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Fermi-liquid theory of imbalanced quark matter
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The temperature dependence of the thermodynamic potential of quantum chromodynamics (QCD), the
specific heat, and the quark effective mass are calculated for imbalanced quark matter in the limit of a
large number of quark flavors (large-Nr), which corresponds to the random-phase approximation. Also a
generalization of the relativistic Landau effective-mass relation in the imbalanced case is given, which is

then applied to this thermodynamic potential.
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I. INTRODUCTION

Landau Fermi-liquid theory has seen considerable suc-
cess in describing a wide variety of fermionic many-
particle systems, such as liquid Helium-3, electrons in
metals, nuclei and nuclear matter [1-4]. It gives an effec-
tive description of the low-lying elementary excitations
(quasiparticles) at low temperatures, i.e., at a temperature
T such that the system can be considered degenerate
(T < pu, where p denotes the chemical potential) but still
in the normal phase above any symmetry breaking phase
transition (T > T,), for example, to a magnetic or super-
conducting phase. Nevertheless, the theory is not only
important for the description of the above ‘“normal”
(Fermi-liquid) phase, but is also vital to correctly describe
the emergence of a possible ordered phase [5]. Indeed,
according to the Bardeen-Cooper-Schrieffer (BCS) theory
the onset of superconductivity is to be viewed as an insta-
bility of the Fermi liquid under an attractive interaction,
which results in the formation of Cooper pairs [6]. The
same is true for magnetism in the case of repulsive
interactions.

In particular, BCS theory implies that the high-density
and low-temperature region of the phase diagram of quan-
tum chromodynamics (QCD) contains a color supercon-
ducting phase of quarks [7,8]. In fact, since quarks carry
color, flavor and spin quantum numbers, many distinct
superconducting phases are possible and are characterized
by the various symmetries of the Cooper-pair wave func-
tion. These phases of cold and dense QCD might occur in
the core of neutron stars where matter is compressed to
several times the nuclear density p, =~ 0.16 fm 3. The
presence of such a superconducting phase is expected to
have observable consequences on the cooling and magnetic
fields of neutron stars [9—11].

Strictly speaking, Landau Fermi-liquid theory is valid in
the normal phase, where the low-temperature properties of
the system can be described in terms of a gas of weakly
interacting, but possibly strongly renormalized, fermionic
quasiparticles. Nevertheless, it is well known from
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superfluid Helium-3 that knowledge of the details of these
quasiparticles is necessary to correctly describe the onset
of superfluidity [12]. In color superconductivity, which is
of interest to us here, we expect that the critical tempera-
tures of the various color superconducting phases will also
be affected by Fermi-liquid effects, which will modify the
competition between these phases. A particularly interest-
ing phase in this respect is the so-called 2SC phase in
which only two flavors of quarks are paired, while the
unpaired quarks of the third flavor remain a Fermi-liquid.
This phase further illustrates the importance of understand-
ing the quark-gluon plasma, i.e., the normal phase of
quarks.

Fortunately, due to asymptotic freedom, the coupling
constant g of QCD becomes small at large chemical po-
tential u, such that a systematic study of the high-density
and low-temperature region of the QCD phase diagram is
possible using perturbation theory. At high densities the
dominant interaction between quarks is that of one-gluon
exchange, where the long-range behavior of the gluons is
screened due to the quark-gluon plasma. While the electric
gluons (longitudinal) are screened by a Debye mass
mg ~ g, the magnetic (transverse) gluons are only dy-
namically screened [13,14]. This residual long-range
behavior of the magnetic gluons dominates the low-
temperature behavior of the system. Examples of the ef-
fects of magnetic gluons can be seen in the nonstandard
scaling of the critical temperature of the superconducting
phase T, ~ ug > exp(—3m?/g) [15-17], which depends
exponentially only on 1/g instead of showing the expected
1/g?* behavior, or of the lifetime of elementary excitations
of (grand-canonical) energy E near the Fermi surface
7(E) ~ |E|”' [18-21] that signals a (marginal) non-
Fermi-liquid behavior at zero temperature.

In the context of a possible deconfined phase of quarks
inside neutron stars, the Fermi system is expected to be
imbalanced due to the different chemical potentials of the
various quarks. This deconfined phase may contain u, d,
and s quarks with different densities as a consequence of
their different masses and charges. In cold atomic physics,
an analogous population imbalance has been realized
experimentally between two spin states [22,23], which
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resulted in frustration of the pairing between particles. This
will cause very different behavior from the normal BCS
case and is currently a very hot topic in a wide variety of
fields [24,25]. In particular, the imbalance between differ-
ent flavors of quarks is expected to significantly alter the
properties of the QCD phase diagram, such as the 2SC
phase mentioned above or the color-flavor locked phase
where all the colors and flavors are paired [7]. In the
present paper, we therefore generalize the quasiparticle
properties based on Fermi-liquid theory to an imbalanced
system.

To do so, the effect of the dressed gluons on the thermo-
dynamic potential, specific heat and effective mass of the
quasiparticles is determined at low temperatures. The ther-
modynamic potential will be calculated for a two-flavor
quark system in the limit of a large number of quark flavors
(large-Np). This approximation corresponds to the random
phase approximation (RPA), which has been quite success-
ful in condensed-matter systems such as the interacting
electron gas in metals [26]. Using the framework of
Landau Fermi-liquid theory for relativistic systems, de-
rived in Sec. II, the effective mass of the quasiparticles
can be determined from the thermodynamic potential by
considering the specific heat. The result and its implica-
tions on the applicability of Fermi-liquid theory is dis-
cussed. As we will show, the logarithmic dependence of
the temperature, which is due to the transverse gluons,
shows the breakdown of Fermi-liquid theory at low tem-
peratures. Furthermore, even though within our approxi-
mations there is no interaction between the different flavors
of quarks in the limit of weak coupling, the RPA correction
still presents some mixing between the different flavors,
which stems from the long-wavelength screening of
the longitudinal gluons. Above and throughout the article
natural units are used, i.e., units such that 2 = ¢ = kp = 1.
Other conventions and technical details of the calculation
can be found in the Appendices.

II. LANDAU FERMI-LIQUID THEORY

To describe the normal state of the quark-gluon plasma
at nonzero temperatures, which is a strongly interacting gas
of quarks, Landau Fermi-liquid theory can be used. This
theory takes as a starting point the noninteracting Fermi
gas and switches on the interaction adiabatically. As long
as the temperature of the system is much higher than the
critical temperature 7. for superconductivity, no bound
states (Cooper pairs) will form and each state of the non-
interacting Fermi gas is transformed into a state of the
interacting gas. Therefore, the excitations of such a
Fermi liquid remain of a fermionic nature. For simplicity,
Fermi-liquid theory will be introduced here for a system at
zero temperature even though the quark-gluon plasma is
formally a marginal Fermi liquid in that case. However, the
introduced concepts turn out to be valid for nonzero tem-
peratures much lower than the Fermi temperature T,
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which is expected to be around 10'3 K for quarks in the
core of neutron stars.

The basis of Landau Fermi-liquid theory is to consider
the effect of a small change of the ground-state Fermi
distribution on the thermodynamic potential density, which
can be written as

1
80 = —gnaéug + szo(eg(k) — 1,)8N,,(K)
v 3 Far kKON KON, (1)

e/ /
k,ok’, o

_I_

Here, 6N, (k) is a small change in the ground-state mo-
mentum distribution of species o, n,, is the particle density,
€,(Kk) is the energy of a quasiparticle that for our purposes
only depends on the magnitude of the vector k, and u,, is
the chemical potential. In the case of electrons the index o
specifies the spin of the electron, while for the case of
quarks it specifies the spin, color and flavor of the quark.
Hence, the quasiparticle energy and the effective interac-
tion between quasiparticles are defined as

80
Eo(k) — Me = 6No.(k)’
o 50
Foolk k') = SN, (K)SN (k')

An important quantity in Fermi-liquid theory is the
effective mass m}, of a quasiparticle of species ¢ near its
Fermi surface. It is defined in terms of the group velocity
v}, evaluated at the Fermi momentum k,,

. ke ko[aeg(k)]l

m. === 97 ,
7 ok li=x,

2

Vo
such that upon linearizing the quasiparticle energy around
the Fermi surface we obtain

ko

€r(K) = p, +—(k = k), 3

v
with u, = €,(k,) as the Fermi energy of species o. In
the noninteracting limit, the effective mass reduces to

e

FIG. 1. A Galilean transformation (dotted curve) and Lorentz
boost (dashed curve) of a Fermi sphere (solid curve). The boosts
have been scaled in order to compare the shapes of the Fermi
sphere after the transformation. The volume of the Fermi sphere,
i.e., the density of the gas, becomes larger due to the Lorentz
contraction.
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mi = m, and m’. = €,0(k,) = Vk% + m>2 for nonrelativ-
istic and relativistic dispersions, respectively.

Using the fact that the pressure is an invariant under
Galilean or Lorentz transformations (see Appendix B 1), of
which the effect can be written as a change in the distri-
bution as shown in Fig. 1, Eq. (1) should give zero for this
particular choice of 6N, (k) and hence relate €,(k) to
foo'(K, k'). In other words, by performing an infinitesimal
Galilean or Lorentz transformation on the Fermi sphere,
the effective mass can be related to the effective interaction
at the Fermi surface [1,27].
|
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To this end, consider an infinitesimal change in the
Fermi surface from k,, to k, + 8k, (K)

1k, =k=k, + 6k,(k)

ON,(k)=14 -1 &k, + Sk, (K) =k =<k,

0 otherwise,

Sk, >0,
Sk, <0,

where the change in the Fermi surface solely depends on
the direction in momentum space denoted by k. The
corresponding change in the thermodynamic potential den-
sity can be written as

o0 = Zf PLoE / ke ) = ) + Z[f (zdf)* (;g* J e

ko + +8k
X f " dk'k2f (K, k') — Zn Sy

k1

k. k2 k%,
_247Tm 4_5k2(k)+22(2 Z)Z//

In the second line the integrals were expanded to second
order in 8k, (Kk), and f,, (k,, k., 8) was defined as the
effective interaction at the Fermi surfaces between two
species, with 6 the angle between the directions of k and
k’. Next we expand 6k, in terms of spherical harmonics
and f,, in terms of Legendre polynomials as

Sk, (k) = 8kiry), k),
Lm

foo'/(ka'r ke, 0) = Zfl,o'o“(ko" ko.r)Pl(COSH).

1

For an imbalanced system, the difference in density n,
results in a difference in w,, which can cause m}, to be
different from each other even if their noninteracting bare
masses m, are the same. For each species, the particle
density obeys n, = kJ./6m>. Inserting these expansions
and using the orthogonality of the spherical harmonics,
Eq. (4) becomes

Im|2
ofL = Z" Sy + 23” 7|0k
Lm,o
fl u’a”(ko" ku’)k%rkz/akgn(ﬁkln})*
+ » p p s
2 874 (21 + 1) %)

Lm,o,0’

In the balanced case, all Fermi momenta are the same,
ky = kg, Ski™ = Sk, then Eq. (5) reduces to

[ ZZI:f 1]’ ©)

where the intensive quantities m*, u, kp and F,; are the
same for all species, and n is the total density, i.e., the
density summed over all species. The (dimensionless)
Landau Fermi-liquid parameters F; are defined as

6Q) = —n5,u+z

dk dk'
47 47

— foor(kys ki, 0)6k ,(K) Sk, (K') — Zn 8ty 4)

— k%‘fl,a'o-’(kF) af(k) - ka fla'(r (kF)
O A P

(7

Note that F; is species independent, but the interspecies
and intraspecies interactions can be different, so the sub-
script o is shown explicitly in f; .+ but not in F;. From the
above it is possible to derive the equation for the effective
mass, as we first show for the simpler balanced case.
Consider a change in the distribution due to a Lorentz
transformation as shown in Fig. 1. The shape of the Fermi
sphere is determined from the equation u = —k,u*,
where k* = (e(k), k) is the four-momentum,
(y, yv) is the four-velocity of the Fermi sphere with the
Lorentz factor y = 1/+/1 — v2. The minus sign in the
previous expression and in u, u* = —1 are a consequence
of our choice of the metric 7, = diag(—1, 1, 1, 1). In the
rest frame, where u* = (1, 0), the above reduces to the
condition €(ky) = w. Similarly, the shape of the Fermi
surface can be determined from the Lorentz transformation
of the momentum to a frame moving with velocity —v,

u/"”:

k -k =99 k)1 —vy) + ek)vy,

which for an infinitesimal Lorentz transformation reduces
to Kk — Kk + e(k)v and in the nonrelativistic limit to
k — Kk + mv. Note that the deformation of the Fermi
sphere due to the Lorentz contraction shows up only in
higher-order terms of v.

First, consider the nonrelativistic case in which an in-
finitesimal Galilean transformation shifts all momenta
from k to k + mv. This results in a change of the Fermi
surface according to 8kr = mk - v = mvYy(cosd)/~/3,
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such that 8ki = §,,8,,0mv/ /3. Furthermore, the total
energy of the system transforms as £ — E + %M v2, where
M is the total mass of the system, which induces a change
in the chemical potential u = JE/IN — p + fmv?.
Inserting this into Eq. (6) gives the well-known Landau
effective-mass relation in the balanced case [1-4]

m* = m(l + %Fl). (8)

Secondly, for a relativistic system the momenta
are shifted by k — k + e(k)v such that &k =
8,16,01v/+/3. Since the total energy of the system trans-
forms as E — yE = E + § Ev?, the change in the chemical
potential is §u = § wv?. Inserting these into Eq. (6) gives
the relativistic Landau effective-mass relation [27]

m* = M<1 + %Fl) 9)

Note that in the right-hand side F,; also depends on wu,
because the Fermi momentum kf is a, in general compli-
cated, function of w.

Now for the more general imbalanced case. Since the
Lorentz transformation is applied uniformly to each spe-
cies, according to the symmetry of the formula, we can
expect that the contribution from each species in Eq. (5)
should vanish, namely,

na'lu“zzfvz + Zfl,a’zr’(ku'r kzr')kzzrklz,—//“b(rlu‘(r’vz

2my, p 720"

2
_ NggV

=0.
2

Then we get the general expression for the effective mass,

* 0'0'/(ko"k0'/)NoJ(O) a’k(r’m;
= 1+ 3 e toetie] o)

where N,(0) = mk,/2m* is the density of states at the
Fermi energy of species . The arguments in f; emphasize
that, in the imbalanced case, the interaction may depend
not only on the angle between the momenta but also on the
absolute value of the Fermi momentum of each species. In
fact, the same expression of m}, can be obtained more
strictly by considering the addition of a single particle to
the system and comparing the energy increase in two
different frames.

We can introduce the average effective mass, which is of
practical importance, as m* = Y  m},/N with N the total
number of species. Correspondingly, the average chemical
potential is u = Y _u,/N. In order to get a similar ex-
pression as in Eq. (9), we introduce the relative weight of
each species as x, = u,/Nu such that ¥ x, = 1, and
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then generalize the Landau effective-mass relation with
average values as

1k g
m —u[1+ S ol ko (0)%] (11)

t)’ o'

where the double-sum term, which can be defined again as
F, plays the role of the Landau parameter in the balanced
case as in Eq. (9), therefore we obtain now

/k /m

Zfl oo’ (k(rr k )N (0)

zrmo-

which, obviously, reduces to Eq. (7) as the system becomes
balanced.

In the following sections the effective mass will be
derived from a microscopic RPA calculation. In particular,
in Sec. VI it will be determined from the specific heat. The
specific heat (per volume) for low temperatures can be
expressed in terms of the effective masses by

1 (0E 1 dE 9N, (k)
Cv=—(—) :—[Z ]
vier)yy  V0L&=oN, (k) oT 1w

Z T Z N(O)T (12)

where it was used that d(E/V)/0N,(k) = 0Q2/IN,(K) +
Mo = €,(k) and for the temperature derivative the
Sommerfeld expansion was used, c.f. Eq. (E8). This result
is a trivial generalization of the single species or balanced
case, since the effective mass already contains the effect of
interactions, such that the contribution to the heat capacity
of a single quasiparticle is additive.

III. RANDOM PHASE APPROXIMATION

Our starting point is the partition function
- f Di Dy DA, DDy exp(— f d4x£gCD),

containing the Euclidean QCD Lagrangian density fixed in
a linear gauge f,Af, = 0,

Yomp) s+~ Ga Gy,

:Z‘_pf(VMDM'i_mf_ 4 my

f

+ ”’la(a f'ué‘ah + gfabcA f,u,)nb + _(.fp, )2:

E
L QCD

where i ; is the quark field of flavor f (the color ¢ and spin
s degrees of freedom are not shown explicitly) with mass
m; and chemical potential ur, Aj, are the gluon fields, n*
are the ghost fields, g is the QCD coupling constant, £ is a
gauge-fixing parameter, f¢*¢ are the fine-structure con-
stants of the color SU(3) group, the covariant derivative
D, =9, —igt*Aj and the antisymmetric gluon field
tensor G4, = 9,A% — 9,A% + gf**ALAS. For large
densities, the fermionic degrees of freedom become
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increasingly important, such that the large- Ny limit could
give insight into the behavior of quarks at high densities.
Therefore, consider the large-N limit with a fixed rescaled
coupling §* = g>Np,

(/2
LGcp Z¢’f(ﬁ+mf Yoﬂf_gNF(/)W#f ALy

1 1
+2A‘;L( - 826W—Efﬂf,,)A‘;
+ 77 (aﬂf‘uﬁab + gNF(l/z)fabcA f}L)TI

1 _
+ 5 ENF P (0,45 — 8,AL) [ ALAS

1
+ Z g2N;1fabCfadeAb AcAilLAi’

Integrating out the fermions and the ghosts gives
‘£ leéD Trc f.s ln[_Gafl(l + gN;(]/Z)GQfl’y laA‘;L)]
— TI' ln(aﬂfﬂaab + gN (1/2)fabcA f,u,)
1 _
+ ZAZDO’}WB“Z’A,IZ
- aVAZ)f”bCAZAi

1
+5 gN: (A4

+ % gZN;]fabcfadeAZAcAzAi’
where the subscripts {c, f, s} explicitly indicate that the
trace should also be taken over color, flavor and spin space.
When we expand the first line in N, the first-order con-
tribution will vanish due to conservation of color, i.e.,
Tr.[#*] = 0. Only the second-order expansion in Ny of
the first line will give a contribution. Thus, expansion in
powers of N gives

L f{éD —Tr.;s ln(—Ggf') -

1 _ ab
+ 5AM(D0 L+ ZH,-)
f

Tr,In(9 . f, 8)

Ab + O(N; "),

v

where we defined the polarization tensor H?,”W from the

contribution of the quark with flavor f as

H?b,u,v = _g2Trc,s(G0f7MtaGOf’)/vth);

which is shown diagrammatically in Fig. 2. The polariza-

tion tensor H‘;b/w is diagonal in color space, as can be seen

Hab _

124

FIG. 2. The polarization tensor I14, to the first order.
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In[- Gy'| In[Dg']

FIG. 3. The thermodynamic potential in the large-N. or RPA

approximation where the double gluon line signifies the dressed
gluon propagator.

explicitly from Eq. (E1). Upon integrating out the gluons,
the thermodynamic potential density is

QT {uh) =~V InZ

1
V,B{ NcTrp In(—Gg)
N, _ 1
+ 7‘; Tr[ln(DO D —2In(d,f,) — h?]
+Ne Trln(l + Do) I )} (13)
2 )N
where N¢ is the number of colors, N = N2 — 1 is the

number of gluons, and we use the QCD values N- = 3 and
Ng = 8 in the following. The first two terms are the ideal
Fermi and Bose gas contributions to the thermodynamic
potential density, where the term Trln(d, f,) cancels the
two unphysical degrees of freedom from Trln(D,!). The
last term is the RPA correction (ring sum) to the thermo-
dynamic potential density, as is shown in Fig. 3. Since we
are mainly interested in the temperature dependence of ()
and the fact that the above definition contains (divergent)
zero-temperature contributions, the 7 = 0 expression
will be subtracted, ie., we consider AQ(T,{u,}) =
QT {us}) — QO, {us}). In Sec. IV, an example is con-
sidered to check the expression for the Landau effective
mass analytically and in Sec. VI the above thermodynamic
potential density is calculated numerically for the case of a
two-flavor imbalanced quark system.

IV. FERMI-LIQUID PARAMETERS
IN WEAK COUPLING

In the limit of weak coupling the interaction contribution
to the thermodynamic potential density is given solely by
the exchange diagram

int = 2V,8 ZTT(Don)

Using the definition of the free gluon propagator in the
Lorentz gauge, this can be written as
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_ Z z dPq Upulio, q)
Qing (2m)3 a)2 + ¢*

N &P pd’
- GZ 2. f(zp)6q

" 51,8p,83==*1

51,582,853 (Py q)

X [N7(@Ng (p — q)(1 — N/ (p)) — N/ (p)
X (I =Nz @)1+ Ng(p—q)]

where the Fermi and Bose distributions are defined as

S3

PHYSICAL REVIEW D 85, 125030 (2012)

1 1

NP = rewat iy VP = e

respectively, the explicit expression for Il ,,, is shown in
Eq. (E3), the Matsubara sum over the bosonic frequencies

w, was performed, €y/(p) = {/p* + m7 denotes the free

quark dispersion while €4(p) = p is the free gluon disper-
sion, and the function F was defined as

—eor(P)egs(q) + s15(p - q + 2m?)

f{],s2,s3 (P, q) =

which will soon be shown to play the role of the interaction
between two quarks (s; =s, = 1), two antiquarks
(s; =s,=—1) or a quark and an antiquark (s; = —s,=1
or s; = —s, = —1) mediated by the emission or absorp-
tion of a gluon (depending on the sign of s; relative to s,
and s,).

The quasiparticle energy and effective interaction can be
obtained by varying the thermodynamic potential with
respect to the Fermi distribution. In the flavor-imbalanced
case, the distributions depend only on the flavor but not on

6Q)

k —
Ec,f,s( ) Iu’f 6N;Lf Y(k)

2
= [EOf(k) - Mf] - Z%Zt?c’t?c‘

X[(1+Ngk —q)(1 —

820

€or(P)eos(q)es(p — q)

s 14
s1€0/(P) — 5260/(@) — 5365 (0 — Q) (14

the color and spin indices. To distinguish between the
different contributions for each particle species it can be
checked that the multiplication factor NG /4 could be writ-
ten as Y. . 1% 1% /8, where s and s’ are just dummy
indices denoting the spin degrees of freedom, which are
helpful to arrive at the following expressions. Note that
;. is independent of the spin index, and in fact the spin
degrees of freedom has already been summed over in the

expression for F. Explicitly, we find for these quantities

j(z pu Fh ik, Q)

f{C,f,s};{c’,f’,s’}(k, k') =

where ¥ 1% 1% = 5¢and 14,14 = 1/2 —

cc cc

N B8N, (K)

$p,83==*1
NP (@) + Ny (k — Q)N ()] (15)
g2
4 tcc’tc’caff/ Z :F]-:—,+,s3(k’ kl): (16)

s3=*1

8.0 /2N¢, according to the definitions in Appendix A 1.

In the quas1partlcle energy Eq ( 15) the first term is the noninteracting part, while the second term corresponds to the
quark self-energy, as is shown in Appendix G. The angular averaged interaction parameters are defined by the coefficients
of the Legendre polynomial expansions of the effective interaction Eq. (16) evaluated on the Fermi sphere, by denoting

cosd =k - k',
21+1

fl{cfs}_ Z fl{CfY}{C Sy T
Cf//

which gives for the zeroth and first interaction parameters

Cf//

2 2
A +2mf

[d@ SiNOf . oo .5y (Kk g, K'k ) Py(cos),

_ §2NgNg 3 A24-2n”n

)\2
")l
A+ 4l

7)

SNe i, 263

A%+ 2k% A2
¥ in )]
a1 A2+ 4k
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where Ng = 2 is the number of spin degrees of freedom,
and a regulatory gluon mass A was introduced, i.e., €f =

Vk? + A%. We see that in this approximation the interaction
is color- and spin-independent. For the sake of simplicity,
therefore, we from now on omit the unnecessary color and
spin indices, and use ky and us for the Fermi momentum
and the noninteracting Fermi energy of the quark
with flavor f. The effective mass of the balanced case,
Eq. (9), can be obtained from the interaction parameters
Eq. (17) and (7) by expanding to the first order in the
coupling constant

ke i

m kpm*
W= nt TS = w1+ O

(18)

where it was used that u = uy + O(g?) as follows from
Eq. (15). For the imbalanced case, a similar result can be
obtained for each species according to Eq. (10),

. n ppfri(kpNp(0)

kfr“o
mp = wy 3 7+ e falky),

19)

where the Kronecker delta 8, in the interaction simplifies
the expression considerably, such that we obtain the similar
expression as in Eq. (18).

As a special case, we can use the above results to discuss
a two-flavor imbalanced system, where the average effec-
tive mass and chemical potential can be defined as m* =
(m* +m*)/2and u = (uw; + w_)/2 with the subscripts
+ and — for the majority and minority flavors, respec-
tively. The imbalance can be quantified as h =
(wy — pm—)/(uy + p_). For small imbalance, the factors
k. f1.+ can be expanded in A& with respect to the value in
the balanced case, namely k. f..(k+) = kgfi(kp) X
(1 = A,+h + A,.h?%). Note that the linear coefficients of
the expansion can, in general, be different for each flavor.
We obtain the expression of m* for small &

kFM2f1 (kF)
1272
+2+2A0 +2A,_ + Ay + Ay )R+ OW)],

m* = p+ 2+ (A — AR

where the A2 term is kept since the linear term may vanish
for the symmetric case, namely A, = A,_, and we have
replaced uo with p because the difference is in higher-
order of g. Compared with Eq. (11), the effective Landau
parameter for the average effective mass is

_ kppfi(kp)
4772
+ 2420, +2A,_ + Ay + Ay )R + O]

Fy [2+ (A — AR

PHYSICAL REVIEW D 85, 125030 (2012)

Similarly, we can obtain the effective mass difference
A, = (m* — m*)/2 as a function of h:

kFM S (kg)
1272

+ (2A1+ - ZAI, + A2+

— A, )2+ O(h)]

It is quite natural to find A+ o & in the leading order.

The consistency of the above results will now be verified
to the lowest order in the coupling constant using the quark
self-energy. Starting from the dispersion and self-energy of
Eq. (15), the effective mass in Eq. (18) or Eq. (19) can also
be derived in a different manner. The quasiparticle pole of
the quark propagator is

€r(p) = €os(p) + X fy(GOf(p) - i p)

where %" is the renormalized positive-energy projected
self-energy. The effective mass corresponding to this pole
is most easily defined from the Fermi velocity of the
quasiparticle

m_;E ks =k-[ 1 <aef(p))1:| '
My ViEf / e\ ap p=k;

Inserting the definition of the quasiparticle pole into the
above gives, using dey(p)/dp = p/eos(p),

Jd
my = prrky [eof(l)) /p)
N aEOf(P)EC,f,S(fof(P) — Mg p):ll T 0"
ap p=ky
_ _ anf(p)EZf,s(EOf(p) —Mp p) 4
H [ d€or(p) :Ip—kf + 0.
(20)

Using that the explicit form of the self-energy in the zero-
temperature limit can be written as (c.f. Eq. (G2))

Ezf,s(fw(l)) - My p)

Fiersrie rsn (@ N (Q),
e //(2 )3 /s Shs

and the relation Eq. (B1) between the vector derivatives of
the effective interaction, the derivative in Eq. (20) can be
rewritten as
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de€or(P)Z s (€0s(p) — 1 f’P)] _ Roy [
p=ky

ap
[3€0f(l3) ap T Yo

PHYSICAL REVIEW D 85, 125030 (2012)

d? q ﬁ X d 60]"(p)f{c,f,s};{c',f/,s’} (p’ (l)
@2m)’ p

N} (q)]p_kf

M dq qu
= Of[ 6]260f(Q)5(61 kf) [ g Z f{cfs}{c N '}(P (I)] .
f

/f//

kf'U“Of fl Ao f v}(kf)

272

where partial integration was used and 8,,94N} (q) =
—847G6(q — ky) at zero temperature. Therefore E{ (20)
is identical to Eq. (19), which shows that the phenomeno-
logical Landau argument is indeed consistent with the
microscopic diagrammatic calculation.

V. DRESSED GLUON PROPAGATOR

Before we start the calculation of the temperature de-
pendence of the large-Ny thermodynamic potential, it is
useful to examine the dressed gluon propagator, which is a
crucial ingredient of the RPA theory. The most physical
gauge to study the propagator is the Coulomb gauge, since
its form results from considering linear response [13,14].
This is also by far the most used gauge in condensed-
matter theory. In this gauge, the gluon propagator is [13]

PT 2 8,6
DMV(Q) = my + = Q 5 100 §Q4 Q/.LzQV
0°+G(Q ¢ 0 +F(Q) 0
§Q2 0,0,
= DT(Q)P,{LV - DL(Q)a/.LOCSVO + — 1 Mz ,
q Q
where PlT“, is the three-dimensional transverse projector

defined in Appendix A 2, F and G are related to the
longitudinal and transverse projections of II ,, including
the contributions of various species as well as the vacuum.
More details can be found in Appendix E.

Consider the spectral functions of the transverse and
longitudinal propagator, which are defined by

P, @) = DT (w + i0, )]

In general the spectral function depends on the gauge,
however, the positions of the poles are gauge independent,
and the Coulomb gauge has the additional property
p"E(w, q) > 0 for @ > 0 as required of a physical spectral
function. For the balanced case, the spectral functions are
shown in Fig. 4 for several values of p and in Fig. 5 for
several values of T. The latter includes a small-T correc-
tion to F and G, see Eq. (E9) [28]. The transverse and
longitudinal plasmon modes and the large contribution due
to the decay of the gluon into the particle-hole continuum
(0 < @ < g) are clearly visible. Note that massless quarks
are used in the limit of high density, c.f. Appendix E.
However, a small but finite quark mass is necessary to
renormalize the real part of the polarization tensor of the

vacuum, as shown in Eq. (E7). Since the vacuum contri-
bution plays no significant role in the following calcula-
tion, we simply take this nonzero quark mass m in the
vacuum term the same for different flavors.

For the two-flavor imbalanced case, it is clear from
Eq. (13) that in the leading-order correction each flavor
contributes separately to the polarization tensor. Because
of the above setting, there is no mass imbalance in the
present system, therefore it is enough to consider only
positive & due to the symmetry. Following the notation in
Sec. IV, all the above results can be easily generalized to
such an imbalanced system by using w(1 + &) to replace
o, and w(l — k) for w_. As h — 0, the system reduces to

~
Q
IN
0 10 20 30 40
wlp
~
Q
0 10 20 30 40
w/u

FIG. 4 (color online). The spectral function of the transverse
(upper panel) and longitudinal (lower panel) gluon propagators
as a function of frequency w for several values of w in the
balanced case. Shown here for T =0, m = 1,q =20, g = 1/2,
Np = 2 and for different curves u = 1, 20, 50, 100, 200, 300
from red to purple.
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30 40 50

PL

0 10 20 30 40 50
wlp

FIG. 5 (color online). The spectral functions of the transverse
(upper panel) and longitudinal (lower panel) gluons as functions
of w for various T in the balanced case, with u = 200, m = 1,
q = 20, g = 1/2, Np = 2 and for different curves T = 1, 40, 80,
120, 160, 200 from red to purple. (In principle, T should be much
smaller than w, but here we show also large values of T to
demonstrate the differences between the curves more clearly.)

the balanced case. Now the low temperature condition
requires T << u(1 = k), such that & cannot be too close
to 1, namely, the extremely imbalanced case. The spectral
function for a two-flavor imbalanced system is shown for
various h in Fig. 6. Comparing with Fig. 5, we see that
increasing & has a similar effect as increasing 7'

The dispersion relations of the modes can be found by
solving

RD7L (w0, q)] = 0. @1

In the transverse case there is a single solution £7(q) > ¢,
however, in the longitudinal case there are two solutions
&L (g) < g < €4(q), as shown in Fig. 7. Note that ¢£(g) is
not a real propagating mode because the imaginary part in
the region 0 < w < ¢ is large due to particle-hole creation
processes, as explained in Appendix E. The two plasmon
modes ¢7(q) and £5(q) approach the so-called plasma
frequency wp, as g — 0. The plasma frequency of the
transverse and longitudinal mode can be found by expand-
ing the inverse propagators for small ¢ and small w, which
in the zero-temperature limit gives for both cases

PHYSICAL REVIEW D 85, 125030 (2012)

~

Q
\

0.00 0.05 0.10 0.15 0.20
w/p

~

Q

. A

0.00 0.05 0.10 0.15 0.20

wlp

FIG. 6 (color online). The spectral functions of the transverse
(upper panel) and longitudinal (lower panel) gluons as functions
of w for various h, with T =0, m = 0.001, ¢ = 0.1, u =1,
g = 1/2 and for different curves h = 0, 0.2, 0.4, 0.6, 0.8 from
red to blue.

po2mef @ @Y
3 w? 4p?  4u? ’

whose solution for small coupling constant yields o, =

\/2/3mg [13]. Here, m, is the gluon thermal mass whose
expression is obtained in the hard dense and hard thermal

é:/‘/-’p]
w
T
\
.

0.0 0.1 0.2 0.3 0.4 0.5
q/p

FIG. 7. The solutions of Eq. (21) at T = h = 0, with the dot-
dashed curve for £7, the dashed curve for fé, and dotted curve
for £&. The solid line is a guide to the eye and corresponds to the
dispersion of undressed gluons, w = g.
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loop approximation as shown in Eq. (E10). In the limit g >
m, ~ g all solutions reduce to w = ¢, see Eq. (E11).

Furthermore, for the limit w, g >> w the vacuum
becomes increasingly dominant such that Eq. (21) has
a zero at large Q called the Landau pole, Q> =
exp(3 + ?—;\i)mz = A? [29], c.f. Eq. (E11), which, how-
ever, plays no role for our purpose as we are interested in
the low-temperature behavior of the theory that is hardly
influenced by the high-energy behavior of the gluon propa-
gator. The dispersion relations for the case with nonzero T
or h is similar but just with a little higher m,,;. In fact, as a
generalization of Eq. (E10), the thermal mass of a two-
flavor imbalanced quark system reads

2

mgzg—[ 21+ h)? + p2(1 — b +
472

2772T2]
3 i

where h thus plays the same role as 77T/ V3 M.

VI. THE FULL LARGE-N; THERMODYNAMIC
POTENTIAL

The full ideal-gas contribution to the thermodynamic
potential density with the zero-temperature contribution
subtracted is (c.f. Appendix F)

77T TZ,U«% T
AQy = —N¢(N + — Ng-—=—-
0 C( F7180 % 6 ) G457

AQppa(T {us)) = 25 [dqdwq [NB(w)<arctan

I(FY)
N(FO)

PHYSICAL REVIEW D 85, 125030 (2012)

The first part is the contribution of an ideal massless Fermi
gas, while the second part is the Stefan-Boltzmann law of
an ideal Bose gas. The RPA correction to (), the last term in
Eq. (13), can be written as

Qgea(T, {us}) = Z Trin(1 + DolI)

Wy, q

N FPL  GPT
==y 1nDet<1 t T o )

v g)

where the Lorentz gauge is used, while for the Coulomb
gauge the second identity is not valid but the last result is
still the same, which is a consequence of the gauge invari-
ance of the thermodynamic potential density. Using con-
tour deformations to carry out the Matsubara sum, as
shown in Appendix D, we obtain

dgdw
2 (2m)?
X{J[InF(w, q)] + 2J[InG(w ., @)},

W, q

Ogea(T, {uyh) = 4mg*[2Np(w) + 1]

where F(w,,q) =1+ F(w,, q)/(—o?% + ¢*), and simi-
lar for G by replacing F with G. The temperature depen-
dence can be obtained by subtracting the zero-temperature
contribution. Since F' and G contain corrections of order
T?, the leading-order correction in AQgp, comes from two
parts,

3(G)

+ 70— %(FO)]sgn[ms(F)O]+2arctan%( =)

+ 277@[—%((}0)]sgn[?$((~;0)])E[S(lnFT) — 3(Inf°) + 23(InGT) — z:e(ln(;O)]],

where the superscript 7 or 0 means the corresponding
terms are taken at nonzero 7 or 7 = 0. We will refer to
the first part as the N term and the second as the non-Npg
term. The leading correction from the non-Np term can be
shown to be proportional to T2 and is not of great interest in
our study, since we will concentrate on the anomalous and
dominant 7 dependence, which is a consequence of the Np
term. In the Ny term, the arctangent terms can be inter-
preted as contributions due to production and decay of
thermal gluons, because of their dependence on the imagi-
nary part of the gluon self-energies F' and G, while the
theta function terms are interpreted as a correction to the
ideal gas law due to thermal plasmon modes.

The frequency integral over the theta function can be
performed explicitly. In both the transverse and longitudi-
nal case the sign of the imaginary part is positive when the

real part is negative, such that after the frequency integra-
tion the result of the integral is proportional to

. 1 — e B&B 'x)
d [0 *In —BEE 4

where x = ¢/T and &, < w < &, signifies the region
where Ny <O0. In the limit of low temperature this
integral will go to a constant. The theta-function contribu-
tion can thus be neglected since it is of higher order in the
temperature than is of interest to us here.

Next we perform the integrals over the arctangents,
whose structure at 7 = h = 0 is shown in Fig. 8. Note
that, for the study of the leading-order T corrections, it is
not necessary to include the 72 term in F and G since the
integral with Nz(w) at low T is already in the order of 7?.
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0.06 | ]
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0.04 ]
003 |
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B T S S I

FIG. 8 (color online). The structure of arctan(I /M) (upper
panel) and arctan(J;/Ng) (lower panel) with T =0, m =
0.001 u, h =0, g = 1/2, and for different curves, q/u = 0.8
(red), 1.6 (green), and 2.4 (blue), respectively. The contribution
for max(0, ¢ — 2u) < @ < q is solely due to particle-hole con-
tributions, while the contribution ¢ < w < o0 is due to particle-
antiparticle processes (a combination of finite density and vac-
uum processes). The discontinuities at @ = ¢ correspond to the
plasmon modes shown in Fig. 7. The constant tails are due to the
vacuum contribution, which, however, will not cause divergence
because of the Bose distribution function Ng(w).

The dominant contribution for small temperatures
(T < u) comes from the frequency integration over the
domain w € [0, g] for the case g < 2u, which is due to
particle-hole creation. For the two-flavor balanced case
(Np = 2, h = 0), it was found numerically that the integral
in the limit of small temperatures is

g2,U«2T2
77.2

(cf = c5Ing?)

for the electric (longitudinal) gluons and

2 2T2 2T
p Yl <—c{+c§1ng—)
M

77.2

for the magnetic (transverse) gluons, with cf =~0.48,
cf =0.16, ¢! =0.42, and ¢} = 0.056. These results are
quite close to the analytic results for the leading-order

correction terms at small g and 7T obtained in Ref. [30],
where ¢} = [In(47?) — 1]/6 = 0.4460, 5 =1/6~=0.1667,

PHYSICAL REVIEW D 85, 125030 (2012)

cl' = [yg — 6/(2)/7* + 3/2 + In(327)]/18 = 0.4032,
and ¢ = 1/18 = 0.05556.

For the imbalanced case, the above result for the trans-
verse gluons can be generalized to

1 Z 2g2/L2(1 + sh)?T?

_.T T
5 [ ¢ tc;ln
2s=i1 T

g2
m(l + sh)]’
(22)

where the contributions from both flavors with chemical
potentials u(1 = i) are additive. The longitudinal
part needs some further discussion. Since the static
long-wavelength longitudinal modes are screened
(c.f. Appendix E), the two chemical potentials contributing
to M can not be separated even in the lowest-order term.
This is different from the result obtained in weak coupling,
as shown in Eq. (16), where no interaction between the two
flavors is involved. Therefore it is not surprising to find
that a simple generalization of the balanced case, as
Y182 (1 + sh)*T?(ct — L Ing?) /272, does not fit
well with the numerical results. To obtain a reasonable
ansatz for the longitudinal part, we integrate the corre-
sponding arctangent term of the imbalanced case in the
low temperature limit up to @(g?) to obtain

472 (1 + sh)* 1

6" 20+ 1) 5]’ @9

1 Z g2u*(1 + sh)2T2[1

2 2

s==*1

where we see that the factor (1 + h?) =33 _ . (1 + sh)?
is a mixture effect of the two flavors. This expression fits
the numerical results very well with an error of only 3.5%.
Furthermore, just based on the numerical data, we find
another ansatz which fits the results even better

Iy g u(l + sh)sz( L g’

_ L
2 2 ‘T 1nl + sh

), (24)

s==*1

where the mixture effect is shown implicitly in the loga-
rithm, since the denominator becomes dimensionless by
canceling with the average chemical potential w =
Y —+1 (1 + sh)/2 in the numerator.

The specific heat (per volume) at fixed volume and
particle number is [31]

where the entropy density S = (0Q)/dT), and particle
number density n,= —(0Q/dus)y. In the low-
temperature limit the second term can be neglected, there-
fore the specific heat can be obtained, using Egs. (22) and
(23), as
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92AQ
1(5)
aT* /4,

1 Z 2g°u*(1 + sh)’T

CV_C(\)/

2 m’

[1 472(1 + sh)> 1
g [ TS S L
6  gX1+hn?» 6
T
w(l + sh)

s==*1

—2¢T + 3¢ + 2 In ] (25)

where the specific heat C}, = —T(9°AQ0/9T?),,, of an
ideal gas has been subtracted.

The effective mass and the first Landau parameter can be
determined in the high-density limit by comparing Eq. (12)
and (25),

. N g2u(l = h)[ 1‘4772(1 + h)?
m, = + 1
=7 K a2 g>(1 + h?)
2T
—1—12¢7 +18¢T + 12 Tlg—], 26
¢ c c n,u(l =) (26)

where we used k+ = u~ = u(l = h) in the massless limit
at high density. The first term in the effective mass is due to
the ideal-gas specific heat. However, as pointed out before,
the factor (1 + h%) shows the mixing of the two flavors,
unlike the weak-coupling results obtained in Sec. IV, e.g.,
Eq. (19). This is because, with the RPA correction, we
incorporate the sum of an infinite chain of gluon self-
energies, which incorporates interactions between different
quark flavors. Since the longitudinal gluon is screened in
the static long-wavelength limit, the mixing is even present
in the low-T and small-g limit. The numerical fit in
Eq. (24) also provides another expression for the effective
mass,

0.0 T T T T —

-0.1 == o= ]

—0.2F = ]

-03¢ 1

(my™—ps)/u

~04f ]

-0.5 L L L L =
0.0 0.2 0.4 0.6 0.8 1.0

h

FIG. 9 (color online). The RPA correction to the effective mass
as a function of &, with the red curves for the majority flavor (+)
and the blue curves for the minority flavor ( — ). The solid curves
correspond to the expression in Eq. (26) while the dashed curves
to Eq. (27), and their difference is rather small. g = 1/2 and for
each group of curves the temperature is 7/u = 107¢, 10~ and
1072 from bottom to top, respectively.
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2 2
- g p( = h) 8
"= . +T[6cf ~6ckin S
g°T

As expected, all the above results return to the balanced
case as h — 0. As mentioned previously, the contribution
from the non-Ny term is not included, which acts as a
constant shift on the ¢! and ¢! factors. In Fig. 9, the change
of effective mass due to the interaction is given as a
function of imbalance at various temperatures. Finally,
we emphasize again that A should not be too close to 1
even though the divergence from In(1 — 4) is suppressed
by the prefactor (1 — &), because in such an extremely
imbalanced case the condition 7 << w_ is not satisfied
for the minority flavor.

VII. SUMMARY AND DISCUSSION

We have calculated the thermodynamic potential pertur-
batively in the large-Ny limit and the effective mass of the
quarks is determined by using Fermi-liquid theory for an
imbalanced cold dense quark system. The temperature
dependence is obtained by using the gluon self-energy,
from which the contributions from transverse and longitu-
dinal gluons are explicitly shown. For the two-flavor im-
balanced quark system, the effective mass is obtained both
analytically within the weak-coupling limit, and numeri-
cally within the RPA approximation. We find that, in con-
trast to the weak-coupling result, where the effective mass
of each flavor is independent of each other due to the
lack of an interflavor interaction, the effective mass
obtained from the RPA calculation depends on the chemi-
cal potentials of both flavors, which is a consequence
of the static screening of the electric gluons at long
wavelength.

From the RPA results, the logarithmic dependence on
temperature of the specific heat and effective mass signals
a breakdown of Fermi-liquid theory at zero-temperature.
Non-Fermi-liquid behavior, due to unscreened long-range
magnetic interactions, was already discussed several dec-
ades ago for the case of the electron gas [32,33]. In the
large-Ny limit the QCD thermodynamic potential is essen-
tially the same as that of QED, apart from group theory
factors. The non-Abelian effects of QCD only show up if
gluon self-interaction corrections are included. The loga-
rithmic behavior in the balanced case has previously been
seen in analytic and numerical calculations of the QCD
thermodynamic potential and specific heat using the
large-N limit, dimensional reduction, and hard-dense
loop QCD perturbation theory [30,34-38]. We expect
that such a logarithmic dependence shall have important
effects on the imbalanced QCD phase diagram at low
temperatures and directly influence the properties of quark
matter in the core of neutron stars. As we pointed out in the
introduction, with the effective masses and Landau
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parameters obtained, we are now able to investigate how
Landau Fermi-liquid theory modifies the properties of the
various color superconducting phases. As a consequence of
the color and flavor degrees of freedom, there can be many
different kinds of pairing between quarks, of which some
involve quarks with momenta of different magnitudes.
Therefore, the results with imbalance we obtained here
will play an important role to describe the competition
between these imbalanced and superfluid phases. To better
understand these effects, it is ultimately even necessary to
go further, such as including the gluon self-interaction and
extending our discussion to the three-flavor-imbalanced
case. We hope progress along these directions will be
achieved in the near future.
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APPENDIX A: CONVENTIONS

1. Euclidean conventions

The four-momentum vectors in Euclidean space-time
will be written with capital letters Q = (i(iw,,), q), while
for the Wick-rotated case (iw, — w + i0) the roman capi-
tal letters Q, = (i(w + i0), q) are used. Three momentum
vectors are written in bold face q and its length as g. And
w * 10 are sometimes written as w- for short.

The Euclidean gamma matrices in the standard repre-
sentation are

0
°)

=<1
Yo 0

0 1
Ys = YoY1Y2V3 = 1 0/

All the above entries are 2 X 2 matrices and o; are the
Pauli spin matrices
o = 0 —i
> \i o)

0 1
717\1 o)
1 0
0'3:()_1

The gamma matrices obey the following relations:

{yM) ’}/V} = 26;“/’ {75’ ’)//1.} = Oy y% =L
The charge conjugation matrix is
_ . 0 0'2
C =772 l( o 0 )
which satisfies
CY/];C = ’y,u,) CT = C_l = _C.

PHYSICAL REVIEW D 85, 125030 (2012)

The eight generators of the fundamental representation
of SU(3) are taken to be

/0 10 (0 =i 0
Z‘IZEIOO, t2=§i00,
00 0 0 0 0
/1 0 0 (0 01
p=3lo -1 o) #=3[0 0 0)
0 0 0 100
(0 0 i /0 00
F=3lo 0 o) =300 1),
i 0 0 01 0
1(000) l(100)
= 0 0 —il, B8=—(0 1 0 |,
2\o i o0 2V3\o 0 -2

and have been normalized according to Tr[#*’] = 1 6°. In
general, the product of the generators is

No—1
ity = C (5ij51<1 + 6,64;)
N + 1
ZN (8,60 — 8:6)).

Furthermore, one will frequently encounter the following
group-theory factors:

fabcfabd — NC(SCd, S = N% — 1= NG»

in the above expressions N is the number of colors and N
the number of gluons.
Fourier transforms are normalized as

= fo o Wl e
d*p
~ ¥ (P)

where w, = m(2n + 1)/ are the fermionic Matsubara
frequencies, V = B(2m)3 is the imaginary time phase
space volume and P, = (i(iw,), p) and x, = (7, X).

The Dirac equation in Euclidean space is

(# + m)gp(x) =0,

where § = y 19, In momentum space, the Dirac equation
reads

ezPﬂx#

(i + m)y(P)=0.

The eigenvalues of the matrix if? are +m, since (if)> =
—P? = m?. The eigenspinors corresponding to these ei-
genvalues are

iPus(p) = —muy(p),  iPvy(p) = mv(p).
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Note that i/ is not a Hermitian matrix and that v ,(—p)
satisfies the same equation as u,(p). However, they can
also be viewed as the eigenspinors of a Hermitian matrix

YO(ZP ’ ‘5)/ + m)us(p) = Epus(p),
70(lp ’ 5/) + m)vs(_p) = _Epvs(_p)-

The positive and negative energy eigenspinors have the
following form:

e, +m &5
) = (:jfm : ) (A1)
v,(—p) = %(zfé’m&), (A2)
p K

where ¢; = (1,0)" and ¢, = (0, 1)”. They are orthonormal
in the sense that

ul (p)ui(p) = vI(—p)vi(—p) = 8y,
vi(=p)u(p) = ul (=p)vi(p) =0,
and satisfy the completeness relation

> [uy(p)ul (p) + v,(=p)vi(—p)] = 1.

Using the above eigenspinors, the positive and negative
energy projectors can be defined as

€,Y — iy p+m
PE(p) = Yu,(pul(p) =" Yo
s ep
_ €Yo T iy p—m
Pr(p) = v (—p)wl(-p) = L7 Yo

p

which in the massless case reduce to

1 + Sl.’}/()';/ . ﬁ
5 .

The helicity projection operators project the spin along the
momentum of the particle and read

Pp(p.m=0) =

L+s%-p _ 1+5siysyy P
2 2 ’

Pi(p) =

where

. N g 0
p 2175707:(0 &)

is the spin operator. Note that [P%(p)yo, P* (p)] = 0.

2. The Green’s functions

The Green’s functions of quarks and gluons in Euclidean
space are defined by

G(r, x; 7, X)) = —(¢(7, ) (7, X)),
D, (1, x;7,x') = (A, (7, x)A, (7, X))
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In momentum space, the free quark propagator is

(i0,+ Wyo— i p+m_ iP—m

Gy(P) = = .
o(P) (iw, + w)?* — p* —m? P2+ m?

In the Lorentz gauge (9,4, = 0), the momentum-space

free gluon propagator is

1 v

Do Q) = @[% (- f)%]
P, £ 0,0,
Q> Q* ¢*’

while in the Coulomb gauge (9;A; = 0) it is [13]

P_;CV Q_2 8,1/,081/0 Q_2 Q,u QV

7 T3 - té— 2
- ¢ 0 q 0
where ¢ is a gauge-fixing parameter and the projectors can
be written as

DO,MV -

5

v v » 1 »

2 2 Qz ij J q2

T _— pT _— L _ pT
P,uO_POV_O’ P/.LV_P/.LV P,uv-

Note that the free gluon propagator in the Lorentz gauge
satisfies Q,, Dy ,,, = £0,/0%, such that in the Landau
gauge (£ =0) it is purely four-momentum transverse,
ie., Q,Dg,, =0. The free gluon propagator in the
Coulomb gauge satisfies q;Dy,;, = £€¢*Q,/0Q*, such that
in the Landau gauge it is three-momentum transverse.
These propagators are diagonal in color space.

APPENDIX B: LORENTZ TRANSFORMATION
PROPERTIES

In this section, the Lorentz transformation properties of
some quantities are summarized, such as the thermody-
namic potential, the distribution function and the effective
interaction. The Lorentz transformation to a frame moving
with velocity v is

—y e — T

v _ . . N
AR ) yv 8y + iy —1) '

such that the four-momentum P* = (e(p), p) of a particle
transforms as

( e(lf) ) - (p + V(py-( i()l()i - V1) Ii)ﬂye(p)v )

Not to be confused with the Dirac matrices y*, the y used
in this section is the Lorentz factor y = 1/4/1 — v2.
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1. Lorentz invariance of the thermodynamic
potential density

The invariance of the thermodynamic potential density
under Lorentz transformations can be shown using the
stress-energy tensor. Consider the change in the thermody-
namic potential density under a Lorentz transformation
from the rest frame to a frame moving with velocity v.
Since an interacting gas of quarks in the rest frame is
specified only by an energy density p and a pressure p,
the stress-energy tensor is diagonal and of the form

T,, = diag(p, p, p, P) uo»

such that under a Lorentz transformation the thermody-
namic potential density ) = p — un = — p changes as

8Q = 8Ty — 8(un) = y*v*(p + p) — 8(un)
= uny*v® — 8(un).

The transformation of the chemical potential (u =
dE/dN) follows from the Lorentz boosted total energy of
the system E — y(E — v-P) = yE, where P = 0 is the
total momentum of the system in the rest frame, which
results in u — yu. The transformation of the density is
due to a Lorentz contraction in the volume n — yn.
Thus the total change in un is 8(un)=(y>*—1)un=
y*v2un, such that under a Lorentz transformation
6Q) = 0. For an alternative derivation which uses the

fa'a'/(p p)_fo'o'(p p/)l:l -V

= fo‘o" (p’ p/) - EOa'(p)V .

. d €00 (P)

fof(P)][l
fse (P, P')
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pressure transforms the same way as a force per area, see
Ref. [39].

2. Transformation properties of f(p, p’)

Consider the lowest-order correction to the free thermo-
dynamic potential density

d3 d3 /
Qine =5 Z f (577)5 Foo (P, PIN(P)N . (p).

Note that the distribution function N(p) is a Lorentz in-
variant, which can be easily derived from the fact that the
number of particles in a volume d>xd>p of phase space is
invariant under Lorentz transformations [40], i.e., N(p) =
N(p) where the tilde signifies the Lorentz transformed
quantity. Subsequently, it is possible to derive a transfor-
mation law for f(p, p’) by using that the distribution, the
thermodynamic potential density and dp/ey(p) are
Lorentz invariant. It follows that €,,(p) €y, (P')f vo' (P, P")
should be Lorentz invariant, giving

600’(p)60(r’(p/)fo'(r’ (p: p/) = g00'(13)g00" (f’l)f(ra" (I’Sy ﬁ/)>

where €y, (p) = +/p? + m%. Expand f to the lowest order
in v, using &(p)=¢eyp)—v-p+OQL?), p=
P — €(P)v + O(v?), and p/€y(p) = d€y(p)/p,

/

b
€00 (P/)

€00 (p/)V

] + O0?)

i af(nr’ (p’ p/)
ap’

= foo (P, p’)[v P

aEO(r(p)fn'tr (p’ l)

—v- aéoar(p/)] + 0(v?)

ap’

= for (. P —V~[

ap

a600' (p )f(ro' (p’ p ) 2
2o PR+ 0w2)

If it is assumed that to the lowest order the interaction does not depend on any distribution functions, i.e., f,,/(p, p') =

foo' (P, P'), the above implies

anU(p)fa'o" (p’ pl) _

Ip

Note that the above derivation is similar to that given in
Ref. [27].

APPENDIX C: FROM MINKOWSKI TO
EUCLIDIAN SPACE

In this section, we summarize how to turn the
Minkowski quantum field theory of quantum chromody-
namics into a Euclidean statistical field theory suitable for
studying the dynamical properties of a many-particle

_ aEOo”(p/)fO'o"(p’ pl) .

(BI)

!

p

[

system. The starting point is the gauge-fixed path integral
for QCD

f DA, DJ Dy DD exp{i f LQCDd4x}, 1

where A, are the gluon fields, ¢ and J =iyTy0 the
quark fields, n and % = inty° the ghost fields and the
QCD Lagrangian in Minkowski space fixed in a linear
gauge (f*A¢, = 0) is given by
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_ o 1 _ _
Loco = =D [G,(F +mp) i, +igh vy 1@ ;AL] — EAZ‘(G,LBV — 97, AL — 99,040 — gfP(qon nP)AS,
7

1 1 1
—58(0%A; — AN N e MpATAL — Zng"bCf“denwmpAZ‘AZAZAé’ + E(f"f\ii)z,

(C2)

where ¢ ; is the quark field with flavor f, and the summation over color and spin indices are shown implicitly. The metric
was chosen to be 7, = diag(—1, 1, 1, 1) and the Minkowski gamma matrices in the standard representation are

Y= —i<(l)

The gamma matrices satisfy

0
_1’

{y#, "} = 29",

i=_i 0
Y 0,

By performing a Wick rotation, the above quantum field
theory can be transformed into a statistical field theory. A
Wick rotation amounts to taking an analytic continuation
from real time to imaginary time (¢t = —i7), which turns
the Minkowski metric ds?> = —df® + dx*> into the
Euclidean metric ds> = d72 + dx2. To do this consistently,
the zeroth component of all four-vectors need to change
accordingly. The procedure is most easily understood by
considering the length of the position four-vector

u u ) -1 0 t
xtx, = xtn,,x" = (t,X) o 1\«

it
= (it, X)]l( X) =x£6,,xE,

y ~1 0\~
x,m*x, = (—t,Xx) o 1\ «
) it E E
= (it,x)1 )= X156 X5

where it is seen that the minus sign of the Minkowski
metric is absorbed in the definition of the Euclidean four-
vectors xf, = (it, x) = (7, x). In Euclidean space, no dis-
tinction is made between upper and lower indices. A
simple way to obtain the Euclidean form of a vector is to
multiply the contravariant vector by the matrix
diag(i, 1, 1, 1) or the covariant vector by diag(—i, 1,1, 1)
and set t = —i7. Note that the spatial components do not
change. For example, the Euclidean position four-vector,
the four-divergence and the zeroth gamma matrix are in
terms of their Minkowski definitions Eq. (C3)

xE = (ix%, x) = (—ixp, x) = (it, x) = (7, %),

d
&, v) - (ar’ V),

9E — (i3, V) = (—idg, V) — (—i
. (10
7€=170=—170=(0 _1)-

Generalizations to tensors is straightforward and follows
for instance from the example A,, = a,a,. Using the

iy, y*1=0,

(C3)

O-i)
0 i

0 1
5 — 010243 —
v =iy (1 0)-

(P =1

[
above procedure to find the Euclidean versions of all
tensors, the partition function is easily found from
Egs. (C1) and (C2) by setting the tensors to their
Euclidean versions, taking 1,, — 8, and t — —i7. The
partition function is

z= jDA#DJ/Dd/DﬁDne_SE,
where the Euclidean action is defined as
SE = f[gCDdex,
with the Euclidean Lagrangian
L€CD=§_[{M(3 Tmp—yopu ) —igpy 1P A% ]
+%A7L(a#ay =978 ,,)A%+ 9% n*

1
S0, )AL +58(0,,A% — 0, AL fUALAS

1 1
S AL AN~ (0,AL)

In the above the tensors are all Euclidean but the index E
has been dropped for convenience, the conjugate fields are
now defined as i, = glf;ﬁ y§ and 7 = ntTyE and the
chemical potential has been added as the Lagrange multi-
plier of the density ¢p} i s Additionally, to complete the
connection between quantum field theory and statistical
field theory, the time integration domain is changed to
7 € [0, B], where B is the inverse temperature T of the
system. Because of the definition of the partition function
as a trace over all states, the bosonic (fermionic) fields are
required to obey symmetric (antisymmetric) boundary
conditions, namely ¢ (7 = 0,Xx) = * ¢ /(7 = B, x).
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APPENDIX D: NONZERO TEMPERATURE
CALCULATIONS

At nonzero temperature, one needs to calculate
Matsubara summations which usually can be done using
contour integration. In the following, an expression is
derived for such summations and the interpretation of the
result is discussed. Consider to this end the sum over
bosonic Matsubara frequencies (w, = 2n@T) of the func-
tion f(iw,)

e ] ]
B S o) =5 fc FQ) gz,

where the contour C,., is given in Fig. 10. If
f(z)Ng(z)z — 0 when |z| — oo then it is possible to close
the contour by adding the arcs of Cg, ._.... in which case
Crats = Comiccire T Coomi-cire- I general, f(z) will only
have poles or branch cuts on the real axis, such that the

contours can be contracted along the real axis, which gives
,, . 1 foo ~ .
BY fliw,) == [ Ny(@)3[f(w + i0)]dw
w, T 0

_1 f "I+ Ny() X[ (—w + i0)]dw,
T Jo
(D1)

where 2i3[f(w + i0)] = f(w + i0) — f(w — i0) and it
was used that @ <0 for the contour C . .., such that it
is more convenient to take @ — —w and use Nz(—w) =
—1 — Np(w). The first line can be interpreted as due
to thermal gluons and the second line due to thermal
(anti)gluons and a vacuum contribution. The fact that
the gluon is its own antiparticle will be reflected by

S[f(—o +i0)] = =3[ f(w + i0)].
Im[z]

A

Cmals

- +
C semi-circ C semi-circ

i Re[z]

FIG. 10. The contour for the bosonic Matsubara summation,
where Cp, along the imaginary axis is used to rewrite the
frequency summation as a contour integral. The contours
Cimi-cire are the positive and negative energy semicircular con-

tours obtained by adding arcs at infinity to C-

PHYSICAL REVIEW D 85, 125030 (2012)

Let us evaluate the above for the specific case f(z) =
In[g(z)] which satisfies J[g(—w +i0)]= —J[g(w +i0)].
Expanding the logarithm in terms of its real and imaginary
parts

In[g(2)] = Inlg(2)] + iarctan(;;i%)

+ imO(—N[g(2)Dsgn(I[g(2)]),

then Eq. (D1) can be written as

67 S lglion)] = — [ ol + 235()

X [arctan(?&i%)

+ 7T®(—Eﬁ[g(w+)])sgn(i”9[g(w+)])],

which will be used in the calculation of the RPA correction
to the thermodynamic potential.

For fermionic Matsubara frequencies a similar deriva-
tion can be done, but now the chemical potential is in-
cluded by writing f(iw, + u)

Z 1 1
-1 . - _
g w Jlon ) == fcm 1) e

where the contour C,, is given in Fig. 11 and N(z) =
(exp(Bz) + 1)7! has poles at the fermionic Matsubara
frequencies with residue —1. If f(z)N(z)z— 0 when
|z| — oo, then it is possible to close the contour as given
in Fig. 11 by adding the arcs of C;_;,. and the lower- and
upper-boundaries of Cy,. The full Matsubara sum can thus
be written as a contour integral over Cpus = Ch i
Coox T Coopi-circ- Again if f(z) only has poles and branch
cuts on the real axis, contracting the contours along the real

axis gives

Im|[z]
A .

R [ itk IC I SR -

Cmats

- +
c semi—circ C semi—circ

ReLz]

y

B -

0 H

FIG. 11. The same as in Fig. 10 but for the fermionic case,
where Cy,y, the contour between 0 < w < u, is related to
processes inside the Fermi sphere.
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_ . N o~ . e URSTY .
B 'wznf(lwﬁru)— - j Niw = w3 (@ + i0)ldo —— [ [1 = N(s — )30 + i0)}dw

—ljﬂj—mw+mmyew+mwa
T Jo

where in the first-to-last line it was used that 0 < w <
for the contour Cy,,, such that it is more convenient to
write N(w — u) = 1 — N(u — ). Similarly for C___; i,
where w <0, we take w — —w in the integral and write
N(—w — u) =1 — N(w + w). From the above it is clear
that the first line corresponds to particles above the Fermi
sphere, the second line to those in the Fermi sphere and the
last line is due to antiparticles and contains a vacuum
contribution. Note that the above formula must be used
with care, since one has to check if the above simplifica-
tions are valid on a case-to-case basis.

APPENDIX E: THE GLUON SELF-ENERGY

The gluon self-energy, or the so-called polarization ten-
sor, is given to the lowest order by

d*P
H?,b,uv = _gzt?jt?i '/.7 Tr.Y[YMGOf'(P + Q)YDGOf(P)]
= 5ahl—[f’}w' (El)

The polarization tensor is purely transverse, i.e.,
Q,1I1;,, = 0, which can be easily seen using

(D2)

i@ = Gof (P + Q) — Gy (P),

and the cyclicity of the trace. Expanding the polarization
tensor in terms of the longitudinal and transverse parts
relative to the three-momentum q gives

— L T
Hf”u,, = FiP,, + G¢Py,,

where F; and G, can be obtained by

2

1
Fp= ? H,f,oo, Gy = E(Hf,#,u - Ff) (E2)

Noticing that even in the imbalanced case, the contribution
from each flavor simply adds up to the total polarization
tensor, therefore, throughout this section, we will not ex-
plicitly write out the subscript f, and all the formulae
presented here are applicable to any flavor. However, in
the main text, we use I1 s F and G as the summation over
all flavors if the subscript f is not explicitly shown.

After performing the Matsubara sum, the individual
processes involved can be identified

82 d3p {ZSs’[ﬁs(p)F)/,u.us’(p + q)lzs’(p + q)yvus(p)]

e =5 ] ay i, ~ €D+ )+ €olp)
+ Zss’[ﬁs(p)’y,uux’(p + q)ﬁx’ (p + q)yvvs(p)]
iw, — €(p +q) — €(p)
+ ZSS/[ﬁs(p)’)/,u,vs’(p + q)ﬁs'(p + Q)')’y”v(p)]
iw, + €(p + q) + €(p)
+ Zss’[ﬁ.s(p)ylLvs/(p + Q)ﬁs/(P + Q)%;US(P)]
iw, + (P +q) — €(p)

_ & > f @p TPEP)YoYuPEP + @)yo7.]
2 2m)} iw, — s60(p + q) + 51€0(p)

s1,8==*1

where NY(p) = WM, N+(p) = N(p) is the
Fermi distribution of the corresponding flavor and N(p) =

m = 1— N~ (p) is the Fermi distribution for
the corresponding antiparticle. The first line is related to
particle-hole creation and annihilation, the second and
third line to particle-antiparticle (and hole-antihole) pro-

duction and annihilation, and the last line to antiparticle-

[N(p + q)(1 = N(p)) — (1 = N(p + q))N(p)]

[N(p + @)N(p) — (1 = N(p + q))(1 — N(p))]
[(1 = N(p +q)(1 — N(p)) — N(p + q)N(p)]
[(1 ~ Fp + a)¥(p) ~ N + @)1 ~ Np)]}

[N2(p + q)(1 — N*'(p)) — (1 — N*2(p + q))N*'(p)], (E3)

[

antiparticlehole creation and annihilation. Note that, as
expected, the first line vanishes in the 7', & — 0 limit and
the last line vanishes in the 7 — 0 limit. The second and
third line contain infinite vacuum (7, w = 0) contribu-
tions, which need to be renormalized. The gluon self-
energy will be decomposed in terms of a matter part, a
renormalized vacuum and an infinite vacuum contribution
according to
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M,,,(0, T, p) = Tt + T o+ TTighvee,

where the various functions have been defined as

Py
HIE?} = H/J,I/(Q’ T: /-L) - :I;L H/\)\(Q) 0; 0):
, P, I1,,(0,0,0)
n = o0 - (G ]

Hg’]gvac_ = @ Qzl:HA/\(QZ: O) O)] '
3 (0] 0*—0
For the vacuum expressions, it is possible to extract the
projection matrix P,,, since the polarization tensor is
purely transverse and for 7, u = 0 there is no preferential
frame such that the tensor is built up out of only two
possible quantities &, and Q,,Q, . To include the dynami-
cal properties of the vacuum expression a renormalization
procedure is necessary. In the above the renormalized

|

l‘lmat(T= 0) =g_2{gﬂ2 _L Z [qZ
o0 27 13 24, 2.
p(3Q? —4p?)

§p—————

24q

2 2 2
gm0

HmatT:() = ©2 —
,U-P«( ) 77.2|:2 8q

{,u Z K ln|:
s;==*1 1

These expressions give the same result as can be found in
Refs. [41-43]. Performing an analytic continuation to real
time (iw, — w + i0), the above expressions have branch
cuts from max(0, ¢ — 2u) < |o| < ¢ and g < |w| < g +
2, the origins of which can be found from Eq. (E3) and
are due to particle-hole processes and finite-7, p contri-
butions to particle-antiparticle production and annihilation,
respectively. Because Lorentz invariance is broken due to

| + 25K
q—iw,
_ 251 *

gtio,
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vacuum expression was obtained by extracting the infinite
contributions from the vacuum polarization tensor at the
renormalization point Q% = 0. The reason for extracting
the factor Q% from the vacuum I, , before setting Q%> = 0
is because in the vacuum the dressed gluons are massless,
ie., IT,, « Q?, c.f. Eq. (E7). Therefore, Q> = 0 is still a
pole for the vacuum expression, at which the residue is 1
after the renormalization. In conclusion, the following full
renormalized polarization tensor will be used:

D = 10, — TTinGvee = TEmat 4 [Irenvee (E4)

In the high-density limit (« >> m), a good approxima-
tion is to evaluate the matter part for the case of massless
quarks. Thus for massless quarks in the zero-temperature

limit the matter parts of Iy, and II,, can be calculated
explicitly

_ 19 g2y 2q2)]1n[1 _ st ]
2q q —is|o,
2 | — 228
_~ lw_‘i] ln[#]} (E5)
4 q 1+ q+§zq
1 ) 28518y 4 :I}:l
= - Inf1+———|}] E6
ZSI‘SZZ:il(q lslwq) n[ q —is|w, (E6)

f
the presence of the gas, [I™* is a function of ¢, = i(iw,)

and g separately since it can be a function of g, u,, and g =

w/Qz — (q,u,)?, where u, = (1,0,0,0) defines the rest

frame of the system [14].
The renormalized vacuum part IT7{}"** has been found
in Ref. [44]

2o m? 1 g’ rl 2m? 4m? 4m?
P %5—[ - 1(—————————)=—~P 2——{——(1———)(L— 1+ A 111+——)]

2%

g2Q3 + In(%)]

24 E7)

where it was assumed that the quarks have equal masses and in the last line it was expanded for small masses. In real time,

this expression has a branch cut for |w| > /¢ + 4m?> ~

annihilation.

g, which is due to particle-antiparticle production and

Using a Sommerfeld expansion temperature, corrections to the gluon self-energy can be obtained. The Sommerfeld

expansion can be summarized as
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n—l

N(e, —p) = O(u — €,) — Z 21 — 2127 2n) 8(e, — w)T™". (E8)

aan

The derivation is analogous to that of the nonrelativistic Sommerfeld expansion [45]. One has to keep in mind that the
above is not a complete expansion for small temperatures since also the chemical potential depends on temperature. In this
manner the T2 correction to the gluon self-energy is found to be

72 iw, +2su  T(iw
z 2 In

s a g’ —g)liow, + 2su + q)
g — HEY(T = 0) = 5 ]

6 e (lw + @)liwg + 25 — q) ©9)
UV g1 8u’[3(iw,)* — Cu — q)2u + q)]
i~ M =0 = =5 g7 [((wg)* — (2; - 9w, — Qu + qPT

Using Egs. (E2)—~(E4) and (E6)—(E9) the behavior of F and G can be found in several limits. Keeping the ratio x = ¢/ w
fixed and expanding up to zeroth order in w, the hard dense loop and hard thermal loop (HDL/HTL) expressions are

reobtained [13,14]

1 1 1—x
i = = 2 —
ili%F(w’ g = xw) ng(l 2 )[1 + —1In (1 - x)]

' 1 1 1 1—x
timG(o. g = x0) =i 5 =5 (1= (1)

2x

X 2x X

is the gluon thermal mass. The reason that the above limit
returns the HDL and HTL expressions, is due to the fact
that the HDL/HTL approximation (m =0 and o K g <K @)
takes into account only the low-energy processes around
the Fermi surface, namely, particle-hole processes. Some
other useful limits are

lim lim F = 2m?2 (1 +133)

q—0 w—0 2 q
)

lim lim G = —2m2i— —,

q—0 w—0 2 q

where it can be seen that in the static long-wavelength limit
(w, g — 0) the electric gluons (F) are screened, while
magnetic gluons (G) are dynamically screened.
Furthermore, the large momenta and frequency behavior
of the matter and vacuum parts are separately seen to be

pEm} +38T)

lim Fmat = 5 :
o0 3Q
) 2(4m2 +3 2T2)( 24 (1)2)
quanGmm - _ M~ 8 33gQ4 q i (El 1)
b F G = g°Q’[ + In(E: 2)]
mr,G=————>—"—
o 24

The vacuum expressions are proportional to Q? since in the
vacuum the gluons remain massless and thus Q? = 0 is still
a pole of the propagator. The logarithmic Q? dependence is
usually absorbed into the vertex and subsequently inter-
preted as the varying of the coupling constant with the
energy scale Q.

=afo (E10)

2_32 PR
s wherem&=m M +§7TT ,

x=q/w

APPENDIX F: THE THERMODYNAMIC
POTENTIAL OF IDEAL GASES

Consider first the well-known ideal Fermi gas term of a

single species

V_B Trin(—G, ')

- _ _/3 D Indet[(ip + m)]

Wy, P
_ __Z[(z 52— (iw, + po)* + €(p)].

Using Eq. (D2) with f(z) = In[—z? + €}(p)] and using the
principle value logarithm with a branch cut on the negative
real axis

li{gS[f(a) +in)] = lim%[ln(—a)2 + €3(p) — 2iwn)]
7

= 70[w’ — €(p)lsgn(—w),

the ideal Fermi gas contribution becomes

- 2[(2 L TN — ) = (1= N + )]
X Olw? — €(p)ldw

d3
= _23_1 fz—l;{]n[] + e_B(E()(p)_MO)]

4 In[1 + e~ Flea®*u] + 2 f f’" do
2m)3 es(p)

In the above it was assumed that the arc at infinity vanishes,
which is the case if the time-ordering in the path-integral is
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taken into account properly by multiplying the integrand
by e " and taking the limit 7 | 0. The infinite vacuum
contribution is clearly visible and should be subtracted,
giving for massless fermions

1T Ty m ]
180 6 1272

Qideal—Fermi = _[

The ideal Bose gas follows from

11 1
VB2 Tr[ln(Dal) —2In(9,f,) — lng],

which will lead to the same expression in both the Lorentz
and Coulomb gauges. In the following, the Coulomb gauge
is taken (f, = (0, V),),

2‘15 (Trln[DOW(Q)] — 2Trlng? — Trlné)
sl )

Z In[—(iw,)* + ¢*].

Wy, q

2Ly pus(Qits(q)y,]
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The unphysical degrees of freedom clearly drop out due to
the ghost contribution 9, f,,. Using Eq. (D1) with f(z) =
In(—z% + ¢?), the ideal Bose gas contribution is

dq _
3 ) 2y In[1 — e P1] — B )3f do

Again, the vacuum term is clearly present and will be
subtracted, giving the Stefan-Boltzmann law

T4
4572

Qideal-Bose ==

APPENDIX G: THE QUARK SELF-ENERGY

For completeness also, the quark self-energy will be
derived in the Lorentz gauge to lowest order.

4
)= [ %Tr[—igyﬂzaGO(Qx—ignz“)D,w(P —0)]

Performing the Matsubara sum gives

S(iw,,p) = —¢ N

+ Ng(p — @)N(q)] +

&3 1
2Nc J 2m)* 2€8(p — q) {iw, + u — €(q) — €4(p —
Slyu@i(q)y,]

) [(1 + Ng(p — q))(1 — N(q))

[Ng(p — q)(1 — N(q)) + (1 + Ng(p — q))N(q)]

Zs[mvs(q)vs(q)m]
iw, + pn+ €lq) — e(p —q)

Slyvuvs@ug(@)y,]
iw, + n+ €lq) + e(p —q)

» T —elq) +ep—q)

[(1 + Np(p — @))N(q) + Np(p — q)(1 — N(@))]

[Ng(p — @)N(q) + (1 + Ng(p — @))(1 — N(q))]},

AE(Z.CU],, p) _g FEvE

In the last line the indicator function / 6 4+ 6

52,83

YuPE (@ Y0y, ]

4NC pr53=*1 [(277')3 [Eg(P q) iw, + u — 5,6(q) — s3€(p — q)
X[(1+ Nz — @)1 = N=(q) + Ny(p — ON*(q) — I, ,]

(G

— 0y, O, is exactly the vacuum contribution such that AZ is the

vacuum subtracted self-energy, i.e., AX(T = ,u = O) = 0. To first order, the self-energy for a single quark and antiquark
can be found by using the free quark energy projectors and helicity projectors

3 (iw,, p) = Ti[P*(p) P},

After projecting and evaluating the self-energy at iw, = s, €,(p)

Yoz(iwp: P)]

— M, the function in the first square brackets in Eq. (G1)

reduces to Fy , ;,(p, q) defined in Eq. (14). In the zero-temperature limit the self-energy for a single quark then reduces to

%i_I'I(I)Azwfo(P) - p) =

Note that the final result is independent of helicity s.

82NG
4N S

f i Fre 0N (@) (G2)
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