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It is known that the covariant graviton two-point function in de Sitter spacetime is infrared-divergent for

some choices of gauge parameters. On the other hand, it is also known that there are no infrared

divergences requiring an infrared cutoff for the physical graviton two-point function for this spacetime in

the transverse-traceless-synchronous gauge in the global coordinate system. We show in this paper that the

covariant graviton Wightman two-point function with two gauge parameters is equivalent to the physical

one in the global coordinate system in the sense that they produce the same two-point function of any local

gauge-invariant tensor linear in the graviton field such as the linearized Weyl tensor. This confirms the

fact, pointed out decades ago, that the infrared divergences of the graviton two-point function in the

covariant gauge for some choices of gauge parameters are a gauge artifact in the sense that they do not

contribute to the Wightman two-point function of any local gauge-invariant tensor field in linearized

theory.
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I. INTRODUCTION

Infrared (IR) divergences of graviton two-point func-
tions have been a matter of contention for over two deca-
des. There are two separate issues which are sometimes
mistakenly thought to be related. One issue is the IR
divergences of the physical graviton two-point function
in the transverse-traceless-synchronous gauge in confor-
mally flat coordinates [1–3]. (See, e.g. Refs. [4,5], for
recent works on this issue.) The other is the IR divergences
of the covariant gauge for some choices of gauge parame-
ters [6,7]. (There is also the issue of large-distance growth
of the two-point function, which will not be discussed in
this paper.) Since linearized gravity has gauge invariance,
it is important to determine whether or not these IR diver-
gences are a gauge artifact. One of the reasons why the
research community has not reached a consensus about this
question seems to be that, when it is asserted that some IR
divergences are a gauge artifact, their precise definition is
not made sufficiently clear.

The main purpose of this paper is to clarify in what sense
the IR divergences of the graviton Wightman two-point
function in the covariant gauge for some choices of gauge
parameters are a gauge artifact. (Below, by a two-point
function, we mean a Wightman two-point function unless
otherwise stated.) This is in fact an old result of Allen [8].
We add to this result by showing that the covariant graviton
two-point function with any choice of gauge parameters is

physically equivalent to the physical one in the transverse-
traceless-synchronous gauge in global coordinates [9],
which suffers no IR divergences. This will also imply
that the two-point function of any local gauge-invariant
tensor field linear in the graviton field evaluated in the
covariant gauge is independent of gauge parameters as
expected.
Miao, Tsamis and Woodard [10] find that the covariant

two-point function corresponding to an IR-finite choice
of gauge parameters [8,11], the ‘‘strictly enforced’’
de Donder gauge, is IR divergent in the Poincaré patch of
de Sitter spacetime, which is the spatially flat expanding
half of this spacetime. We confirm, however, that IR di-
vergences of the two-point function for a tachyonic scalar
field, which is partly responsible for the breaking of
de Sitter invariance in Ref. [10], are absent in global
de Sitter spacetime. We also find no IR divergences in
the tensor sector of the two-point function. Thus, the co-
variant two-point function constructed using the mode-sum
method agrees with the IR-finite two-point function in the
Euclidean approach also in the de Donder gauge. (This
gauge should probably be avoided in perturbation theory in
any case because the corresponding two-point function
behaves rather badly at large separation.)
We emphasize that this paper has nothing to say about

interacting theory. In particular, we do not couple the
covariant graviton two-point function even to an external
stress-energy tensor field. Thus, in this paper, the covariant
two-point function is regarded as a graviton correlator and
is shown to be equivalent to the physical one in Ref. [9]
as such. If the gravitons are coupled to an external
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stress-energy tensor, for example, there will be nonlocal
interaction terms in the physical gauge of Ref. [9] similar
to the Coulomb-interaction term in QED in the Coulomb
gauge (see, e.g. Ref. [12]), and an explicit demonstration of
the equivalence between the physical and covariant gauges
would be rather nontrivial.

In linearized gravity, the two-point function of the
graviton field habðxÞ has no physical meaning by itself
because this theory has gauge invariance under the gauge
transformation,

�habðxÞ ¼ ra�bðxÞ þ rb�aðxÞ; (1.1)

where �aðxÞ is any vector field. Here, the covariant deriva-
tive is the one compatible with the background de Sitter
metric, gabðxÞ. One can find tensor fields at x which are
linear in hab and are invariant under this gauge transfor-
mation. An example of such a tensor field is the linearized
Weyl tensor WabcdðxÞ ¼ ~W½ab�½cd�ðxÞ, where

~W abcdðxÞ ¼ rcrbhadðxÞ þH2gadðxÞhcbðxÞ: (1.2)

Here, the constant H is the Hubble constant of de Sitter
spacetime. (See Ref. [13] for conditions for a local tensor
field to be gauge-invariant.) The two-point function of
WabcdðxÞ evaluated in the covariant gauge can be found
in Ref. [14].

Now, suppose that a graviton two-point function
�aba0b0 ðx; x0Þ ¼ h0jhabðxÞha0b0 ðx0Þj0i can be written as

�aba0b0 ðx; x0Þ ¼ ~�aba0b0 ðx; x0Þ þ rðaQbÞa0b0 ðx; x0Þ
þ rða0Qjabjb0Þðx; x0Þ; (1.3)

for some Qaa0b0 ðx; x0Þ and Qaba0 ðx; x0Þ. (In this paper, we
use the convention of Ref. [15] that primed indices are
associated with point x0 and unprimed indices with
point x.) Then, the two-point function of a local gauge-
invariant tensor field linear in hab will be the same whether

one uses �aba0b0 ðx; x0Þ or ~�aba0b0 ðx; x0Þ as the graviton two-
point function. This motivates the following definition: we
say that the two graviton two-point functions, �aba0b0 ðx; x0Þ
and ~�aba0b0 ðx; x0Þ, are physically equivalent in linearized
gravity if Eq. (1.3) is satisfied for some Qaa0b0 ðx; x0Þ and
Qaba0 ðx; x0Þ, which are not required to be bounded.

A more precise formulation of the graviton two-point
function would correspond to defining it in the smeared
form as

Dðfð1Þ; fð2ÞÞ ¼
Z

d4x
ffiffiffiffiffiffiffiffiffiffiffiffiffi
�gðxÞ

q Z
d4x0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gðx0Þ

q
fð1ÞabðxÞ

� fð2Þa0b0 ðx0Þ�aba0b0 ðx; x0Þ; (1.4)

where fð1ÞabðxÞ and fð2Þa0b0 ðx0Þ are smooth, compactly sup-
ported and divergence-free symmetric tensor fields in
de Sitter spacetime. Thus, the two-point function D would
be defined as a functional on the space of pairs of smooth,
compactly supported and divergence-free symmetric ten-
sor fields. In such a definition, the functions �aba0b0 ðx; x0Þ

and ~�aba0b0 ðx; x0Þ satisfying Eq. (1.3) can be regarded as
two representatives of the same two-point function D.
[It can be shown that there are ‘‘sufficiently many’’ smooth,
compactly supported and divergence-free symmetric
tensor fields for characterizing the gauge-invariant content
of the graviton two-point function as in Eq. (1.4).]
Now suppose that a graviton two-point function

�abab0 ðx; x0Þ has an IR cutoff � and that it is divergent in
the limit � ! 0. If it is physically equivalent in linearized
gravity to �aba0b0 ðx; x0Þ which is not IR-divergent, then the
two-point function of a local gauge-invariant tensor field
will not depend on �, i.e. will not be IR-divergent. What we
show in this paper is that the covariant graviton two-point
function for any choice of gauge parameters is physically
equivalent in linearized gravity to the graviton two-point
function in the transverse-traceless-synchronous gauge in
global coordinates, which is IR-finite [9]. This will imply
that the IR divergences of the covariant two-point function
for a certain gauge choice can be said to be a gauge artifact
in linearized gravity in the sense that the divergences will
not manifest themselves in the two-point function of any
local gauge-invariant tensor field linear in the graviton
field, confirming and clarifying the claim in Ref. [8].
The rest of the paper is organized as follows. In Sec. II,

we summarize some properties of the solutions to the free-
field equations which we will need later for scalar, vector
and symmetric tensor fields in de Sitter spacetime. We
leave the explicit expressions of these solutions to
Appendix A. In Sec. III, we review the physical two-point
function in the transverse-traceless-synchronous gauge in
global coordinates. In Sec. IV, we find all solutions to the
field equation in the covariant gauge with two parameters.
In Sec. V, we describe the quantization of linearized grav-
ity in the covariant gauge in de Sitter spacetime. Then, we
construct the covariant two-point function using the mode-
sum method and show that it is equivalent to the physical
two-point function of Ref. [9]. In Sec. VI, we summarize
the results in this paper. We give explicit expressions for
solutions to the free-field equations in Appendix A.
Appendix B contains a technical result used in Sec. V. In
Appendix C, the scalar two-point function, including the
tachyonic case, is constructed by the mode-sum method in
global de Sitter spacetime. We also show how this IR-finite
two-point function can be recovered in Poincaré patch by
subtracting the IR divergences. In Appendix D, we explic-
itly show that the covariant two-point function constructed
in this paper is the same as that obtained in the Euclidean
approach [11] for spacelike-separated points. We use the
metric signature �þþþ and let ℏ ¼ c ¼ 1 and take the
metric of de Sitter spacetime to be

ds2 ¼ �dt2 þ cosh2td�2; (1.5)

where d�2 is the line element on the unit 3-sphere (S3),
throughout this paper. Thus, we choose units such that the
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Hubble constant is 1. A point x in this spacetime has
coordinates ðt;xÞ, where x is a point on S3.

II. SOLUTIONS TO FREE-FIELD EQUATIONS

In this section, we summarize some known properties of
the solutions to the free-field equations for spin 0, 1 and 2
of arbitrary mass in de Sitter spacetime following
Ref. [16]. We present the explicit solutions in
Appendix A. First, we recall that the scalar, transverse
vector and transverse-traceless tensor spherical harmonics

on S3, which we denote by Yð0‘�Þ, Yð1‘�Þ
i and Yð2‘�Þ

ij , are

orthonormal eigenfunctions of the Laplace-Beltrami op-

erator ~r2 on S3 satisfying

� ~r2Yð0‘�Þ ¼ ‘ð‘þ 2ÞYð0‘�Þ; ‘ ¼ 0; 1; 2; . . . ; (2.1)

� ~r2Yð1‘�Þ
i ¼ ½‘ð‘þ 2Þ � 1�Yð1‘�Þ

i ; ‘ ¼ 1; 2; 3; . . . ;

(2.2)

� ~r2Yð2‘�Þ
ij ¼ ½‘ð‘þ 2Þ � 2�Yð2‘�Þ

ij ; ‘ ¼ 2; 3; 4; . . . ;

(2.3)

where � represents all labels other than ‘ (see, e.g.
Refs. [17,18]).

Let us start with the solutions to the scalar field equation,

ð�hþ�2Þ� ¼ 0: (2.4)

(The solutions we present here are valid for�2 > 0 and for
most negative values of �2.) We can choose the solutions

to be proportional to Yð0‘�Þ. We denote the ‘‘positive-
frequency’’ solutions which determine the Bunch-Davies

(or Euclidean) vacuum [19,20] proportional to Yð0‘�Þ by
�ð�2;‘�ÞðxÞ. (We mean by positive-frequency solutions the
coefficient functions of annihilation operators when the
field is quantized.) They are

�ð�2;‘�ÞðxÞ / ðcoshtÞ�1P�ð‘þ1Þ
L0þ1 ði sinhtÞYð0‘�ÞðxÞ; (2.5)

with L0 ¼ � 3
2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9
4 ��2

q
, where P�ð‘þ1Þ

L0þ1 ðzÞ are the

Legendre functions of the first kind given in terms of
Gauss’s hypergeometric function as

P�ð‘þ1Þ
L0þ1 ðzÞ ¼ 1

ð‘þ 1Þ!
�
1� z

1þ z

�ð‘þ1Þ=2

� F

�
�L0 � 1; L0 þ 2; ‘þ 2;

1� z

2

�
: (2.6)

These solutions and their complex conjugates, �ð�2;‘�Þ,
form a complete set of solutions to Eq. (2.4).

We define the Klein-Gordon (KG) inner product for two

solutions �ð1Þ and �ð2Þ to Eq. (2.4) as follows:

h�ð1Þ; �ð2ÞiKG ¼ i
Z
�
d�a½�ð1Þra�ð2Þ � ðra�ð1ÞÞ�ð2Þ�;

(2.7)

where d�a ¼ d�na with na being the future pointing unit
normal vector to the Cauchy surface �. We normalize the

solutions �ð�2;‘�Þ by requiring

h�ð�2;‘�Þ; �ð�2;‘0�0ÞiKG ¼ �‘‘0���0
: (2.8)

The orthogonality follows from that of the spherical har-

monics Yð0‘�Þ on S3. We also note that �ð�2;‘�Þ are or-

thogonal to �ð�2;‘0�0Þ with respect to the Klein-Gordon
inner product.
We write the field equation for a transverse vector field

Aa satisfying raA
a ¼ 0 as

ð�hþ 3þ�2ÞAa ¼ 0: (2.9)

The gauge-invariant equation, rbðraAb �rbAaÞ ¼ 0, is
equivalent to ð�hþ 3ÞAa ¼ 0, i.e. the � ¼ 0 case of
Eq. (2.9). This can readily be seen by recalling that
Rabcd ¼ gacgbd � gadgbc. We will be particularly inter-
ested in the case �2 ¼ �6, which is equivalent to
rbðraAb þrbAaÞ ¼ 0.
There are two classes of solutions to Eq. (2.9). We

introduce a label m to distinguish between these classes.

The positive-frequency solutions will be denoted Að�2;m‘�Þ
a .

Those with m ¼ 0 have the time component given by

A
ð�2;0‘�Þ
0 / ðcoshtÞ�2P�ð‘þ1Þ

L1þ1 ði sinhtÞYð0‘�ÞðxÞ; ‘ � 1;

(2.10)

where

L1 ¼ �3
2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
4 ��2

q
: (2.11)

The space components, A
ð�2;0‘�Þ
i , are obtained by postulat-

ing Að�2;0‘�Þ
i ¼ f‘ðtÞ~riY

ð0‘�Þ, where ~ri is the covariant
derivative on S3, and solving the equation raAa ¼ 0 for
f‘ðtÞ. (This equation cannot be solved for ‘ ¼ 0. Hence,
there are no solutions with ‘ ¼ 0.) The solutions with

m ¼ 1 have A
ð�2;1‘�Þ
0 ¼ 0 and

Að�2;1‘�Þ
i / P�ð‘þ1Þ

L1þ1 ði sinhtÞYð‘�Þ
i ðxÞ; ‘ � 1: (2.12)

We define the Klein-Gordon inner product for two trans-

verse solutions Að1Þ
a and Að2Þ

a to Eq. (2.9) as

hAð1Þ; Að2ÞiKG ¼ i
Z
�
d�a½Að1ÞbraAð2Þ

b � ðraAð1ÞbÞAð2Þ
b �:
(2.13)

Any two solutions with different sets of quantum numbers
m, ‘ and � are orthogonal to each other with respect to this
inner product. For �6<�2 < 0, the positive-frequency
solutions with m ¼ 0 have negative norm with respect
to this inner product, whereas the m ¼ 1 solutions have
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positive norm. We normalize these solutions for ‘ � 2 by
requiring

hAð�2;m‘�Þ;Að�2;m0‘0�0ÞiKG¼ð�1Þmþ1�mm0
�‘‘0���0

: (2.14)

The solutions A
ð�2;m;‘¼1;�Þ
a become Killing vectors in the

limit �2 ! �6. This implies that the Klein-Gordon inner

product vanishes for these solutions because if �ð1Þa and

�ð2Þa are Killing vectors, thenZ
�
d�að�ð1Þbra�ð2Þ

b � �ð2Þbra�ð1Þ
b Þ

¼
Z
�
d�arbð�ð1Þa�ð2Þb � �ð1Þb�ð2ÞaÞ ¼ 0 (2.15)

by the generalized Stokes theorem, which states that for
any antisymmetric tensor Fab,Z

�
d�arbF

ab ¼ 0: (2.16)

For this reason, we normalize the ‘ ¼ 1 solutions as

hAð�2;m;‘¼1;�Þ; Að�2;m0;‘¼1;�0ÞiKG
¼ ð�1Þmþ1ð�2 þ 6Þ�mm0

���0
: (2.17)

We write the field equation for a transverse-traceless
tensor field Hab satisfying rbHab ¼ 0 and Ha

a ¼ 0 as

ð�hþ 2þM2ÞHab ¼ 0: (2.18)

The M ¼ 0 case corresponds to linearized gravity. There
are three classes of solutions distinguished by the label
m ¼ 0, 1, 2. We write the positive-frequency solutions as

HðM2;m‘�Þ
ab . Those with m ¼ 0 have

HðM2;0‘�Þ
00 / ðcoshtÞ�3P�ð‘þ1Þ

L2þ1 ði sinhtÞYð0‘�ÞðxÞ; ‘ � 2;

(2.19)

where

L2 ¼ �3
2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9
4 �M2

q
: (2.20)

The other components are obtained by postulating

that H0i ¼ f‘ðtÞ~riY
ð0‘�Þ, Hij ¼ gð1Þ‘ ðtÞ~ri

~rjY
ð0‘�Þ þ

gð2Þ‘ ðtÞ~�ijY
ð0‘�Þ, where ~�ij is the metric on S3, and solving

the equations rbHab ¼ and Ha
a ¼ 0 for the functions

f‘ðtÞ, gð1Þ‘ ðtÞ and gð2Þ‘ ðtÞ. This is not possible if ‘ ¼ 0 or 1

in Eq. (2.19). The positive-frequency solutions withm ¼ 1

have HðM2;1‘�Þ
00 ¼ 0 and

HðM2;1‘�Þ
0i / ðcoshtÞ�1P�ð‘þ1Þ

L2þ1 ði sinhtÞYð1‘�Þ
i ðxÞ; ‘ � 2:

(2.21)

Then, we postulate that Hij ¼ f‘ðtÞ~rðiY
ð1‘�Þ
jÞ and solve

raHab ¼ 0 for f‘ðtÞ. This is not possible if ‘ ¼ 1 in
Eq. (2.21). Finally, the positive-frequency solutions with

m ¼ 2 have HðM2;2‘�Þ
00 ¼ HðM2;2‘�Þ

0i ¼ 0 and

HðM2;2‘�Þ
ij / coshtP�ð‘þ1Þ

L2þ1 ði sinhtÞYð2‘�Þ
ij ðxÞ; ‘ � 2:

(2.22)

We define the Klein-Gordon inner product for two

transverse-traceless solutionsHð1Þ
ab and Hð2Þ

ab to Eq. (2.18) as

hHð1Þ;Hð2ÞiKG ¼ i
Z
�
d�a½Hð1ÞbcraHð2Þ

bc �ðraHð1ÞbcÞHð2Þ
bc �:

(2.23)

We can normalize the m ¼ 2 solutions as

hHðM2;2‘�Þ; HðM2;2‘0�0ÞiKG ¼ 2�‘‘0���0
: (2.24)

The factor of 2 here is for later convenience. For M ¼ 0,

i.e. for linearized gravity, Eq. (2.18) is satisfied by Hab ¼
rðaA

ð�6;m‘�Þ
bÞ . Indeed, one finds, using the associated

Legendre equation (A17) and the lowering and raising
differential operators, Eqs. (A18) and (A19),

Hð0;m‘�Þ
ab ¼raA

ð�6;m‘�Þ
b þrbA

ð�6;m‘�Þ
a ; m¼0;1; ‘�2;

(2.25)

after choosing a phase factor for Hð0;m‘�Þ
ab appropriately

[21]. Now, if Hð1Þ
ab is any solution to Eq. (2.18) with

M2 ¼ 0 and if Hð2Þ
ab ¼ rðaA

ð2Þ
bÞ with ðhþ 3ÞAð2Þ

a ¼ 0 so

that Hð2Þ
ab is a solution to Eq. (2.18), then we find

hHð1Þ; Hð2ÞiKG ¼ i
Z
�
d�arb½Hð1ÞbcraAð2Þ

c �Hð1ÞacrbAð2Þ
c

þ ðrbHð1Þac �raHð1ÞbcÞAð2Þ
c �

¼ 0 (2.26)

by the generalized Stokes theorem. Thus,

hHð0;m‘�Þ; Hð0;m0‘0�0ÞiKG ¼ 0; m;m0 ¼ 0; 1: (2.27)

It is also known that the solutions HðM2;0‘�Þ
ab have negative

norm if 0<M2 < 2 [22,23], whereas the solutions

HðM2;1‘�Þ have positive norm if M2 > 0. For these reasons,
and since we will be interested in the M ! 0 limit,
we normalize the solutions with m ¼ 0, 1 as

hHðM2;m‘�Þ; HðM2;m0‘0�0ÞiKG ¼ ð�1Þmþ12M2�mm0
�‘‘0���0

:

(2.28)

III. PHYSICAL GRAVITON TWO-POINT
FUNCTION

The Lagrangian for free gravitons in de Sitter spacetime
can be written as

Linv ¼ ffiffiffiffiffiffiffi�g
p ½12rah

acrbhbc � 1
4rahbcrahbc

þ 1
4ðrah� 2rbhabÞrah� 1

2ðhabhab þ 1
2h

2Þ�; (3.1)
with h � haa. The corresponding field equation is
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LðinvÞcd
ab hcd� 1

2½�hhabþrarch
c
bþrbrch

c
a�rarbh

þgabhh�gabrcrdh
cd�þhabþ 1

2gabh

¼0: (3.2)

It is well-known that the gauge degrees of freedom can be
used to impose the conditions rbhab ¼ 0 and h ¼ 0 (see,
e.g. Ref. [21]). Then Eq. (3.2) becomes

ðh� 2Þhab ¼ 0: (3.3)

This equation is Eq. (2.18) withM ¼ 0. Thus, its solutions
are given by Eqs. (A8)–(A15) with M ¼ 0.

We have seen that the solutions Hð0;m‘�Þ
ab , m ¼ 0, 1,

are gauge solutions [see Eq. (2.25)]. Hence, only the solu-

tions Hð0;2‘�Þ
ab represent physical excitations. Retaining

only these solutions corresponds to the synchronous

transverse-traceless gauge, h0a ¼ 0, ~rjh
j
i¼0 and

hii¼0. Quantization of the field hab in this gauge, which
we sometimes call the physical gauge, proceeds as follows.
First, we find the canonical conjugate momentum current
pabc as

pabc ¼ 1ffiffiffiffiffiffiffi�g
p @L

@rahbc
¼ � 1

2
rahbc; (3.4)

where we have used the conditions rbhab ¼ 0 and
haa ¼ 0. We note that the field equation (3.2) can be
given as

rap
abc � 1ffiffiffiffiffiffiffi�g

p @Linv

@hbc
¼ 0: (3.5)

We define the symplectic product between two solutions

hð1Þab and hð2Þab to this equation as follows:

ðhð1Þ; hð2ÞÞsymp ¼ �i
Z
�
d�aðhð1Þbcp

ð2Þabc � pð1Þabchð2Þbc Þ;
(3.6)

where pð1Þabc is obtained by substituting hab ¼ hð1Þab into

Eq. (3.4) and similarly for pð2Þabc. This product is indepen-
dent of the Cauchy surface� thanks to Eqs. (3.4) and (3.5).
Then, we find

ðHð0;2‘�Þ; Hð0;2‘0�0ÞÞsymp ¼ 1
2hHð0;2‘�Þ; Hð0;2‘0�0ÞiKG

¼ �‘‘0���0
: (3.7)

We expand the quantum field hab in the synchronous
transverse-traceless gauge as

habðxÞ ¼
X1
‘¼2

X
�

½a‘�Hð0;2‘�Þ
ab ðxÞ þ ay‘�H

ð0;2‘�Þ
ab ðxÞ�: (3.8)

We then impose the commutation relations ½a‘�; ay‘0�0 � ¼
�‘‘0���0 with all other commutators vanishing. We define
the Bunch-Davies vacuum state j0i by requiring that

a‘�j0i ¼ 0 for all ‘ and �. Then, the Wightman two-point
function is readily found as

�
ðphysÞ
aba0b0 ðx; x0Þ ¼ h0jhabðxÞha0b0 ðx0Þj0i

¼ X1
‘¼2

X
�

Hð0;2‘�Þ
ab ðxÞHð0;2‘�Þ

a0b0 ðx0Þ: (3.9)

This two-point function vanishes if any of the indices is
‘‘0’’. The space components can be found, using Eq. (A9)
with M ¼ 0, as

�ðphysÞ
iji0j0 ðx; x0Þ

¼ X1
‘¼2

ð‘� 1Þ!ð‘þ 2Þ! cosht cosht0P�ð‘þ1Þ
1 ði sinhtÞ

� P�ð‘þ1Þ
1 ði sinht0ÞX

�

Yð2‘�Þ
ij ðxÞYð2‘�Þ

i0j0 ðx0Þ; (3.10)

where x ¼ ðt;xÞ and x0 ¼ ðt0;x0Þ. This series can be
summed in a closed form. The result of this summation
can be found in Ref. [9], in which it was shown that there
are no IR divergences for this two-point function in the
sense that it is well-defined without any infrared cutoff.

IV. SOLUTIONS TO THE FIELD EQUATION IN
THE COVARIANT GAUGE

If we add a covariant gauge-fixing term in the
Lagrangian, there will be solutions to the graviton field
equations in addition to those given by (A8)–(A15) with
M ¼ 0. In this section, we describe all solutions including
these additional solutions to the graviton field equation in
the covariant gauge. These solutions will be used in the
next section to find the two-point function.
The Lagrangian in the covariant gauge is

L ¼ Linv þLgf ; (4.1)

where Linv is given by Eq. (3.1) and where

Lgf ¼�
ffiffiffiffiffiffiffi�g

p
2�

�
rah

ab�1þ	

	
rbh

��
rchcb�1þ	

	
rbh

�
:

(4.2)

We require that �> 0 for now. We also assume 	> 0, but
most of our results will be valid also for most negative
values of 	. The Euler-Lagrange field equation derived
from Linv þLgf is

LðinvÞcd
ab hcd þ LðgfÞcd

ab hcd ¼ 0; (4.3)

where LðinvÞcd
ab is defined by Eq. (3.2) and where
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LðgfÞcd
ab hcd ¼ � 1

2�

�
ra

�
rch

c
b �

1þ 	

	
rbh

�

þrb

�
rch

c
a � 1þ 	

	
rah

��

þ 1þ 	

�	
gabrd

�
rch

cd � 1þ 	

	
rdh

�
:

(4.4)

Let us first find the solutions of the form

hðSÞab ¼ rarbBþ gab�: (4.5)

By substituting this expression into Eq. (4.3), we find

rarbX þ gabY ¼ 0; (4.6)

where

X ¼ 1

�	
½ðh� 3	ÞBþ ð4� �	þ 3	Þ��; (4.7)

Y ¼ � 1þ 	

�	2
hðh� 3	ÞB

þ
�
1� 4ð1þ 	Þ2

�	2
þ 1þ 	

�	

�
h�þ 3�: (4.8)

This calculation is simplified by noting that rarbB does

not contribute to LðinvÞcd
ab hðSÞcd due to gauge invariance.

Equation (4.6) is obviously satisfied if X ¼ Y ¼ 0. These
equations can be simplified by solving the equation X ¼ 0
for ðh� 3	ÞB and substituting the result into the equation
Y ¼ 0. Thus, the equations X ¼ Y ¼ 0 can readily be
shown to be equivalent to

ðh� 3	ÞBþ ½4� ð�� 3Þ	�� ¼ 0; (4.9)

ðh� 3	Þ� ¼ 0: (4.10)

The following solutions and their complex conjugates form
a complete set of solutions to Eqs. (4.9) and (4.10):

BðS1;‘�Þ ¼ �ð3	;‘�Þ; (4.11)

�ðS1;‘�Þ ¼ 0 (4.12)

and

BðS2;‘�Þ ¼ �½4� ð�� 3Þ	� @

@�2
�ð�2;‘�Þ

���������2¼3	
; (4.13)

�ðS2;‘�Þ ¼ �ð3	;‘�Þ; (4.14)

where @=@�2 denotes the first derivative with respect to�2

(rather than the second derivative with respect to �).
Equation (4.9) can be verified for the solutions

ðBðS2;‘�Þ;�ðS2;‘�ÞÞ by noting

@

@�2 ð�hþ�2Þ�ð�2;‘�Þ
���������2¼3	

¼ 0: (4.15)

Note that the mass of these modes are 	-dependent [8,11].
In particular, if 	< 0, then they are tachyonic because
their mass squared is �2 ¼ 3	< 0. Unfortunately, the
familiar de Donder gauge condition, rbhab � 1

2rah ¼ 0,

corresponds to �2 ¼ 3	 ¼ �6 (and � ! 0). Thus, these
modes are tachyonic for the de Donder gauge [10,24].
The gauge chosen by Antoniadis and Mottola [7],rbhab �
1
4rah ¼ 0, corresponds to 3	 ¼ �4. This choice has an

additional problem: the scalar field theory suffers IR di-
vergences if �2 ¼ �kðkþ 3Þ for k ¼ 0; 1; 2; . . . [8]. [This
fact can readily be seen from Eq. (D7).] This is the cause of
the IR divergences in the Antoniadis-Mottola gauge. These
problems can easily be avoided by requiring 	> 0.
Although the de Donder gauge (3	 ¼ �6) does not lead

to IR divergences in the sense that the two-point function is
finite without an IR cutoff, there are IR divergences in its
expansion in terms of momentum eigenfunctions in
the spatially flat coordinate system [10]. These divergences
are due to the growth of the two-point function for large
separation, which renders the momentum expansion ill-
defined. However, it is possible to regularize the IR diver-
gences in such a way that one recovers the finite two-point
function when the regulator is removed, as we show in
Appendix C.
Let us write the solutions to Eq. (4.3) corresponding to

Eqs. (4.11), (4.12), (4.13), and (4.14) as

Sð1;‘�Þab ¼ rarbB
ðS1;‘�Þ; (4.16)

Sð2;‘�Þab ¼ rarbB
ðS2;‘�Þ þ gab�

ðS2;‘�Þ: (4.17)

We show next that any solution hab to Eqs. (4.3) can be

decomposed as hab ¼ hðTÞab þ hðSÞab , where hðSÞab is a linear

combination of the solutions SðA;‘�Þab , A ¼ 1, 2, and their

complex conjugates and where rarbhðTÞab ¼ 0 and

gabhðTÞab ¼ 0. For this purpose, it is sufficient to show that

for any given solution hab to Eq. (4.3), one can construct
scalar fields B and � satisfying Eqs. (4.9) and (4.10) such

that the field hðSÞab ¼ rarbBþ gab� satisfies rahab ¼
rahðSÞab and gabhab ¼ gabhðSÞab . To do so, for any solution

hab to Eq. (4.3), we define

�ðhÞ ¼ � 1

�

�
rarbh

ab � 1þ 	

	
hh

�
: (4.18)

Then, by taking the divergence of Eq. (4.3) twice, we find

ðh� 3	Þ�ðhÞ ¼ 0: (4.19)

This calculation is made easier by noting that the tensor

field LðinvÞcd
ab hcd is divergence-free (the background Bianchi

identity). Next, by taking the trace of Eq. (4.3) and using
Eq. (4.19), we find

ðh� 3	Þhþ ½4� ð�� 3Þ	��ðhÞ ¼ 0: (4.20)

Now, we define
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hðSÞab ¼ rarbBðhÞ þ gab�ðhÞ; (4.21)

where

BðhÞ ¼ 1

3	

�
h� �� 3

3
�ðhÞ

�
; (4.22)

�ðhÞ ¼ 1

3	
�ðhÞ: (4.23)

Then, one can readily see that Eqs. (4.19) and (4.20) imply

Eqs. (4.9) and (4.10). Thus, hðSÞab is a solution to Eq. (4.3).

Moreover, we find

gabhðSÞab ¼ hBðhÞ þ 4�ðhÞ ¼ h (4.24)

and

rarbhðSÞab � 1þ 	

	
gabhhðSÞab ¼ rarbh

ab � 1þ 	

	
hh;

(4.25)

and, hence,

rarbhðSÞab ¼ rarbhab: (4.26)

Thus, any hab satisfying Eq. (4.3) can be written as hab ¼
hðTÞab þ hðSÞab , where rarbhðTÞab ¼ 0 and gabhðTÞab ¼ 0.

Our next task is to construct all solutions to Eq. (4.3)

satisfying rarbhðTÞab ¼ 0 and gabhðTÞab ¼ 0. Equation (4.3)

becomes

LðTÞcd
ab hðTÞcd ��1

2
hhðTÞab

þ1

2

�
1� 1

�

�
ðrarch

ðTÞc
b þrbrch

ðTÞc
aÞþhðTÞab

¼0: (4.27)

We show that a complete set of solutions hðTÞab is given by

Eð1;m‘�Þ
ab � Hð0;m‘�Þ

ab ; m ¼ 0; 1; 2; ‘ � 2; (4.28)

Eð2;m‘�Þ
ab � lim

M!0

1

M2
ðraA

ð�2;m‘�Þ
b þrbA

ð�2;m‘�Þ
a �HðM2;m‘�Þ

ab Þ

¼2�
@

@�2
rðaA

ð�2;m‘�Þ
bÞ

���������2¼�6

� @

@M2
HðM2;m‘�Þ

ab

��������M2¼0
; m¼0;1; ‘�1;

(4.29)

and their complex conjugates, with the identification

�2 ¼ �M2 � 6: (4.30)

We have defined HðM2;m;‘¼1;�Þ
ab ¼ 0 in the second equation.

The second equality in Eq. (4.29) follows from Eq. (2.25),
which is valid also for ‘ ¼ 1.

One can readily see that hðTÞab ¼ Eð1;m‘�Þ
ab and their com-

plex conjugates give a complete set of solutions to

Eq. (4.27) under a stronger condition rbhðTÞab ¼ 0. The

tensor fields Eð2;m‘�Þ
ab and their complex conjugates

are also solutions (under the original condition

rarbhðTÞab ¼ 0) because both hðM
2Þ

ab ¼ rðaA
ð�2;m‘�Þ
bÞ and

HðM2;m‘�Þ
ab are solutions to the massive equation [25]

LðTÞcd
ab hðM

2Þ
cd þ 1

2M
2ðhðM2Þ

ab � gabh
ðM2Þc
c Þ ¼ 0: (4.31)

Then, what is left to do is show that for any solution hðTÞab of

Eq. (4.27), we can find a linear combination hðWÞ
ab ofEð2;m‘�Þ

ab

and their complex conjugates such that CaðhðTÞÞ �
rbhðTÞab ¼ rbhðWÞ

ab . This can be done as follows. By taking

the divergence of Eq. (4.27), we find

ðhþ 3ÞCaðhðTÞÞ ¼ 0: (4.32)

A complete set of solutions to this equation is given by

Ca ¼ Að�6;m‘�Þ
a , m ¼ 0, 1, ‘ � 1, and their complex con-

jugates. Now, since

rbðraA
ð�2;m‘�Þ
b þrbA

ð�2;m‘�Þ
a Þ ¼ �M2A

ð�2;m‘�Þ
a (4.33)

and HðM2;m‘�Þ
ab are divergence-free, we find

rbEð2;m‘�Þ
ab ¼ �Að�6;m‘�Þ

a : (4.34)

Hence, if CaðhðTÞÞ ¼ rbhðTÞab ¼ Að�6;m‘�Þ
a , then we have

rbhðWÞ
ab ¼ CaðhðTÞÞ by setting hðWÞ

ab ¼ ��1Eð2;m‘�Þ
ab . It is

clear that a similar construction works if hðTÞab is any linear

combination of Að�6;m‘�Þ
a and their complex conjugates.

Thus, we have constructed a complete set of solutions to
Eq. (4.3), and these solutions are given by Eqs. (4.16),
(4.17), (4.28), and (4.29) and their complex conjugates.

V. THE TWO-POINT FUNCTION IN THE
COVARIANT GAUGE

In this section, we compute the Wightman two-point
function for the quantized linearized-gravity field hab and
show that it is physically equivalent to the physical two-
point function of Ref. [9] in linearized gravity.
We define the momentum current conjugate to the field

hab by

pabc � 1ffiffiffiffiffiffiffi�g
p @L

@ðrahbcÞ ¼ pabc
inv þ pabc

gf ; (5.1)

where

pabc
inv ¼ �1

2rahbc þ 1
2ðgabrdh

dc þ gacrdh
db � gbcrdh

daÞ
� 1

4ðgabrchþ gacrbhÞ þ 1
2g

bcrah; (5.2)
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pabc
gf ¼ � 1

2�
gab

�
rdh

dc � 1þ 	

	
rch

�

� 1

2�
gac

�
rdh

db � 1þ 	

	
rbh

�

þ 1þ 	

�	
gbc

�
rdh

da � 1þ 	

	
rah

�
: (5.3)

Then the Euler-Lagrange equation (4.3) can be written as

rap
abc � 1ffiffiffiffiffiffiffi�g

p @L
@hbc

¼ 0: (5.4)

The equal-time commutation relations on a t ¼ const
Cauchy surface are then given by

½habðt;xÞ; hcdðt;x0Þ� ¼ ½p0abðt;xÞ; p0cdðt;x0Þ� ¼ 0; (5.5)

½habðt;xÞ; p0cdðt;x0Þ� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi�gðxÞp
2

ð�c
a�

d
b þ �d

a�
c
bÞ�ðx;x0Þ;

(5.6)

where �ðx;x0Þ is defined by

Z
S3
d3xfðxÞ�ðx;x0Þ ¼ fðx0Þ: (5.7)

Here, the d3x is the coordinate volume element. That is,
if 
1, 
2 and 
3 are the coordinates on S3, then d3x ¼
d
1d
2d
3.

For any two solutions hð1Þab and h
ð2Þ
ab to the Euler-Lagrange

equation (4.3), we define the symplectic product by

ðhð1Þ; hð2ÞÞsymp ¼ �i
Z
�
d�aðhð1Þbcp

ð2Þabc � pð1Þabchð2Þbc Þ;
(5.8)

where

pð1Þabc � @L
@ðrahbcÞ

��������hab¼hð1Þ
ab

(5.9)

on a Cauchy surface �, and similarly for pð2Þabc. This
symplectic product is independent of the Cauchy surface

� because the current hð1Þbcp
ð2Þabc � pð1Þabchð2Þbc is conserved

[26,27]. If hð1Þab and hð2Þab are transverse-traceless positive-

frequency solutions from Sec. III, then this symplectic
product agrees with Eq. (3.6).

Now, we can expand the quantum field hab using the
solutions found in Sec. IV as follows:

habðxÞ ¼
X1
‘¼2

X
�

aðTTÞ‘� Hð0;2‘�Þ
ab ðxÞ

þ X1
m¼0

�X1
‘¼2

X
�

aðT1Þm‘�E
ð1;m‘�Þ
ab ðxÞ

þ X1
‘¼1

X
�

aðT2Þm‘�E
ð2;m‘�Þ
ab ðxÞ

�

þ X1
‘¼1

X
�

½aðS1Þ‘� Sð1‘�Þab ðxÞ þ aðS2Þ‘� Sð2‘�Þab ðxÞ� þ H:c:

(5.10)

Let us denote the symplectic product among these solu-
tions as follows:

MðG;mÞ
AB ¼ðEðA;m‘�Þ;EðB;m‘�ÞÞsymp;

A;B¼1;2; m¼0;1; ‘�2; (5.11)

MðG1;mÞ ¼ ðEð2;m;‘¼1;�Þ; Eð2;m;‘¼1;�ÞÞsymp; m ¼ 0; 1;

(5.12)

MðSÞ
AB ¼ ðSðA;‘�Þ; SðB;‘�ÞÞsymp; A; B ¼ 1; 2: (5.13)

[It turns out that these matrix elements are independent
of ‘ and �. We have already seen that

ðHð0;2‘�Þ; Hð0;2‘0�0ÞÞsymp ¼ �‘‘0���0
.] In Appendix B, we

show that SðA;‘�Þab are orthogonal to the solutions EðA;m‘�Þ
ab

with respect to the symplectic product (5.8). Then, it is not
difficult to show that the equal-time commutation relations
(5.5) and (5.6) imply

½aðTTÞ‘� ; aðTTÞy
‘0�0 � ¼ �‘‘0���0 ; (5.14)

½aðT2Þm1�; a
ðT2Þy
m01�0 � ¼ ðMðG1;mÞÞ�1�mm0���0 ; (5.15)

½aðTAÞm‘�; a
ðTBÞy
m0‘0�0 � ¼ ðMðG;mÞÞ�1

AB�mm0�‘‘0���0 ; (5.16)

½aðSAÞ‘� ; aðSBÞy
‘0�0 � ¼ ðMðSÞÞ�1

AB�‘‘0���0 : (5.17)

(See, e.g. Ref. [28].) Then the Wightman two-point func-
tion for the Bunch-Davies vacuum can be given as follows:

h0jhabðxÞha0b0 ðx0Þj0i
¼ �aba0b0 ðx; x0Þ
¼ �

ðphysÞ
aba0b0 ðx; x0Þ þ �ðGÞ

aba0b0 ðx; x0Þ þ�ðSÞ
aba0b0 ðx; x0Þ; (5.18)

where �
ðphysÞ
aba0b0 ðx; x0Þ is the physical two-point function dis-

cussed in Sec. III and where
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�ðGÞ
aba0b0 ðx;x0Þ¼

X1
m¼0

X
�

ðMðG1;mÞÞ�1

�Eð2;m;‘¼1;�Þ
ab ðxÞEð2;m;‘¼1;�Þ

a0b0 ðx0Þ

þ X1
m¼0

X1
‘¼2

X
�

ðMðG;mÞÞ�1
AB

�EðA;m‘�Þ
ab ðxÞEðB;m‘�Þ

a0b0 ðx0Þ; (5.19)

�ðSÞ
aba0b0 ðx; x0Þ ¼

X1
‘¼0

X
�

ðMðSÞÞ�1
ABS

ðA;‘�Þ
ab ðxÞSðB;‘�Þ

a0b0 ðx0Þ:

(5.20)

Here, the summation over A and B is understood. Thus, all
we need to do is find the matrix elements of the symplectic
product defined by Eqs. (5.11), (5.12), and (5.13).

First, we computeMðG;mÞ
AB for ‘ � 2 andMðG1;mÞ and find

�ðGÞ
aba0b0 ðx; x0Þ defined by Eq. (5.19). Let us define the in-

variant and gauge-fixing parts of the symplectic product as
follows:

ðhð1Þ; hð2ÞÞinv ¼ �i
Z
�
d�aðhð1Þbcp

ð2Þabc
inv � pð1Þabc

inv hð2Þbc Þ;
(5.21)

ðhð1Þ; hð2ÞÞgf ¼ �i
Z
�
d�aðhð1Þbcp

ð2Þabc
gf � pð1Þabc

gf hð2Þbc Þ:
(5.22)

It is well-known that if hðkÞab ¼ raA
ðkÞ
b þrbA

ðkÞ
a for some

AðkÞ
a , k ¼ 1, 2, then ðhð1Þ; hð2ÞÞinv ¼ 0 (see, e.g. Ref. [29]).

Now, the solutions Eð1;m‘�Þ
ab are of this form for m ¼ 0, 1

and are divergence-free and traceless. This implies that
pabc
gf ¼ 0 for these solutions, and, hence,

MðG;mÞ
11 ¼ ðEð1;m‘�Þ; Eð1;m‘�ÞÞinv ¼ 0; ‘ � 2: (5.23)

Next, we examine MðG;mÞ
22 . We write Eq. (4.29) as

Eð2;m‘�Þ
ab ¼ lim

M!0

1

M2
ðKðM2;m‘�Þ

ab �HðM2;m‘�Þ
ab Þ; (5.24)

where

KðM2;m‘�Þ
ab ¼ raA

ð�2;m‘�Þ
b þrbA

ð�2;m‘�Þ
a ; (5.25)

with �2 ¼ �M2 � 6 [see Eq. (4.30)]. We have

ðHðM2;m‘�Þ; HðM2;m0‘0�0ÞÞsymp ¼ ð�1Þmþ1M2�mm0�‘‘0���0

(5.26)

for m, m0 ¼ 0, 1 from Eq. (2.24) because the symplectic
product (5.8) is half the Klein-Gordon inner product (2.23)
for these solutions. The symplectic product for the modes

KðM2;m‘�Þ
ab can be found as follows. First, since these are of

pure-gauge form, we have

ðKðM2;m‘�Þ; KðM2;m0‘0�0ÞÞinv ¼ 0: (5.27)

Hence,

ðKðM2;m‘�Þ; KðM2;m0‘0�0ÞÞsymp ¼ ðKðM2;m‘�Þ; KðM2;m0‘0�0ÞÞgf :
(5.28)

For hab ¼ KðM2;m‘�Þ
ab , we find

pabc
gf ¼ �1

2M
2ðgabAð�2;m‘�Þc þ gacAð�2;m‘�ÞbÞ: (5.29)

Using this equation and the equality

AcrcA
0a � A0crcA

a ¼ rcðA0aAc � AaA0cÞ
if rcA

c ¼ rcA
0c ¼ 0

(5.30)

and the generalized Stokes theorem, we obtain

ðKðM2;m‘�Þ;KðM2;m0‘0�0ÞÞsymp¼�M2hAð�2;m‘�Þ;Að�2;m0‘0�0ÞiKG
¼ð�1ÞmM2�mm0�‘‘0���0 :

(5.31)

Equation (5.26) and this equation together with the
fact that there are no cross terms [28], i.e.

ðKðM2;m‘�Þ; HðM2;m0‘0�0ÞÞ ¼ 0, imply

MðG;mÞ
22 ¼ 0: (5.32)

Finally, Eq. (5.31) and the fact that there are no cross terms
lead to

MðG;mÞ
12 ¼ MðG;mÞ

21 ¼ ð�1Þm: (5.33)

The first line of Eq. (5.31) is valid for ‘ ¼ 1 as well, but

in this case, HðM2;m;‘¼1;�Þ
ab ¼ 0 in Eq. (5.24). Hence, we

find, noting Eq. (4.30),

MðG1;mÞ ¼ ð�1Þm lim
M!0

�2 þ 6

M2
¼ ð�1Þm�: (5.34)

Clearly, the inverse of the matrix MðG;mÞ
AB is itself, and

ðMðG1;mÞÞ�1 ¼ ð�1Þm��1. Hence, from Eq. (5.19), we find

�ðGÞ
aba0b0 ðx; x0Þ ¼ ��1

X1
m¼0

X
�

ð�1ÞmEð2;m;‘¼1;�Þ
ab ðxÞ

� Eð2;m;‘¼1;�Þ
a0b0 ðx0Þ

þ X1
m¼0

X1
‘¼2

X
�

ð�1Þm
�
Eð1;m‘�Þ
ab ðxÞEð2;m‘�Þ

a0b0 ðx0Þ

þ Eð2;m‘�Þ
ab ðxÞEð1;m‘�Þ

a0b0 ðx0Þ
�
: (5.35)

Now, we define the vector two-point function with
squared mass �2 as
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�ðV;�2Þ
aa0 ðx; x0Þ � X1

m¼0

X1
‘¼1

X
�

hAð�2;m‘�Þ; Að�2;m‘�Þi�1
KGA

ð�2;m‘�Þ
a ðxÞAð�2;m‘�Þ

a0 ðx0Þ

¼ ð�2 þ 6Þ�1
X1
m¼0

X
�

ð�1Þmþ1A
ð�2;m;‘¼1;�Þ
a ðxÞAð�2;m;‘¼1;�Þ

a0 ðx0Þ

þ X1
m¼0

X1
‘¼2

X
�

ð�1Þmþ1A
ð�2;m‘�Þ
a ðxÞAð�2;m‘�Þ

a0 ðx0Þ: (5.36)

Let us also write

�ðV;ð1Þ�2Þ
aa0 ðx; x0Þ � @

@�2
�ðV;�2Þ

aa0 ðx; x0Þ (5.37)

and define

Uaa0b0 ðx; x0Þ �
X1
m¼0

X1
‘¼2

X
�

Að�6;m‘�Þ
a ðxÞ

� @

@M2
HðM2;m‘�Þ

a0b0 ðx0ÞjM2¼0: (5.38)

Then, by Eqs. (4.28), (4.29), and (4.25), we find

�ðGÞ
aba0b0 ðx; x0Þ ¼ �2� lim

�2!�6
½rðarja0j�

ðV;ð1Þ�2Þ
bÞb0 ðx; x0Þ

þ rðarjb0j�
ðV;ð1Þ�2Þ
bÞa0 ðx0; xÞ�

þ 2rðaUbÞa0b0 ðx; x0Þ þ 2rða0Ub0Þabðx0; xÞ:
(5.39)

We have used

lim
�2!�6

ð�2 þ 6Þ�1rðaA
ð�2;m;‘¼1;�Þ
bÞ

¼ @

@�2
rðaA

ð�2;m;‘¼1;�Þ
bÞ j�2¼�6; (5.40)

which is true becauserðaA
ð�6;m;‘¼1;�Þ
bÞ ¼ 0. Thus,�ðGÞ

aba0b0 is
of pure-gauge form, i.e. is equivalent to 0 in linearized
gravity.

Next, we find the matrix MðSÞ
AB for the solutions SðA;‘�Þab ,

A ¼ 1, 2, given by Eqs. (4.16) and (4.17) and use it to find

�ðSÞ
aba0b0 ðx; x0Þ defined by Eq. (5.20). We first express the

symplectic product of two solutions

SðkÞab ¼ rarbB
ðkÞ þ gab�

ðkÞ; k ¼ 1; 2; (5.41)

in terms of the Klein-Gordon inner product (2.7). Let us
write the conjugate momentum current for the solutions

SðkÞab as

pðkÞabc ¼ pðB;kÞabc
inv þ pð�;kÞabc

inv þ pðkÞabc
gf ; (5.42)

where pðB;kÞabc
inv and pð�;kÞabc

inv are the contribution of

rbrcB
ðkÞ and gbc�

ðkÞ, respectively, to pðkÞabc
inv defined by

Eq. (5.2). The tensor pðkÞabc
gf is defined by Eq. (5.3). As

noted after Eq. (5.22), we have

Z
�
d�a½rbrcB

ð1ÞpðB;2Þabc
inv � pðB;1Þabc

inv rbrcB
ð2Þ� ¼ 0:

(5.43)

Hence,

ðSð1Þ;Sð2ÞÞsymp

¼�i
Z
�
d�a½rbrcB

ð1Þðpð�;2Þabc
inv þpð2Þabc

gf Þ

�ðpð�;1Þabc
inv þpð1Þabc

gf ÞrbrcB
ð2Þ�

� i
Z
�
d�a½gbc�ð1Þpð2Þabc�pð1Þabcgbc�ð2Þ�: (5.44)

By straightforward calculations, we find

pð�;kÞabc
inv þ pðkÞabc

gf ¼ � 1

	
gbcra�ðkÞ; (5.45)

gbcp
ðkÞabc ¼ � 4

	
ra�ðkÞ � 3raBðkÞ: (5.46)

By substituting these equations into Eq. (5.44) and using

the field equation (4.9) satisfied by Bð1Þ and Bð2Þ, we find

ðSð1Þ; Sð2ÞÞsymp ¼ 3ðhBð1Þ;�ð2ÞiKG þ h�ð1Þ; Bð2ÞiKGÞ
þ ð�� 3Þh�ð1Þ;�ð2ÞiKG: (5.47)

Note that hBð1Þ;�ð2ÞiKG, h�ð1Þ; Bð2ÞiKG and h�ð1Þ;�ð2ÞiKG
are not conserved individually, though ðSð1Þ; Sð2ÞÞsymp is.

The symplectic product for the solutions SðA;‘�Þab , A ¼
1, 2, given by Eqs. (4.11), (4.12), (4.13), and (4.14) is then

MðSÞ
11 ¼ 0; MðSÞ

12 ¼ 3; MðSÞ
22 ¼ �� 3: (5.48)

We have used�
�ð�2;‘�Þ;

@

@�2
�ð�2;‘�Þ

�
KG

þ
�

@

@�2
�ð�2;‘�Þ; �ð�2;‘�Þ

�
KG

¼ @

@�2
h�ð�2;‘�Þ; �ð�2;‘�ÞiKG ¼ 0 (5.49)

in computing MðSÞ
22 . The inverse of the matrix MðSÞ

AB is
given by
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ðMðSÞÞ�1
11 ¼ 1

9ð3��Þ; ðMðSÞÞ�1
12 ¼ 1

3; ðMðSÞÞ�1
22 ¼0:

(5.50)

Hence, defining the two-point function for the scalar field
with mass � and its �2-derivative as

��2ðx; x0Þ ¼ X1
‘¼0

X
�

�ð�2;‘�ÞðxÞ�ð�2;‘�Þðx0Þ; (5.51)

�ð1Þ
�2ðx; x0Þ ¼ � @

@�2
��2ðx; x0Þ; (5.52)

and substituting Eq. (5.50) into Eq. (5.20), we find

�ðSÞ
aba0b0 ðx; x0Þ ¼ rarbra0rb0

	
3� �

9
�3	ðx; x0Þ

þ 1

3
½4� ð�� 3Þ	��ð1Þ

3	ðx; x0Þ



þ 1

3
ðgabra0rb0 þ ga0b0rarbÞ�3	ðx; x0Þ:

(5.53)

This is clearly of pure-gauge form and generalizes the

result obtained in Ref. [30], where �ðSÞ
aba0b0 ðx; x0Þ for the

cases with ð�� 3Þ	 ¼ 4 was found.
Thus, we have shown that the two-point function

�aba0b0 ðx; x0Þ in the covariant gauge given by Eq. (5.18) is

equivalent to �
ðphysÞ
aba0b0 ðx; x0Þ in linearized gravity because

�ðGÞ
aba0b0 ðx; x0Þ and �ðSÞ

aba0b0 ðx; x0Þ given by Eqs. (5.39) and

(5.53) are of pure-gauge form. Notice that the � ! 0 limit
of �aba0b0 ðx; x0Þ is well-defined and de Sitter-covariant
unless 3	 ¼ �kðkþ 3Þ, where k is a non-negative integer.
(In the � ! 0 limit, the gauge condition rbhab �
1þ	
	 rah ¼ 0 is strictly enforced on hab.) Thus, we dis-

agree with the authors of Ref. [10], who claim that de Sitter
invariance is broken in the case � ¼ 0 and 	 ¼ �2.

One of the main observations in Ref. [10] is that the
scalar two-point function ��2ðx; x0Þ, which appears in the

scalar part �ðsÞ
aba0b0 of the graviton two-point function, is

IR-divergent for all negative �2. This is true if this two-
point function is constructed in the Poincaré patch of
de Sitter spacetime in momentum expansion. However,
no IR divergences are encountered in the mode-sum con-
struction of ��2ðx; x0Þ in global de Sitter spacetime as

shown in Appendix C. (We also show in this appendix
that the IR-finite two-point function is recovered even in
the Poincaré patch by appropriate subtraction.)

Finally, we write �ðphysÞ
aba0b0 þ�ðGÞ

aba0b0 in a covariant form.

We first define �ðTT;M2Þ
aba0b0 ðx; x0Þ to be twice the two-point

function for the transverse-traceless symmetric tensor field
with mass M � 0, satisfying

½hx � ð2þM2Þ��ðTT;M2Þ
aba0b0 ðx; x0Þ ¼ 0: (5.54)

It can be given in the mode-sum form as

�ðTT;M2Þ
aba0b0 ðx; x0Þ ¼ 2

X2
m¼0

X1
‘¼2

X
�

hHðM2;m‘�Þ; HðM2;m‘�Þi�1
KG

�HðM2;m‘�Þ
ab ðxÞHðM2;m‘�Þ

a0b0 ðx0Þ

¼ X1
‘¼2

X
�

HðM2;2‘�Þ
ab ðxÞHðM2;2‘�Þ

a0b0 ðx0Þ

þ 1

M2

X1
m¼0

X1
‘¼2

X
�

ð�1Þmþ1

�HðM2;m‘�Þ
ab ðxÞHðM2;m‘�Þ

a0b0 ðx0Þ: (5.55)

(See Ref. [31] for an explicit form of �ðTT;M2Þ
aba0b0 .) Then, we

find from Eq. (5.35) and the definition Eð1;m‘�Þ
ab ¼ Hð0;m‘�Þ

ab

for m ¼ 0, 1 [see Eq. (4.28)]

�ðphysÞ
aba0b0 ðx; x0Þ þ�ðGÞ

aba0b0 ðx; x0Þ ¼ �ðTTÞ
aba0b0 ðx; x0Þ

þ�ðVÞ
aba0b0 ðx; x0Þ; (5.56)

where

�ðTTÞ
aba0b0 ðx; x0Þ ¼ lim

M2!0

@

@M2
½M2�ðTT;M2Þ

aba0b0 ðx; x0Þ�; (5.57)

�ðVÞ
aba0b0 ðx; x0Þ ¼ �2� lim

�2!�6
½rðarja0j�

ðV;ð1Þ�2Þ
bÞb0 ðx; x0Þ

þ rðarjb0j�
ðV;ð1Þ�2Þ
bÞa0 ðx; x0Þ�: (5.58)

These expressions will be used in Appendix B to compare
the two-point function found here and the corresponding
result in the Euclidean approach [11].

VI. SUMMARY

In this paper, we investigated the relationship between
the covariant graviton Wightman two-point function and
the physical transverse-traceless and synchronous one in
global coordinates. We defined two Wightman graviton

two-point functions, �ð1Þ
aba0b0 ðx; x0Þ and �ð2Þ

aba0b0 ðx; x0Þ, to be

physically equivalent in linearized gravity if they differ by
a bitensor of the form rðaQbÞa0b0 ðx; x0Þ þ rða0Qjabjb0Þðx; x0Þ
and showed that the covariant two-point function is physi-
cally equivalent to the physical two-point function in
global coordinates. Our result is perhaps not surprising,
but since there has been much controversy over infrared
properties of graviton two-point functions, we believe that
it is a worthwhile addition to the body of knowledge about
gravitational perturbation in de Sitter spacetime.
Although our result holds for all � and 	 except 	 ¼

�L0ðL0 þ 3Þ, L0 non-negative integer, in global de Sitter
spacetime, one encounters some difficulties if 	< 0 in the

Poincaré patch because the scalar sector �ðSÞ
aba0b0 ðx; x0Þ be-

comes tachyonic. This is also the case for the vector sector

PHYSICAL EQUIVALENCE BETWEEN THE COVARIANT . . . PHYSICAL REVIEW D 85, 124021 (2012)

124021-11



�ðVÞ
aba0b0 ðx; x0Þ if � � 0. (See also Ref. [32] for related

difficulties with � � 0.) However, none of the objections
raised in Refs. [10,32] are relevant with the choices of
gauge parameters � ¼ 0 and 	> 0 and the de Sitter-
covariant two-point function can be constructed without
any ambiguities even in the Poincaré patch. It will be

interesting to construct �ðTTÞ
aba0b0 ðx; x0Þ in Eq. (5.57) in the

Poincaré patch by the mode-summethod because this is the
only place where nontrivial IR issues arise with 	> 0 and
� ¼ 0.
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APPENDIX A: EXPLICIT SOLUTIONS TO
FREE-FIELD EQUATIONS

In this appendix, we give the solutions to free-field
equations discussed in Sec. II explicitly, following
Ref. [16]. The scalar solutions are

�ð�2;‘�Þ ¼ NL0‘ðcoshtÞ�1P�ð‘þ1Þ
L0þ1 ði sinhtÞYð0‘�Þ; (A1)

where NL0‘ is defined by

NL0‘ ¼
1ffiffiffi
2

p ½�ð‘� L0Þ�ð‘þ L0 þ 3Þ�1=2: (A2)

The transverse vector solutions A
ð�2;m‘�Þ
a are

A
ð�2;1‘�Þ
0 ¼ 0; (A3)

Að�2;1‘�Þ
i ¼ ~NL1‘P

�ð‘þ1Þ
L1þ1 ði sinhtÞYð1‘�Þ

i ; (A4)

where

~N L1‘ ¼
	NL1‘ if ‘ � 2;ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2 þ 6
p

NL1‘ if ‘ ¼ 1;
(A5)

and

A
ð�2;0‘�Þ
0 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
‘ð‘þ 2Þ

ðL1 þ 1ÞðL1 þ 2Þ

s

� ~NL1‘ðcoshtÞ�2P�ð‘þ1Þ
L1þ1 ði sinhtÞYð0‘�Þ; (A6)

A
ð�2;0‘�Þ
i ¼ �

~NL1‘ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðL1 þ 1ÞðL1 þ 2Þ‘ð‘þ 2Þp �
@

@t
þ tanht

�

� P�ð‘þ1Þ
L1þ1 ði sinhtÞ~riY

ð0‘�Þ: (A7)

Finally, the transverse-traceless symmetric tensor solutions
are

HðM2;2‘�Þ
0a ¼ 0; (A8)

HðM2;2‘�Þ
ij ¼ ffiffiffi

2
p

NL2‘ coshtP
�ð‘þ1Þ
L2þ1 ði sinhtÞYð2‘�Þ

ij ; (A9)

HðM2;1‘�Þ
00 ¼ 0; (A10)

HðM2;1‘�Þ
0i ¼ �i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið‘� 1Þð‘þ 3Þp
� NL2‘ðcoshtÞ�1P�ð‘þ1Þ

L2þ1 ði sinhtÞYð1‘�Þ
i ; (A11)

HðM2;1‘�Þ
ij ¼ i

NL2‘ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið‘� 1Þð‘þ 3Þp cosht

�
@

@t
þ 2 tanht

�

� P�ð‘þ1Þ
L2þ1 ði sinhtÞð~riY

ð1‘�Þ
j þ ~rjY

ð1‘�Þ
i Þ;

(A12)

and

HðM2;0‘�Þ
00 ¼ �iN0

L2‘
ðcoshtÞ�3P�ð‘þ1Þ

L2þ1 ði sinhtÞYð0‘�Þ;

(A13)

HðM2;0‘�Þ
0i ¼ iN0

L2‘

ðcoshtÞ�1

‘ð‘þ 2Þ
�
@

@t
þ tanht

�
� P�ð‘þ1Þ

L2þ1 ði sinhtÞ~riY
ð0‘�Þ; (A14)

HðM2;0‘�Þ
ij ¼ �iN0

L2‘

	
3

2ð‘� 1Þð‘þ 3Þ
�

cosht

‘ð‘þ 2Þ
�
@

@t
þ 2 tanht

��
@

@t
þ tanht

�

þ 1

3 cosht

�
P�ð‘þ1Þ
L2þ1 ði sinhtÞ

�
~ri

~rj þ ‘ð‘þ 2Þ
3

~�ij

�
Yð0‘�Þ þ 1

3 cosht
~�ijP

�ð‘þ1Þ
L2þ1 ði sinhtÞYð0‘�Þ



; (A15)

where

N0
L2‘

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4ð‘� 1Þ‘ð‘þ 2Þð‘þ 3Þ

3ðL2 þ 1ÞðL2 þ 2Þ

s
NL2‘: (A16)
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To show Eq. (2.25), we used the associated Legendre
equation,�
d2

dt2
þ tanht

d

dt
þð‘þ1Þ2

cosh2t
�ðLþ1ÞðLþ2Þ

�
P�ð‘þ1Þ
Lþ1 ðisinhtÞ

¼0; (A17)

and the lowering and raising differential operators for the
associated Legendre functions,

cosht

�
d

dt
� ðLþ 1Þ tanht

�
P�ð‘þ1Þ
Lþ1 ði sinhtÞ

¼ iðL� ‘ÞP�ð‘þ1Þ
L ði sinhtÞ; (A18)

cosht

�
d

dt
þ ðLþ 1Þ tanht

�
P�ð‘þ1Þ
L ði sinhtÞ

¼ �iðLþ ‘þ 2ÞP�ð‘þ1Þ
Lþ1 ði sinhtÞ: (A19)

APPENDIX B: ORTHOGONALITY OF
SCALAR-TYPE AND

TENSOR-VECTOR-TYPE SOLUTIONS

In this appendix, we show that the symplectic product

vanishes between a scalar-type solution hðSÞab ¼ SðA;‘�Þab

given by Eqs. (4.16) and (4.17) and any vector-
tensor-type solution hab satisfying rarbh

ab ¼ 0 and
h¼hcc¼0. This result implies that the scalar and
tensor-vector sectors can be treated separately as we did.

We consider the symplectic product between a scalar-

type solution hðSÞab ¼ rarbBþ gab�, with B and � sat-

isfying Eqs. (4.9) and (4.10), and the complex conjugate of
a vector-tensor-type solution hab:

ð �h; hðSÞÞsymp ¼ �i
Z
�
d�aX

aðh; hðSÞÞ; (B1)

where

Xaðh; hðSÞÞ � hbcp
ðSÞabc � pabchðSÞbc ; (B2)

and where� is a Cauchy surface, e.g. a t ¼ constant hyper-
surface. The conjugate momentum current pabc here is
given by Eq. (5.1) with the conditions rarbh

ab ¼ 0 and
h ¼ 0 imposed. The contribution to pabc

inv defined by

Eq. (5.2) from the part rarbB in hðSÞab can be found as

pðBÞabc
inv ¼ �1

2rarbrcB� 3
2g

bcraBþ 1
4½gabrcðhþ 6ÞB

þ gacrbðhþ 6ÞB�: (B3)

The conjugate momentum current for the scalar-type solu-

tion hðSÞab is

pðSÞabc ¼ pðBÞabc
inv þ pð�Þabc

inv þ pðSÞabc
gf ; (B4)

where pð�Þabc
inv is the contribution to pðSÞabc

inv from rarb�.

We have

pð�Þabc
inv þ pðSÞabc

gf ¼ � 1

	
ra� (B5)

[see Eq. (5.45)]. Then, we find after a tedious but straight-
forward calculation

Xaðh; hðSÞÞ ¼ � 1

2
hbcrarbrcBþ 1

2
habrbðhþ 6ÞB

þ 1

2
rahbcrbrcBþ

�
1

�
� 1

�
rch

bcrarbB

þ
�
1

2
� 1þ 	

�	

�
rbh

abhB

þ ð�� 3Þ	� 4

�	
rbh

ab�: (B6)

To show that
R
� d�aX

aðh; hðSÞÞ ¼ 0, we first note that

Xaðh; hðSÞÞ ¼ Yaðh; hðSÞÞ þ rbF
ð1Þab; (B7)

where

Fð1Þab ¼ �1
2ðhbcrarcB� hacrbrcBÞ

þ 1
2ðrahbcrcB�rbhacrcBÞ; (B8)

and, with the definition Ca ¼ rbh
ab,

Yaðh; hðSÞÞ ¼
�
1

�
� 1

2

�
CbrarbBþ

�
1

2
� 1þ 	

�	

�
CahB

þ
�
� 1

2�
raCb þ

�
1

2
� 1

2�

�
rbCa

�
rbB

� 4� ð�� 3Þ	
�	

Ca�: (B9)

We have used the field equation (4.3) to solve for hhab.

Since Fð1Þab is an antisymmetric tensor, we haveZ
�
d�arbF

ð1Þab ¼ 0 (B10)

by the generalized Stokes theorem. Hence,

ð �h; hðSÞÞsymp ¼ �i
Z
�
d�aY

aðh; hðSÞÞ: (B11)

Next, we find

Yaðh; hðSÞÞ ¼ rbF
ð2Þab � 1

�	
Cafðh� 3	ÞB

þ ½4� ð�� 3Þ	��g; (B12)

where

Fð2Þab ¼
�
1

�
� 1

2

�
ðCbraB� CarbBÞ

þ 1

2�
BðrbCa �raCbÞ (B13)

by using the equation

rbðrbCa �raCbÞ ¼ �6Ca (B14)
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[see Eq. (4.32)]. Finally, by Eq. (4.9) and antisymmetry of

Fð2Þab, we find ð �h; hðSÞÞsymp ¼ 0 from Eqs. (B11) and (B12).

APPENDIX C: TWO-POINT FUNCTION FOR
TACHYONIC SCALAR FIELD

It has been pointed out in Ref. [10] that the two-point
function for the scalar field with negative mass squared is
IR-divergent if it is expanded in terms of momentum
eigenfunctions in the Poincaré patch and that as a result
the de Sitter-invariant graviton two-point function is
IR-divergent for 	< 0. This is true even if 	 is not one
of the discrete values for which it is IR-divergent in the
Euclidean approach [8,11].

In this appendix, we verify that in global coordinates,
the de Sitter-invariant two-point function is IR-finite even
if the field is tachyonic unless the mass squared �2 is of
the form �L0ðL0 þ 3Þ, L0 ¼ 0; 1; 2; . . . by explicitly con-
structing it. We also point out that this two-point function is
recovered also in the Poincaré patch if an appropriate IR
subtraction is made.

1. Construction of the scalar two-point function in
global coordinates

We first show that the scalar two-point function can be
constructed by the mode-summethod in global coordinates
without any IR divergences even with tachyonic mass
unless the mass squared satisfies �2 ¼ �L0ðL0 þ 3Þ,
L0 ¼ 0; 1; 2; . . . .

We write the metric on the unit S3 as

d�2 ¼ d�2 þ sin2�ðd
2 þ sin2
d’2Þ; (C1)

where 0 � � � � and where 
 and ’ are the usual spheri-
cal polar coordinates on S2. The positive-frequency mode
functions corresponding to the Bunch-Davies vacuum are
given by Eq. (2.5):

�ð‘‘2mÞðt; �; 
; ’Þ ¼ 1

cosht
P�ð‘þ1Þ
L0þ1 ði sinhtÞYð0‘‘2mÞð�; 
; ’Þ;

(C2)

where

Yð0‘‘2mÞð�; 
; �Þ ¼ ‘þ 1ffiffiffiffiffiffiffiffiffiffi
sin�

p P�ð‘2þð1=2ÞÞ
‘þð1=2Þ ðcos�ÞY‘2mð
; ’Þ:

(C3)

The Y‘2mð
; ’Þ are the standard spherical harmonics on S2.

The Wightman two-point function with one point at
� ¼ 0 is given as [16]

Gðt1; t2; �Þ �
X1
‘¼0

�ð‘� L0Þ�ð‘þ L0 þ 3Þ
2

��ð‘00Þðt1; �; 
1; ’1Þ�ð‘00Þðt2; 0; 
2; ’2Þ:
(C4)

If L0 > 0, i.e. if �2 < 0, then some modes have negative
coefficients, i.e. have negative norm.
We assume that L0 is not an integer. If L0 is an integer,

then this two-point function is indeed IR-divergent. We

note in passing that the modes �ð‘‘2mÞ with positive norm
form a unitary representation of the de Sitter group if L0 is
an integer, whereas for a positive noninteger value of L0,
no unitary representation exists because of the negative
norm modes [16,33].
Since only the ‘2 ¼ 0 modes contribute in Eq. (C4), the

function Gðt1; t2; �Þ is independent of 
1, 
2, ’1 and ’2.
By noting that

P�ð1=2Þ
‘þð1=2Þðcos�Þ ¼

ffiffiffiffi
2

�

s
sinð‘þ 1Þ�
ð‘þ 1Þ sin� ; (C5)

we obtain

Gðt1; t2;�Þ¼ 1

4�2

X1
‘¼0

ð‘þ1Þ�ð‘�L0Þ�ð‘þL0þ3Þ

� 1

cosht1
P�ð‘þ1Þ
L0þ1 ðisinht1þ�Þ

� 1

cosht2
P�ð‘þ1Þ
L0þ1 ð�isinht2þ�Þsinð‘þ1Þ�

sin�
;

(C6)

where we inserted the ‘‘infinitesimal’’ positive number �
for UV regularization. This series can be shown to be
convergent by using

P�ð‘þ1Þ
L0þ1 ðzÞ ¼ 1

ð‘þ 1Þ!
�
1� z

1þ z

�
‘þ1

� Fð�L0 � 1; L0 þ 2; ‘þ 2; ð1� zÞ=2Þ
� 1

ð‘þ 1Þ!
�
1� z

1þ z

�
‘þ1

if ‘ � 1: (C7)

By using the identity �ðuÞ�ð1� uÞ ¼ �= sin�u, we find
that Eq. (C6) can be written

Gðt1; t2; �Þ ¼ ��ð�L0 � 1Þ�ðL0 þ 2Þ
4�2 cosht1 cosht2 sin�

X1
‘¼0

ð‘þ 1Þ

� �ðL0 þ ‘þ 3Þ
�ðL0 � ‘þ 1Þ P

�ð‘þ1Þ
L0þ1 ði sinht1 þ �Þ

� P�ð‘þ1Þ
L0þ1 ð�i sinht2 þ �Þ

� sin½ð‘þ 1Þð�� �Þ�: (C8)

Now, an addition theorem for the associated Legendre
functions (8.794.1 of Ref. [34]) can be adapted to the series
here as
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PL0þ1ðsinht1 sinht2 � cosht1 cosht2 cos�þ i�ðt1 � t2ÞÞ
¼ PL0þ1ði sinht1 þ �ÞPL0þ1ð�i sinht2 þ �Þ

þ 2
X1
‘¼0

�ðL0 þ ‘þ 3Þ
�ðL0 � ‘þ 1ÞP

�ð‘þ1Þ
L0þ1 ði sinht1 þ �Þ

� P�ð‘þ1Þ
L0þ1 ð�i sinht2 þ �Þ cos½ð‘þ 1Þð�� �Þ�:

(C9)

By differentiating both sides with respect to � and sub-
stituting the result into Eq. (C8), we obtain

Gðt1; t2; �Þ ¼ ��ð�L0 � 1Þ�ðL0 þ 2Þ
8�2 cosht1 cosht2 sin�

� d

d�
PL0þ1ðsinht1 sinht2

� cosht1 cosht2 cos�þ i�ðt1 � t2ÞÞ:
(C10)

Finally, by using Eq. (C7) with PL0þ1ðzÞ ¼ P0L0þ1ðzÞ in

Eq. (C8) and

d

du
Fða; b; c; uÞ ¼ ab

c
Fðaþ 1; bþ 1; cþ 1; uÞ; (C11)

we find

Gðt1; t2;�Þ¼�ð�L0Þ�ðL0þ3Þ
16�2

�Fð�L0;L0þ3;2;ð1þZ� i�ðt1� t2ÞÞ=2Þ;
(C12)

Z � � sinht1 sinht2 þ cosht1 cosht2 cos�; (C13)

which is the standard result [15,20]. Note that our result is
valid also for L0 > 0, i.e. for tachyonic scalar fields, as
long as L0 is not an integer.

2. Two-point function for tachyonic scalar field in the
Poinacaré patch

In this subsection, we show that, even though the two-
point function for tachyonic scalar field is IR-divergent in
the momentum expansion in the Poincaré patch, one can
still recover the two-point function found in the previous
subsection by subtracting the IR-divergent terms.

In the spatially flat coordinate system, the metric of
de Sitter spacetime can be given as

ds2 ¼ 1

�2
ð�d�2 þ dx2Þ; � 2 ð�1; 0Þ: (C14)

The Wightman two-point function between points ð�1;x1Þ
and ð�2;x2Þ with k x1 � x2 k¼ r is found as

Gflatð�1; �2; rÞ ¼ ð�1�2Þ3=2
8�r

�
Z 1

0
dkk sinkrHð1Þ

 ð�k�1ÞHð1Þ
 ð�k�2Þ;

(C15)

where

 � L0 þ 3
2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
9
4 ��2

q
: (C16)

The Hankel function is given in terms of the Bessel func-
tion as

Hð1Þ
 ðuÞ ¼ i

sin�
½e�i�JðuÞ � J�ðuÞ�: (C17)

The integral (C15) converges if �2 > 0, and the result of
the integral is known to agree with Gðt1; t2; �Þ in Eq. (C12)
[20] with

Z ¼ �2
1 þ �2

2 � r2

2�1�2

(C18)

in this case. We have

J�ðuÞ � 1

�ð1� Þ
�
2

u

�

; juj 	 1: (C19)

Hence, the integral (C15) diverges in the infrared if  � 3
2 ,

i.e. if �2 � 0.
Let us first separate out the term causing the IR diver-

gences as

Gflatð�1; �2; rÞ ¼ G
ðregÞ
flat ð�1; �2; rÞ þGð1Þ

flat ð�1; �2; rÞ;
(C20)

where the IR-divergent contribution for  � 3
2 is given by

Gð1Þ
flat ð�1;�2;rÞ¼ ð�1�2Þ3=2

8�rsin�

Z �

0
dkksinkrJ�ð�k�1Þ

�J�ð�k�2Þ; �>0: (C21)

(The case with integer  needs to be treated as a limit of

cases with noninteger .) The function GðregÞ
flat ð�1; �2; rÞ is

the IR-regularized two-point function with the IR cutoff �.
If Re < 3

2 , then the integral in Eq. (C21) is convergent

and tends to zero as � ! 0. Now, this can be analytically
continued to Re > 3

2 as

GðsubÞ
flat ð�1; �2; rÞ � ð�1�2Þ3=2

8�r sin�ð1þ e�2�iÞ
�

Z
C
dkk sinkrJ�ð�k�1ÞJ�ð�k�2Þ;

(C22)

where C is a path on the complex k plane from �� to �
which avoids the origin in the upper half-plane. This means
that the two-point function defined by
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GðinvÞ
flat ð�1; �2; rÞ � GðregÞ

flat ð�1; �2; rÞ þGðsubÞ
flat ð�1; �2; rÞ

(C23)

is the two-point function Gðt1; t2; �Þ given by Eq. (C12)
expressed in spatially flat coordinates even for Re > 3

2 .

Thus, GðregÞ
flat is the IR-regularized two-point function as

mentioned before, and GðsubÞ
flat is the IR-subtraction term

needed to recover the de Sitter-invariant two-point func-
tion. Note that this scheme does not work if  is a half-odd

integer because GðsubÞ
flat ð�1; �2; rÞ is infinite in this case.

Let us examine the IR-subtraction term GðsubÞ
flat more

closely for 3
2 < < 5

2 in the limit � ! 0. Choosing C to

be the upper semicircle from �� to �, we find

GðregÞ
flat ð�1; �2; rÞ ¼ � ½�ðÞ�2�3�2

�2ð2� 3Þ
�

4

�1�2

�
 þOð�5�2Þ:

(C24)

Note that �5�2 ! 0 as � ! 0 by our assumption  < 5
2 .

Hence, we have

GðinvÞ
flat ð�1; �2; rÞ ¼ lim

�!0

�ð�1�2Þ3=2
8�r

�
Z 1

�
dkk sinkrHð1Þ

 ð�k�1ÞHð1Þ
 ð�k�2Þ

� ½�ðÞ�2
�3ð2� 3Þ

�
�2�1�2

4

�ð3=2Þ�
�
:

(C25)

Thus, to recover the de Sitter-covariant two-point function
for 3

2 < < 5
2 , we need to remove the IR divergences by

subtracting some zero-mode contribution.
Finally, we verify that the large r behavior of

GðinvÞ
flat ð�1; �2; rÞ is correctly reproduced by Eq. (C25).

From Eq. (C12), we find, using a transformation formula
for hypergeometric functions and the doubling formula for
the Gamma function,

GðinvÞ
flat ð�1; �2; rÞ � 1

4�5=2
�

�
3

2
� 

�
�ðÞ

�
r2

�1�2

�
�ð3=2Þ

:

(C26)

By examining the �1�2 dependence of this term, we find
that this term comes entirely from the leading term in the k

expansion of Hð1Þ
 ð�k�1ÞHð1Þ

 ð�k�2Þ in Eq. (C25). Thus,
we find

GðinvÞ
flat ð�1;�2;rÞ� lim

�!0

	½�ðÞ�2
�3

�
�1�2

4

�ð3=2Þ�

�
Z 1

�
dkk2�2 sinkr

kr

� ½�ðÞ�2
�3ð2�3Þ

�
�2�1�2

4

�ð3=2Þ�


: (C27)

Upon integration by parts, the second term cancels out the
boundary term, and we obtain

GðinvÞ
flat ð�1; �2; rÞ � ½�ðÞ�2

�3ð2� 3Þ
�
�1�2

4r2

�ð3=2Þ�

�
Z 1

0
duu2�2

�
cosu� sinu

u

�
; (C28)

where we have let u � kr. We find Eq. (C26) by evaluating
this integral.

APPENDIX D: COMPARISON WITH THE
EUCLIDEAN APPROACH

In this paper, we found the covariant graviton two-point
function using the mode-sum method. It can be written as

�aba0b0 ðx; x0Þ ¼ �ðTTÞ
aba0b0 ðx; x0Þ þ �ðVÞ

aba0b0 ðx; x0Þ
þ �ðSÞ

aba0b0 ðx; x0Þ; (D1)

where �ðTTÞ
aba0b0 , �

ðVÞ
aba0b0 and �ðSÞ

aba0b0 are given by Eqs. (5.57),

(5.58), and (5.53), respectively. Now, this two-point func-
tion can also be found in the Euclidean approach. In this
approach, �aba0b0 ðx; x0Þ can also be given as a sum of three
parts:

�aba0b0 ðx; x0Þ ¼ GðTTÞ
aba0b0 ðx; x0Þ þGðVÞ

aba0b0 ðx; x0Þ
þGðSÞ

aba0b0 ðx; x0Þ: (D2)

(See, e.g. Refs. [11,24]. Our graviton two-point functions

are twice that of Ref. [24].) The function GðTTÞ
aba0b0 ðx; x0Þ is

transverse-traceless and GðVÞ
aba0b0 ðx; x0Þ is a symmetric de-

rivative in each of the sets of indices ðabÞ and ða0b0Þ of a
vector two-point function like �ðVÞ

aba0b0 ðx; x0Þ in the mode-

sum case. However, these functions are not equal to

�ðTTÞ
aba0b0 ðx; x0Þ and �ðVÞ

aba0b0 ðx; x0Þ, respectively. We also find

that the scalar part in the Euclidean approach,

GðSÞ
aba0b0 ðx; x0Þ, given in Ref. [11] is different from

�ðSÞ
aba0b0 ðx; x0Þ. In this appendix, we verify that Eqs. (D1) and

(D2) give the same two-point function for spacelike-
separated points x and x0 in spite of these differences.

Let us describe the difference between �ðSÞ
aba0b0 given by

Eq. (5.53) and the scalar part GðSÞ
aba0b0 in the Euclidean

approach. For spacelike-separated points x and x0, the
two-point function ��2ðx; x0Þ for a scalar field in de Sitter

spacetime is identical to the corresponding Green’s func-
tion on S4 as a function of the geodesic distance between x

and x0. If we let c ðnÞðxÞ, n ¼ 0; 1; 2; . . . , be a complete set
of orthonormal scalar modes on S4 satisfying

½hþ nðnþ 3Þ�c ðnÞðxÞ ¼ 0; n ¼ 0; 1; 2; . . . ; (D3)

where  represents all labels other than n, and
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Z
S4
dSc ðnÞðxÞc ðn00ÞðxÞ ¼ �nn0�0

; (D4)

then one can readily see that the equation for the Green’s
function

ð�hx þ�2Þ��2ðx; x0Þ ¼ �ðx; x0Þ; (D5)

where

�ðx; x0Þ ¼ X1
n¼0

X


c ðnÞðxÞc ðnÞðx0Þ; (D6)

is uniquely solved by

��2ðx; x0Þ ¼ X1
n¼0

X


c ðnÞðxÞc ðnÞðx0Þ
nðnþ 3Þ þ�2

: (D7)

We define

��
�2ðx; x0Þ �

X1
n¼1

X


c ðnÞðxÞc ðnÞðx0Þ
nðnþ 3Þ þ�2

; (D8)

���
�2 ðx; x0Þ �

X1
n¼2

X


c ðnÞðxÞc ðnÞðx0Þ
nðnþ 3Þ þ�2

: (D9)

Then the scalar part in the Euclidean approach,

GðSÞ
aba0b0 ðx; x0Þ, is given in Ref. [11] as

GðSÞ
aba0b0 ðx; x0Þ ¼ �ðSÞ

aba0b0 ðx; x0Þ þ
�

9
rarbra0rb0�

�
0 ðx; x0Þ

� 1

3

�
rarb � 1

4
gabh

�

�
�
ra0rb0 � 1

4
ga0b0h

0
�
���

�4 ðx; x0Þ: (D10)

Hence, the Euclidean and mode-sum approaches will be
consistent with each other if

GðVÞ
aba0b0 ðx; x0Þ ¼ �ðVÞ

aba0b0 ðx; x0Þ �
�

9
rarbra0rb0�

�
0 ðx; x0Þ;

(D11)

GðTTÞ
aba0b0 ðx; x0Þ ¼ �ðTTÞ

aba0b0 ðx; x0Þ þ
1

3

�
rarb � 1

4
gabh

�

�
�
ra0rb0 � 1

4
ga0b0h

0
�
����4 ðx; x0Þ:

(D12)

We will verify these relations in the rest of this appendix.
To show Eq. (D11), we first need to define the Green’s

function G
ðV;�2Þ
aa0 ðx; x0Þ for the transverse vector field with

mass �2 in the Euclidean approach. Let VðnÞ
a ðxÞ, n ¼

1; 2; . . . , form a complete orthonormal set of transverse
solutions to the eigenvalue equation on S4,

rbðraV
ðnÞ
b �rbV

ðnÞ
a Þ

¼ ðnþ 1Þðnþ 2ÞVðnÞ
a ; n ¼ 1; 2; . . . ; (D13)

satisfying raVðnÞ
a ¼ 0 and

Z
S4
dSVðnÞ

a ðxÞVðn00ÞaðxÞ ¼ �nn0�0
: (D14)

Then, we define the transverse Green’s function for the
operator

LðVÞb
a Vb � rbðraVb �rbVaÞ þ�2Va (D15)

by

G
ðV;�2Þ
aa0 ðx; x0Þ � X1

n¼1

X


VðnÞ
a ðxÞVðnÞ

a0 ðx0Þ
ðnþ 1Þðnþ 2Þ þ�2

: (D16)

This Green’s function satisfies

LðVÞb
a G

ðV;�2Þ
ba0 ðx; x0Þ ¼ �ðVÞ

aa0 ðx; x0Þ; (D17)

where

�ðVÞ
aa0 ðx; x0Þ ¼

X1
n¼1

X


VðnÞ
a ðxÞVðnÞ

a0 ðx0Þ: (D18)

On the other hand, the Euclidean Green’s function

�
ðV;�2Þ
aa0 ðx; x0Þ which becomes the Feynman propagator

and hence the Wightman two-point function for
spacelike-separate points after appropriate analytic con-
tinuation satisfies [24]

LðVÞb
a �ðV;�2Þ

ba0 ðx; x0Þ ¼ �aa0 ðx; x0Þ; (D19)

where

�aa0 ðx; x0Þ ¼ �ðVÞ
aa0 ðx; x0Þ þ

X1
n¼1

X


rac
ðnÞðxÞra0c

ðnÞðx0Þ
nðnþ 3Þ

¼ �ðVÞ
aa0 ðx; x0Þ þ rara0�

�
0 ðx; x0Þ:

(D20)

The two-point function ��
0 ðx; x0Þ is defined by Eq. (D8).

By noting that

LðVÞb
a rbra0�

�
0 ðx; x0Þ ¼ �2rara0�

�
0 ðx; x0Þ; (D21)

we readily find [24]

G
ðV;�2Þ
aa0 ðx; x0Þ ¼ �

ðV;�2Þ
aa0 ðx; x0Þ � 1

�2
rara0�

�
0 ðx; x0Þ:

(D22)

The vector part of the propagator in the Euclidean ap-
proach is [11,24]
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GðVÞ
aba0b0 ðx; x0Þ ¼ 4�

X1
n¼2

X


rðaV
ðnÞ
bÞ ðxÞrða0V

ðnÞ
b0Þ ðx0Þ

½ðnþ 1Þðnþ 2Þ � 6�2 :

(D23)

Note that there is no contribution from the vectors Vðn¼1;Þ
a

because they are Killing vectors on S4. Using the definition
(D16), we find

GðVÞ
aba0b0 ðx; x0Þ ¼ �2� lim

�2!�6

@

@�2
½rðarja0jG

ðV;�2Þ
bÞb0 ðx; x0Þ

þ rðarjb0jG
ðV;�2Þ
bÞa0 ðx; x0Þ�: (D24)

[Notice the similarity of this equation with Eq. (5.58).]
From Eq. (D22), we readily find Eq. (D11).

Next, we show Eq. (D12). The transverse-traceless part
of the two-point function in the Euclidean approach is [24]

GðTTÞ
aba0b0 ðx; x0Þ ¼ 2

X1
n¼2

X


KðnÞ
ab ðxÞKðnÞ

a0b0 ðx0Þ
nðnþ 3Þ ; (D25)

where KðnÞ
ab ðxÞ form a complete orthonormal set of

transverse-traceless eigenfunctions satisfying

LðinvÞcd
ab KðnÞ

cd ¼ ð�hþ 2ÞKðnÞ
ab ¼ nðnþ 3ÞKðnÞ

ab ; (D26)

and

Z
S4
dSKðnÞ

ab ðxÞKðn00ÞabðxÞ ¼ �nn0�0
: (D27)

It is convenient to define the massive Green’s function

GðTT;M2Þ
aba0b0 ðx; x0Þ by

LðM2Þcd
ab GðTT;M2Þ

cda0b0 ðx; x0Þ
� LðinvÞcd

ab GðTT;M2Þ
cda0b0 ðx; x0Þ þ 1

2M
2GðTTÞ

aba0b0 ðx; x0Þ
� 1

2M
2gabg

cdGðTT;M2Þ
cda0b0 ðx; x0Þ

¼ 1
2ð�hþ 2þM2ÞGðTT;M2Þ

aba0b0 ðx; x0Þ
¼ �ðTTÞ

aba0b0 ðx; x0Þ; (D28)

where LðinvÞcd
ab is defined by Eq. (3.2). The transverse-

traceless delta function is

�ðTTÞ
aba0b0 ðx; x0Þ ¼

X1
n¼2

X


KðnÞ
ab ðxÞKðnÞ

a0b0 ðx0Þ: (D29)

We clearly have

GðTT;M2Þ
aba0b0 ðx; x0Þ ¼ 2

X1
n¼2

X


KðnÞ
ab ðxÞKðnÞ

a0b0 ðx0Þ
nðnþ 3Þ þM2

; (D30)

and

GðTTÞ
aba0b0 ðx; x0Þ ¼ lim

M!0
GðTT;M2Þ

aba0b0 ðx; x0Þ: (D31)

For spacelike-separated points x and x0, the Lorentzian

tensor two-point function�ðTT;M2Þ
aba0b0 ðx; x0Þ equals the Green’s

function on S4 satisfying the same equation as

GðTT;M2Þ
aba0b0 ðx; x0Þ, i.e. the first line of Eq. (D28), but with the

transverse-traceless delta function �ðTTÞ
aba0b0 ðx; x0Þ replaced by

the full delta function given by [24]

�aba0b0 ðx;x0Þ ¼ �ðTTÞ
aba0b0 ðx;x0Þ þ�ðTVÞ

aba0b0 ðx;x0Þ þ�ðTSÞ
aba0b0 ðx;x0Þ;

(D32)

where

�ðTVÞ
aba0b0 ðx; x0Þ ¼

X1
n¼2

X


2rðaV
ðn�Þ
bÞ ðxÞrða0V

ðn�Þ
b0Þ ðx0Þ

ðnþ 1Þðnþ 2Þ � 6
; (D33)

and, with the definition �n ¼ nðnþ 3Þ,

�ðTSÞ
aba0b0 ðx; x0Þ

¼ X1
n¼2

X


4

3�nð�n � 4Þ
�
rarb þ �n

4
gab

�
c ðnÞðxÞ

�
�
ra0rb0 þ �n

4
ga0b0

�
c ðnÞðx0Þ

þ 1

4
gabga0b0

X1
n¼0

X


c ðnÞðxÞc ðnÞðx0Þ: (D34)

One can find �ðTT;M2Þ
aba0b0 in the form

�ðTT;M2Þ
aba0b0 ðx; x0Þ ¼ GðTT;M2Þ

aba0b0 ðx; x0Þ þGðTV;M2Þ
aba0b0 ðx; x0Þ

þGðTS;M2Þ
aba0b0 ðx; x0Þ; (D35)

where

LðM2Þcd
ab GðTVÞ

cda0b0 ðx; x0Þ ¼ �ðTVÞ
aba0b0 ðx; x0Þ; (D36)

LðM2Þcd
ab GðTSÞ

cda0b0 ðx; x0Þ ¼ �ðTSÞ
aba0b0 ðx; x0Þ: (D37)

By noting that

Lab
ðM2ÞcdðrcVd þrdVcÞ ¼ M2

2
ðraVb þrbVaÞ; (D38)

one can readily solve Eq. (D36) as
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GðTV;M2Þ
aba0b0 ðx; x0Þ ¼ 2

M2
�ðTVÞ
aba0b0 ðx; x0Þ ¼

2

M2
lim

�2!�6
½rðarja0jG

ðV;�2Þ
bÞb0 ðx; x0Þ þ rðarjb0jG

ðV;�2Þ
bÞa0 ðx; x0Þ�

¼ 2

M2
lim

�2!�6
½rðarja0j�

ðV;�2Þ
bÞb0 ðx; x0Þ þ rðarjb0j�

ðV;�2Þ
bÞa0 ðx; x0Þ� þ 2

3M2
rarbra0rb0�

�
0 ðx; x0Þ: (D39)

To find GðTS;M2Þ
aba0b0 ðx; x0Þ, we first observe

Lab
ðM2Þcdrcrdc

ðnÞ ¼ M2

2
rarbc

ðnÞ þM2

2
�ngabc

ðnÞ; (D40)

Lab
ðM2Þcdgcdc ðnÞ ¼ �rarbc

ðnÞ �
�
�n � 3þ 3

2
M2

�
gabc

ðnÞ: (D41)

The function GðTS;M2Þ
aba0b0 ðx; x0Þ can be found as the inverse of the operator LðM2Þcd

ab for the modes gabc
ðnÞ and

ðrarb þ �n

4 gabÞc ðnÞ as

GðTS;M2Þ
aba0b0 ðx;x0Þ¼�2

3

X1
n¼2

X


�
1

M2�n

þ 1

ð2�M2Þð�n�4Þ
��
rarbþ�n

4
gab

��
ra0rb0 þ�n

4
ga0b0

�
c ðnÞðxÞc ðnÞðx0Þ

þ 1

3M2ð2�M2Þ
X1
n¼2

X


�
gabc

ðnÞðxÞ
�
ra0rb0 þ�n

4
ga0b0

�
c ðnÞðx0Þ

þga0b0c
ðnÞðx0Þ

�
rarbþ�n

4
gab

�
c ðnÞðxÞ

�

þX1
n¼0

X


��nþ2M2

12M2ð2�M2Þgabga0b0c
ðnÞðxÞc ðnÞðx0Þ: (D42)

Some terms on the right-hand side have support only for x ¼ x0 on S4. For example,

X1
n¼0

X


��n þ 2M2

M2ð2�M2Þ c
ðnÞðxÞc ðnÞðx0Þ ¼ hþ 2M2

M2ð2�M2Þ�ðx; x
0Þ: (D43)

Thus, for x � x0 on S4, or for spacelike-separated points x and x0 in de Sitter spacetime, we have

GðTS;M2Þ
aba0b0 ðx;x0Þ¼� 2

3M2
rarbra0rb0�

�
0 ðx;x0Þ�

2

3ð2�M2Þ
�
rarb�1

4
gabh

��
ra0rb0 �1

4
ga0b0h

0
�
���

�4 ðx;x0Þ; (D44)

where we have used the fact that h��
0 ðx; x0Þ is a constant [11]. By substituting this equation and Eq. (D39) into

Eq. (D35), we find

�ðTT;M2Þ
aba0b0 ðx;x0Þ�GðTT;M2Þ

aba0b0 ðx;x0Þ¼ 2

M2
lim

�2!�6
½rðarja0j�

ðV;�2Þ
bÞb0 ðx;x0Þþrðarjb0j�

ðV;�2Þ
bÞa0 ðx;x0Þ�

� 2

3ð2�M2Þ
�
rarb�1

4
gabh

��
ra0rb0 �1

4
ga0b0h

0
�
���

�4 ðx;x0Þ; (D45)

where GðV;�2Þ
aa0 ðx; x0Þ is defined by Eq. (D16). Then, noting that

lim
M!0

	
�ðTT;M2Þ

aba0b0 ðx; x0Þ � 2

M2
lim

�2!�6
½rðarja0j�

ðV;�2Þ
bÞb0 ðx; x0Þ þ rðarjb0j�

ðV;�2Þ
bÞa0 ðx; x0Þ�




¼ X1
‘¼2

X
�

Hð0;2‘�Þ
ab ðxÞHð0;2‘�Þ

a0b0 ðx0Þ þ lim
M!0

1

M2

X1
m¼0

X1
‘¼2

X
�

ð�1Þmþ1½HðM2;m‘�Þ
ab ðxÞHðM2;m‘�Þ

a0b0 ðx0Þ �Hð0;m‘�Þ
ab ðxÞHð0;m‘�Þ

a0b0 ðx0Þ�

¼ �ðTTÞ
aba0b0 ðx; x0Þ (D46)

and using Eq. (5.57), we indeed find Eq. (D12).
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