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Reconstruction of f(7) gravity: Rip cosmology, finite-time future singularities,
and thermodynamics
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We demonstrate that there appear finite-time future singularities in f(T') gravity with T being the torsion
scalar. We reconstruct a model of f(T) gravity with realizing the finite-time future singularities. In
addition, it is explicitly shown that a power-law-type correction term T# (8 > 1) such as a T° term can
remove the finite-time future singularities in f(7’) gravity. Moreover, we study f(7) models with realizing
inflation in the early universe, the ACDM model, little rip cosmology and pseudo-rip cosmology. It is
demonstrated that the disintegration of bound structures for little rip and pseudo-rip cosmologies occurs in
the same way as in gravity with corresponding dark energy fluid. We also discuss that the time-dependent
matter instability in the star collapse can occur in f(7T') gravity. Furthermore, we explore thermodynamics
in f(T) gravity and illustrate that the second law of thermodynamics can be satisfied around the finite-time
future singularities for the universe with the temperature inside the horizon being the same as that of the

apparent horizon.
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L. INTRODUCTION

A number of cosmological observations, e.g., type la
supernovae [1], cosmic microwave background radiation
[2,3], large-scale structure [4], baryon acoustic oscillations
[5], and weak lensing [6], have implied the current accel-
erating expansion of the universe. Approaches to account
for the late-time cosmic acceleration are classified into two
representative categories. The first is the introduction of
unknown matters, i.e., so-called “dark energy,” in the
framework of general relativity (for recent reviews, see
[7,8]). The second is the modification of gravity such as
f(R) gravity (for recent reviews, see [9—13]).

As a gravitational theory beyond general relativity, one
could consider ‘“teleparallelism”™ with the Weitzenbock
connection, which has torsion T and not the curvature R
defined by the Levi-Civita connection [14]. In modern
cosmology, in order to explain both inflation [15] and the
late-time accelerated expansion of the universe, the tele-
parallel Lagrangian density represented by the torsion
scalar T has been extended to a function of T as f(T)
[16,17]. This idea is equivalent to the concept of
f(R) gravity. In the recent literature, to check whether
f(T) gravity can be an alternative gravitational theory to
general relativity, its various properties have been diversely
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explored [18-23], e.g., the local Lorentz invariance [21],
nontrivial conformal frames and thermodynamics [22,23].

Moreover, it is known that if (phantom/quintessence)
dark energy dominates the universe, in general there can
appear finite-time future singularities, which have been clas-
sified into four types [24]. The finite-time future singularities
in f(R) gravity [25] have first been observed and those in
various modified gravity [26,27] have also been investigated.
Therefore, it is important to examine models of f(7T') gravity
in which finite-time future singularities can exist.

In this paper, we concentrate on the two important
theoretical features of f(T) gravity: the finite-time future
singularities and thermodynamics in f(7') gravity. First, we
explicitly reconstruct f(7) gravity in which the finite-time
future singularities appear by following the procedure
proposed in Refs. [28-30]. We also study a correction
term to the models of f(T) gravity, so that such a term
can remove the finite-time future singularities in analogy
with f(R) gravity. Moreover, we explore the reconstruction
of f(T) models which realize the examples of inflation in
the early universe, the ACDM model, Little Rip cosmol-
ogy [30-37] and pseudo-rip cosmology [38]. The little rip
scenario is a kind of a mild phantom scenario and consid-
ered in order to avoid a big rip singularity. On the other
hand, the pseudo-rip model is an intermediate case be-
tween the cosmological constant and the little rip cosmol-
ogy. In this model, the Hubble parameter asymptotically
becomes constant as time goes to infinity, although for the
big rip singularity, the Hubble parameter diverges at finite
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time, and in the little rip cosmology the Hubble parameter
becomes infinity asymptotically as time goes to infinity.
Furthermore, we examine whether the time-dependent
matter instability in the star collapse [39] occurs in f(T)
gravity in analogy with f(R) gravity. This instability has
recently been found in the framework of f(R) gravity, in
addition to the well-known matter instability [40]. Next,
we explore thermodynamics in f(7T) gravity, especially
near to the finite-time future singularities. In particular,
we demonstrate that the second law of thermodynamics
can be satisfied around the finite-time future singularities if
the temperature of the universe inside the horizon is the
same as that of the apparent horizon. We use units of kg =
¢ = h = 1 and denote the gravitational constant 877G by
k> = 87/Mp,?> with the Planck mass of Mp = G™'/? =
1.2 X 10" GeV.

The paper is organized as follows. In Sec. II, we explain
the fundamental formulations and basic equations in f(7)
gravity. In Sec. III, we investigate the finite-time future
singularities, using analogy with f(R) gravity. In Sec. IV,
we reconstruct f(T) gravity models with realizing the
finite-time future singularities. We also study a correction
term which can remove the finite-time future singularities.
In addition, we reconstruct f(7) models with realizing
inflation in the early universe, the ACDM model, little
rip cosmology and pseudo-rip cosmology. The calculation
of an inertial force which may lead to the dissolution of
bound structures is done in little rip and pseudo-rip cos-
mologies for the Earth-Sun (ES) system. Furthermore, we
discuss that the time-dependent matter instability in the
star collapse can occur in f(7T') gravity in analogy with f(R)
gravity. In Sec. V, we explore thermodynamics in f(7)
gravity. We demonstrate that the second law of thermo-
dynamics can be satisfied around the finite-time future
singularities. Finally, conclusions are given in Sec. VL

II. f(T) GRAVITY

A. Fundamental formulations

Orthonormal tetrad components e, (x*) are used in the
teleparallelism. An index A runs over 0, 1, 2, 3 for the
tangent space at each point x* of the manifold. Their
relation to the metric g*” is described as g,, =
nagenes. Here, u and v are coordinate indices on the
manifold, which also run over 0, 1, 2, 3, and ¢/ forms the

tangent vector of the manifold. The torsion 77,, and
contorsion K*” , tensors are defined as

T°,, = eﬁ(éﬂef} — ayeﬁ , 2.1)

K#®v =—1(Tf“’ — T — T H7) 2.2

P 9 P P p (2.2)

The teleparallel Lagrangian density is expressed by using
the torsion scalar 7, although in general relativity the
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Lagrangian density is described by the Ricci scalar R.
The torsion scalar T is given by

T=58,"7T",, (2.3)

1
Syt = S (K9, + SET™ = 85To0,). (2.4)
The modified teleparallel action describing f(T) gravity
[17] is as follows:

1= '[d“xlel[f(y;) + £M], (2.5)

2k
where |e| = det(ef,) = /=g and Ly; is the Lagrangian of
matter. The variation of the action in Eq. (2.5) with respect
to the vierbein vector field eﬁf presents [16]

1 1
S 0u(eS, 1 f! = eAT? S, T f + 8,7, (T)f" + L ehf

2

K
_ Pr(M) »
e, T e

5 (2.6)

where 7MY p 18 the energy-momentum tensor of all perfect
fluids of ordinary matter, i.e., radiation and nonrelativistic
matter.

B. Basic equations

We take the four-dimensional flat Friedmann-Lemaitre-
Robertson-Walker (FLRW) space-time with the metric

ds* = h,pdx®dxP + FdQO2 (2.7)

Here, 7 =a(t)r, xX°=1t and x' =r with the two-

dimensional metric &, 5 = diag(1, —a*(1)), a(t) is the scale
factor, and d()? is the metric of two-dimensional sphere
with unit radius. In this background, we have g,, =
diag(1, —a?, —a? —a?) and the tetrad components e/, =
(1, a, a, a). By using these relations, we find the exact value
of torsion scalar T = —6H? with H = a/a being the
Hubble parameter, where the dot denotes the time deriva-
tive, 9/0t.

In the flat FLRW background, the gravitational field
equations can be written in the equivalent forms of those
in general relativity

) _ K
H” = ?(PM + poE), (2.8)

2
H:_%(pM+PM+pDE+PDE)’ (2.9)
where py; and Py are the energy density and pressure of
all perfect fluids of generic matter, respectively. The
perfect fluid satisfies the continuity equation py +
3H(pym + Py) = 0. Moreover, the energy density and
pressure of dark components can be represented by
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1
PDE — 2—K2J1, (210)
1
with
J,=—T— f+2TF, 2.12)
J,=(1 —F—2TF')H. (2.13)

Here, F = df/dT and F' = dF/dT. Moreover, ppg in
Eq. (4.3) and Ppg in Eq. (4.4) satisfy the standard continu-
ity equation

poe + 3H(ppg + Ppg) = 0. (2.14)

II1. FINITE-TIME FUTURE SINGULARITIES
IN f(T) GRAVITY
A. Classification of the four types

In the FLRW background (2.1), the effective equation of
state (EoS) for the universe is given by [9]

Pt 2H
Wesr = =—-1-—, 3.1
T Pt 3H?
3H?
Peff = —5» (3.2)
K
2H + 3H?
Peff = _T (33)

Here, p s and P correspond to the total energy density
and pressure of the universe, respectively. When the energy
density of dark energy becomes completely dominant over
that of matter, one can consider wpg = wg. For H <
0(>0), wegr > —1(< — 1), representing the nonphantom,
i.e., quintessence (phantom) phase, whereas w.; = —1 for
H = 0, corresponding to the cosmological constant.

In Ref. [24], the finite-time future singularities have been
classified into the following four types. (i) Type I (“big rip”
[41]): In the limit t — £, @ — 00, pogr — 00 and |Pg| — 0.
The case in which p. and Py becomes finite values at
t—t, [42] is also included. (ii) Type II (“sudden”
[43,44]): In the limit t— 1, a— a,, p.s — ps and
| Pegr] — 00, (iii) Type III: In the limit r — t, a — a,
Peig — 0 and |P| — 0. (iv) Type IV: In the limit 1 — £,
a— ag, pesr — 0, |Pegrl — 0, and higher derivatives of H
diverge. The case in which p.4 and/or |P| asymptotically
approach finite values is also included. Here, the time 7, when
the finite-time future singularities appear, a,(# 0) and p, are
constants.

It is important to mention that the Type I, i.e., big rip
singularity, has recently been extended by little rip [30-37]
and pseudo-rip [38] scenarios. Furthermore, in addition to
the Type V (“w”) singularity, (v) Type V (w [45-47])
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singularity and earlier by parallel-propagated curvature
singularities [48] have now been proposed. For the Type
V (w) singularity, in the limit t — t,, a — ag, per — 0,
| Poiz] — 0, and the EoS for the universe diverges. It should
be cautioned that the Type V (w) singularity is similar to
the Type IV singularity, namely, the Type V singularity
does not lead to the divergence of physical quantities such
as the scale factor, the energy density and pressure in the
future, but in the Type V higher derivatives of H do not
diverge. This is the difference between the Type IV and
Type V singularities.

In what follows, since we examine the behavior of the
universe around the finite-time future singularities, in
which dark energy dominates over matter as ppg > pu
and Ppg > Py in Egs. (2.8) and (2.9), we consider
Peir = ppe in Eq. (2.10), Py = Ppg in Eq. (2.11), and
Weir =~ Wpg = Ppe/PpE-

B. Finite-time future singularities

We consider the case in which the Hubble parameter H
is represented by (the third reference in Ref. [28])

for g >0, 3.4)

e s
(ts - t)q '

HeH 4T —1<g¢<0. (3.5)

(ts - t)q’
Here, h(>0) and H,(>0) are positive constants and
g(# 0, —1) is a nonzero constant. Moreover, 7, is the
time when the finite-time future singularity appears and
only the period 0 < ¢ < ¢, is considered due to the fact that
H should be a real number. When t — ¢, for ¢ > 0, both
H ~ hy(t, — 1)~ and H ~ gh,(t, — 1)~V become infin-
ity. For —1 < ¢ <0, H is finite, but H becomes infinity.
For ¢ < —1, but ¢ is not any integer, both H and H are
finite, but the higher derivatives of H can become infinity.
It follows from Eq. (3.4) that

forg < —1,

hy
a~asexp|:—51(ts—t)*(q*1)i| for0<g<l1, 1<g,
q—
3.6)

~ hs
O
where a, is a constant.

It can be seen from Eq. (3.6) that when t — ¢, forg = 1,
a— oo, whereas for ¢ <0 and 0<¢g<1, a—a,.
Moreover, it follows from Egs. (3.2) and (3.4) that for
g>0, H— oo and therefore p.p = 3H?/K>— o,
whereas for ¢ <0, H asymptotically becomes finite and
also p s asymptotically approaches a finite constant value
ps. On the other hand, from H ~ gh(t, — t)~“*) and
Eq. (3.3) we find that for ¢ > —1, H — oo and hence
Py; = —(2H + 3H?)/Kk* — o0. For ¢ < —1, but ¢ is not
any integer, a, ps, and P are finite because both H and

for g = 1, 3.7)
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TABLE 1.
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Conditions for the finite-time future singularities to exist on ¢ in the expressions of H in Egs. (3.4) and (3.5), ppg in

Eq. (2.10) and Ppy in Eq. (2.11), and the behaviors of H and H in the limit of t — #,.

q(#0,—1) H(t — 1) H(t— 1) PDE Ppg

g = 1 [Type I (“Big rip”) singularity] H— o0 H— o Ji #0 Ji#F0orJ, #0
0 < ¢ <1 [Type III singularity] H— o H— Ji#0 Ji#0

—1 < g <0 [Type II (sudden) singularity] H— H, H— oo J, #0

g < —1, but g is not any integer H — H, H—0

[Type IV singularity] (Higher derivatives of H diverge.)

H are finite, whereas the higher derivatives of H diverges. . K2 )

As a result, the properties of the finite-time future singu- H+ 71 (H, H) = 0. (4.4)

larities described by the expressions of H in Egs. (3.4) and
(3.5) are summarized as follows: For ¢ = 1, the Type I (big
rip) singularity, for 0 < g < 1, the Type III singularity, and
for —1 < g <0, the Type II (sudden) singularity. In addi-
tion, for ¢ < —1, but ¢ is not any integer, the Type IV
singularity appears. We present the conditions for the
finite-time future singularities to exist on ¢ in the expres-
sions of H in Egs. (3.4) and (3.5), ppg in Eq. (2.10) and Ppg
in Eq. (2.11), and the behaviors of H and H in the limit of
t — t, in Table L.

IV. RECONSTRUCTION OF f(T) GRAVITY

In this section, first we reconstruct f(7) gravity in which
there appear the finite-time future singularities discussed in
Sec. I1I." Next, we examine a correction term removing the
finite-time future singularities.

A. Reconstruction

By using Eqgs. (2.10) and (2.11), we find that the effective
EoS for the universe at the dark-energy-dominated stage is
written as

- _ Ppg
Weff = WDE = ——
PDE

—[40 = F —2TF')H + (—T — f + 2TF)]

- T = f+2TF - @D

As another description, from Eqs. (2.10) and (2.11) we
have

Ppg = —ppg + I1(H, H), 4.2)

where

1

I =——[2(1-F—2TF)H]
K

Since T = —6H?, the form of f(T) is a function of H. It
follows from Egs. (3.2) and (3.3) that P, = —pegr —
2H/Kk*. By comparing this equation with Eq. (4.2), we
acquire the differential equation

4.3)

'In the Appendix, we also describe a reconstruction method of
f(T) gravity by way of using a scalar field through the extension
of that of f(R) gravity [28-30].

The substitution of Eq. (4.3) into Eq. (4.4) yields

H(F +2TF") = 0. 4.5)

For H in Eq. (3.4), Eq. (4.5) reads F + 2TF' = 0 because
H # 0.

1. Power-law model

As a form of f(T), first we take a power-law model,
given by

f(T) = AT®, (4.6)

where A(# 0) and «a(# 0) are nonzero constants. In this
case, from Eq. (4.5) we have

F+2TF = A(=6)*"'2a — DHX* D =0.  (4.7)

In the limit of t — ¢, Eq. (4.7) has to be satisfied. From
Egs. (3.4) and (3.5), we find that for ¢ >0 (i.e., the
Type I singularity [¢ = 1] and the Type III singularity
[0<g<1]), « <1, so that Eq. (4.7) can be satisfied
asymptotically, whereas for ¢ <0 (i.e., the Type II singu-
larity [ — 1 < ¢ <0] and the Type IV singularity [¢ < —1]),
a = 1/2, in which Eq. (4.7) is always satisfied.

Furthermore, we state the meaning of the condition
F + 2TF' = 0, which follows from Eq. (4.5), and another
condition that the Friedmann Eq. (2.8) can be satisfied,
which may be interpreted as a consistency condition.
Egs. (2.8) and (2.9) are expressed as

T+J,=0, (4.8)
J,—H=0, 4.9)
which are rewritten to
— f+2TF =0, (4.10)
— F—=2TF' =0. (4.11)

Here, we have used Eqs. (2.12) and (2.13) and H # 0 for H
in Egs. (3.4) and (3.5). It is clearly seen that Eq. (4.10)
corresponds to a consistency condition and that the relation
F + 2TF' = 0 shown above is equivalent to Eq. (4.11).
Thus, the first condition is to satisfy the second
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gravitational Eq. (2.9). Moreover, from Eq. (4.10) with
Eq. (4.6) we find that the consistency condition becomes

— f+2TF = A(—6)*Qa — 1)H** = 0. (4.12)

In the limit of r — ¢, Eq. (4.12) must be satisfied. For
q > 0 (i.e., the Type I singularity [¢ = 1] and the Type III
singularity [0 < g < 1]), @ <0, so that Eq. (4.12) can be
satisfied asymptotically, whereas for ¢ < 0 (i.e., the Type II
singularity [ — 1 <¢g <0] and the Type IV singularity
[¢g <—1]), a=1/2, in which Eq. (4.12) is always
satisfied.

In addition, by using Egs. (2.12) and (2.13) with (4.6),
we obtain

Jy =6HY1 — A(—6)*"'Qa — 1)HX*=D]  (4.13)

J, = H[l — A(6)*'aRa — )HX*"D]  (4.14)

For the expression of H in Egs. (3.4) and (3.5), from
Egs. (4.13) and (4.14) we find that the conditions on J;
and J, for the finite-time future singularities to exist in
Table I is always satisfied. Thus, there can appear all the
four types of the finite-time future singularities. We note that
for @« = 1/2, Egs. (4.13) and (4.14) becomes J; = =T # 0
and J, = H # 0, respectively. Moreover, if A =1 and
a =1, this model in Eq. (4.6) is equivalent to general
relativity.

It is very important to note that the conditions: [for g > 0
(i.e., the Type I singularity [¢ = 1] and the Type III singu-
larity [0<g <1]), a <0, whereas for ¢ <0 (e,
the Type II singularity [ — 1 < g <O0] and the Type IV
singularity [¢ < —1]), @ = 1/2] derived in the above con-
siderations are ‘‘necessary conditions” to produce the
finite-time future singularities and not sufficient condi-
tions. Indeed, if @ <0, the Type I singularity with g = 1
rather than the Type III singularity with 0 < g < 1 appears
because in the limit of t — ¢, both H and H with g = 1
diverge more rapidly than those with 0 < g <1. This
originates from the absolute value of the power ¢, namely,
the absolute value of g for the Type I singularity (g = 1) is
larger than that for the Type III singularity (0 < g < 1). As
a result, the Type I singularity is realized faster than the
Type III singularity, and eventually the Type I singularity
appears. Similarly, if a« = 1/2, the Type IV singularity
with ¢ < —1 rather than the Type II singularity with
—1<g <0 occurs because in the limit of ¢— ¢,
H— H, and H— 0 with ¢ <—1 are realized more
quickly than H — H, and H — o0 with —1 < ¢ <0.
This also comes from the absolute value of the power ¢,
namely, the absolute value of g for the Type IV singularity
(g < —1) is larger than that for the Type II singularity
(—1<¢g<0). As a consequence, the Type IV singularity
is produced faster than the Type II singularity, and accord-
ingly the Type IV singularity appears.

We also remark that in the Type V (w) singularity, a
scale factor can be taken as [46]

PHYSICAL REVIEW D 85, 104036 (2012)

X nas<1 - i{w}"—l)—l(i)z/(&,)

30 n—1 t,
n—1

A P e M

di=rnl

where o and n are arbitrary constants. In the limit of
t—t, Ht—t)— 0 and H(t — t,) — 0. On the other
hand, the effective EoS for the universe wqy = (1/3) X
(2¢g4ec — 1) = 0. Here, qq.. = —da/a* is the decelera-
tion parameter, which will again be redefined in Eq. (4.31)
in Sec. IVC2. Thus, in the limit of f— ¢, since
H(t — t) = 0, from Eq. (4.5) we obtain F + 2TF' = 0.
if we take a power-law model in Eq. (4.6) with A # 0 and
a > 1, Eq. (4.7) can be satisfied asymptotically because
H(t — t,) = 0. As a result, if we take a power-law model
in Eq. (4.6) with A # 0 and a > 1, the Type V (w) singu-
larity can appear.

(4.15)

2. Exponential model
Next, we examine an exponential model

f(T) = Cexp(AT), (4.16)

where C(# 0) and A(# 0) are nonzero constants. In this
case, Egs. (4.10) and (4.11) becomes

—f+2TF=C(—1+2AT) =0, 4.17)

— F —2TF' = —CAQAT + D) exp(AT) = 0. (4.18)

For the expression of H in Egs. (3.4) and (3.5), in the limit of
t — t,, both Egs. (4.17) and (4.18) cannot be satisfied si-
multaneously. Thus, in an exponential model in Eq. (4.16),
the finite-time future singularities cannot appear.

3. Logarithmic model

Next, we explore a logarithmic model
J(T) = DIn(y7),

where D(# 0) is a nonzero constant and y(>0) is a posi-
tive constant. In this case, Egs. (4.10) and (4.11) becomes

(4.19)

— £+ 2TF = D[~ In(yT) + 2) = 0, (4.20)
— F—2TF = ? —0. 4.21)

For the expression of H in Egs. (3.4) and (3.5), in the limit
of t — t,, both Eqgs. (4.20) and (4.21) cannot be satisfied
simultaneously. Hence, in a logarithmic model in Eq. (4.19)
the finite-time future singularities cannot occur, similar
to the case of a exponential model in Eq. (4.16) in
Sec. IVA2. Thus, in general, the occurrence of the
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finite-time future singularities in f(7’) gravity is realized in
fewer cases than in f(R) gravity.

B. Correction term removing the finite-time
future singularities

It is known that in f(R) gravity, the addition of an R?
term can cure the finite-time future singularities (see
Ref. [9]). Recently, it has also been demonstrated in
Ref. [27] that the addition of an R? term can remove the
finite-time future singularities in nonlocal gravity. In this
subsection, we investigate a correction term for the form of
f(T) in Eq. (4.6) so that the finite-time future singularities
cannot appear. To execute this analysis, we explore an
additional term of a function of T to the form of f(T) in
Eq. (4.6) so that for H in Egs. (3.4) and (3.5), the gravita-
tional field Eqs. (2.8) and (2.9) with Egs. (2.10) and (2.11)
cannot be satisfied.

As a straightforward procedure, we explore the case that
the form of f(T) represented by Eq. (4.6) has a correction
term f(T), and analyze whether Egs. (4.10) and (4.11) can
be satisfied or not. As an example, we choose a correction
term f.(T) as

f(T) = BT#, (4.22)

where B(# 0) and B(# 0) are nonzero constants. For
B = 2, the correction term is similar to that in f(R) gravity,
i.e., a T? term. By combining Eqs. (4.6) and (4.22), the total
form of f(T) including the correction term is expressed as

f(T) = AT* + BT#. (4.23)

By substituting Eq. (4.23) into Egs. (4.10) and (4.11), we
find

— f+2TF = AQa — )T* + B2B — TP # 0,
(4.24)

—F —2TF = —Aa(a — )T ' — BBR2B — 1)TF!
# 0. (4.25)

From the considerations in Sec. IVA, we find that for ¢ > 0

(i.e., the Type I singularity [¢ = 1] and the Type III singu-

larity [0 < g < 1]), B > 0, so that the second inequality in
Eq. (4.24) can be satisfied asymptotically, whereas for

TABLE II.

PHYSICAL REVIEW D 85, 104036 (2012)

q <0 (i.e., the Type II singularity [ — 1 < g < 0] and the
Type IV singularity [¢ < —1]), B8 # 1/2, in which the
second inequality in Eq. (4.25) is always satisfied. As a
result, if 8 > 1, for the Hubble parameter in Egs. (3.4) and
(3.5), in the limit of # — #, both of the gravitational field
Egs. (2.8) and (2.9) cannot be satisfied. This means that a
power-law-type correction term T# with 8 > 1 can remove
the finite-time future singularities in f(7) gravity. In
Table II, we describe necessary conditions on the model
parameters of a power-law model of f(7) in Eq. (4.6) with
realizing the finite-time future singularities, the emergence
of the finite-time future singularities, and those of the
correction term f.(7T) = BTP in Eq. (4.22) with removing
the finite-time future singularities. It is interesting to
emphasize that a T2 term, i.e., 8 = 2, which is the mini-
mum integer to satisfy the condition 8 > 1, can remove all
the four types of the finite-time future singularities in f(7’)
gravity. This consequence is the same as that in f(R)
gravity.

It is interesting to note that, for the case of the Type V
(w) singularity, since in the limit of t — 7, H(t — f,) = 0,
if we choose a power-law-type correction term f.(7) in
Eq. (4.22) with B # 0 and 8 < 0 and substitute Eq. (4.23)
into Egs. (4.10) and (4.11), we find Egs. (4.24) and (4.25).
In other words, both of the gravitational field Eqgs. (2.8) and
(2.9) cannot be satisfied asymptotically. This means that a
power-law-type correction term f.(7T) in Eq. (4.22) with
B # 0 and B < 0 can remove the Type V (w) singularity.

C. Reconstructed models realizing cosmologies

In this subsection, we explicitly present the reconstruc-
tion of f(7T) models with realizing (a) inflation in the early
universe, (b) the ACDM model, (c) little rip cosmology
and (d) pseudo-rip cosmology.

1. Inflation in the early universe

For generality, we consider power-law inflation. We
suppose that the Hubble parameter is given by
hinf

H= ’
t

(4.26)

where hi,¢(>1) is a constant larger than unity. It follows
from Eq. (4.26) that the scale factor is given by

Necessary conditions on the model parameters of a power-law model of f(7) in Eq. (4.6) with realizing the finite-time

future singularities, the emergence of the finite-time future singularities, and those of the correction term f.(7) = BT# in Eq. (4.22)

with removing the finite-time future singularities.

q(# 0, —1) Emergence f(T) =AT* (A # 0, o # 0) f(T)=BTP (B+#0, B8+ 0)
g =1 [Type I (“big rip”’) singularity] Yes a<O0 B>1

0 < ¢ <1 [Type III singularity] i a<0 B>1

—1 < ¢ <0 [Type 1I (sudden) singularity] a=1/2 B#1/2

g < —1, but ¢ is not any integer Yes a=1/2 B#1/2

[Type IV singularity]
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a(t) = Clinfthi"f. (427)

From Eq. (4.27), we find that d = a;phiye(hipe — 1)"n =2 >
0, and hence power-law inflation occurs. In this case, since
H = —hy¢/t> # 0, by using Eq. (4.5) we obtain the con-
dition F + 2TF' = 0.

As explained in Sec. IVA 1, for a power-law model
f(T) = AT® in Eq. (4.6), the conditions to be satisfied,
which originate from the gravitational Egs. (2.8) and (2.9),
are given by Eqgs. (4.7) and (4.12). Therefore, if @ <0, in
the limit of t— 0, H in Eq. (4.26) diverges, so that
Egs. (4.7) and (4.12) can approximately be satisfied in
the very early universe. Moreover, if « = 1/2, Egs. (4.7)
and (4.12) can always be met.

2. The ACDM model

When we describe the ACDM model by the action in
Eq. (2.5), f(T) =T — 2A, where A >0 is positive cos-
mological constant, as it is in general relativity. In this case,
by substituting this form of f(T) into Eqgs. (2.8) and (2.9),
we have

) (4.28)

H=0. (4.29)

Clearly, from Eqgs. (4.28) and (4.29), we find H = H, =
/A /3 = constant, where we have defined the Hubble pa-

rameter at the cosmological-constant-dominated stage as
H \(>0). Furthermore, the scale factor is expressed as

a = ayexp(Hy1), (4.30)

where a,(>0) is a positive constant.

In the ACDM model, from Eq. (3.1) we find that the EoS
is given by wpg = —1 due to the fact that H is constant.
Moreover, the deceleration parameter g4.., the jerk pa-
rameter j and the snark parameter s are defined by [49]

1 d*a
=—-—— 4.31
4 dec aH2 dtz ( )
1 da
= — —, 4.32
U ZERpE (4.32)
j—1
§ = (4.33)
3(Qdec - 1/2)
By using Eq. (4.30), we obtain g4 = —1, j=1 and
s =0.
The limit on a constant EoS for dark energy in a flat
universe has been estimated as wpg = —1.10 = 0.14 [68%

confidence level (CL)] (the second reference in Ref. [3]).
In addition, for a time-dependent EoS for dark energy with
a linear form wpg(a) = wpgy + wpg,(1 — a) [50], where
wpgo and wpg, are the current value of wpg and its
derivative, respectively, the constraints have been analyzed
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as wpgy = —0.93 £0.13 and wpg, = —0.417372(68%
CL) (the second reference in Ref. [3]). Thus, the deviations
of the values of (Wpg, e J» §) from those for the ACDM
model (—1, —1, 1, 0) show how the model is different from
the ACDM model. In other words, we can use these four
parameters as a observational test.

We remark that if we consider the early universe, the
model f(T) =T — 2A can lead to exponential inflation
realizing de Sitter expansion of the universe, i.e., the
Hubble parameter is given by

H = H;,; = constant, (4.34)
where H;; > 0. By using Eq. (4.34), we have
Cl(t) = Qjnf eXp(Hinft), (435)

where a;,;(>0) is a positive constant.

3. Little rip cosmology

Furthermore, we study little rip cosmology [30-37],
which corresponds to a mild phantom scenario. The little
rip scenario has been proposed to avoid the finite-time
future singularities, in particular, a big rip singularity. In
this scenario, the energy density of dark energy increases in
time with wpg being less than —1 and then wpg asymptoti-
cally approaches wpg = —1. However, such a scenario
eventually leads to the dissolution of bound structures at
some time in the future via the increase of an inertial force
between objects. This process is called the “little rip.”

As an example to realize little rip cosmology, we take
the Hubble parameter as [33]

H = Hygexp(&r), (4.36)

where H{g(>0) and £(>0) are positive constants. In this
case, the scale factor a is expressed as
a = ag exp[% exp(£ér) ], (4.37)
where a;r(>0) is a positive constant. Moreover, from
Eq. (3.1) we obtain
2¢

3., exp(—£1).
Since H = Hygé&exp(ét) >0, wpg < —1, ie., the uni-
verse is always in the phantom phase. In the limit of
t — oo, we find wpg — —1 and hence the little rip scenario
can be realized.

In the expression of wpg in Eq. (4.38), if we take
§:H0, at l:tozHal, we have WDE:_I_
2H,/(3H;re). Here, 1, is the present time, H,, is the current
value of the Hubble parameter given by H, =
2.1h X 107*2 GeV [51] with & = 0.7 (the second refer-
ence in Ref. [3,52]), and e = 2.71828. By comparing this
expression with the observational constraint on wpg =
—1.10 £ 0.14 [68% confidence level (CL)] (the second
reference in Ref. [3]), we find that if H; g = [2H,/(3¢)] X
(1/0.24) = 1.50 X 10~*?> GeV, the current value of wp in

(4.38)

WDE — -1
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this little rip model is consistent with the observations.
Here, we have used the fact that £ = Hy and H;y are
positive values.

By using Eqgs. (4.31), (4.32), (4.33), (4.36), and (4.37),
we acquire

3

Gaec = —1 = Hypexp(éD)’ (-39
¢ ¢ !

=1+ Hig [HLR exp(&1) " 3:|exp(§t)’ 40

_ 2¢[€ + 3H g exp(é1)] 4.41)

* 3Hg[2€ + 3H g exp(én)]exp(€r)

For ¢ = Hy, at t =ty = H, !, from Egs. (4.38), (4.39),
(4.40), and (4.41), we describe the expression of wpg,
Gaec» J and s at the present time £, as

2

wpg(t = 1p) = —1 — 3K (4.42)
Gaec(t = 1)) = —1 — x, (4.43)
Jt=1) =1+ x(x +3), (4.44)
oy 2x(x +3)
S(t = to) = m, (445)
with
X= Hy _ 0.36, (4.46)

HLRe

where the second inequality in Eq. (4.46) follows from the
observational constraint on wpg = —1.10 £ 0.14 (68%
CL) (the second reference in Ref. [3]) as y = (3/2)0.24 =
0.36. As a result, if we take y << I enough for the devia-
tion of the values of the four parameters (Wpg, gec, J» S)
from those for the ACDM model (—1, —1, 1, 0) to be very
small, this little rip model can be compatible with the
ACDM model.

It follows from Eq. (4.36) that in the limit of r — oo, H
diverges. For a power-law model f(T) = AT in Eq. (4.6),
if & <0, in the limit of + — o0, Eqgs. (4.7) and (4.12) can be
satisfied asymptotically. This is just an opposite case in the
model with realizing inflation in Sec. IV C 1 because the
limit in terms of 7 is the opposite direction. In addition, if
a = 1/2, Egs. (4.7) and (4.12) can always be met, similar
to that in the case of inflation in Sec. IV C 1.

4. Pseudo-rip cosmology

We also investigate pseudo-rip cosmology [34,38]. The
above four cosmological models can be classified by using
the behavior of the Hubble parameter as follows [38].

PHYSICAL REVIEW D 85, 104036 (2012)

(a) power-law inflation:

H(t) — oo, t—0. 4.47)
(b) the ACDM model or exponential inflation:
H(t) = H(ty). (4.48)
(c) little rip cosmology:
H(t) — oo, t— 00, (4.49)

(d) pseudo-rip cosmology, which is also phantom
asymptotically de Sitter universe:

H(t) — Hy < 00, t— 00,

(4.50)

Here, we consider 7 = t,. Moreover, H,,(>0) is a positive
constant. We also note that for a big rip singularity,
H(t) — oo, t — t, as shown in Table I. As an example of
a pseudo-rip model, we take
t
H([) = HPR tanh(t—), (451)
0

where Hpg (>0) is a positive constant. In this case, the scale
factor a is expressed as

t
a = apg cosh(—),
To

where apr (>0) is a positive constant. From Eq. (4.51), we
find that H(¢) is monotonically increasing function of ¢ and
H(t) — Hpg < 0, t — o0, Thus, a behavior of H in the
pseudo-rip cosmology in (4.50) is realized. We also have
H(t) = Hpg/[tocosh?(¢/ty)] — 0, t — oo. This means from
Eq. (2.9) that P — — p in the limit of # — oco. For a power-
law model f(T) = AT* with a = 1/2 in Eq. (4.6), i.e.,
f(T) = AT, Equations (2.8) and (2.9) can always be
satisfied including in the limit of 1 — oo.

For H in Eq. (4.51), from Eq. (3.1) we find that the EoS is
given by

(4.52)

2 1
3toHpg sinh?(t/ty)

WpE = (4.53)
From Eq. (4.53), we see that wpg < —1, namely, the uni-
verse is always in the phantom phase, because H(f) =
Hpg /[tocosh?(¢/ty)] > 0. In the limit of t — oo, we find
wpg — — I, similar to that in little rip cosmology.

It follows from wpg in Eq. (4.53) that at 1 = 1, = H,, !,
wpg = —1 — [2H,/(3Hpr)][4/(e — e ")?]. In compari-
son with the observational constraint on wpg = —1.10 =
0.14 (68% CL) (the second reference in Ref. [3]), we
find that if Hpg = (2H,/3)[4/(e — e 1)?](1/0.24) =
2.96 X 107 GeV, the current value of wpg in this
pseudo-rip model is compatible with the observations.
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Here, we have used the fact that 7, = H, ! and Hpy are
positive values.

Moreover, by using Egs. (4.31), (4.32), (4.33), (4.51),
and (4.52), we have

(toHpg)*tanh?(1/1y) — 1

= —1+ , 4.54

Adec (toHpg)*tanh? (/1) 4>
. 1 — (toHpg)tanh?(1/1,)

=1+ ) 4.55

J (1o Ho)tanh(1/ 1) ()

s 2 (tOHPR)3tanh2(t/t0) —1 (456)

- 3tOHPR (IOHPR)Ztanhz(t/to) + 2

At 1t = 1y =~ Hy!, from Egs. (4.53), (4.54), (4.55), and
(4.56), we describe the expression of Wpg, ¢gec, j and s at
the present time £, as

20

t=t) = —1——— 4.57
WpE( 0) 3Sinh?1 (4.57)
8%tanh?1 — 1
t=t)=—-—14+———-— 4.58
9dec ( 0) 82tanh2 1 ( )
1 — &3tanh?1
it=t)=1+———-— 4.59
.]( 0) 53tanh21 ( )
2 &3tanh?1 — 1
t=t) =-————"-——, 4.60
$0=10) = 35 Sanh?1 7 2 (4.60)
with
H,
5= H_° = 0.497196, (4.61)

PR

where the second inequality in Eq. (4.61) follows from the
observational constraint on wpg = —1.10 £ 0.14 (68%
CL) (the second reference in Ref. [3]) as 6=
(3/2)0.24sinh?>1 = 0.497196. Here, we use sinh’l =
1.3811 and tanh?1 = 0.580026. As a consequence, we
can take an appropriate value of § in order for the deviation
of the values of the four parameters (Wpg, Ggec, J» §) from
those for the ACDM model (—1, —1, 1, 0) to be very small,
so that this pseudo-rip model can be consistent with the
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ACDM model, similar to that in the little rip model dis-
cussed in Sec. IV C 3. In Table III, we display forms of H
and f(T) with realizing (a) inflation in the early universe,
(b) the ACDM model, (c) little rip cosmology and
(d) pseudo-rip cosmology.

In the expanding universe, the relative acceleration be-
tween two points separated by a distance [ is given by li/a,
where a is the scale factor. Suppose that there exists a
particle with mass m at each of the points, an observer at
one of the masses would measure an inertial force on the
other mass. The inertial force F, on a mass m is given by
[31,33]

Finen = ml = ml(H + H?) (4.62)
a
2
= —mlg(pDE(a) + 3Ppg(a))
2
= le—(ZpDE(a) —+ Ma), (4.63)
6 da

where in deriving the first equality in Eq. (4.63) we have
used Eqgs. (2.8) and (2.9). We take the present value of a as
ay = a(t = ty) = 1. We also provide that the two particles
are bound by a constant force Fy,. When Fj,.(>0) is a
positive force and the amplitude is larger than that of Fy,
the two particles become unbound and hence the bound
structure is dissociated. In pseudo-rip cosmology, Fj,. 1S
asymptotically finite.

For a big rip singularity realizing H in Eq. (3.4) with
q = 1, by using Eq. (4.62) we find

4 + hs ] 00
(ts - t)q+1 (ts - t)—2q '

Finert = mlh%l:

t—t.
(4.64)

Here, the reason of the divergence is that H and H diverge
in the limit of # — ¢,. Moreover. for a little rip model in
Eq. (4.36), we see that

Finert = mlHLR[f + HLR eXP(‘fI)] exp(ff) — 0,

t— 0.

(4.65)

TABLE III. Forms of H and f(T) with realizing (a) inflation in the early universe, (b) the
ACDM model, (c) little rip cosmology and (d) pseudo-rip cosmology.

Cosmology H f(T)

(a) Power-law inflation H = hiy/t, f(T) = AT*,
(In the limit of t — 0) Rine(>1) a<OQora=1/2
(b) ACDM model H = \[A/3 = constant f(T) =T —2A
or exponential inflation A>0 A>0

(c) Little rip cosmology H = H;yexp(&r) f(T) = AT*
(In the limit of r — o) Hig>0and £ >0 a<Oora=1/2
(d) Pseudo-rip cosmology H = Hpg tanh(t/1,) F(T) = AJT

Hpg >0
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Similarly, the reason of the divergence is that H and H
diverge in the limit of r — oo. Thus, a phenomenon of
“rip” is produced by the cosmic accelerated expansion at
a big rip singularity and in little rip cosmology.

On the other hand, for a pseudo-rip model in Eq. (4.51),
we obtain

1 t
Fiore = mlHpg| ———— + H tanhz(—>]
inert PRI:t()COShz(I/lo) PR 1
— FIR <00, 1=, (4.66)
where
F};‘Zn,oo = mlHl%R. (4.67)

Therefore, F, 1s asymptotically finite. Here, the reason
why Fip. becomes a finite value of Fx, ., in the limit of
t — oo is that H — Hpg and H — 0.

It is necessary for Fix. ., to be larger than the bound
force FES = GMgMo/r%_o = 4.37 X 10'6 GeV? of the
ES system in order that the ES system will be disintegrated
and hence the pseudo-rip scenario can be realized.
Here, Mg =3.357 X 10°! GeV [51] and M, =
1.116 X 10°7 GeV [51] are masses of Earth and Sun, re-
spectively, and rg_o = 1 AU = 7.5812 X 10?® GeV~!
[51] is the distance between Earth and Sun, i.e., the astro-
nomical unit. As an example, if we take m as the Earth
mass m = Mg, [ is the distance between Earth and Sun [/ =
re—o, in order for FFR > FES by using Eq. (4.67), we

1nert, o

find Hpg >,/GMo/r-;’HD =131 X 1073! GeV. If this

condition is met, the disintegration of the ES system can
occur much before arriving at de Sitter universe, so that the
pseudo-rip scenario can be realized. In addition, if this
constraint is satisfied, the current value of wpg in this
pseudo-rip model is also consistent with the observations
because the constraint on Hpr from the current value of
wpg is much weaker as Hpg = 2.96 X 1074 GeV.

D. Time-dependent matter instability and star
singularity in f(T) gravity

In modified gravity, the important property of the via-
bility is the existence of the gravitational bound objects
(stars, planets). It is checked via matter instability [40]. For
instance, without such a property the relativistic star might
not be formed because a corresponding singularity appears
(for example, it is known that a singularity may appear for
stars [53] in f(R) gravity). In a gravitating system with a
time-dependent mass density such as astronomical massive
objects, the instability in f(R) gravity has recently been
studied [39]. Furthermore, the generation mechanism of
the time-dependent matter instability in the star collapse
has also been investigated. It has been demonstrated that
the time-dependent matter instability develops and conse-
quently the curvature singularity could appear [54]. In this
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subsection, by examining the process for the curvature
singularity to be realized [54] in analogy with f(R) gravity,
we discuss whether the time-dependent matter instability
in the star collapse occurs in f(T) gravity.

We examine a small region inside the star. We can regard
this system as homogeneous and isotropic and hence the
space-time is locally described by the flat FLRW metric
(2.7). Here, the Hubble parameter H is negative because we
are exploring the star collapse, so that the space-time can
be shrinking. Since the region is shrinking, the energy
densities of the matters automatically increase. In case of
cosmology, as shown in Sec. III B, all the four types of the
finite-time future singularities in f(7) gravity can appear.
If H diverges in the limit of r — t, where 7 is the time
when the curvature singularity in the star appears, 7 be-
comes infinity because 7 = —6H?2. From Table I, we see
that for the Type III singularity, T diverges, although the
scale factor « is finite. This phenomenon can be applied to
the star collapse. The energy density and the pressure from
the matter are finite and therefore these can be neglected
near the singularity because a asymptotically becomes a
finite value. In this case, the Hubble parameter H is ex-
pressed as

hy

H~ -
(tst - [)q

(4.68)

where hy(>0) is a positive constant. For the Type III
singularity, we have 0 < g < 1. In the limit of t — ¢y, T
becomes infinite because H diverges. This means that the
naked curvature singularity appears in the finite future. We
note that in the above investigations, we have supposed that
the region is almost homogeneous and isotropic. When
these settings are adequate also near the singularity, the
singularity simultaneously occurs in all of the region. The
naked singularities occur densely in the region, even
though the homogeneity and isotropy are broken.
Moreover, the density of matter grows as in the region
farther from the surface of the star, namely, nearer to the
center of it. Accordingly, first the naked curvature singu-
larity can appear near the center of the star. When the
singularity produces the attractive force, the shrinking of
the star proceeds more and more, whereas when the repul-
sive force is generated, eventually the explosion may hap-
pen. However, when the explosion happens, the sign of H
has to change from negative to positive. The realization of
this phenomenon seems to be difficult.

On the other hand, in the cosmological context, when the
Hubble parameter H is given by Eq. (3.4) with 0 < g <1,
the Type III singularity can appear. By using the initial
condition for H and H, we can determine the values of 7,
(and hg) in Eq. (3.4) and ¢ (and hy) in Eq. (4.68). The
absolute values of H and H inside the star would be larger
than those in the expanding universe because we are
investigating the collapsing star. Hence, we find f, > t.
In other words, the curvature singularity in the star
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appears before the cosmological singularity. As a conse-
quence, the time-dependent matter instability in the star
collapse can occur in f(7) gravity, similar to that in f(R)
gravity.

V. THERMODYNAMICS AROUND THE
FINITE-TIME FUTURE SINGULARITIES

In this section, we discuss thermodynamics in f(7)
gravity in order to examine whether (7)) gravity is a viable
gravitational theory. In particular, by following the proce-
dure in Refs. [23,55], we examine whether the second law
of thermodynamics can be verified around the finite-time
future singularities. The fundamental connection between
gravitation and thermodynamics was implied by black hole
thermodynamics [56] (for recent reviews, see, e.g., [57]).
In general relativity, by using the proportionality of the
entropy to the horizon area, the Einstein equation was
derived from the Clausius relation in thermodynamics
[58]. This consequence has been applied to more general
extended gravitational theories [59,60].

A. First law of thermodynamics

In Refs. [23,55,61], it has been shown that if the standard
continuity Eq. (2.14) in terms of the dark component is
satisfied, an equilibrium description of thermodynamics
can be obtained. In the flat FLRW space-time, the radius
7, of the apparent horizon is written by 7, = 1/H.
The dynamical apparent horizon is determined by the
relation h“58a76B7= 0. The time derivative of 7, =
1/H leads to —d7,/7, = HHdt. By plugging Eq. (2.8)
with this equation, we find the relation [1/(47G)]d7, =
P H(p, + P)dt. Here, p ,=ppg+py and P =
Ppg + Py are the total energy density and pressure of
the universe, respectively. In general relativity, the
Bekenstein-Hawking horizon entropy is expressed as
S = A/(4G) with A = 4774 being the area of the ap-
parent horizon [56]. By using the horizon entropy and the
above relation, we acquire

1
27TFA

dS = 4w H(p, + P)dL. (5.1)

The Hawking temperature Ty = |k,|/(277) corresponds to
the associated temperature of the apparent horizon. Here,
the surface gravity «, is represented by [62]

1
ng = N—__héa(v _hhaﬁaﬁf) (52)
= —;<1 —- 4 ): Ao+ By
ra ZHFA 2
27G
= _W”A(Pt —3P) (5.3)
27G
= =55 Tl = 3wp, (5.4)
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where £ is the determinant of the metric h,g and w =
P,/ p, is the EoS for the total of energy and matter in the
universe. It follows from Eq. (5.4) that for w, = 1/3, we
have kg = 0. Thus, by substituting Eq. (5.3) into Ty =
|ksel/(277), we obtain

1 ~
TH == - (1 - rA~ )
27Ty 2H7y

By combining Eq. (5.1) with Eq. (5.5), we acquire
TudS = 4w H(p, + P)dt — 2mwi5(p, + P)dF,. (5.6)

The Misner-Sharp energy [63] is defined as E =
74/(2G) = Vp, with V = 477, /3 being the volume inside
the apparent horizon. The last equality implies that E is
equivalent to the total intrinsic energy. By using this equa-
tion, we have

dE = —47F H(p, + P)dt + 4773 pdiy. (5.7

We also define the work density [64]: W= —(1/2)X
(T™Mabp o+ TP 5)=(1/2)(p, — P,). Here, T™MaP
and TPP)2F are the energy-momentum tensor of matter
and that of dark components, respectively. By using
Eq. (5.7) and the work density W, the first law of equilib-
rium thermodynamics can be described.

TydS = —dE + WdV (5.8)

As aresult, an equilibrium description of thermodynamics
can be realized. We also remark that from Egs. (2.8), (2.9),
and (5.1), we have § =87 Hi4(p, + P) = (67/G) X
(T/T?) = —(27/G)[H/(3H?)] > 0. This means that in
the expanding universe, the horizon entropy S always in-
creases as long as the null energy condition p, + P, = 0,
ie., H=0,is met.

(5.5)

B. Second law of thermodynamics

Next, we investigate the second law of thermodynamics
in the equilibrium description. The Gibbs equation in terms
of all matter and energy fluid is represented by TydS; =
d(p.V) + P, dV = Vdp, + (p, + P,)dV. The second law
of thermodynamics can be expressed as dSg,/dt =
dS/dt + dS,/dt = 0 with Sy, = S + S,, where S, is the
entropy of total energy inside the horizon. By using V =
47rr’f1 /3, Egs. (29) and (5.5) and the relation S =
87w H (p, + P,) = (6m/G)(T/T?), we acquire

dSeyym O T\2 1

dt G (T) 4HT + T
As a result, from the second law of thermodynamics with
Eq. (5.9) we find the condition [23] Y = —(4HT + T) =
12H(2H? + H) = 0. From the behaviors of H and H in the
limit of # — ¢, described in Table I, it can be seen that in the
expanding universe, where H > 0, for all the four types of
the finite-time future singularities, the relation 2H> + H =
0 can always be realized. It is also interesting to note that
this relation is satisfied even in the phantom phase (H > 0).

(5.9
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Thus, the second law of thermodynamics around the finite-
time future singularities is always satisfied. However, it
should be cautioned that at the exact singularity ¢ = ¢, such
as a big rip singularity, in which the scale factor a(r)
diverges as a(t = t,) = oo, a naive classical picture of
thermodynamics might break down. We also mention
that this result can be verified only provided that the
temperature of the universe inside the apparent horizon is
equal to that of the horizon [65].

VI. CONCLUSIONS

In the present paper, we have reconstructed f(T') gravity
in which finite-time future singularities appear.
Furthermore, it has been demonstrated that a T# (8 > 1)
correction term, e.g., B8 = 2, to a model of f(T) gravity
where the finite-time future singularities occur, can remove
the finite-time future singularities, similar to that in f(R)
gravity. We have also explored nonsingular f(7) models in
which inflation in the early universe, the ACDM model,
little rip cosmology and pseudo-rip cosmology are real-
ized. It has been shown that the dissolution of bound
structures for little rip and pseudo-rip cosmologies happens
in the same manner as in gravity with corresponding dark
energy fluid. Moreover, we have considered that the time-
dependent matter instability in the star collapse can occur
in f(T) gravity, similar to that in f(R) gravity. In addition,
we have investigated thermodynamics in f(7T') gravity and
shown that the second law of thermodynamics can be
satisfied around the finite-time future singularities, pro-
vided that the temperature of the universe inside the hori-
zon is equal to that of the apparent horizon.

It would be interesting to develop more complicated
versions of f(T) gravity and study their cosmological
applications. For instance, one can consider a nonminimal
coupling of f(T) with electrodynamics, where f,(T) is a
function of 7, in analogy with that in nonminimal f;(R)
gravity [66]. This may lead to the emergence of a domain-
wall solution and variation of fine structure constant in
nonminimal f;(7T") gravity. From another side, it seems to
be very interesting to generalize an f(T) theory in a con-
sistent way so that one can include the presence of curva-
ture in the Lagrangian.

It should be emphasized that the illustration of the ex-
istence of the finite-time future singularities in f(7T) gravity
and the possibility of those removing due to an additional
power-low term are nontrivial and significant. These con-
sequences are also found in other alternative gravitational
theories such as f(R) gravity. It is considered that the
removal possibility of the finite-time future singularities
can be one of the tests of a successful alternative gravita-
tional theory to general relativity. Therefore, it is strongly
expected that through these analyses of meaningful theo-
retical properties of modified gravitational theories, we can
obtain a successful alternative gravitational theory to
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general relativity which explains the cosmic accelerated
expansion of the universe in a geometrical way.
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APPENDIX A: RECONSTRUCTION METHOD

In this appendix, we explain the procedure of a recon-
struction method of f(T) gravity by applying that of f(R)
gravity [28-30] to f(T') gravity. The action of f(T') gravity
with matter is given by Eq. (2.5). We can rewrite the action
in Eq. (2.5) with proper functions P(¢) and Q(¢) of a
scalar field ¢ to

S = ff%r— S(P()T + ()

+ f &3 Lag(g 00 V). (A1)
Since the scalar field ¢ does not have a kinetic term, we
may regard ¢ as an auxiliary scalar field. From Eq. (A1),
we derive the equation of motion of ¢ as 0=
(dP(¢)/de)T + dQ(d)/d¢. The substitution of ¢ =
¢(T) into the action in Eq. (A1) leads to the expression
of f(T) as f(T) = P(¢(T))T + Q(p(T)). It follows from
Eq. (2.6) that the gravitational field equation is described
by

8 (eS K P(p) — eA

§5@5?+7Amwr+gw»=—wﬂWv

(A2)

S, TEP() + S,47,,(T)

In the flat FLRW background space-time with the metric
in Eq. (2.7), the components of (u, v)=1(0,0) and
(w,v) =0, )G, j= ., 3) in Eq. (A2) yield two inde-
pendent differential equatlons in terms of P(¢(z)) and
Q(é(1)). In principle, by eliminating Q(¢) from these
two equations, we obtain an equation which P(¢(¢)) obeys.
We may take the scalar field ¢ as ¢ = t by redefining it
properly. We express a(t) as a(r) = aexp(g(z)), where a
is a constant and g(r) is a proper function of ¢. By using
H = dg(¢)/(d¢p), we represent the equation in terms of

104036-12
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P(¢(1)) derived above to be a form described by P(¢ (1)),
the derivatives of P(¢ (7)) in terms of ¢, dg($)/(d¢), and
the derivatives of dg(¢)/(d¢) in terms of ¢. Furthermore,
from another equation we can also express Q(¢(r)) with
P(¢(1)), the derivatives of P(¢p(z)) in terms of ¢,
dg($)/(d¢), and the derivatives of dg(¢)/(d¢) in terms
of ¢. We derive the solutions of P(¢(r)) and Q(¢(r)) and
substitute these solutions to f(T') = P(¢(T))T + O(¢(T)),
we acquire the expression of f(T) as a function of
only T.

Finally, we note the following point. By redefining the
auxiliary scalar field ¢ as ¢ = ®(¢) with a proper func-
tion ® and defining P(p) = P(®(¢)) and O(p) =
O(®(¢)), the new action S = [d*x/~gf(T)/(2x?) +
Jd*xLy(8,,, Py), where f(T) = P(e)T + O(¢p), is
equivalent to the action in Eq. (Al). This is because

PHYSICAL REVIEW D 85, 104036 (2012)

f(T) = f(T). Since ¢ is the inverse function of ®, by
using ¢ = @(T), ¢ can be solved with respectto T as ¢ =
o(T) = @ 1(¢(T)). Accordingly, there exist the choices
in ¢ as a gauge symmetry and therefore ¢ can be identified
with time ¢ as ¢ = t. We can interpret this fact as a gauge
condition which is equivalent to the reparametrization of
¢ = ¢(@) [67]. As a result, we can find the form of f(T)
by obtaining the relation r = #(T). In addition, regarding
the relation between H and T in f(T) gravity and that
between H and R in f(R) gravity in the flat FLRW back-
ground space-time, we note that for f(7) gravity and f(R)
gravity, we have T = —6H? and R = 6(2H> + H), respec-
tively, and therefore in comparison with f(R) gravity, in
f(T) gravity the torsion scalar 7 depends on only H,
although in f(R) gravity the scalar curvature R depends
on both H and H.
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