z2h2h;‘aghg)

Zd+l
y y 1 1
= 5T 719,(h$hba;ng) + 571 hehim ;0 hG + an(z?l hgh;aohz>
1 1
= - 5 hZhZ%(ZdTI aoh?) (335)

However, on-shell, & precisely satisfies the equation (see, for example, the detailed review of perturbation theory in [15])
1 a ij c 1 c 1 a

After recalling the factor of %‘ in (3.24), this leads to the following expression for the three-point function.

F7T
T(el,kl,EZ,kz,e3,k3)=Z/Zd__1

1 1
F,= (Z(e,,l.k,,z)(e,,l.k,,_,)(e,,z. €:,) — E(e,,l.k,,z)(e,,l.e,,S)(e,,z.kﬂS)(eﬂz. Gm))
X ¢ (ky|2) p(lk2]2) p(lks|2), (3.37)
where 7 runs over the permutation group of 3 elements and ¢ is the radial part of the wave-function defined by
hi(e k. x, z) = 220’ e e ;e™ > P(|kl2), (3.38)

with the linearized solutions h; defined in (3.22). Note that ¢ carries information about whether any of the wave functions
we are using is normalizable.

2. Answers for three-point stress tensor transition amplitudes

Let us now compute the three-point transition amplitudes of the stress-tensor that we need to compute four-point
correlators. First we need the radial integral; this gives a polarization-independent part of the answer, which is then
multiplied by some function that depends on the polarizations.
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The radial integral gives us

R (|kyl, |k2l, p)

dz
- f Blkilo)d(kalo)b k) S
2
— 2 (ke Iy ]2
ar
dz
X '[2_2Z3/2K3/2(|k1|Z)Z3/2K3/2(|k2|Z)Z3/2J3/2(PZ)

Pk + dlkalliy | + [yl + )2
(Iky|* + 21k, | lkq | + [Ky|* + p?)?

(3.39)

The prefactor that enters the correlator was calculated in
[10] and is given by:

R\ (IKkql, 1k5), [K3l)

2 3/2
- (—|k1||k2||k3|)
ar

w1
Xf() ?Z3/2K3/2(|k1|Z)Z3/2K3/2(|k2|Z)Z3/2K3/2(|k3|1)

LA
= - + lkyl + lea| + ks
(heal + Mol + ThgD? 0 72 0
 Nkallky| + lksllka| + 1kyllks]

[kq| + 1ka| + |ks]

(3.40)

The radial integral for the transition amplitude is conver-
gent but, in the case of the correlator, it is divergent; the
value in (3.40) comes from cutting it off at z = € and
picking up the €° piece. In this respect, transition ampli-
tudes are nicer than correlators. We discuss this in some
more detail below.

Apart from an overall normalization, which appears
because the normalizable mode is normalized differently
from the bulk-boundary propagator, note that the answer
for the radial integral that enters the transition amplitude is
closely related to the term that enters the correlator:

2 . .
RE(|kyl, k), p) = _,\/7_:,, G2 (Roy(ky, ks, ip)

— Ry (lkyl, [k3l, —ip)). (3.41)
We adopt the same notation as (3.6) for the variable E,.
With this definition, we find that, except for the part the
comes from the radial integrals, the graviton transition
amplitudes can be written as the ‘“‘square” of the gauge
boson amplitudes explored in the previous subsection.

+ + — Amplitude Let us consider the first term in the
sum over permutations of (3.37), and take particles 1 and 2
to have positive helicity, and particle 3 to have negative
helicity. Then we find
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_ _Rgr(kl»kb p)
B 16l Pl P2
1 21°Pp

-1 - - - 1 - -
x (Tul, Tl s A5] =51 AsK, A3>). (3.42)

AL A AL A dAL A3 T[4, AP

Then, after summing over permutations and using the
identities of III A1 we find that the + + — amplitude is
given by:

RE(|kq|, ||, p) .
SR 2 D) ey + ip — [y ])?
32|k1|2|k2|2p2 (l 2| p | ll)

X (ip + kgl — k)2 (|ky| + |kp| — ip)?

T;(_’_r +) _) =

Ap Ayt
(_ _<_1 _2>_ _) (3.43)
(AL XAy, A3)A3, Ap)
+ + + Amplitude The + + + amplitude is given by
Rgr(|k1|, |k2|, P)

Ti(+, +, +) = —— 2 07
) T S Pk
X EZ((Ay, o)Ay, A3)X(As, A1))2 (3.44)
— — — Amplitude The — — — amplitude is related to
the + + + amplitude by parity and is given by
% Rgr(lkll) |k2|) p)
T3(= = —) = 20012 2
32|ky |2 |* p
X EZ((Ar, XA, As)(As, AP (3.45)
— — + Amplitude The — — + amplitude is related to

the + + — amplitude by parity and is given by

R (|ky|, k5], p) .
=—— (k| +ip — |kyl)?
32|k1|2|k2|2p2 (l 2| p | ll)

X (ip + lky| = lka])*(Jkq| + |kz| — ip)?

Ti(=, = +)

4
( (A, 1) ) (3.46)
(A1 A2)(Ag, A3)(A3, Ap)

One point that might cause some confusion is the asym-
metry between p and — p in the formulae above. This asym-
metry arises from the choice of polarization-vectors, which
require us to choose a sign for the norm of the third momen-
tum. However, recall that in obtaining the four-point function
we always sum over the polarizations of the intermediate
state, and in doing this, the asymmetry will disappear.

No divergences from the boundary

A common property of AdS/CFT correlators in momen-
tum space is that they must be regulated to get rid of
divergences from the boundary at z = 0. This is true of
the correlation function computations of [10] and also
of (3.40). However, it is remarkable that simple power
counting tells us that the radial integrals that enter transi-
tion amplitudes are convergent.

This is clear from (3.37). A non-normalizable wave-
function behaves like z° near the boundary (this is true
provided one index is raised and another is lowered), while
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the normalizable mode behaves like z3. Although we
would have obtained a Z% from the /=g factor, we also
get one factors of z> that comes from the inverse metric
required to contract the derivatives in the interaction ver-
tex. Consequently, the integrand F ;. in (3.37) goes like z
near the boundary, and leads to a convergent integral.

This removes a possible complication in using the
recursion relations. The computation of the four-point func-
tion involves the product of two transition amplitudes. So,
naively one might have worried a % term from one amplitude
could have combined with a € term from another amplitude
to give a finite contribution. there are no % terms at all.

3. Flat space limit

In [9], we conjectured that the correlation function of the
stress tensor and the graviton amplitude should be related,
at tree-level, through

) L Sk
Mey, ky, ...e, k,) Z}}:}:ll_'o (T kDT (n — 1)

X T(el, kl) .. ey, kn)

(3.47)

Just as in the conserved-current case l«:,m are on-shell
four-dimensional vectors produced related to the three-
dimensional vectors through k,,, = {k,, ilk,,|}

To compute correlators rather than transition amplitudes
all we need to do is to replace R by R$,; defined in (3.40).
With this replacement, let us consider the + + — stress
tensor correlator. We see that when we take E »— 0, the
correlator becomes

2|kl||kz||ks|(
2
Ej

Ayt )2
(A1, A X(Aa, A3XA3, A
(3.48)

T++7 —

which is consistent with our conjecture.

On the other hand, if we consider the correlator,
then we find that it has no pole at £, = 0 at all, which
reflects that fact that the all-plus graviton scattering am-
plitude vanishes for the Hilbert action.

Note that as we explained in [9], flat space S-matrix
elements can be extracted even if we go beyond the Hilbert
action. For example if we compute correlation functions
using a W3 action in flat space, this gives a nonzero all-plus
scattering amplitude. Corresponding to this, the W3 action
gives a correlator in Ads, that has a singularity of order E16,.
(See Eq. 2.18 of [10].)

TH++

IV. FORMULAS FOR FOUR-POINT FUNCTIONS

We will now use the recursion relations developed in [9]
to write down formulas for the four-point functions of
stress tensors and currents. This process proceeds in the
following steps. First, we describe, in detail, a one-
parameter deformation of each external momentum by a
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null vector with the property that it preserves the norm of
the momentum. The analytic properties of the correlator
under this extension can be used to obtain recursion rela-
tions for the four-point function in terms of deformed
three-point functions; we describe this procedure next. In
the next section we evaluate these formulas for correlators
of both the stress tensor and conserved currents and verify
that the answers have the correct flat space limit.

A. Extending the momenta

For the four-point function, we start by deforming all
four momenta through

k,—k,+ a,e,w,

4.1)

where there is no sum on the m in the second term. The four
a’s are fixed by the equation

4
z ay€, = 0.
p=1

This has a unique solution up to one complex multiplica-
tive parameter that can be absorbed in the definition of w.

In fact the extension (4.1) can be conveniently rephrased
in terms of spinors. For each momentum, only one of the
spinors—either A,, or A,, is extended—as shown below,

where we use the notation 3,, = l_lc;cml ,
m

4.2)

negative polarization: A,,(w) = A,,;
N 4.3)
positive polarization: A,,(w) = A, + B, A,w;

A, (w) = A,

Explicit Expressions for B, It is quite easy to find
explicit expressions for the 3,, given a set of external
helicities. We enumerate these expressions for different
possible external helicities.

(1) {hy, hy, h3, hy} = {1, —1,1, —1} In terms of the B,,

variables we have the equations:

BiAiA; + Badghy + BaAs Ay + BydgAy =0, (4.4)

Dotting this equation with A4A;, and then A, A5 and
then A,A, we find that

By _ —[ A1, A4 Ay, )_\3>,

Bl </\2’ /\4>[/\2’ )_\3] ’
By _ —[As AJ[As A

Bl [A2’ )_l3:|[)t4r /Ll] ’
ﬁ4 _ _[)_\lr )\2]<le )_\3>

Bi (A AAg A3]

It is this combination of helicities that we will use in
Secs. Vand VI, and all appearances of 3,, in those
sections refer to the quantities defined above.

(4.5)
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(2) {hy, hy, hy, hy} ={1,1,1, —1} We now have the
equations

BidiA + Badady + B3AsAs + Badshy = 0.

(4.6)
This leads to
By _ (Al A
Bi (A2, A A4, A2]
& _ <X1) X2>[/\4’ /X]] . (47)

ﬂl <X3; X2>[)‘4) X:‘ﬁ] ’
& _ (A1, 42></\1, /}3>
Bi [Ag, A2 ][ A4, A5]
(3) {hy, hy, hs, hy} ={1,1,1, 1} This gives rise to

BiAiA + Badady + BiAsAs + ByAgdy =0,

4.8)
which has the solution
By _ (K A )
Bi (A2 M)Ay, A3)
By _ _ (A A, Ay 9)

B (A3, Ag)(As, Ay)
Bs _ (A XAy, &)
B (A o)A &)
All other helicity combinations can be obtained

through interchanges in the expressions above or
using parity.

B. Recursion relations

With this extension, we can now write down the recur-
sion relations derived in [9]. However, when the boundary
J
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dimension is odd, as it is in this case, we find an important
simplification. To see this we rewrite the expression for the
bulk to bulk propagator given in [15,16] and used in [9] as
follows:

G (k. 2. 2)

) n1/2 l .. .Sab
:f —ipdp[(ZZ) J12(p2)J1 )2 (p)T ;6 ]

0 (k> + p* — i€)
_ [oo —2idp [sin(pz) sin(pz’)’f,-jé”b]
o (k* + p* — ie)
_ [oo —idp[Sin(PZ) sin(pz)T ;8% ]
e T (k* + p* — ie)
1 e (22201 ;2 (p2) 1 jo(p2) T 16
= z . —1ip P[ (k2 + p2 _ ié) :|

(4.10)

Here, we have used the fact that J; , is just a sine function
in disguise, then obsered that the integrand is manifestly
even in p and used this to rewrite the propagator as an
integral from (—o0, c0). The graviton propagator can be
similarly written as an integral over the entire real line,

gy _ [ —idp[ sin(pz) sin(pz’)
Gij,kl [_oo T Z2(Z/)2(k2 + p2 _ iE)
X %(Tiij, + T T j — %)] 4.11)

The advantage of writing the propagator as the third line
of (4.10) is that when we now obtain p-integrals in Witten
diagrams these can be done just through an algebraic
procedure of extracting residues. These simplifications
happen for all odd boundary dimensions. With this obser-
vation the recursion relations of [9], specialized to d = 3,
can be written as:

Tl ki) ka(w) = [ [ STt p) + B ) |

I.(w,p) ==L

_iT2

w—w"(p)

2:2° 4 p? A+ (kg (W) + k(W) w7 (p) — W (p)

T2 = T*(hm’ knl (p), h772’ k'n-z(p)y hint’ kint)T*(_hint» _kint’ hn’y kﬂ3 (p), h7T4’ kﬂ'4(p))-

Here T(h', k'(w), ... h* k*(w)) is the four-point correlator
with momenta k™(w) extended according to (4.1) and
polarization vectors that are specified in terms of the
helicity by (2.15). The T* that appear on the right-hand
sides are three-point transition amplitudes that were com-
puted in Sec. III. As explained in [9], B is a polynomial in
w with coefficients that are rational functions of p; this
term ensures that the p-integral converges and also that the
correlator to have the right behavior at large w. We show

(4.12)

below that we do not need to evaluate this term explicitly
for the four-point function.

The reader should also note that we have a leading
factor of ﬁ in the definition of J, compared to [9].
Here s = 1 for currents and s = 2 for the stress tensor.
The factor of % comes from the fact that our integral runs
over (—oo, 00) instead of (0, ). The second factor of 5
comes from the normalization of our polarization vectors
in (2.16).
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We are actually interested in the original undeformed
correlator, which is recovered by setting w = 0 in (4.12).
We have

iT?
2+ (kg +kg,)?
p 7y 3
wi(p)
w*(p) = w*(p)
Partitions: The recursion relations (4.12) involve a sum
over partitions. For a non-color-ordered amplitude, we

need to sum over three partitions in the four-point function.
These three partitions are

1,00, p)= 5 2S

(4.13)

a, (€ .ky)+ a, (€,.kz)
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7T E {{1’ 2) 3’ 4}’ {1) 3) 2) 4}’ {1) 4) 3’ 2}}' (4'14)

We will also call these partitions the s, ¢, and u partitions
respectively.

w* as a function of p: To use the recursion relations we
need to specify w™ as a function of p. Consider a partition
of the four external legs, described by 7. Then the pole
under the extension (4.1) is at the value of w = w* where

(kyy + 0y € W™ + ko +a, €, w5+ p?=0.
(4.15)

We can write w® = u = v, where we have defined the

auxiliary quantities

u= - )
2, a, (€, €, wi6)
V@ (€, k) + @ (€7, k)P — 40t @7 (€7,-€2) (D7 + (kg + k)
v =
20, a, (€, €,
|
As we will see below, we need to evaluate these expres- . ik, | = kg, | —ip)
sions only at specific values of p and in those cases, they Aine = Az, (W) + Az, (W) [ (w5, A, (w5)]
often simplify considerably. . m o
We should also stress that what is important is that there Xo=—A_ (wh)— ’(lkrrll + |k772| — ’p)/{ (w*).  (4.18)
are two solutions for w, given a value of p. Which solution nt ke Ay, (W5), A, (w5))y ™™ ' '

we call w* and which we call w™ is of no relevance and we
will be somewhat cavalier about this below.

Rational Integrands: The integrands I,.(w, p) in (4.12)
might seem to have square-roots but, in fact, all these
square-roots cancel. This is because of the sum in front,
which takes v < —uv. As a consequence, all the integrands
depend only on even powers of v, which means that there
are no square-roots after accounting for both terms.

Intermediate Spinors: Now, let us consider the spinors
for the intermediate leg. The intermediate momentum is
just

kint =~k - kﬂz(wi) = kﬂ;;(wi) + kﬁ'4(Wi)-

4.17)

(W)

The three-point amplitudes above are written in terms of
spinors. However, the key point is that in choosing a
decomposition of klnt into spinors, we can rescale A, —
aly, and A, — a~'A,, by any complex number « with-
out affecting the final answer. This is because in the
recursion relations above when we have h;, on the left,
we have —h;,, on the right and so Ay, and A, always come
together. Consequently, we can choose the intermediate
spinors using (2.6), and avoid any square-roots.

Other, more covariant looking, choices are possible. For
example one could take

In fact in the calculations of Secs. V and VI, we will
never need the intermediate spinors explicitly. Instead we
will use identities like (5.2) to rewrite expressions that
involve A, like (5.1) as expressions that are free of these
terms like (5.3).

Boundary Term B: Now, we have argued above that the
integrand term in (4.12) is rational and even in p. So,
merely by polynomial division, we can write it in the
following form:

> 10w p

where J\f D, Q are polynomials and 2X 7 dies off at least as
fast as 2 for large p. The fact that Q is polynomial in w

_N@w)

D )+Q( prow), 4.19)

follows from the fact that the highest power of p in D is
independent of w. (Note that 72 is purely a function of p
and the only dependence on w in I _(w, p) comes through
the factors that are explicitly displayed.)

To ensure the convergence of the integral at large p and
the correct behavior of the correlator at large w, we need to
set:

B(p,w) = (4.20)

—Q(p% w) + Y b, (p)w",
where b,,(p) are rational functions of p with a convergent

integral over the real line. For conserved currents, we can
take b,,(p) = O since the correlator vanishes at large w.

126008-11



SUVRAT RAJU

For stress tensor correlators, the behavior of the corre-
lator at large w is completely fixed by the Ward identities
as shown in [9] and we can take the b, (p) to be any
functions that satisfy:

Ty o) = S [ b, (p)ap.
(4.21)

However, we know that the Ward identities contribute only
local terms at large w; in momentum space, this corre-
sponds to terms that are analytic in at least two momenta.
These terms are not themselves of physical interest and so,
at the level of the four-point function, we can just forget
about the b,, functions.

Algebraic Evaluation of the p Integral: We now show
that the entire p integral can be done just by picking out
residues of the integrand at prespecified poles. Now that we
have dealt with the behavior of the integrand at large w, we
will specialize to w = 0 for simplicity.

Since, with the addition of B the integrand vanishes at
large p by construction, we can close the contour through
either the upper or the lower half plane. This leaves us just
with the task of evaluating some residues. In fact we do not
need to evaluate @ explicitly either:

© N(p> w)

= D w) o

dp = 2mi Z Res[/,(w, p)],

poles

where we sum over the poles of the integrand at finite p in
the upper half plane.

Second, it is, in fact, quite easy to specify the locations
of all poles in the integrand. There are two sources of
poles: (a) the poles in the three-point function where
p = *i(lk; | + |k,|) (b) the pole where the propagator
vanishes p? + (k,, + k,,)* = 0.

So, for each partition 7, there are exactly three poles in
the upper half plane. This set is given by:

P =Aillkn,| + kg, D), illk | + kg, D), iy (kg + k)
(4.23)

This leads to our final formula for the four-point func-
tion:

T(h', k', ... h* k%) =27 > Res,_,[1,0 p)]

™ pOETW

(4.24)

Here I(0, p) is specified in (4.13). The three-point transi-
tion amplitudes that appear there are specified in Sec. III,
with intermediate momenta and spinors given by (4.17)
and (4.18). Moreover, w™=(p) is specified by (4.15), the set
of partitions 7 is specified by (4.14), and the set of poles P
is specified by (4.23).
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This leads to a straightforward algorithm that is imple-
mented in the attached Mathematica code [11]. We also
evaluate this formula in several cases below.

An Aside: Before we conclude this section, let us
comment briefly on the various kinds of terms that appear
in the formula above. First, note that the residue at p =
i(lk | + kg,|) or p=i(lk,,| + |kg,|) is a rational func-
tion of the external spinors. This is guaranteed since /,; is a
rational function and so is the location of the pole.
Furthermore, the analysis of [9] (and our explicit compu-
tations below) tells us that when we take the flat space
limit, it is these two terms that give us the correct singu-
larity in the final answer.

On the other hand the last entry in the set (4.23) is not
important in the flat space limit. It also has a different
analytic structure, and it can be written as a rational func-
tion of the external spinors and the norms of the sums of
momenta. If we choose to write it purely as a function of
the original spinors then we get square-roots in this term,
which arise because the location of the pole involves a
square root.

However, this term has an interesting relation to the
operator product expansion that we should mention.
First, it is easy to check that for this pole one of the possible
solutions for w*(p) is just w~ = 0. (There is another
solution to (4.15) but since one solution is O this does not

s

contribute due to the —7*— factor in front of the inte-

grand.) The residue at this pole is merely:

270 T*(hy, Kogy, B Koy, i Koy + ki)
him

. i
X Ty, Koy o ey i e, i) S
Now the correlator is obtained by contracting the bulk

vertices with a bulk-boundary propagator. From the rela-
tions between Bessel functions:

—2i

2 J,(pz)= 7pr(—ipz)”KV(—ipz) —iz"N,(pz2),

(4.25)

it is easy to check that one term in the transition amplitude
is the correlator:

T*(hl’ kﬁl’ h2: kﬂzr hinty k’ﬂ'l + kn-z)

.2 T(h’l’kﬂ'l’h2’k’ﬂ'2’hiﬂt’kﬂ'l +k172)
= :
V’iT (ilk s, +kg])”

+... (4.26)

where v = %for currents and v = %for the stress tensor and
where ... is the term that comes from the Neumann func-
tion above. So we see that one term in our final answer is
exactly the product of the three-point functions divided by
the two point function as predicted by the operator product
expansion.

We should emphasize that although this conformal block
drops out in the flat space limit, the Witten diagram
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involving the exchange of a graviton does not. The flat
space limit of [9] was derived diagram by diagram; so the
exchange Witten diagram goes over to the flat space ex-
change diagram. This is consistent because the exchange
Witten diagram involves more than just the conformal
block of the stress-tensor (as is discussed, for example,
in section 6.4 of [17]) and so it survives in the flat space
limit.

Here should caution the reader that although the pole at
p = ilk;, + k,,| accounts for the contribution of the con-
formal block of the stress tensor or the conserved current
itself, we have not shown that the remainder of the corre-
lator including the ... in (4.26) and the contribution from
the other poles can be exactly accounted for by the con-
tribution of all double trace operators.4 This deserves some
further study.

V. MHV CORRELATORS FOR
CONSERVED CURRENTS

In this section, we will expand the formula above in
terms of spinors for the four-point function of currents.
We start by analyzing the color-ordered MHV correlator
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+ — + —, and then describe the full (i.e. non-color-
ordered) MHV correlator. Although the calculations below
might seem tedious, our final answer for the color-ordered
MHYV correlator is quite simple and is given in (5.16). The
expressions below are also implemented in the attached
Mathematica program [11], which may be useful while
following this analysis. We show, explicitly, for both the
color-ordered and full MHV amplitude that taking the flat
space limit just leads to the Parke-Taylor formula for four-
gluon scattering.

A. Color-Ordered MHYV Correlator

To obtain the color-ordered amplitude we only need to
sum over two partitions: the (12)(34) partition and the (41)
(23) partition.

Let us start by analyzing the (12)(34) partition, which
we will call the ““s” partition. In fact the *““t” partition: (14)
(23) is just obtalned by taking all the results here and
interchanging 2 < 4. So that will not require a separate
calculation.

Let us expand out the three-point functions that appear
in the formula above. Doing this, we find:

_ o [R™Mkyl, ks, p) . , _ . R™M(lks), eyl —p) o
I —Z{ NI (Ikal + ip = ki D(ip + lky| = koD (Ko | + lk2] = ip) 2 alkallkalp (14l |k31)
. _ . <X1’ _1nt>3 </\4’ 1nt>
(il = sl el + )] (05— s s T )
</\2r 1nt>3 <)t3’ 1nt> l Lp W;
(e e s T Lo e o N3 T e v = G-
We can simplify by expanding out RY™ and also recognizing that
M WHA + 1WF) + Ay Ay = i(lkq| + |ky| + ip)o. (5.2)
This leads to
_ Z{(|k2| +ip — k1 )ip + lke| = k) (k3| + ip — lkq)(ip + |k4l — |K3])
T 1677|ky|1ko||k3| kgl (1kq| + 1ka| + ip)(ksl + kgl — ip)
[ (A1 L (WH)K Ay, Ay) + PEZ Ay, Ay))°
(A1 AW A, 3w )X A (w ™), L XA (W), As(w™)) — iEZ[A3(w™), A (w™)])
(A2, A (W)X, Ap) + EF [, A3))° ]
</\ (W), A)A (W), XA (W), L (W) + ER[A (w™), Ay(w™) A3, A4(w™))
_l W+
x p*+ (ky + kp)? w™ — w:}' (5-3)
where we have defined
EY' =ip + lky| + lky, | G4

“There is, of course, an infinite sequence of such double trace operators whose exact spectrum can be easily worked out using character
decomposition [18]. For example, below conformal weight 8, we find the spectrum of double trace operators of the stress tensor [in the notation
(weight, spin)]: (6,0) ® (6, 1) @ (6,2) ® (6,3) @ (6,4) ® (7,0)® (7, 1) ® (7,2) ® (7,3) ®2(7,4) & (7, 5).
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As we described in Sec. 1V, it is clear that there are two
kinds of poles that appear in J,. One type is the pole that
appears from the constituent three-point amplitudes: the
existence of such a pole is required by the fact that the
three-point amplitude must have the correct flat space limit
i.e. the flat space three-point amplitude must appear as the
coefficient of singularities at ip + |k¢| + |k3] = 0 and
ip + k3| + |k4] = 0. The second kind of pole appears
when the propagator factor above p? + (ky + k,)?
vanishes.

Poles from the three-point amplitude: We have written
the expression above so that it is very easy to extract the
pole at E;? = 0. First, let us note that when E;? = 0, the
value of w*(p) simplifies. Denoting this value by w*(p =
i(lky| + |k5])) = wy,, we have

(A + BIAWEA + Ay + Brhaw?))? = 0. (5.5)
This condition requires either

A+ ,31;{1W§, A) =0, or (A, A+ B2X2W;:l> =0.

(5.6)
These equations are solved by
Ay A
Biws, = ), (5.7)
[A2 A4]
or
_ <)_‘l’ )_‘2>
Bows, = — = . (5.8)
? [)‘l’ )‘2]

We remind the reader that the 3,, are given by (4.5).

To proceed further we recognize that at the pole wy the
second line of the big square bracket in (5.3), which
corresponds to h;, = —1, vanishes. So we only need to
evaluate the first line in the big square bracket at the point
where E}? = 0.

Some short calculations tell us that, the propagator
factor simplifies

i Wy,
—(lhey| + ko) + (y + kp) wy, — wy,

S

_ i wy _ 1
A AL A wi, —wi (A, A(wi)XA, Ay

5.9)

Another short calculation tells us that
[/\1) Xl]
2 -,
[/\2) /\l]
AL A3l A+ [Ag, Ayl — iET
A3(wj])=[ 1 As] [4_ 4] =i A
(A2, A5]
[Ag, Ay]— iET
(A4 A5]

/\I(W; = A

(5.10)

-\
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Plugging these factors in, we find that

(2mi)ReS (1t | +1k, ) [1s(P)]

_ E™%3 (g, A A4 1310 A3 T[4, A ] (5.11)
4|k3||k4||k1| E12’34<)11, )\2>ET .
+ (A]J )lz, )\3) A4) - ()_‘2: X]) X4, )_\’5) (512)

Here in (5.12) we have recognized that the contribution

from (5.8) is just obtained by the interchange indicated.
Poles from the propagator: We now turn to the second

kind of pole, which comes when the propagator vanishes.

When p? + (k; + k;)> = 0, one of the solutions—which
we will denote by w™ (v/(k; + k;)?)—is just 0. The other
solution is complicated, but it does not contribute to the

answer at all; the factor —*—— that appears in (5.3) van-
w w

ishes since w~ = 0 at this value of p.

‘ﬂ' N = (ZWi)ReSP=i /(k1+k2)2[18(p)]
l'El,ZA'EZ, lsE4,3sE3,4s

= . 5.13
16E12'SE34S|k1 + k2| ( )
[ (g, X3, Ay + PE'>5[ Ay, A3])°
(A1 A5, 4T, 29X Ay, Ag) + PE">5(Ay, Ay))
(5.14)

(<i\4, flz)(xp A2) "‘_iE_lz‘S[M, & _ ]
(Ags 301, YA, A3XAg, Ay) — EE'5[ A5, L) ]
(5.15)

As we mentioned above, this residue is quite interesting
since it contributes exactly the product of the undeformed
transition amplitude on the left and the right. This contains
the contribution of the conformal block of the current itself
and is consistent with what we would expect from the
operator product expansion applied in momentum space.
However, we repeat the caveat that it is necessary to also
show that the remaining terms are consistent with the
contribution of double trace operators.

1. Final answer for the color-ordered current correlator

The final answer for the color-ordered MHV current
correlator can now just be obtained by interchanges from
the answer above. The answer for the four-point amplitude
is given by

T+_+_(k1, kz, k3, k4) - i + JZL

o (5.16)

where F is the term with a pole that corresponds to the flat
space limit and A is an intrinsically AdS term that would
vanish in flat space. We have,
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F = E'243 </\2’ )\4>[)l4, X3][/\2, )_13][/\2, X1]
4|k3||k4||k1| E12’34</\1, )\2>
(5.17)
+ (A A A, Ag) = (A, A, Ay, A3) (5.18)
+ (A1 A2 A3, A, A, Ay, As, Ay)
- (A3) )\4’ A'l) /\2) /X3! )_14, )_\l) )12) (519)
+ (A, Ay A3, A, A, Ay, A3, Ay)
= (A A3, Ao, Ay, Ay A3, Ay, Al)] (5.20)
+ (A2 Ay) = (Mg, Ay). (5.21)

Note that within the big square bracket, all interchanges
correspond to the expression in (5.17). So, for example to
get (5.20) we take (5.17) and perform the interchanges
indicated. However to get (5.21) we take the whole square
bracket and perform the interchange indicated. For A we
have

A = A+ (A Ay) = (A, Ay), (5.22)

where A is specified in the three lines (5.13), (5.14), and
(5.15). We take all three lines and perform the substitution
indicated.

2. Flat space limit of the answer

We can, quite easily, take the flat space limit of the
answer above. We just need to look at the F term above.
Second, at ET = 0, various spinor identities can be used to
simplify the function.

However, here we will take a different route that is
somewhat more elegant, and also gives us a check on the
final answer. Consider the functions

MMHV(W) _ <)l2, /\4>4
A w), 1045, A3 (W)X A3 (W), Ag)X(Agy A (W)
MMEV () = (At _ _
(A1 (W)X A (W), As XA, Ag(w)XAg(w), Ay)’

(5.23)

where the spinors are extended as above. Note that, as

above, Ay, A4, A, A4 do not change in this extension.
Then (5.17) is actually just proportional to the residue of

MMV (w) at w;, while (5.18) is just proportional to the

residue of MMV (w) at wy, In fact, we have

12341234 A (w), Ay)

(5.17) = lim MMV (),
2lk3| kg ET vy (11(0), A) 5.24
123451234 A, A o

< g 2(W)> MHV

(5.18) = (w),

im
2|k3|lk4| ET w=ws, (A, )\2(0»
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These are true as exact statements without setting E7 = 0.
However, when we set ET = 0, the factor in front of the
limit just becomes 1. Then we can see that by adding
together the various terms in the expression for F, we
will just get the sum of the holomorphic and anti-
holomorphic MHV amplitudes as the residue of the pole
at ET = 0. These amplitudes are, of course, equal in the flat
space limit.

To prove the assertion (5.24), consider the expression for
the integrand (5.1). At the pole wy , we have A;(wy) < A,.
So, the spinor expressions that appear in (5.1) are

</{l’ _mt>3 </\4’ )‘im>3
<)\1, )\z(W )></\2(W s )_\im> <)13(Ws+1), A4 Aing, )\3(Ws+l)>
1

</\1: XAy, A (wih)) (5.25)

where the third term comes from the propagator after using
(5.9).

However, we can write

</il: Xint><A4J Aint) = <A1» AQ(W )><)t4> A2), (5.26)
where we have just used the fact that
)‘mt/\mt A (W+)Al + /\ZAZ(W (527)

Using this to simplify both the numerator and the denomi-
nator we find that the spinor expression becomes

<X1, Xz(WT,»S
<)11, )\2(W+)><A2(W ) )l1>
</\4) A2>\
<)\3(W )/\4><)\1(W )/\z(W )
1
<)11’ XA A (wih))
(Mg Ao
<A1; A XAy (W ) )\3(W )><A3(W ) Ag)
(Agy Ap)*
<A1, M)Ay, /\3(W XAz, /\3(W I Ag, A (W )
(5.28)

(5.25) =

where in the last step we have used the identity that

<)\2, )14></\ (W ) )\3(W ) = <)\ (W ) )\4><)\2, )\3(W ).
(5.29)

Equation (5.24) now follows immediately when we recog-
nize the prefactor that appears in the correlator.

We can now use (5.24) to independently reconstruct an
expression for the amplitude. This is because given the
function M(w) defined in (5.23), we can force it have the
correct residues at the four poles wy, wi, w/, w;.
The simplest way to do this is by Lagrange interpolation.
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We construct the rational function
MASS (1) = MMHY (1) P (1)
MASS (w) = MMEY (1) P~ (w)
w=—wg)w—w)w—w;) E2?34E1243

(W, =wi) Wi —wi)(w, —wiy) 2lks|lky]

E134,2E234, 1

PE(w)=

w=ws)w—wi)(w—w;)
(ws, —wi)wg, —wi ) (wg, —wy) 2lkqllk,]

E134—,2E124,3

(w—ws)w—wg)(w—w;)
(wi; =wi)wy, —wi )(wi, —wy) 2lks| k]

E134,2E234,1

(w—w5)w—wg)(w—w)
(wp, —wi))wi, —wi)wg, —wy) 2lkyllky|

(5.30)

P*(w) is a Lagrange polynomial with the property that
modulates the residues of MMHV(w) to produce the correct
residues required in MA95(w). Note that MA95(w) still has
the desired falloff at infinity because MMHV(w) — L at
large w and P*(w) — w? at large w.

In terms of these functions, we have

F = MAS(0) + MASS(0). (5.31)
In the flat space limit, we have the identity
Ptw)=P (w)=2, atET =0. (5.32)
So, it is clear that in the flat space limit, we have
4 4 —
T+7+7 — _MMHV — _MMHV’ 5.33
=0 ET ET (5.33)

which is exactly what we expect from the flat space
conjecture.’

Finally we notice that this method provides a check on
our answer in (5.17). We can now do some algebra given
the explicit positions of the poles. We have already com-
puted the values of wsil in (5.7) and all other poles are given
by obvious substitutions in those equations. For example,
we have

(A4 A)
[)14, )_\3]’

Biwh = (5.34)

7= Z{RYM(lle k3, p) R"™(Iky, kyl, p)
! + 2\/§|k1||k3|19 2\/§|k2”k4|]9
<)_‘l: /{3>3
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_ (A3, Ag)
Wy = — . (5.35)
Five = " nl
We see that
o -1
D1 A
sz <A§,A3><AZ,A'3> +1
_ (Ag, A3)[Ar, As] i}
(A2, AD[ A4, A1+ (Ag, A3)[ A0, A5]
(g, A A2, A3 ]
== 5.36
i(Ag, Ag)E'>3 (5-36)
Similarly,
1 -
Ay, A [(Ay, A
o =[ 2 A Ay _1>’ (5.37)
W -1 <)\2, )t4>[/\1, /\1]
and
1 -
_ [As, A3)(An, A3)
LT AEB 439

)

‘We can now substitute (5.36), (5.37), and (5.38) in (5.31)
and (5.30) to recover our expression for F.

E124,3

— <)l2’ /\4>[A41 )_\3][/\2r /{3][)121 )_‘1] +
43| lFey||Keq | o

(E">¥)(A1, Ag)

F
(5.39)

where the . .. indicate the various interchanges indicated in
(5.18), (5.19), (5.20), and (5.21). This matches precisely
with our previous answer.

B. Full MHYV amplitude

To evaluate the full MHV amplitude we also need to
consider the (13)(24) partition, which we will call the “u”
partition. With the value of w being given by (4.15), we can
write down an expression for the integrand.

[(|k1| +ip = lk3))?(ip + lks| — [kq))(Iky| + ksl — ip)(kgl + ip — |ks|)

(Ag, Ap)°

X (ip + |ky| — lkgl)(|ka| + k4l + ip)

T EREX )Xy AR A DA AdAos A s Aim»]}

<X1: )_tint></i3, Xint> </\2’ /\int></\4’ Aint>

¥

1 ip w
4 (p* + (ky + k3)?) wr —w™’

(5.40)

5The extra factor of 4 comes, once again, from the unconventional normalization of our polarization vectors.
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We can now simplify this, as above by using the identities

MAL+ M43 + Ay Ay = iE 03, (5.41)
Aoy + A dy = A A = (E®, 07 (5.42)

Rewriting terms that involve | A, ){A;,| using this, we find:

—i kil tip — |ks3l)(p + |3l — k)4l +ip — |k
L3 Ul i Wi+l Dl i~ Vo) 543
= L167lky | i |3 iy (E;)(E™)
N (ip + |kz|__ |k4|)<)51, /33>3</\2, Ay ) (5.44)
(A1, 3600, 13(w* (p)) + iER[ A LD (A5, A X Ag, Ay (W™ (p))) + IES[ A3, Ay))
(A1 A3XAg, A (A, A (W)X Ay, Ay) + iEX [ A5, Ay)) (5.45)
(Iky| + lks| = ip)(lkal + lkgl + ip) '
For oo+ oA T 1 w*
X (X1, Ay Ay, Ag) + B2 K, )\2])] X T Wi}. (5.46)
We now see that at the pole E[lf = 0, only the term with A;,, = —1 contributes with
—j E1234 1342 Ay, A Wi
T, = (2mi)Res,—; [1.]=—+ SV s — = (5.47)
! prialriiad 2 ETlkallkal S (o, As(wig YA A1 (v )AL, As) wi, = wi
Here wui1 are the two solutions to the quadratic equation
Mwir), A3(wii)) = 0. (5.48)

Although these individual solutions involve square-roots as we have pointed out above, we are always summing over both
solutions, which gets rid of all the roots and leaves us with a rational function of the spinors. The reader may, if she prefers,
easily use this to rewrite (5.47) as a rational function of the unextended spinors.

From the formula for the integrand above, it is easier to extract the residue at p = —i(|k,| + |k4|), which is, in any case,
the same as the residue at p = i(lk,| + |k4]) since the integrand is even in p. To do this, we write (5.44) using (5.42). [We
can also extract the residue at Ef,“ directly using (5.45) and (5.46) but that is less convenient.] When we do this we find that

—j E1243 2341 A, A W
T, =(mi)Res,_; I]=I[T, o530 =— T e - 5.49
U, (27ri) P l(|k2|+|k4|)[ u] [ ul]l 2,34 ) ET|k3||k1| - <)\1,A4(W;72)><)\3,)t2(w,72)><)\2, )\4>le2 _W;z ( )
where w;; are defined by the quadratic equation (Ay(wy,), Ay(w;)) = 0.
The full amplitude also involves the pole at p = i|k; + k3|. This is given by
Tu3 = (ZWi)Resp=i|k1+k3|[Iu]
_ i [ E3s,1E1s,3E4,sZE2,s4<X1, X3>3</\2’ /\4>3
161k |lkea| ksl lkgllky + 3l LEE*S((A1, A30(A2, A3) + iEAy, A DA, A XAy, Ap) + iE™[A5, A4])
A, A3, A (A3, o)Ay, Ag) + iEPH A5, A DA, AuX(Ag, Ag) + IE*M A4, A5))
+ E13XE24,S : (550)

The full contribution of this partition is given by T, + T, + T,,.

To get the full MHV current correlator we just need to add the contributions from the s and ¢ partitions that we have
already computed above. One note of caution is that each of these terms now comes with the appropriate color-factor. For
example, the s-channel partition is multiplied by the color-factor £2¢f¢3* and similarly for the ¢ and u channels.
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We see now that the flat space limit is manifest. In analogy to the color-ordered correlators, let us define:

MAS(w) = (MM () P+ (w) + MMV () P~ (w)) f12¢ f34 + (BIMHY () P (w) + MMV P~ (w)) f14e B, (5.51)

Here
~ (A, Ag) ~ MHAV Ay, A3)°
MMHY (3) = ) MMV () = _ = _ —, (5.52)
A (w), A Az, A (W)XA3 (W), Ay (w)) (A Ay W)X A (W), A (W)X Aa(w), A3)
If we adopt the notation:
wy = w, Wy, = W Wy =W Wy, =W, (5.53)
then we can define the P functions using
B (w)= w=—wy)w—wH)w—w)) EZ4E342 w=—wi)w—whHw—w)) EZ4342
W)=
(wy, =wi)wy, —w ) (wy, — W,Z) 2kallkgl  (wy, = wy) )(wy, —w/)(wy, — W,Z) 2lk; ||k
(w—wh)w—wi)w—w) EM¥3EI3%2 (w wih)w—wh)(w—wi) EP41EI234 (5.5
(wy, = wn)(w,, - w),)(w,1 —wip) 2lksllkal (i — wv,)(wt2 - W\Z)(Wtz - Wz,) 2lky [lkey] '
The other interpolating function P~ is defined similarly:
(W)= w=—wy)w—w;)w—w,) EZ3EBI w=—wy)w—w;)w—w,) EZ3EBI
W) = 2
(wy, =wi )y =w)wy = wi) 2lkllks]l  (wy, =wi)(wy, —wi)(wy, —wy) 2|k |ks]
(w—w;)(w—w;)(w—w;) E#3g1342 (w—w Vw—wy)(w—w;) P14 (5.55)
(Wfl WYz)(th WY2)(WI1 le) 2|k3||k2| (W;2 - Wy])(wtz Wyz)(wtz Wz,) VAL .

It is this term evaluated at w = 0—MA95(0)—that plays the role that F played in (5.16). Just as in the case above, near
ET = 0, we find that P* = 2. So the full MHV amplitude (including contributions from other partitions) goes like:

% (MMHV(O)fIZefe34 + MMHV(O)fMefeB) + ...

where . .. are terms that are nonsingular at ET = 0. This is exactly what we need.

VI. MHV CORRELATORS FOR THE STRESS TENSOR

We now turn to correlation functions of the stress tensor. Our objective in this section is to write out the formula (4.24)
explicitly in terms of spinors and check that the MHV graviton amplitude appears in the flat space limit. We will achieve this
in two steps. First we expand out the integrand that appears in (4.24). Then we expand out the residues that appear in that
formula. The procedure for writing down the integrand is almost identical to the case of conserved currents. However, there
is one important difference in the final result; this is the fact that the poles that appear from the three-point amplitudes are now
double poles. Consequently, to extract the residue we need to take a derivative. This complicates our final formulas.

We will carry out this procedure with the same configuration of external polarizations that we used for conserved
currents. Namely, we will take {h|, h,, hs, hy} = {1, —1, 1, —1}. The generalization to other helicity configurations
involves a straightforward procedure that is very similar to the one that we present in detail below. The reader may also
use the computer program that accompanies this paper to generate answers for any combination of external helicities either
analytically or numerically.

We will first write down the integrands for the three different partitions that appear in (4.24). These are the (12)(34)
partition, the (14)(23) partition, and the (13)(24) partition. In each case, we then extract the residue at the poles specified
in (4.23).

A. (12)(34) Partition:

Let us start by considering the (12)(34) partition. We can write down an expression for the p-integrand corresponding to
this partition, using the three-point amplitudes above. This expression is given by
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I — Z{Rgr(lkllx |k2|) p)
* 32|k y|*1k, | p?

PHYSICAL REVIEW D 85, 126008 (2012)

R (|ks, kgl — p)
32|k3|*kyl* p?
X :Xinl 3 A r)‘int 3
<kl = i =l =i+ sl = el Pkt il i (ot ety
( (A2 Aie)? (A3, Ajny)? )2] ip w }
A (W), XA (W5, Ay </i3: X4(W;:)><X4(Wsi)’ )_lim> 8(]72 + (ky +k2)2) wy —wil

(Ikal +ip — lkq))?(ip + lky| = k2 ))* (I | + ksl — ip)?

u

6.1)

Note that if, on the left-hand side, we use the norm |k;,,| = ip, on the right-hand side we need to use ( — ip). We also need
to flip the sign of A, but this does not matter because of the fact that the integrand involves only the “square” of this term.
By expanding out R® and recalling the identity (5.2), we find

I = Z 1 [(kq? + 4lkallky| + ko> + p?) (K3l + dlkgllks] + lkyl* + p?)
* 227 (1ky Ikl Ik3 1k g)* (K| + 12| + ip)* (k3| + |4l — ip)?

*

X (lkz| + ip = lky)*(ip + lky| = ko) (sl + ip — leg)*(ip + Nyl — lk3])

y [ (A1 (W)X Ay, Ay) + PEF[ Ay, A4))°
(A1, /\2(Wsi)>2(</\2(wsi)y A XAy, (Wsi), /\3(Wst)> - iE;lyz[)l3(Wsi), Az(Wst)]V(M, /\3(W;:)>2
N (A A (WOXA3, Ay) +PEF[Ag, A3])°
AW ), A2 (A wi), XA (wi), Ap(wi)) + iER[A (W), Ay(wi) DX (A5, Ag(wi))?
i wy
X LB 6.2
P eyt we ©2)
where we have remind the reader that E7™ = ip + \k,| + From these expressions, we find
Ik + A 12)2
Extracting the Residues: We now proceed to implement Vfl = (2mi) ElllzIBO(EP )1
(4.24) and extract the residue from the integrand above. An ) ' 212 T 3 12412
important difference from the conserved-current computa- - [_llkll(E 2(ET) + 20k |lieg[)(EH) ]< Aoy Ag)
tion is that, as we mentioned above, the poles that appear 256ky|lk3 ||k *(ET)2(EP*+12)%(A, Ay)

from three-point amplitudes are double poles. So extract-
ing the residue involves taking a derivative of the integrand
with respect to p at the pole.

It seems more convenient to perform this procedure
through “logarithmic differentiation”: first we write
down an expression for the value of the integrand, with
the singular term stripped off, at the pole. Next we write
down an expression for the ratio of the derivative of this
term to the term itself.

The procedure of extracting the value of the integrand
is almost identical to the one we followed to obtain
(5.11). The difference is that various terms are squared.
When E)? =0 the value of w™*(p) for this partition is
still defined by (5.7) and (5.8). To simplify the integrand
we throw away all terms proportional to E}2. Apart from
(5.10), we need one more explicit expression for an
extended spinor:

[)12, Xz] + [)ll, )_ll] —iE"

LwE) = A 2

2va) = 4 (A, Xs]
(AL A - iET .
B A 6.3
[A2 Aq] ! (Ag, Ag) N ©.3)

X [Ag, APy A3)Ag, ADE'>3 + ET[ Ay, A]
X [Ag, A3 DIAGA3PLA, A3l (6.4)

We now turn to an evaluation of the derivative. As we
mentioned above it is convenient to work with the quantity:
+ . d 12)2
Dsl = lllzm d_ log[(Ep ) ‘IS]J (65)
ER—o0dp
where it is understood that the limit is taken at the value of
+ : : +
w=(p) in (6.2) corresponding to wy,.
Before we evaluate this expression, note that we can also
define w* through

A1(wy), XA, Ay(wy)) = —(lkq| + [ka| — ip)EJ~
(6.6)

Ata pole in the p-integral, where E}* = 0, one of the terms
on the left-hand side must vanish. We have defined w;r] to
be the pole where the first dot product vanishes and wy, to
be the pole where the second dot product vanishes. With a

dw* — aiwl‘i'I
dp dp

slight abuse of notation, defining at this point,

we have
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LI Awi)) = =2i(lky| + [kal) (6.7

oyt = dwy _ 2i(lky| + k)
: dp ,31[/\1» /\2]<)\1, Az(W )
_ —2i£|k1_| + |k,l) . 6.8)
[A1 A1(B1{A L A2) + Ba(Ay, Ay))
Furthermore
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dwg, - .
V;' (we), AAL, A] = =2i(lky| + leal)  (6.9)
oy = dws, _ =2i(lky| + |k_2|) — gt
: dp  Ba(Ai(wg), A)[Ay, As] a
(6.10)

With this observation and notation, Ds*l is given by

. 1 1 [ 2 2 2
Dy, = 2i(lky| + |k2|)(E34,12ET + ks Ik + A XL )_t2>) + ’(E3,124 + EA123 + ﬁ)
1 (6[X1: Al 2[A3(wy)), /\2(W )]) 2y { Bal A1, A5] B3l A3, A4l
<A1, Az(W ) </\4, Az) <)\ (W ) /\3( )> <)\1» /\2(W ) </\4» )\3(W )

. BilAL As(wi)] = Ba[A (wy), M]} 4

A\ (W; ), )\3(Ws+l)>

If the reader wishes to expand this expression out in terms
of unextended spinors, the reader can do so using (5.10)
and (6.3) and the additional identity:

[As, A3] + [Ag, Ayl — iET

[/\2) A3]
[Ag Ayl — iET

[A4 As]
However, this does not provide much additional insight so
we have left the expression above as is.

Note that the contribution of 'V Dy, which is just the
residue at E}* = 0 but with w* (p) = w;, in (6.2) can be

easily incorporated, just through some substitutions. We
have

T, = (27Ti)ReSp=j(|k1|+|kz|)[‘IS]
= VIDE + (O Ay As, A) = (A, Ay, Ay, As).

(6.13)
|

A(wy) =

A

- A (6.12)

Ty, = mi)ReS p— ik, 1k, L

33

1 (vt —
W, (Ws] Ws,

+
Wy + Ws1

6.11)

There is another pole in J, at E3* = 0.° The contribution
of this pole is just obtained by interchanging (12) with
(34):

T,, = [T, 1103004 (6.14)

We now turn to the second kind of contribution to the
correlator from this partition, which comes from the pole
where the denominator of the propagator vanishes.
Fortunately, this is a simple pole. This pole occurs at

p =ilky + ky|. (6.15)

Note that the factor W+ij, becomes the identity, since
w~ = 0. Also, we do not need the other pole w* at all,
since that contribution vanishes because of this factor
(which, in that case, would be wjfw, ). We have already
seen this in the calculation for current-correlators. Picking

up the pole at w = 0, we have

_i(E12,sE12s + 2|k2||k1|)(E34,sE34s + 2|k4||k3|)(E1s,2)2(E25,1)2(E3s,4)2(E4s,3)2

22 (I k2| V3| kg > (E™>5)*(E3)? Ky + ko

[ (<X1» /i2></\4, Ay + l'Elz’s[Xl, )l4])6

(A1 A (A, A XA, A3) — PE™S[ A5, D) %(A5, Ay)?

Az, A1><)E3, )El> + iE'>5[ )y, )53])6 - ]
</\1’ A2>2(<Al: )‘2><A4’ A2> + iElzys[/\l’ )\4])2<A3’ /\4>2 '
(6.16)

where we remind the reader that s stands for sum and so, for example,

E"S = |ky| + lky| —

lky + k). (6.17)

®Although the pole that is manifest in (6.2) is actually at E34 = 0, we should remember that the integrand is even in p and we can

rewrite it to make the pole at E34 = 0 manifest instead.
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To sum up the contribution of the (12)(34) partition is exactly the same as the one for the (12)(34) partition
given by with 4 < 2:

T, =T, +T, +T,, (6.18)

T, = [Ts]),cn, iy iy (6.19)
where the three terms on the right are given by (6.13),
(6.14), and (6.16).
C. (13)(24) Partition
B. (14)(23) Partition This partition has a slightly different structure. We can
This leads to the same expression as above with the  write the integrand for this partition as I, = ¥ . I, cor-
substitution 2 < 4. The computation of the residue is  responding to the two different values of w where

RE(|kql, |k3], p) RE(|k,), |kyl, p) ip Wi [ . .
;= “—| (kql +ip = lk3))*(ip + k3| — lky])?
T SRl Pp? 320k Pl Pp? BT ey P we —wy Ll ip kel ip ¢ lkal =l
. . . . <X], X'§>3 <A4, /\2>3 2
X (gl + ksl = ip)*(lkgl +ip — k2 )2 (ip + lka| — kgl)*(1ep] + kgl + i )2<— == )
! s s 2P 2 ! 2 s (AL A A3, A A2, A XA, A
+(ER)2(EX,) (A1 AXAL AinAs, A A2, A A2, A X Ag, Ain))? ] (6.20)

We can write this expression as

_ (Ikq > + 4lksllkq ] + 1k3]> + p?)([ka|* + 4lkyl kgl + kgl + p?)
21277'(|kl||k4||k3||kz|)2
% [(|k1| +ip = lk3))?(ip + k3| — k1])2(lkg] + ip — [ka])?(ip + |ka| — |kyl)?
(EL)(ER )
N <_)_ll: X3>6<Af, )\g>6 i}
(A1 A0, A3(wi)) +ER AL A D2 ((As, A XAy, Ay (wy)) + PER[ A3, A4])
I W IV,
(lky| + lk3l — ip)*(lka| + kgl + ip)?

I

=t

(A3, A (wi XAy, Ag) + iEZ,[ A5, A D> (A1, Ag(wi)XAg, Ag)

T

i wi
p*+ (ky + k3)? wy —w,

+iE® [, /\2])2] (6.21)

Extracting the Residues: Let us start by picking up the residue at p = i(|k;| + |k3]). We see from the expression above
that only the term with h;,, = —1 contributes to this residue; however, both values of w are important. We have

_ ko |13 | (E2* BET + 2|ky ||k ) (E*123)2(E2 342X, AsX(Ag, 12)0 wy,

VI o= 2mi) lim (E?)?I; _ a _ —.  (622)
! E}—0 r 64(|kgllk2))2(ET)2 (A, A3(wi DX Ags A1 (wi))2( Ay, Az) Wu, — Wi,
Now we need the derivative of the log of the integrand. Recall that w can be defined through
A+ 4 Bw™, Ay + A3 Bwe XAy, A3) = —((Ikq| + |ks| — ip)E}, (6.23)
and this also leads to an expression for the derivative when E },3 =0:
dw;, 2i(lkq| + |k
ye =D _ i(lky| + lksl) 6.24)

dp a <)_ll» /‘3>(,33[)\1(Wi), )13] - ,31[)\3(Wt), )_H]).

We have y; = —y;.
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‘We can now evaluate the derivative that we need We can now write
. d + +
D, = El;fs‘i‘o% log[(E}})* I ] T, = ZV;I Di. (6.26)

2i(|k| + |k 2i(|k,| + |k
= — 113(| Tll LEl) + i(lks | _l il) The residue at p = i(|k,| + |k4]) can be obtained by inter-
ERPED + 20k |lkal (A1 A3)(A1, As) changes in the expression above:

2i 2 2i +(233[A2,X3]

a2 pad T pr T 73 A Lw)) T, =T, ]ic33-3 (6.27)
_ . - )

2B /\f] S W ) (It is understood that alongside we also take 1« 2,
A My )y wy (Wi, — wy,) 3o 4)

- - . . . 2 _

2 (A1, Ay] [As Ayl ) Finally, we turn to the contribution from the pole at p~ =

+ == - . (6.25 - 2= — 2 whi = i

(A A3 <</\2, LD (A L wo) ( ) (ky + ky) (ky + k3)*, which occurs at w = 0. This

is a first-order pole and we can evaluate it as above.

Tu3 = (ZWi)ReSP:i|k1+k3|]u
AEES 2l (B + 2 k2||k4|)|: (E'S3)2(E3 )2 (E*)2(E*)2(A1, A3)%( Ay, A5)0

212(|k1||k4||k3||k2|)2|k1 + k3| (E]3’S)2(E24’S)2(<)\2, /\3> + iE13,s E:\;h}zg)Z«)“b )\1> + iEl3,s E§3v}4§)2
- A3 3, A1

A, 37, A0 (- o ons (A3 N2 - - oas LA A21\2
S (82 i) (A i) | 628

The contribution from this partition can be written as

r,=T7,+T,+T,, (6.29)
summing the contributions of the three terms on the right-hand side, which are computed above.
D. Final answer
The final answer for the stress tensor correlator can now be written in terms of all the contributions above:
T+7+7(k1, .. k4) = Ts + T, + Tw (630)

where the contributions from the three partitions are given in (6.18), (6.19), and (6.29). The formula above involves only
four structurally distinct expressions. These are the expressions for the residue at w;rl, atwg,, at w,jl and w,,. The formula
above tells us that all other expressions are given by simple interchanges in these expressions.

E. Flat space limit

Although the final formulas above are more complicated than the corresponding formulas for currents, it is not difficult
to extract the MHYV graviton amplitude from them. Our analysis is very similar to subsection VA 2, so we will be brief here.
First let us recall some facts about the flat space MHV graviton amplitude. Consider the rational functions of w:

(A, A2)0(Ay, A3)

(A3(w), A XA (W), 1045, A3(W))XA (W), Ag) (A, (w), )\3(W)>’
(A3, A0, As)

(A3, A ()XA1, )X, A ()X (W), Az XA (W), Ag(w))’

MMV (1) = j

MMEV (1) = 6.31)

with w extended according to (4.1). The usual MHV graviton amplitude is given by MMHV(0) = MMHVY(0) [8,19].

The trick is to break MMHV(0) into partial fractions. This can be achieved by using the Cauchy theorem and writing
MMHV(0) as the sum of the residues of MMHV(w) at its poles. However, these poles are precisely at the values of w
considered in our previous subsection. In particular, we have
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MMHY () = [ lim, (A (W), A5) + lim (A (W), Ag) + lim (A3(w), Ag) b om (A3 (W), Ap)
e ) A) s e e (e )
<A3(W), )\1(W)>:|
+ MMEY (), (6.32)
Z ul - Wul w—»w“l </\3; Al>

which is just the sum of the residues of MMHV (w) at all its poles. We can write down an analogous expression for MMHV ().
Now, let us turn to our computations of the stress tensor correlator. To check the flat space limit, we need to focus on the
coefficient of (E”) ™3 and check that it matches the expressions above. However, a term of this kind only comes from the %
term in the derivatives. We can see a term of this form in (6.11) and (6.25). So, to check the coefficient we must only look at
the values of the integrands (with the poles stripped off) at ET = 0.
This is easy to do. For example, consider (6.2). Near ET = 0, we can see that

LAILAILALA

</\1, /\2(W )></\4, /\2>

Vst - 2(ET)?

where the .

(A1 (wy), A3(wy )>2<)l4’ A (w))A(Ay, )l2>

. are terms less singular in ET. Here, we have just dropped the Ell,2 terms in (6.2) and simplified other factors

(6.33)

using ET = 0 Now, using the fact that A(wy,) = A,, we can write

ey lea 13 g [{A L Ao (w3 )X (A, A2)8(As, Ay)

Vi=

Dropping terms that are less singular at E” = 0, this becomes:

'v+_

2ETA ), Ay, Ay XA ), A A (Wi Ay (34
1 (A1, A3)(Ag, A5)8 6.35)
2(ET)2 </\ (W ) )\3(W )}(/\2, /\3(W )></\ (W ) )\4></\3(W ) Ag)(Ay, /\2> '
Combining this with the 21 from D+ in (6.11), we see that
i k|12l K31k gl(Ay, A3)(Ag, A2)° (6.36)

T =

ETY W), AW A As(wDXAL W), AAs (D), Aa)(Ay, o

However, this is exactly the first term in (6.32). Working through the other terms we see that the full gravitational correlator

can be written

kqllk,||ksllk e
T4 (ky, ... k) = %(MW‘V(O) + MMV (0)) + .. (6.37)
where . .. are terms less singular in E7. This is precisely consistent with the flat space limit conjectured in [9], which we
remind the reader was
(E")?
M* (kg k) = lim T " (ky, .. ky). 6.38
(ky 4) E}Toznm T (ky 4) (6.38)

This concludes our discussion of the flat space limit of
the MHV graviton correlator. It is not difficult to see that
for NMHV and N?MHYV configurations, the graviton cor-
relator (with a pure Hilbert action) has no ﬁ singularities

and so its flat space limit vanishes just as one would
expect.

VII. DISCUSSION

In this paper, we have obtained four-point functions of
the stress-tensor in AdS,;/CFT; from a bulk gravity
computation. Although the evaluation of Witten diagrams

in AdS is very complicated, we utilized the technique
devised in a companion paper to directly obtain the final
answer using three-point functions as an input. To our
knowledge, this is the first time explicit expressions for
the four-point function of the stress-tensor have been
written down.

To summarize briefly, we wrote down a general for-
mula for the four-point function for arbitrary external
helicities and momenta in terms of the residues of a
rational integrand at prespecified poles. This formula is
given in (4.24). In the case of the MHV current and
stress tensor correlators, we evaluated this formula in
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terms of the external spinors. The answer for the color-
ordered MHV correlator is given in (5.16) and for the
full MHV correlator is given in (5.51). The answer for
the full MHV stress tensor correlator is given in (6.30).
We also verified that, in the flat space limit, these an-
swers give exactly the flat space MHV gluon and gravi-
ton amplitudes.

From a structural perspective, it is interesting that our
recursion relations also remove the divergences that usu-
ally appear in momentum space computations from the
region near the boundary. What is striking, and related to
this, is that our final answers are purely rational func-
tions of the momenta, their norms, and the norms of the
sum of the momenta i.e. k,, |k,| and |k, +k,,|. In
particular, our answers are free of logarithms in momen-
tum space.

The fact that stress tensor correlators have such an
analytic structure is also supported by the observation
that their correlators in AdS, can be obtained by doing a
flat space computation (on half of flat space) using confor-
mal gravity [20]. Similarly, current correlators in AdS,
with pure Yang-Mills in the bulk can also be obtained by
doing a computation on 4-dimensional flat space, cut off at
z = 0. These computations do not lead to any logarithms in
momentum space.

Now logarithms in position space come from the fact
that when we expand a four-point correlator of some
operator ¢ in a large-N theory, (¢(0)$(x)b(y1)d(y2)),
in terms of the contribution of various operators in the
OPE when x is close to 0, we get terms like |x|20~22¢+9
where A, is the dimension of ¢, A, is the dimension of
the operator in the OPE-channel under consideration, and
6 is a small “anomalous dimension” proportional to a
negative power of N. Expanding this term in a % expansion
we get logarithms. From the fact that the Fourier transform
of |x|20722¢%% is proportional to |k|~¢407244=%  one
might naively suspect that the absence of logarithms in
momentum space is indicative of the absence of anomal-
ous dimensions for double trace operators of the stress
tensor.

However, this logic is not quite correct.” In the case
where Ay — 2A, is a positive even integer, if we care-
fully consider this Fourier transform we find that we can
get logarithms in position space without corresponding
logarithms in momentum space. This is related to the
fact that the Fourier transform of W in 3 dimensions,
where m is a non-negative integer, is proportional to
|x|**1og(|x|) plus some terms that are analytic in x
and depend on the precise ie prescription that we use
while performing the Fourier transform. In fact, the
double trace operators of the stress tensor that appear
in the four-point correlator, which we have computed,

"I would like to thank Liam Fitzpatrick, Jared Kaplan and Joao
Penedones for a discussion on this question.
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give a contribution that is of this form. Their contribution
in the OPE can be written in the form Q(x, y;, y,)|x|>"+?
where O is a polynomial in x. Consequently, they are
subject to the subtlety above. It would be nice to perform
this Fourier transform in full detail and extract the
anomalous dimensions and OPE coefficients of double
trace operators from our results.

As we mentioned above, the OPE provides another
check on our final answer. The residue from the third
pole in the list (4.23) automatically contains the product
of three-point functions of the stress tensor multiplied with
the appropriate power of the two point function. This
accounts for the entire contribution of the conformal block
of the stress tensor itself.® It would be nice to show
explicitly that the rest of the correlator is consistent with
the expectation that it comes from the contribution of
double trace operators.

Turning now to finer details in the four-point correlator,
we notice that our answers for are relatively simple but our
expressions for stress-tensor correlators are still somewhat
unwieldy. It would be nice to put these answers in their
“simplest possible” form. One complication is that in
momentum space it is only the Lorentz subgroup
SO(2, 1), of the conformal group on the boundary, that is
manifest. For scattering amplitudes in four-dimensional
flat space, the Lorentz group SO(3, 1) and a knowledge
of how amplitudes scale under dilatations at tree-level is
sufficient to ensure that four-point function essentially
depends only on one variable—the scattering angle. This
simplification cannot be obtained here just by using the
Lorentz group of the boundary.

Of course the full conformal group is far more powerful
but the constraints of special conformal invariance are
differential equations in momentum space. This makes
these constraints rather tedious to implement.

One could also ask whether a knowledge of the flat
space limit of the correlator, and some further assump-
tions about its analytic structure are enough to deter-
mine it completely. This deserves further attention. It is
also possible that the simplest form of the four-point
correlators will be obtained by using another formalism,
such as twistor space or a simpler set of recursion
relations. We hope that the results presented here will
be useful as inputs and checks on any such new method.
So we have included a Mathematica program [11] that
allows for the automated evaluation of the formulas in
this paper.

We should mention that it is quite easy to generalize this
formalism to supersymmetric theories. While graviton
tree-amplitudes are the same in supergravity and pure

8 As we mentioned above, an advantage of momentum space is
that we do not have to worry about conformal blocks: the
contribution of all descendants in a channel is just obtained by
multiplying correlators, on the left and the right, involving the
primary.
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gravity, it is possible that expressing the amplitude in a
manifestly supersymmetric form will make it more com-
pact and also reveal links between correlators for different
possible external helicities. We leave these investigations
to future work.

Finally, we should point out that in this paper we have
observed several advantages of going to momentum space
in AdS,; for computations involving massless fields
with spin. The wave-functions are very simple, and so
z-integrals are easy to do; complicated interactions can
be analyzed by generalizing flat space techniques in mo-
mentum space; conformal blocks are trivial and it is also
easy to take a flat space limit. This suggests that it would be
very useful to analyze the Vasiliev theory in AdS;—which
contain massless higher spin fields—in momentum space.
We leave this to future work.
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