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A chiral field theory of mesons has been applied to study the contribution of the current quark masses to

the �0 ! �� decay width at the next leading order. In this study, the large NC limit is assumed in order

that the approach performed is consistent. The consequence that some low-energy constants from

Lð6ÞWZW can be read off from the final expressions is an interesting result. ð1:44� 0:67Þ% enhancement

has been predicted and there is no new parameter.
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It is well-known that the decay amplitude of�0 ! �� is
an exact result of the Adler-Bell-Jackiw (ABJ) [1] triangle
anomaly in the leading order of chiral expansion, m2

� ! 0

�ð�0 ! ��Þ ¼ �2m3
�

16�3f2�
: (1)

Equation (1) is also revealed from the Wess-Zumino-Witten
(WZW) anomaly [2] in the leading order of chiral expan-
sion. The measurements of the �ð�0 ! ��Þ have a long
history. The decay width of the �0 ! �� is listed [3] as

�ð�0 ! ��Þ ¼ 7:74ð1� 0:059Þ eV: (2)

Recently, PrimEx Collaboration has reported a new, accu-
rate measurement [4] of the decay width of �0 ! ��

�ð�0 ! ��Þ ¼ 7:82� 0:14ðstat:Þ � 0:17ðsyst:Þ eV: (3)

With the 2.8% total uncertainty, this result is more precise
than Eq. (2) by a factor of 2.5.

The ABJ anomaly is at the leading order in chiral
expansion. The study of the effects at the next leading
order in chiral expansion has attracted a lot of attention
for a long time [5–8]. In Refs. [5–7], within the framework
of the chiral perturbation theory, by calculating the loop
diagrams of the WZWanomaly [2] and tree diagrams from

anomalous LagrangianLð6Þ
WZW atOðp6Þ, an enhancement to

�ð�0 ! ��Þ has been found. In Ref. [8] the difference
f�0 � f�þ and the�0 � �mixing are taken into account in
calculating �ð�0 ! ��Þ.

In this paper, the decay amplitude of the �0 ! �� is
computed to the next leading order in chiral expansion by
using a chiral field theory of pseudoscalar, vector, and
axial-vector mesons [9]. In the case of two flavors, the
Lagrangian of the theory [9] is constructed as

L ¼ �c ðxÞði� � @þ � � vþ � � a�5 þ eQ� � A

�muðxÞÞc ðxÞ � �c ðxÞMc ðxÞ � 1

4
F��F��

þ 1

2
m2

0ð��
i ��i þ!�!� þ a

�
i a�i þ f�f�Þ; (4)

where M is the current quark mass matrix

mu 0
0 md

� �
;

v� ¼ �i�
i
� þ !�, a� ¼ �ia

i
� þ f�, and u¼

expfi�5ð�i�iþ�Þg. The parameter m is originated in the
quark condensate [9]. The Lagrangian (4) is explicitly
chiral symmetric in the limit, mq ! 0. Dynamical chiral

symmetry breaking is embedded in the Lagrangian (4).
Other boson states can be added to the Lagrangian (4). In
Ref. [10] a 0�þ glueball state [�ð1405Þ] is via the U(1)
anomaly introduced to the Lagrangian (4) and both the
coupling between the scalar meson and the quark fields and
the mass term are added too. The decay �ð1405Þ ! a0� is
calculated. Theoretical prediction is consistent with the
narrow width of the �ð1405Þ.
For the quark-meson model, besides the studies shown

in the references of Ref. [9], there are other works [11,12].
In Ref. [11], both the current quark mass term M ¼
diagðmu;md;msÞ and the constituent quark mass MQ are

introduced. The two terms appear in the Lagrangian (4),
too. After integrating out the quark fields, the effective
Lagrangian of even number of pseudoscalar fields is ob-
tained and the coefficients of the chiral perturbation theory
[13] are determined in Refs. [11,14].
Comparing with the Lagrangian of Ref. [11], the mass

terms of the vector and the axial-vector fields are added in
Eq. (4). Because of the requirement of the Uð3ÞL �Uð3ÞR
symmetry there is only one parameter m0 for those mass
terms. The physical masses of the vector and the axial-
vector mesons are via these mass terms generated [9] and
the physics related to the vector and the axial-vector me-
sons can be studied. By integrating out the quark fields, the
Lagrangian of the pseudoscalar, the vector, and the axial-
vector mesons is obtained [9]. This procedure is equivalent
to the quark-loop calculation. The kinetic terms of the
mesons are generated by the quark loops. There are real
and imaginary two parts. The real part is used to normalize
the fields of Eq. (4) to physical meson fields and describes
the meson processes with normal parity and the imaginary
part describes the anomaly. It is very important to notice
that in this theory the pion fields have two sources: the
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coupling �m �c ei�5�c (4) and the mixing between the
a- fields and the pion fields [9]

a� ! a� � c

g
@��; c ¼ f2�

2gm2
�

:

The mixing is generated from quark-loop diagram.
Using the effective Lagrangian of the pseudoscalar, the

vector, and the axial-vector mesons derived from Eq. (4),
the physics of the pseudoscalar, the vector, and the axial-
vector mesons are systematically studied [9,15].
Theoretical results agree well with data. In the chiral limit,
mq ! 0, the pion decay constant, f�, and a universal

coupling constant g are the two parameters. The renormal-
ization constant of the pion field, F, is defined from the
corresponding quark-loop diagrams [9]. Both the renor-
malization constant F and the mixing between the ai� and

the derivative of the pion field @��
i contribute to the pion

decay constant [9]

f2� ¼
�
1� 2c

g

�
F2: (5)

Equation (5) is the definition of the pion decay constant in
the chiral limit. The physical pion field is defined as

�i ! 2

f�
�i: (6)

g is the renormalization constant

g2 ¼ 1

6

F2

m2
: (7)

The physical � and the ! fields are defined as

�i ! 1

g
�i; ! ! 1

g
!: (8)

The f� and the g are the two inputs [9] in the chiral limit.
The value of g is determined by the decay rate of � ! eeþ
to be 0.395.

The NC expansion is essential for nonperturbative QCD,
which is naturally embedded in this theory (4). The renor-
malization constant F2 is generated from the quark-loop
diagrams, therefore

F2 / NC:

From Eqs. (5) and (7) we obtain

f2� / NC; g2 / NC:

Therefore, the normalizations (6) and (8) lead to that the
physical pion field, the � and the ! fields are all at the
Oð 1ffiffiffiffiffi

NC

p Þ. As a matter of fact, the axial-vector fields are at

the order of 1ffiffiffiffiffi
NC

p too. The vertices of the mesons deter-

mined from the quark-loop diagrams are at OðNCÞ. Based
on these analyses, the order of the Feynman diagrams
of mesons in the NC expansion is determined. The tree

diagrams of mesons are atOðNCÞ and one-loop diagrams of
mesons are at Oð1Þ, etc. The Feynman diagrams of the
physical processes studied in Refs. [9,15] are at the tree
level and in the leading order in the NC expansion.
Theoretical results agree with data well. So far, no calcu-
lation at the next leading order in the NC expansion
(meson-loop diagram) has been done. However, we can
do a qualitative argument about the contribution of the
meson-loop diagrams. At the tree level the physical masses
of the � and the ! mesons derived from Eq. (4) are the
same [9]

m2
� ¼ m2

0

g2
; m2

! ¼ m2
0

g2
:

In this theory, m2
0 �OðNCÞ. The small mass difference of

the � and the ! mesons results in the correction of the
coupling constant g2 by corresponding meson-loop dia-
grams. These meson-loop diagrams are different for � and
! mesons and they are at OðN0

CÞ. Therefore,

m2
! �m2

� �OðN�1
C Þ;

which is in agreement with the small mass difference of the
� and the ! mesons. The same argument can be applied to
the mass difference of the a- and the f- mesons. The 	
meson decays are another application of the NC expansion.
The diagrams of 	 ! K �K [9] are at the tree level and
OðNCÞ. The decays 	 ! �þ � are from meson-loop dia-
grams which are at OðN0

CÞ. Therefore, 	 ! K �K is the

dominant decay mode and 	 ! �þ � are suppressed.
This is known as the Okubo-Zweig-Iizuka rule. The ex-
perimental results support this analysis. Besides the NC

expansion, the chiral expansion and momentum expansion
are the two other expansions. The latter is working for the
physics at low energies. For this theory, the value of the g2

determines that the cutoff of this effective theory is about
1.8 GeV.
In Refs. [9,12] it is shown that the WZWanomaly [2] is

revealed from the imaginary part of the effective
Lagrangian. In the expression of the WZW anomaly de-
rived from Eq. (4), all the fields are normalized to the
physical meson fields, all parameters have been deter-
mined, and there is no new adjustable parameter in the
Lagrangian of the anomaly. The physical processes of
anomaly, ! ! 3�, K� ! K �K�, f ! ���;�0, �;�0 !
��, �;! ! ��, �;!;	 ! ��, �0 ! ��;!�, K� ! K�,
f ! ���, etc., have been studied in the leading order in
the NC and the chiral expansions in Ref. [9]. Theoretical
results agree well with data.
In the form of the WZW anomaly presented by

Kaymakcalan, Rajeev, and Schechter , there are two
parameters, C and r. By argument r ¼ 0 is taken and by
inputting the amplitude of the �0 ! �� obtained by the
ABJ anomaly
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C ¼ �iNC

240�2

is determined. In the leading orders of both the NC and the
chiral expansions up to the fourth order in covariant de-
rivatives the imaginary part of the Lagrangian is derived
[9,17] in which the ! and � fields are involved

L!¼ Nc

ð4�Þ2
2

3
"���
!�Tr@�UUy@�UUy@
UUy

þ 2Nc

ð4�Þ2"
���
@�!�Trfi½@
UUyð��þa�Þ

�@
U
yUð���a�Þ��ð��þa�ÞUð�
�a
ÞUy

�2��a
g; (9)

where U ¼ ei�. L! (9) is exactly the same as the one
presented by Kaymakcalan, Rajeev, and Schechter [16]
and the two parameters, C and r, are predicted to be the
same as determined in Ref. [16]. The vector meson domi-
nance (VMD) is a natural result of this theory (4)

�0
� ! 1

2
egA�; !� ! 1

6
egA�: (10)

The decay amplitude of �0 ! �� has been via the VMD
(10) derived from Eq. (9) in [9].

L �!� ¼ � NC

�2g2f�
����
@�!��

0
�@
�

0; (11)

L �0�� ¼ � �

�f�
����
�0@�A�@�A
: (12)

Equation (12) is exactly the same as the one obtained by
the ABJ anomaly. The amplitude of �0�� (12) is atOðNCÞ
and at the chiral limit, mq ! 0.

It is important to mention that, in this theory, the pion is
a Goldstone meson. There are two vertices derived from
Eq. (4), which contribute to the mass of the pion

L 1 ¼ � 2im

f�
�c �i�5c�i; (13)

L 2 ¼ 1

2
m �c c�2: (14)

It is found that there is cancelation between the contribu-
tions of the two vertices (13) and (14) to the m2

� and the
cancelation leads to

m2
� ¼ � 4

3f2�
h0j �c c j0iðmu þmdÞ: (15)

Therefore, the pion is a Goldstone boson. As mentioned
above, in this theory besides the NC and the chiral expan-
sions, the expansion of the momentum is the third one.
However, for �0 ! �� decay, the pion and the two �0s are
on mass shell. Therefore, because of Eq. (15) the derivative
expansion is part of the current quark mass expansion.

In this paper the effective chiral field theory (4) is used to
calculate the amplitude of the �0 ! �� to next leading
order in the chiral expansion. As a matter of fact, the
amplitude of the �0 ! �� can be calculated without using
the VMD. Using the vertex (13) and the one

eQ �c��cA�; (16)

the amplitude of the �0 ! �� at the leading orders in both
the NC expansion and the chiral expansion is derived by
calculating the triangle diagrams of quarks whose mass is
the m in the chiral limit

Tð0Þ ¼ 2NC

3�

�

f�
����q

�
1q


2 �

�ð1Þ��ð2Þ: (17)

Equation (17) is the one obtained by the ABJ anomaly.
Now we are going to calculate the amplitude of the

�0 ! �� to the OðNC
mq

m Þ. There are two corrections: the

correction of the pion decay constant f2� and the correction
of the amplitude the �0 ! �� itself. In Refs. [5–7], the
chiral next-leading-order meson-loop corrections to the
amplitude cancel exactly, once the renormalization of
the pion decay constant f� is taken into account. The
loop loglike terms are presented in the decay constant
The Eq. (43) of Ref. [6] shows the meson-loop corrections

are proportional to m2
P log

m2
P

�2 (P ¼ �, K). According to the

argument presented above, in the approach of this paper,
the meson-loop diagrams are at the next leading order
OðN0

CÞ in the NC expansion. Therefore, under this approxi-

mation, the corrections of the meson-loop diagrams are not
taken into account and only the corrections from the quark-
loop diagrams are calculated. Precisely due to the cancel-
ation of chiral loops, the large NC limit is a trustable
approximation in the �0 ! �� amplitude.
The f2� defined in Eq. (5) is obtained from the quark-

loop diagrams of the �� � and the �� a� in the chiral

limit. Those quark loops are atOðNCÞ. In Ref. , those quark
loops have been calculated to Oðmq

m Þ, and at this order the

pion decay constant is expressed as

F2
�¼f2�

�
1þa

muþmd

m

�
;

a
muþmd

m
¼
��
1�2c

g

��
1� 1

2�2g2

�
�1

�
muþmd

m

þ 1

�2

�
1�2c

g

��
1�c

g

�
m2

�

f2�
: (18)

It is shown in Ref. [14] that at the Oðmq

m Þ
F2
�0 ¼ F2

�þ ¼ F2
�:

From the Eqs. (5) and (7) the constituent quark mass is
expressed as

m2 ¼ f2�
6g2

�
1� 2c

g

��1
: (19)
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In the convention of Ref. [9], F� ¼ 185 MeV is taken. The
values of md ¼ 4:1–5:8 MeV and mu ¼ 1:7–3:3 MeV are
listed in Ref. [3]. In the ranges of the masses of the u-quark
and the d-quark it is determined

f� ¼ 0:184 GeV; m ¼ 0:238 GeV: (20)

The value of the f� is only 1% lower than the one used in
Refs. [9,14,15].

The second correction is from the triangle quark loops
for the process �0 ! ��. By using the Lagrangian (4)
directly, it can be calculated to the next leading order
in chiral expansion. Besides the vertex (13), there is an-
other one obtained from the mixing between the a- field
and @� [9]

L ¼ � c

g

2

f�
�c �i��c @��i; (21)

which contributes to the triangle quark loops of the
�0 ! �� decay too. The flavor function of the �0 meson
is 1ffiffi

2
p ðu �u� d �dÞ. There are either triangle u-quark loops

or triangle d-quark loops. For u-quark loops the quark
mass is mþmu and for the d-quark loops the quark
mass is mþmd.

To the next leading order in current quark mass, the
amplitude of the �0 ! �� determined by the vertex (13)
is expressed as

Tð1Þ ¼2NC

3�

�

F�

����q
�
1p


2 �

�ð1Þ��ð2Þ
�
1þ 1

3m
ðmd�4muÞ

þ 1

12

m2
�

m2

�
: (22)

The amplitude determined by the vertex (21) is expressed
as

Tð2Þ ¼ �NC

9�

c

g

�

F�

����q
�
1q


2 �

�ð1Þ��ð2Þm
2
�

m2
: (23)

In the chiral limit, mq ! 0, m2
� ! 0, Tð2Þ ! 0, and

Tð1Þ ! Tð0Þ. The total amplitude is found to be

T ¼ 2NC

3�

�

F�

����q
�p��ð1Þ��ð2Þ

�
1þ 1

3m
ðmd � 4muÞ

þ m2
�

2f2�
g2
�
1� 2c

g

�
2
�
: (24)

The terms at Oðmq

m Þ in Eqs. (22)–(24) have two sources:

(1) the term atOð1m ð4mu �mdÞÞ (22) is from the current

quark mass dependence of the amplitude of the
�0 ! ��.

2NC

3�

�

F�

����q
�
1p


2 �

�ð1Þ��ð2Þ 1

3m
ðmd � 4muÞ

is the current quark mass correction of the LWZW at
the Oðp4Þ, obtained from the vertex (13).

(2) the term m2
�

m2 in Eqs. (22) and (23) is from a term

ðp2 þ q21 þ q22Þ 1
m2 , where p, q1, q2 are the momenta

of pion, two photons, respectively, which is obtained
from the quark-loop calculation, and p2 ¼ m2

�,
q21 ¼ 0, q22 ¼ 0. For the amplitude of the �0 !
��, this term is at Oðp6Þ and is from the Lð6Þ

WZW.
Both the vertices (13) and (21) contribute to this
term.

As a matter of fact, in Refs. [6,7] the contribution of the

Lð6Þ
WZW to the �0 ! �� has been studied already. The

expression of the Lð6Þ
WZW has been presented in

Refs. [6,18]. In the case of two flavors, there are 13

independent terms in the Lð6Þ
WZW. The amplitude (24) is

compatible with the one (A.3) in Ref. [6]

TDW ¼1þF�

F3
f16Bðmu�mdÞðc1þc3Þþ8

3
Bð4mu�mdÞ

�ðc2þc4Þ�m2
�ðc5þc6Þg;

where ci, i ¼ 1, 2, 3, 4, 5, 6 are the coefficients of the
Lc

M�� at Oðp6Þ defined in the Appendix A of Ref. [6], B is

defined by m2
� ¼ Bðmu þmdÞ, and the definitions of F�

and F of this equation can be found in Ref. [6]. Comparing
with Eq. (24) derived in this paper, it is determined

c1 þ c3 ¼ 0;

8

3
B
F�

F3
ðc2 þ c4Þ ¼ � 1

3m
;

F�

F3
ðc5 þ c6Þ ¼ � g2

2f2�

�
1� 2c

g

�
2
:

(25)

In Ref. [7], the form of theLð6Þ
WZW obtained in Ref. [18] has

been applied to study �0 ! �� and the amplitude is ex-
pressed as (Eq. 10 of [7])

TKM ¼ 1

F�

�
1

4�2
þ 16

3
m2

�ð�4cWr
3 � 4cWr

7 þ cWr
11 Þ

þ 64

9
Bðmd �muÞð5cWr

5 þ CWr
7 þ 2cWr

8 Þ
�
;

where the definitions of the cWr
i can be found in Ref. [7]. In

order to compare with the expression of [7], Eq. (24) is
rewritten as

T ¼ 2NC

3�

�

F�

����q
�p��ð1Þ��ð2Þ

�
1þ 5

6

1

m
ðmd �muÞ

þm2
�

m2

�
1

12

�
1� 2c

g

�
� m

2B

��
; (26)

where the F� of this equation is defined by Eq. (18).
Comparing them, it is determined that
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64

9
4�2Bð5cWr

3 þ cWr
7 þ 2cWr

8 Þ ¼ 5

6

1

m
;

64�2

3
ð�4cWr

3 � 4cWr
7 þ cWr

11 Þ ¼
1

m2

�
1

12

�
1� 2c

g

�
� m

2B

�
:

(27)

As mentioned above, theLð4Þ
WZW is derived from this theory

(4) and the two parameters are determined by this theory.

The Lð6Þ
WZW can be determined by this theory, too. In this

paper, the terms of theLð6Þ
WZW which contribute to the�0 !

�� are predicted and there is no new parameters.
The decay width is obtained from Eq. (24)

�ð�0 ! ��Þ ¼ �2

16�3

m3
�

F2
�

�
1þ 1

3m
ðmd � 4muÞ

þ m2
�

2f2�
g2
�
1� 2c

g

�
2
�
2
: (28)

The quantity

m2
�

2f2�
g2
�
1� 2c

g

�
2 ¼ 0:017 (29)

is computed. In the ranges of the masses of the u-quark and
the d-quark [3], the term

1

3m
ðmd � 4muÞ

is negative. There is cancelation between the two terms of
Eq. (28). Using the values of the mu and the md [3], it is
determined that

� 0:0128<
1

3m
ðmd � 4muÞ<�1:40� 10�3: (30)

The numerical value of �0 ! �� is obtained as

�ð�0 ! ��Þ ¼¼ 7:92� 0:05 eV: (31)

The errors come from the quark masses. Comparing with
Eq. (1), about ð1:44� 0:67Þ% enhancement is predicted.
Equation (31) is in agreement with the measurement of the
PrimEx Collaboration [4].
In Ref. [7],

�ð�0 ! ��Þ ¼ ð8:09� 0:11Þ eV (32)

is predicted. The correction to the amplitude [7] coming
from the Oðp2Þ (the same order as in the present work) is
estimated to produce about a ð3:6� 1:4Þ% enhancement
with respect to the current algebra result. The prediction
(32) is larger than the one in (31). As shown in Eqs. (26)
and (27), the formulas of the �0 ! �� up to the next
leading order in the chiral expansion are the same. The
origin of this discrepancy lies probably in the uncertainties
of the low-energy parameters involved. On the other hand,
taking the errors into account, these two predictions are in
agreement within 1 standard deviation only.
In summary, the amplitude of the decay �0 ! �� is

calculated to the next leading order in the chiral expansion.
The corrections resulted in both the pion decay constant
and the amplitude of the �0 ! ��. Comparing with the
studies in Refs. [6,7], the coefficients in the amplitude of

the �0 ! �� from the Lð6Þ
WZW are predicted. In this study

there is no new parameter. A ð1:44� 0:67Þ% enhancement
of the �0 ! �� decay width is predicted and it is in
agreement with the experimental data reported by
PrimEX [4] within the experimental errors.
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