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Linearized Weyl-Weyl correlator in a de Sitter breaking gauge
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We use a de Sitter breaking graviton propagator [14,15] to compute the tree-order correlator between
noncoincident Weyl tensors on a locally de Sitter background. An explicit and very simple result is
obtained for any spacetime dimension D, in terms of a de Sitter invariant length function and the tensor
basis constructed from the metric and derivatives of this length function. Our answer does not agree with
the one derived previously by Kouris [26], but that result must be incorrect because it is not transverse and
lacks some of the algebraic symmetries of the Weyl tensor. Taking the coincidence limit of our result
(with dimensional regularization) and contracting the indices gives the expectation value of the square of
the Weyl tensor at lowest order. We propose the next order computation of this as a true test of de Sitter

invariance in quantum gravity.
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I. INTRODUCTION

Students of quantum mechanics are familiar with the
fact that charged particle wave functions couple to the
electromagnetic vector potential, not to the field strength
tensor. Hence the undifferentiated vector potential in a
fixed gauge is, in some ways, observable. This point was
crushingly demonstrated by the famous Aharonov-Bohm
effect, in which a charged particle is made to interfere with
itself in passing around a solenoid, despite the field
strength being zero throughout the support of the particle’s
wave function [1].

Specialists in quantum field theory on curved space
are engaged in a similar debate concerning inflationary
gravitons. Matter fields couple to the metric, not to the
curvature. There is no gauge in which this can be avoided.
Hence one would think it obvious that the undifferentiated
graviton field in a fixed gauge must be observable. Indeed,
strenuous efforts [2—5] are under way to measure the tensor
power spectrum, which is the expectation value of the
conformally rescaled graviton field in transverse-traceless
and synchronous gauge, taken long after the time #; of the
first horizon crossing,
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820 = 2 tim [ dxe FQIR G DG O)IO). (1)
2 >4,

Mathematical physicists have for years disputed this
conclusion because it conflicts with their belief in the
de Sitter invariance of free gravitons on de Sitter back-
ground. (The de Sitter geometry is the most highly accel-
erated inflation consistent with classical stability.) The
Bunch-Davies mode sum for the graviton propagator is
formally de Sitter invariant, but infrared divergent.
Regulating the infrared divergence breaks de Sitter invari-
ance [6]. However, the infrared divergence is only
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logarithmic, so the derivatives needed to turn a graviton
field into a linearized curvature render the mode sum for
the linearized Weyl-Weyl correlator infrared finite and
de Sitter invariant. Mathematical physicists therefore
find it attractive to argue that the graviton propagator is
unobservable—in spite of current efforts [2—5] to observe
the tensor power spectrum (1)—and insist that only the
correlator of two linearized Weyl tensors is physical. They
sometimes even advance the de Sitter invariance of the
Weyl-Weyl correlator as evidence that free gravitons are
physically de Sitter invariant [7-9].
A digression is necessary at this stage to mention two
recent insights which have dispelled decades of confusion:
(1) There is a topological obstacle that precludes adding
invariant gauge fixing terms to the action on any
manifold, such as de Sitter, which possesses a linea-
rization instability [10]; and
(ii) It is incorrect to subtract off power law infrared
divergences, which is what automatically happens
with any analytic regularization technique, such as
continuation from Euclidean de Sitter space [11].

The first point explains that there is no math error, but
rather a subtle physics problem with gauge fixing in the
many solutions which have been reported for the graviton
propagator with a covariant gauge fixing term [12].
Attempting to ignore this problem produces provably
wrong results in scalar quantum electrodynamics [13],
and would do so as well in quantum gravity.

It is still possible to add noncovariant gauge fixing terms
to the action, or to impose a covariant gauge exactly (as
opposed to on the average with a gauge fixing term). The
propagator was long ago worked out with a noncovariant
gauge fixing term [14,15], and all quantum gravitational
loop corrections on de Sitter have been made using this
solution [16-20]. Enhancing the naive de Sitter transfor-
mation with the compensating gauge transformation
needed to restore the noncovariant gauge condition reveals
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a physical breaking of de Sitter invariance [21]. The propa-
gator has also recently been constructed in a covariant,
exact gauge [22], and that solution shows explicit breaking
of de Sitter invariance as well [23].

The second point of our digression explains the curious
statement in the mathematical literature that exact covariant
gauges are free of infrared problems except for certain
discrete values of the gauge fixing parameters [24]. It has
even been asserted that minimally coupled scalars with
tachyonic masses are infrared finite except for the discrete
values, M?> = —N(N +3)H?, where H is the Hubble parame-
ter [7]. In fact, all tachyonic masses produce infrared diver-
gences. The special thing about the discrete values is that one
of the power law infrared divergences happens to become
logarithmic for these values, and so is not automatically
subtracted by the analytic regularization technique.’

‘We come now to the main point of this paper, which is to
evaluate the linearized Weyl-Weyl correlator in the same
noncovariant gauge [14,15] for which all existing quantum
gravitational loop corrections on de Sitter background have
been made [16-20]. We will demonstrate four things:

(1) That our result is both de Sitter invariant and very

simple;

(i) That the result obtained in 2001 by Kouris [26]
cannot be correct because it possesses neither the
algebraic symmetries of the Weyl tensor nor its
transversality;

(iii) That the de Sitter invariance of our result is a trivial
consequence of the derivatives needed to convert
the graviton field into a linearized curvature and the
disappearance of the constrained parts of the propa-
gator from the linearized Weyl-Weyl correlator; and

(iv) That a true test of de Sitter invariance lies in eval-
uating the next loop order result for the coincident
Weyl-Weyl correlator with its indices properly
contracted.

Section II deals with the apparatus of perturbative quantum
gravity on a D-dimensional de Sitter background so that
dimensional regularization can be used. The actual compu-
tation is performed in Sec. IIl. We also discuss the discrep-
ancy between the earlier result [26] and ours. In Sec. IV we
explain what the Weyl-Weyl correlator tells one and what it
does not. We also compare it to the expectation value of the
stress tensor of a massless, minimally coupled scalar, both at
the free level (which produces a de Sitter invariant result)
and with a quartic self-interaction (which shows de Sitter
breaking).

"Mathematical physicists occasionally ask what is wrong with
the de Sitter invariant solutions one gets from subtracting off
power law infrared divergences. The result is a solution to the
propagator equation which is not a propagator in the sense of
being the expectation value of the time-ordered product of two
fields in the presence of any normalizable state. Such solutions
abound, for example, i/2 times the sum of the advanced and
retarded Green’s functions [25].
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II. QUANTUM FIELD THEORY ON DE SITTER

The purpose of this section is to describe the formalism
for making perturbative quantum gravity computations on
de Sitter background. We begin with the open conformal
coordinate system which must be used if de Sitter is to fit
into the larger context of inflationary cosmology. We then
present the graviton propagator in our noncovariant gauge
[14,15]. The section closes with a discussion of the tensor
basis employed to express the linearized Weyl-Weyl cor-
relator in a manifestly de Sitter invariant form.

A. Open conformal coordinates

We view de Sitter from the perspective of inflationary
cosmology, as but a special case of the much larger class of
homogeneous, isotropic, and spatially flat geometries. This
means we do not want to work on the full de Sitter mani-
fold but rather on the so-called ‘“‘cosmological patch”
which is spatially flat. It is convenient to use conformal
coordinates x* = (5, X) with

—00< <0, —oo<x'<+oo fori=1,...,D—1. (2)

As the name suggests, the metric in these coordinates is
conformal to that of flat space,

ds®> = a*(—dn® + dx - d¥) where a = —L. 3)
Hn

The parameter H is known as the Hubble constant, and is
related to the cosmological constant by A = (D — 1)H?.
Although conformal coordinates do not cover the full
de Sitter manifold, n = const does represent a Cauchy
surface, so information from the larger manifold can only
enter the cosmological patch as initial value data.

The symmetry group of coordinate transformations
which preserve the de Sitter metric plays a central role in
our analysis. In open D-dimensional conformal coordi-
nates the de Sitter group consists of %D(D + 1) transfor-
mations which can be arranged as follows in four parts:

(1) Spatial translations, which comprise (D — 1) trans-

formations parametrized by a constant vector €',

n =, X't = x' + €. 4)

(2) Spatial rotations, which comprise %(D - 1)(D -2
transformations parametrized by the rotation matrix
R,

W =m  x'=Rid 5)

(3) Dilatations, which comprise one transformation pa-
rametrized by a constant C,

n' =Cn, X' = Cx'. 6)

(4) Spatial special conformal transformations, which
comprise (D — 1) transformations parametrized by
the constant vector €',
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I_ n i = X' —0xtxy,
1—26‘~5€+02x“xﬂ 1—20~5€+02x“xM

(7)

n

The symmetries of cosmology are 1 and 2; symmetries 3
and 4 only appear in the de Sitter limit of maximal
acceleration.

It is convenient to represent de Sitter invariant propaga-
tors between points x# and x'* using the de Sitter length
function y(x; x'),

y(x;x') = ad' H[|IX — X117 = (In — 0/l —ie)’]l  (8)
Except for the factor of ie (whose purpose is to enforce
Feynman boundary conditions) the de Sitter length func-

tion can be expressed as follows in terms of the geodesic
length €(x; x") from x* to x'#:

y(x; x') = 4sin®(AH € (x; x')). )

We should mention that mathematical physicists prefer a
different de Sitter function z =1 — }1 y, because it gives
simpler formulas for propagators in terms of hypergeomet-
ric functions. The advantage of our length function y(x; x’)
is that it vanishes at coincidence (that is, x* = x'#), which
is quite important when renormalizing explicit loop
computations.

B. The graviton propagator

We define the graviton field 4,,(x) by conformally
transforming the full metric g,,(x) and then subtracting
off the background,

gp,l/(x) = azg,ul/ = az(n;u/ + Kh,uv(x))' (10)

Here 7,, is the D-dimensional, spacelike signature
Minkowski metric, and x> = 167G is the loop counting

parameter of quantum gravity. The gravitational
Lagrangian is
1
L=—(R-(D—-2)AN). /¢ 11
—=(R-(D-2N/TF (D

Subtracting off a surface term and expanding in powers of
the graviton field gives a form from which the perturbative
interactions can be read off [14],

D
L — surface = (E - 1)HaD‘1\/—gg””g“”hpa,#hyo

- ood oPO oMV 1
+ aP 2V_gg ng g {Ehap,,uhwf,ﬂ

1 1
- Ehaﬁ,phﬂﬂy + Zh

1

— Zhap,ﬂhﬁg,,,}. (12)

h

aBpuvo

Note that g#” and /—g are infinite order in the graviton
field,
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GHr = v — kh + KEhPPRY + O(K3), (13)

V=g =1 +1kh + 12h? = 12heh,, + O(3). (14)

Note also that we follow the usual conventions whereby a
comma denotes ordinary differentiation, h = n*"h,,,, and
graviton indices are raised and lowered using the
Minkowski  metric, h*, = n*h,, and h*" =
NN h .

The quadratic part of the invariant Lagrangian is

1 1 1
@ _ a, v ,
L I:Eh/’ “hyop Eh“ ,Mh,,,-f-zh"h,ﬂ

1 D—-2
— o, _ H 0 -2
Z]’lp #hp(r,,u, (T) ah “h,M]aD . (15)
To this we add the noncovariant gauge fixing term

— _1,D-2 v
£GF = ia T]'U’ FMFV,

_ 1
Fu=n""(hypo —3h

(16)

pou T (D — 2)Hah#p69,).

Note that it respects de Sitter symmetries 1-3, breaking
only the spatial special conformal transformations.
Because space and time are treated differently in our
coordinate system and gauge, it is useful to have an ex-
pression for the purely spatial parts of the Lorentz metric
and the Kronecker delta,

Ny = Nup + 8%8% and &) =8 — 8§89 (17
The quadratic part of gauge fixed Lagrangian can be par-
tially integrated to take the form %h‘“’D wr” "Ny, Where
the kinetic operator is

1<, = 1
DMVPUE {55’“(‘75”’7) —meﬂp” Ly 6(36858-}DA

S 2(D-3)°*
0w 1(D=2

and the three scalar differential operators are
Dy =0,(a?n*"d,), (19)

Dy = 0,(aP 29*"3,) = (D — DHAP,  (20)

D¢ = 9,(aP2n#*9,) — 2(D — 3)H?aP. Q1)

The graviton propagator in our gauge takes the form of a
sum of constant index factors times scalar propagators
[14,15],

LB polx) = > [LThid(ax).  (22)
I=A,B,C
The three scalar propagators invert the various scalar
kinetic operators,
D; X iAj(x;x) = i8P(x —x') forI=AB,C, (23)
and we will give explicit expressions for them. The index
factors are
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2
[/,w ] 277;4,(;) Noyw — m NuvMpos (24)
[/u) p(r] = _45?#ﬁv)(p5?7-)) (25)
LTS = oo (D= 38060 +7,,]
w ol = i =3) wOr T My
X[(D—3)896% +7,,] (26)

It is straightforward to verify that the graviton propagator
(22) indeed inverts the gauge-fixed kinetic operator,

D,,"" X i[pUA"‘B](x;x’) = 5(,?6',[,3)1'50()6 —x). 27

The A-type propagator obeys the same equation as that
of a massless, minimally coupled scalar. It has long been
known that no de Sitter invariant solution exists [27]. If one
elects to break de Sitter invariance while preserving homo-
geneity and isotropy—this is known as the “E(3)”’ vacuum
[28]—the solution takes the form [29]

IAy(x;x) = A(y(x; X)) + kln(ad’), (28)
where the constant k is
HP™2 T(D-1
k= ( ) 29)

@m®P @)
The function A(y) is
HP2 D 4\(D/2)-1
)
(4m) 2 y

+A1—i[ F(n+2+1) <X)n—<D/z)+z
SLn—2+2)(n+1)1\4

_I'(n+D— 1)<y)n]}
nL(n+9) \4/ 1J
where the constant A is

w2y

A(y)

F(D + 1)( )(D/Z)—2
D -2 y

(30)

D)+ wo-n+p)
(€2

It should be noted that A(y) obeys the differential equation
4y = y)A"() + D2 —yA'(y) = (D — Dk (32)

The B-type and C-type propagators are both de Sitter

invariant,
iAp(x;x") = B(y(x;x')),  iAc(x;x') = C(y(x;x')).

Rather than give the series expansion for B(y) we present
its relation to A(y) [9],

[(4y — yHA(y) + k(2 — y)]
2(D —2)

(33)

B(y) = —

(34)

For C(y) it is more convenient to give the derivative [9],
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D

=40 -5 (3=

)[<4y WA) + k2 = y))
(35)

Of course our propagator breaks the 4th part of the
de Sitter group (spatial special conformal transformations)
because the gauge condition breaks it. However, the propa-
gator also breaks the 3rd part of the de Sitter group
(dilatations), which is preserved by the gauge condition.
This is evident from the de Sitter breaking second term of
the A-type propagator (28), which is needed to reproduce
the famous result for the coincidence limit of the massless,
minimally coupled scalar propagator [30],

H2
limiA, (x;x') = e In(a) + divergent constant.
T

x—x!

(36)

The absence of dilatation invariance implies a physical
breaking of de Sitter invariance by free gravitons. Kleppe
proved this by concatenating a naive de Sitter transforma-
tion with the compensating gauge transformation needed to
restore the gauge condition [21].

C. Tensor basis

Because y(x; x') is de Sitter invariant, so too are cova-
riant derivatives of it. With the metrics g, (x) and g, (x'),
the first three derivatives of y(x;x’) furnish a convenient
basis of de Sitter invariant bi-tensors [13],

ay(x;x') _ 0 /
S Ha(y8), + 2a’HAx,), (37)
-
ay(xx) _ Ha'(y8% — 2aHAx,), (38)
axlv
9%y (x; )
oxkox” H?aad'(y89,8Y + 2a’HAx,, 69
— 248 HAx, — 21,,,). (39)

Here and subsequently we define Ax, = 7,,(x — x/)”.
Acting covariant derivatives generates more basis tensors,
for example [13],

D2y(x' x/)
’ — HZ 2 —
ST = HA2 — y)g, ),
D’y(x;x) , (40)
DX Dx” H*(2 — y)g/u/(x ).

The contraction of any pair of the basis tensors also pro-
duces more basis tensors [13],

vy 9y 9y 2 N urgon 9Y 9y
’*()aﬂay H*(4y —y*) = g (x') PRy 41)
82y
42
Bx dx*ox v “42)
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9%y dy
po (! — g2(n — 7
g7 (x )6"’8“8 7 H*(2 y)ax“’ (43)
Py 9y dy dy
,LLV — 4H4 N — g2
() x“ax’p X’ ax'” 8ol ax'? 9x'e’
(44)
O e S BT R
g Ax*ax'P 9x?ox'" uv Ixt 9xv°
(45)

The tensor structure of de Sitter breaking terms requires
derivatives of the quantity u(x;x’) = In(aa’),

du u

— =H aﬁ(ll,

axt ax'

Covariant derivatives of the new tensors involve some extra
identities in addition to those of y(x;x’) [11],

= Hd'8". (46)

D?u Jop ) Ju du
_—_—  — x [ — —,
Dx*Dx” Bur ax* 9x
D ou ou (47)
Dx'*Dx"" ~H g () = ax'* 9x'v’
There are also some new contraction identities,
du Jdu Ju Ju
p,V T — _H2 — PO (/! 48
()ax“ Py g7 (x )ax,p oo (48
du dy a'
KV (x) — =—H¥y—-2+2—] 49
8" ) - 5w [y a] (49)
- du dy ) a
g (x! Ey e == —H I:y—2+29i|, (50)
0%y dy a ou
g (x)— = —H? 2— —:I 51
(x ) dxH 6x”ax”’ I:ax’/’ a d9x'? D
0%y dy a Ju
oy Yl 0 )
g7 ) x'P 9xtax'" dxH a 9x* (52)

Finally, we should explain the relation of our tensor
basis to the one employed by mathematical physicists.
Their literature obviously includes no mention of the
de Sitter breaking tensors du/dx* and du/dx'*, however,
there are also significant differences in the de Sitter invari-
ant sector. Our motivation for employing derivatives of the
length function y(x;x’) is to simplify loop computations
which involve derivatives of propagators. That is not a
significant consideration for mathematical physicists be-
cause their literature is devoid of such computations; the
only quantum gravitational loop computations so far made
on de Sitter background [16-20] use our propagator. The
issue of greater importance to mathematical physicists is
the geometrical significance of the tensor basis. In place of
dy/dx* and dy/dx'*, they accordingly employ derivatives
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of the geodetic length function €(x; x’) (which is known as
“w’ in their literature),

g, =2t G (53)
Tt pay =y
[¢]
W = € (x; x") _ axi’ (54)
B VO

(Note the mathematical physics notation in which un-
primed indices belong to the tangent space at x* and
primed indices belong to the x'* tangent space.) In place
of the mixed second derivative d%y/dx* dx', mathematical
physicists prefer the parallel transport matrix,

1[ 0%y N 1 ay ay
2H2 ax,uaxlv’ 4_y IxH 9x'v

,]. (55)

Suv = —

III. DOING THE MATH

The purpose of this section is to perform the actual
computation. We begin by exploiting conformal invariance
to write the Weyl-Weyl correlator as a series of permuta-
tions and traces of four ordinary derivatives of the graviton
propagator. We then express the index factors of the gravi-
ton propagator using the tensor basis of the previous sec-
tion. The next step is to reduce the four ordinary derivatives
of the various scalar propagator functions to a standard
form based on the same tensor basis. The final step is to
note that the standard permutations and traces remove all
the noncovariant tensors, leaving only a linear combination
of three de Sitter invariant tensors times exceptionally
simple scalar factors. We also compare with the result of
Kouris [26], and we take the coincidence limit using di-
mensional regularization.

A. Exploiting conformal invariance

Recall the relation (10) between the conformally trans-
formed metric g,, and the full metric g, = a’g uv- Let
Copys and éalg.},g stand for the Weyl tensors constructed
from each metric, with their indices raised and lowered by
the appropriate metric. Because the Weyl tensor is con-

formally invariant with one index raised we have
Cpr = C%%py = Cappo = a°C (56)

o apo aBpo

As a consequence the correlation function of two Weyl
tensors takes the form

<Q|Caﬁy5(x)c,uvp0'(x/)|ﬂ>

= a’a™(QIC,5y5(x)C uppo(x)Q). (57)

nrpo

The advantage of conformal invariance becomes appar-
ent when we express the Weyl tensor in terms of the
Riemann tensor (R?,,,=d,17,,+17,, I, —uev)

and its traces R, = R”,,, and R = g""R ,,,
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1
Caﬁyé = Raﬁyﬁ - m(gozyRBS - gyﬁRﬁa + g,BSRay

1
- gﬁaRyB) + m(gaygﬁéi - gaﬁgﬁy)R-

(58)

Of course the same relation (58) gives the conformally
transformed Weyl tensor in terms of the conformally trans-
formed metrics and curvatures. But whereas the de Sitter
background of g, is curved, the background value of the
conformally transformed metric is flat g, = 7, + «kh,,.
This makes it very simple to extract the linearized piece,

~ K
Raﬁy&(x) = E(hﬂﬁ,ay_ h&a,yﬁ+ha7,38 _hy,B,zSa)J’_(g(Kz)-

(39)

It remains to describe the index algebra needed to
convert the quadruply differentiated propagator into the
linearized Weyl-Weyl correlator

2
K .
Zaaaya;a’pz[ﬁéAw](x; x')

= (QCopys(X)Cpupo(NIQ) + O(*).  (60)

nrpo
We distinguish two steps:

(i) Riemannization, in which the linearized (and con-
formally transformed) Riemann-Riemann correlator
is formed; and

(i) Weylization, in which the traces are subtracted to
give the linearized Weyl-Weyl correlator.

It is useful to define Riemannization generally for any
8-index bi-tensor “seed” with the same algebraic symme-
tries as the quadruply differentiated propagator on the left-
hand side of (60). From expression (59) we infer

Riem[(seed)aﬁ’)/Bp,Vpo']

= Raﬁyﬁeg’d X R,u,zfpa'%lﬁw X (Seeci)e{x/\ﬁ([n/;w’ (61)
where
R 5,5 = 8585858) — 65058584 + 8505056)

— 5505555, (62)

Weylization can be defined similarly on any 8-index bi-

tensor seed with the algebraic symmetries of the product of

two Riemann tensors,

Weyl[(seed)
=C

a,B'ySu,Vpa']

aByBE{K/\ X Cuvp00¢¢w X (Seed)eg”m\ﬂz;bl,bw- (63)

From expression (58) we infer
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C oyt = 558484558 — [14, 0503 — ,50554
{ g ,r’EK
+ 1ps6ady — n5a5y52;]D —
nEKn{)\
+ [(Maynps — ﬂayﬂﬁa]m-

(64)

The operations of Riemannization and Weylization give
a simple form for the linearized Weyl-Weyl correlator,

<Q|Caﬁy6(-x)c,u,vp(r(xl)|ﬂ>

2
= KZ a*a*Weyl(Riem[d, 0,0}, 97,1l 54,5 1(x; x')])

+ O(x?). (65)

From expression (22) for the graviton propagator, and the
fact that the index factors [BéTitr] are constant in our

gauge, we can write

aza’2aaaya;a;i[ﬁﬁAw](x;x')
= Z aza’Z[BBTL,,]xaaaya’ﬂa;,iA,(x;x'). (66)
I=AB,C

In the next two subsections we will derive expressions for
first a*a’*[ 55T}, ] and then 948,80}, 97,04 (x; x').

Several comments are in order before we close this
subsection. First, Riemannization is the “‘standard permu-
tation” defined decades ago in a study of invariant Green’s
functions [31]. A result from that work which will facilitate
subsequent analysis is that the Riemannization of any seed
which is symmetric on the index pairs (a, y), (B, 5),
(u, p), and (v, o) will possess all the algebraic symmetries
of a Riemann tensor at each point,

Raﬁyﬁ = _Rﬁayﬁ = _RaBBy :Ryﬁaﬁ = RozyBB - Raﬁﬁy'
(67)

The second point is that the Weyl tensor possesses the
additional algebraic symmetry of being traceless on any
two indices, and the additional differential symmetry of
being transverse,

D*Cyp,s = 0. (68)

Of course it is the full covariant derivative operator that
appears in (68), but the covariant derivative of the de Sitter
background must annihilate the linearized Weyl-Weyl cor-
relator. Third, every factor of the Minkowski metric in (64)
is accompanied by an inverse metric, so we could just have
easily expressed this tensor in terms of the de Sitter back-
ground metric,

1
Ny N = a* 14, X %= 8ay(X) X g0 (69)

Our final point is evident in the last equation: because we
no longer need the full metric g, = a*(n,, + «h,,), we
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will henceforth employ the symbol “g,,” to denote the
de Sitter background metric, g, = a’n v

B. Standard form for tensor structures

The de Sitter invariant part of the index factors can be
written in terms of the y-basis introduced in Sec. IIC. To
keep the tensor factors dimensionless we employ the no-
tation

1 ay , 1 ay
=0 =—— 70
Yau H ox* Y H ox" (70)
__ 1y
Rl = = 5pp g
The analogous dimensionless de Sitter breaking tensors are
1 du 1 Jdu
= _ " 0 | = — /80
iy as,, T a0~ ¢ 89, (72)

The key to extracting the invariant parts of the various
index factors (24)—(26) is to note that they involve purely
temporal tensors such as 82 and purely spatial tensors such
as 7, = 1, T 8%69. Of course the temporal factors can
be represented using (72). The purely spatial metric can
either involve two indices from the same point, or from
both points. If the indices are from the same point, we can
represent it using the purely spatial tangent matrix intro-
duced in [23],

géa(x) = ggslx) + T,BTé = a’7 g,
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Ri,(xx) =R, (x;x)+ %V,LT’V + %Tﬂy’y

D

= aa'q,,. (74)
With these definitions the three tensor factors take the form
a*a” [ B8 T;}a

=RER$+R@Rg——3wgum%W) (75)

D—-3
a’a’[gsTh,]1 = —4T gR5, T, (76)
2
aza/2[5§T1§(r] = m[(D —2)T T 5+ gps]
X[(D-2)T, T, + g, (77)

C. Standard form for derivatives

We can perform a similar reduction for the factor
040,9,,0,iA,(x; x) in (66). The B-type and C-type propa-
gators are de Sitter invariant functions of y(x;x’), and
taking two mixed derivatives of the A-type propagator
eliminates its de Sitter breaking term. Thus, after acting

these first two derivatives we can write

9%y dy dy
iy )
axYax'P (y'ﬂxy ax'P

(78)

aaaya;a'pm,(x;x')zaaa;{zf(y)

Acting the remaining two derivatives produces noninvar-
iant terms,

9%y 9%y 9%y dy a3y

_ (73)
gIJ’_O'(xl) = gV(r(-xl) + TlVTiT = 0/2771/0-
The case of mixed indices is given by [23],
. 84)7 aQy
N e O

Ix*IxY dx'*ox'P

Ax*ax' " ax'P oxy T ox@ gxY) gx'm 9x'P

9’y ay 7., dy
]I )+ [48)((” axY ox!r gx'P)

Ax®axY dx'H 9x'P)

dy dy dy By]
+| ==L 2 |y,
I:ax“ 9xY dx'* dx'P o)

9%y dy , dy dy 92y %y dy dy ]I”’(y)
Ax® axY x'*ax'?  Ix*9xY 9x'* 9x'P

(79)

All noninvariance comes from acting two derivatives at the same spacetime point. We can express these derivatives in

standard form,

92y N4 %y
axaa)ﬂ - 2H zga'y(x) + T(ay’)/)}’ ale axlp -
a3y 5[
— [
s = gt Ty = TR
oty

Ix*9xY ox'* ox'P

Ix*ax"* ax'P

a
2H2{; Gup) + T, /p)},

83y a
— 2H3{Eg,w(x’)T «~ 2RQ(MT;)}’ (80)

a a’
= 4H* ;TaTyg,up(x/) + Zgay(X)Tfqug - ZT(U‘RV)(MT;)}'
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D. The final result

Most of the subsequent analysis was made using the
symbolic manipulation program MATHEMATICA, but it is of
course advantageous to simplify even computer calcula-
tions to make them run more efficiently and transparently.
It is evident that Riemannizing and then Weylizing our
original seed (66) will produce a huge number of terms,
many of which are permutations and traces of the same
seed tensor times some function of y. Rather than process
this unwieldy form all the way through Weylization, we
expressed the Riemannized result as a linear combination
of the rather small number of tensors which possess the
algebraic symmetries of the product of two Riemann ten-
sors. It turns out there are only nine independent invariant
tensors with these symmetries [31]. There are many more
noninvariant tensors, but very few of these actually occur.

A further simplification is to break the Riemannized

result into those terms R(&g;);ya wvpo

more factors of the de Sitter metric and those R

which contain one or

(ng)
aByduvpo
which do not,

=~ a?a”Riem[d,0.0,0’ i[BSA,,U](x;x’)]

alyOufp
_ p(ng) (9)
o Rng‘SMVPU' + Rfﬁyﬁ,uvpo' (81)

This is useful because Weylization can only change the
metric terms. Of course there is the additional advantage
that the number of independent tensors needed to represent
the nonmetric terms is smaller. Without the metric there are
only three invariant tensors with the algebraic symmetries
of a product of two Riemann tensors [31]. We can represent
them by Riemannizing the seeds,

o0 ., Py %y Py 9%y
aByduvps Axax" ™ 9x'P ax?  9xBax'” 9x') 9 x0’
(82)
) _ody ¥y ay Py %y
aBySuvpr g (a gV gxk gxP) " 9xBax'™ 9x'7) g
(83)
3 _ 9y dy dy dy 3%y 3%y
T wBysuvps 2 Oy X .
Bourps = =g G¥ gxi gxp " oxPax " o' x0

(84)

Although many de Sitter breaking, nonmetric tensors are
conceivable, it turns out that only three occur. They derive
from Riemannizing the seeds,

@ . du du du du a%y a%y
aByoprpr = gxa gx¥ gx'k 9x'P " gxPox'V 9x')gxd’
(85)

o

PHYSICAL REVIEW D 85, 124048 (2012)

e _Ou du du du  dy %y  dy
aBysuvpo Ax® 9xY ax'* ax'P " 9xB 9x® 9x' ¥ 9xo)’
(36)
6 _ 0y 9y oy oy  9du dou du du
aByduvpe gy gx¥ gx't 9x'P " 9xP 9x® ax'V 9x'7’

(87)

We extracted the corresponding coefficients of seeds

oD, @ and ¢® inR"¢

aBysuvpo and they have the wonder-

fully simple forms,

K2 K2 K2
= §A”()’), €= EAW()’), C3 :EAW()’)- (88)

Even better are the results we obtained for the coefficients
of the noninvariant tensors (85)—(87),

2

4=~ g =34y T YIA W)+ D= PAG) = (D= DK
(89)
K2
s =~ gip =3[ T IIATE)+ (D +2)2-YAE)
—DA'(y)] (90)
2
o=~ 55 =LAy TIIA )+ (D +4)2-yA )
=2(D+ 1)A"(y)] 91)

Note that the coefficient ¢, is proportional to the differen-
tial equation (32) satisfied by A(y), while ¢s and ¢ are
proportional to its first and second derivatives, respectively.
So these three coefficients vanish and we can write,

R (ng)

aByduvpo

3
=Y ¢ XRiem[al), 5, 1 (92)
k=1

Let us now turn to the Riemannized terms which contain
(g)

aByduvpo:
Although the list for all possible (invariant and noninvar-
iant) seed tensors is much longer than the first one, it turns

out that they all vanish upon Weylization,

one or more factors of the de Sitter metric, R

)
Weyl (Rifﬁyé,ul/p(r

)=0. (93)
Hence the final result is just the Weylization of (92).
Expressing the seed tensors (82)—(84) in our standard,
dimensionless form gives
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<Q|Ca3'y5(x) X CMVpa(x/)l‘(l) = K2H4A”()’) X Weyl(Riem[[fRa#wa + RapR'y,u,][RﬁuRﬁa' + RBUR&/]])
- 2K2H4A/"(Y) X Weyl(Riem[y(aRy)(,uy/p)[RBVRS(r + RBUR&/]])

+ %K2H4A//H(y) X Weyl(Rlem[ya yyyfuyllo[RBVR&r + RB(TR51/]]) + 0(K4)-
(94)

A further simplification is to express the result (94) using covariant derivatives (with respect to the de Sitter background)

of the scalar propagator iA 4(x; x'),

2
K . .

(QUCppys(x) X Cpppe(x)|Q) = vy Weyl(Riem[D,D, D), D},iAy X [Rg,Rs, + Rpg,Rs, 1) + O(k*). (95)
(The flat space limit is obvious from this form.) The fact that the three algebraically independent tensor factors in
expression (94) can be combined in this way is a consequence of transversality (68). Each of the three tensor factors obeys
all the algebraic symmetries of a product of two Weyl tensors, but only a particular combination of all three obeys

transversality.
Even more simplifications occur in D = 4 dimensions. For example, the general form of A”(y) from definition (30)

contains an infinite series,

o )+ G

(-3 +( nl)+F(:z) '+ 5t (%)n—w/z)]}

However, only the first two terms survive for D = 4,

H> [8 2
— + =t 97
167T2 {y3 y2} ( )

: /i _
limA )

E. Comparison with previous results

In 2001, Kouris reported a result for the linearized Weyl-
Weyl correlator in D = 4 dimensions [26], derived using a
de Sitter invariant propagator in a general gauge [12].
Although the reader will recall from Sec. I that all these
propagators are illegitimate for one reason or another, the
various problems (spurious zero modes and invalid ana-
lytic continuations in the constrained sector) should drop
out of the Weyl-Weyl correlator. However, the Kouris
result does not agree with ours, nor can his result be
correct.

Kouris expressed his answer as a linear combination of
scalar functions (given in Table I) times antisymmetrized
tensor factors (the seeds for which are listed in Table II),

<Q|Cabcd(x) X Ca’h’c’d’(xl)|Q>Kouris
7
— (1) 4
N I=Zl DY X Sieataryeay t O (98)

The problem has to do with the various algebraic and
differential symmetries that the linearized Weyl-Weyl
correlator must obey. We define

7
— I (1)
Wabcdu’b’c'd’ - ]_Zl D( ) X S[ab][cd][a/b/][c/d/]’ (99)

SR S SO

n=1

(96)

This tensor should be, and is, antisymmetric under inter-
change of (a, b), (¢, d), (d',b'), and (c/, d’). However, it
must also be symmetric under the interchange of index
pairs,

Wabcda’b’c’d’ = chaba’b’c’d’ = Wabcdc’d’a’b’- (100)

Another symmetry inherited from the Riemann tensor is

Wa(bcd)a’b'c’d’ =0= Wabcda’(b’c’d’)~ (101)

The result must also be traceless within any index group.
That is obviously true on antisymmetric index pairs, but it
must hold as well for different pairs,

ac — () = gac
8 Wabcda’b/c’d/ =0= 8 Wabcda’b’c’d“ (102)

TABLE I. The coefficients DY of Kouris [26] expressed in
terms of our de Sitter length function y(x;x’). Each term should
be multiplied by £

D
~ 189 — 6(4?
64 + 6()”
3 + 3¢
3O +32
12

L@ 6P

~N O B WD =N
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TABLE II. The seed tensors S

PHYSICAL REVIEW D 85, 124048 (2012)

1o OFf Kouris [26], expressed using our standard basis tensors (70) and (71). Terms that drop

. ; X abceda'b'c!
after antisymmetrization have been omitted.
(1)
1 Sabcda’b’c’d’
1 W Y Y Y, Y.lgragra = 2RpyRaa
2 ﬁ Y YV RyyRy[Ryy — 2(%” v, v]
3 ﬁ Y. Y. gragaal Ry — ﬁ_y) Y. Y,1]
4 ﬁ[gac VY. RyyRay + Y Yegwe Ry Raya] — W[gacgbdgb'd' VY + Y Yeguogragral
5 Rab/ Rbc/ Rcd’Rda’ - ﬁ_” [Rab’RbC’(Rcd’ ya’ yi,’ + Rda/ yc yij’)] + Rcd’Rda/(Rab/ yb yi’ + Rbc/ ya y;,/)]
+ W[Rab’Rcd’ Yoy V, Y, + RyeRepwY Y Y, Y]
6 8ac8pa Raaw Rper + gacpal— ﬁ(ﬂda YV, + Ry YY) + m Y, Y. Y, Y.]
7 8ac8bd8d'c'8b'd

None of the algebraic symmetries (100)—(102) hold, nor
does the Kouris result obey transversality (68),

D Wabcda’b’c’d’ =0= Dal Wabcda’b’c’d" (103)

Kouris claimed to have checked (100) and (101) [26]. He
does not seem to have realized that relations (102) and
(103) should hold. His choice of basis tensors is also
peculiar. There are nine distinct invariant tensors with the
algebraic symmetries of two Riemann tensors—antisym-
metry plus relations (100) and (101) [31]. However, Kouris
only used the seven basis seeds listed in Table II. Enforcing

tracelessness (102) should leave just three distinct tensors
[31], and transversality (103) should relate the coefficients
of these.

Of course our result (94) obeys (100)—(103) so it cannot
agree with (98). It is not easy to compare the two results
term wise because Kouris employed the geometrical ten-
sors (53)—(55) of the mathematical physics convention.
However, it is simple enough to compare those terms
which contain four factors of R. In our result (94), with
the Kouris indices, these derive exclusively from the first
term,

K2H4A”(y)Riem[[Raa'Rcc’ + RuC'Rca’][th’Rdd/ + th’Rdh/]]

0%y 0%y 0%y 0%y a%y

— _ 16K2H4A//(y)<_

B 9%y 0%y 0%y 0%y
ax¢axte’ 9x'?1oxt gxcoxa gx®1gxd)

The only one of Kouris’s tensors which has four factors of
R is Sab)c da'pel - Note that in D = 4 dimensions we can
express his I = 5 coefficient function in terms of A”(y),

D®) = 48k*H* X A"(y).

©)
abeda'b'c'd’

(105)

Retaining only the part of S , which contains four

factors of R gives

5 (5)
DO X S edlatb clie'd]

1 \4
— a8t A0~ 51)

0%y 9%y
axDox!le’ gxldgxlb”

82y 82y
axdoxla gx'gxle

(106)

Although the function of y is tantalizingly close, the
numerical coefficients differ even between the parts of

1 5 0%y 9%y 3
2H? axUoxla gx®loxle gxdgxle’ gx'dlgxt  gxagxla gx®loxt gxcoxle’ gx'd1oxd

(104)

(104) and (106) which have the same tensor structure.
One also sees the absence in (106) of the final two terms
of (104) which are needed to enforce symmetries (100) and
(101).

Two facts about Kouris’s work make us suspect that it

may be resolved after correcting some minor errors:

(i) The factors of (4 — y)—which are an artifact of the
cumbersome, de Sitter invariant notation—all cancel
in his final result (98); and

(i1) He claims to have checked relations (100) and (101),
even though they obviously fail for the result he
reported.

We accordingly consulted Kouris’s advisor, A. Higuchi and

he discovered that the following changes need to be made
to Kouris’s result® [32]:

2Starred equation numbers refer to those in [26].
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(1) The tensor factor in (33)* should be

(@) _
Qabcda 'b'c'd Z(S[ab][cd][a/b’][c/d’]

+ 59

+ ST e

+ S faseaa -

(107)

[ab]lcd][c'd"][a'b"]

(i) Equations (35), (38), and (39)* should read

respectively,
2
Sﬁlb)cda g =3Male (8o &ea t 8bar&ev)8aa» (108)
S(S) ( + )
abedd'b'dd 3 8ab'8bc'8cd' 8da 8aa'8vv'8cc'8dd
(109)
5% 110
abeda'v'cd . 8ac8da'8b'd 8bc'- ( )

(iii) The factor 1< in (42)—(48)* should be replaced
by 5¢.

When this is done, the revised Kouris result agrees with
ours.

F. Coincidence limit

Even had the result of Kouris been correct, it was
unregulated by virtue of being specialized to D = 4 di-
mensions. A simple but powerful application of our for-
malism consists of taking the coincidence limit of the
Weyl-Weyl correlator using dimensional regularization.
To do this we set ' =a, Ax* =0 and y=0. It is
straightforward to read off the coincidence limit of each
basis tensor from (37)—(39), (70), and (71),

dy

l/imyﬂ(x x') ——hmax—M—O (111)
1 0
lim Y/ (x: ) = — lim = 2y, (112)
2
Hm R x) = = o i g — 8w (113)
Hence the seed tensors o2 and o) both

aByduvpo aByduvpo

vanish at coincidence and we have,
<Q|Caﬁ'y8('x) X C,u,Vpa'(x)lﬂ>
= 4K2H4AH(O) X Weyl(Riem[ga(,ugp)'ygﬁ(l/go)ﬁ])

+ O(x?). (114)

The coincidence limit of A”(y) is also simple because
we are using dimensional regularization in which any
D-dependent power of zero vanishes. Hence only the
n = 2 term of the infinite series for (96) survives,

PHYSICAL REVIEW D 85, 124048 (2012)

1T+
16 TQ+2)°

HD72
(477)P/2)

A"(0) = (115)
Expanding the Weylized and Riemannized tensor factor
in (114) gives

Weyl(Riem[ga(,u gp)ygﬁ(vga')é])
=484[181188yp8 015 T 48alp801p8 &5
~88aYu8rly85Ip8alp

24
+ m(ga][ygﬁ][ugﬂ[p 8o1p T 8aly&sTp8olusrlp)

24
) 8aly85188 ulp8alv-

+—(D—2)(D—1 (116)

What we are ultimately interested in is the coincident
Weyl-Weyl correlator with the indices properly contracted.
That is, we contract g®* gP” g7 g®7 into (116) to obtain

(QC*BY2(x)Cy p5(x) Q)
— 4(D —3)D(D + 1)(D + 2)A”(0)k>H* + O(x*H®).
(117)

IV. DISCUSSION

Our result for the linearized Weyl-Weyl correlator is
(94). It does not agree with what Kouris obtained [26],
but that result cannot be correct because it lacks some of
the algebraic symmetries of the Weyl tensor and is not
transverse. Higuchi has shown how a series of corrections
to Kouris’s result makes it agree with ours [32]. It has also
been shown that our result follows as well from the re-
cently derived graviton propagator in de Donder gauge
[33]. By taking the coincidence limit of our result (with
dimensional regularization) and contracting the indices we
derived an expression (117) for the expectation value of
C*BY(x)C 4 5,5(x) at lowest order.

Despite the fact that our propagator shows a physical
breaking of de Sitter invariance [21], the Weyl-Weyl cor-
relator computed from it is completely de Sitter invariant at
linearized order. There are different opinions about why
this happened. Mathematical physicists maintain that it is
because “‘free gravitons’ are de Sitter invariant. They hold
that the de Sitter breaking manifest in our propagator is
merely a gauge artifact which drops out when linearized
gauge invariance is enforced by going to the linearized
Weyl-Weyl correlator [7,8]. We do not agree. We believe
the de Sitter breaking terms dropped out because the
logarithmic infrared divergence from which they derive
is rendered convergent (and hence de Sitter invariant) by
the derivatives needed to convert the graviton field into a
linearized Weyl tensor. This was so obvious that it was
noted even before the computation was begun [9].

At this point we should comment on what one learns
about gravity from the linearized Weyl-Weyl correlator
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versus the undifferentiated propagator. The dynamical
variable of gravity is the metric and, like all local force
fields, it consists of three things:
(i) A pure gauge part, which fixes how we measure
lengths and times;
(ii) A constrained part, which carries the gravitational
response to sources of stress-energy; and
(iii)) A dynamical part, which represents gravitational
radiation.

In a gauge such ours [14,15], the graviton propagator
contains all three of these things. By insisting on the
linearized Weyl tensor in order to expunge the pure gauge
part, mathematical physicists have edited out the con-
strained fields and they have also weighted infrared gravi-
ton modes much less strongly than ultraviolet ones. There
is no question that this abandons perfectly physical and
gauge invariant information. For example, the constrained
part of the gauge fixed propagator provides the gravita-
tional response to matter, which comprises all but one of
the classic tests of general relativity. And the canonical
weighting of graviton modes is reflected in the scale in-
variance of the tensor power spectrum (1).

The graviton propagator has recently been derived in the
one parameter family of exact, de Sitter invariant gauges
[34]. In all cases the result breaks de Sitter invariance,
yet the linearized Weyl-Weyl correlator is unchanged. For
essentially half of all gauge parameters, the de Sitter break-
ing of the constrained, spin zero sector actually results from
power law infrared divergences. Antoniadis and Mottola
long ago showed that, incorrectly insisting on a de Sitter
invariant representation for these results in divergences in
physical quantities such as the gravitational response to a
point mass [35]. Yet all of this physical and gauge invariant
information is edited out of the Weyl-Weyl correlator.

It seems clear to us that this controversy over the rele-
vance of the gauge fixed graviton versus the linearized
Weyl tensor is identical to one which was finally settled
for electromagnetism by the Aharonov-Bohm effect [1]. It
is a gauge invariant fact that matter fields couple to the
electromagnetic vector potential, not to the field strength.
This implies that the undifferentiated vector potential is
itself observable in a fixed gauge. Similarly, it is a gauge
invariant fact that matter—and even gravity itself—
couples to the undifferentiated graviton field, not to the
curvature. The same reasoning implies that the undiffer-
entiated graviton field must be observable in a fixed gauge.
Indeed, strenuous efforts [2-5] are underway to measure
the tensor power spectrum (1) which is precisely such an
observable. Concerns over invariance should be resolved in
gravity the very same way as in gauge theories: by noting
that a quantity can always be defined invariantly by spec-
ifying it in a fixed gauge. (For examples, see [36,37].)

An interesting parallel exists with the free massless,
minimally coupled scalar on a nondynamical de Sitter
background,

PHYSICAL REVIEW D 85, 124048 (2012)

L =—30,90,08"" /8. (118)

There is no question that this theory breaks de Sitter in-
variance [27,30]. If one defines things so as to preserve the
homogeneity and isotropy of cosmology, then the scalar
propagator is precisely the same as the spatial polarizations
of our graviton field [29],

QUTTe()e(xN]1Q) = iA s (x;x') = A(y(x;x")) + kIn(aa’).
(119)

However, because all fields in the stress tensor are differ-
entiated, the expectation value of the free scalar stress
tensor happens to be de Sitter invariant [27],

<Q|TMV|Q> = (azag - %g,u,llgpo-)lllmapaiflAA(x, x/)

= (D — 2)H*A'(0)g,,,- (120)

People who believe passionately in de Sitter invariance
have been known to proclaim this result as evidence that
the de Sitter breaking of the scalar propagator (119) is
“unphysical.” However, it is nothing more nor less than
the result of the de Sitter breaking infrared divergence
being logarithmic, so that derivatives eliminate it.

Now add an interaction which involves undifferentiated
scalars,

1 A
[ = —EB,L(,DG,,QDg’“' [—g — ng‘ﬁ/—g + counterterms.
(121)

Because the interacting theory contains undifferentiated
scalars, the expectation value of the stress tensor shows
explicit de Sitter breaking [29,38],

4
(QIT,,10) = (D~ DHA(0)g,, - (%4{[21112(@
+%1n(a)]gw + [%ln(a) +%]T,LTV}

+ 0(A\?). (122)

de Sitter breaking has also been exhibited for the one-
particle-irreducible (1PI) 2-point function at one and two
loop orders [39], and one can show generally that each
additional power of A in a 1PI function produces up to two
additional de Sitter breaking factors of In(a) [40].

The same sort of de Sitter breaking goes on whenever
one adds interactions which involve undifferentiated
scalars on nondynamical de Sitter background. Explicit,
fully renormalized results exists at one and two loop
orders for scalar quantum electrodynamics [41]—which
shows one factor of In(a) for each factor of the loop
counting parameter e’—and for Yukawa theory [42]—
which shows one factor of In(a) for each additional loop.
Similar results have even been obtained for the nonlinear
sigma model [43].

Let us now take note of the undifferentiated
graviton interactions which abound in the gravitational
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Lagrangian (12). Based on the known relation between
interactions and infrared logarithms, one expects an
additional factor of In(a) for each extra factor of the quan-
tum gravitational loop counting parameter x> [40]. Which
brings us to the observation that (Q|C*A7°(x)C,, 3,5(x)| Q)
can show de Sitter breaking at order «*. Individual diagrams
certainly make such contributions, but it might be that they
all add up to zero. We propose that this be checked.

It should be noted that the operator C*#7%(x)C,, pys(x)is
a scalar, rather than a true invariant. Promoting it to an
invariant requires somehow fixing the observation point
x*, and that would inevitably involve nonlocality.
However, the expectation value of C*fY%(x)C, Bys(X)

PHYSICAL REVIEW D 85, 124048 (2012)

should serve as a test of the physical de Sitter invariance
of the gauge fixed theory. And this quantity has a priceless
advantage over invariant (and hence nonlocal) observables:
we know how to renormalize it.
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