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Derivation of an Abelian effective model for instanton chains in 3D Yang-Mills theory
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In this work, we derive a recently proposed Abelian model to describe correlated monopoles, center
vortices, and dual fields in three-dimensional SU(2) Yang-Mills theory. Following recent polymer
techniques, special care is taken to obtain the end-to-end probability for a single interacting center
vortex, which constitutes a key ingredient to represent the ensemble integration.
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L. INTRODUCTION

Correlated monopoles and center vortices are believed
to play a relevant role in accommodating the different
properties of the confining string in Yang-Mills theories,
receiving support from lattice simulations [1-6]. In fact,
scenarios based on either monopoles or closed center
vortices are only partially successful to describe the ex-
pected behavior of the potential between quarks (for a
review, see Ref. [7]). At asymptotic distances, this poten-
tial should be linear, depend on the representation of the
subgroup Z(N) of SU(N) (N-ality), and display stringy
behavior (a 1/R Liischer term). At intermediate scales, it
should posses Casimir scaling.

Monopoles can be seen as defects that arise when im-
plementing the Abelian projection [8]. The Cho-Faddeev-
Niemi representation (CFN) can also be used to associate
monopoles with defects of the local color frame used to
decompose the gauge fields [9-13]. An important issue is
how to deal with unphysical objects such as Dirac strings
(or world sheets) when charged fields are present. This has
been studied in Ref. [14], using the CFN representation of
SU(2) Yang-Mills theory. There, we showed how to de-
couple Dirac strings in the partition function of the theory,
only leaving the effect of their borders where monopoles
are placed.

In Ref. [15], the possible frame defects were extended to
describe not only monopoles but also center vortices,
correlated or not. In Ref. [16], this procedure has been
related with the usual manner to introduce thin center
vortices in the continuum, providing a natural way to
discuss the stability of center vortices. In this framework,
we also discussed the relationship between large dual
transformations in three- and four-dimensional Yang-
Mills theories and phases where Wilson surfaces can be
either decoupled or become integration variables [17]. This
is relevant for the problem of confinement, a phase where
the surface whose border is the Wilson loop becomes
observable.

In these scenarios, one of the difficulties is how to deal
with the integration over an ensemble of extended objects,
after considering a phenomenological parametrization of
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their properties, such as stiffness, interactions with dual
fields, and interactions between them. This is particularly
severe in four-dimensional theories where center vortices
generate two-dimensional extended world surfaces.
However, in three dimensions center vortices generate
worldlines, so these ensembles are naturally associated
with a second quantized field theory. For this reason, we
were able to propose in Refs. [15,17], following heuristic
arguments, an Abelian effective model to describe the
large distance behavior of the three-dimensional (3D)
SU(2) Yang-Mills theory (for a non-Abelian version, see
Ref. [18]). This model corresponds to a generalization of
the t” Hooft model [19]; it includes a coupling with the dual
field that can be defined in order to represent the off-
diagonal sector. This coupling is essential to relate the
possible vortex phases with enabled or disabled large
dual transformations, and discuss in this framework the
observability of Wilson surfaces [17].

The aim of this article is presenting a careful derivation
of this effective model, after parametrizing some intrinsic
physical properties that these objects could have. One of
the fundamental ingredients will be the adoption of recent
techniques borrowed from polymer physics [20], where the
extended objects are also one dimensional. The polymer
formulation of field theory in Euclidean spacetime [21] has
also been used to study the magnetic component of the
Yang-Mills plasma due to monopoles [22], which in four-
dimensional spacetime are stringlike objects.

In this work, we present a detailed derivation of the
equation for the end-to-end probability for a center vortex
worldline, including the effect of interactions. This proba-
bility can be thought of as a Green’s function that depends
on the position and orientation at the worldline boundaries,
where (monopolelike) instantons are placed. In the limit of
semiflexible polymers, a reduced Green’s function for a
complex vortex field minimally coupled to the dual field is
obtained. This constitutes a key ingredient to derive the
above-mentioned effective model.

In Sec. II, we briefly review how to use the CFN decom-
position to include vortices as defects of the local color
frame. In Sec. III, we rewrite the ensemble for correlated
monopoles and center vortices in terms of the weight for a
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single interacting vortex, while in Sec. IV we derive the
associated Fokker-Planck equation. In Sec. V, we combine
the previous results to obtain the generalized effective
model. Finally, in Sec. VI we present our conclusions.

II. CORRELATED INSTANTONS
AND CENTER VORTICES

The starting point is the SU(2) Yang-Mills (YM) action
defined in three-dimensional Euclidean spacetime,
1
Sym = 3 [d3xtr(FWFW,), F,=Fg,T (1)
The generators of SU(2) can be expressed in terms of Pauli

matrices T = 79/2, a = 1, 2, 3, and the field strength in
terms of the gauge fields A¢,,

Fu,=0,A,— 0,4, +gA, x4, A
F,,=Fae, )

where €, is the canonical basis in color space, a = 1, 2, 3.
Following Ref. [15], in order to separate the perturbative

sector from the sector of topological defects, we can use
the CFN representation,

- .1 R R R

A, =Ah— 2" X 9,A+ X A+ X0,  (3)
to parametrize not only monopoles but also (correlated or
uncorrelated) center vortices as defects of the local color
frame 7i, (7i; = 7). The frame can be given in terms of a
mapping S € SU(2),

>

ST,s 1 =q, - T. )
Defining Cf, = — 5. €**#j, - 9, and renaming,
A,=A-C, X, =Al, X2 =A2 (5

the parametrization (3) can be also written in a more sym-
metrical form,

A, =A,A, S = (A4 — 9, (6)

where the vector field A . Tepresents a perturbative sector.
For a particular class of frame defects, as discussed in
Ref. [16], this form coincides with the usual manner to
introduce closed thin center vortices in the continuum [23].
The advantage of the ansatz (6) is that frame defects can
also represent monopoles concatenated by pairs of center
vortices to form chains [15].

When considering the CEN decomposition, or the sym-
metrical form (6), there is an overcounting of degrees of
freedom to be fixed. In fact, as shown in Refs. [9—11], when
the local color frame contains no defects, we can write

.. S L _
A, T=SA,- TS 1~I—§S8MS L (7
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A, =ALe + Ao, + Ades. (8)

Therefore, in this case the overcounting simply amounts to
introducing additional gauge transformations, parame-
trized by a regular S, on top of the vector field A e
However, it is important to underline that when describing
center vortices in 3D, the mapping S is discontinuous on
some surfaces where it jumps by a center element. As a
consequence, the ansatz in (6) can no longer be written as a
gauge transformation (see Refs. [15-18]).

To avoid overcounting, two types of fixings will be
needed, and two types of BRST transformations should be
introduced (for a discussion in terms of the CFN variables,
see Ref. [24]). From the previous discussion it is clear that
when considering a local frame containing defects, a proper
gauge fixing will end up with the usual perturbative sector
plus a topological sector associated with the frame defects.
In this regard, it is important to underline that lattice results
point to the idea that center vortices would be stabilized by
generating a finite radius. In the continuum, a possible
stabilization of the thin defects by generating a finite size
could only occur as a quantum effect that cannot be ac-
cessed by means of a simple inspection of the Yang-Mills
classical action, which contains no finite size classical
vortex solutions. Some progress on this direction has been
achieved in Ref. [16], where we showed how a natural
definition of thick center objects tends to eliminate the
well-known Savvidy-Nielsen-Olesen instability problem
of magnetic backgrounds.

In this article, having in mind the previous discussion,
instead of pursuing a nonperturbative definition of the in-
tegration measure for Yang-Mills theories, a difficult task
due to well-known Gribov copies [25], we will adopt the
procedure given in Ref. [15]. In that reference, an effective
partition function has been considered (see Appendix ),

Zow= [[DAIDVIARL AR (A)]x eSS0

X eifd3x[)t/¢kp+ﬂ#(5#"ﬂa”/\f’_J’L)]Zu m[/\]’ ©)

where a nonperturbative sector of magnetic defects is pa-
rametrized in Z,, ,,[ A], while the remaining part of the path
integral is the standard one. That is, S is the action for the
off-diagonal gluons ®, = (A}, +iA2)//2,

s, = f PAAAR — i(RFera, B, + APerd, )]

10)

linearized by means of an auxiliary field A ,. We also have
k, = %ew,p(fi),,fbp - <I>,,Ci>p), while the off-diagonal
current,

Jr = ige“””/_\y(bp — ige‘“’PA,,Ci)p (11)

is minimally coupled to the diagonal gluon field A, =
A3,. The measure [DW] integrates over gluon and
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auxiliary fields. In addition, the Faddeev-Popov determinant
implements the maximal Abelian gauge [see Eqgs. (A8) and
(A9)]. Note that in Eq. (9) we have the implicit constraint,

Jo = €40, (12)

that is, the topologically conserved current associated with
A, describes the off-diagonal sector.

If the factor Z,, ,, were absent, Zyy; would correspond to
the usual perturbative representation of the Yang-Mills
partition function, where the Faddeev-Popov procedure
is well defined. The model in Eq. (9) has been obtained
by initially considering Yang-Mills field configurations

A M(jzl, S) containing frame defects on top of the perturba-

tive sector A ,. By means of large gauge transformations,
the frames can be deformed so that the direction 75 is the
one associated with monopolelike singularities. The direc-
tions 7, 7, then describe the corresponding stringlike
singularities (Dirac worldlines and center vortices). In
this process, the dual field strength tensor gains a singular
part concentrated on the frame defects,

F u(A) = [FLA) = FoO)A, (13)

Fi(C) = —d, 6%, (14)

only along the Cartan subalgebra, and minimally coupled
to A,. Our choice of frame defects can be thought of as a
fixing for the large gauge transformations. As an example,
for a monopole/antimonopole pair correlated with center
vortices, we have

d, =dy +dY,

2 d (k) (15)
d%{) — 7 jdsi5(3)(x = x%(s)).

g ds

Here, x¥(s), k =1, 2, is a pair of open center vortex
worldlines with the same boundaries at x™, x~, where
the monopole and antimonopole are located, so that it is
verified,

2
9,d% =ZT(50(x —x*) = 8O(x —x7)).  (16)
8

The possibility that magnetic defects could become
relevant objects is represented by introducing a measure
where the thin objects gain dimensional properties, leading
to a nontrivial ensemble average. These considerations
motivate the proposal,

Z, (A = [ [Dm][Dvle-Sie! [ & (17)

where the action for the defects S, is phenomenological in
origin. It will be parametrized by taking the simplest
properties observable thick center vortices could have.
These can be divided into noninteracting and interacting
parts according to
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Sy =S89+ s, (18)

At large distances, for every vortex localized around a
worldline x(s) we will consider a term in SY proportional
to the vortex length and the first corrections due to curvature,

L 1
/dsl:ﬂ+—u-u:|, u=@ u-u=1,
2K

0 ds’
(19)

that is, a vortex tension and stiffness, respectively, Different
phases will be associated with different parameter choices.
In S, we will parametrize scalar vortex-vortex interactions
that could be relevant to stabilize the vortex matter. In the
partition function (17), there is also an interaction with the
dual vector field A, an effect that is already present when
center vortices are thin. Each center vortex will contribute to
3 .
Jd’xA,d, with a term,
27 (L . dx
— ds—- A (20)
g Jo ds
In the next section, we present a detailed description of
the measure [ Dm ][ Dv], as well as the action S, needed to
integrate over the ensemble of monopole chains.

III. ENSEMBLE OF MONOPOLE CHAINS

To start handling the ensemble integration over defects,
we write the partition function for the monopole chains in
the form,

Zuw = 3 [1Dm)[ Do), 155757)

x e XL, [t dsidaae) @1
2n Ly 1

59 = Z[) ds[ﬂ B ﬁu‘jmﬁi@], (22)
k=1

. 1 L. (L' ,
s =% f ' f “dsds'V(xP(s), xF (). (23)
2 o Jo

k'

The integer n denotes the number of monopole/antimono-
pole pairs. Center vortices are attached in pairs to the
previous pointlike objects, so that for a given realization
of defects, with a given n, the number of attached center
vortex worldlines is 2n. In the previous formula, these
stringlike objects have been denoted by xW(s), k =
1, ..., 2n. For each center vortex, s denotes the associated
arc length parameter running from O to L, the total length
of the worldline. In terms of the tangent vector u®(s) =
i®(s), the defining condition for this parameter is
uff)ugc) = 1, where a is summed over a« = 1, 2, 3 (no
summation over k).

In Egs. (22) and (23), we have phenomenological di-
mensional parameters. The first term in SY describes tensile
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center vortices, the second one is associated with their
stiffness, while S represents scalar interactions among
them. Introducing the density,

_ b T
Zk:ﬁ) dsd(x — x\W(s)), (24)

the vortex-vortex interaction term contributes to the inte-
grand of Eq. (21) with a factor,

o /) [ Vo) _ / [DpleSse~ J Lo,

(25)

Here, we have introduced a representation in terms of an
auxiliary field ¢(x) whose associated action is given by

—% [d3xd3x’d)(x)v_l(x, X (x'), (26)
where
[ewmvea=se-a. @

In particular, V(x — y) = (1/{)8(x — y) corresponds to a
contact interaction. Then, using Eq. (25), the partition
function can be written as

Zow= [(Dg153 2,
Z, = '[[fDm]n[va]n exp[ / ds(z—x(k))\ (x®)

- ¢(x<k>)> - Sg]. (28)
For a given n, the measure [Dm], = "d’x, ... d°x,,
represents the integral over the positions of the 2n mono-
poles and antimonopoles. In order to match the dimensions
of the different terms, the parameter ¢ will have dimension
of mass. As we will see in the next section, it permits
counting in the continuum the number of open center

vortices.
X1 x2
<. <
Py ®
X4
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FIG. 1. Monopole/antimonopole correlated with a pair of cen-
ter vortices.

For a given realization of positions of the monopolelike
instantons, the [Duv], integration measure includes the
sum on the different inequivalent manners to join them
with center vortices, with the associated symmetry factor.
In addition, for each one of the 2n center vortices, this
measure contains the path integral over all center vortex
worldlines [Dx¥(s)] with fixed extrema, and fixed length
Ly, followed by the integral over the lengths [§ dL;.

Then, from Eq. (28), it becomes clear that all possible
terms in the partition function depend on a fundamental
building block, namely, the weight for a center vortex with
fixed endpoints,

Q(X, X()) = /Ooo dLeiﬂLq(x) X0, L)’

atix0. 1) = [[Dx(5)]
w o= Jo dL0/200it i1+ B (x(5) —i(2/ @)t (5) Ao (x(s)]
(29)

where [Dx(s)] represents the integral over all possible
paths x(s) with fixed length L, and extrema at x, and x.

For a monopole/antimonopole pair (Fig. 1), we have the
contribution:

Zl Y [d3xld3x2§2[Qx2 X1 + Qxl xz] (30)

For two monopole/antimonopole pairs, we have six differ-
ent manners to distribute the monopoles and antimono-
poles at positions x;, x,, x3 and x4. These fixed boundaries

[ ] [ J
X: X \_/ X
: x’\_/ i X4 ¢

FIG. 2. Different manners to correlate two given monopole/antimonopole pairs with center vortices.
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can be linked in three different forms: two disconnected
and one connected (Fig. 2).

Note that for the connected configurations we have to
consider some symmetry aspects. We can generate a new
contribution by interchanging the vortices a, b, as well as
the vortices ¢, d, that is, we have 2!.2! = 4 manners to
realize a given connected configuration. Then, for two

pairs the contribution is
|
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1
2=y [ Endedndng 1@, @ + 0 B,

+40,, 1, O, x, Oryr; Ox, vy T permutations].  (31)

We can continue analyzing the different terms in the ex-
pansion to obtain all the terms from a functional generator
as follows,

PraTaTeT {1 " f d3xll<%x1)) +% f d3x1d3x21(5c?x1))[(acczxz))

0

1
+ y fd3x1d3x2d3x3l(

6c<xl>)’ (ac(?xz))’ (ac?xg))

+ % fd3xld3x2d3x3d3x4l<écfxl)>I<BC?xz))I(6C(zx3))I<5C?X4)) + }

% o~ j Bxd®yK(x)Q(x,)K(y) |

Here, we have defined the operator,

I(sg(x)) - 5([51?@)]2 " [51?()()]2)’ (33)

where C(x) represents the set of sources K(x), K(x). This
can be verified by performing the functional derivatives
and evaluating at K(x) = 0, K(x) = 0. In other words, we
can write

z, = [[D¢]e—s¢efd3xl(3/5c(x))

x ¢ J PrEIRWOYKG)) _ (34)
Then, it becomes clear that in order to obtain an effective
vortex theory, it is essential to have a simple field repre-
sentation for the Q-dependent factor, thus enabling the
possibility of performing the path integral over ¢.

IV. STATISTICAL WEIGHT FOR A SINGLE
CENTER VORTEX

The discussion about how to represent the path integra-
tion over a stringlike object with stiffness is not simple
even in the noninteracting case. It is usually done relying
on the assumption that stiffness is equivalent to an effective
monomer size in the random chain calculation, as it tends
to locally straighten the chain, which is supported after
cumbersome calculations of different momenta for the
associated probability distributions [26]. For noninteract-
ing random chains, the end-to-end probability is given by

(s xp) = ﬁ[ [@as)

2
bl dra

N
X 8(x — X9 — Z Ax,,),
n=1

8(1Ax,| — a)]

c=0

(32)

which for large N behaves like

(%, x9) = (73 )3/2 ex [— 30 =~ xo)” x0)2]
N %o 27rNa? P 2Na* ]

Note that the continuum limit with Na = L cannot be
implemented here. However, by considering the above-
mentioned effective monomer size a — a.g, and replacing
Na?/3 — L/a, a = 3/a;, results

(35)

q(x, xo, L) = (%)3/253’(“/2”()‘”0)2
.
3
— (;l 1;3 e*(L/Za)kzeik-(X7x0)' (36)
v

Then, integrating over the different lengths weighted by
e #L asis well known, Q(x, x,) turns out to be the Green’s
function for a free field theory,

d3k eik-(Xﬂco)

i s E— 2=2ap, (37
Qm)3 K+ m? " am (37

0(x, xp) =2«

(—V? + m?)0(x, xg) = 2a8(x — xg). (38)

Now, we would like to present a careful extension of this
property, as controlled as possible, to the case where scalar
¢ interactions and vector A interactions are present, as is
the case of our path integral over a single center vortex in
Eq. (29). In this case, the momenta of the distribution for
general external sources cannot be computed in a closed
form, nor an explicit expression for the random chain
integration is available. A manner to overcome this diffi-
culty is noting that we are only interested in obtaining a
field representation for Q(x, xy). Then, we can follow
recent techniques [20] for semiflexible interacting poly-
mers, adapted to the fixed extrema and variable length
stringlike objects we have in Q(x, x;). The desired repre-
sentation will be obtained from
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o0 d*uy d*u
0(x, xy) = /0 dLe ML 4—77_0 Eq(x, u, Xg, Ug, L),
(39)

where q(x, u, xg, ug, L) is the correlator for center vortices
with fixed length, positions and tangent vectors at the
edges, where monopoles are placed (see Fig. 3). The differ-
entials d”u,, d’u integrate on the unit sphere S and are
normalized such that [ d*uy = [d°u = 4.

The dimensions of Q(x, x,) in Eq. (38), or its interacting
version, is [length] 2. Then, considering in Egs. (30) and
(31) a parameter ¢ with mass dimensions, the quantity
£Q(x, xo)d>x becomes a dimensionless weight associated
with open center vortices of any size L ending at a small
volume d3x around x, giving that the initial point is at x,.
This parameter plays a similar role to the fugacity parame-
ter needed to describe the monopole plasma in compact
QED(3), and derive a dual action exhibiting confinement
[27]. In that case, the monopolelike instantons are associ-
ated with unobservable Dirac strings so that the ensemble
integration is only concerned with the monopoles. In order
to match the dimensions, this requires a fugacity parameter
with dimension L3 (a monopole density), that multiplied
by d3x leads to a dimensionless quantity counting the
number of monopoles inside d®x. In our model, monopoles
and antimonopoles are not joined by unobservable Dirac
|
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strings but by pairs of center vortices, assumed to be
observable and relevant objects. For this reason, our pa-
rameter ¢ has dimensions L~!, to be able to combine
partial weights of the form £Qd>x and obtain the contri-
bution Z, originated from those chains containing n
monopole/antimonopole pairs.

In order to generate a discretized version of
q(x, u, xg, ug, L), let us consider the recursive relation,

qj+1(x, u, xp, up) = e~ ALo(u) [d3x’d2u’¢(u —u')
X 8(x —x' —ulL)q;(x', ', xo, up),
(40)
together with the initial condition,
qo(x, u, xo, ug) = 8(x — x0)0(u — ug). (41)

Here, 8(u — ug) is defined on S?, and we have considered a
general angular distribution ¢ (u — u’) and interaction
w(x, u). Using j = 0, together with Eq. (41), we get

q1(x, u, xg, ug) = e AL Y (4 — ug)8(x — xg — uAL).
(42)

Continuing the iteration, it is easy to see that for j = N —
1, we will have

QN(X; U, Xo, MO) — ]d3x,d2u1 o dSXNileMNile*AL[w(xl,u,)+.‘.w(xN,1,uN,1)+w(x,u)]

X p(uy = ug) .. pluy—y —uy-2) g —uy—) X 8(x; = x9 — u;AL). ..
X S(XN—I - XN-2 T MN_IAL)é(X - XN—-1 T MAL) (43)

Defining x = xy, u = uy, we can rewrite Eq. (43) in a
more compact form,

gn(x, u, xp, ug) = fd3x1d2u1 o dPxy_ dPuy_y
’ N-1
X e_ALZi:l w(xi’ui) X l_[ lp(lxl]q,l - I/l])
j=0

X 8()(:]‘4,1 - X;

On the other hand, from Eqgs. (29) and (39), the correlators
q(x, xo, L) and g(x, u, x¢, ug, L) satisfy

:\</////ﬂ\\\\\\J////

Uo

FIG. 3. Interacting center vortices with fixed length, and ori-
entations at the endpoints, define the weight g(x, u, xg, ug, L).

d*uy d?
THo ol q(x, u, xg, ug, L), (45)
47 4

so that the latter can be written in the form

q(x’ X0, L) =

q(x, u, xo, ug, L)

_ [ [Dx(s)], e~ Jo l0/20)itattn $(6) =27 /gua (A (0]

(46)

where [Dx(s)], represents the integral over all possible
paths x(s) with fixed length L, fixed extrema x(0) = x,
x(L) = x, and fixed initial and final tangent vectors, x(0) =
ugy, (L) = u.

Then, by using in Eq. (44)

(//(’/l _ Lt/) — W‘ef(l/ZK)AL(ufu’/AL)a (47)
MLW=[Mﬂ—£IwA®} 48)
8

a discretization of g(x, u, xy, ug, L) by N “monomers” is
clearly obtained. In particular, the factors ¢ (u;,; — u;)
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together with the constraints 6(x;,; — x; — u; | AL), will
reproduce the contribution of stiffness in Eq. (46).

In other words, we have q(x, u, xo, ug, L) =
limy_egn(x, u, xo, uy), with L = NAL. In addition, from
Eq. (40), we have
Gn+1(x, u, xo, up) = e ALl fd3x’d2u’tp(u —u')

X gy(x — uAL, v, xo, uy), (49)

so that for large N, after expanding both members in AL =
L/N, and using that #(u — u') is localized, to expand
gn(x — ulAL, u', xo, ug) around u’ = u, the following dif-
fusion equation is obtained (see Ref. [28]),
K

(030,10, 1) = [ 5V~ 0l ) -V,

X q(x, u, xo, ug, L)

=[5vi- 6w -u-p,]
X q(x, u, xo, ug, L). (50)

Here, V2 is the Laplacian on the unit sphere, D, = V, —
i 2?” A(x), and Eq. (41) implies that this equation has to be
solved with the condition,

q(x, u, xp, ug, 0) = 8(x — x0)8(u — ug). (51
In the process of obtaining Q(x, xy) from
q(x, u, xg, up, L), the integrals in Eq. (39) can be organized

as follows. We will initially integrate over d?u to obtain
the reduced Green’s function,

2
M q(x, u, xo, ug, L), (52)

L u, xo, L) =
atou o 1) = [

which after integrating both members in Eqgs. (50) and (51),
satisfies

L9030, 1) = 5V = 600 = - D Jato 30, L),
(53)

q(x, u, xp, 0) = 8(x — x). (54)
Next, by integrating over the different lengths, we obtain

0(x, u, xy) = _/oo dLe " q(x, u, xo, L). (55)
0

This function verifies
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Koo
V- 00— u- D]t )
= /oo dLe *La; q(x, u, xo, L)
0
= foo dLa e *Eq(x, u, xo, L)]
0

+ u [oo dLe *Lq(x, u, xo, L)
0
= _CI(X, u, -xO: 0) + /.LQ(X, u, -xO)’ (56)
that is,
[ 5V2+ 00+ u- D+ 0l ) = 5lx — o).
(57)

Finally, we can obtain Q(x, x,) from

d2
QWJ&=[Z£@Mm%l (58)

In other words, Q(x, x,) is given by the zeroth component
Q, of a u expansion of Q(x, u, xy) in terms of different
angular momenta,

Q()C, u, Xo) = ZQJ(XJ u, Xo), Q(.X, x()) = QO(-X’ xO)-
=0
(39)

We can also use the expansion,

u: D.XQ('x? u, XO) = ZM . Dle = ZRI’ (60)
=0 =0

Ro=[u-D,9l
Ry=[u-D.Q¢+u-D:Q,], 61)
Ry=[u-D,Q,+u-D,9sl...
to obtain
[¢(x) + n]Qo + Ry = 8(x — x¢), (62)
and for [ # 0,
1
— R, =0,
7 <R .
(1+1 -
70 =6 + u + 12 Dn )"] '
Then, we have
Ro=[u-D.Q,]y=—[u-D.(fiR]
= —[Ryu-V.fi + fiu- DR ], (64)

and as in the second line of Eq. (61), [u D, 9], = u -
D, 9,, we obtain
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Ro=—[(u-D,Qo)u-V,f1)+ f1(u-D,)*Qoly
—[[u-D, Q1 (u-V,f1) + fiu-DJu-D,Q5]i]p
(65)

Now, if the ©; components with momentum [ = 2 are
supposed to be small (semiflexible limit), we get

Ro= —[D,Q005f1 + f1DaDpQoluquglo

and decomposing the tensor into a traceless symmetric
(I=2) and scalar (I=0) part, w,ug= (uzug—
104p) T 48,5, we get

Ro= —./1Da Q0 + f1D* Qo]
and replacing in Eq. (62),

~H0.1Do Q0 + £1D* Qo] + [$(x) + 1]Qy = 8(x — xo),
(68)

(66)

(67)

[10) =Tp() + p + ]

Therefore, for k much larger than w and the mass scales
associated with ¢, we finally obtain the approximated
differential equation,

(69)

[—%D2 ) + M]QO — s —xp).  (70)

V. EFFECTIVE FIELD THEORY

As a consequence of the calculations presented in the
previous section, we see that the Q-dependent factor in the
partition function Z, ,, in Eq. (34) can be expressed in
terms of a complex field v,

¢~ J FxRWQEIKG) _ gory [[Dv][@ﬁ]
X e*Sv*fd‘zx\/?;[kv#»ﬁK]’ (71)
whose action is given by

s, = / Px50v, O =[-D+ ¢ +m?] (72)

dx) =3kp(x),  m?=3kpu. (73)
Therefore, we obtain
Zom = f [DpleSse S #3106/ 4oy f [Dv]
X [Dile S~ I d3xm[ku+a1<]|c:0
= [(Dv1D3) [(Dele
X detOe S~ [ dnel 7] (74)
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Sy = 4 fd3x¢2(x).

=3 (75)

Now, in order to obtain the effective theory, we still have to
perform the functional integration over ¢. However, the

determinant is ¢ dependent, so that a closer look to this

object is necessary. As usual, we can write detQ = e*"?

and note that trInO = F[, A] is a functional that must be
symmetric under the transformation A, — A, + 9, @. As
there is no parity symmetry breaking, F' must depend on
A, through the combination €,,,d,4,. That is, we can
write

F$, A1 = Fy[d] + FiledA] + Fin[ b, €0A].  (76)

In order to organize a derivative expansion, containing
local terms, we can initially suppose u, k # 0.

In the functional Fy, it is important to underline that the
auxiliary field ¢(x) is related to the vortex density p(x)
through the exact relation,

(b(x)) = Lpx)),

where ¢ controls the strength of the vortex contact inter-
action introduced in Sec. III. Here, we have used the
identity fl)d)%[e_%znZn] = (0, and defined

(77)

(o) = [ Depe5 S ] [Dm],[Dv], X f(x)

[ [ dsi2m/@)id 1o (9 ()= S (5))) 5]
X e .

As the vortex density p(x) in Eq. (24) is a sum of &
distributions, the field ¢(x) would be expected to contain
high-momenta Fourier modes which may invalidate the
derivative expansion. However, lattice calculations have
shown that center vortices posses a finite size [29], with a
density scaling that ensures they survive the continuum
limit [2]. If this information is included in the form of a
smearing of the delta distributions in p(x), when center
vortices proliferate, a derivative expansion can then be
justified. Before proceeding, we would like to discuss
how this smearing could be originated. This is an important
issue that would also serve as a basis for the formulation of
random surface models for four-dimensional SU(3) Yang-
Mills theory in the continuum [30].

In this case, the consideration of monopoles and center
vortices as relevant configurations depends on their stabil-
ity. This can be studied by computing quantum fluctuations
around them and analyzing if the effective action contains
an imaginary part or not. In the affirmative case, the
probability to stay in a state containing such an initial
configuration would be smaller than 1, thus signaling in-
stability. In Refs. [31-33], thick center vortex background
fields have been analyzed to one loop showing they are
unstable. This is an example of the well-known Savvidy-
Nielsen-Olesen instability of magnetic backgrounds. On
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the other hand, we have shown in Ref. [16] that a natural
definition of a thick center vortex object, as a diagonal
deformation of the thin center vortex introduced in the
continuum in Ref. [23], improves the situation regarding
the instability problem in 3D or four-dimensional space-
times with SU(2) and SU(3) gauge groups. For these
objects, besides the usual coupling to a center vortex
background with gyromagnetic factor 2, quantum fluctua-
tions also couple to a frame defect with gyromagnetic
factor 1, thus changing the analysis of bound states in the
fluctuation operator.

The above-mentioned deformation corresponds to re-
placing the frame-dependent fields Cy, in Eq. (6) by more
regular quantities. In this process, the field strengths
F Z(C), concentrated on the frame defects, would be re-
placed by expressions localized on a finite radius, thus
providing the necessary smearing of the delta distributions
in the vortex density p(x) to validate a derivative expansion
of the functional F4[$] = Indet[ —V? + m? + ¢(x)].

This expansion will start with the effective potential
term, containing no derivatives of d;,

PHYSICAL REVIEW D 85, 125014 (2012)
where A and B = [-£k 1

e} B+m?
0, 1, ... are convergent and given by

are divergent, and [,,, n =

d3k[ 1
I, =

n+2
273 Lk + m2]

1 &3 1 n+2
PN PEES u3[ 2 ] : 81)
|m]*" Qm)3L1 + u?/3

The functional F,[€dA] = Indet[ —D? + m?] depends on
the combination (1/g)A,,, with mass dimensions. Its domi-
nant term is quadratic on this combination, that is, a
Maxwell term of the form [ d%W fufu with f, =

€,,,0,A,. In addition, we note that in the effective poten-
tial for ¢, the quadratic part also behaves like ~1/|ml|,
while nonquadratic terms are accompanied by powers
1/|lm|***!, n = 1. Any gauge and Lorentz invariant local
term mixing ¢ and (1/g)f . Will also contain these higher-
order powers. For these reasons, if we work up to order
1/|m|, the interaction term Fj, can be disregarded, and we
are led to evaluate a quadratic ¢ integral in Eq. (74).
After including a linear term in Sy and renormalizing

F d)[gﬁ] = — f 43 erff(J;) +..., (79) the ¢ sector so as to maintain the vortex density p(x) fixed,
[cf. Eq. (77)], the path integral over ¢ can be done by the
Pk replacement,
~Uan(d)= [+ + G0) : Ca
@) 50— exp [l b3+ 58+ o] @)
Pk 27 2Amlg?
= In[k? + m?]
Q2m)? where a = {/(3k)> — I,, and we have maintained the
A3k b dominant terms in a large m expansion. Completing the
+ f Wln[l + m] square, now we can perform the integral of the
- s 4 ¢-dependent part in Eq. (74). Therefore, the final expres-
—A+BG -2 1+ % p, - ¢ L+ (80) sion for the partition function of correlated monopoles and
2 3 4 center vortices turns out to be
|
Zv,m _ Nf[@v][@ﬂ]e_ fd3x{z7[—D2+m2]v+3l<§[v2+172]+(1/2a)(17v—b)2+(1/2|m|g2)f2}. (83)

The derivation of this partition function is the main result of our work.
Now, combining Eq. (83) with Eq. (9), we obtain the model proposed in Refs. [15,17], where the nonperturbative sector
of correlated monopoles and center vortices are represented by an effective vortex field,

2, = [(DADVIDuIDae s

X e~ fd3x{(l/2))\”)\lu*i)\#k’u+iA#(JfL*eﬂy‘,8,,)\/,)+17[*Dz+mz]v+3/<§[vz+172]+(1/2a)(17v*b)2+(1/2|m|g2)f2} (84)

This result contains a number of dimensional parameters.
For instance, m? = 3kp and 3k¢ combine the effect of
stiffness with the center vortex tension u and with &, a
parameter related to the presence of open center vortices
attached in pairs to monopoles. Note that larger positive «
values mean that larger values of i may be realized [cf. Eq.
(29)], that is, the chain tends to be more flexible (1/x
measures typical radius of curvature). In addition, the

|

parameter a contains information about the effective
vortex-vortex interactions. It is also important to note
that the m?>ov term could be rewritten by means of the
redefinition b — b — 3kpa, up to a constant term in
the action. Therefore, for positive a (needed to stabilize
the vortex field), a case where k and p have opposite signs
would tend to induce a vortex condensate. Considering the
smearing proposed in [16], i.e., the diagonal deformation
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of a thin center vortex, a classical contribution to the action
for the defects S, in Eq. (21) could be computed. At large
distances, this contribution will certainly contain a term
proportional to the vortex size plus the effect of curvature.
However, obtaining the parameters u and « corrected by
the effect of quantum fluctuations would be a more difficult

PHYSICAL REVIEW D 85, 125014 (2012)

task. This investigation is in progress and the correspond-
ing results will be presented elsewhere.

Finally, by keeping the relevant terms when performing
the path integral over the [ DW] sector (see Ref. [34]), the
model in Eq. (84) can be further reduced to

zeff — f[fD)t][va][fDﬁ][ fd3x{(l/2)f#kfu+(y/2)/\#/\#+ﬁ[—D2+m2]v+3K§[1j2+1‘)2]+(]/Za)(ﬁv—h)Z}. (85)

Here, K is a differential operator that depends on the
Laplacian 02, and contains a Maxwell term, K = # +
..., originated from the determinant in F,[€dA]. This'is a
fundamental ingredient for the discussion of Abelian domi-
nance as due to a mass gap for the dual field A, (see
Ref. [15]).

The vortex sector in Egs. (84) and (85) corresponds to a
generalization of the 't Hooft model [19] where an addi-
tional coupling with the dual field A, has naturally arisen
from the calculation. On the other hand, if an ensemble of
closed center vortices were considered, instead of corre-
lated monopoles and center vortices, the U(1)-symmetry
breaking term v? + > would be absent. This can be seen
from the initial representation for the ensemble of defects
in Eq. (28). In the case of closed center vortices (placed at
Cy), Z, can be written in terms of the U(1)-gauge-invariant
quantities fck dx,A,(x) (see also Refs. [15,17]). This
would correspond to a generalization of Cornwall’s model
for closed vortices [35], now coupled with the vector field
A, If this field acquires a large mass gap, we would make
contact with the previous proposals.

The interesting point regarding (84) and (85) is that it
allows relating the different vortex phases with enabled or
disabled large dual transformations [17], leading to decou-
pling of the Wilson surfaces or turning them variables to be
integrated together with the other fields, respectively.

VI. CONCLUSIONS

In this article, we have considered three-dimensional
SU(2) Yang-Mills theory, and followed polymer tech-
niques to derive a field representation of the partition
function for stringlike center vortices with monopolelike
instantons at their borders. For this aim, we have assumed
some phenomenological properties such as a vortex stiff-
ness and vortex-vortex interactions. In addition, vortices
naturally interact with the vector field A, that can be
defined in Yang-Mills theories, and that can be thought
of as a dual field describing the off-diagonal charged
sector.

In SU(2), center vortices and monopoles carry magnetic
charge 277/ g and 477/ g, respectively, so that configurations
in the ensemble are formed by pairs of vortices attached to
monopoles and antimonopoles. Initially, we have been able

to write the ensemble integration in terms of a building
block Q(x, xp), the weight to be ascribed to the path inte-
gral over a center vortex with fixed endpoints and variable
length. Then, the obtention of the effective theory becomes
subject to the possibility of representing Q(x, xy) as a
vortex field correlator. In the noninteracting case, the field
representation of the end-to-end probability for a single
stiff polymer is originated from the knowledge of the
momenta for this distribution, that permits to associate it
with a random chain with an effective monomer size. In the
interacting case, we had to adopt more recent techniques
developed to study wormlike chains in terms of a Fokker-
Plank equation, describing a diffusion g(x, u, x, ug, L) not
only in x space (the final end point), but also in u space (the
final orientation). After integrating over the lengths, initial
and final orientations, we obtained an equation for
QO(x, xp), that can be approximated by disregarding com-
ponents with angular momenta / = 2 in the u expansion of
q(x, u, x, ug, L). In Ref. [36], a similar approximation has
been implemented for the noninteracting string with stiff-
ness, after associating it with the evolution of a “rigid
body” in the tangent space. This can be justified for semi-
flexible vortices, as for long chains the probability distri-
bution for the final orientation is expected to be nearly
isotropic.

As a result of the approximation, the weight Q(x, x;)
turns out to be the Green’s function for a Klein-Gordon-
type operator O where the usual derivative is replaced by a
covariant one, that contains the dual vector field A,.
Finally, by representing this Green’s function by means
of a complex vortex field, and analyzing the dominant
terms originated from the functional determinant detO,
we were able to perform the ¢ integration, thus obtaining
in a controlled manner a recently proposed effective
Abelian model [15,17] for three-dimensional SU(2)
Yang-Mills theory. In this model, the coupling with the
dual vector field is essential to relate the possible phases of
the vortex sector with enabled or disabled large dual trans-
formations, thus permitting the decoupling, or not, of the
Wilson surface appearing in the Petrov-Diakonov repre-
sentation of the Wilson loop [17]. This formalism could be
extended to accommodate new symmetries such as isospin,
and to obtain effective field theories for more complex
systems containing extended objects.
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APPENDIX A

It is well known, due to the presence of Gribov copies
in covariant gauges [25], a precise definition of the path-
integral measure for Yang-Mills theories in the nonper-
turbative regime is a difficult task. A proposal to eliminate
infinitesimal copies has been implemented in [37] show-
ing that, in the infrared regime, the path integral is
dominated by configurations near the Gribov horizon. In
addition, it has been shown that topological magnetic
objects proliferate in that region [38—40]. With this mo-
tivation in mind, in this article we follow an heuristic
procedure where nonperturbative physics is initially pa-
rametrized in terms of defects of a local color frame,
describing correlated monopolelike instantons and center
vortices.

We can start with the more symmetrical form in Eq. (6),
and define the partition function,

Zym = [ [DA][DS]eSmlAl, (A1)

The field strength tensor for A= A[jzl S differs from that
associated with the vector field A , by a term localized on

the frame defects [16,18]. As a consequence, the Yang-
Mills action can be written as

SymlA] = f P g 4]

~ [@xglF ) - FL@P. @)

where F f“,(jzl) is the field strength tensor for A .

A regular gauge transformation Zg amounts to chang-
ing the frame 7, defined by S in Eq. (4), to a frame 7,
defined by US, leaving A u fixed. But, as the frames are
local, besides the usual overcounting due to gauge sym-
metry, we also have infinite manners to write one and the
same A e

A (A, S)=A4,A" sT). (A3)
In the perturbative sector le w it is natural to use the
Faddeev-Popov procedure, introducing an identity in the
form

I = AplA] j [DOISLF(AY] (A4)
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As usual, we have AFP[JEL] = AFp[leU], SO we can write

Zyw = [[D0] [(DA]

X [DSISLA(A) AR ATTe SnlM). (A3)
The Yang-Mills action depends on the fields A (ﬁl S),
and us1ng the property (A3), they can be rewrltten as

A (.le SU™"). Then, performing the change AY -
ﬂl SU! — §, after factoring the group volumes we get

Zynt = f [DALDSISLF(A) Am[ Al (A6)

It is important to stress that the gauge has not been fixed
yet. All we have done is fixing the redundancy originated
from the many different manners to write one and the

same vector field AM. This will lead to a well-defined

integration over the vector field A - All the points of
the gauge orbits are still present, S and US give the same
contribution because of the gauge invariance of Syy. If all
the mappings S, defining frames containing defects, were
replaced by just a regular sector, then in that case the

ansatz A would 51mply correspond to a regular gauge
transformatlon of le A ﬂl . Then, in Eq. (A6), we

would have SYM[A] = SYM[JZX], the group volumes
J[DS] could be factored out, and the representation
would correspond to the usual perturbative definition of
the path integral. In general, because of gauge invariance,
for a given sector where S describes a frame with a given
distribution of defects, the group volumes could be also
factored out. After implementing a gauge-fixing proce-
dure to put in evidence the group volumes, we would be
left with an ensemble integration over correlated mono-
poles and center vortices. It could also occur that the thin
objects that were initially considered as frame defects in
(A5) become thick objects due to the effect of quantum
fluctuations, with a thickness given by the scale provided
by Agcp. This situation is in fact observed in lattice
simulations where a thickness of the order of 1 fm has
been observed. Of course, determining the correct en-
semble in Yang-Mills theories is the difficult part of the
problem of confinement, this is outside the scope of this
article.

Here, we will assume possible ensembles parametrized
by the inclusion of an action S, localized on the frame
defects, containing possible relevant terms and associated
dimensional parameters. For thick objects, this would cor-
respond to an effective manner to deal with the center
vortex thickness at large distances. That is, introducing a
color-valued auxiliary field A, to deal with a first-order
version of the Yang-Mills action in Egs. (A2) and (A5), we
propose the effective partition function,
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Zyw = [ [DALDALDm][Dole S8 F(A)]Apl A]
x o~ J A/ DAAG X [Fi(A) = FLOl]

1 8
Fo = EEM,,pFﬁp = €,,,0, A4 + Eeﬂype“bcﬂz.ﬂi.

(A7)

If in this representation we consider an ensemble where the
defects are such that ' (C) points along the third direction
in color space, F4(C) = —8d,,, then defining A3, = A,
A, =, + i/\i)/\/i, we obtain Egs. (9) and (17). For
any thick center vortex localized around a worldline x(s),
the first relevant terms in S, are expected to be associated
with the vortex length, L, and curvature, f 3 ds %x - X(sis
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the arc length parameter). The dimensional constants u
and k describe vortex tension and stiffness, respectively.
Larger values of « correspond to more flexible chains. As
seen in Sec. V, vortex-vortex scalar contact interactions in
S, could also be relevant to stabilize vortex matter.

Here, we have considered a general condition to fix the
perturbative sector. To make contact with Ref. [15], the
conditions,

D, b, =0,

9, A, =0, } (A8)

D,=9d,+igA, ﬂlﬂzﬂfu (A9)
should be adopted, together with the usual representation

of the Faddeev-Popov determinant in terms of ghost fields.
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