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Large-N reduction for " = 2 quiver Chern-Simons theories on S°
and localization in matrix models
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We study reduced matrix models obtained by the dimensional reduction of N = 2 quiver Chern-
Simons theories on S* to zero dimension and show that if a reduced model is expanded around a particular
multiple fuzzy sphere background, it becomes equivalent to the original theory on S in the large-N limit.
This is regarded as a novel large-N reduction on a curved space S3. We perform the localization method to
the reduced model and compute the free energy and the vacuum expectation value of a BPS Wilson loop
operator. In the large-N limit, we find an exact agreement between these results and those in the original

theory on S3.
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I. INTRODUCTION

The localization technique has attracted much attention
in recent years as an efficient method of computing a class
of physical quantities of our interest. For instance, it en-
ables us to compute exactly BPS Wilson loops or partition
functions in four-dimensional /N = 2 supersymmetric
Yang-Mills (SYM) theories [I] or those in three-
dimensional N' = 2 Chern-Simons (CS) theories coupled
to some matter fields [2—7]. In particular, predictions from
their gravity duals, such as the N*/2 law of the free energy
[8] in the Aharony-Bergman-Jafferis-Maldacena (ABJM)
theory [9], can be verified explicitly based on the localiza-
tion method [3] and thus a remarkable progress has been
made in testing the gauge/gravity correspondence [10].

In this paper, we use the localization method for another
purpose. We apply it to a dimensionally reduced matrix
model of a general N' = 2 quiver CS theory on $3 and
show that there exists an equivalence in a large-N limit
between the reduced model and the original theory on S>.
This kind of large-N equivalence on S* was first discovered
in[11] for N =4 SYM on R X S (see also [12—14] for
earlier discussions) and it is regarded as a novel type of the
large-N reduction extended to the case of S°.

The original large-N reduction initiated by Eguchi and
Kawai asserts that a gauge theory on flat space-time in the
planar limit is equivalent to a matrix model that is obtained
by its dimensional reduction to lower dimensions [15].
This equivalence is significant not only because it realizes
the emergence of space-time in matrix models, which is
relevant in the context of the matrix model formulation for
string theories [16], but also because this equivalence
implies that the matrix models provide a nonperturbative
formulation of planar gauge theories which is alternative to

*yuhma @ gauge.scphys.kyoto-u.ac.jp
Tishiki @post.kek.jp
okada@gauge.scphys.kyoto-u.ac.jp
§shinji @gauge.scphys.kyoto-u.ac.jp

1550-7998/2012/85(10)/106003(20)

106003-1

PACS numbers: 11.25.Tq, 11.10.Kk, 11.15.Tk

the lattice formulation. One may expect that supersymmet-
ric theories can be described in terms of matrix models
nonperturbatively based on this equivalence while it is
generally difficult in the lattice formulation.'

It is however well known that this equivalence fails to
hold due to the spontaneous U(1)P symmetry breaking in
the original Eguchi-Kawai model [18]. To overcome this
difficulty, the quenching and the twisting prescriptions
were proposed [18-22]. Although the symmetry breaking
can be avoided by introducing such prescriptions, they do
not preserve supersymmetry. Because of this, it had been
difficult until recently to construct a nonperturbative for-
mulation of supersymmetric gauge theories based on the
large-N reduction which keeps supersymmetry manifestly.

The novel large-N reduction was proposed for theories
on S3 [11]. It states that a reduced model, which is obtained
by the dimensional reduction of a gauge theory on $° to a
point, becomes equivalent to the original gauge theory in
the large-N limit if the reduced model is expanded around
a certain multiple fuzzy sphere background and a contin-
uum limit is taken. In this proposal, the above-mentioned
difficulty is avoided thanks to the curvature of $3. On $°, a
gauge theory acquires a mass gap, which is inversely
proportional to the radius of S3, and hence does not possess
a flat direction, which would lead the symmetry breaking
and spoil the large-N equivalence. This implies that the
prescriptions are not needed in this case, so that a reduced
model obtained from a supersymmetric gauge theory still
keeps part of the original supersymmetry. One can there-
fore use the reduced model as a nonperturbative formula-
tion of the supersymmetric theory on S3. So far, such
formulation has been considered for N =4 SYM [11],
SYM with lower supersymmetry [23], and supersymmetric
quiver CS theories [24]. The large-N reduction has also

'"There are considerable recent developments in the lattice
theories for supersymmetric theories [17].
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been extended to the cases for more general manifolds such
as group manifolds [25] and coset spaces [26].

In particular, the large-N reduction for N' = 4 SYM on
R X §3 has been studied actively [27-30] since it is rele-
vant to testing the original version of the AdS/CFT corre-
spondence for the type IIB string theory on AdSs X S°.
The reduced model of " = 4 SYM on R X §? is given by
the plane wave matrix model [31,32]. This model preserves
SU(2|4) symmetry, which cannot be realized in the lattice
formulation at present, so that it is expected to describe the
original theory on S in the continuum limit without any
fine-tuning. Based on this formulation, one can analyze
numerically the strongly coupled regime of the planar
N = 4 SYM, which is mapped to the regime in the string
theory where the supergravity or the semiclassical approxi-
mation is valid. The methods of the Monte Carlo simula-
tion for matrix models proposed in [33-35] are available
for the numerical computation. Thus, it gives a feasible
way of testing the AdS/CFT correspondence.2

Although the validity of such nonperturbative formula-
tion of supersymmetric theories has been checked by some
perturbative calculations [27-30], it should be checked
also for the strong coupling region. In this paper, we
consider the large-N reduction for a general N = 2 quiver
CS theories on S3. Applying the localization method, we
compute the partition function and the one-point function
of the great circular BPS Wilson loop operator in the
reduced model. Then, we prove the large-N equivalence
for these quantities to all orders in the perturbation theory.
We also find that a saddle point configuration of the re-
duced matrix model is given as infinitely many copies of
that in the original theory up to a cutoff effect, which is
negligible in the continuum limit. This fact ensures that the
equivalence also holds even in the strongly coupled
regime.

So far, a similar test of the large-N reduction has been
done for the pure CS theory on S3 [38,39],3 which is a
solvable topological field theory [42]. Since the path in-
tegral of the reduced model is easily performed in this case,
it is possible to see the agreement of two theories through a
direct calculation. Although the theory we consider in this
paper contains dynamical degrees of freedom and hence is
not so simple, the localization method enables us to verify
the large-N equivalence explicitly.

This paper is organized as follows. In Sec. II, we review
known results on the computation of the partition function
and the BPS Wilson loop operator in a general N = 2
quiver CS theory. In Sec. III, we introduce the reduced
model of the theory on S° focusing on the supersymmetry
transformation. We also perform the path integral of the
reduced model by means of the localization. In Sec. IV, we
show the large-N equivalence. We first extract a theory

%See [36,37] for preliminary results of such attempts.
3See also [40,41].
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around the multiple fuzzy sphere background which cre-
ates S3 from the result of the localization and see that the
theory reduces to a certain eigenvalue integral. By studying
this integral, we see the equivalence both in the perturba-
tion theory and in the saddle point equation. Section V is
devoted to conclusion. In the Appendices, some details are
gathered.

II. LOCALIZATION IN N = 2 QUIVER CS
THEORY ON §3

In this section, we review some known results for the
localization in a 2N” = 2 quiver CS theory on S° [2-5]. We
assume that the gauge group is given by a product of
unitary groups, ®,U(N,), and consider a general matter
content. We set the radius of S* to be one in this paper and
our convention for the theory on §* is summarized in
Appendix A.

In this theory, there are nilpotent supersymmetries,
which we will call Q symbolically in the following. The
partition function is invariant under adding Q-exact terms
to the action. Hence, the path integral can be localized onto
the saddle points of the Q-exact terms. For a gauge mul-
tiplet, the role of the Q-exact term is played by the Yang-
Mills (YM) action on S* and for a matter multiplet by a part
of the matter action. The saddle point configuration is
given by the flat connection for the gauge field, which is
trivial on S3, namely, A » = 0 up to gauge transformation.
Also, all the matter fields are zero at the saddle point. The
other bosonic fields in the vector multiplet, o and D, take
nontrivial values at the saddle point. They are given by

o = —D = constant. (2.1)
Then, the calculation of the partition function amounts to
computing the 1-loop determinant at each saddle point.
The result is written as a summation over contributions
from all the saddle points, namely, in our case, as an
integral over the constant matrix o for each gauge multi-
plet. In the following, we will work in the gauge in which
o’s in all the gauge multiplets are diagonalized, so that the
integration measure has the Vandermonde determinant as
[TLdo i< ;(o; — o;)* for each gauge multiplet.

The contribution from a vector multiplet is given by

l_[(sinh(ﬂ'(ai - a'j))>2’

i<j m(o; = 7))

2.2)

up to an overall constant. Note that the denominator can-
cels the Vandermonde determinant.

Then, let us consider the contribution from a matter
multiplet in the bifundamental representation which cou-
ples to two different gauge multiplets. The determinant
takes the following form,
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l—[l—[”+1_q+i(0'i_9a)

n>0,',an_1_q_i(0-i_pa))

(2.3)

where ¢ is the dimension of the lowest components in the
matter multiplet and p is the counterpart of ¢ in the second
gauge multiplet. The determinant for an adjoint matter
multiplet can be obtained by putting p; = o; in (2.3). In
particular, when ¢ = 1, it is simplified and given by
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1
n cosh(m(o; — 7))’ 24)

i<j
For example, the ABJM theory with gauge group
U(N,); X U(N,)_; contains two vector multiplets and
four matter chiral multiplets in the bifundamental repre-
sentation. The partition function is reduced through the
above calculation to the so-called ABJM matrix model,

. :sinh?(mr(o; — o; sinh?(7r(p, — —Qa*/g)Y o2+ (27 /g)Y P
/l_[da_il_[dpa n,<j ( ( j)z) l_la<ﬂ ( (P PB)) e Z % ’
i a ni,oz cosh (77(0-1 - pa))

where the Gaussian factors are obtained by substituting the
saddle point configuration to the original CS actions and
the coupling constant is related to the CS level as g, =
2/ k.

A correlation function of Q-closed operators can also be
reduced to an eigenvalue integral by the localization
method. We consider the one-point function of the BPS
Wilson loop,

w(e) = % P exp(i [0 ' ds(it(5)A,, (x) — ilx(s)lo(x))),
(2.6)

where tr stands for the trace in the fundamental represen-
tation and N is the rank of the gauge group for A,. We
consider a great circle on 3 as the contour C. It is parame-
trized as (see Appendix B for our notation for S3)

{xt(s)} = (0(s), @(s), ¢(s)) = (0,0, 4s),

with s € [0, 1]. In this case, the operator is BPS and
Q-closed. Evaluating the one-point function around the
saddle point, we arrive at

2.7)

1
W(C) =5 D(e*™), (2.8)

where (- - ) stands for an average taken with respect to the
eigenvalue integral obtained by the localization of the
partition function. Note that in the large-N limit, which
is our main interest in this paper, a general correlation
function of the Wilson loops decomposes to a product of
the one-point functions because of the factorization
property.

The remaining task of this calculation would be to
perform the eigenvalue integral. Although there are several
efficient ways of evaluating the integral [3,7,43-45], we do
not review them here since any explicit solution is not
needed in this paper. In the following sections, we consider
the reduced model of the quiver CS theory and show that its
partition function and the one-point function of a corre-
sponding operator are equivalent to the above eigenvalue
integrals of the theory on S* in the large-N limit.

(2.5)

III. REDUCED MODEL FOR N =2 QUIVER CS
THEORY ON §°

In this section, we construct the reduced model of the
N = 2 quiver CS theory on S* and apply the localization
calculation to the model. We first perform the dimensional
reduction from S to a point to obtain the reduced model.
Then, we perform the localization for each multiplet of the
N = 2 supersymmetry. We list the action and the super-
symmetry transformations in the original theory on S* in
Appendix A.

A. Dimensional reduction

Let us first demonstrate the dimensional reduction of the
CS term (Al) for a single gauge multiplet. In order to
reduce it to a point, we expand the gauge field A in terms
of the right-invariant one-form e“ defined in (B3) as

A=A, (x)dx* = A (x)e?, (3.1)

and drop the coordinate dependence of A, and of the other
fields in the multiplet. Using the Maurer-Cartan Eq. (B5),
the derivative of A can be calculated as follows,

dA — A de® = g¢A el A e, (3.2)

where the arrow represents that we have dropped the
derivative of A,. By applying (3.2) to (A1) and performing
the integral, which produces only an overall constant factor
given by the volume of unit S, we obtain the reduced
model of the CS term,

1 i 1.
Sts = — e Tr[AaA“ - %s“banAbAc — EM + DO':I.

(3.3)

Here, the indices a, b, ¢ are raised and lowered simply by
the Kronecker delta and we have introduced a coupling
constant g for the reduced model. The value of g will be
determined later such that the original continuum theory is
reproduced in a continuum limit.

The original theory on S* has two kinds of the Killing
spinors in the right-invariant frame. One is constant and the
other is dependent on the coordinates of S® as shown in
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(A10). Under the dimensional reduction, the constant
Killing spinors survive and they generate the supersymme-
try transformations of the reduced model. By dimension-
ally reducing the supersymmetry transformations in the
original theory (A7), we find that (3.3) is invariant under
the following supersymmetry transformations:

aAa = %(/"}/ae - E')/a)\):

—3(Xe — €N),
A =3y*€F,, — De + y'e[A,, o] — o€
SA = 1y"eF,, + De — y'€[A,, o] + o¢,

So =

1 - 1 o
6D = —[A, Aly'e — &[4, A1 + 5[ Ae. o]
+len o= Lie+ Le (34)
> €A O 2 26 ) :
where
Fp = 2e,,.A° — i[A,, Ap] (3.5)

The transformations (3.4) consist of two independent parts
generated by € and € as 6 = 6, + &;. The Killing spinors
€ and € are constant complex two-component spinors, and
decomposed into the upper and the lower components. The
transformation generated by each component is nilpotent.
To see this, we take two parameters € and € which have
only the upper components and hence satisfy €'e =
€€, + €,e; = 0. Then, we can see that the supersymme-
try is nilpotent, 6.6, = 0. For example, these transforma-
tions act on A as follows,

1 - -
00 A= Eyabe(isabc/\yce/ + [/\’yaelr Ab])

—e(——[Aa,/\y“E’]-i- [X€, o] — % >

1 1
— Ey “e[A,, A€'] + y [Ny, €, o] + e(A€)

= —2\(e€) + l[)t(ee’), o] —[v*A(e€), Aa]
= 0. (3.6)

Thus, it is indeed nilpotent. The commutator between &,
and &; becomes a sum of gauge transformation, R-rotation
and SU(2) rotation, while the commutator for two barred or
two unbarred parameters vanishes (see Appendix C).

We next consider the dimensional reduction of the YM
term for a gauge multiplet. By performing the above
dimensional reduction to (A2), we obtain

1 1 1

r — _ ab + — + 2~ 2

Sty Tr[ FaF + 5 (0 + DY = 3[4, 0]
. S

+ 3 Ay Ay Al = AN+ é)t[o-, /\]]. (3.7)

This action can be written as a total superderivative:
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€eSty = 8:8. Ti[3AA — 2Dor]. (3.8)

We then consider a bifundamental matter multiplet
{®, ¢, F} coupled to two vector multiplets, {A4,, A, o, D}
and {B,, m, p, D}. The matter action on S is given by (A4).
Applying the same dimensional reduction to (A4), we
obtain

Spater = T GV B +3 00 = 7V, B

2
+q2 - s~ =L
+i(2g — 1)¢pV(a, p)p + ihV(o, p)ip
+iyVA n) — idV(X, ) + idV(D, D)

+ ¢V(o, p)*p + FF]. (3.9)

Here, V(A, B) is defined in (A5) and ¢ is the anomalous
dimension of the matter multiplet. If the original matter
action on S* has a superpotential, one can obtain a corre-
sponding potential in the reduced model easily through the
same procedure. The action (3.9) is invariant under the
following supersymmetry transformations,

8¢ = €,
Sy = y*eV(A, B, + ieV(a, p)d — qde + EF,
8¢ = y'eV(A, B,)d — iV(o, p)p E —qd € +Fe,
6F = (q —2)pe + ey*V(A, By — iV(0o, p)pe
— i(eV(A, 7))9,
=(q—2)p e+&y"V(A, By + i&V(o, p)¢
— i(EV(A, 7).
One can also check the nilpotency on the matter fields. The
matter action can also be written as a total superderivative:

= 68T p — 2ipV(a, p)p + 2(q — 1N ].
(3.11)

(3.10)

€€Sfhatter

The adjoint matter is given as a special case of the
bifundamental matter. Namely, if we identify one gauge
multiplet with the other, the action (3.9) and the supersym-
metry transformations (3.10) reduce to those for an adjoint
matter multiplet.

The reduced model of a general N =2 quiver CS
theory is constructed by combining (3.3) and (3.9) plus
an appropriate superpotential term [24]. For example, the
ABIM theory contains two copies of supersymmetric CS
theory of which gauge groups are U(N;) and U(N,) with
opposite levels k, —k. The matter sector consists of four
matter multiplets {¢;, ;, F;}, which are in the bifunda-
mental representation for / = 1, 3 and in the antibifunda-
mental for / = 2, 4. The anomalous dimension ¢ is 1/2.

106003-4
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The action of the reduced model consists of two CS terms
(3.3) and four copies of (3.9) plus the superpotential term
which is obtained by the dimensional reduction of the
quartic superpotential in the ABJM theory.

B. Localization

We then apply the localization to the reduced model of a
general N = 2 quiver CS theory. We take a product of
unitary groups ®,U(K,) as the gauge group of the reduced
model.

Since the reduced model preserves the nilpotent super-
symmetry, one can perform the localization in the same
manner as in the original theory on S3; we first add (3.7)
and (3.9) to the action of the reduced model as S — §” +
tS4m t ' Shawer» Where 7 and ¢ are parameters. Since (3.7)
and (3.9) are exact under the supersymmetry, the path
integral does not depend on ¢ and #. Then, sending 7,

|

(1 " ®L5j"‘/2]

A/2

1, ® LY

PHYSICAL REVIEW D 85, 106003 (2012)
' — oo reduces the path integral to a sum of the 1-loop

determinant at each saddle point.

1. Saddle points

The localizing locus of the matrices in a gauge multiplet
is determined by the vanishing condition of (3.7),

F., =0, o+D=0, [A,o0]l=0. (3.12)
This is solved by
A, = —2L, o= &, D = —g, (3.13)

where L, is a representation of SU(2) generators obeying
[L, L,]=ie®L, and & satisfies
(L, &]=0. (3.14)

L, is reducible in general and is decomposed to a direct
sum of irreducible representations in a suitable basis as

Ly,, ®L£{A/2] )
(3.15)

Here, A is an even positive integer, s = —A/2, —A/2 + 1,---, A/2 label the diagonal blocks, LE{“] is the irreducible
representation matrix of spit}\ /2‘ and M, is the multiplicity of each representation. The total matrix size of the gauge

multiplet is given by K = Y

. s=—A/2
basis,

Trn®ly 4

S
I

where o, are M, X M, Hermitian matrices.

Recall that in the original theory on 3, all the gauge
fields are zero at the saddle points up to gauge transforma-
tion. When it is reduced to a point, however, the gauge
equivalence class becomes smaller and hence the model
becomes to possess many nontrivial saddle point configu-
rations, (3.13).

It is easy to see that at a saddle point, all the matrices in
matter multiplets vanish. They contribute to the partition
function only through the 1-loop determinant.

The path integral of the reduced model results in the
integration over the moduli space of the saddle point
configuration, which is given as the summation over the

o, ®1y; 4

M,(2j, + 1). From Schur’s lemma, it follows that ¢ takes the following form in this

) (3.16)

oAn®Ly, 4

representations of SU(2) as well as the integration over &-.
Thus, the partition function takes the form

Z=3 7,
{2}

(3.17)

where R, is a K ,-dimensional representation of SU(2) as in
(3.15) for each gauge multiplet and the sum is taken over
all possible representations for all the gauge multiplets.
Zyg,y is written as an integral over ¢ and the integrand is
given by the product of the 1-loop determinants which
come from all the multiplets.

We make use of the residual gauge symmetry to diago-
nalize &. Then, the integration measure obtains the
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Vandermonde determinant for each block labeled by s,

[ dé— f ]'_[dasi]"[A(as)z,
Aoy) = n(Uu o)),

i>j

(3.18)

where o ;’s are eigenvalues of o . In the following, we will
work in this gauge.

2. The gauge sector

We expand the matrices in a gauge multiplet around the
saddle point given by (3.13) as A, = —2L, + A, o =
0 + o/, and so on, and perform the 1-loop integral with
respect to the fluctuations in the gauge multiplet. For this
purpose, we need to fix the residual gauge symmetry which
leaves the background (3.13) invariant. From the original
gauge symmetry written as A, — UA,UT, U € U(K), one
can read off the transformation law for the fluctuation as

Al — =2[U, L, JUT + UALUt. (3.19)

We adopt the standard Faddeev-Popov method and choose
the following gauge-fixing condition for A/,

[L, A™]=0. (3.20)

Then, the ghost and the gauge-fixing terms are given by

Sr

ghost = —Tr(ib[Ly, A] + 2¢[L,, [L,, c]]

— ¢[L,, [A%, c])). (3.21)

Note that the zero mode of the ghosts, that is, the mode
satisfying [L,, c¢] = 0 is absent in the above action.

We then perform the 1-loop integral around the saddle
point keeping only the quadratic part of the ﬂuctuation
The relevant part in the total action S¢g + S¢y + 57

for the gauge multiplet is given by

ghost

. . 1
Tr{(sabcA’C HilLy A= 1Ly AL 5 (0 + D'

1 - -
- E[(T,A’a]z +[L, o' = Ny L, N]= XX

+ %X'[&, N1=2&[L,,[L,,c'1]— ib’[La,A’“]}, (3.22)

where the fluctuations are represented by the primed ma-

trices. In (3.22), the zero mode of ¢’ is not included. Since

this mode corresponds to the direction of the moduli of the

saddle point, it is treated in the moduli integral in (3.18).
The integration over o’, D/, ¢/, ¢’, and b’ yields

det'([Lg, [Lq, -1D28([Ly, A, (3.23)

*We omit 7 and #' in front of the YM action and the matter
action since they are irrelevant for the evaluation of the 1-loop
determinant.
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up to an overall constant, where det’ means that the zero
mode is removed in taking the determinant.

In order to calculate further, let us decompose the ma-
trices to smaller blocks which are defined by the structure
of L, in (3.15). We label each block by a pair (s, ¢), where s,
t run from —A /2 to A/2, and denote the (s, r) block of A/,
by ALY, Note that AN is a (2j, + DM, X (2j, + 1)M,
rectangular matrix. Each block component can be ex-
panded in terms of the vector fuzzy spherical harmonics
defined in Appendix D as

1 Js Tt

A;(S't) _ Z

p==10=|j,—jlm==0

Z a®) @ y*

Tmp ImGj)a (3.24)

WhereQ—J+5p1,Q J+ 9, ,1,andthesumoverQ

is taken for J = 0. a(fnfL is a matrix with size M X M,.

The delta function in (3.23) constrains the p = 0 com-

ponent, a(f’”f()), in the above expansion to vanish. In fact,

using (D10), we find that

s(Loa*) =TT TI 1070 D) 8.

5,1 J>\/s /,I m=—J

(3.25)

We can therefore integrate out a&"’nj()) trivially leaving the

factor,

Jstii

[T T [1 877D = (det(L, [L,, 1072,

st J=ljs—jll m=—J
J#0
(3.26)

This cancels the other factor in (3.23).

We then perform the integral over A/, with p = =1 in
the expansion (3.24). By substituting (3.24) to (3.22), the
relevant part of the action becomes

1
Tel (s A" + L 4] = Ly ALD? — 5[0 AT

- ZZ Z Z |(a(JS;;31)ij|2|:2(J +1)7 + %(O-Si - Utj)z],

s,toi,j p=x1Jm

(3.27)

where i =1,2,---, M, and j=1,2,---,M,. We have
used the formulas (D11), (D13), and (D15). Then, the
integration results in the factor

1 -1/2
[TIT IT [[20 + 17 + 500~ 0]
st Lj p=*1Jm
(3.28)
The exponent —1/2 comes from the fact that a&“mlz satisfy a

kind of the reality condition,
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0 (— 1)m—(js—jz)+1a(1’fl;fp, (3.29)

Jmp
which follows from (D13) and the Hermiticity of A,.
To perform the integration over A’ and A/, we also
expand them in terms of the spinor fuzzy spherical har-
monics defined in (D8) as

Jstii
_ (s.)
W= 5SS Ao T G20
x=*1g=|j,—j|m=-U
¥ 1(s.0) $ 7(s.0)
51 S,
YEED YD YD YR TR Tt MRUNCED

k=21 g=|j,—j| m=—U

where « denotes the spinor index, U = J + %5,(,1, U=
J+ %5,(,,1, and the summation over U is taken for J = 0.
Plugging these expansions into the action, we
obtain

PHYSICAL REVIEW D 85, 106003 (2012)

Tr{—x'ya[La, M= XA+ %)‘J[&, /\']}

— 1 3
=222 Z(/\Ssr'ntl)ij(/\y;,fl)ﬁ[— i K(J + 4_1)
st oij k=*x1Jm
- i(O-Si - a-tj)]’

5 (3.32)

where we have used the formulas (D12) and (D16).
Therefore, the integration with respect to A’ and A’ gives
the factor

[TIT 11 l_[[ + K(J + 3) + %(cfs,- - cr,j)]. (3.33)

st i) k==x1Jm

Combining the above results with the Vandermonde
determinant for &, we obtain the 1-loop determinant
from the gauge multiplet,

HA(as)e_g((Zj“H)/gz)af’ .y %fjﬁ:ﬁrl(—J — 1 +i(oy; — 0,))/2)Y "2
: o T TE (G + D2+ (0 — 0242753
e T T U+ 1/2 4 i = ) /277 (3.34)
[T, j}‘;j’y:h_l((] 12+ (o — o )24 .
Because of the cancellation between bosons and fermions, this is simplified to
—>.(@j+ /g, (g — —j)? + (o — 0,)?/4 (3.35)

o [11 2j; + 1) + (0 - 051)2/41—[ I

s i<j

3. The matter sector

We first consider the matter multiplet in the bifunda-
mental representation (3.9). After integrating out F' and F
trivially, the relevant part of the matter action is given by’

Tr[p{4V(L,, L)* + 1+ (V(6, p) — i(1 — 9))*}¢

+ {2y*V(L, L) +iV(6,p) + 2 = 9ty]
(3.36)

Here, L, and p are the saddle point configurations for the
second gauge multiplet and are the counterparts of L, and
7, respectively. They take a similar form to (3.15) and
(3.16). We define ¢, k,, A, and M, for L, and p as the
counterparts of s, j,, A, and M, in (3.15) and (3.16),
respectively.

We decompose the bifundamental (rectangular) matrices
to the block components and denote them by ¢ and
®? corresponding to the sth block in L, and the rth block

>We will omit the primes for the fluctuations of the matters.

s<t i,j (Js + Jt 1)2 + (a-si - O-Ij)z/4.

in L,. They are (2j, + 1)M, X (2k, + 1)M, matrices and
can be expanded in terms of the fuzzy spherical
harmonics as

Js Tk,

S 3 e

J=ljkm==J

d)(s,t) = ® ernuskr)’

(3.37)

Jstk

pa' =Y 3

k==l 0:|]x_k

U
(s.1)
| ZU w.l‘mk ® YJm(]Sk )a’
m=—

where qb(f;;f) and %" are the M, X M, matrices. In this

~ Jmk
basis, V(L,, L,) can be rewritten as

Jjstk, J

V(La: I:a)(ﬁ(s't) = Z Z d)(‘ 2 ® La ° ?Jrh(jsk,);

J=ljs=k | m==J

(3.38)

where L, o is defined in (D2). By substituting (3.37), the
quadratic part of the matter action becomes

106003-7



ASANO et al.

Js Tk

> > z<¢mua¢%m4@1+nl+wﬁ—pm—

st oha J= |]x_kr|m7 J
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i(1 = q))]

Jstk 3 1
YT ST @b Jes e 26 43) = (0= 3) o = p) ] (3.39)
st oo k= ljs—k,| m=—U
|
where i = 1,2,---, M, and o = 1,2, - Then we 1 A2 M,
find after a simple calculatlon that the 1- loop determmant X Z 2j, + 1) Z<€2m’ﬂ' ), (3.46)
for the bifundamental matter multiplet is given by s=—A/2 i=1

Jstk

[TIT I1

stoha J:|jsik1|

2J+2 - qt i(a-si B pta)
2J + q— i(a-si - pta)

(3.40)

The 1-loop determinant from the adjoint matter is easily
obtained by identifying one gauge multiplet with the other
in the above calculation. The result is given by

S 21 +2- )P + (0 — 0yy)?

ML ey e oy

st = J=lj;—jl

(3.41)

In the reduced model of the ABJM theory, ¢ = 1/2 and
there are two bifundamental and two antibifundamental
matters. Hence, the 1-loop determinant from the matter
sector is given by

Itk QT 432 + (0 — pra)*\2
I (20 oy o
st oia lej\'iktl ( + i) + (O-Si - pta)

4. Wilson loop

The Wilson loop operator in the reduced models of
theories on S* was constructed in [30,40]. It is given as a
naive dimensional reduction of the Wilson loop in the
theory on S3 (2.6),

Wie) = % Tr[Pexp(i fc ds(i ()¢, (x)A, — il)'c(s)la))].
(3.43)

In the case that the contour is a great circle on S°, this
operator is BPS in the reduced model, so that we can
calculate the correlation function of this operator by the
localization technique. In this case, substituting (2.7) sim-
plifies the operator as

W) =— Tr[ez’”m* )], (3.44)
Then, applying the localization, we obtain
~ 1 . .

(W(C)) = E(Tre“‘”’“””") (3.45)

°It will not cause any confusion to use « both for the spinor
index and for the index labeling the diagonal components of p,.

where to obtain the second line we have used the fact that
each diagonal component of ngs] takes a value in either
integer or half-integer. (- --) stands for an average with
respect to the eigenvalue integral for the reduced model.

IV. N =2 QUIVER CS THEORY ON S* FROM
REDUCED MODEL

In this section, from the reduced model we realize a
quiver CS theory on S3 with gauge group ® ,U(N,,) in the 't
Hooft limit in which

N, N,
N, — o with —% and k—“ fixed
b a

4.1)

for any a and b. We assume for simplicity the gauge group
to be U(N,) X U(N,) and mainly consider the case of the
ABJM theory, which contains two bifundamental multip-
lets (N;,N,) and two antibifundamental multiplets
(N4, N,). However, it will be obvious that our argument
is applicable to more general N' = 2 quiver CS theories.
To realize the theory on 3, we take the reduced model with
gauge group U(K,) X U(K,) where K;’s (i =1, 2) are
much larger than N;’s such that the Kaluza-Klein (KK)
modes on S are embedded in matrices in the reduced
model. We denote by g; and g, the coupling constants
for the two CS terms (3.3) in the reduced model.

A. S3 from matrices

Recall that the partition function in the reduced model is
given by a sum of 1-loop contributions around saddle
points, each of which is specified by a representation of
SU(2), (3.17). In order to obtain the theory on S°, we
extract the following representations from the sum in
(3.17),

A= —2@PLie1y, B,=—2@Lie1,, 42
s N

which corresponds to the case of My = N; for A, and

M, = N, for B, in (3.13) and K; = N;>,(2j, + 1). We

take j, as
2j,+1=n+s

for —

%Ssﬁé (4.3)

where n is a positive integer. We then take the limits in
which
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2 2

n— oo, &—>O’ &—’O, A—)OO,
n n 4.4)
n—A—>00, Nl—’oo, N2—>OO
with the following combinations fixed,
N, g? N»g3 N
H = l;gl, = 2g2, —1 (45)
n n N,

Here, we explain the reason why the above representa-
tion and the limit create S3 (see [11] for more detail). First,
we consider the original theory on S3. Since S° is viewed as
an S'-bundle over S2, we can perform the KK reduction
along the fiber direction. Then, we obtain a theory on S?
involving infinite KK modes. Reflecting the nontrivial
fibration of S!, the KK mode with KK momentum 7 on
§? can be regarded as a field in a monopole background,
where the monopole is sitting at the center of S? in R* with
monopole charge 7. As the angular momentum of the field
on S? in the presence of a monopole is bounded below by
its charge J = |7/, that of the KK mode is also bounded.
The same situation can be observed in the mode expansion
of a rectangular matrix (3.37) if one identifies the angular
momentum J and the monopole charge 7i on S? with J and
Jjs — Jj. in (3.37), respectively. The only difference is the
existence of the upper bound of the angular momentum
Js T Jj:» which can be removed by putting 2j, + 1 =n + s
and taking the n — oo limit so that j; + j, — o0 and j, —
J: = *5* = . Indeed, the rectangular block of the fluctua-
tion is a regularization of a field on S? in a monopole
background. Thus, expanding the reduced model around
the appropriate representation (4.2) such that the full KK
modes ( — % =< /i1 =< 00) on S? are reproduced, we can
obtain the original theory on S*. Now, the physical inter-
pretation of n and A is clear; n plays a role of UV
momentum cutoff on S? while A plays a role of UV cutoff

on S'. Therefore, {LY} in (4.2) creates S® while the multi-
plicities N; and N, reproduce the original gauge group
U(N,) X U(N,).

In the following calculation of the partition function or
the Wilson loop, we first take the n — oo limit shown in
(4.4) with n/g? and n/g3 fixed and later we take the other
limits. This is possible since the n — oo limit does not lead
to any divergence. In the n — oo limit, we can replace the

N

coefficients of the Gaussian terms in (3.35) with ;’—2 =

Then, the contribution of the representation (4.2) from the
summation in (3.17) is given by

(A/2) Ny N,
/ l_[ (l_[ da—Si l_[ dpsa)mgaugemmatter

s=—(A/2) Ni=1 a=1

N N
X exp(— Z—I‘Zai,- + Tf sza), (4.6)
5,0 S,

PHYSICAL REVIEW D 85, 106003 (2012)

where ¢, and ¢, are defined in (4.5) and M g0 and Moy
are 1-loop determinants for the gauge and the matter sector,
respectively, in the case of (4.2).

More concretely, M g0e is given by

— 2 (a-si B Utj)2
Mgauge =[ T[T = o )’T1 n[l + (s_,)z]

s i<j s<t i,j
(Psa — Pip)*
_ 2
<1 J:[B (Pya—Psg) gg[l + Ll ],
“4.7)

where we have dropped the denominator in (3.35) because
it becomes independent of o; or p,, in the limit, n — oo.
In addition, we have dropped the irrelevant constant factor
l-[s<t(s _ t)2N12+2N§.

M aer depends on the matter content. For a
matter multiplet in the bifundamental representation, it is
given by

= 2]+ 2—qg+i(og—pra)
M mat |bif d= ; = -,
e o l:[[li;[j:E”/z 2J+q_l(0-xi_pta)

(4.8)

and for the ABJM theory, it is given by

> (T4 + (04— pia)?\2
Mmaner|ABJM:nn l_[ <( )+l pl)).

st oia J=|s—1]/2 (2]"'%)2 + (Usi _Pm)2
4.9)

B. Perturbative proof of large-N equivalence
1. Feynman rule for reduced matrix model

We consider the perturbation theory of (4.6) with respect
to the ’t Hooft couplings, #; and ¢,, in the limit (4.4). Here,
M gauge and M e, are regarded as interactions. We will
prove the equivalence between the reduced model (4.6)
and the original theory on S by showing one-to-one
correspondence of Feynman diagrams between these
theories.

To read off the Feynman rules, it is convenient to rewrite
(4.6) in a manifestly U(N;) X U(N,) invariant form, which
is given by a multimatrix model consisting of matrices o
and p, with double-trace interactions.

In (47), the factors [],[1<;(0y; —o;)* and
[T [Ta<p(psa — psp)* correspond to the Vandermonde
determinants for matrices o, and p,, and the remaining
factor of o; can be written as
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[+ =5

S<t 1]

-

ZZIn{

sFEL Q]

where 7~ is the set of non-negative integers and 2N is the
set of even positive integers. K,;, is a numerical factor
given by

( 1)(a+b)/2 +h
K=y (a )0

(4.11)

The factor consisting of p,, in (4.7) is obtained by just
replacing o — p in (4.10).

For a matter multiplet in the bifundamental representa-
tion, if one naively applies the same calculation to the

{( i ) ( i ) }
2J’ 2 q 2]’ q

w3 3 >

St = \v Is—tl n=

n
X;)<F>( D" "tro) trp ]

We find that for n = 1, the coefficients of tro; and trp, are
divergent since they have the form ), %, and therefore we
cannot perform the perturbative expansion. This case
should be treated in a nonperturbative framework such as
the saddle point approximation, which will be introduced
in Sec. IV C. Note that if we restrict o, and p, to traceless
matrices for each s, tro; = trp, = 0, we do not have the
divergence. In this case, the following argument can be
applied and the reduced model properly realizes the per-
turbative expansion in JN° = 2 quiver CS theory with a
bifundamental matter of SU(N,) X SU(N,) gauge group.

For the reduced model of the ABJM theory, M, ,ier Can
be written as

1 |s—1
4 + b, -+
CXP[ %ab§>o 2a+b{ ( 4 2 )

a+be2N

(4.12)

ls — 1| .
— §( + b~ 1 + 5 )}tro-s trpﬁ’], (4.13)
where {(z, q) is the generalized zeta function
(=Y @.14)
T Sl |

In summary, the reduced model of the ABJM theory is
given by

(A/2)
[( l_[ da'sdps)exp(—
s=—(A/2)

+ Ugauge + Uﬁlatter)’

N N
t_l Ztra-% + t_2 Ztrp§
15 2 5

(4.15)
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K
_ T ‘;;’M tmgtmf], (4.10)
> > T

sFtabEl=(
a+be2N

where Ugyyge and Up,yer are the double-trace interactions:
- K.,
Ugauge = _Z Z W(U‘O’ tI'O't + trpS tI'pt)
SF#t abEZ=
a+be2N
(4.16)
4Kab{ < 1 |S - tl)
= +b,—+
matler Z . h§>o na+b 4 2
a+be2N
s — 1l -
—{la+ b~ 2 + > tro¢ trpy. 4.17)

From this action, we can read off the Feynman rule (see
Fig. 1). The propagators are given by

t
<0'sij0'tk1> = 2—]<,1 6st5il5jkr
(4.18)

15
— 2—N2 04104503y

<psaﬂpt75> =
The vertex of tra¢ tra?, or trp¢ trp?, gives a factor

2K,
- m. (419)

The vertex of tro® trp? gives a factor

‘;(fbb{g( +b4+|s;t|> g( +b4-|—|s;t|>}.

(4.20)
We write (4.19) and (4.20) collectively as V(” b,
7 1 o I
S tS —————— t s | t
J k B %

(a) o-propagator (b) p-propagator (c) tra$ tro?

(d) trp} trpf () tra? trpf

FIG. 1 (color online). The red double line represents o, and the
blue double line represents p. The dashed line represents a
double-trace interaction. A vertex in a single color, such as (c)
or (d), represents an interaction in Ug,ge, and thus s # 1. A
vertex in two colors, such as (e), represents an interaction in

r
Umatter *
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_ K.
2= (s— l)““’

vt =

Here, “V\¢? € Ugange”” and «yleb) e yr . mean the
vertices coming from the interactions Ugyyge and Ufygers
respectively.

We discuss the calculation of the free energy based on
the above Feynman rule. In this calculation, only con-
nected diagrams are relevant as usual. Here, by “con-
nected” we mean that any parts in a diagram are
connected by dashed lines or by double lines. Figure 2
shows examples of such diagrams. Since we are interested
in the limit (4.4), let us consider what kind of diagrams
contributes to the leading order of the 1/N, , expansion. It
turns out that the leading contribution is given by the
diagrams satisfying the following two conditions:

Condition 1. They are planar with respect to the double
lines in the ordinary sense.

Condition 2. They can be separated into two parts by
cutting any dashed lines. We call a diagram satisfying the
latter condition “‘tree” diagram since this condition is
equivalent to that any dashed lines do not form a loop.
We can check the latter condition explicitly for Fig. 2(a) as
follows. Since N and N, are in the same order in the limit
(4.4), we denote the order of them collectively by N. Each
propagator gives a factor of N~!, each index loop gives N,
and each vertex gives N°. While (a) is proportional to
N~ X N5 = N?, (b) is proportional to N~ X N2 =
NO. Thus, Fig. 2(b) does not contribute in the limit (4.4).

2. Feynman rule for ABJM matrix model

We next construct the Feynman rule for the ABJM
matrix model on S, given by (2.5). This can be written
as a manifestly U(N;) X U(N,) invariant form as follows,

N N.
fd(]'dp exp(— Tll tro? + Tj trp2 + Ugauge + Umatter)’
(4.22)

=N

A.
(i =1, 2), and Ugyyge and Upyyer are the double trace

lnteractlons
(b) non- tree diagram

(a) tree diagram

where we have defined the ’t Hooft couplings A; as <~ 2” =

FIG. 2 (color online). Examples of connected diagrams.
While the dashed lines in (a) do not form a loop, the dashed
lines in (b) do.

Has <§<a + b1+ %) — g(a + b3+ 15 f')) for V& € Ufpager-
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for V&) € U gauge-

“4.21)

U

gauge Z 2K, {(a + b)(tro* trob + trp® trpb),

ab
—a+bE2N

Unmatier = Z 4Ka;,§(a + b, )tra'“ trph.

ab
a+be2N

(4.23)

The vertices in the ABJM matrix model give the follow-
ing factors,
—4K pL(a+b) for V@ € Uy

@b = (4.24)

4K p¢(atb3) for VOO € Upyer

The relevant diagrams in the limit (4.1) are planar and tree
as in the case of the reduced model.

Compared with the Feynman rule in the reduced model,
the ABJM matrix model does not have the indices s, t, - -
in the Feynman diagrams. We will show that after summing
over these indices in the reduced model, each diagram in
the reduced model reproduces the corresponding diagram
in the ABJM matrix model.

3. Perturbative correspondence of free energy

We compare the free energy of the reduced model with
that of the ABJM theory. We will find that, in the limit (4.4)
, the free energy in the reduced model divided by A + 1
coincides with that in the ABJM theory to all orders in the
perturbation theory;

F
I — F i

under the following identification of the coupling con-
stants,

(4.25)

t= A6 =1,2). (4.26)

We note that under (4.26) the coefficients of the Gaussian
terms of (4.15) and (4.22) coincide and so the factors
coming from propagators in the reduced model and the
ABJM theory trivially agree for the same Feynman dia-
grams. Therefore, in the following argument, we ignore the
factors of propagators and only take care of the factors
coming from vertices in these matrix models.

In the reduced model, any tree diagram can be decom-

posed as
>3 VPR,
t

N

(4.27)

Here, Vi?’b) is an outermost vertex, that is, a vertex on the
tip of a branch in the tree diagram, and R, represents the
rest of the diagram. See Fig. 3. The explicit form of R, for
the case shown in Fig. 3 is given by (E1).
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FIG. 3 (color online). This diagram has three outermost verti-
ces, Vg"“), V,(,%,z) s V,fwz Here, we have separated V_E‘,M) from the
shaded part, R,.

We will show that in the A — oo limit, we can replace
the sum Y, Vﬁf‘b) in (4.27) by the corresponding vertex in
the ABJM theory. That is,

(a,b)

; ZR,, (4.28)

i TR

where V@?) in the right-hand side is given by V@? &

U gauge When veh ey ruge and by V@ € U when

V§f’b) € Ul auer- If we establish (4.28), by repeatedly re-
placing the vertices of the reduced model by those of the
ABJM theory, the factor coming from vertices in the
reduced model agrees exactly with that in the ABJM
matrix model. For an illustration of this procedure, see
Fig. 4. Since this equivalence holds for all the tree dia-
grams, we thus establish the perturbative equivalence of
the free energy between the reduced model and the ABJM
theory (4.25).

We now prove (4.28). For the vertex V\*?) € U” ... the
left-hand side in (4.28) is calculated as

(A/2)

I —2K,
L 2Ky,
A—co A + 1 (A/2)X=(f;‘)/2)(s —1)

) (/\Z/Z)
= lim —— KabR,(2§(a +b)
A—oo A + 1 A

A A
- g(a +bgHi+ 1)— g<a+b,§— 1+ 1)) (4.29)

‘ t u
S

FIG 4 (color online).
A+1 ZYII,{V 24)VI(L212

The vertices in this diagram give a factor
where Vf.?"‘) € Ul aier and V,(g“‘ € Ugauge-
By (4.30), in the A —oo limit this is equal to
Veayen Ly 1 ="VeYVEC2 and thus we can recover

the factor of the corresponding vertices in the ABJM theory.
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The first term above agrees with the right-hand side in
(4.28). The remaining terms vanish in the A — oo limit. To
see this, we use the fact that |R,| has a A-independent
upper bound denoted by C, which we prove in Appendix E.
By using this fact, the absolute value of the remaining
terms is bounded from above by

K (A/2) A
lim K] C Sy (§<a+b +t+1)

A—oo A+ 1 =2 )2)

Fearndoii)

1 A 1
=4|K,,|Ci
| “”lc DA +1 (nz()(n + )etbt
e A+1
+ =0, 430
2 ) (430

where we have used the definition of the generalized
zeta function (4.14). The terms in the second line are
O(logA/A) fora + b =2, and O(1/A) for a + b > 2.

For the vertex ng’b) € Ul aier» the left-hand side in
(4.28) is calculated as

1 (A/2) (A/2) 4Kab< Is _ tl

> ¥ fatby+=50)
b

A +1 t=—(A/2) s=—(A/2) 2a+ 2

g( + b, 4+ ls;tl))R,

1 Q2 4K, (... 1
. a a+b + _
AvT_ 2 e <2 5(“ b 2)

t=—(A/2)
1 2+ 3 A—t
—{(a-ﬁ-b,z-i- 22 )—§<a+b,1+ 22 ))R,,
4.31)

where we have used the equality, {(a + b, %) + (a +
b,3) =2%""{(a + b,}). The first term in (4.31) agrees
with the right-hand side in (4.28). The remaining terms
vanish in the A — oo limit, which can be shown in the
same way as (4.30). Therefore, the equality (4.28) has been
proved.

Here, we briefly comment on the cutoff effect of A. For
this purpose, we consider the one-point function {tra2) for
a fixed s € {—%, -+, A} Figure 5(a) is one of the dia-
grams which contributes to the one-point function, and
leads to the following factor,

s+(A/2)

S (28N

u(#s)

(4.32)

In the A — oo limit, while (4.32) goes to 2/(4) for all s €
{=2+ O(InA), - - -,4 — O(InA)}, it deviates from 2{(4)
for s with [s = 4| ~ O(A°). Therefore, although (4.32)
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A A
\ 32 0 +3
- | | 8
tr o} - .
0" O(8°)

(a) ()

FIG. 5 (color online). (a): A diagram contributing to {tro2).
(b): Only s near i% feels the cutoff effect.

depends on the value of s, the dependence is negligible for
almost all s except near the cutoff = 2 , and only s within
O(A°) from the boundaries feels the cutoff effect [See
Fig. 5(b)]. Note that this argument also holds for more
general diagrams. Thus, the number of the modes affected
by the cutoff is O(A?), which is negligible compared to the
total number, A + 1. Since the free energy and one-point
functions of Wilson loops are written as an average value
over various s, the cutoff effect is negligible in the A — oo
limit.

4. Perturbative correspondence of Wilson loop

We can easily prove the perturbative equivalence be-
tween the Wilson loop in the reduced model and that in the
ABJM matrix model. While the Wilson loop in the ABJM
theory is given by (2.8), the corresponding object in the
reduced model is obtained by applying the representation
(4.2) to (3.46). Therefore, what we want to show is

Lirerey =L 'S (e
—(tre*™) = ————— tre="7s), (4.33)
N, Ni(A+1) s=§\/2)

where the (---) means the average with respect to the

eigenvalue integral of each theory. In perturbation theory,
both of the left-hand side and the right-hand side above are
calculated by expanding the exponentials. Thus, (4.33)
holds if we have, for any positive integer a,

| (Az/z)
(tro%)y = (tra9). (4.34)
A+1 lary

We find that this is true from (4.28), and so is (4.33).

C. Large-N equivalence of eigenvalue density

In this section, we investigate the eigenvalue distribu-
tions of o and p, in the reduced model for the ABJM
matrix model. We show that if s is sufficiently apart from
the cutoff =A/2 the eigenvalue densities of o, and p,
coincide with those of o and p in the ABJM matrix model,
respectively, and thereby prove the large-N equivalence
between the reduced model and the original ABJM theory.

PHYSICAL REVIEW D 85, 106003 (2012)

We start with the ABJM matrix model (2.5). From (2.5),
the effective action for the eigenvalues are read off as

S = _Z 2 iji - —Zlnsmhz{w(a — o)}

H&j
-3 Z Insinh*{7(p, — p,)}
a# B
— o)) (4.35)

+ 22 Incosh{m(o;

Varying S with respect to o; and p,,, we obtain the saddle
point equation

N,
0=—"o0, — coth{m(o; — o)}
A Jé) :
+ Y tanh{m(o; — po)}, (4.36)
N,
0= — Pu — Z coth{m(p, — pﬂ)}

7o B(#a)

— 3 tanh{w (o, — p,)}

Let us introduce the eigenvalue densities for o; and p,, as

1< 1 &
plx) = ﬁl Z S(x — ay), plx) = N72 Z 3(x = pa).
i=1 a=1

(4.37)

Using these we can rewrite the saddle point equations as

0= W—/\lx - ][dy coth{m(x — y)}p(y) + —1
X /dy tanh{7(x — y)}p(y),
N (4.38)
0= ——x—][dycoth{w(x— gy )+N—;

x [ dy tanh{m(x — y)}p(y).

where f represents the Cauchy principal integral. In the
large-N limit (4.1), the eigenvalues obeying (4.38) form a
continuous distribution and so the eigenvalue densities
become smooth functions. The explicit solution of (4.38)
can be found in [3,43].

Next, let us consider our reduced model (4.6) for the
ABJM theory. The effective action for the eigenvalues oy,
and p; is given by
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N N
Seff = t_l 2 -2 Z - —ZZIH(U’S, - O-s/)2 Z Z 1H(Pm psﬁ)2
si s i#j s a#P
a-t] (psa plﬁ) - 3\2
221{1+ s—t)2 } ZZI{I+ P -2 > 72 Inf{2/+3 (4.39)
\-#t i,j Hﬁtaﬁ st oha J=|s—t]|/2
1\2
(2 ]
where the summation of s, ¢ is taken over s, t = —A/2, - - -, A /2. The saddle point equations are
Nl — Oy - [ Tsi = Pta
0=—o _ -2
3 o ](gi) Os5i — Oy tg) F (s — t)z + (0- - 011)2 [,Zajzhz,”/z (27 + %)2 + (O-Si - pta)2
_ Osi — Pra ]
@J+1P+<a~—paﬁ’
2 v (4.40)
N, psB = [ O =~ Psa
0=——"psa — —_— +2
5] ’ Bga) Psa — Psp t(#:zs)é (S - t)z pt,B)2 %J=|§[|/2 (2J + %)2 + (O-ti - psa)z
_ J1i = Psa :|
Q2J +3)* + (04 = psa)?d
We introduce the eigenvalue densities of o and p, in the reduced model as
5] I 5 5] L §
p s ()C) = 5()( - o-xi): ﬁ s (x) = 6()( - pxot)’ (441)
N, z=zl N> ozZl

and rewrite (4.40) as

Y

1 1 X —
o=_x—fd___[w>— fd
f ey g; Y- 0P G-

_ r*7y
QI+ + =)

|25}

SAUEED W)

[(2] + q’)2 + (x - y)?

1 1 -y
0=t~ fay =)~ ¥ [ay
h =y 2z e

_ x—y (1
@J+9L+u—w4p(”

We can find a solution to these equations in the A — oo
limit as follows. If one naively takes the A — oo limit in
(4.42), (pP(x), plI(x)) = (p(x), p(x)) with A; =1, and
Ay = t, for arbitrary s turns out to be a solution to (4.42)
, where (p(x), p(x)) is the solution to the saddle point
equation (4.38) of the ABJM matrix model. This is because
in this case (4.42) reduces to (4.38) (see Appendix F 1).
This solution represents infinitely many copies of that of
the original ABJM matrix model. Since the free energy and
the Wilson loop in the reduced model are given by an
average over all s’s as (4.25) and (4.33), they exactly
coincide with those in the ABJM matrix model.

The densities (p[*1(x), pl)(x)) with s near the cutoff A
deviate from (p(x), p(x)). This cutoff effect would spoil the
above naive argument if the correlation range between
plsl’s and plsl°s became larger as O(A). In this case, the

rJ=|s—1/2
2N
5L (v) — _1 R
5 P(y) / [
) t J=|s—1l/2 (21+3)2+(x_)’)2
(4.42)
number of (pl¥l(x), p1I(x)) which deviates from

(p(x), p(x)) would be O(A), namely, the number of the
deviating densities and that of the densities coinciding with
(p(x), p(x)) would become comparable. Then, the free
energy and the Wilson loop in the reduced model given
by the average over s’s would not coincide with those in the
original model.

However, this is not the case of our reduced model. It
turns out that the correlation range is O(A°), and so the
above naive argument is indeed valid. In fact, in the saddle
point equation for pl*l(x) (or pl*l(x)), the coefficients of
pl(x) and pl(x) are suppressed if |z — s| is large enough.
As shown in Appendix F 2, the contributions from the
terms with |t — s| = InA can be neglected in the A — oo
limit. Namely, the profile of pI(x) (or plsl(x)) is deter-
mined only by (pl(x), pl(x))’s with |z — s| = O(AY),
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which means that the correlation range is sufficiently small
compared to the system size A, so that (pl*l(x), pl*)(x)) for
|s| = A/2 — InA are not affected by the cutoff. Therefore,
in the A — oo limit (pll(x), pl(x)) = (p(x), p(x)) still
holds except for very narrow region A/2 —InA < [s| =
A /2. This is consistent with our observation in the pertur-
bation theory mentioned in the last part of Sec. IVB 3.
Also, this behavior of the densities is observed in the
numerical simulation for the reduced model of the pure
CS theory on S? [39]. Although (p[*1(x), pls)(x)) for A/2 —
InA =< |s| = A/2 differs from (p(x), 5(x)), their contribu-
tions to the physical quantities, such as the free energy and
the BPS Wilson loops, are negligible since the physical
quantities are calculated as an average taken over all s’s.

Thus, for supersymmetric observables, the large-N
equivalence between the reduced model and the ABJM
theory is also shown nonperturbatively through the saddle
point method of the eigenvalue density. One can also apply
the saddle point analysis to general N = 2 quiver CS
theories and show the large-N equivalence.

V. CONCLUSION

In this paper, we have studied the large-N reduction for a
general N' = 2 quiver CS theory on S°. We considered the
reduced model of the ABJM theory on S* as an illustration
and explained the calculation of the free energy and the
one-point function of the BPS Wilson loop operator in the
reduced model. We found that the localization technique
reduces the calculation to eigenvalue integrals, as in the
original theory on S°. To establish the large-N equivalence,
we first studied the integrals in the perturbation theory. We
constructed the Feynman rule from the eigenvalue inte-
grals, and found that each Feynman diagram in the reduced
model coincides with a corresponding diagram in the
ABJM matrix model in the continuum limit. Hence, we
conclude that these supersymmetric quantities are equiva-
lent in two theories to all orders in the perturbative expan-
sion. Then, we considered the saddle point configuration of
the eigenvalues in the reduced model. We found that in the
continuum limit the cutoff effect is sufficiently small and
that the eigenvalue densities in the reduced model at the
saddle point consist of infinitely many copies of those in
the original theory. This implies that the expectation values
of supersymmetric observables in the reduced model,
which are written as the average over all the copies, agree
with those in the original theory in the continuum limit.
Thus, the large-N equivalence holds also nonperturba-
tively. Our result gives a strong evidence that the non-
perturbative formulation for supersymmetric theories
based on the novel large-N reduction works successfully.
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APPENDIX A: N =2 QUIVER CS THEORY ON §3

In this Appendix, we summarize our convention for
N = 2 quiver CS theory on S3 [5]. We consider the gauge
vector multiplet and the matter chiral multiplets in the
adjoint and in the bifundamental representation.

A gauge multiplet contains fermionic (Grassmaniann)
fields {A, A} as well as bosonic fields {4 ,, o, D}. There are
two kinds of supersymmetric action for this multiplet: the
CS action and the YM action, which are defined by

Y
Scg = — [d3x tr[s“”‘(A,LBVAA - glAuAvAA)

+ Jg(=Ar + 200)], (A1)

1 1 1
Sym = fd3x\/§ trI:ZF/“’FW + 5(a + D)* + E(DMU)Z
+£X “D )1—1)_\/\+£X[0' A]]
2NV ER Ty 27
(A2)

The field strength is defined as usual by F,, = d,A, —
d,A, —i[A,, A,], and the covariant derivative contains
the gauge and the spin connections,

DA = d,A + bty A — i[A,, AL (A3)

A matter multiplet in the bifundamental representation
consists of bosonic fields {¢, ¢, F, F} and fermionic fields
{4, ¢}. We assume that they couple to a gauge multiplet
{A wh o, D} as the fundamental representation and to
another gauge multiplet {B,,, 0, p, D} as the antifundamen-
tal. The supersymmetric action for this multiplet is
given by’

Smatter = fd3x\/§ tI‘I:DMQ{_)D’u(ﬁ - lJ/’yMD,ul/’ + C](2 - Q)
29

X G =Ly + g = )V, p)
+ihV(o, p)ip + iy V(A ) — ipV(A, 7) ¢

+i¢pV(D,D)p + dV (o, p)2d + FF]. (A4)

Here, g is the anomalous dimension and V(A, B) is defined
as the operator which acts as

"In general, the theory may have a superpotential. We ignore it
in this paper since it is irrelevant for the localization calculation.
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V(A, B)p := Ap — ¢B, V(A,B)p := Bp — pA
(AS)

on the bifundamental and on the antibifundamental field,
respectively. The covariant derivative acts on the spinors as

D,y =9, + 10l vy, —iV(A,, B,

The actions (A1), (A2), and (A4) are invariant under the
supersymmetry transformations,

(A6)

[V~ _ N _
8A, = 5()\')/#6 — &y, ), So = —HAe — €X),
T, ) 2i
oA = Ey“ €F,, — De + iy*eD, o + ?O"yMDMG,
. _ 2i _
oA = 5)/“ €F,, + Dé — iy*eD, o — ga'y“D#e,

i - i_ i -
6D = — EDM)W/LG - Eey“Dﬂ)\ + E[Ae, ol

i i, - _
+ 5[6/\, o] - E(Ay“DME + D, Ey*A), (A7)

for the gauge multiplet and
dp=¢ey,  8d=ey,
8¢ = iyteD, b + ieV(a, p)d + iij#ap + EF,
8¢ = iyteD, ¢ — iV(o,p)p &+ %g{;y“DMé + Fe,
OF = e(iy*D, ¢ — iV(a, p)p — iV(A, 1)¢)

+20q = DD, ey y,
8F = &(iy* D, + iV(a, p)§ — iV(A, 7))

i -
+ 5(261 — DD, ey", (A8)
for the bifundamental matter multiplet. The Grassmaniann
parameters € and € satisfy the Killing spinor equation,
i

D,e= iEYME' (A9)
In the right-invariant frame defined in Appendix B, solu-

tions to the Killing spinor equation are given by

€e=¢€ and €= ge, (A10)
for the upper and the lower sign in (A9), respectively,
where € is a constant spinor on 3 and g is a group element
of SU(2) defined in (B1).

The supersymmetry transformation & can be divided
into two parts generated by € and € as 6§ = 6, + ..
While two unbarred or two barred supersymmetries com-
mute, the commutator [, 8] is given by a sum of trans-
lation, gauge transformation, Lorentz rotation, dilatation,
and R-rotation.
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One can also obtain the action and the supersymmetry
transformation for an adjoint matter multiplet by identify-
ing one gauge multiplet with the other in (A4) and (AS).

APPENDIX B: OUR CONVENTION FOR S$3

In this Appendix, we summarize our convention for §°
with a unit radius (see also [11,14]). S3 is viewed as the
SU(2) group manifold. We parametrize an element of
SU(2) in terms of the Euler angles as

g = e 193/2e7i072/2p=iys/2 (B1)
where 0 =0 =7,0= ¢ <27, 0= ¢ <4, and y, are
the Pauli matrices. The periodicity for these angle variables
is given by

6, 0, ) ~ (0, @ +2m, ¢ +2m) ~ (0, @, ¥ + 4.
(B2)
The isometry of S* corresponds to the left and the right

multiplications of SU(2) elements on g. We construct the
right-invariant 1-forms under the multiplications,

dgg™! = —ie"y,. (B3)
The explicit form of e“ is given by
e! = 3(— sinpdf + sinf cospd i),
e = Ycospdb + sinfsinpd i), (B4)

e = 1(de + cosbdi).
It is easy to see that e, satisfy the Maurer-Cartan equation,

de® — g p.€" A e = 0. (BS5)

We take e as the vielbein in this paper. In this frame, the
spin connection is simply given by w® = g%<e¢. The
metric is given by
ds? = e“e” = }(d6? + sin*0dp? + (dif + cosfde)?).
(B6)

APPENDIX C: COMMUTATOR BETWEEN 6,
AND 6; IN REDUCED MODEL

The actions of [, ;] on all the matrices are shown
below:

[6e 6JA, = OLA, + i[x, A,) [0c 0clo = ilx, o],
[6c 8:1A =10,y A + il x, Al + @A,
[85’ 8E]X = zlt@)ab’yab/i + l[/\/, X] - CYX,

[65’ 66]D = I[Xr D]’ (Cl)

and
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[0 610 =iV(x, V) — qad,
[8c 0elp = iV(x, Yo + qad,
[6c 8]t =10,y +iV(x, Vb + (1 — gay,

[8e 8l = 3Ouy* & +iV(x, ) — (1 — @aip,

[0e 8e]F = iV(x, YF + (2 — g)aF,
[8, 8IF = iV(x, Y)F — (2 — g)aF, (C2)
where
O :=2ig" ey €, X = —iA,Ey%€ + oE¢,
- (C3)

X ‘= —iB,ey%e + pEe, a = Ee€.
The action of [ 8., 8;] on the gauge multiplet {B,, p, 1, D}
takes the same form as {4, o, A, D}. We can read off from
the above equations that ®“* are parameters of SU(2)
rotation, y and y are gauge transformations for A, and
B, respectively, and « is R-rotation.

APPENDIX D: FUZZY SPHERICAL HARMONICS

In this Appendix, we review the fuzzy spherical har-
monics which form a basis of rectangular matrices [11,12].

Let us consider a (2j;, + 1) X (2j, + 1) rectangular
complex matrix. Such a matrix M*? can be generally
expanded as

MED =% My, o |jm)oml, (D1)
mg,m,
by using a basis {|jm)lm = —j, —j + 1, - - -, j} of the spin

J representation space of SU(2) algebra. We define an
operation which multiplies the representation matrices of
the SU(2) generators from left and right:

L,o M = Z Mmsml(LEzj"]ljsmsztmzl -

mg,m;

X (j,m,| L),

|jSmS>

(D2)

where LU stands for the spin j representation matrix of the
generator.

We can construct another basis of the rectangular ma-
trices denoted by {¥ Jm(j.jy} such that they satisfy

(La O)Z?Jm(j.‘jr)
y=VUFmU = m+ DY g (D3)
Ly o Yy

=J( + DY g sy

Li oY g,
= mY pn(j,,j,)-

Y Jm(j,j, are called scalar fuzzy spherical harmonics and
defined by

Vomgp = 2 ()M  lisma)mil, (D)
where CJJ "m.j,m, are the Clebsch-Gordan coefficients. Their

Hermitian conjugates are given by
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F pnij i)t = (YUY g, (D5)
and they satisfy the orthogonality relation
tr{(YJm(Mt)) YJ/ 17 } = 5]]/5,,”" (D6)

Then, we define the vector fuzzy spherical harmonics

Y?m(j ia and the spinor fuzzy spherical harmonics

Jm(j_,h)a, where p = —1, 0, 1, k = —1, 1. The indices
a=1,2,3and a = 1, 2 are those for vectors and spinors,
respectively.® They are written in terms of the scalar fuzzy

spherical harmonics,

> P . Oom
Y iina = 1 2VanCom Y iy (D7)
n,p
% — Unm V.
Y imti,ia = ch,,%a Y005y (D8)
P

where 0 =J +6,,,0=J+6, . U=J+15,,, and
U=1J+ %5K,—1- V is an unitary matrix defined by
-1 0 1
V=—7| —-i 0 —i

0 2 0

The vector and the spinor harmonics satisfy the following
formulas,

(D9)

L, Jm(j ia =4J(J +1 SPUYJm(j i (D10)
P
i8aneL © Ve * Vintiipa = PU+ DY 00
(D11)
(ya)“L ° YJm(J g T ;mU.\jr)a (J + 4)YJM(J je
(D12)
Their Hermitian conjugates are given by
0P )+ PP
Flggpa)t = IS e (D13
(ij(/xlr)a) = (=)0 hHKaHYJ mjrjs)—e (D14)
They also satisfy the orthogonality relations,
tr{(ij(J J,)a) J/ r(]/j/)a} 5],]'5m,n1/8p,p/! (D15)
tr {(Y.‘]{m(jxj,)a)fY.l](’/m’(jéj;)a} = 8],]’8111,;11’6:(,:(" (D16)

8Here, we mean just a set of three or two matrices by “vector”
or “spinor.”” This terminology makes sense only when we regard
them as the regularized version of the vector and the spinor
spherical harmonics on S? in the presence of a monopole. See
[12] and references therein.
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APPENDIX E: FINITENESS OF R, IN
THE LIMIT (4.27)

We prove the finiteness of R, in the limit of A — oo. We
first give the proof for a simple case shown in Fig. 3.
In this case, R, is given by

W2 WD AR
R=Y Y Y wv2vi?vii?,  @®D
u=—(A/2) uff(l\/") w—*(A/Z)
(u#1t) (v#u
and using the explicit form (4.21), this becomes
A2 (A2 (Af2) 1 1

(t—w)' (u—v)*

u=—(A/2) v=—(A/2 —
A== w=—(A/2)

3 ) e

where we have omitted the A-independent factor,
Kg, K, K>,, defined in (4.11). To evaluate this in the limit
A — oo, we make use of the following inequalities,

w2

:*;/2) )

(s#1)

=2{(2) - §<z,% +s+ 1)
- f(z,%— s + 1) <2{(z),
B o)
S CONCEES
i)l @

By utilizing these, (E2) is bounded from above by
2£(10) X 2£(4) X £(4,3), (E4)

and thus R, is finite even for A — oo,

As is obvious from this proof, a general R, can also be
bounded from above by a product of { functions, and thus
we complete the proof of the finiteness of R,.
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APPENDIX F: SADDLE POINT EQUATION IN
REDUCED MODEL

1. Naive A — oo limit

In this Appendix, we show that, if one naively takes the
A — oo limit in (4.42), pls! = p and pls! = p for all s is a
solution of (4.42). To see this, we take the A — oo limit and
substitute the ansatz pl¥] = p and pl*l = 5 for all s into
(4.42). [Here, we show only the first equation of (4.42) for
simplicity. We can show the second one completely in the
same manner.] Then, we obtain

O“x‘,_zw][ r)z +( —P0)
2N, °° -y
Nl t——ooj Is r'[ {(2-] + 3)2 + ()C - y)2
x—y

B 27 + %)2 + (x— y)z};j(y) (F1)

By using the following formulas,

1| <« 2x - x
cothx =-+ » ———— Z >
X 4= 17Tn + x? e TN T X

(o)

Z X
™ (n — %)2 + x2’

n=-—oo

tanhx = Z

= 1772(71—1)2+x

(F2)

it is easily seen that the second term in the right-hand side
of (F1) is rewritten as

> 2 ey

I
M

J=041,-

=2 [ dy tanh{m(x — y)}p(y).

(2J +1 fdy{(ZJ +3)2+ (x - y)2

I_Z_oof t2 T ( )2 ()
= f dy cotfm(x ~ ) (F3)
while the third term is
xX—y A
Q@+ )P+ (x - y)2}” ©)
xX—y X — N
Q7+ 1%+ (x y)z}p )

(F4)
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Then, (F1) becomes

1 . TN, N
0=—x—a ][ dy coth{m(x — y)}p(y) + Tz f dy tanh{z(x — y)}p(y). (F5)
1 1
This is nothing but (4.38) under the identification #, = A, and #, = A,, and thus p = p and p = 5 follow.

2. Contributions from p!*! and ! with |t — s| = InA

Here, we evaluate the contributions from p[’] and [)[’] with |t — s| = InA in the first equation of (4.42). We show that
they are negligible in the A — oo limit. The same evaluation can be applied to the second equation of (4.42).

We assume that pl and 5L} have finite supports, and so there exists a region [, b] which contains all the supports. There
also exist two constants ¢ and & satisfying plJ(x) = ¢ and pl(x) = &, respectively, for arbitrary x € R and 7.

First, we evaluate such contributions in the second term in (4.42),

( Az/z iA)[ s—t)fl(yx—y)zpm(y)sc< Az/z iA)f s—t);:(yx—y)2

t=s+InA  r=—A/2 t=s+InA  r=—A/2

~ C<A/fs + _%Az) [ " dy ("n_zy) + @(n—4)} —~0 (A oo),

n=InA
(Fo6)
In the same way, those in the third term are evaluated as
A/2 InA
(3 35 [olgs e L
2 — 2 12 RV
e 1Y Ny 2 h i QI+ +(x=y? @+ +(x—)
AJ2 s—InA
X — X —
Sé(z ' Z) [dy{zwr P Y 2}
r=stinA  r==A/27 b ( P +Ha—y D7+ (x—y)
A/2—s lnA
= 5( > o+ ) f dy{ 4)}—»0 (A — o0). (F7)
n=InA  n=-A/2-s" j= lnl
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