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We analyze open string vertex operators describing connection gauge fields for spin 3 in Vasiliev’s

framelike formalism and perform their extended Becchi-Rouet-Stora-Tyutin analysis. Gauge symmetry

transformations, generalized zero torsion constraints relating extra fields to the dynamical framelike field,

and the relation between the dynamical framelike field and fully symmetric Fronsdal’s field for spin 3 are

all realized in terms of Becchi-Rouet-Stora-Tyutin constraints on these vertex operators in string theory.

Using the construction, we analyze the 3-point correlator for the spin 3 field and calculate Chern-Simons

type cubic interactions described by the 3-derivative Berends-Burgers-Van Dam type vertex in the

framelike formalism.
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I. INTRODUCTION

Constructing consistent gauge theories of interacting
higher spin fields is a long-standing, fascinating, and diffi-
cult problem (for an incomplete and very subjective list of
references see [1–58]).

Despite significant progress in describing the dynamics
of higher spin field theories, achieved over the past
few decades, our understanding of the general structure
of the higher spin interactions is still very far from
complete. String theory appears to be a particularly effi-
cient and natural framework to construct and analyze
consistent gauge-invariant interactions of higher spins
[4–6,21,22,34,36,37,59–68].

Within string theory, there are several approaches to this
problem. The first approach is based on the observation
that excitations with higher spins appear naturally in the
massive spectrum of open and closed strings with the
masses of the states on the leading Regge trajectory given

by m� ð s�0Þð1=2Þ, so in the tensionless limit �0 ! 1 the

corresponding operators technically become massless.
There are several difficulties within this approach; e.g., it
is generally not easy to combine the vertex operators so as
to recover the explicit set of the Stueckelberg symmetries
of the corresponding states. The known examples of such
operators typically mix the excitations with different spin
values [68]. In addition, since the tensionless limit is
opposite to the low-energy one, field theoretic interpreta-
tion of the correlation functions of these vertex operators is
not easy. This formalism is also hard to extend to the anti–
de Sitter (AdS) case since the world sheet correlators of
string theory in AdS backgrounds are difficult to analyze

beyond the semiclassical limit. Another string-theoretic
approach to higher spins, based on the formalism of ghost
cohomologies, is independent on the tension arguments
and in principle allows circumventing some of the diffi-
culties related to the tensionless limit. This approach is
based on new physical [Becchi-Rouet-Stora-Tyutin
(BRST) invariant and nontrivial] vertex operators that we
analyzed in previous works (see, e.g., [66]) that are essen-
tially coupled to the �-� system of superconformal ghosts
in Ramond-Neveu-Schwarz formulation of superstring
theory (RNS) formalism. This ghost coupling cannot be
removed by picture-changing transformation and can be
classified in terms of ghost cohomologies [66,67]. This
class of vertex operators is ghost picture-dependent, dis-
tinguishing them from standard operators such as a photon
or a graviton, which exist at any picture. In the open string
sector, there is a subclass of these operators corresponding
to massless higher spin excitations. BRST-invariance con-
ditions lead to Pauli-Fierz on-shell conditions for higher
spin fields in Fronsdal’s metriclike formalism, while BRST
nontriviality constraints lead to gauge transformations for
these operators. Their world sheet amplitudes are thus
gauge-invariant by construction and describe polynomial
interactions of massless higher spin fields in the low-
energy effective limit. In our previous works we calculated
some examples of such interations—cubic interaction of
s ¼ 3� 3� 4, the disc amplitude of spin 3 operators with
the graviton (reproducing the coupling of spin 3 to gravity
through the linearized Weyl tensor), and the quartic inter-
action of spin 3 and spin 1 gauge fields [66,67]. In practice,
however, explicit calculations involving these operators are
in most cases complicated, as their explicit structure is
generally quite cumbersome. More significantly, due to
the picture dependence, in many physically important
cases the options to manipulate with the picture changing
are limited and it is often hard to find the appropriate
picture combination of the higher spin vertex operator
satisfying the correct ghost number balance in correlation
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functions to cancel the background charges of the ghosts
(e.g., on the sphere all the appropriate correlators must
carry total �-ghost number �2, �-ghost number þ1, and
b� c ghost number þ3). One important example when
such a complication appears is the cubic interaction of spin
s ¼ 3 corresponding to cubic amplitude of spin 3 vertex
operators in open string theory. Straightforward calculation
of this amplitude using vertex operators for Fronsdal-type
fields requires 4 picture-changing transformations which,
given the cumbersome structure of the operators, makes
the computations practically insurmountable. In this paper
we approach this problem by developing vertex operator
formalism for auxiliary (extra) fields in Vasiliev’s frame-
like approach. We construct vertex operators for connec-
tion gauge fields in this formalism. As in the Fronsdal’s
case the on-shell conditions on the operators lead to stan-
dard trace and symmetry constraints on the fiber indices of
the connection gauge fields, along with gauge fixing con-
ditions for diffeomorphism symmetries. Gauge transfor-
mations of the connection fields lead, in turn, to shifting the
vertex operators by BRST-exact terms that do not affect the
correlators that determine the structure of the interaction
terms in the low-energy limit. The generalized zero torsion
constraints follow from ghost cohomology conditions on
the vertex operators that will be derived in the next section.

The rest of the paper is organized as follows. In Sec. II
we review the basic ideas of the framelike description of
higher spin fields and construct vertex operators for the
dynamical and auxiliary connection gauge fields. In
Sec. III we analyze the 3-point correlation function of these
operators for spin 3, limiting ourselves to terms with 3
derivatives. The result is given by the Berends-Burgers-
Van Dam type 3-derivative vertex in a certain gauge,
modulo total derivative terms. In the conclusion and dis-
cussion section we outline generalizations of the developed
formalism for the AdS case and discuss the relation be-
tween the vertex operators, constructed in this paper, and
generators of higher spin algebra in AdS.

II. FRAMELIKE FORMALISM AND VERTEX
OPERATORS FOR CONNECTION GAUGE FIELDS

Framelike formalism in higher spin field theories, origi-
nally proposed by Vasiliev and later developed in a number
of works (e.g., see [2,26,43,44,69–72]), is a powerful tool
to describe gauge-invariant interactions of higher spin
fields in various backgrounds including AdS geometry.
Unlike the approach used by Fronsdal that considers higher
spin tensor fields as metric-type objects, the framelike
formalism describes the higher spin dynamics in terms of
higher spin connection gauge fields that generalize objects
such as vielbeins and spin connections in gravity (in stan-
dard Cartan-Weyl formulation or MacDowell-Mansouri-
Stelle-West in case of nonzero cosmological constant).
The higher spin connections for a given spin s are de-
scribed by the collection of two-row gauge fields

!s�1jt � !
a1...as�1jb1...bt
m ðxÞ; 0 � t � s� 1;

1 � a; b;m � d
(1)

traceless in the fiber indices, where m is the curved
d-dimensional space index while a, b label the tangent
space with ! satisfying

!
ða1...as�1jb1Þ...bt
m ¼ 0: (2)

The gauge transformations for ! are given by

!a1...as�1jb1...bt
m ! !a1...as�1jb1...bt

m þDm�
a1...as�1jb1...bt ; (3)

while the diffeomorphism symmetries are

!
a1...as�1jb1...bt
m ðxÞ ! !

a1...as�1jb1...bt
m ðxÞ

þ @m�
nðxÞ!a1...as�1jb1...bt

n ðxÞ
þ �nðxÞ@n!a1...as�1jb1...bt

m ðxÞ: (4)

The !s�1jt gauge fields with t � 0 are auxiliary fields

related to the dynamical field !s�1j0 by generalized zero
torsion constraints:

!
a1...as�1jb1...bt
m � @b1 . . .@bt!

a1...as�1
m (5)

skipping pure gauge terms (for convenience of the nota-
tions, we set the cosmological constant to 1, anywhere the
AdS backgrounds are concerned).
It is also convenient to introduce the dþ 1-dimensional

index A ¼ ða; d̂Þ (where d̂ labels the extra dimension)

and to combine !sjt into a single two-row field

!A1...As�1jB1...Bs�1ðxÞ identifying
!s�1jt ¼ !a1...as�1jb1...btd̂...d̂;

!A1...As�1jB1...Bs�1VAtþ1
. . .VAs�1

¼ !A1...As�1jB1...Bt ;
(6)

where VA is the compensator field satisfying VAV
A ¼ 1.

The Fronsdal field Ha1...as is then obtained by symmetriz-

ing !ða1...asÞ ¼ emðas!a1...as�1Þ
m . We now turn to the question

of constructing vertex operators for !s�1jt. The operators
for spins greater than 2 constructed in our previous works
[66] were in fact limited to the Fronsdal-type objects only.
In particular, in RNS superstring theory the operators for
s ¼ 3 are given by

Vð�3Þ ¼ HabmðpÞce�3�@Xa@Xbc meipX (7)

at an unintegrated minimal negative picture and

Vðþ1Þ ¼ K �HabmðpÞ
I

dze�@Xa@Xbc meipX (8)

at integrated minimal positive picture þ1 where a; b;m ¼
0; . . . ; d� 1 are Minkowski space-time indices, XaðzÞ are
space-time coordinates, c a are their world sheet super-
partners, b, c are reparametrizational fermionic ghosts,
and �, � are bosonic superconformal ghosts. The homo-
topy transformation K � T of an integrated operator
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T ¼ H
dzVðzÞ [with VðzÞ being a primary field of dimen-

sion 1] is defined according to

K�T¼Tþð�1ÞN
N!

I dz

2i�
ðz�wÞN:K@NW:ðzÞ

þ 1

N!

I dz

2i�
@Nþ1
z ½ðz�wÞNKðzÞ�KfQbrst;Ug; (9)

where

Q ¼
I

dz

�
cT � bc@c� 1

2
�c m@X

m � 1

4
b�2

�
(10)

is the BRST operator, K ¼ �4ce2��2� is the homotopy
operator satisfying fQ;Kg ¼ 1, U and W are the operators
appearing in the commutator ½Q;VðzÞ� ¼ @UðzÞ þWðzÞ,
and the ghost fields are bosonized as usual according to

c ¼ e	; b ¼ e�	; � ¼ e��� � e�
;

� ¼ e���@� � e��@�:
(11)

The operators (7) and (8) are the elements of negative
and positive ghost cohomologies H�3 and H1, respectively
(see [66] for definitions and review). They are related

according to Vðþ1Þ¼:Z�2Z�2:Vð�3Þ by a combination of
BRST-invariant transformations by picture-changing op-
erators for b-c and �-� systems: Z ¼: b�ðTÞ: and � ¼:

�ð�ÞG: (T is the full stress tensor and G is the super-
current). Therefore, the on-shell conditions and gauge
transformations for Habm at positive and negative pictures

are identical. The manifest expression for Vðþ1Þ is given by

Vs¼3ðp;wÞ ¼
I

dzðz� wÞ2UðzÞ
� A0 þ A1 þ A2 þ A3 þ A4 þ A5

þ A6 þ A7 þ A8; (12)

where

A0ðp;wÞ ¼ 1

2
HabmðpÞ

I
dzðz� wÞ2

� Pð2Þ
2��2��	e

�@Xa@Xbc mei ~p
~XðzÞ (13)

and

A8ðwÞ ¼ HabmðpÞ
I

dzðz� wÞ2

� @cc@��e��@Xa@Xbc mgei ~p ~XðzÞ (14)

have ghost factors proportional to e� and @cc@��e��,
respectively, and the rest of the terms carry a ghost factor
proportional to c�:

A1ðp;wÞ ¼ �2HabmðpÞ
I

dzðz� wÞ2c�ð ~c @ ~XÞ@Xa@Xbc mei ~p
~XðzÞ;

A2ðp;wÞ ¼ �HabmðpÞ
I

dzðz� wÞ2c�@Xa@Xb@XmPð1Þ
���e

i ~p ~XðzÞ;

A3ðp;wÞ ¼ HabmðpÞ
I

dzðz� wÞ2c�@Xa@Xb@2Xmei ~p
~XðzÞ;

A4ðp;wÞ ¼ 2HabmðpÞ
I

dzðz� wÞ2c�@c aPð1Þ
���@X

bc mei ~p
~XðzÞ;

A5ðp;wÞ ¼ 2HabmðpÞ
I

dzðz� wÞ2c�@2c a@Xbc mei ~p
~XðzÞ;

A5ðp;wÞ ¼ �2HabmðpÞ
I

dzðz� wÞ2c�@Xa@Xbð@2Xm þ @Xa3Pð1Þ
���Þei ~p ~XðzÞ;

A6ðp;wÞ ¼ 2iHabmðpÞ
I

dzðz� wÞ2c�ð ~p ~c ÞPð1Þ
���@X

a@Xbc mei ~p
~XðzÞ;

A7ðp;wÞ ¼ 2iHabmðpÞ
I

dzðz� wÞ2c�ð ~p@ ~c Þ@Xa@Xbc mei ~p
~XðzÞ:

(15)

Here w is an arbitrary point on the world sheet; since all the w derivatives of s ¼ 3 operators are BRST-exact in a small
Hilbert space [66], all the correlation functions involving higher spin operators Vs¼3ðp;wÞ are w-independent and the
choice of w is arbitrary. Conformal dimension n polynomials PðnÞ

A�þB�þC	 (where A, B, C are some numbers) are defined
according to

e�A�ðzÞ�B�ðzÞ�C	ðzÞ d
n

dzn
eA�ðzÞþB�ðzÞþC	ðzÞ (16)

[where the product is understood in the algebraic rather than operator-product expansion (OPE) sense].
As it is straightforward to check, the BRST-invariance constraints on the operators (7) and (8) lead to Pauli-Fierz type

conditions
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p2Habm ¼ paHabm ¼ 
abHabm ¼ 0: (17)

However, in general


amHabm � 0 (18)

as the tracelessness in a and m or b and m indices is not
required for Vð�3Þ to be a primary field. In what follows
below we shall interpret Habm with the dynamical spin 3
connection form !2j0, identifying m with the manifold
index and a, b with the fiber indices. So the tracelessness
condition is generally imposed by BRST-invariance con-
straint on any pair of fiber indices only (but not on a pair of
manifold and fiber indices). The same is actually true also

for the vertex operators for framelike gauge fields of spins
higher than 3. Altogether, this corresponds precisely to the
double tracelessness constraints for corresponding metric-
like Fronsdal’s fields for higher spins (although the zero
double trace condition does not of course appear in the case
of s ¼ 3). As it is clear from the manifest expressions (7)
and (8) the tensor Habm is by definition symmetric in
indices a and b and therefore can be represented as a
sum of two Young diagrams. However, only the fully
symmetric diagram is the physical state, since the second
one (with two rows) can be represented as the BRST
commutator in the small Hilbert space:

Vð�3Þ � fQ;Wg;

W ¼ HabmðpÞc@�e�4�þipX@Xa

�
c ½m@2c b� � 2c ½m@c b�@�þ c mc b

�
5

13
@2�þ 9

13
ð@�Þ2

��
þ a $ b:

(19)

If �abm is two-row, the Vð�3Þ operator is obtained as the
commutator of W with the matter supercurrent term of Q
given by �H

�c m@X
m. As W commutes with theHð� 1

4 b�
2 � bc@cÞ term in Q, Vð�3Þ is BRST-exact if

and only if it commutes the stress energy part of Q
given by

H
cT. This is the case if the integrand of W is a

primary field. It is, however, easy to check that the
integrand is primary only when the last term in its expres-
sion is present. Since this term is proportional to

�@�e�4�þipX@Xac mc bð 513 @2�þ 9
13 ð@�Þ2Þ it is auto-

matically antisymmetric in m and b and is absent when
multiplied by fully symmetric Habm. In the latter case this
term is not a primary since its OPE with T contains cubic
singularities and therefore the commutator of Q with W
does not give Vð3Þ. Similarly, shifting Habm by symme-
trized derivative Habm ! Habm þ pðm�abÞ is equivalent to
shifting the vertex operator (7) by BRST-exact terms
given by

Vð�3Þ ! Vð�3Þ þ fQ;Ug;

U ¼ �abc@�e
�4�þipX

�
@Xa

�
ðpc Þ@2c b � 2ðpc Þ@c b@�þ ðpc Þc b

�
5

13
@2�þ 9

13
ð@�Þ2

��

þ @Xa@Xbððp@2XÞ � @�ðp@XÞÞ
�
:

(20)

Of course everything described above also applies to the vertex operator (8) at positive picture, with appropriate Z, �
transformations. This altogether already sends a strong hint to relate (7) and (8) to vertex operators for the dynamical
framelike field !2j0 describing spin 3. However, to make the relation between string theory and framelike formalism, we
still need the vertex operators for the remaining extra fields !2j1 and !2j2. The expressions that we propose are given by

V2j1ðpÞ ¼ 2!abjc
m ðpÞce�4�ð�2@c mc c@Xða@2XbÞ � 2@c m@c c@Xa@Xb þ c m@2c c@Xa@XbÞeipX (21)

for !2j1 and

V2j2ðpÞ ¼ �3!abjcd
m ðpÞce�5�

�
c m@2c c@

3c d@X
a@Xb � 2c m@c c@

3c d@Xa@
2Xb þ 5

8
c m@c c@

2c d@Xa@
3Xb

þ 57

16
c m@c c@

2c d@
2Xa@

2Xb

�
eipX (22)

for !2j2. We start with analyzing the operator for !2j1. Straightforward application of � to this operator gives

: :�V2j1:ðpÞ ¼ Vð�3ÞðpÞ; Hab
m ðpÞ ¼ ipc!

abjc
m ðpÞ; (23)

i.e., the picture changing of V2j1 gives the vertex operator for!2j0 with the 3-tensor given by the divergence of!2j1; i.e., for
pc!

abjc
m ðpÞ � 0 V2j1 is the element of H�3. If, however, the divergence vanishes, the cohomology rank changes and V2j1

shifts to H�4. This is precisely the case we are interested in. Namely, consider the H�4 cohomology condition
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pc!
abjc
m ðpÞ ¼ 0: (24)

The general solution of this constraint is

!abjc
m ¼ 2pc!ab

m � pa!bc
m � pb!ac

m þ pd!
acd;b
m ; (25)

where !ab
m is traceless and divergence free in a and b and satisfies the same on-shell constraints as Hab

m , while !acd;b
m is

some three-row field, antisymmetric in a, c, d and symmetric in a and b. It is, however, straightforward to check that the
operator V2j1 with the polarization given by !abjc ¼ pd!

acd;b
m can be cast as the BRST commutator:

pd!
acd;b
m ðpÞVm

acjbðpÞ ¼
�
Q;!acd;b

m ðpÞ
I

dze��5�þipX@�ð�2@c mc c@Xa@
2Xb � 2@c m@c c@Xa@Xb þ c m@2c c@Xa@XbÞ

�
�
@2c d � 4

3
@c d@�þ 1

141
c dð41ð@�Þ2 � 29@2�Þ

��
: (26)

Therefore, modulo pure gauge terms the cohomology condition (24) is the zero torsion condition relating the extra field
!2j1 to the dynamical !2j0 connection. Similarly, constraining V2j2 to be the element of H�5 cohomology results in the
second generalized zero torsion condition

!abjcd
m ¼ 2pd!abjc � pa!bdjc � pb!adjc þ 2pc!abjd � pa!bcjd � pb!acjd (27)

relating !2j2 to !2j1 modulo BRST-exact terms �fQ;W2j2ðpÞg where

W2j2ðpÞ ¼ !ab;cdfðpÞ
I

dzeipX
��

c m@2c c@
3c d@X

a@Xb � 2c m@c c@
3c d@Xa@

2Xb þ 5

8
c ðm@c c@

2c dÞ@Xa@
3Xb

þ 57

16
c m@c c@

2c d@
2Xa@

2Xb

���
� 5

2
Lf@

2�þ @Lf@�

�
; (28)

where, as previously, � ¼ e� and

Lf ¼ e�6�

�
@2c f � @c f@�þ 3

25
c fðð@�Þ2 � 4@2�Þ

�
: (29)

The gauge transformations for !2j1 and !2j2,
�!abjc

m ðpÞ ¼ pm�
abjc and �!abjcd

m ðpÞ ¼ pm�
abjcd, with

�’s having the same symmetries in the fiber indices as
!’s shift the operators (21) and (22) by terms that are
BRST-exact in the small Hilbert space; the explicit expres-
sions for the appropriate BRST commutators are given in

the Appendix B. Similarly to the !2j0 case, for !2j1 and

!2j2 with the manifold m index antisymmetric with any
of the fiber indices a or b the operators (21) and (22)
become BRST-exact in the small Hilbert space. Given
the cohomology (‘‘zero torsion’’) conditions, (25) and
(27) ensure that the fully symmetric s ¼ 3 Fronsdal field

is related to the dynamical field !2j0 by the gauge trans-
formation removing the two-row diagram. The expressions
for the appropriate BRST commutators are given in the
Appendix B.

This concludes the construction of the vertex operators
for framelike gauge fields for spin 3. In the next section we

shall use this construction to analyze the 3-point open
string amplitude for spin 3.

III. THREE-POINTAMPLITUDE
AND 3-DERIVATIVE VERTEX

In this section we use the vertex operator formalism,
developed in the previous section, to compute the cubic
coupling of massless spin 3 fields. In this paper we limit
ourselves to the 3-derivative contributions corresponding
to the Berends, Burgers, and Van Dam [20,73] type vertex
in the field theory limit. The first step is to choose the ghost
pictures of the operators to ensure the correct ghost number
balance, i.e., so that the correlator has total �-ghost num-
ber�2, b� c ghost numberþ3, and �-ghost numberþ1.
This requires two out of three operators to be taken unin-
tegrated at negative pictures and the third one at positive
picture (note that higher spin operators at positive pictures
are always integrated). It is convenient to take unintegrated
operators at the minimal ghost picture�3; i.e., we shall use

STRING AMPLITUDES AND FRAMELIKE FORMALISM FOR . . . PHYSICAL REVIEW D 85, 106014 (2012)

106014-5



the Vð�3Þ operator for !2j0. Then the remaining integrated
operator must be taken at picture þ5, and only the terms
proportional to the ghost factor �ce�þ4� will contribute,
while the terms proportional to �@cce2�þ3� and to �e5�

will drop out as they do not satisfy the balance of ghosts. It

is therefore appropriate to choose the operator for !2j2 for
the third operator (for which the minimal positive picture is
þ3) and to apply the picture-changing transformation
twice to bring it to the picture þ5. The result is given by�

Q; �

�
Q; �K �!abjcd

m ðpÞ
I

de3�Fmð17=2Þ
abcd

��

¼ V1ðpÞ þ V2ðpÞ
� !abjcd

m ðpÞ
I

duðu0 � uÞ8ce�þ4�þipXRm
abjcdðuÞ; (30)

where

V1ðpÞ
¼ 3

64
!abjcd

m ðpÞ
I
duðu0�uÞ8ce�þ4�þipX

�Lmð9Þ
abcd

�
24

11!
Pð11Þ
2��2��	

�
1

8
Pð2Þ
� þ1

8
Pð2Þ
2��2��	

�1

4
Pð1Þ
� Pð1Þ

2��2��	�12Pð11Þ
���P

ð1Þ
2��2��	�12ðPð1Þ

���Þ2
�

þ 1

11!
Pð12Þ
2��2��	P

ð1Þ
�ð3=2Þ�þð55=4Þ�þð11=4Þ	�

102

13!
Pð13Þ
2��2��	

�

(31)

and

V2ðpÞ¼ 1

9!�8!

X7
n¼0

2n�7
X

fl;m;p;q�0;lþmþpþq¼8�ng

Xp
r¼0

Xl
a¼0

Xq
b¼0

Xaþbþrþ5

N¼0

� ð�1ÞaþbþpþqN!

m!l!ðp�rÞ!r!ðN�rÞ!ð5þaþbþr�NÞ!!
abjcd
m ðpÞ

�
I
duðu0�uÞ8ce�þ4�@ðp�rÞLmðNþ9Þ

abcd @ðmÞPnj8
2��2��	j�P

l�ajl
�j���

Pq�bjq
3�þ�j���

Pð5þaþbþr�NÞ
��� ðuÞ

�
: (32)

Here u0 is an arbitrary point on the boundary (will be fixed later) and

Fmð17=2Þ
abcd ¼

�
c m@2c c@

3c d@X
a@Xb�2c m@c c@

3c d@Xa@
2Xbþ5

8
c m@c c@

2c d@Xa@
3Xbþ57

16
c m@c c@

2c d@
2Xa@

2Xb

�
eipX

(33)

is the dimension 17
2 primary field (given the on-shell conditions on!); conformal dimensionN þ 9 fields are defined as the

OPE terms in the product of Fmð17=2Þ
abcd with the matter supercurrent G ¼ � 1

2 c n@X
n on the world sheet:

GmðzÞFmð17=2Þ
abcd ðwÞ ¼ X1

N¼0

ðz� wÞN�1LmðNþ9Þ
abcd ðwÞ (34)

or manifestly

LmðNþ9Þ
abcd ¼ eipX

N!

�
15

8

�
@Xa@

3Xb þ 171

16
@2Xa@

2Xb

��
@ðNþ1ÞXm@c c@

2c d � 1

N þ 1
@ðNþ2ÞXcc

m@2c d

þ 2

ðN þ 1ÞðN þ 2Þ@
ðNþ3ÞXdc

m@c c

�
þ c m@c c@

2c d

�
� 15

8ðN þ 1Þ@
Nþ1c a@

3Xb

� 45

4ðN þ 1ÞðN þ 2ÞðN þ 3Þ@
Nþ3c b@Xa � 171

8ðN þ 1ÞðN þ 2Þ @
Nþ2c a@

2Xb

�
þ 3@Xa@Xb

�
@ðNþ1ÞXm@2c c@

3c d

� 2

ðN þ 1ÞðN þ 2Þ@
ðNþ3ÞXcc

m@3c d � 6

ðN þ 1ÞðN þ 2ÞðN þ 3Þ@
ðNþ4ÞXd@

2c cc
m

� 3

N þ 1
c m@2c c@

3c d@
ðNþ1Þc ða@XbÞ

�
� 6@Xa@

2Xb

�
@ðNþ1ÞXm@c c@

3c d � 1

N þ 1
@ðNþ2ÞXcc

m@3c d

� 6

ðN þ 1ÞðN þ 2ÞðN þ 3Þ@
ðNþ4ÞXd@c cc

m

�
þ 6c m@c c@

3Xd

�
1

N þ 1
@ðNþ1Þc a@

2Xb

þ 2

ðN þ 1ÞðN þ 2Þ@
ðNþ2Þc b@Xa

�
þ N:@N�1GmF

mð17=2Þ
abcd :ð1� �0;NÞ � i:ðpn@Nc nÞFmð17=2Þ

abcd :

�
: (35)

The associate ghost polynomials PnjN
A1�þB1�þC1	jA2�þB2�þC2	

are conformal dimension n polynomials in derivatives of�,�,
and 	 defined as the terms in the operator product
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PðNÞ
A1�þB1�þC1	

ðzÞeA2�þB2�þC2	ðwÞ ¼ XN
n¼0

ðz� wÞn�NPnjN
A1�þB1�þC1	jA2�þB2�þC2	

ðzÞeA2�þB2�þC2	ðwÞ (36)

(see Appendix A for some of the techniques related to these polynomials). Note that, for example,

PNjN
A1�þB1�þC1	jA2�þB2�þC2	

� PðNÞ
A1�þB1�þC1	

; (37)

while

P0jN
A1�þB1�þC1	jA2�þB2�þC2	

¼ Yn�1

k¼0

ðC1C2 þ B1B2 � A1A2 � kÞ: (38)

We are now prepared to analyze the 3-point function given by

Aðp; k; qÞ ¼ !s1s2
n ðpÞ!t1t2

p ðkÞ!abjcd
m ðqÞ

I
duðu� u0Þ8hc@Xs1@Xs2c

neipXðzÞc@Xt1@Xt2c
neikXðwÞce�þ4�þiqXRm

abjcdðuÞi:
(39)

Using the SLð2; RÞ symmetry, it is convenient to set z ! 1, u0 ¼ w ¼ 0 (see [67] where the details related to this choice
were discussed). For the notation purposes, however, it is convenient to retain z and w in our notations for the time being.
We start with computing the ‘‘static’’ exponential ghost part of the correlator. Simple calculation gives

hce�3�ðzÞce�3�ðwÞce4�þ�ðuÞi ¼ ðz� wÞ�8ðz� uÞ13ðw� uÞ13 ! z5ðw� uÞ13; (40)

where we substituted the z ! 1 limit. Next, consider the c part of the correlator. The expression for Rm
abjcd contains two

types of terms: those that are quadratic in c and those that are quartic c . Since the remaining two spin 3 operators are
linear in c , only the quadratic terms contribute to the correlator. Note that all the terms quadratic in c are also cubic in @X.
So the pattern for the c correlators is

hc nðzÞc pðwÞ:@ðP1Þc c@
ðP2Þc d:ðuÞi ¼ P1!P2!

�

n
d


p
c

zP2þ1ðw� uÞP1þ1
� 
n

c

p
d

zP1þ1ðw� uÞP2þ1

�
; (41)

where, according to themanifest expression (35) forRm
abjcd, the numbersP1 andP2 canvary from 0 toN þ 3 (andNmax¼8).

Next, consider the X part. As in this paper we limit ourselves to just three-derivative terms, it is sufficient to
compute the terms linear in momentum (since the !2j2 field already contains 2 derivatives out of 3). According to (31),
(32), and (35) the X factor is a combination of the 3-point correlators of the type �ð!2j0Þ2h!2j2ð@XÞ2eipXðzÞ�
ð@XÞ2eikXðwÞ@ðM1ÞX@ðM2ÞX@ðM3ÞXeiqXi with different values of M1, M2, andM3. Straightforward computation gives

lim
z!1!

s1s2
n ðpÞ!t1t2

p ðkÞ!abjcd
m ðqÞh@Xs1@Xs2e

ipXðzÞ@Xt1@Xt2e
ikXðwÞ@ðM1ÞXa@

ðM2ÞXb@
ðM1ÞXmeiqXðuÞi

¼ M1!M2!M3!!
s1s2
n ðpÞ!t1t2

p ðkÞ!abjcd
m ðqÞ

�
2iqt2
s1a
s2b


m
t1

z2þM1þM2ðw� uÞ2þM3
þ iqt2
s1a


m
s2
t1b

�
1

z2þM1þM3ðw� uÞ2þM2

þ 1

z2þM2þM3ðw� uÞ2þM1

�
� 2iks2
t1a
t2b


m
s1

z3þM3ðw� uÞ1þM1þM2
� iks2
t1a


m
t2
s1b

�
1

z3þM1ðw� uÞ1þM2þM3

þ 1

z3þM2ðw� uÞ1þM1þM3

�
� 1

M3


s1t1
s2a
t2b

�
ikm

�
1

z3þM1ðw� uÞ1þM2þM3
þ 1

z3þM2ðw� uÞ1þM1þM3

�

þ ipm

�
1

z3þM1þM3ðw� uÞ1þM2
þ 1

z3þM2þM3ðw� uÞ1þM1

��
þ ipb
s1t1
s2a


m
t2

�
1

M2

1

z3þM1ðw� uÞ1þM2þM3

þ 1

M1

1

z3þM2ðw� uÞ1þM1þM3

�
þ ipb
s1t1


m
s2
t2a

z3þM3ðw� uÞ1þM1þM2

�
1

M1

þ 1

M2

�
: (42)

Comparing this with the explicit expression (30)–(35) for
the !2j2 vertex operator, it is easy to notice that, while the
static ghost factor (40) is proportional to�z5, the z asymp-
totics of the c correlator (41) is � 1

z þOð 1
z2
Þ and the

asymptotics for the X correlator is � 1
z4
þOð 1

z5
Þ. This

means that only the terms proportional to �z0 contribute

to the interaction vertex. Terms proportional to negative
powers of z disappear in the limit z ! 1 and correspond to
pure gauge contributions. There are no terms proportional
to positive powers of z (their presence would be a signal of
problems with the gauge invariance). Moreover the z
asymptotics further simplifies the analysis of the ghost
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polynomials in the expressions (30)–(32) for the !2j2
operator; namely, all the polynomials have to couple to
the ce�3� ghost exponent of the !2j0 operator sitting at w
as any couplings of these polynomials with the operator

sitting at z produce contributions vanishing in the z ! 1
limit.
Combining (30), (32), (41), and (42) we arrive to the

following expression for the main matter building block for
the matter part of the correlator:

lim
z!1!

s1s2
n ðpÞ!t1t2

p ðkÞ!abjcd
m ðqÞhc n@Xs1@Xs2e

ipXðzÞc p@Xt1@Xt2e
ikXðwÞLmðNþ9Þ

abcd ðu;qÞi¼z�5ðw�uÞ�9�NANðp;k;qÞ;

ANðk;p;qÞ¼!s1s2
n ðpÞ!t1t2

p ðkÞ!abjcd
m ðqÞ�

�

nm
pd

�
�72ðNþ5Þ
s1a
s2b
t1cqt2

þ
�
72ðNþ5Þ�45

4
ðNþ1Þ2ðNþ2Þ�144

�

t1a
s1b
t2cks2þ

�
144�45

4
NðNþ1Þ

�

s1t1
s2a
t2bkc

þ
�
45

4
NðNþ1Þ2�72ðNþ4Þ

�

s1t1
s2a
t2cpb

�
þSymmðm;a;bÞ

�
: (43)

Using the manifest expression (35) for the V2j2 vertex
operator in terms of L9þN and their derivatives, it is now
straightforward to calculate the cubic coupling. First of all,
it is immediately clear that only the V2 part of V2j2 con-
tributes to the overall correlator. No terms from V1 con-
tribute since, as it was pointed out above, all the ghost
polynomials entering V2j2 must be completely absorbed by
the ghost exponent �ce�3� located at w (no couplings to

the exponent at z are allowed as they would result in
contributions vanishing at z ! 1). At the same time all
the terms in V1 carry the factors of P

ðnÞ
2��2��	 (n ¼ 11, 12,

13) which cannot be absorbed by ce�3� [i.e.. their OPEs
with ce�3�) are less singular than ðz� wÞ�n]. Indeed,
since e2��2�bðzÞce�3�ðwÞ � ðz� wÞ5e���2�ðwÞ þ
Oðz� wÞ6, clearly for n � 5

@ðnÞðe2��2�bÞðzÞ � ce�3�ðwÞ � :PðnÞ
2��2��	e

2��2�b:ce�3�ðwÞ � n!

ðn� 5Þ! :P
ðn�5Þ
2��2��	e

���2�:ðwÞ þOðz� wÞ (44)

implying that

PðnÞ
2��2��	ðzÞce�3�ðwÞ �O

�
1

z5

�
; (45)

i.e., no complete contractions for n � 6. Next, combining (42) with the expression (35) for V2ðqÞ we obtain the following
result for the overall correlator:

6

9!� 8!

X7
n¼0

2n�7
X

fl;m;p;q�0;lþmþpþq¼8�ng

Xp
r¼0

Xq
b¼0

Xlþbþrþ5

N¼lþbþrþ2

�
� ð�1Þ1þbþmþqþrþNN!ðN þ 8þ p� rÞ!Qm�1

j¼0 ðnþ jÞ!
m!l!ðp� rÞ!r!ðN � rÞ!ð5þ lþ bþ r� NÞ!ðN � l� b� r� 2Þ!ðN þ 8Þ!

� ��3;0;1
3;1;0j1;�1;0

ðq� bjqÞ��3;0;1
2;�2;�1j0;1;0ðnj8ÞANðp; k; qÞ

�
; (46)

where we used the fact that the only nonzero contributions from the summation over a are the terms with a ¼ l for which
Pl�ajl
�j���

¼ P0jl
�j���

¼ ð�1Þll!; while for a � l Pl�ajl
�j���

are the polynomials in � of dimension l� a which are not
contractible with ce�3�. The numbers �A3;B3;C3

A1;B1;C1jA2;B2;C2
ðnjNÞ appearing in (46) are the coefficients in front of the leading

order terms in the operator products

PnjN
A1�þB1�þC1	jA2�þB2�þC2	

ðzÞeA3�þB3�þC3	ðwÞ � �
A3;B3;C3

A1;B1;C1jA2;B2;C2
ðnjNÞ

ðz� wÞn eA3�þB3�þC3	ðwÞ: (47)

The calculation of these coefficients is explained and the values are given in the Appendix A [see (58) and (60)]. Finally,
substituting for ANðp; k; qÞ and evaluating the series (46) we obtain the following answer for the cubic coupling:
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Aðp; k; qÞ ¼ 691 072 283 467i

720
!s1s2

n ðpÞ!t1t2
p ðkÞ!abjcd

m ðqÞ �
�

nm
pd

�
1

36

s1a
s2b
t1cqt2 þ 4

3

t1a
s1b
t2cks2

þ 1

12

s1t1
s2a
t2bkc � 
s1t1
s2a
t2cpb

�
þ Symmðm; a; bÞ

�
: (48)

This concludes the calculation of the 3-derivative part of
the cubic vertex. Inclusion of the appropriate Chan-Paton’s
indices is straightforward and leads to vertices of the type
considered in [20,73].

IV. CONCLUSION AND DISCUSSION

In this paper we performed the analysis of open string
vertex operators describing generalized connection gauge
fields in Vasiliev’s framelike formalism for higher spin
fields. We have shown that generalized zero curvature

conditions relating auxiliary connections !s�1jt to the

dynamical !sj0 fields are realized (up to BRST-exact
terms) through ghost cohomology conditions on vertex
operators that ensure that the fields with higher values of
t belong to cohomologies of higher orders. We have also

given precise BRST arguments relating !2j0 to the sym-
metric Fronsdal field for spin 3, presenting the BRST
commutator for the nonsymmetric spin 3 diagram (an
important point which has been somewhat obscure before).
We also demonstrated how the 3-derivative cubic vertex of
spin 3 fields appears from the string-theoretic 3-point
amplitude computed in this work. Obvious directions for
future research include the computation of the 5-derivative
vertex in the flat space (which technically appears to be
significantly more tedious than the 3-derivative one) and
generalizing the construction proposed in this work to
framelike gauge fields with spins greater than 3. We hope
to present these results soon in our future papers. The cubic
vertex computed in this work is the one for the flat space
and an important next step would be to generalize it to
AdS. For that, one has to generalize the computation,
analyzing of the 3-point function of operators for framelike
spin 3 fields in the sigma-model background studied in
[74]. That is, one has to perturb the flat background with
the vertex operators for spin 2 vielbeins and connections in
AdS space constructed in [74,75]. These operators carry
negative cosmological constant and the vacuum solution of
the low-energy equations of motion is described by AdS
geometry. To calculate the cubic coupling of spin 3 frame-
like fields in the AdS space one has to consider their disc
amplitude with insertions of closed string operators for
spin 2 connections. As the insertions carry the dependence
on the cosmological constant parameter, the important
question to explore is the relation of this amplitude to

AdS deformations of flat vertices considered by Vasiliev
by methods of vertex complex analysis [26]. It is particu-
larly interesting to clarify how the insertions of the closed
string operators give rise to terms with a lower number of
derivatives, as observed in [26] for the AdS deformations
of vertices in Minkowski space. Another issue is to explore
the relevance of the zero momentum parts of the vertex
operators for framelike fields to space-time symmetry
generators and higher spin algebra in AdS space.
Typically, physical vertex operators in string theory are
related to generators of global space-time symmetries in
the zero momentum limit. For example, a photon operator
at p ¼ 0 is the generator of translations. A similar question
can be asked about the vertex operators of framelike gauge
fields for higher spins at zero momentum. While in general
these operators at p ¼ 0 do not generate global symmetries
for RNS string theory in flat space, it is possible that they
realize the symmetries of the sigma model perturbed by
operators for spin 2 connections and vielbeins, provided
that AdS vacuum constraints are imposed on spin 2. So far
we have been able to show this for spin 3 only [76] and this
conjecture needs to be generalized for higher spins. If the
vertex operators for the framelike gauge fields are indeed
related to the symmetries of the sigma model, their opera-
tor algebras may provide nice realizations of higher spin
algebras in various AdS backgrounds.
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APPENDIX A: ASSOCIATE GHOST

POLYNOMIALS AND �A3;B3;C3

A1;B1;C1jA2;B2;C2
ðnjNÞ

COEFFICIENTS

In this appendix we explain some of the techniques to
calculate the� coefficients that appear in the series (46) for
the spin 3 cubic coupling. As was explained above, the

associate ghost polynomials PnjN
A1�þB1�þC1	jA2�þB2�þC2	

(0 � n � N) are the conformal dimension n polynomials
in bosonized ghost fields �, �, and 	, defined as the OPE
terms in the product

PðNÞ
A1�þB1�þC1	

ðzÞeA2�þB2�þC2	ðwÞ ¼ XN
n¼0

ðz� wÞn�NPnjN
A1�þB1�þC1	jA2�þB2�þC2	

ðzÞeA2�þB2�þC2	ðwÞ; (49)
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where the conformal dimension N polynomials PðNÞ
A1�þB1�þC1	

are defined according to (16). Then the � coefficients
�
A3;B3;C3

A1;B1;C1jA2;B2;C2
ðnjNÞ are defined as coefficients in front of the leading order n terms in the OPE

PnjN
A1�þB1�þC1	jA2�þB2�þC2	

ðzÞeA3�þB3�þC3	ðwÞ � �A3;B3;C3

A1;B1;C1jA2;B2;C2
ðnjNÞ

ðz� wÞn eA3�þB3�þC3	ðwÞ (50)

(if the actual leading order of a given OPE is less than n, the appropriate coefficient is zero). Although the manifest form of
the associate ghost polynomials is generally complicated, there is an algorithm significantly simplifying the computations
of both associate ghost polynomials and related � coefficients. The algorithm is based on a comparison of two similar
operator products. Below we shall explain the algorithm and present the results for ��3;0;1

3;1;0j1;�1;0
ðq� bjqÞ (where 0 � b �

q � 8) and ��3;0;1
2;�2;�1j0;1;0ðnj8Þ entering the series (46). Consider the operator product

eA1�þB1�þC1	ðzÞeA2�þB2�þC2	ðwÞ ¼ X1
m¼0

ðz� wÞ�A1A2þB1B2þC1C2þm

m!
:eðA1þA2Þ�þðB1þB2Þ�þðC1þC2Þ	ðzÞPðmÞ

A1�þB1�þC1	
:ðwÞ

(51)

around the point w. Differentiating N times over z we get

@ðNÞeA1�þB1�þC1	ðzÞeA2�þB2�þC2	ðwÞ ¼ X1
m¼0

YN�1

l¼0

ð�A1A2 þ B1B2 þ C1C2 þm� lÞ

� ðz� wÞ�A1A2þB1B2þC1C2þm�N

m!
:eðA1þA2Þ�þðB1þB2Þ�þðC1þC2Þ	PðmÞ

A1�þB1�þC1	
:ðwÞ:
(52)

On the other hand this product by definition coincides with the OPE:

:PðNÞ
A1�þB1�þC1	

eA1�þB1�þC1	:ðzÞeA2�þB2�þC2	ðwÞ

¼ X1
j;k¼0

XN
n¼0

ðz�wÞ�A1A2þB1B2þC1C2þn�Nþjþk

j!k!
:@ðjÞPnjN

A1�þB1�þC1	jA2�þB2�þC2	
PðkÞ
A1�þB1�þC1	

eðA1þA2Þ�þðB1þB2Þ�þðC1þC2Þ	:ðwÞ

(53)

[the derivative of the associate polynomials appears since in the definition (49) the polynomials are located at z while the
OPE (53) is around w]. This gives the characteristic equation on PnjN

A1�þB1�þC1	jA2�þB2�þC2	
:

X1
j;k¼0

XN
n¼0

ðz� wÞ�A1A2þB1B2þC1C2þn�Nþjþk

j!k!
:@ðjÞPnjN

A1�þB1�þC1	jA2�þB2�þC2	
PðkÞ
A1�þB1�þC1	

:

¼ X1
m¼0

YN�1

l¼0

ð�A1A2 þ B1B2 þ C1C2 þm� lÞ ðz� wÞ�A1A2þB1B2þC1C2þm�N

m!
PðmÞ
A1�þB1�þC1	

: (54)

Matching the coefficients in front of each power of (z� w) (starting from the most singular term) then gives recurrence

relations on : PnjN
A1�þB1�þC1	jA2�þB2�þC2	

: , expressing them in terms of conformal dimension n combinations of

PðlÞ
A1�þB1�þC1	

and their derivatives (with 1 � l � n). The coefficients�
A3;B3;C3

A1;B1;C1jA2;B2;C2
ðnjNÞ are then obtained by replacing

each of @ðkÞPðlÞ according to

PðlÞ
A1�þB1�þC1	

! ð�1Þk Yk�1

i¼0

Yl�1

j¼0

ðlþ iÞð�A1A3 þ B1B3 þ C1C3 � jÞ (55)

in each of these combinations since

PðlÞ
A1�þB1�þC1	

ðzÞeA3�þB3�þC3	ðwÞ � ðz� wÞ�l
Yl�1

j¼0

ð�A1A3 þ B1B3 þ C1C3 � jÞeA3�þB3�þC3	ðwÞ þOðz� wÞ1�l: (56)

Applied to Pnj8
2��2��	j� this procedure gives the recurrence relations
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Pnj8
2��2��	j� ¼ 9!PðnÞ

2��2��	�1;n �
Xn�1

k¼1

Xk
l¼0

@ðlÞPkj8
2��2��	j�P

ðn�l�kÞ
2��2��	
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and the corresponding � coefficients ��3;0;1
2;�2;�1j0;1;0ðnj8Þ are given by

��3;0;1
2;�2;�1j0;1;0ð0j8Þ ¼ 9!; ��3;0;1

2;�2;�1j0;1;0ð1j8Þ ¼ �8!� 40; ��3;0;1
2;�2;�1j0;1;0ð2j8Þ ¼ 8!� 150;

��3;0;1
2;�2;�1j0;1;0ð3j8Þ ¼ �8!� 300; ��3;0;1

2;�2;�1j0;1;0ð4j8Þ ¼ 8!� 275; ��3;0;1
2;�2;�1j0;1;0ð5j8Þ ¼ �8!� 94;

��3;0;1
2;�2;�1j0;1;0ð6j8Þ ¼ 0; ��3;0;1

2;�2;�1j0;1;0ð7j8Þ ¼ 0; ��3;0;1
2;�2;�1j0;1;0ð8j8Þ ¼ 0:

(58)

Similarly, when applied to Pq�bjq
3�þ�j���

(0 � b � q � 8) this procedure gives the recurrence relations
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and the corresponding � coefficients are ��3;0;1
3;�1;0j1;�1;0
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(60)

This fully determines the � coefficients in the series (46).

APPENDIX B: BRST RELATIONS AND GAUGE TRANSFORMATIONS FOR !2j1 AND !2j2

In this appendix we present explicit expressions for BRST commutators leading to the gauge transformations for the

framelike fields and relating framelike and Fronsdal fields for spin 3. The gauge transformation for the !2j1 field

!abjc
m ðpÞ ! !abjc

m ðpÞ þ pm�
abjcðpÞ (61)

leads to shifting the V2j1 vertex operator (21) by BRST-exact terms: V2j1ðpÞ ! V2j1ðpÞ þ fQ;W2j1
1 ðpÞgwhere, up to overall

numerical factor,

W2j1
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2
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�
; (62)

where
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La ¼ @2c a � 2@c a@�þ 1

13
c að5@2�þ 9ð@�Þ2Þ (63)

and � has the same symmetry in the fiber indices as !2j1. This operator is BRST-exact if ! is transverse in the a, b fiber
indices (which, in turn, is the invariance condition). Next, if !abjc

m ðpÞ is antisymmetric in m and a (so that the
corresponding !2j0 is the two-row field), V2j1 is again the BRST commutator in the small Hilbert space:

V2j1ðpÞ ¼ fQ;W2j1
2 ðpÞg (64)

with
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Next, we analyze !2j2 and its vertex operator (22). The gauge transformation for the !2j2 field
!abjcd

m ðpÞ ! !abjcd
m ðpÞ þ pm�

abjcdðpÞ (66)

leads to shifting the V2j2 vertex operator (21) by BRST-exact terms: V2j2ðpÞ ! V2j2ðpÞ þ fQ;W2j2
1 ðpÞg with
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where

Nn ¼ @3Xn � 3

2
@2Xn � 1

3
@Xn

�
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6
@2�

�
: (68)

As before, this operator is BRST-exact if! is transverse in the a, b fiber indices. Finally, if!abjcd
m ðpÞ is antisymmetric in

m and a or b (so that the corresponding!2j0 is the two-row field), V2j2 is again the BRST commutator in the small Hilbert
space:

V2j2ðpÞ ¼ fQ;W2j2
2 ðpÞg (69)

with
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