PHYSICAL REVIEW D 85, 125002 (2012)
Dual composition of odd-dimensional models
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A general way of interpreting odd-dimensional models as a doublet of chiral models is discussed. Based
on the equations of motion this dual composition is illustrated. Examples from quantum mechanics, field
theory and gravity are considered. Specially the recently advocated topologically massive gravity is

analyzed in some details.
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I. INTRODUCTION

Equivalent descriptions of the same physical theory are
useful and play a significant role in expanding our under-
standing. Aspects of a theory that are hidden in one for-
mulation become transparent in some other formulation.
The time-honored bosonization technique in (1 + 1) di-
mensions is a classic example in this context [1]. More
recent examples are provided by the AdS/CFT correspon-
dence [2] and the duality discussed in [3] that paved the
path for a rigorous treatment of confinement in a four-
dimensional theory. Apart from this direct model to model
equivalence, there is another sort of dual description where
a particular theory is interpreted as a combination or a
doublet of theories. Such a description is sometimes not
just desirable, but essential, in abstracting the spectrum of
the composite theory. A typical illustration is the Proca
model in (2 + 1) dimensions. The two massive modes of
this model are known to be obtained from a doublet of self-
dual models with helicity =1 [4,5], a fact that was briefly
suggested in [6]. Very recently, similar notions and
concepts have been exploited to study a new version of
topologically massive gravity [7,8]. The present paper is
devoted to this aspect, albeit from a more general
perspective.

Broadly speaking there are two approaches to visualize
this doublet structure of a composite theory—one based on
the Lagrangian formulation while the other involves the
Hamiltonian formulation. The standard viewpoint in the
first approach is to solder the distinct Lagrangians through
a contact term [4,5] while in the latter (Hamiltonian) case,
a canonical transformation is found that diagonalizes the
Hamiltonian into independent pieces [9-11]. We shall here
concentrate on the Lagrangian version. However we avoid
the usual soldering formalism which sometimes becomes
technically involved requiring arcane field redefinitions.
We adopt a method based on equations of motion [12]
necessitating very simple field redefinitions that are
generic to a wide variety of models.
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The basic ideas are introduced in Sec. II where we
analyze a quantum mechanical model. This is discussed
in some detail because it may be interpreted as a field
theory in (0 + 1) dimension which is a precursor to field
theory in (2 + 1) dimensions. We show that the motion of a
charged particle in the presence of electric and magnetic
fields is simulated by a doublet of chiral oscillators, one
moving in the clockwise direction while the other in the
anticlockwise direction. This discussion is extended in
Sec. IIT to the case of spin-1 vector models in (2 + 1)
dimensions. Source terms are also included. Then in
Secs. IV and V we analyze exhaustively spin-2 tensor
models which appear in discussions [6,13] of linearized
gravity in (2 + 1) dimensions. Taking a doublet of self-
dual massive spin-2 models considered earlier in [14], we
show that the effective theory is a new type of generalized
self-dual model that has a Fierz-Pauli term, a first-order
Chern-Simons term, and the Einstein-Hilbert term. Subject
to a specific condition, it reduces to the model taken in [7].
Our conclusions and final remarks are relegated to Sec. VI.

II. QUANTUM MECHANICAL MODEL

We introduce our formalism by considering the two-
dimensional topological quantum mechanical model
governed by the Lagrangian [5,9]

L= %xiz +erA () —eVl) (=12 (1)
exhibiting the motion of a charged particle in external
electric and magnetic fields. For a rotationally symmetric
motion in a constant magnetic field and a harmonic
potential,

1 k
Ai = —Eeijij, VZEX%,
the Lagrangian (1) simplifies to (setting ¢ = 1),
m B . k
.[: :E.ij +§El~jx,~x,~ _E-x? (2)

This Lagrangian may be interpreted as a combination of
two chiral oscillators. It was shown in [5] where the
discussion was performed at the level of the action.
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Here we show how similar conclusions may be obtained
in a simpler way by looking at equations of motion. This
approach will be exploited to treat the more complex
examples of field theory and gravity. Let us consider a
pair of Llagrangians,

1 1
+ = meijxixj - Exlg (3
1 . 1
L =- PR 5)’,2 4

where independent set of coordinates x; and y; have been
used. The equations of motion are given by

1
— € X —x; =0 (5)
(OFS

1
—— €y —yi = 0. (6)
w

These may be put in the form,

oo 2 Bo— 2
X = —wi X, Vi = Tw-")Y;

which are just the standard oscillator equations.
Consequently (3) and (4) represent two chiral oscillators
(with frequencies w, and w_) having opposite chirality
which is manifested by the different signs of the first term
in £.. Let us introduce a new set of variables (f;, g;) by
combining chiral ones as

xi+yi=fi Xi—Yi =& (7

Subtracting (6) from (5) and using the definition of g; we
obtain,

1 1 1

— €8x T Qegyr — g = 0; Q=—+—.¥
w, 0w, _
Contracting (8) by - ¢;, yields,
1 1 Q
6+ — €8+ —3, = 0. 9
wow_ Sr T ST T €)

Taking the difference of (8) and (9) and exploiting the

oscillator equation of motion for y yields,
§it(o, —w )eggr + 0rw-g; =0 (10)

Adopting a similar analysis we can show that the other
variable f; also satisfies an identical equation,

fit(oy —w)epfi T oo fi=0 (11

These equations of motion factorize in terms of their dual
(chiral) components as [5],

(€;;0, + w_8;)(€y0, — 0 6;)X; = 0;
Xi = (1 8- (12)

Observe that the above equations of motion can be
obtained from the Lagrangian,
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1. 1 . 1
.£ :EX% —§(w+ - w,)einin _Eerw*Xiz' (13)
It is now straightforward to identify this Lagrangian with
(2) for a unit mass (m = 1) by taking, o~ — w; = B and
w, w_ =k

This shows how two chiral oscillators with distinct
frequencies moving in clockwise and anticlockwise direc-
tions simulate the motion of a charged particle in the
presence of electric and magnetic fields. Moreover the
magnetic part is a consequence of the different angular
frequencies. For w, = w_, this term just drops out and
only the effect of the electric field is retained. Finally, note
that the obtention of (13) is effected by the change of
variables (7). Such a change will also play a crucial role
in both field theory and gravity to be discussed in the
subsequent sections.

III. VECTOR MODEL WITH
DIFFERENT COUPLING

In this section we shall extend the idea developed in the
previous section to (2 + 1) dimensional field theory. This is
a natural extension since the earlier quantum mechanical
model may be interpreted as field theory in (0 + 1) dimen-
sions. In that case the Lagrangians in (3) and (4) would be
interpreted as the analogues of self- and anti-self-dual
models [15,16] in (2 + 1) dimensions in the limit where
all spatial derivatives are ignored. Let us consider therefore
the following doublet of models,

1 1 1
£SD=£+=§f“fM_2—ml€’“’)‘fﬂayﬂ+§f“Jﬂ (14)

1 1 1
Lysp=L- =§g,u.g'u +2—mze’”)‘gﬂa gt "‘Egﬂf”- (15)
The different signs in the Chern-Simons piece show that
they may be regarded as a set of self-dual and anti-self-dual
models [4,15,16] where we have also included source
terms. The equations of motion are given by,

1 1
fM_m—IGMV/\a f/\+§]/l«:0 (16)
and
1 VoA 1 yT—
g“+m—26’“’"a g +§J = 0. (17)

Proceeding as before we introduce a new set of fields
which are the analogues of (7),
ot gt = ke fr—gr=he (18)

Now adding (16) and (17) and substituting the old fields by
the new one k, (say) leads to
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1

kﬂ_m_IGMVAaVkA+M6/LVAan/\+JM =0 (19)
where M = (mi1 + m%)
Multiplying (19) by m% €7P19, yields,
1 M
—€P*9 k, — d,kP7 +—09,g°P7
mze prr myn;, ' my o8
1
+—€Pr9,J, =0 (20)

my

where, k,, = d,k,)and g,,,, = [, &, are antisymmetric
combinations that may be interpreted as field tensors asso-
ciated with the respective fields k, and g,,.

In order to eliminate the g,, variable from (20), we add
(19) to it and then exploit (17). One finally obtains

apk”" + (m2 - ml)e"p’\apk,\ - mzmlk"

1
= mzmlJ" +§(m1 - m2)€0-p)\6p])‘. (21)
The expression here is purely in terms of the new variable
k.
"
Following similar steps an equation involving only the
h,, variable is obtained,

aphp" + (mz - ml)e"p)‘aph,\ - mzmlh”

(ml + mQ)GU-p)\apJ)‘. (22)

N[ =

In the absence of sources the above equations display a
factorization property analogous to (12),
1 1
I:gpM + _Epa-'uéo'][gp,); - _E,u,w\ay:lf)‘ = O;
m m
(f* = kM nh). (23)
The Lagrangians which lead to (21) and (22) are given
by
1

1 1
Lk = _Zk’uykl“/ _E(mz - ml)EMWG'“ka” +§m1m2k#k“
1
—mlmzk,u]'“—z(mz—ml)eluwk“a”J” (24)
and
1 1
£h = - Zh,uvh'uv - E(mz - ml)E’uWa“h”h”

1 1
+ zmlmzh’uh“ - E(I’I’lz + ml)ew,(,h'“(?”.]”. (25)

It is notable that in the absence of the sources both the
effective Lagrangians in (24) and (25) are identical. The
first term represents the ordinary Maxwell term, the second
one involving epsilon specifies the Chern-Simons term,
and the last one is a mass term. Therefore the effective
Lagrangian density £, or L, gets identified with the
Maxwell-Chern-Simons-Proca (MCSP) model. This result
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was obtained earlier using various approaches ranging
from the soldering of actions [4,5] to path integral methods
[11] based on master actions. Within the Hamiltonian
formalism this was achieved by using the canonical
transformations [10,11]. Compared to these, the present
analysis is very economical and follows as a natural ex-
tension of the quantum mechanical analysis presented ear-
lier. Furthermore, although both k,, and %, yield the same
free theory, their roles are quite distinct in the presence of
interactions as may be evidenced from the different source
contributions appearing in (24) and (25), respectively.

The dual composition is succinctly expressed by the
following maps:

Losp(f, 8= Lycsp(f * 8) (26)
where the left-hand side indicates a doublet comprising
self- and anti-self-dual models (14) and (15), while the
right-hand side depicts the composite model that is ex-
pressed either in terms of the (f + g) variable (24) or the
(f — g) variable (25)

Let us now look into the case when m; = m, = m. Then
the epsilon term vanishes reducing the expression for £, or
L, to the usual Proca model. Also the source term gets
considerably simplified.

IV. EXTRAPOLATION TO GRAVITY

Here we shall implement the notions developed in the
previous sections to discuss the example of rank-two tensor
models which arise in various formulations of gravity. In
Sec. III we illustrated the combination of a doublet of self-
dual models with distinct masses and spins =1 to yield an
effective Maxwell-Chern-Simons-Proca model. Here we
consider the combination of a doublet of spin =2 models
that arise in linearized gravity.

Let us start with the action of first-order self-dual mas-
sive spin-2 model as suggested in [14]

2
s= [d S e 1,0, 1a+ (= funf™) | @D

where f = n*"f,,. The metric is flat
diag(—, +, +). In this model we use second rank tensor
fields, like f,p with no symmetry with respect to their
indices. Replacing m by —m in (29) implies helicity
change from +2 to —2. The first term in (27) is reminiscent
of a spin-1 topological Chern-Simons term which will be
called a Chern-Simons term of first order. The second term
in (27) is the Fierz-Pauli (FP) mass term [17] which is the
spin-2 analogue of a spin-1 Proca mass term. Note that FP
term breaks the local invariance of the Chern-Simons term.
The above first-order self-dual massive spin-2 field action
can be easily found after writing topologically massive
gravity in an intrinsically geometric form language and
then linearizing it [18].

:T’MV =
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Let us then consider the following doublet of first-order
Lagrangian densities in the presence of source terms,

2

L) =5 e 0, ra + 5 (2 = Funf ™)

m
5 (28)

2
m m
L(g) =~ EGWg,.L“Gng + 7(32 —~ 8uv8"")
+ % g, (29)

where f*” and g are distinct fields. Note that although
the helicities are £2, the mass term is identical for both
Lagrangians (28) and (29). The case of different masses
will be dealt with in the next section. Now the equations of
motion are given by,

1
E,u,V)‘an/\a + m(fn,ua - fa,u) = E-Iap, (30)

1J
2 a

Following our previous approach, let us introduce new
fields F and G as,

E,U,V)lavg)\a - m(gn,u,a - ga,u,) = we (31)

F,u,a:f,u,a—‘rg,u.a; Gp,a:f,ua_gp,a;
F=ntf.=f+tg G=n*G,,=f—g (32)

Now adding (30) and (31) and substituting old fields by
new ones defined in (32) leads to

E/.Ly/\aVF/\a - m(Ga,u - na,u.G) = Ja,u,' (33)
Our motivation now is to express the above equation solely
in terms of the G-field. To achive this we abstract certain
results from (30).
(1) Contraction by n®* of (30) yields

1
€0, faa T 2mf =3 Ts T =0 e (34)

(i) Contraction by e*** of (30) leads to

1
5 € o (39)

= fPC + 0P f — metPf,, =
(iii) Operating (30) by d* on both sides gives
1
- m(alufay, - aaf) = Ea'u*]a,u,- (36)

Taking the difference of (30) and (31) and exploiting
(32) leads to

e#“ame —m(Fy, — MauF) = 0. (37
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Taking the trace yields the identity,

1
F= _%E”'VAGVG)‘M. (38)

Using (38) in (37) we obtain
— 1 vA 1 pow
Fa,u - E €u 9,Gprq — % na,u,[e aa'Ga)p]' (39)

Now substituting F,, in (33) gives,

1 1
— E/LV/\aVI:EaP(TapGU/\ - E n)\aepawaaGwp]

m

- m[Ga,u - na,uG] = Jay,' (40)
Combining (34) and (35) we obtain,

pe _— orJ,, — ! ma J 41

€ pfw_z—mz pr " o € plan (41)

The corresponding equation for g follows by replacing m
by —m,

1 1
€ 8 = 5 P T €y (4D)

Subtracting (42) from (41) yields
1
REPGpy = — —€ELPT 0. 43
€ ap m € ap ( )
Therefore from (43) we can conclude,

1
€t 9,Gy, = —— €9 ,J 4, (44)
m

1
Ga,u - G,ua = _E(Ja,u - Jp,a)' (45)

Substituting (44) in (40) we get
E/LV/\aV[EapgapGa')u] - mz[Ga,u, - na,u,G]

1
- om G,uvaav[epﬁwaﬁ‘]wﬂ] + m‘]"‘” (46)

The symmetrised version of the above equation reads,
E,U,V/\au[eozpa-apGa)\] + eay)‘av[ep,po-apGa)\]
—m?[Gyy + Gual +2m*n,,G = m(J,y + J 0)-
47)
Exploiting (45) we obtain the final effective equation of
motion,
1
Eey,y/\av[eap(rap(Go'/\ + G)\U')]
= m*Gup = MapGl = mJ 4. (43)

Let us now discuss, in the absence of sources, the factoriz-
ability of the equations of motion. Some conditions on the
tensor field are necessary to achieve this factorization. It is
known [8] from a study of the equations of motion of (27)
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that the tensor field f,, satisfies (a) tracelessness fj, = 0,
(b) transversality d*f,, = 0, and (¢) symmetricity f,, =
fvu- Consequently the composite fields F,,, G, in (32)
should also satisfy these properties. Indeed one may also
verify this directly from (48), in the absence of sources.
Under these conditions (48) factorizes as,

(—e*PPo, + mm*P)(e,"*d, — mn})Gr, = 0. (49)

We observe that the above equation of motion (48) corre-
sponds to an effective theory whose action is given by

5 [1 m
5= fd xI:Z GAQ(G) + 5 (G? = Gy G)

1
-3 mGWJ””] (50)

where
G.dQ(G) = G/‘“eﬂ”"ay[eap”ap(G(m + Gyl

Note that the first term in the action (50) stands for the
quadratic Einstein-Hilbert term while the second one is the
Pauli-Fierz mass term applicable for spin-2 particle. In
the absence of source this action corresponds to an effec-
tive theory which is the analogue of Proca model for spin-1
case in vector theory.

Proceeding in a likewise manner the equation of motion
for the F-field emerges as

1
EEMVAav[eapgap(Fa')\ + F)\O')] - mz[Fy,a - nozy,F]

= m€4,p 0, P + €,,00" T 4 + €4, 07T, ] (51)

In the absence of sources this is just a replica of (48).
Thus, as happened for the vector model, either combination
F or G yields an effective theory which has the Einstein-
Hilbert term and the FP term with differences cropping in
the source terms.

The analogue of the map (26) is now written for the spin-
2 example,

Losp(f, &)= Lenrp(f * ). (52)

Here the doublet of self-dual models on the left-hand side
is given by (28) and (29), while the composite Einstein-
Hilbert Pauli-Fierz model is defined in (50).

V. TENSOR FIELDS WITH DISTINCT MASS

In this section we repeat the analysis for the doublet (28)
and (29) but with distinct mass parameters. To avoid
technical complications we drop the source terms. We
show that combining this doublet yields an effective theory
that has an EH term, a FP mass term and a generalized first-
order CS term. This CS term contains, apart from the
standard form given in (27), two other similar terms with
a different orientation of indices. Consider therefore the
Lagrangian densities,
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my vAfr a m% 2 v
£+(f)=7€'u f/.L anAa+7(f _f/.LVf M) (53)

m; VA @ m% 2 v
L(g)=—5 €8, 0,800+ (8" ~gurg™).  (54)
Now (53) and (54) yield the equations of motion,

GMVAan/\a + ml(fn,ua - fau) =0 (55)

e/J,VAan/\a - mZ(gn,ua - ga/;L) =0. (56)

Following identical field definitions as (32) and analogous
steps, it can be shown that the final form of the equation of
motion for G, is given by,

1
- EE,LL VAaV[eozp(Tap(GO')\ + GAO')] - mlmZ[Ga/L - T/a/,LG]

1
+§(m1 —my)(€,"49,G o+ €,19,G),) =0. (57)
A similar equation of motion is also obtained for the other
variable F,,.

The action from which the above equation of motion
(57) follows is given by,

1
S = fd%[% (G* = G,uG™) + 1 G.dQ(G)
1
+ g(mz —m){€," G *9,G ), + €, G*9,G 4\
+ ZEMV)‘G“”(?,,GM}]. (58)

We have thus successfully combined different mass
terms in the spin-2 case to yield the action (58) of the
effective theory. While the first two terms are the usual FP
and EH terms the last piece, which is a consequence of
different masses, is a generalized form of the CS term. As
announced earlier it has, apart from the usual structure, two
other pieces that may be obtained from a reorientation of
indices. In fact it has all possible orientations of indices
leading to a first-order Chern-Simons term. Furthermore if
we impose a condition of symmetricity G** = G“#, then
all pieces become identical and the s tandard first order CS
term with a coefficient § (m, — m;) is obtained. The first
term in (58) is the Fierz-Pauli (FP) mass term with mass
coefficient m = ,/mym,. The second term involves the
usual kinetic term (defined in the previous section) which
is equivalent to linearized Einstein-Hilbert (EH) term up to
quadratic order. Thus the action (58) for the spin-2 particle
may be interpreted as an analogue of Maxwell-CS-Proca
model for the spin-1 particle. Incidentally the CS term for
the vector case has a unique orientation of indices
€upafra” f* and any changes are absorbed in a trivial
normalization of signs.
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VI. CONCLUSION

The present analysis depicts the important role of sym-
metry in understanding various models in odd dimensions.
The dual nature of symmetry manifested in (left-right)
chirality or (anti-)self duality was responsible for the prop-
erties of the final theory. For example, a two-dimensional
oscillator could be interpreted as a composition of two
chiral oscillators moving in opposite directions. Chirality
therefore gets hidden in an ordinary two-dimensional os-
cillator since the opposing effects of chirality in its con-
stituent pieces are cancelled. Indeed the generalized
Landau problem with electric and magnetic fields was
shown to be composed of such chiral oscillators. The
explicit demonstration was done at the level of equations
of motion with an appropriate change of variables.

The quantum mechanical example served as the bedrock
from where the more involved examples of field theory and
gravity were studied. More specifically, the similarity in
the structures of the quantum mechanical model and the
other models in field theory/gravity naturally suggested
this possibility of dual composition. Once this was evident
the rest was more a matter of technique. Self- and anti-self-
dual models in (2 + 1) dimensions combined to yield the
Maxwell-Chern-Simons-Proca model. In the case of grav-
ity we obtained a new form of generalized self-dual model.
The correct sign of the Einstein-Hilbert term was obtained.
Apart from this there were two mass terms. One was the
usual Fierz-Pauli term while the other was a generalized
form of the first-order Chern-Simons term that encom-
passed all possible permutations of the indices. If we
imposed the condition that the rank-two tensor field was
symmetric then the self-dual model discussed in [7] was
reproduced.

We have also discussed the factorizability of equations
of motion of different models. Such a phenomenon illumi-
nates the dual composition of the models. Specially in
the case of gravity, this factorization is possible subject
to certain conditions following from the equation of
motion.
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In hindsight it might be desirable, though not essential,
to visualize in general terms the obtention of a new theory
from a combination of chiral ones. Chiral theories occur in
doublets corresponding to the left and right degrees of
freedom. The equations of motion following from this
doublet are form invariant, differing only by a sign in the
chiral piece. Adding and subtracting these equations natu-
rally leads to a combination which is either a sum or a
difference of the original variables. Renaming this “sum”
and “difference” as new fields yields a pair of coupled
differential equations. It is then possible to eliminate one of
these new fields in favor of the other using these differen-
tial equations. The final outcome is an equation of motion
involving only the new fields. Furthermore, the symmet-
rical treatment implies that we obtain identical equations of
motion for both the new fields. Consequently we are led to
a unique new theory obtained by a composition of the
chiral degrees of freedom.

We feel that our approach is simple and economical
when compared with other approaches [7,8,13] which
discuss such a dual structure in odd-dimensional theories.
Contrasted with existing Lagrangian or Hamiltonian based
approaches that require involved field redefinitions or
canonical transformations, the formulation here is trans-
parent as well as generic. The simple change of variables
(7) is universally applicable and irons out obstacles faced
otherwise in treating field theoretical or gravity models.
Also, contact or interference terms were completely
avoided to manifest the dual structure. Inclusion of sources
posed on problems. We feel that the present illustration
could be useful in unravelling other features of gravita-
tional models.
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