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We present an explicit and exact boost of a relativistic bound state defined at equal time of the
constituents in the Born approximation (lowest order in #). To this end, we construct the Poincaré
generators of QED and QCD in D = 1 + 1 dimensions, using Gauss’ law to express A in terms of the
fermion fields in A' = 0 gauge. We determine the fermion-antifermion bound states in the Born
approximation as eigenstates of the time and space translation generators P° and P!. The boost operator
is combined with a gauge transformation so as to maintain the gauge condition A' = 0 in the new frame.
We verify that the boosted state remains an eigenstate of P’ and P' with appropriately transformed
eigenvalues and determine the transformation law of the equal-time, relativistic wave function. The shape
of the wave function is independent of the center-of-mass momentum when expressed in terms of a variable
which is quadratically related to the distance x between the fermions. As a consequence, the Lorentz
contraction of the wave function is « 1/(E — V(x)) and thus depends on x via the linear potential V(x).
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I. INTRODUCTION

Physical gauge field theories are Poincaré invariant, i.e.,
their action is symmetric under space-time translations,
rotations, and boosts. In a Hamiltonian treatment the quan-
tization surface is, however, not left invariant by all 10
Poincaré generators. An equal-time (¢ = 0) surface is
invariant under space translations and rotations, which
allows one to construct explicit and exact eigenstates of
the 3-momentum P and angular momentum J operators:
These symmetries are “‘kinematic.” Time translations and
boosts on the other hand transform the equal-time surface.
Those symmetries are termed ‘“‘dynamic” and in practice
cannot be implemented exactly [1]. Thus the eigenstates of
the time translation operator P° = H (the Hamiltonian)
can usually be found only in some approximation. Simi-
larly, the boost operators are dynamic operators, which
create and destroy particles.

The gauge coupling « is a free parameter of the
Lagrangian. This ensures the Poincaré invariance of each
order of a perturbative expansion of the S matrix. In a time-
ordered expansion boost invariance is obtained only after
summing over all states at any intermediate time (at the
given order of «). Relativistic bound states have an infinite
number of Fock components. Consequently, their equal-
time wave functions (which contain all powers of «) trans-
form in a highly nontrivial way under boosts. In practice,
no explicit, exact relation between the wave functions
of relativistic states in different frames can be found:
Boosting an equal-time state is as difficult as finding the
eigenstates of the Hamiltonian directly in the new frame.
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At the lowest order in « scattering amplitudes are given
by tree diagrams, whose internal propagators are off-shell.
These Born amplitudes are independent of the ie prescrip-
tion used in the propagators. For retarded propagators
Sg(p% p), with poles at p® = ++/p> + m> — ie, inter-
mediate states of both positive and negative energy move
forward in time: Sg(z, p) < 6(¢). The absence of backward
propagation (“Z” diagrams) avoids intermediate pairs
and thus simplifies time ordering, without changing the
actual values of the scattering amplitudes in the Born
approximation.

Analogously, the bound state energies of an electron in a
static external Coulomb potential are (at tree-level) inde-
pendent of the ie prescription used in the electron propa-
gator. In order to determine the equal-time Fock structure
of the bound states, i.e., the wave function of the electron,
one needs to time-order the propagators. The time ordering
of Feynman propagators gives a wave function with any
number of e*e” pair components, which arise from Z
diagrams. Using retarded propagators, there are no Z con-
tributions, and one obtains the standard Dirac wave func-
tion describing a single particle with both positive and
negative energy components. Remarkably, the same rela-
tivistic bound state can thus, at Born level, be equivalently
described using two quite different wave functions [2]. The
ie-prescription invariance ensures that the bound state
energies are independent of the choice of wave function.

The possibility to describe relativistic bound states,
which have an infinite sea of constituents, using few-
particle “valence” wave functions reopens the issue of
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explicit Poincaré covariance. Since # is a fundamental
parameter of the Lagrangian each order in an 7 expansion,
and, in particular, the Born term, will have exact Poincaré
invariance [3]. In the present paper we discuss cases where
the wave functions of relativistic bound states in different
frames can thus be related explicitly.

The Dirac bound states mentioned above are not trans-
lation invariant due to the external potential. We need to
consider freely moving bound states formed by the inter-
action between two (or more) particles, such as QED
atoms. The equal-time wave function of an atom in motion
was considered in [4]. In the rest frame, and at lowest order
in a (and #) the interaction is given by the standard
Coulomb potential V(r) = —a/r. Since atoms are non-
relativistic, the Z diagrams are suppressed also for
Feynman propagators. After a boost, however, the interac-
tion (in Coulomb gauge) acquires also a propagating,
transverse photon component. Thus, in a moving positro-
nium atom |e™ e~ y) Fock states must be included even at
lowest order in «. Adding relativistic corrections will
increase the number of Fock states, further complicating
the transformation of atomic wave functions under boosts.

An explicit transformation law for relativistic states can
be found for QED and QCD in D = 1 + 1 dimensions.
Since there are no transverse photons, the interaction is
fully given by the instantaneous (nonpropagating) A field
in Coulomb gauge. We derive below the Poincaré algebra
for QED starting from the nonlocal fermionic action,
which is obtained by eliminating the A° field. This dem-
onstrates that only interactions via a linear potential
between the fermions, as stipulated by QED, lead to a
Poincaré-covariant theory. The fact that the Lorentz boost
operator must involve a gauge transformation in order to
keep the Coulomb gauge condition satisfied in the boost is
also illustrated.

We show how (Born level) two-body eigenstates of the
translation generators P and P! may be found in QED,
making use of retarded propagation in analogy to the Dirac
case mentioned above [2]. We then apply the boost gen-
erator to obtain the bound state in another frame. The
boosted state remains an eigenstate of P° and P!, with
appropriately transformed eigenvalues. The rate of Lorentz
contraction of the wave function turns out to depend on the
linear potential V(x) and thus on the distance x between the
constituents. The boost covariance of bound states of two
fermions interacting via a linear potential has been noticed
before as a property of their bound state equation [5].
Here we present the derivation from first principles, by
identifying the system with a relativistic two-fermion
bound state of 1 + 1 dimensional QED (or QCD) in the
Born approximation.

The rest of the paper is organized as follows. In Sec. II
we discuss the Poincaré algebra for 1 + 1 dimensional
QED in Coulomb gauge after integrating out the gauge
bosons, in Sec. III we present the corresponding bound
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state equation, in Sec. IV we analyze the behavior of the
bound state wave function under boosts, and in Sec. V we
conclude the paper. Appendix A contains details on the
derivation of the generators of the Poincaré algebra from
Sec. II, and in Appendix B we present the generalization to
QCD, i.e., to non-Abelian gauge groups.

II. POINCARE GENERATORS OF QED,

We shall work in Coulomb gauge (here equivalent to
A' = 0) in order to avoid Fock states with longitudinal
photons. The QED action in D = 1 + 1 for fermions of
flavor f is then

S = [d%[—%(alA“)(alAO)
S = e A | @)
f

The equation of motion for A° (Gauss’ law),

— RAx) = e> ¢l (), (22)
f

allows one to express A in terms of the fermion fields,
e
20 = =33 [t = yuu e, e

in the absence of a background field [6]. Using this in the
action (2.1) gives the nonlocal expression

S = SF + SV
-3 [ P F )Y = mp)p ()

+ 6—22 ] dPxd®y8(x* = yO) L ()
4 = rrr

X [xt = y'lt//}/tﬂf/(y).

Since no approximations have been made, this action must
be invariant under time and space translations as well as
boosts, generated by the operators P°, P!, and M°!, re-
spectively. Let us review the derivation of the Poincaré
generators for the nonlocal action (2.4), adapting the stan-
dard procedures (see, e.g., Sec. 7.3 in [7]).

Consider the infinitesimal space translation

(60, xh) = (0, X! — e(x0)dd),

where the a priori arbitrary function e(x”) will be a con-
stant for a true translation. The variation of the free fermion
action is

05y = ~dt3. [l 1yid — mp)et)a i)
!

(2.4)

(2.5)

+ e(x0) (@ ¢ L)y — mp)] (), (2.6)
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where # in the first term operates both on e(x") and the
fermion field. As seen by integrating the last term partially
over x', all terms except the one where § differentiates
e(x0) cancel. Thus,

8Sp = —id€Z/dzxe’(xo)l,l/}(X)aldff(x)- 2.7
!

The transformation of the potential term Sy can be can-
celed by a shift of integration variables x! — x! + €(x°)d¢
and y' — y! + €(x%)d¥, since the S-function sets x0 = y°
and the potential |x! — y!| as well as e(x") are unchanged
by the shift. Therefore, 65, = 0 and the variation of the
action becomes

88 = d€fdx06’(x0)Pl, (2.8)

where we identified the generator for spatial translations

Pl=—iy [dxl Yo (). (2.9)
>

Setting €(x) = 1 the generic transformation (2.5) becomes
a standard space translation and the variation (2.8) van-
ishes, which proves the covariance of the QED action
under space translations.

Let us then assume that the fermion fields satisfy their
equation of motion. Since the variation of the action
vanishes under every infinitesimal transformation of
(x), the variation (2.8) now vanishes for any function
€(x9). Therefore,

0=dt f A ()P = —de f dx0e(x0) -2 p1
dx
(2.10)

Since €(x") was arbitrary we conclude that P! is conserved,
@2.11)

when i (x) satisfies its equation of motion.

The analogous derivations of the time translation P° and
boost generator M are given in Appendix A. Since the
gauge constraint A =0 is not invariant under boosts
M°" is actually a combination of a Lorentz boost and a
gauge transformation." Denoting P° = P} + PY and
MO = MY + MY}, the result is

"In any event, for massless gauge fields like the photon,
Lorentz and gauge transformations are entwined at the funda-
mental level, as these fields only represent a faithful vector
representation of the Lorentz group up to a gauge transforma-
tion. (See, e.g., Sec. 5.9 in [7].)
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P = Z fdxlw}(X)(—ivovlal +mpy) (),
Py =— fdxdy¢¢f(x xh)
47

X ! =y gLy (60, 30, (2.12)

MOF1 = xOp! + Z[dxllp}(x)[xl(iyoylal — yomf)
f

+ % Yoy ] i p(x),

MO = /dxldy «/z (0, XD (! + y!)
ff/

X |xl — y1|¢/},¢f/(x°,y1). (2.13)

Let us then check that these generators satisfy the D =

1 + 1 Poincaré Lie algebra. Using the anticommutation
relation

{dlfa(xo) xl)r l//}/ﬂ(xox yl)} = 5(xl - yl)5ff’5aeﬁr (2]4)

it is straightforward to verify that the free generators PY,
P!, and MY indeed satisfy

[PO,P]=0, [P M"]=iP', [P, M']=iP

(2.15)

among themselves. It is also easy to see that [P°, P'] =0
holds when the interactions are included since P?, in (2.12)
is invariant under space translations.

Of the three contributions to [P° M®'] that involve
interactions the term [Py, MY!]= 0 since P) and MY}
involve neither derivatives nor Dirac matrices. The two
other terms

[PO,M“]——Z [ dy Ly y 0 )
ff'

X x! —Ix =y,

[Py, MY =~ f dxdy [y iy"y' w100 ()
ff'

X?[(x“ryl)lxl—yll] (2.16)
cancel, [PY, MY+ [PY% MY']=0, which ensures
[P°, M°'] = iP!. In the third Lie algebra relation
[Pl MY = — f dxdy [y w T v ()]

ff’
J
X e 1+87(x +yHlxt =y
=Py (2.17)
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ensures [P, M°!'] = iP® with interacting generators. Note
that the generator algebra (2.15) is satisfied only for the
linear potential specified by QED,.

III. TWO-BODY BOUND STATES IN QED,

As mentioned in the Introduction and further explained
in [2], a relativistic gauge theory bound state may be
described by valencelike Dirac-type wave functions pro-
vided instantaneous Coulomb exchange dominates and one
uses retarded propagators. At the Born level (lowest order
in 7) the bound state energies will agree with the result
using Feynman propagators, even though the wave func-
tions obtained with the two types of propagator are very
different.

In QED, Coulomb interaction is ensured by the gauge
condition A' = 0. Retarded propagation for fermions is
achieved using the “retarded” vacuum (which is equiva-
lent to removing the Dirac sea)

0}z = N[ ]dt(p")l0), 3.1)
pl

where the product is over antifermion creation operators of
all momenta p' and N is a normalization factor. The Pauli
exclusion principle implies

¢(X)|0>R =0

for all x. This ensures retarded propagation,
RO|T[ ¢ (x)f(0)]|0)g = 8(x°), and forbids intermediate
pairs. The unusual “vacuum” [0) should be understood
as a method of selecting terms that contribute at lowest
order in 7. For perturbative loop corrections, the boundary
condition needs to be adjusted correspondingly to allow
single or multiple pair production.

We define our fermion-antifermion bound states of en-
ergy E and momentum k by”

(3.2)

1 _
|E, k) = fdxldxz exp[i ik(x, + xz)]t/fl(O,xl)

X e ®(x; = x2) (0, x,)[0)p. (3.3)

Since we are working at Born level, we may assume the
fermion flavors f =1, 2 to be distinct. The boundary
condition corresponding to (3.2) in the case of two flavors
is taken to be

#1000z = i)Y = 0.

In (3.3) the space coordinate of fermion j is denoted x; =
x} (j = 1, 2), and the state is defined at equal time, x}) =0.

The wave function is the product of a plane wave in the
center-of-mass (CM) position coordinate % (x; + x,) and a

(3.4)

2 X 2 matrix function ®(x)e’?™ of the relative coordinate

>The present definition of the wave function is related to the
x(x) used in [2,5] as ®(x) = yOx(x) exp[—ip(x)].
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X = x; — Xxp. As we shall see below, the extraction of the
phase ¢(x) makes the transformation of the wave function
®(x) under boosts, i.e., its k dependence, more easily
tractable. The phase is defined by

e(x)

p(x) = —(m% - m%)(f + {)7, (3.5)
where g(x) = x/|x| is the sign function. The standard boost

parameter of the bound state (of rest mass M) is denoted &,

k E
sinh§é = T cosh¢é = ” (3.6)
whereas  is defined by
k E-V
sinh{ = — —, cosh{ = —(x) 3.7
[? [?

and depends on the relative coordinate x through the linear
QED, potential

V(x) = 1e?|xl. (3.8)

The x-dependent “momentum” p appearing in (3.7),
p=(E—-V,—k), p=(E—V)y" + ky!,

3.9
pPP=(E-V) -k, 5

is obtained by a ¢ boost from the rest frame,
1 1
p= e><p<§ 57071)\/19270 eXP(_Ef?’OYI) (3.10)

Equation (3.5) extends the definition of the phase ¢(x) first
found in [5] to x < 0. We also add the x-independent term
o« & which is required by the boost transformation to be
studied in the next section. Since V(0) =0, p> = E? —
k> = M?and &€ + { = 0 atx = 0. The parameter ¢ in (3.7),
and consequently the phase ¢(x), are, however, well-
defined only for p? > 0. Therefore, we shall here restrict
to the region near the origin, with |x| <2(E — |k[)/e?,
where p? remains positive. This range covers the whole
wave function in the weak coupling limit ¢ — 0. Notice
also that this is only a restriction of the “covariant” for-
mulation involving the variable { and the particular choice
of the phase ¢(x) in (3.5), whereas the Poincaré algebra
defines the bound state equation and the transformation of
the wave function for all values of the coordinates.

In D=1+ 1 dimensions we may represent the Dirac
matrices in terms of the Pauli matrices as

Yy = o 3.11)

Applying the space translation generator (2.9) we may
verify that the state (3.3) has total momentum k,

P'|E, k) = k|E, k).

0 — 1 —
Y =03 Y T 10y,

(3.12)

Using (2.12) the energy eigenvalue condition P°|E, k) =
E|E, k) gives a bound state equation for the wave function
P(x),
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i0,{o), @)} = (0,001, P(0)} = k[, P(x)]

+ myo3P(x) — my®P(x)o; = [E — V(x)]P(x), (3.13)

where the x derivative of ¢(x) at constant k is given by (3.5)

as

0 k
S = =) s

ax k 2p

9,(x) (3.14)

In terms of p, the bound state equation can be written as

i 4oy, @)} — (0,000, PX)} — 03G4 — my)P(x)
— (P(x)(%lf + my)osy = 0. (3.15)

We wish to ascertain that the bound state energy has the

correct k dependence, E = k> + M?. There is no pre-
vious experience (except [5]) of how the wave function ®
should depend on %.

Since @ is a 2 X2 matrix it has four independent
components, which may be taken to be the coefficients of
the unit and Pauli matrices,

3
O(x) = dOy(x) + Z D;(x)o
j=1

= ¢(x) + Dy(x)o, + D3(x)03, (3.16)

$(x) =

As ®, and ®; do not contribute to the derivative
id,{o, ®} in the bound state equation, these two compo-
nents can be expressed in terms of ¢. We find

(I)()()C) + (DI(X)O'I. (317)

o) =L (3 m)o+ o35 -m) L

=¢+ ?(”Wﬁ(ﬁ — mypp). (3.18)

The bound state equation can be expressed in a frame-
independent way by introducing the new variable

s = [ dulE = Viw] = M eV - Ve
S(X) )
ds as 1
= | =3[E-VW] (3.19)
where M = VE? — k? is the rest mass of the bound state.
Then (3.15) implies®
2
iv,000) = [1- ; ]¢< )+ 22 b(s)as.

(3.20)

*For conciseness of notation we denote by ®(s) the wave
function ®(x(s)) implicitly defined by (3.19).
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Equivalently, the bound state condition for the components
@, and @, of the wave function are

i0,®(s) = [1 - —(ml 7 m2) ]‘I>o(s)

(3.21)
0, 0(s) = [ 1 _ it mo) ;’"2) Jo

The conditions (3.20) and (3.21) are independent of the CM
momentum k, since according to (3.19), p? is k indepen-
dent at fixed s and rest mass M. This means that ®((s) and
@, (s), and hence also ¢(s), are the same functions of s in
all reference frames. According to (3.10) and (3.18),
the full wave function ®(s) of a bound state with momen-
tum k is given by the rest frame (k = 0) wave function
P*=0)(5) as
D(s) = N1 E2PU=0(5)e=71¢/2, (3.22)
possibly up to an s-independent factor. The boost parame-
ter £ is given in (3.7). The relation between s and x is k
dependent and thus different for ®(s) and ®*=0(s).
As seen from (3.19), the bound state Eq. (3.13) gives the

correct dependence between energy and momentum, £ =

Vk* + M?, only for the linear potential of QED,. This is
ensured by the Lorentz invariance of the QED action and
the expansion in #. The frame independence of the wave
function, when expressed as a function of s, was first
observed in [5]. It implies that the Lorentz contraction of
the bound state is x dependent: dx/ds = 2/(E — V(x)).
Nonrelativistic wave functions (V < E) transform glob-
ally, with a 1/E contraction [8].

IV. BOOST COVARIANCE OF THE
WAVE FUNCTION

In the previous section we found that the dependence on
the CM momentum k of the solutions to the bound state
Eq. (3.13) are related as in (3.22) (up to an x-independent
factor). We shall now demonstrate that this relation is
consistent with a direct boost of the bound states, using
the generator M°! derived in Sect. II.

The sign convention of the Lie algebra (2.15) implies
that the state |E + dék, k + dEE) of 2-momentum Ak,
corresponding to the infinitesimal boost defined by (AS8),
is generated by —idéMO!,

PH(1 — idéMOY)E, k) = k*(1 — idéMOY)|E, k)
+ idé[M', PH]|E, k)

= (Ak)™(1 — idéMOVE, k). (4.1)

From its definition (3.3) the k dependence of the wave

function ®(x) at constant x = x; — x, is thus given by
the boost operator through
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(1 — idéMOYE, k) = |E + dék, k + dEE)

. - 1
- [dxldxzetk(xl+xz)/2+t¢(x)17[/1(0’ xl){CI) + idgEI:z (x; + xp) +

X 5(0, x2)|0)g,
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J

ad(x)
ok

de(x)

]cp + dEE

X

4.2)

where the k dependence of ¢(x) at constant x is obtained from (3.5),

dep(x)
ok

X

Using the representation (2.13) of M°' we find (with 9; =

= (m

— m%)

E-V

: 43
T 4.3)

_ > 1 . .
MOllE, k> = '/.dxldX2lp1(O, xl){—[x101i81 + X103n1 + zl.a'lilelk(xl +x2)/2+“"(")q)(x)

. . — 1 1
+ €lk(x‘+x2)/2+”p(x)q>(x)|:iazxza'1 + xp03my + Sioy — E(xl + Xz)V(x)]}¢z(0, x)|0)x

2

, R 1
= [[dndnettn 229104, 0. 0 0+ )0 o @)+ (0,00, B}

1 1 1
+ Ek[al’ D)l —mo;® + my®o; — VO) + Ex(—iax[al, ®]+ (0,0)[0, P] + Ek{o-l’ d}

1
—myozP — m2<I)a3) - Ei[o'l) CD]}‘l/z(O, x)|0)g.

The coefficient of 1 (x; + x;) equals —E® by the bound
state Eq. (3.13). Hence it cancels against the corresponding
term on the right-hand side of (4.2). The remaining terms
specify the k dependence of the wave function (at fixed x)
implied by the boost operator,

od(x)
E ok

_ixf. _de
=2 (oo 01 - 22| (01,0

- %k{(fl, (I)} + m10'3(I) + mzq)0'3)

1 L 0e(x)
2[0’1,(13] iE 9k

D, 4.5)

X

where the derivatives of the phase ¢(x) are given by (3.14)
and (4.3). The result (4.5), however, actually holds inde-
pendently of the definition of ¢(x) and therefore defines
the transformation of the wave function for all x (not only
for p?> > 0) once the phase is defined properly.

As we saw in the previous section, the wave function has
the simple frame dependence (3.22) when the variable s
(3.19) rather than x is held fixed. With s fixed,

EGCD(S) _ an)(x) ax(s) | ad(x)
ak Ky ak X ak N ax
_ 0P | ke 9d(x)
-E ok |, E—V(x) ox (4.6)

According to (4.1) the boosted state is an eigenstate
of P*. As a consequence, its wave function has the form
(3.18), and it suffices to verify the k independence of

4.4)

¢ = Lo {0y, P} suggested by (3.20). Taking the anticom-

mutator of (4.6) with | eliminates the terms with [o}, ®]

in (4.5), giving
2E 0¢(s)

0'1_—
ix dk |,

1 1
= —k¢ _m103§[01y‘b] + m2§[0'1"p](73
-

2
p2m2 (E—V)o,b + kid, o\ b

=0, 4.7)

where the vanishing of the rhs. may be verified using (3.20)
and

%[al, ®] =T (m pd — mydp ). (4.8)
p

The frame independence of ¢(s) establishes the k depen-
dence of the wave function @ given by (3.22).

V. DISCUSSION

We have studied the frame dependence of e~ u* QED
bound states in D = 1 + 1 dimensions. To our knowledge
this is the first demonstration of an explicit and exact boost
of a relativistic bound state defined at equal time of the
constituents. Two essential conditions had to be fulfilled in
order to make this possible. First, we work in the Born
approximation (no loops). The dynamics is then insensitive
to the ie prescription of the fermion propagators. With
a prescription giving retarded propagation, where both
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positive and negative energy fermions move forward in
time, it is possible to avoid ‘“‘spurious” pair production due
toZ diagrams.4 True pair production is also suppressed due
to the absence of loops. Second, the interaction had to be
instantaneous in time (Coulombic), to avoid Fock states
with any number of propagating photons. We ensured this
by working in Coulomb gauge (A' = 0)andin D =1 + 1
dimensions. Gauss’ law allows to express A” in terms of the
fermion fields as in (2.3), so that the dynamics can be
expressed solely in terms of the fermion fields.

The fact that the Poincaré generators (2.9), (2.1), and
(2.13) satisfy the Lie algebra (2.15) implies that the boosted
state remains an eigenstate of the Hamiltonian with appro-
priately modified energy and CM momentum. The frame
dependence (3.22) of the wave function, first noted in [5], is
remarkably simple yet enigmatic. The underlying reason
for the emergence of the invariant length s(x), defined by
(3.19), is not clear from our derivation. The dependence on
the kinetic energy E — V(x) ~id° — eA® nevertheless
seems natural in a gauge theory framework. Further studies
are required to extend this simple formulation for boosting
the wave function to cover the cases where the square of
the “momentum™ p in (3.9) is negative or zero, and hence
to all values of the coordinate x.

Understanding the frame dependence of bound states is
essential in studies of scattering amplitudes with bound
states as external particles. The usefulness of the present
approach will depend on its applicability to more physical
systems, the relevance of the Born approximation and the
possibility to calculate loop corrections. In Appendix B we
discuss the Poincaré generators of QCD,. The non-Abelian
gauge invariance brings some new features, but the for-
mulation of QCD bound states and their frame dependence
is similar to the Abelian case [2].

It is obviously more challenging to generalize the
present approach to QCD bound states in D = 3 + 1 di-
mensions. In order to avoid Fock states with any number of
propagating transverse gluons the interaction should, in all
frames, be dominated by instantaneous Coulomb ex-
change. The linear potential of QCD, was moreover es-
sential for the closure of the Lie algebra in the nonlocal
formulation involving only quark fields. It appears possible
to apply the methods presented above also in D =3 + 1
dimensions by imposing a nonvanishing boundary condi-
tion on the solution of Gauss’ law for A. This gives rise to
a linear instantaneous potential in all frames, which is of
O(g) in the coupling and thus leading compared to the
O(g?) transverse gluon exchange [2]. The frame depen-
dence of the wave function turns out to be similar to the
D =1 + 1 case when the quark positions are aligned with

“This is also how the single electron Dirac wave function can
describe relativistic electrons bound in an external potential,
even though those states have an indefinite number of e™e”
pair constituents. Such pairs may alternatively be avoided by
quantizing at equal light-front time, x* = x° + x! [9].
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the CM momentum [5]. The other configurations of the
wave function may then be solved numerically using the
bound state equation.
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APPENDIX A: POINCARE GENERATORS

The derivation of the generators of time translations P°
and boosts M?! is analogous to that of the space translation
generator P! and is given below. We assume a single
flavour f for simplicity of notation.

The generator P° of time translations

In a generic time translation the fermion field trans-

forms as
P(x0 xh) — Yy (x° — e(x)dt, x1), (A1)

and the variation of the free fermion action (2.4) becomes
05y = —dt [ @yt (07" — m)ele)ap ()

—di [ Pre(®) (309 ()Y — m) i (x).
(A2)

0

Integrating the last term partially over x”, we find a con-
0

tribution due to the dependence of € on x°,

85, = —d1 f Pxe ()t ()Y (=ix'a, + m)p ().
(A3)
The variation of Sy can be written as

dte

g 2,72 0 0 0 9
08y =~ [ dxdya(xd — ) 510t o]

L gt dte? [ o 5 osi0_ 0
Xl =yt )~ S [ xdya - 30

X gl - y1|e<yo>aiyow¢<y)]_ (Ad)
A partial integration gives
8Sy = dtTez [dzxdzye"(xo)é(xo = )¢ty (x)

X I = gt ) (AS)

Collecting the results,
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58S = —dt [ dx"€' (x°) PO, (A6)

where P° is the Hamiltonian
P = [axt gt @-iyy'ay - my) it

62
-% fdxldylwwxo, At =yl gt (0, ).
(A7)

The covariance of the action and the conservation of P°
follow as for space translations in the main text.

The boost generator M°!

An infinitesimal boost in the x! direction which trans-
forms the coordinates as

X0 — X0 + déx!, x'— x! + déx® (A8)

also generates an A! component of the gauge field:
(A% A = 0) — (A, d£AP). In order to stay in the A! =
gauge we need to follow up with a gauge transformation

#(x) — exp(—id£0) i (x) (A9)
with

9,0(x) = eA(x)

2
(A10)

where A was taken from (2.3). This gives

2
o) = =% [ 380 =306 =yl =19t g ().
(A11)

Combined with the standard boost transformation we have
then

Y0 xh)— [1 + %e(xo)'yoyldf - ie(xo)ﬁ(xo,xl)df]

X (20 — e(x)x'dé, x' — e(x*)xdé).  (A12)

We can decompose this into boost, spin, and gauge trans-
formations, defined as

(20, x

D2 (0 — e()x'dé, x' — e(x0)x’dé), (A13)

spin

(0, xl)—>|:1 + %e(xo)yoyldf:ltll(xo,xl), (A14)

P (0, xH)* D1 — ()0, x)dE]P (0, x).  (A15)

Since Sy in (2.4) is explicitly Lorentz covariant, we
expect that its combined boost and spin transformation
only involves terms with € (x"). A straightforward calcu-
lation gives
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I,
OpoostSF T BspinSF = Eldf[dzxe’(xo)¢T(x)y0yl ¥ (x)

- df[dee’(xO)tj/T(x)(ixoal

—ix"y09'9, + x'yOm) i (x).
(A16)

The variation under the gauge transformation (A15) is

BougeSr = di / Pxgt ()9 [y*a, ()000]Y (x)

B _%62 jdzxdzyf(xo)ts(xo =)y ()Y
X (@)|x =yt g (y)
_ %ez fdzxdzye(xO)S(xo =) = yh

X =yt g utee), @)
where the first (second) term arises from the spatial (time)
derivative of 6(x) in (A11). The contribution involving
€'(xY) vanishes due to the antisymmetry of the integrand
under x < y.

The fields in the potential term Sy, of (2.4) appear in the
gauge invariant combination ¢ (x) (x). Thus,

8 aueeSy = 0. (A18)

gauge

The spin transformation becomes

dée?
2

X |xt =y Ty (y)

after using the symmetry of the integration measure under
x < y. In the boost transformation we notice that, since
initially x° = y% in Sy, the shift of the space coordinate is
the same for all fields, and can be absorbed into a shift d&x°
of the integration variables x!, y! similarly as in the treat-
ment of the space translations. The remaining contribution
from the transformation of the time coordinates can be
expressed as

5spinSV =

[dzxdzye(xo)é‘(xo =Ty g (x)

(A19)

dée?
4

SroosSy = — f Pxdy5(x — )t -yl [ e(x?)
F dée?
<SSt ut ) - [y
X S — )l — yl]y! ¢w<x>e<y°>aiy0¢w(y>
(A20)

>The fermion fields at x anticommute with those at y due to the
factor 8(x0 — yO)|x! — y!|.
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— L [ a5~ )

d 2
Xt = ) s )+ S

< [ xaye ety s - 3
Xt =y Ty ) (A21)
where the latter expression was obtained by partial inte-

gration. Adding up the various contributions, only terms
involving the derivative of €(x) survive:
8S = dé [ dx%€' (x°) M, (A22)

where, using again the x < y symmetry of the integration
measure in the potential term,

MO = xOfdx’wx)(—ialw(x) " jdx%/ﬁ(x)
X [X‘(iy‘)v‘al = ¥'m) + %707‘]1//()6)
+ & [axa g e+ 40

X xt =yt (0, yh).

In terms of the momentum densities

(A23)

- 2
P = fﬁ(—%iv‘al + m)w —% fdylt//*;b(x(’,x‘)lx‘

=yt ROy, (A24)
_ 1 -
P! = lﬁ(_ Eiﬁ’oal)l//,
the boost density has the expected form,
MO = 0Pl — x1P0, (A25)

APPENDIX B: POINCARE ALGEBRA OF QCD,

The derivation of the QED, generators in Appendix A
can be carried out similarly for QCD,. In Coulomb gauge
the solution of Gauss’ law (without a constant background
field, and for a single flavor) gives
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8
A = =55 [@rat -0
AB

X |t = Yl O)TAE g 5(y). (B1)

Substituting this expression in the QCD, action gives
(suppressing the quark color indices)

S='[dzxtﬁ(x)yo(iﬁ—m)tp(x)+%2§/d2xd2y

X80 =yt )T,y )X =y Yt DT, ¢ (v). (B2)

The free parts of the QCD generators (P!, P%, MY') are the
same as the corresponding QED generators given in (2.9),
(2.12), and (2.13), when a sum over the quark color indices
is understood. The QCD interaction terms are

2
Py = _gzzfdxldyllﬂTTa‘p(xo’xl)

X xt =y g T, (0 ¥, (B3)

2
My =55 [ady g T+ )

X |xt =y T T, g (x0 yh). (B4)

The boost operator M°!' is again a combination of a
boost and a gauge transformation (A9) which ensures
that AL = 0 after the boost. The gauge parameter corre-
sponding to (A11) is

0,0 = =5 [ o0 - et =)

X xt =y T O)T, (). (B5)

The Poincaré Lie algebra (2.15) works out as in QED,
with one exception. Because of the color generators 7, in
PY and MY, these two terms do not commute in QCD.
Hence the Lie algebra does not close, as already observed
in [10]. In the shorthand

ba(x) = YT ¢ (), (B6)
we have

[¢a(x)’ d)b(y)] = ifabcd)c(x)a(x - )’), (B7)

where a sum over repeated color indices is understood.
Since all operators are evaluated at a common time, we
here and in the following denote x = x!, etc. We then find

4
[P, MO'] = iP! = [P}, MY'] = — §—2 fdxdydudv[%(x)qﬁa(y), b)) + v)lu — vllx — yl

gt
= iggfabe / dxdyduc ,(x)d,(y) b (u)(u — x)(u = y)(x = y).

(B8)

In obtaining the final expression we made repeated use of the fact that commutators like (B7) vanish when multiplied by

X —y.
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The nonclosure of the Lie algebra is related to the gauge
transformation embedded in M°!, which implies that op-
erators occurring before the boost are in a different gauge
compared to those occurring after the boost. If we consider
the commutation relation of the group elements rather than
the generators, we have

exp(—idtPl.,)exp(idEMPY) — exp(id M) exp(—idtP’,)
=dtd&[P°, M*'] — idt(PS.,, — PO, ) = idtdéP'.  (B9)

- idt(P(\)/,neW - P(\)/,old)

According to (B8), this term cancels against dtd €[ PY, MY ]
in the commutator (B9) of the group elements, giving the
pure translation already indicated in (B9).

The generalization of the QED bound states considered
in this paper to those of QCD is straightforward and is
unaffected by the contribution (B8). In analogy to (3.3) for
QED we define a color-singlet meson state by

1
|E, k)= Z[dxldxzexpl:iik(xl +x,) +ip(x, —xz):l
AB

X r14(0,x1)8 43P (x; — x2) ¥25(0, x,)|0).  (B12)

Requiring this to be an eigenstate of the QCD Hamiltonian
gives the bound state condition (3.13) on the wave function
®(x). The potential generated by PY, in (B3),

4
~ididg 5 fune [ drdydud (08,000~ 0w - ) - ).
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Here new and old refer to the operators after and before the
gauge transformation,’ i.e.,

Unew = 1- idgeaTa)‘pold’

G () = ) = déf e T (0)0,(OT P (x),  (B10)

with 6, given by (B5). The gauge dependence of the
infinitesimal time translation in (B9) is then

2
idtd€ E fope [[drdy (W OB,TBWIB,0) + B,IT IO YOI~

(B11)

V(x) = 1g2Cplal, (B13)
includes the expected color coefficient Cp = (N? —
1)/2N. The contribution (B8) to [P°, M°'] — iP! annihi-
lates on the bound state (B12), ensuring that the frame
dependence of the wave function is the same as in QED.
This is consistent with the observation of [10] that the
mismatch of the Lie algebra in (B8) is proportional to the
charge operator.

The gauge dependence refers only to the interaction terms Py,
and M)'. The free parts of the generators satisfy the Lie algebra
as in QED.
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