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We carry out the N =1 supersymmetrization of a physical non-Abelian tensor with nontrivial
consistent couplings in four dimensions. Our system has three multiplets: (i) The usual non-Abelian

vector multiplet (A’

, A", (ii) A non-Abelian tensor multiplet (TM) (B,,,’, ', '), and (iii) A compen-

sator vector multiplet (CVM) (C ﬂl , p'). All of these multiplets are in the adjoint representation of a non-
Abelian group G. Unlike topological theory, all of our fields are propagating with kinetic terms. The
C ,u’ -field plays the role of a Stueckelberg compensator absorbed into the longitudinal component of B uvl .
We give not only the component Lagrangian, but also a corresponding superspace reformulation,
reconfirming the total consistency of the system. The adjoint representation of the TM and CVM is
further generalized to an arbitrary real representation of general SO(N) gauge group. We also couple the
globally N = 1 supersymmetric system to supergravity, as an additional nontrivial confirmation.
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I. INTRODUCTION

Recently, the long-standing problem with non-Abelian
tensors [1] has been solved by de Wit, Samtleben, and
Nicolai [2,3]. The original motivation in Ref. [2] was to
generalize the tensor and vector field interactions in man-
ifestly Eg(;¢)-covariant formulation of five-dimensional
(5D) maximal supergravity by gauging non-Abelian sub-
groups. In Ref. [3], this work was further related to
M-theory [4] by confirming the representation assignments
under the duality group of the gauge charges. The under-
lying hierarchies of these tensor and vector gauge fields are
presented with the consistency of general gaugings.

The hierarchy in Refs. [2,3] has been further applied to
the conformal supergravity in 6D [5]. In Ref. [5], the
“minimal tensor hierarchy” as a special case of the more
general hierarchy in Refs. [2,3] has been discussed. This
hierarchy consists of A,” and 2-form gauge potentials
B M,, , with two labels, r and I. Also introduced is the 3-
form gauge potential C,,,,, with the index r, which is dual
to rof A,". The field strengths of vector and 2-form gauge
potentials are defined by [5]

f,u,vr = Za[luA "+ h rB (lla)
g-[,u,vpl = 3D[MB + 6d”1A[ 8 Ap]
- zqusdrslA[MrAvap] 8 rCM,,pr. (1.1b)

The prescription for tensor-vector system, which we will
be based upon, is described with Eq. (3.22) in Ref. [5]. To
be more specific, we consider in the present paper the
product of two identical gauge groups G X G [6], whose
adjoint indices are, respectively, r,s, - -+ and 7/, s,
Accordingly, we use the coefficients

*hnishino @csulb.edu
rajpoot@csulb.edu

1550-7998/2012/85(10)/105017(10)

105017-1

PACS numbers: 12.60.Jv, 11.15.—q, 11.30.Pb

, 1
fr' =1t f=—fa =+ 2er, . (1.2a)
1 / /
drg = dy, = =51, § =91, (1.2b)

where f,,' is the structure constant of a non-Abelian gauge
group. We use the same field content arising by this prescription.

Since the outstanding paper Ref. [5] gives the extensive
details of how to get our system from Refs. [2,3,6], there is
nothing new to explain, except for our notational prepara-
tion. In our notation, the field strengths of the B- and

C-fields are, respectively, G and H, defined by
G’ = +3Dp,B ]’ - 3f”KC[MJFVp]K,

I — I 1
H,,'=+2Dy,C,' +¢B,,"

(1.3a)
(1.3b)

The gauge transformations for B, C, and A-fields are

801(B,U,I/1:C IA 1) ( ijK JB,U,I/ ’

—fUKa!C K 4D, al),  (1.4a)
5B(BM,, C, 1A I)=(+2D[MBV]],—g,8M[,O), (1.4b)
37(B,LV’,C LAD=(=f"%F,, y*,D,y"0). (1.4c)

As Eq. (1.3b) or Eq. (1.4b) shows, CMI is a vectorial
Stueckelberg field, absorbed into the longitudinal compo-
nent of B M,,’ . Because of the general hierarchy [2,3], all
field strengths are invariant:

S (G;u/p , ley MV[) — fI.IK j(G;,LVp , ,u,VKr F#VK)’
(1.5a)

5B(Gﬂyp > ,u,y » I) - 0

8.,(Gupph Hoyl F ) = 0. (1.5b)

Since the hierarchy given in Refs. [2,3] guarantees the
gauge invariance of all field strengths, the construction of
purely bosonic Lagrangian is straightforward. Consider the
action I, = [d*xg?>L," with
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The gauge invariances of all field strength also guarantee
the consistency of the A-, B-, and C-field equations, such as
the divergence D,(8L,/6B,,") = 0. Since we will do
similar confirmation for supersymmetric system later, we
skip the details for the purely bosonic system.

The purpose of our present paper is to supersymmetrize
this system. The rest of our paper is organized as follows.
In Sec. II, we give the component formulation of N =1
TM. In Sec. III, we give the superspace reformulation of
component result. In Sec. IV, we give the generalization to
non-adjoint representation of G = SO(N) case. In Sec. V,
we give the supergravity coupling to non-Abelian TM, as
supporting evidence for the consistency of the global case.
|

1
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Sec. VIis for concluding remarks. The Appendix is devoted
to purely bosonic systems of non-Abelian tensors with much
simpler structures than have been presented in arbitrary
space-time dimensions with arbitrary signature. An example
of tensor-vector duality G = F* in D = 2 + 4 dimensions,
and its dimensional reduction (DR) into the self-dual Yang-
Mills F = F* in D = 2 + 2, is also presented.

II. COMPONENT FORMULATION OF N = 1 T™M

The supersymmetrization of the purely bosonic system
Eq. (1.6) is rather straightforward, except for a subtlety to
be mentioned later. Our system has three multiplets: (i) A
T™ (B,,", X, ¢), (ii) A CVM (C,/, p’), and (iii) A YM
vector multiplet (4,7, A). Our total action / = [ d*xg* L
has the Lagrangian

:_L 1\2 (3] I_l 12_12 N2 _ —11_1 1\2 l—] 1_1 12
L 12(G,W,,)Jr (xX'Px") 2(D,qu) 2g(qo) g(X'p") 4(H,w)+2(p¢p) 4(F,W)

2

1 - 1 - 1 - 1 -
F BN = S KR )oK + 2 PR Ry p D, e + = FUR R 712 )G

1 _ 1 -
+ ZJ(‘IJK(pI,)/;,LVXJ)F’MVK _ Z}(‘IJK(/\I,y,uv/\/l)[_I’MVK _

up to quartic-order terms O(¢*).

%fIJKFMVIH,uVJ K’

(2.1)

It is clear that the scalar ¢’ has its mass g, while there is a mixture between x’ and p’, again with the same mass g. As
has been mentioned after Eq. (1.4), C#I plays the role of Stueckelberg field [7], being absorbed into the longitudinal
component of B,,,/. Eventually, the kinetic term of the C-field becomes the mass term of B ,,’. Accordingly, the DOFs for
the massive TM fields are B,,,’ (3); p’ and x/(4); and ¢’ (1), up to the adjoint index I.

Our action / is invariant under global N = 1 supersymmetry

1
5QXI = +6(’YMVPE)GMVpI - (Y“G)DM;I

4 PR p5) = (r577 €W 757,00%) = (r5 O X 59"

Sop" = +(Ex"),
80C," = +(&y,p") + R (Ey, )k,

(2.2a)

(2.2b)

(2.2¢)
(2.2d)

1 1 1 ] )
dop' = +5(y*eH,," — gee! =S fUE(yH eF,, o + 2 fUE[+e(X xF) — (v (AT, x")

+ 3O Y0x) = (7 I 757,05 = (5 /(W 75

8pA, = +(ey, AN,

1 1
BoA = +5 (Y OF " + 5 [ (ys€) (P vsx "),

up to cubic terms O(¢?) in fields. The fermionic quadratic
terms in Egs. (2.2b), (2.2¢e), and (2.2g) are fixed in super-
space formulation, as will be explained later. In the con-
ventional dimensions with all the bosonic (or fermionic)

(2.2¢)
(2.2f)

(2.29)

fields with 1 (or 3/2) mass dimensions,’ these terms lead to
nonrenormalizability. For example, the left side of (2.2b)
has dimension 3/2, while its right side for the e(Ayp) term
has (—1/2) + (3/2) + (3/2) = 5/2. In other words, there

'The reason we need the factor g2 in the action is due to the mass-dimension assignments of our fields.
*We use the symbol = for a field equation to distinguish from an algebraic equation.
30ur bosonic (or fermionic) fields have dimensions 0 (or 1 /2), in contrast to the conventional dimensions 1 (or 3/2).
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is an implicit coupling constant € with the dimension of
length in front of fermionic quadratic terms. This feature is
also related to the existence of Pauli terms which are non-
renormalizable, already at a globally supersymmetric sys-
tem. These features are similar to supergravity [8], even
though our system so far has only global supersymmetry.

The usual non-Abelian gauge transformation 6, and our
tensorial gauge transformation 84 and &, -transformation
are exactly the same as Eq. (1.4), while all the fermionic
fields are transforming only under 6, as the B and C-fields
do, so that there arises no problem with the 65 and
0,-invariances of the field strengths as in Eq. (1.5).
These immediately lead to the invariances of our action
0ol = 0,65l =0,and 5,1 = 0.

The Bianchi identities (BIds) for our field strengths G,
H, and F are:

3
I _ ~ rlJK J K =
DGy = S5 F L, H,f =0, 230)
1
Dyt = 38Gu,' =0, (23b)
D F, ' =0.  (23c)

1 1 1 1 .
AT =S8 fEX O+ SRy p Do = L R X H B+ SR p )Gyt =0,
I 1 1
DX —gp' 58N @F — L fUEMANH,, 4 L fE (v ), T =0,
I 1 I .
+ P’ —gx' 5T HAD @ = S FIE AN Gy + R X T =0,

1 - 1
+D,,FMVI+gf”K§DJDM§0K +§ngK(/\J')’M)\K) +f1JKHl“/JDV¢K_§fHKG

1k - 1k .
+5 X Dup®) + 3 (DX ) =0,

+ DPG;U/pI _ gH,uVI _ %fIJKDp()_\J,y,qupK) + gfIJKF;LI/.IqDK _ %gf”K()Vy””XK) - 0,

- 1 .
+ D%LQDI _ gf”K()lJ)(K) _ 82¢1 _EfIJKF/.LVJH'uVK - 0’
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Relevantly, the nontrivial 6,-transformations of the field
strengths are

890Gy’ = +3(EVuDox!) + 3175804, H, 1*

—3fK(8,C,)F, K, (2.42)
8oH,," = —2(ey,D,1p") + g(€y X"

+ 21K Dy, [(804,,,) K], (2.4b)
5QF#VI = _Z(EY[#DV]/\I), (240)

reflecting the presence of Chern-Simon terms.

Note that our YMVM and CVM have on-shell DOF 2 +
2, while off-shell DOF is 3 + 4, because we have nor added
the D-auxiliary field. On the other hand, our TM is in the
off-shell formulation because the total off-shell DOF is 4 +
4, because the off-shell DOF of each field are [(4 — 1) -
(4 —2)]/2 =3 for B, 4 for x, and 1 for ¢.

The field equations for A’, x', p’, A/, B,,!, ¢, and
C,' are, respectively,

(2.52)
(2.5b)

(2.5¢)

,U«PO'JHPUK
(2.5d)
(2.5e)

(2.5f)

1 1 1 - 1 -
+ DVH,uVI _EfIJKFpa_JGMpUK _EfUK()_(JD’u)lK) _EfIJK(AJDMXK) +§gf”K()mJy“pK) _f”KF’U“VJD,,QDK =0. (25g)

In the derivation of these field equations, we have also used
other field equations in order to simply their final expres-
sions, as a conventional prescription.

In the previous computation, we do not attempt to fix the
O(¢?)-terms in field equations, or equivalently the fermi-
onic O(¢*)-terms in the Lagrangian. There are several
remarks about these terms. First, our system is nonrenor-
malizable as supergravity theory [8], as has been men-
tioned after Eq. (2.2). Accordingly, the (fermion)?-terms
in the fermionic transformations such as Egs. (2.2b), (2.2e),
and (2.2g) are accompanied by the implicit constant ¢
carrying the dimension of (length). In supergravity theory
[8], this is the gravitational coupling «. In our Lagrangian,
all the quartic-fermion terms carry €2, so that the

f
Lagrangian has the mass dimension +4. Accordingly, a
typical Noether term has the structure (W?9d,
which produces the terms of the form €?e¥?9d via
oW = ¢ €V?. Here, ¥ (or ®) is a general fermionic (or
bosonic) fundamental field. These ¢2eW39®- terms are
canceled by the variation of the fermionic quartic terms
W4, via 5, ¥ = €3 . In other words, the structure of
these cancellations associated with quartic-fermion terms
is parallel to supergravity [8], since € is analogous to k.

“These equations are fixed up to O(¢>)-terms, due to the
quartic fermion terms in the Lagrangian.
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However, in our peculiar system, this cancellation
mechanism may be not simply parallel to conventional
supergravity [8]. For example, there may be
V2D dD-type terms in the action, while €*eW?®d-type
terms in the transformation rules may exist, because both
of them yield €2 W39 ®-type terms, canceling each other in
0pl. At the present time, we do not know if such terms arise,
because the ¢>eW>d-type terms in transformations are at
O(¢?), while €>2W2DyW-type terms in the action are at
O(¢*). In fact, even in the superspace reconfirmation in
the next section, we have fixed only the O(¢')- and
O(¢?)-terms in the transformation rules for fermions, such
as Eqgs. (3.2d)—(3.2f), but not cubic terms O(¢3). Our con-
sistent principle in this paper is to fix only O(¢')-, O(¢$?)-,
and O(¢?)-terms in the Lagrangian and O(¢')- and
O(¢?)-terms in all transformation rules, while fixing
O(¢")- and O(¢?)-terms in all field equations. However,
we try to fix neither O($*)-terms in the Lagrangian nor
O(¢?)-terms in all transformation rules, nor O(¢>)-terms
in all field equations. We do not specify that each field meant
by ¢ is fermionic or bosonic in this paper, either.

Second, as an additional difference from supergravity [8],
the fermionic quartic terms do not contain any gravitino. This
implies that we cannot use the conventional technique of
“supercovariantizing” fermionic field equations. Because of
this feature, as well as the abovementioned possible non—
purely fermionic €>W>®9®d-type terms, the quartic terms
O(¢p*) at O(€?) will be more involved than conventional
supergravity [8], which are tedious. For these reasons, we do
not attempt to fix them in this paper.

Third, according to the past experience in supergravity
theory [8], it is understood that the series in terms of « in a
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Lagrangian will stop at a finite order, such as the quartic-
fermion terms at O(x?) [8]. However, at the present time,
we do not know whether this is also the case with our
globally supersymmetric system. This is because of the
abovementioned differences of our system from supergrav-
ity [8], and therefore the analogy with supergravity might
be not valid in our system.

Fourth, since we have already fixed the cubic terms in
the Lagrangian, they seem sufficient for nontrivial and
consistent couplings as a supersymmetric system.

III. SUPERSPACE REFORMULATION
OF N =1TM

As a reconfirmation of the total consistency of our
system, we reformulate our theory in terms of superspace
language. Our basic superspace Blds for the superfield
strengths F ', G5, and HY; are’

1 1 1
* EV[AGBCD) B ZT[ABlEGE|CD) B Zf”KF[ABJHCD)K =Y
(3.1a)
1
+= V[AHBC) - ET[ABlDHch)’ —8Gpc =0, (3.1b)
1
+2 V[AFBC) =5 Tan o) =0- (3.1¢)

These Blds are the superspace generalizations of the com-
ponent BIds in Eq. (2.3), with the supertorsion terms added
for local Lorentz indices, as usual in superspace.

Our basic superspace constraints at mass dimensions
O0=d=1are

Ta,BC = +2(70)a3, Gaﬁcl = +2(70)aﬂ¢1’ (323)
Gahcl = _(’)/bc/\/l)ou Hahl = _(thl)a - f]JK(’)/b)‘J)agoK’ (32b)
Fahl = _(’Yb/\l)a’ vagol = _Xalr (3.2¢)

1
VaXg' = = ¢ (r*“apGqe

1 _ _ _
- (vc)a;;cho’ - —f”K[JrCa;;(/\]pK) = (¥5YDapX ¥57ep™) = (¥5)ap(A ysp%)], (3.2d)

Vabu! = 5 VapHg! + 8Cas®! = 3 SR )ugF oy 08 = 1 5T Cag(H ) + (g (R yex)
SO K x) = 057 )as W 757X = (r9)ap (W 75X (320

Vads' = + 30 DusFed =5 9l (B 75X (320

All other components, such as G, I Taﬁy, T, H, I etc., at d =1 are zero. Note that (fermion)z—terms n

Egs. (3.2d) through (3.2f) have been determined in superspace by satisfying Blds at d = 1. Note that these results are
valid up to @(¢?*)-terms, which we do not attempt to fix in this paper. However, all the O(¢?)-terms have been included, as

was also mentioned at the end of the previous section.

3 Only in this superspace section, we use the indices A =
2,3 (ra, B,
Xap) = Xap —

(a, @), B =
=1, 2, 3, 4) are for bosonic (or fermionic) coordinates. In superspace, the (anti)symmetrization convention, e.g.,
(—1)48 Xy, is different from our component notation.

(b, B), - =01

for superspace coordinates, where a, b, - - -
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There are also useful relationships obtained from
d = +3/2 Blds:

1 1
VaGpeg = — E(Y[bcvd]/\’l)a - Ef”K(Y[bMJ)aHh.d]K

1
+ 5w aFia”s (3.3a)
vaHbcI = +(7[bvc]p1)a - g(ybc'XI)a
— YRV (v aA?) a X ], (3.3b)
VoF, = +(yp Vg, (3.3¢)

up to O(¢>)-terms. Note the existence of the O(¢?)-terms
in Egs. (3.3a) and (3.3b), reflecting the corresponding terms
in the component results in Eqgs. (2.4a) and (2.4Db).

As usual, the satisfaction of all the BIds in superspace by
the constraints Eqs. (3.2) and (3.3) is straightforward to
perform, from the dimension d = 0 to d = 3/2, as usual.
In particular, the (Fermions)? terms in Eqs. (3.2d) through
(3.2f) are the results of our superspace reformulation.

The fermionic A and p-field Egs. (2.5a) and (2.5¢)
are obtained as usual by computing {V,, Vz}A#" and
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{V.. VgipP!, while the y-field Eq. (2.5b) is shown to be
consistent with the component Lagrangian. As has been men-
tioned, since the TM is off-shell multiplet, we cannot get the
x-field Eq. (2.5b) in superspace directly, but we can show that
Eq. (2.5b) is consistent in superspace. The bosonic field
Egs. (2.5d)—(2.5g) are obtained by applying another fermionic
derivative on the fermionic field Egs. (2.5a)—(2.5¢).

IV. GENERALIZATION TO NON-ADJOINT
REPRESENTATIONS OF G = SO(N)

We have so far considered the case for the TM and CVM
both carrying only the adjoint representation. We can gen-
eralize this result to other, more general representations,
such as an arbitrary real representation of a SO(N)-type
gauge group.®

To be more specific, we consider the TM (B’ X', ¢')
and the CVM (C,,/, p'), where the index i is for any real
representation of a gauge group G = SO(N). Let (T7)’* be
the generator of the group G. Then our action I’ =
J d*xg> L' has the Lagrangian 7

I T R S SR R |
L= _E((;,u,l/pl)2 + E(Xlﬁ/\/l) - E(DM‘PI)Z - §g2(¢1)2 - g(tht) - Z(Hp,l)l)z + 5(P’¢Pl) - Z(FMVI)Z

I - 1 oo 1 - . 1 . .
S (RPN = 2 g(TVHA Y + 2 (TVH Ry p)) D 0 = (TVH Ry )Gy

wvp

4 TPy, = L (T Ry ) H = 3 (TR, o g @)
up to quartic terms @(¢*). Our action I’ is invariant under global N = 1 supersymmetry

80B,, = T(€y,,x) — 2(T1)ikc[ﬂ|k(5QA|,,]])y (4.22)
Sox' = +é(7’”ﬂe)GW" — (y*e)D, o' — %(T’ VM +e(A x5 — (vsy* )M ysy,, xX*) — (vs€)(A ysxb)] (4.2b)
So¢' = +(&x), (4.2¢)
8oC, = +(ey,p") — (T) ey, A) ", (4.2d)

Sop' = + 3 (Y OH, — geg! + LYy OF ¢t = LI+l p) = (4 Xy x)
+ %(7“”6)()?’7””%) — (vsy* €)X ysy,x") — (yse)(M ysxh)] (4.2¢)
8pA, = +(ey, D), (4.29)
SoA! = + 3 (Y IF ! = S (V¥ (303 y5x") @29)

The essential point is that all the cubic-order terms contain one component field A M’ or A with the index I, and the
remaining two component fields out of either TM or CVM carry the indices j and k. So the cancellation structure is
parallel to the adjoint-representation case, e.g., with the structure constant f/X replaced by the matrix —(77)¥* in
D x'=d,x" + gf"*A, ' x* — D, x" = d,x' — g(T")*A,” x*. Accordingly, the Stueckelberg mechanism [7]

“We can also consider the complex representation for SU(N)-type gauge groups.
’Since the metric for the gauge group G = SO(N) is positive definite, we do nor distinguish the upper or lower indices for i, j, - - - =

1,2,---,dim R, where R is a real representation of G.
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I both in the same

works in a parallel fashion, because C #" is absorbed into the longitudinal component of B,,",

representation R.

V. COUPLING TO N = 1 SUPERGRAVITY

Once we have established the N = 1 global system of non-Abelian TM with nontrivial and consistent interactions, the
next natural step is to make N = 1 supersymmetry local, coupling to N = 1 supergravity.

This coupling is rather straightforward because most of the basic structure is parallel to the usual matter coupling to
supergravity, except for certain couplings to be mentioned later. Our result for the Lagrangian
L of our actionis I = [d*xg>L:

1% 1 - 1 1 1 1 1 -
e l-[: == ZR(w) - [‘/’M’)’ILVPDV((U)'J’p] - E(G,u,vpl)z + E[Xlﬁ(w)/\/l] - E(DM¢1)2 - Z(F/LVI)Z + E[AIE/‘I]
1 1 _ 1 1 - 1 -
- Z(H,w’)2 +3[p"Plw)p’] = g (¥ p") — Egz(so’)2 — 28X @ = 2Ry X DH
1 - 1 1 1 -
+ EfIJK(AIyMVPpJ)GMVpK + ZfIJK(l—)I,y,u,/\/J)I:'MVK _ EfIJKI:MVI[_I/J,VlgoK + EfIJK(AI,y/LVpJ)DM ¢K

. 1 - 1 - 1 - )
+ (YY" XD, ¢’ +8(¢ﬂp‘"7"x’)GW’ —5(%7‘“’7“/\’)&0’ —5(%7””7%’)%0’ =gy e,

(5.1)
up to O(¢*) terms.
Our action / is now invariant under local N = 1 supersymmetry
Spe, " = —2(&y" ), (5.2a)
1 A
Sot, = +D,(d)e — g(m"‘”e)GW’so’, (5.2b)
SQB,(LVI = +(E7,uv)(1) - 2f”KC[IUJJ(gQA|,,”K) - 4(E7[p,‘pu])¢’[r (5.20)
1 A N 1 - - -
Sox' = +6(Y"””6)GW’ —(y*e)D, o' +§f”’([+6(/\1p’<) — (ysy €)M ysy,p*) — (yse) (M ysp®)],  (5.2d)
Spp' = +(Ex"), (5.2¢)
8oC, = +(ey,p") + fX(ey, )k, (5.2)
1 N 1 . 1 - _
dop' = T3 (Y OH,," — geg! — S [y OF @ 4 2 [+ (W X)) = (" ) (M v, x")
1 - - _
+ 5 Oy x ™) — (vsy* O y57,x") = (ys€) (X y5x )] (5.29)
8oA," = +(Ey,A), (5.2h)
1 A 1 .
oAl =+ (Y OF " + 5 K (vs) (B ysx¥), (5.20)
up to O(¢?) terms. The supercovariant field strengths are defined as usual in supergravity [8] by
Fut = 420040 + ofY8ALAK = 2Py nl) = Fut = 2070\, (5.3a)
G/U’PI = +3D[,U«va]l o 3f”KC[,u,JFVp]K o 3(¢[MYVP]XI) + 6(¢[M|Y|V| ¢|P])¢l
= +G oy = 3 WYX + WY 1) e (5.3b)
I:I,LLVI = +2D[,U,CV]I + gB,U.VI - 2(&[#71}]1)1) = H,LLV[ - 2(&[;1,71/],01)’ (53C)
Do =+D, o' — (4, x". (5.3d)
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Certain remarks are in order. First, the last term in
Eq. (5.1) of the type g(yp)¢ is related to the ¢-linear
term in dyp in Eq. (5.2g). Second, the dyB,, contains
the (Eyy)e-term. This is consistent with G,/ =
+2(¥)ape’ in (3.2a) in superspace. Third, for the
g p x-terms, we need nontrivial Fierz rearrangement. To
be more specific, there are three contributions to this sector:
() g(Fyp)e, (i) ge(p), and (iii) (yyp)H-terms. This
rearrangement is highly nontrivial, showing the consistency
of our total system.

As the couplings to supergravity in Eq. (5.1) show, our
original globally supersymmetric system shares certain
features with supergravity, such as fermionic bilinear terms.
Such terms are common in supergravity [8] but not in
conventional global supersymmetry. Our original global
system already possessed the feature of local N = 1 super-
symmetry. As was mentioned following Eq. (2.2), the con-
ventional dimensional analysis tells that such terms imply
nonrenormalizability. In other words, our globally super-
symmetric system already had a hidden gravitational con-
stant k providing negative mass dimension. In a sense, this
feature resembles o-models with nonrenormalizable cou-
plings, sharing certain features with gravity interactions.

VI. CONCLUDING REMARKS

In this paper, we have carried out the N = 1 super-
symmetrization in 4D of a non-Abelian tensor with con-
sistent couplings, as a special case [6] of the minimal
tensor hierarchy discussed in Ref. [5], which is further a
special case of more general hierarchy in Refs. [2,3]. We
have given both the component and superspace formula-
tions of our system, providing the nontrivial consistency of
our system. Our CVM (C,/, p’) plays the role of a
Stueckelberg [7] compensator multiplet, being absorbed
into the TM (B,,,, X', ¢'), making the latter massive.

We have also generalized the adjoint-representation case
to the general real representation for G = SO(N). The
action invariance works in a fashion parallel to the former.
We foresee no obstruction against generalizing these re-
sults further to the complex representation of, e.g., G =
SU(N) group. Finally, we have also coupled the global
N = 1 system to N = 1 supergravity up to quartic terms.
This has provided a nontrivial confirmation for the total
consistency of the non-Abelian TM.

It has been known that certain problem exists in the
quantization of the Stueckelberg model [7] for non-
Abelian gauge groups [9]. The common problem is that
the longitudinal components of the gauge field do not
decouple from the physical Hilbert space, upsetting the
renormalizability and unitarity of the system [9]. For this
issue, we clarify our standpoints as follows: First of all, our
theory is not renormalizable from the outset due to Pauli
couplings. Our theory makes stronger sense when cou-
plings to supergravity are also taken into account, as we
have done in Sec. V. Moreover, there are certain theories in
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4D, such as nonlinear sigma models, which are not renor-
malizable but are not excluded from the outset. So we do
not go into the renormalizability issue in this paper.
Second, thanks to N = 1 supersymmetry, our system has
a good chance to have a better quantum behavior compared
with nonsupersymmetric systems.

As shown in the Appendix, the purely bosonic part of
our system can be generalized to arbitrary space-time
dimensions with arbitrary signatures. The key ingredient
is the tensor B, I"and a Stueckelberg-type [7] com-
pensator CM]...M

The potential importance of the result in this paper is
N =1 supersymmetry that has better quantum behavior
compared with nonsupersymmetric cases. We have pre-
sented a new supersymmetric physical system with
Stueckelberg mechanism that solves both the problem with
non-Abelian tensor and the problem with extra vector fields
in the non-singlet representation of a non-Abelian gauge
group.
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APPENDIX: HIGHER-DIMENSIONAL
APPLICATION OF PURELY BOSONIC SYSTEM

In this appendix, we generalize the purely bosonic part
of our system in 4D into arbitrary space-time dimensions
with arbitrary signatures. We also apply it to the case of
tensor-vector duality in 6D, and perform a DR to 4D. Our
field content is (A7, B[,r]]’, C[,Fz]’).8

We generalize the definitions of field strengths
Egs. (1.3a) and (1.3b) to arbitrary space-time dimension D as

_ n(n —1)
GMI"'MnI = +nD[,ulBM2,..M”]I - T
1K J K
xf C[ILI"'/-Lnfz F/Lnfl#n] ’ (Ala)
Hﬂl"'/‘«u—ll = +(I’l - 1)D[M1C,uz“',un—1]1 + gBl’«l"'Mn—ll'
(Alb)

The YM field strength F is the same as in Eq. (5.3a). The Blds
for these field strengths are

D[MFVP]I =0, (A2a)
r— "k K
D[MIGMZ"'.U'VIH] = 2f F[/’-lM2| H|M3"‘Mn+1] ’ (Azb)
1
D['“IHMZ'”Mn]I =t ;gGM'“M,,I’ (A2c)

The a-, -, and y-transformations for A ,/, B[nfl]l , and
C[n*Z][ are the generalizations of our 4D case:

8We use symbols like [n] for totally antisymmetric indices
MMyt o, in order to save space.
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Ba(A,, By Cryaf) = (Dyal, —g 'K a’ By, K, —gflKalC,, 1K), (A3a)
5a(FW1, G[n]l’ H[n—l]l) — _gfIJKaJ(FMVK’ G[n]K’ H[n—l]K)’ (A3b)
8By | =+ = DD B e BpAL =0, (A3¢)

84C i = =8B (A3d)

8p(Fu, G[n—l][’ H[n—2]l) =0, (A3e)
8,Cp o, ) = +(n— 2)D[M17m~--un72]1’ 5,4, =0, (A3f)
OB =+ D I PP (A3g)

8,(Fpu' Gy Hyy ) = 0. (A3h)

Eq. (A3d) shows that the C-field is a Stueckelberg field
absorbed into the longitudinal components of the B-field.

A typical action I" = [dPxg?L" is given by the
Lagrangian

1 1 1
"_— _ ne o .
£ B 2(1’1') (G[”] ) m(H["_l] ) Z(F/“/ ) ,
(A4)
yielding the B- and C-field equations
5L 1 B o
3B[ ]1 = (I’l — 1)' (DMG/L[H 17 _ gH[n 1]1) =0, (AS5a)
n—1 .
6L 1

(DVHV[n*Z]I

8Cy, 5 (n—2)!
1 .
+ 5 fLIK szrj Gln—2lpoK )=0. (A5b)

As in the 4D case, it is straightforward to show the con-
sistency

This duality looks similar to Eq. (3.6) in Ref. [5], but the
existence of the physical scalar field ¢! in the latter makes
the fundamental difference.

We have first to confirm the consistency of Eq. (A7) with
the G and H-BIds. First, the rotation of the second equation
in Eq. (A7) gives

1

9
= MYPOTA A
0=+e D,(G,,.» 5 €pora

= _I_E,U,VPO'T)\(ZJ(‘IJKFVPJH K) _ 24DVF;W1

wzpFwwI)

oTA

1
— _24(DVF;LVI _ E 6,U,Vp0'7')\fIJKFVpJH K). (AS)

oTA

In the second identity in Eq. (A8), we have used the G-Bld
Eq. (A2b). The first term in the last line is the kinetic term
of A M’ , so that its last term is its source term. Second, in
order to see if Eq. (A8) has consistent solutions, we can
confirm the conservation of the source term by applying

0 2 D 6L _ 1 5L ~0 A6 D, on Eq. (A8) based on H-BId Egs. (A2c) and (A7), but
~“u\sB ] -, =8 5C;, ' =0 (Aba) o skip the details here.
e " We next show that the usual self-duality relationship in
0=Pulec, )= 2 T G, F
wln=3] [n=3lpo
=0 (Q.ED.). (A6b) |
F,' = +56MV”‘TFPU’ (A9)
We next apply our result to 6D with the signature
-, —, +, +,+, +), and ider the dualit diti : . .
( ), an | considet Hle cuaity condition is embedded into Eq. (A7). To this end, we use hat symbols
F;wl = +_€pr)\(; srhs both on fields and indices in 6D and no hats on 4D
24 r (A7) quantities from now on. We also use &, »,--- =1, 2, 3,
G 1;_,_16 AR I 4,5,6and u,v,---=1,2,3,4, while @, B,--- =5, 6.
nrea 2 kre TTA Our basic ansitze for the DR are
|
A N N N A o~ PO A # 1 . N
Gﬂﬁﬁﬁl__'_F[ﬂyIPﬁaA']x Pﬂ,;E-i-aﬂX,;—a,;Xﬂ, Hﬂﬁﬁlz +§gF[ﬁ,f/1Xﬁ]’ (AlOa)
Puy=eup (for p=a =) pol = Fut =F, (forp=p p=w) (A10b)
enPpoth = guvpoaB — eurpreaB  (for [ pp &+ Al = [urpoapB)). (A10c)

Other components, such as P, g

, are all zero. We can confirm that Eqs. (A10) are consistent with the Blds Eqs. (A2b) and

(A2¢). It is easy to show that the [a 8] and [ wa] components of the first equation in Eq. (A7) are satisfied, while the [ uv]
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component gives directly the 4D self-duality Eq. (A9). Thus the 4D self-duality F = F is indeed embedded in the 6D
duality Eq. (A7).

2m

——
We next generalize the 6D result to the D = 2m + 2 with the signature (—, —, +, - - -, +). The duality condition
Eq. (A7) is generalized to
7 1* 1 ~ By 1
F = - P17 P2am

+ G 5 R
v Qm)! AP pr++pom prvpan 5 Cpipa

AVE 5L (A11)

As in the 6D case, we can first confirm the consistency with BIds. We can next confirm the current conservation, whose
details are skipped here.
The previous ansitze for 6D case in Eq. (A10) are generalized to

G = P Pl P sy Pilo = 8,807 = 0,150, (Al2a)
oo, = %Cgﬁmzl’ﬁfifw P R (A12b)
P%)ﬁ P(2];<)+3 2k+4 P(2];<)+4 2k+3 eg];()+3, 2k+4 6(2];3+4 ki3 = 1 (for o =2k +3,
v=2k+4 k=1--,m— 1), (A12¢)
Fo)t=F," (for p=p, ¥=v) (A12d)
gl = enrpreaam = enrpr el gt @l (for [ -+ fuy, 0] = [uvpoa; - @y, o). (Al2e)

where ¢ is a constant to be fixed later.
As before, we can also confirm the G- and H-BIds for Eq. (A11). The constant ¢ in Eq. (A12a) is fixed by getting the 4D
self-duality in the [ u»] component of the first equation in Eq. (A11):

2
F 1;+7l &, G, 1= @) . poavama G ]
uy (Zm)' v P1 Pam (Zm)' /uz poa Ay
+1 [ ! ]2 pop I (A13)
= c € .
(m—D'-Qm—3)N] * 7

For this to agree with F = F, we get ¢ = [(m — 1)! - (2m — 3)!!]%. The remaining components [« 3] and [ wa] are trivially
satisfied.
The previous mechanism for D =2m + 2 1is further generalized to D =2m + 1 with the signature

2m—1
f—l%
(=, =, +, +, -+, +), with the duality condition
A s 1 A | A
X I X - E I
Y (2m — 1)! €’ P IGA “Pom-1 R +§Eﬁr"ﬁzm_lﬂ Fap- (Al4)

The confirmation of G- and H-BIds is just parallel to the D = 2m + 2 case. The ansétze for DR is

A * 2C/ A A Al —
1 1) ... pm=)
Gﬂl‘“ﬂzm—l - +?F[ﬂ1,u2| Pl,u,;,u4| P|ﬂ2”175,22,,174|Q|.l7«2m—3ﬁ2m—2ﬂ2m—1]’ (Al5a)
N x 2c'g 4 .
1x 1p(1) ... pm=3)
Hﬂl"'ﬂzm—z + m — 1F[,&1ﬂ2| | @3 il Pl,uz,,, S flam— 4|Y|,Mzm 3hom—2) (A15b)
B0 — 5 0 _ 5 o0 5 S P 48P
PRy =3,X0 —0:X5, Qpop=+3Y5p+ 0¥ 5+ 3,755, (A15¢)
plk) _ pk) (k) (k) (k) _
Pos = Pz opa = P2k+4 +3 = €2ki3 2k = T Eppyg ez — TL (A15d)
Q,z pp = = Qo3 am—22m—1 = €m—32m—2om—1 = +1 (for [a D p]=[2m — 3,2m — 2,2m — 1]), (Al5e)
Foit =F,1 (for o =p, »=w), (A15f)
ER Aot = gMVPT gy Qg3 = 6/*”/’”4?)1“2' . elz‘fm 7%2m— 6|E|a2m 5Qm-4@on-3] (A15g)

The totally antisymmetric constant tensor €*4” is for the last three coordinates in D = 2m + 1. The satisfaction of the
duality Eq. (A14) fixes the constant ¢/ = [(m — 3)! - (2m — 7)!!].
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