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The microscopic spectral density of the Wilson Dirac operator for two-flavor lattice QCD is analyzed.

The computation includes the leading order a2 corrections of the chiral Lagrangian in the microscopic

limit. The result is used to demonstrate how the Sharpe-Singleton first order scenario is realized in terms

of the eigenvalues of the Wilson Dirac operator. We show that the Sharpe-Singleton scenario only takes

place in the theory with dynamical fermions whereas the Aoki phase can be realized in the quenched as

well as the unquenched theory. Moreover, we give constraints imposed by �5 Hermiticity on the additional

low energy constants of Wilson chiral perturbation theory.
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I. INTRODUCTION

In the deep chiral limit, with almost massless quarks,
lattice QCD with Wilson fermions has a highly nontrivial
phase structure. As in continuum QCD, it is the deep
chiral limit which reveals the spontaneous breaking of
chiral symmetry on the lattice. In addition, the interplay
between the continuum and the chiral limit in lattice
QCD with Wilson fermions leads to new phase structures
known as the Aoki phase [1] and the Sharpe-Singleton
scenario [2]. These phases have no direct analogs in the
continuum theory and dominate if the chiral limit is
performed prior to the continuum limit. While this at
first may seem like a highly undesirable artifact of
Wilson fermions it can in fact be turned to our advan-
tage: The Aoki phase is reached through a second order
phase transition and at the boundary of this transition the
pions are massless. This opens the possibility to study
nonperturbative QCD at extremely small pion masses
even at a nonzero lattice spacing. On the contrary the
Sharpe-Singleton scenario is a first order phase transition
in which the pions are massive even in the chiral limit at
nonzero lattice spacing.

These phase structures of lattice QCD with Wilson
fermions can be described within the framework of
Wilson chiral perturbation theory [2–8]. This low energy
effective theory of lattice QCD with Wilson fermions
describes discretization effects by means of additional
terms in the chiral Lagrangian (see [9,10] for reviews).
Each of these new terms comes with a new low energy
constant. The sign and magnitude of these constants reflect
whether lattice QCD with Wilson fermions will enter the
Aoki phase or the Sharpe-Singleton scenario. Considerable
progress, both analytically [11–16] and numerically
[17–23], has been made recently in the determination of

these constants. However, a complete picture has not yet
emerged. For example, the observation that quenched lat-
tice simulations consistently observe the Aoki phase
[24–27], while in unquenched simulations both the Aoki
and the Sharpe-Singleton scenario [20,23,28–37] has been
observed, remains a puzzle.
The spontaneous breaking of chiral symmetry is tightly

connected to the smallest eigenvalues of the Dirac operator
[38,39]. Moreover, the Aoki phase manifests itself in the
smallest eigenvalues of the Wilson Dirac operator [11,40].
Here we show that the behavior of the smallest eigenvalues
of the Wilson Dirac operator is also directly related to the
Sharpe-Singleton scenario. In particular, we explain that in
the Sharpe-Singleton scenario the Wilson Dirac eigenval-
ues undergo a collective macroscopic jump as the quark
mass changes sign. Moreover, we show that this collective
jump only occurs in the presence of dynamical fermions.
The quenched theory has no analog of this and hence the
Sharpe-Singleton scenario is not possible in the quenched
theory. This conclusion is verified by a direct computation
of the microscopic quenched and unquenched chiral
condensate.
In order to establish these results we explicitly derive the

unquenched microscopic spectral density of the Wilson
Dirac operator. This calculation makes use of both
Wilson random matrix theory as well as Wilson chiral
perturbation theory. By means of an underlying Pfaffian
structure we uncover a compact factorized form of the
exact unquenched microscopic eigenvalue density. This
form makes it possible to understand the full dependence
of the eigenvalue density on the low energy constants. We
analyze this dependence in the mean field limit which can
also be directly derived from Wilson chiral perturbation
theory.
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The mean field limit of the microscopic spectral density
corresponds to the leading order result of Wilson chiral
perturbation theory in the p regime. This will allow us to
close the circle by explaining the original p-regime results
of Sharpe and Singleton in terms of the behavior of the
Wilson Dirac eigenvalues. In particular, we will explain
how the nonzero minimal value of the pion mass in the
Sharpe-Singleton scenario is connected to the collective
jump of the Wilson Dirac eigenvalues.

The approach to the Wilson Dirac spectrum followed
in this paper has been applied previously in
Refs. [11,12,15–17,41–46] and results from these studies
will be used.

The study of the smallest eigenvalues of the Wilson
Dirac eigenvalues not only explains the way in which the
Aoki phase and the Sharpe-Singleton scenarios are real-
ized, it also gives direct information on the sign and
magnitude of the low energy constants of Wilson chiral
perturbation theory. We will show that the spectral proper-
ties of the Wilson Dirac operator determine the sign of all
three additional low energy constants of the leading order
chiral Lagrangian of Wilson chiral perturbation theory in
the microscopic limit.

The results for the unquenched spectral density of the
Wilson Dirac operator presented here also offer a direct
way to measure the low energy constants of Wilson chiral
perturbation theory by matching the predictions against
results from lattice QCD. The first quenched studies of
this nature appeared recently [21,22].

This paper is organized as follows. After a brief presen-
tation of the properties of the Wilson Dirac operator in
Sec. II we recall the basics of Wilson chiral perturbation
theory in Sec. III. In Sec. IV we determine constraints on
the additional low energy parameters of Wilson chiral
perturbation theory in terms of the spectral properties of
the Wilson Dirac operator. The unquenched microscopic
spectrum of the Wilson Dirac operator is analyzed in
Sec. V. Finally, the realization of the Sharpe-Singleton
scenario is the topic of Sec. VI. Section VII contains our
summary and conclusions. Wilson random matrix theory,
the factorization properties of the spectral density, and the
details of the mean field calculation are discussed in
Appendixes A, B, and C, respectively.

II. THE WILSON DIRAC OPERATOR

Herewe recall a few basic properties of theWilson Dirac
operator. The Wilson term in the lattice discretized cova-
riant derivative

DW ¼ 1

2
��ðr� þr�

�Þ � ar

2
r�r�

� (1)

breaks the anti-Hermiticity as well as the axial symmetry
of the continuum Dirac operator. However, DW is
�5 Hermitian

�5DW�5 ¼ Dy
W (2)

and the product with �5, D5ðmÞ � �5ðDW þmÞ is there-
fore Hermitian.
The eigenvalues, zk, of DW consists of complex conju-

gated pairs as well as exactly real eigenvalues [47]. Only
the real eigenmodes have nonzero chirality and determine
the index, �, of the Wilson Dirac operator,

� ¼ X
k

signðhkj�5jkiÞ: (3)

Here jki denotes the kth eigenstate ofDW . The eigenvalues,
�5, of D5ðmÞ are unpaired when a � 0.
In Sec. IV we will use these properties to constrain the

parameters of Wilson chiral perturbation theory.

III. WILSON CHIRAL PERTURBATION THEORY

In the microscopic limit at nonzero lattice spacing where
(m is the quark mass, � the axial quark mass, z an eigen-
value of DW , and a is the lattice spacing)

mV; �V; zV; and a2V (4)

are kept fixed as V ! 1, the microscopic partition func-
tion of [48] extends to [11]

Z�
Nf
ðm; � ; aÞ ¼

Z
UðNfÞ

dUdet�UeS½U�; (5)

where the action S½U� for degenerate quark masses is given
by [2–4]

S ¼ m

2
�V TrðUþUyÞ þ �

2
�V TrðU�UyÞ

� a2VW6½TrðUþUyÞ�2 � a2VW7½TrðU�UyÞ�2
� a2VW8 TrðU2 þUy2Þ: (6)

In addition to the chiral condensate, �, the action also
contains the low energy constants W6, W7, and W8 as
parameters.1

In order to lighten the notation we introduce the re-
scaled, dimensionless variables

â2i ¼ a2VWi; m̂¼ mV�; ẑ¼ zV�; and �̂ ¼ �V�:

(7)

The generating functional for the eigenvalue density of
DW in the complex plane is the graded extension of Eq. (5).
Because of the non-Hermiticity of DW , the graded exten-
sion

Z�
Nfþ2j2ðẑ; ẑ�; ẑ0; ẑ0�; m̂; âiÞ (8)

requires an extra pair of conjugate quarks with masses ẑ
and ẑ�, as well as a conjugate pair of bosonic quarks, with
masses ẑ0 and ẑ0� [49]. The graded mass term becomes

1Note that we use the convention of [11,12] for the low energy
constants W6, W7, and W8. In [4] these constants are denoted by
�W0

6, �W0
7, and �W 0

8, respectively.
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TrgðMUþMU�1Þ with

M ¼ diagðm̂1; . . . ; m̂Nf
; ẑ; ẑ�; ẑ0; ẑ0�Þ; (9)

where Trg denotes the graded trace TrgA ¼ TrðAfÞ �
TrðAbÞ, with Af the fermion-fermion block of A and Ab

its boson-boson block. The eigenvalue density ofDW in the
complex plane is

��
c;Nf

ðẑ; ẑ�; m̂; âiÞ ¼ @ẑ� lim
ẑ0!ẑ

@ẑ logZ
�
Nfþ2j2ðẑ; ẑ�; ẑ0; ẑ0�; m̂; âiÞ:

(10)

The sign and magnitude of W6, W7, and W8 determine
the phase structure at small mass [2]: for W8 þ 2W6 > 0
the Aoki phase dominates if jmj�< 8ðW8 þ 2W6Þa2 while
for W8 þ 2W6 < 0 the Sharpe-Singleton scenario takes
place. It is therefore of considerable interest to understand
if it is possible to determine the signs of the additional low
energy constants. In the next section we show how these
signs follow from the �5 Hermiticity of the Wilson Dirac
operator.

IV. CONSTRAINTS ON W6, W7, AND W8 DUE TO
�5 HERMITICITY

In Refs. [12,13,16] it was shown that properties of the
partition function and the correlation functions due to
�5 Hermiticity lead to bounds on W6, W7, and W8. The
bounds that were found are [12,13] W8 > 0 (independent
of the value of W6 and W7 [13]) and [12,16] W8�W6�
W7>0. In addition it was argued in [16] thatW8þ2W6>0
provided that disconnected diagrams are suppressed. Note
that lattice studies [18] have found that disconnected dia-
grams can have a significant contribution.

Here we show that the signs of W6 and W7 can be
determined from �5 Hermiticity if we consider the spectral
properties of the Wilson Dirac operator. There are two
implicit assumptions that have been well established in
the study of Dirac spectra. First, that for a given value of
the low-energy constants the chiral Lagrangian can be
extended to partially quenched QCD with the same low-
energy constants. Second, there is a one-to-one relation
between spectral properties in the microscopic domain and
the partially quenched chiral Lagrangian.

Let us first recall why �5 Hermiticity implies that
W8 > 0 when W6 ¼ W7 ¼ 0 [12]. As shown by explicit
calculations in [11,12,42,43] the microscopic graded gen-
erating functional corresponding to

L ðUÞ ¼ 1
2m�TrðUþUyÞ þ 1

2��TrðU�UyÞ
� a2W8 TrðU2 þUy2Þ (11)

with W8 > 0 gives predictions for the spectrum of the
�5 Hermitian DW and the Hermitian D5. This was further
confirmed by its equivalence to a �5-Hermitian Wilson
random matrix theory.

On the contrary if W8 < 0, it was explicitly shown in
[12] that the graded generating functional corresponding to
Eq. (11) is the generating functional for the spectral
fluctuations in a lattice theory with iWilson fermions de-
fined as

DiW ¼ 1

2
��ðr� þr�

�Þ � i
ar

2
r�r�

�; (12)

which is anti-Hermitian rather than �5 Hermitian. This
conclusion was again confirmed by the equivalence to an
anti-Hermitian iWilson random matrix theory. Note that
DW andDiW only differ by a factor of i in the Wilson term,
and that DiW is not �5 Hermitian.
Therefore we understand the effective theory, Eq. (11),

for both signs of W8 and that the Hermiticity properties of
the Wilson Dirac operator determine this sign. For Wilson
fermions we have W8 > 0, whereas for iWilson fermions
the constraint is W8 < 0. This is fully consistent with the
results from QCD inequalities [12,13].
Let us now extend the argument to also include W6 and

W7. We will show that Wilson chiral perturbation theory
withW6 < 0,W7 < 0, andW8 > 0 gives predictions for the
spectrum of a �5 Hermitian DW . On the contrary Wilson
chiral perturbation theory with W6 > 0, W7 > 0, and
W8 < 0 gives predictions for the spectrum of DiW .
The fact that all three signs are reversed when changing

between Wilson and iWilson fermions is not accidental.
Since the Wilson term and the iWilson term break chiral
symmetry in exactly the same way, the respective low
energy effective theories must have the same symmetry
breaking terms in the chiral Lagrangian. Moreover, since
the explicit symmetry breaking terms at order a2 have their
origin in the Wilson term, the two effective fermionic
Lagrangians are related by a combined change of sign of
W6, W7, and W8.

2

In order to see which sign of W6 and W7 corresponds to
Wilson fermions let us rewrite the trace squared terms in
Wilson chiral perturbation theory as

Z�
Nf
ðm̂; �̂; â6; â7; â8Þ

¼ 1

16�jâ6â7j
Z 1

�1
dy6dy7 exp

�
� y26
16jâ26j

� y27
16jâ27j

�

� Z�
Nf
ðm̂� y6; �̂ � y7; â6 ¼ 0; â7 ¼ 0; â8Þ; (13)

valid for W6 < 0 and W7 < 0 and

2This duality of the Wilson and iWilson fermion lattice
theories is due to the fact that the two are related by an axial
transformation and an interchange m $ i� and � $ im: The
axial transformation R ¼ expði�=4Þ and L ¼ expð�i�=4Þ takes
DW þmþ ��5 ! DiW þ i� þ im�5. The corresponding trans-
formation on the Goldstone field is U ! RULy ¼ iU.
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Z�
Nf
ðm̂; �̂ ; â6; â7; â8Þ

¼ 1

16�jâ6â7j
Z 1

�1
dy6dy7 exp

�
� y26
16jâ26j

� y27
16jâ27j

�

� Z�
Nf
ðm̂� iy6; �̂ � iy7; â6 ¼ 0; â7 ¼ 0; â8Þ; (14)

valid for W6 > 0 and W7 > 0.
Let us first consider the case W7 ¼ 0. A negative value

of W6 corresponds to a Dirac operator that is compatible
with the �5 Hermiticity of the Wilson Dirac operator. The
additional fluctuations can be interpreted as collective
fluctuations of the eigenvalues, zk, of DW parallel to the
real z axis. To see this, extend Eq. (13) to the graded
generating functional, Eq. (8), and include y6 in the graded
mass matrix

M� y6 ¼ diagðm̂1 � y6; . . . ; m̂Nf
� y6;

ẑ� y6; ẑ
� � y6; ẑ

0 � y6; ẑ
0� � y6Þ (15)

[see Eq. (21) for further details]. Such fluctuations are
allowed for Wilson fermions since the eigenvalues of DW

come in pairs ðz; z�Þ or are strictly real. This is illustrated in
the left-hand panel of Fig. 1.

For a positive value of W6 the corresponding Dirac
operator is in a different Hermiticity class than the
Wilson Dirac operator and will have different spectral
properties. Therefore, we necessarily have W6 < 0 for the
Wilson Dirac operator. For the iWilson-lattice theory on

the other hand, we have that Dy
iW ¼ �DiW and conse-

quently purely imaginary eigenvalues. Moreover, since
the eigenvalues are not paired with equal and opposite
sign (for a � 0) the spectrum of iDW can fluctuate along
the imaginary axis; see the right-hand panel of Fig. 1 for an
illustration. The Dirac operator corresponding toW6 > 0 is
hence in the Hermiticity class ofDiW , in perfect agreement
with the above conclusion for Wilson fermions and the fact

that the two effective theories should have opposite signs
for all three Wi’s.
The story for W7 is analogous: A negative value of W7

corresponds to real fluctuations of the axial quark mass,
which are compatible with the Hermiticity properties of the
Wilson Dirac operator. These fluctuations can be inter-
preted as collective fluctuations of the eigenvalues, �5, of
D5 � �5ðDW þmÞ parallel to the real �5 axis. Such fluc-
tuations are allowed for Wilson fermions since D5 is
Hermitian and the symmetry ð�5;��5Þ is violated when
a � 0.
For iWilson fermions the product �5DiW has complex

eigenvalues which come in pairs with opposite real part (or
are strictly imaginary), hence their fluctuations can only
take part in the imaginary direction. This is consistent with
W7 > 0 in the chiral Lagrangian for iWilson fermions and
in perfect agreement with the fact that this sign should be
opposite to that of the chiral Lagrangian for Wilson
fermions.
Finally, when W6 and W7 have opposite signs the

Hermiticity properties of the shifted Dirac operator always
differ from the one realized at W6 ¼ W7 ¼ 0. The corre-
sponding Dirac operator therefore is neither �5 Hermitian
nor anti-Hermitian. The same is true if allWi have the same
sign.
In conclusion, we explained that the signs of the low

energy constants of Wilson chiral perturbation theory fol-
low from the �5 Hermiticity of the Wilson Dirac operator.
We have W6 < 0, W7 < 0, and W8 > 0. Note that both
the Aoki phase with W8 þ 2W6 > 0 and the Sharpe-
Singleton scenario with W8 þ 2W6 < 0 are allowed by
�5 Hermiticity.
In the reminder of this paper we will work withW6 < 0,

W7 < 0, and W8 > 0. Moreover, since the low energy
constant W7 does not affect the competition between the
Aoki phase and the Sharpe-Singleton scenario we will set
W7 ¼ 0.

X

X

X

X

X

X

X

X

X

X

X

X

X

Re(z)

Im(z)

2
88a W /Σ

W <06

D
W

X

X

X

Re(z)

Im(z)

X
X

X

X

X
X

W >0
6X

X
X

X

X

D
iW

W <08

FIG. 1 (color online). Illustration of the fluctuations of the Dirac eigenvalues. Left panel: A negative value of W6 corresponds to a
�5-Hermitian Wilson Dirac operator, i.e. with eigenvalues that are either real or come in complex conjugate pairs. Right panel: The
Dirac operator corresponding to W6 > 0 is in the Hermiticity class of DiW with purely imaginary eigenvalues.
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In Sec. VI we show how a collective effect on the
eigenvalues of DW induced by W6 < 0 leads to a shift
between the Aoki and the Sharpe-Singleton scenario. To
establish this result we will first derive the unquenched
microscopic eigenvalue density of DW .

V. THE UNQUENCHED SPECTRUM OF DW

In this section we calculate the microscopic spectral
density of the Wilson Dirac operator, DW , in the presence
of two dynamical flavors. We first carry through the

calculation withW6 ¼ W7 ¼ 0 and subsequently introduce
the effects of W6. In order to derive the microscopic
spectral density ofDW it is convenient to use Wilson chiral
random matrix theory introduced in [11], which is re-
viewed in Appendix A for completeness.
We start from the joint eigenvalue probability distribu-

tion of the random matrix partition function Eq. (A6). To
obtain the eigenvalue density in the complex plane we
integrate over all but a complex pair of eigenvalues.
Using the properties of the Vandermonde determinant we
obtain (ẑ ¼ x̂þ iŷ)

��
c;Nf¼2ðẑ; ẑ�; m̂; â8Þ ¼ e�x̂2=ð8â28Þ jŷje�4â2

8

16ð2�Þ5=22â8
ðẑ� m̂Þ2ðẑ� � m̂Þ2 Z

�
4ðẑ; ẑ�; m̂; m̂; â8Þ
Z�
2ðm̂; m̂; â8Þ : (16)

This amazingly compact form can be simplified further. In [46] it was shown that the four-flavor partition function Z�
4 can

be expressed in terms of two-flavor partition functions. A proof in terms of chiral Lagrangians is given in Appendix B. This
leads to the final form for the microscopic spectral density of DW with two dynamical flavors

��
c;Nf¼2ðẑ; ẑ�; m̂; â8Þ ¼ e�x̂2=ð8â2

8
Þ jŷje�4â2

8

16ð2�Þ5=22â8
Z�
2ðẑ; ẑ�; â8Þ

�
�
1� 1

2iŷ

@m̂½Ẑ�
2ðẑ; m̂; â8Þ�Ẑ�

2ðẑ�; m̂; â8Þ � Ẑ�
2ðẑ; m̂; â8Þ@m̂½Ẑ�

2ðẑ�; m̂; â8Þ�
Z�
2ðm̂; m̂; â8ÞZ�

2ðẑ; ẑ�; â8Þ
�
; (17)

where the two-flavor partition function is given by [43]

Z�
Nf¼2ðm̂1; m̂2; â8Þ ¼ e4â

2
8

�8â28

Z 1

�1

Z 1

�1
ds1ds2

ðis1 � is2Þ
m̂1 � m̂2

ðis1Þ�ðis2Þ� ~Z�
2ðis1; is2; â8 ¼ 0Þ

� exp

�
� 1

16â28
½ðs1 þ im̂1Þ2 þ ðs2 þ im̂2Þ2�

�
; (18)

with

~Z�
2ðx1; x2; â8 ¼ 0Þ

¼ 2

x�1x
�
2ðx22 � x21Þ

det

�������� I�ðx1Þ x1I�þ1ðx1Þ
I�ðx2Þ x2I�þ1ðx2Þ

��������; (19)

and we have introduced the notation Ẑ�
2ðm̂1; m̂2; â8Þ �

ðm̂1 � m̂2ÞZ�
2ðm̂1; m̂2; â8Þ.

The expression in the first line of Eq. (17) is the
quenched eigenvalue density of DW [44]. The correction
factor in the second line is responsible for the eigenvalue
repulsion from the quark mass. A plot of the eigenvalue
density of the Wilson Dirac operator in the complex plane
for two dynamical flavors is given in Fig. 2.

Note the strong similarity with the result for the eigen-
value density of the continuum Dirac operator at nonzero
chemical potential in phase quenched QCD [50]. In that
case the eigenvalue density follows from the integrable
Toda lattice hierarchy [51]. The analytical form of the
eigenvalue density of the Wilson Dirac operator, Eq. (16),
strongly suggests that a similar integrable structure is
present in the microscopic limit of the Wilson lattice
QCD partition function.

FIG. 2 (color online). The microscopic spectral density of the
Wilson Dirac operator for Nf ¼ 2 flavors of equal mass m̂ ¼ 2

and â8 ¼ 0:8 (â6 ¼ â7 ¼ 0) in the sector � ¼ 0. The eigenval-
ues form a strip centered on the imaginary axis. Note the
repulsion of the eigenvalues from the quark mass.
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As pointed out in [12] the graded generating function for
the eigenvalue density can be extended to include the effect
of W6 and W7 by a Gaussian integral as in Eq. (13). Since
this works for the graded generating functional it also
works for the spectral density itself [12]. In the unquenched
case, however, one must be careful with the normalization
factor 1=Z�

Nf
ðm̂; â8Þ.

Let us start with the case whereW6 ¼ W7 ¼ 0. Then the
density of DW in the complex plane is obtained from the
graded generating function as follows:

��
c;Nf

ðẑ; ẑ�;m̂;â8Þ¼@ẑ��
�
Nfþ2j2ðẑ; ẑ�;m̂;â8Þ

¼@ẑ� lim
ẑ0!ẑ

@ẑ logZ
�
Nfþ2j2ðẑ; ẑ�; ẑ0; ẑ0�;m̂;â8Þ;

(20)

where the graded generating functional, ZNfþ2j2, was in-

troduced in Eq. (8).
To extend this to W6 < 0 we first note that the Gaussian

trick, Eq. (13), also works for the graded generating func-
tional. Using this we find

��
c;Nf

ðẑ; ẑ�; m̂; â6; â8Þ ¼ @ẑ� lim
ẑ0!ẑ

@ẑ logZ
�
Nfþ2j2ðẑ; ẑ�; ẑ0; ẑ0�; m̂; â6; â8Þ

¼ @ẑ� lim
ẑ0!ẑ

@ẑ log
Z
½dy�Z�

Nfþ2j2ðẑ� y; ẑ� � y; ẑ0 � y; ẑ0� � y; m̂� y; â8Þ

¼ 1

Z�
Nf
ðm̂; â6; â8Þ

Z
½dy�Z�

Nf
ðm̂� y; â8Þ@ẑ���

Nfþ2j2ðẑ� y; ẑ� � y; m̂� y; â8Þ

¼ 1

Z�
Nf
ðm̂; â6; â8Þ

Z
½dy�Z�

Nf
ðm̂� y; â8Þ��

c;Nf
ðẑ� y; ẑ� � y; m̂� y; â8Þ; (21)

where we will recall the notation: ½dy� ¼ dy=ð4 ffiffiffiffi
�

p jâ6jÞ�
expð�y2=ð16jâ26jÞÞ.
In order to understand the effect of W6 on the un-

quenched spectral density of DW we will analyze the
mean field limit of Eq. (21). As shown in the next section
the factor of Z�

Nf
in the integrand is essential for the

realization of the Sharpe-Singleton scenario.

VI. THE SHARPE-SINGLETON SCENARIO IN THE
SPECTRUM OF DW

Here we show that the Sharpe-Singleton scenario can be
understood in terms of a collective effect of the eigenvalues
of DW induced by W6 < 0 when the quark mass changes
sign. The Sharpe-Singleton scenario is therefore not real-
ized in the quenched theory even if W8 þ 2W6 < 0.

Before we give the proof let us first consider an electro-
static analogy which can help set the stage. The quenched
chiral condensate

Z
d2z

�Nf¼0ðz; z�;aÞ
z�m

(22)

can be thought of as the electric field (in two dimensions)
created by positive charges located at the positions of the
eigenvalues z ofDW and measured at the positionm (which
can be thought of as a test charge). At the point where the
quark mass hits the strip of eigenvalues of DW centered on
the imaginary axis, the mass dependence of the chiral
condensate (electric field) shows a kink. As the quark
mass is lowered further (the test charge passes through
the strip of eigenvalues) the condensate (electric field)
drops linearly to zero at m ¼ 0. The drop is linear because
the eigenvalue density is uniform.

For the unquenched chiral condensate we reach an iden-
tical conclusion provided that the quark mass (test charge)
only has a local effect on the eigenvalues, i.e. it only affects
eigenvalues close to the quark mass. This is the case for the
Aoki phase when the quark mass is inside the strip of
eigenvalues of DW .
On the contrary, in order to realize the first order Sharpe-

Singleton scenario the quark mass must have a collective
effect on the eigenvalues of DW such that the strip of
eigenvalues is entirely to the left of the quark mass for
small positive values of m. And then at m ¼ 0 the strip
collectively jumps to the opposite side of the origin such
that for small negative values of the quark mass the strip of
eigenvalues is to the right of m. The collective jump of the
eigenvalues atm ¼ 0 flips the sign of the chiral condensate
(electric field) in agreement with the Sharpe-Singleton
scenario.
In order to show that the Sharpe-Singleton scenario is

indeed realized in terms of the eigenvalues of DW in the
manner described above let us analyze the effect ofW6 < 0
on the eigenvalues of DW .

A. The mean field eigenvalue density of DW

In the mean field limit the density of eigenvalues of DW

at â6 ¼ 0 is simply given by a uniform strip of half width
8â28=� centered on the imaginary axis (the derivation of

this result is analogous to the one for nonzero chemical
potential, see [49,52])

�MF
c;Nf¼2ðx̂; m̂; â8Þ ¼ �ð8â28 � jx̂jÞ: (23)

This result is identical to the quenched mean field spectral
density since the correction factor in the second line of
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Eq. (17) only has an effect on the microscopic scale (the
direct repulsion of the eigenvalues from the quark mass has
a microscopic range).

To include the effect of â6 we use the Gaussian trick
discussed in Eq. (21). The simplest way to proceed is to
take the mean field limit before the y6 integration, we find

�MF
c;Nf¼2ðx̂; m̂; â6; â8Þ ¼ 1

ZMF
2 ðm̂; â6; â8Þ

�
Z

dy6e
�y2

6
=16jâ2

6
jZMF

2 ðm̂� y6; â8Þ
� �ð8â28 � jx̂� y6jÞ: (24)

Note the essential way in which the two-flavor partition
function enters both in the numerator and the denominator.
This is what separates the mean field calculation with
dynamical fermions from the quenched analog.

The mean field result for the two-flavor partition func-
tion with â6 ¼ 0 is given by

ZMF
2 ðm̂; â8Þ ¼ e2m̂�4â2

8 þ e�2m̂�4â2
8

þ �ð8â28 � jm̂jÞem̂2=8â2
8
þ4â2

8 : (25)

The â6 dependence can again be restored by means of
introducing an additional Gaussian integral. In the mean
field limit this results in

ZMF
2 ðm̂; â6; â8Þ ¼ e2m̂þ16jâ2

6
j�4â2

8 þ e�2m̂þ16jâ2
6
j�4â2

8

þ�ð8ðâ28þ 2â26Þ� jm̂jÞem̂2=8ðâ2
8
�2jâ2

6
jÞþ4â2

8 :

(26)

Note that when 2â26 þ â28 < 0 the term in the second line of

this equation is absent. The final result for the mean field
two-flavor eigenvalue density of DW is

�MF
c;Nf¼2ðx̂; m̂; â6; â8Þ ¼ 1

ZMF
2 ðm̂; â6; â8Þ

�
�
e2m̂þ16jâ2

6
j�4â28�ð8â28 � jx̂þ 16jâ6j2jÞ

þ e�2m̂þ16jâ2
6
j�4â2

8�ð8â28 � jx̂� 16jâ6j2jÞ

þ �ð8ðâ28 þ 2â26Þ � jm̂jÞ�
�
8â28 �

��������x̂þ 2jâ6j2m̂
ðâ28 � 2jâ6j2Þ

��������
�
em̂

2=8ðâ2
8
�2jâ2

6
jÞþ4â2

8

�
: (27)

A derivation of this result which includes the fluctuations
around the saddle points is given in Appendix C.

In order to access the Sharpe-Singleton scenario let
us consider the case where m̂ is small compared to
16jâ26j � 8â28 which is taken large and positive.

The terms in the second line of Eq. (27) give rise to a
strip of eigenvalues of half width 8â28=� centered at

�16jâ26j=� while the term in the third line gives rise to a

strip of eigenvalues of half width 8â28=� centered at

16jâ26j=�. The relative height of the two strips is

expð4m̂Þ. Therefore even though the magnitude of m̂ is
relatively small it has a dramatic effect: As the sign of m̂
changes from positive to negative values the entire strip of
eigenvalues jumps from its position around �16jâ26j=� to

the new position around 16jâ26j=�. For a plot see Fig. 3.

Because of the exponential suppression of one of the strips,
the jump of the support of the spectrum occurs on a scale of
m̂�Oð1Þ or m� 1=V� and leads to the first order dis-
continuity of the chiral condensate at m ¼ 0 as predicted
by the Sharpe-Singleton scenario.

In the continuum limit the chiral condensate also jumps
from� to�� on a scale of m̂�Oð1Þ orm� 1=V�, but in
this case the difference in the potential between the two
minima is of Oðm̂Þ as opposed to Oðâ26Þ for the Sharpe-

Singleton scenario.
The terms in the mean field two-flavor partition func-

tion, see Eq. (25), are directly responsible for the jump of

the eigenvalue density at m̂ ¼ 0 in the theory with dynami-
cal quarks. In the corresponding quenched computation we
simply have

�MF
c;Nf¼0ðx̂; â6; â8Þ ¼

Z
dy6e

�y2
6
=16jâ2

6
j�ð8â28 � jx̂� y6jÞ;

(28)

which leads to a single strip of eigenvalues centered at the
imaginary axis independent of the value of W6

�MF
c;Nf¼0ðx̂; â6; â8Þ ¼ �ð8â28 � jx̂jÞ: (29)

B. The connection to the mean field results of Sharpe
and Singleton

From the results of the previous section we see that the
gap from the quark mass to the edge of the strip of
eigenvalues of DW is given by

jmj � 8ðW8 þ 2W6Þa2=�: (30)

In [2] it was found that the pion masses for jmj�>
8ðW8 þ 2W6Þa2 are given by

m2
�F

2
�

2
¼ jmj�� 8ðW8 þ 2W6Þa2: (31)

Hence the gap from the quark mass to the edge of the strip
of eigenvalues of DW can be thought of as the effective
quark mass that enters the standard form of the
Gell–Mann-Oakes-Renner relation. In particular, note
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that for W8 þ 2W6 < 0 the mass never reaches the strip of
eigenvalues. Correspondingly, the minimal value of the
pion mass is given by

m2
�F

2
�

2
¼ �8ðW8 þ 2W6Þa2; (32)

again in perfect agreement with the leading order p-regime
computation of [2].

C. Direct computation of the quenched
and unquenched condensate

From the essential part played by the dynamical fermion
determinant in the realization of the Sharpe-Singleton
scenario in terms of the eigenvalues of the Wilson Dirac
operator we conclude that the Sharpe-Singleton first order
scenario only takes place in the theory with dynamical
quarks. Here we explicitly compute the quenched and
unquenched microscopic chiral condensate and directly
verify that the first order jump of the chiral condensate at
m ¼ 0 only takes place in the theory with dynamical
quarks.
The unquenched microscopic chiral condensate is ob-

tained from the microscopic partition function by

��
Nf
ðm̂; âiÞ ¼ 1

Nf

1

Z�
Nf

d

dm̂
Z�
Nf
ðm̂; âiÞ: (33)

Specifically, for two mass degenerate flavors we have [11]

��
Nf¼2ðm̂; m̂; âiÞ ¼ 1

2

1

Z�
Nf¼2ðm̂; âiÞ

Z �

��
d�1d�2jei�1 � ei�2 j2

� ei�ð�1þ�2Þðcos�1þ cos�2Þ
� exp½m̂ðcos�1þ cos�2Þ
� 4â26ðcos�1þ cos�2Þ2
� 2â28ðcosð2�1Þþ cosð2�2ÞÞ� (34)

with

Z�
Nf¼2ðm̂; âiÞ ¼

Z �

��
d�1d�2jei�1 � ei�2 j2ei�ð�1þ�2Þ

� exp½m̂ðcos�1 þ cos�2Þ
� 4â26ðcos�1 þ cos�2Þ2
� 2â28ðcosð2�1Þ þ cosð2�2ÞÞ�: (35)

The quenched condensate was derived in [12,22]

��
Nf¼0ðm̂; âiÞ ¼

Z 1

�1
ds

Z �

��

d�

2�
sinð�Þeði��sÞ� exp½�m̂ sinð�Þ � im̂ sinhðsÞ � 	 coshsþ 4â26ð�i sinð�Þ þ sinhðsÞÞ2

þ 4â27ðcosð�Þ � coshðsÞÞ2 þ 2â28ðcosð2�Þ � coshð2sÞÞ�
�
� m̂

2
sinð�Þ þ i

m̂

2
sinhðsÞ

� 4ðâ26 þ â27Þðsin2ð�Þ þ sinh2ðsÞÞ þ 2â28ðcosð2�Þ þ coshð2sÞ þ ei�þs þ e�i��sÞ þ 1

2

�
: (36)
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FIG. 3 (color online). The Wilson Dirac spectrum for the
Sharpe-Singleton scenario: Shown is the mean field spectral
density of the Wilson Dirac operator for Nf ¼ 2 with â6 ¼ 3i

and â8 ¼ 3 (â7 ¼ 0) as a function of x̂ ¼ Re½ẑ� (the mean field
density is independent of ŷ ¼ Im½ẑ�). The choice of â6 and â8
corresponds to a negative value of W8 þ 2W6 and hence the
Sharpe-Singleton scenario. The two flavors have equal mass
m̂ ¼ 5 (top panel) and m̂ ¼ �5 (bottom panel). Even though
the quark mass, marked by X on the x axis, only changes by a
small amount compared to the size of the gap the entire strip of
eigenvalues jumps to the opposite side of the origin. This leads to
the first order jump of the chiral condensate at m ¼ 0.

M. KIEBURG, K. SPLITTORFF, AND J. J.M. VERBAARSCHOT PHYSICAL REVIEW D 85, 094011 (2012)

094011-8



In Refs. [12,22], its imaginary part was studied since it is
directly related to the real eigenvalues of DW . Here we are
after the quenched condensate itself which is given by its
real part. Figure 4 compares the behavior of the quenched
chiral condensate and the chiral condensate for Nf ¼ 2 for
three sets of values of W6 and W8. While the first order
jump forms in the thermodynamic limit for the condensate
with dynamical quarks when W8 þ 2W6 turns negative the
kink in the mass dependence of the quenched condensate
remains. This directly verifies that the Sharpe-Singleton
scenario is absent in quenched theory independent of the
value of W6.

Note that the authors of [6] concluded that both the Aoki
phase and the Sharpe-Singleton scenario are possible in the
quenched theory. They reached this conclusion because
they worked in the large Nc limit in which W6 and W7

vanish, and because the constraint on the sign of W8 was
not known at the time.

VII. CONCLUSIONS

The first order scenario of Sharpe and Singleton for
lattice QCD with Wilson fermions has been studied from
the perspective of the eigenvalues of the Wilson Dirac
operator. The behavior of the Wilson Dirac eigenvalues
not only gives constraints on the additional low energy
parameters of Wilson chiral perturbation theory (W6 < 0,
W7 < 0, and W8 > 0), it also allows us to explain the way
in which the first order discontinuity of the chiral conden-
sate is realized. In particular, we have shown that the
associated collective jump of the spectrum of the Wilson
Dirac operator only occurs in the theory with dynamical
quarks. The Sharpe-Singleton scenario is therefore not
realized in the quenched theory which enters in the Aoki
phase at sufficiently small quark mass. By a direct compu-
tation of the quenched microscopic chiral condensate we

verified that the second order phase transition occurs in the
quenched theory even if W8 þ 2W6 < 0. This explains the
puzzle why the Aoki phase dominates in the chiral limit of
quenched lattice simulations while both the Aoki phase
and the Sharpe-Singleton scenario have been observed in
lattice QCD with dynamical Wilson fermions.
The above conclusion was made possible by the com-

putation of the exact analytical result for the microscopic
spectral density of the Wilson Dirac operator in lattice
QCD with two dynamical flavors. The explicit form of
the microscopic expression allowed us to compute the
mean field eigenvalue density and in turn make a direct
connection to the original leading order p-regime results of
Sharpe and Singleton.
It would be most interesting to test the predictions

presented in this paper against dynamical lattice QCD
simulations. Since the effects of W6 and W8 on the spec-
trum ofDW in the unquenched theory are drastically differ-
ent this offers a direct way to determine the values of these
low energy constants. An early lattice study of the Wilson
Dirac eigenvalues in dynamical simulations with light
quarks appeared in [53].
Finally, since the additional low energy constants of

Wilson chiral perturbation theory parametrize the discreti-
zation errors, it is also most interesting to consider the
effects of improvements of the lattice action on the un-
quenched spectrum of the Wilson Dirac operator [54].
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FIG. 4 (color online). The Sharpe-Singleton first order phase transition is due to dynamical quarks and is not present in the quenched
case even if W8 þ 2W6 < 0. Shown is the microscopic chiral condensate as a function of the quark mass for â8 ¼ 1 and â6 ¼ 0, 0:5i
and i corresponding to W8 þ 2W6 > 0, W8 þ 2W6 ¼ 0, and W8 þ 2W6 < 0, respectively. Left Nf ¼ 0: In the quenched case there is

hardly any effect of W6 < 0. Right Nf ¼ 2: For two flavors the increasingly negativeW6 drives the system from the Aoki phase to the

Sharpe-Singleton scenario as can be seen by the formation of the discontinuity of the chiral condensate on a scale of m� 1=V.
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APPENDIX A: WILSON RANDOM
MATRIX THEORY

In order to derive the microscopic spectral density ofDW

it is convenient to use Wilson chiral random matrix theory
introduced in [11].

The partition function of Wilson chiral random matrix
theory is defined as

~Z �
Nf

¼
Z

dAdBdW
YNf

f¼1

detð ~DW þ ~mfÞP ðA; B;WÞ: (A1)

The matrix integrals are over the complex Haar measure.
The random matrix analog of the Wilson Dirac operator

is

~DW ¼ ~aA iW
iWy ~aB

� �
; (A2)

where

A ¼ Ay and By ¼ B (A3)

are ðnþ �Þ � ðnþ �Þ and n� n complex matrices, re-
spectively, and W is an arbitrary complex ðnþ �Þ � n
matrix. Finally, the weight is

P ðA; B;WÞ � exp

�
�N

4
Tr½A2 þ B2� � N

2
Tr½WWy�

�
;

(A4)

where N ¼ 2nþ �.
As shown in Ref. [12], the Wilson random matrix par-

tition function matches the microscopic partition function
of Wilson chiral perturbation theory in the limit N ! 1
with N ~m and N~a2 fixed provided that we identify

N ~m ¼ m�V;
N~a2

4
¼ a2W8V: (A5)

An eigenvalue representation of the partition function
was derived in [44]

~Z �
Nf

¼
Z

dZ�2nþ�ðZÞ
Yn
a¼1

ðzar �mÞNf

Ynþ�

b¼1

ðzbl �mÞNf

Yn
a¼1

g2ðzal; zarÞ
Y�
b¼1

zb�1
bl g1ðzblÞ; (A6)

where Z ¼ ðz1r . . . ; znr; z1l; . . . ; znþ�;lÞ are the 2nþ � eigenvalues of DW and

g1ðzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
n

2�~a2

r
exp

�
� n

2~a2
x2
�

ðyÞ; (A7)

and

g2ðz1; z2Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n3

4�~a2ð1þ a2Þ

s
z�1 � z�2
jz1 � z2j

�
exp

�
� nðx1 þ x2Þ2

4~a2
� nðy1 � y2Þ2

4

�

ð2Þðz1 � z�2Þ

þ 1

2
exp

�
� n

4~a2
ðx1 þ x2Þ2 þ n

4
ðx1 � x2Þ2

�
erfc

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nð1þ ~a2Þp

2~a
jx1 � x2j

�

ðy1Þ
ðy2Þ

�
: (A8)

Finally, �ðZÞ is the Vandermonde determinant of the
2nþ � eigenvalues.

In Sec. V we use this eigenvalue representation to derive
the general form of the unquenched spectral density ofDW .

APPENDIX B: SIMPLIFICATION OF THE
PARTITION FUNCTION

In this Appendix we express the general partition func-
tion with even Nf in terms of a Pfaffian of two-flavor

partition functions. This Pfaffian form was first given in
[46]. Here we give a proof in terms of chiral Lagrangians
rather than random matrix theories. In particular, we ex-
plicitly express the four-flavor partition function entering
Eq. (16) in terms of two-flavor partition functions.

We start from the general Nf microscopic partition

function, Eq. (5), with â6 ¼ â7 ¼ 0 and make use of the
identity

exp½â28TrðU2þU�2Þ�
¼ exp½2Nfâ

2
8þ â28TrðU�U�1Þ2�;

¼ce2Nfâ
2
8

Z
d�exp

�
Tr�2

16â28
þ i

2
Tr�ðU�U�1Þ

�
; (B1)

where � is an Nf � Nf anti-Hermitian matrix and c a

normalization constant. After a shift of � byM we obtain

Z�
Nf
ðM; â8Þ ¼ ce2Nfâ

2
8

Z
d�

Z
dUdet�ðiUÞ

� exp

�
Trð��MÞ2

16â28
þ i

2
Tr�ðU�U�1Þ

�
:

(B2)

The next step is to decompose � ¼ uSu�1 with S a diago-
nal matrix and perform the integration over u by the
Itzykson-Zuber integral. We find
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Z�
Nf
ðM; â8Þ ¼ e2Nfâ

2
8

ð16�â28ÞNf=2

Z
ds

�ðSÞ
�ðMÞ exp

�
TrðS�MÞ2

16â28

�Y
k

ðiskÞ� ~Z�
Nf
ðfiskg; â8 ¼ 0Þ: (B3)

The Vandermonde determinant is defined by

�ðx1; . . . ; xpÞ ¼
Yp
k>l

ðxk � xlÞ; (B4)

and an explicit expression for the partition function at â8 ¼ 0 is given by

~Z�
Nf
ðx1; . . . ; xNf

; â8 ¼ 0Þ ¼ c

0
@ 1QNf

k¼1 xk

1
A�

det½ðxkÞl�1I�þl�1ðxkÞ�
�ðx21; . . . ; x2Nf

Þ : (B5)

We have that

�ðxkÞ
Y
k

ðxkÞ� ~Z�
Nf
ðxk; â8 ¼ 0Þ ¼ �ðxkÞ

�ðx2kÞ
detxl�1

k I�þl�1ðxkÞ; (B6)

which we will denote by the symbol D. We now express D as a Pfaffian.
By using recursion relations for Bessel functions, D can be rewritten as

D � �ðxkÞ
�ðx2kÞ

detxl�1
k I�þPðl�1ÞðxkÞ; (B7)

where PðkÞ ¼ ð1� ð�1ÞkÞ=2. Writing the determinant as a sum over permutations and splitting the permutations into
permutations of odd integers �o, even integers �e, and the mixed permutations of even and odd integers �eo, we obtain

D � �ðxkÞ
�ðx2kÞ

X
�eo

ð�1Þ�eo
X
�e

X
�o

ð�1Þ�eþ�o
Yn�1

l¼0 odd

x2l�oðlÞI�ðx�oðlÞÞ
Yn�1

l¼0 even

x2lþ1
�eðlÞI�þ1ðx�eðlÞÞ: (B8)

The permutation over the even and odd integers can be resummed into a Vandermonde determinant

X
�o

Yn�1

l¼0 odd

ð�1Þ�o
x2l�oðlÞI�ðx�oðlÞÞ ¼ �ðx2koÞ

Y
ko odd

I�ðxkoÞ;

X
�e

Yn�1

l¼0 even

ð�1Þ�e
x2lþ1
�eðlÞI�þ1ðx�eðlÞÞ ¼ �ðx2keÞ

Y
ke even

I�þ1ðxkeÞ:
(B9)

Next we combine the Vandermonde determinants as

�ðx2koÞ�ðx2keÞ�ðxkÞ
�ðx2kÞ

¼ �ðxkeÞ�ðxkoÞ�ðxko ; xkeÞ
�ðx2ko ; x2keÞ

¼ �ðxkeÞ�ðxkoÞ
�ðxko ;�xkeÞ ¼ det

1

xko þ xle
(B10)

with

�ðxk; ykÞ ¼
Y
k;l

ðxk � ylÞ: (B11)

The combination D can thus be written as

D ¼ X
�eo

ð�1Þ�eo
det

I�ðxkoÞxleI�þ1ðxleÞ
xko þ xle

: (B12)

The determinant is a sum over permutations of even and odd integers which together with �eo can be combined into a sum
over all permutations

D ¼ X
�

ð�1Þ� I�ðx�ðkÞÞx�ðlÞI�þ1ðx�ðlÞÞ
x�ðkÞ þ x�ðlÞ

; (B13)

which is equal to the Pfaffian

D ¼ Pf

�
I�ðxkÞxlI�þ1ðxlÞ � I�ðxlÞxkI�þ1ðxkÞ

xk þ xl

�
; (B14)

where we have recovered the Pfaffian structure of [46]. This leads to [46]
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Z�
Nf
ðM; â8Þ ¼ 1

�ðMÞ Pf½ðm̂j � m̂iÞZ�
Nf¼2ðm̂j; m̂i; â8Þ�j;i¼1;...;Nf

: (B15)

The alternative proof given here shows that the result is manifestly universal.
For the four-flavor partition function entering Eq. (16) the Pfaffian structure yields

Z�
Nf¼4ðẑ; ẑ�; m̂3; m̂4; â8Þ ¼ Z�

2ðẑ; ẑ�; â8ÞZ�
2ðm̂3; m̂4; â8Þ

ðẑ� m̂3Þðẑ� m̂4Þðẑ� � m̂3Þðẑ� � m̂4Þ �
Z�
2ðẑ; m̂3; â8ÞZ�

2ðẑ�; m̂4; â8Þ
ðẑ� ẑ�Þðẑ� m̂4Þðẑ� � m̂3Þðm̂3 � m̂4Þ

þ Z�
2ðẑ�; m̂3; â8ÞZ�

2ðẑ; m̂4; â8Þ
ðẑ� ẑ�Þðẑ� m̂3Þðẑ� � m̂4Þðm̂3 � m̂4Þ : (B16)

The latter two terms form a derivative in the limit m̂3 ! m̂4 ¼ m̂

Z�
4ðẑ; ẑ�; m̂; m̂; â8Þ ¼ Z�

2ðẑ; ẑ�; â8ÞZ�
2ðm̂; m̂; â8Þ

ðẑ� m̂Þ2ðẑ� � m̂Þ2 � @m̂½Ẑ�
2ðẑ; m̂; â8Þ�Ẑ�

2ðẑ�; m̂; â8Þ � Ẑ�
2ðẑ; m̂; â8Þ@m̂½Ẑ�

2ðẑ�; m̂; â8Þ�
ðẑ� ẑ�Þðẑ� m̂Þ2ðẑ� � m̂Þ2 : (B17)

With this we have succeeded in expressing the four-flavor
partition function in terms of the two-flavor partition func-
tion. This form inserted in Eq. (16) leads to Eq. (17).

APPENDIX C: MEAN FIELD INCLUDING
FLUCTUATIONS

Here we compute the mean field eigenvalue density of
DW including the fluctuations about the saddle points.
In Appendix C 1 we derive the mean field limit of the

two-flavor partition function. A mean field approximation
for the four-flavor partition function that enters in the
spectral density, (21), is given in Appendix C 2, and the
mean field result for the spectral density is derived in
Appendix C 3. We discuss the explicit dependence on the
low energy constants W6 and W8 and give the result both
for the Aoki phase and the Sharpe-Singleton scenario. As
explained in Sec. IV we have W6 < 0 and W8 > 0.

1. The two-flavor partition function

We consider the two-flavor partition function

Z�
2ðm̂; â6; â8Þ ¼

Z
Uð2Þ

exp

�
m̂

2
TrðUþU�1Þ þ jâ6j2½TrðUþU�1Þ�2 � â28TrðU2 þU�2Þ�det�Ud�ðUÞ

¼ 1

2�2

Z
½0;2��2

exp½m̂ðcos’1 þ cos’2Þ þ 4jâ6j2ðcos’1 þ cos’2Þ2�

� exp½�4â28ðcos2’1 þ cos2’2Þ þ 4â28�e{�ð’1þ’2Þsin2
�
’1 � ’2

2

�
d½’�

¼ 1

2�2

Z
½0;2��2

exp

�
�2ðâ28 � 2jâ6j2Þ

�
cos’1 þ cos’2 � m̂

4ðâ28 � 2jâ6j2Þ
�
2
�
e{�ð’1þ’2Þ

� exp

�
�2â28ðcos’1 � cos’2Þ2 þ 4â28 þ

m̂2

8ðâ28 � 2jâ6j2Þ
�
sin2

�
’1 � ’2

2

�
d½’�: (C1)

From the exponent we recognize that in the mean field
limit we always have

cos’1 ¼ cos’2: (C2)

For â28 þ 2â26 < 0 the solution of

cos’1 þ cos’2 ¼ m̂

4ðâ28 � 2jâ6j2Þ
(C3)

is a minimum and does not contribute in the mean field
limit (this is the case of the Sharpe-Singleton scenario).
Therefore the maxima can only come from

sin’1 ¼ sin’2 ¼ 0: (C4)

In combination with Eq. (C2) this yields the two solutions
cos’1 ¼ cos’2 ¼ �1.
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We make the following expansion:

’ðþÞ
1=2 ¼ 
’1=2; cos’ðþÞ

1=2 ¼ 1� 1
2
’

2
1=2; ’ð�Þ

1=2 ¼ �þ 
’1=2; cos’ð�Þ
1=2 ¼ �1þ 1

2
’
2
1=2: (C5)

The maximum of the two points is at cos’1=2 ¼ signm̂. Thus we obtain the two-flavor partition function

ZMF
2 ðm̂; â6; â8Þ ¼ 1

8�2
exp½2jm̂j þ 16jâ6j2 � 4â28�

Z
R2

exp

�
�
�jm̂j
2

þ 8jâ6j2 � 4â28

�
ð
’2

1 þ 
’2
2Þ
�
ð
’1 � 
’2Þ2d½
’�

¼ exp½2jm̂j þ 16jâ6j2 � 4â28�
2�ðjm̂j þ 16jâ6j2 � 8â28Þ2

(C6)

for â28 þ 2â26 < 0.
For â28 þ 2â26 > 0 (i.e. in the Aoki phase) the saddle point given in Eq. (C3) is a maximum. Hence we have to take it into

account in the saddle point analysis if the right-hand side of Eq. (C3) is in the interval ½�2; 2�. Thereby we recognize that
there are actually four saddle points fulfilling both conditions (C2) and (C3). The two angles may have the same sign or the
opposite one. Those with the same sign are algebraically suppressed by the sin2 in the measure.

Let ’0 ¼ arcosðm̂=ð8â28 � 16jâ6j2ÞÞ. The expansion about �’0 is given by

’ðþÞ
1=2 ¼ �’0 þ 
’1=2; cos’ðþÞ

1=2 ¼
m̂

8â28 � 16jâ6j2
� sin’0
’1=2;

’ð�Þ
1=2 ¼ �’0 þ 
’1=2; cos’ð�Þ

1=2 ¼
m̂

8â28 � 16jâ6j2
� sin’0
’1=2:

(C7)

The simplified integral which we have to solve is

1

2�2

Z
R2

exp½�2ðâ28 � 2jâ6j2Þsin2’0ð
’1 � 
’2Þ2�e{�ð’1þ’2Þ

� exp

�
�2â28sin

2’0ð
’1 þ 
’2Þ2 þ 4â28 þ
m̂2

8ðâ28 � 2jâ6j2Þ
�
sin2’0d½
’�

¼ 1

8�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
â28ðâ28 � 2jâ6j2Þ

q exp

�
4â28 þ

m̂2

8ðâ28 � 2jâ6j2Þ
�
: (C8)

Hence the two-flavor partition function is given by

ZMF
2 ðm̂; â6; â8Þ ¼ exp½2jm̂j þ 16jâ6j2 � 4â28�

2�ðjm̂j þ 16jâ6j2 � 8â28Þ2
þ 1

4�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
â28ðâ28 � 2jâ6j2Þ

q exp

�
4â28 þ

m̂2

8ðâ28 � 2jâ6j2Þ
�
�ð8â28 � 16jâ6j2 � jm̂jÞ

(C9)

for â28 þ 2â26 > 0. Please notice that the second term results from two saddle points at �’0 and only appears in a certain
range of the quark mass. Moreover the result (C9) is also valid for â28 þ 2â26 < 0 since the Heaviside distribution vanishes
in this regime.

2. The modified four-flavor partition function

We consider the four-flavor partition function which for W6 < 0 can be written as
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~Z�
4ðẑ; ẑ�; m̂; â6; â8Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
â28þ 2jâ6j2

q
4

ffiffiffiffi
�

p jâ6jâ8 jŷjjẑ� m̂j4
Z
R
dy6 exp

�
� y26
16jâ6j2

�ðx̂� y6Þ2
8â28

� 4â28

�
Z�
4ðẑ� y6; ẑ

� � y6; m̂� y6; â8Þ

¼ jŷjjẑ� m̂j4
Z
Uð4Þ

exp

�
1

2
Tr diagðm̂; m̂; ẑ; ẑ�ÞðUþU�1Þ� â28TrðU2þU�2Þ

�

� exp

�
4jâ6j2â28

â28þ 2jâ6j2
�
1

2
TrðUþU�1Þ� x̂

4â28

�
2� x̂2

8â28
� 4â28

�
det�Ud�ðUÞ

¼ {
64

�4
signðŷÞ

Z
½0;2��4

d½’� Y
1	i<j	4

sin2
�
’i�’j

2

�
exp

�
�4â28

X4
j¼1

cos2’jþ 8â28

�

� exp

�
4jâ6j2â28

â28þ 2jâ6j2
�X4
j¼1

cos’j� x

4â28

�
2� x̂2

8â28
� 4â28þ {�

X4
j¼1

’j

�

� det½exp½m̂cos’j�;cos’j exp½m̂cos’j�;exp½ẑcos’j�;exp½ẑ� cos’j��Q
1	i<j	4ðcos’i� cos’jÞ

¼ 32

�4
exp½4â28�

Z
½0;2��4

d½’� Y
1	i<j	4

sin2
�
’i�’j

2

�
e{�ð’1þ’2þ’3þ’4Þ

� X
!2Sð4Þ

exp½�2â28ðcos’!ð1Þ � cos’!ð2ÞÞ2� 2â28ðcos’!ð3Þ � cos’!ð4ÞÞ2�
ðcos’!ð1Þ � cos’!ð3ÞÞðcos’!ð1Þ � cos’!ð4ÞÞðcos’!ð2Þ � cos’!ð3ÞÞðcos’!ð2Þ � cos’!ð4ÞÞ

� sin½jŷjðcos’!ð3Þ � cos’!ð4ÞÞ�
cos’!ð3Þ � cos’!ð4Þ

exp½ð4jâ6j2� 2â28Þðcos’!ð1Þ þ cos’!ð2ÞÞ2þ m̂ðcos’!ð1Þ þ cos’!ð2ÞÞ�

� exp

�
� 1

8ðâ28þ 2jâ6j2Þ
½x̂þ 8jâ6j2ðcos’!ð1Þ þ cos’!ð2ÞÞ� 4â28ðcos’!ð3Þ þ cos’!ð4ÞÞ�2

�
: (C10)

The permutation group of four elements is denoted by Sð4Þ.
In the mean field limit we have to expand the partition function about the maxima of the exponent. Omitting the

permutations we identify two immediate conditions,

cos’ð0Þ
1 ¼ cos’ð0Þ

2 and cos’ð0Þ
3 ¼ cos’ð0Þ

4 : (C11)

This is solved by

’ð0Þ
1 ¼ �’ð0Þ

2 and ’ð0Þ
3 ¼ �’ð0Þ

4 : (C12)

Other choices are suppressed by the Vandermonde determinant. Hence we have to maximize the function

fðx; ’1Þ ¼ exp½8ð2jâ6j2 � â28Þcos2’1 þ 2m̂ cos’1� exp
�
� 1

8ðâ28 þ 2jâ6j2Þ
½x̂þ 16jâ6j2 cos’1 � 8â28 cos’3�2

�
: (C13)

We consider the case â28 þ 2â26 < 0 (the Sharpe-Singleton scenario). Therefore the extremum for cos’1 is a minimum

and not a maximum. The situation would be completely different for â28 þ 2â26 > 0; see the discussion after Eq. (C22).

The maximum of fðx; ’1Þ for all x is given by

max
x2R

fðx; ’1Þ ¼ exp½8ð2jâ6j2 � â28Þcos2’1 þ 2m̂ cos’1�: (C14)

This result takes its maximum at cos’ð0Þ
1 ¼ signm yielding

max
x2R;’12½0;2��

fðx; ’1Þ ¼ exp½16jâ6j2 � 8â28 þ 2jm̂j�: (C15)

In the integral (C10) this maximum should be inside the interval

x̂ 2 ½�8â28 � 16jâ6j2signm̂; 8â28 � 16jâ6j2signm̂�: (C16)
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The condition for the second integral is then

cos’ð0Þ
3 ¼ x̂þ 16jâ6j2signm̂

8â28
: (C17)

We make the following expansion:

’1 ¼ 1� signm̂

2
�þ 
’1; cos’1 ¼ signm̂� signm̂

2

’2

1; ’2 ¼ � 1� signm̂

2
�þ 
’2;

cos’2 ¼ signm̂� signm̂

2

’2

2; ’3 ¼ ’ð0Þ
3 þ 
’3; cos’3 ¼ cos’ð0Þ

3 � sin’ð0Þ
3 
’3;

’4 ¼ �’ð0Þ
3 þ 
’4; cos’4 ¼ cos’ð0Þ

3 þ sin’ð0Þ
3 
’4: (C18)

This expansion is substituted into Eq. (C10) and we omit the sum since each term gives the same contribution and the
degeneracy of the maximum,

~ZMF
4 ðẑ; ẑ�; m̂; â6; â8Þ ¼ 24

�
2

�

�
4
exp½4â28�

Z
R4

d½
’�sin2’ð0Þ
3 sin8

�
1� signm̂

4
�� ’ð0Þ

3

2

�
ð
’1 � 
’2Þ2

� exp½�2â28sin
2’ð0Þ

3 ð
’3 þ 
’4Þ2�
ðsignm̂� ðx̂þ 16jâ6j2signm̂Þ=8â28Þ4

sin½jŷj sin’ð0Þ
3 ð
’3 þ 
’4Þ�

sin’ð0Þ
3 ð
’3 þ 
’4Þ

� exp

�
�
�jm̂j
2

þ 8jâ6j2 � 4â28

�
ð
’2

1 þ 
’2
2Þ þ 2jm̂j þ 16jâ6j2 � 8â28

�

� exp

�
� 2â48
ðâ28 þ 2jâ6j2Þ

sin2’ð0Þ
3 ½
’3 � 
’4�2

�
�ð8â28 � jx̂þ 16jâ6j2signm̂jÞ: (C19)

This integral decouples into two twofold integrals. We need the following integral for large jyj,
Z
R
exp½�2â28�

2� sinðjŷj�Þ
�

d� ¼ �erf

� jŷjffiffiffi
8

p
â8

�
¼jŷj
1

�; (C20)

where erf is the error function and use the identity

sin8
�
1� signm̂

4
�� ’ð0Þ

3

2

�
¼ 1

2

�
1� cos

�
1� signm̂

2
�� ’ð0Þ

3

��
4

¼ 1

16
ð1� signm̂ cos’ð0Þ

3 Þ4

¼ 1

16
ðsignm̂� ðx̂þ 16jâ6j2signm̂Þ=8â28Þ4: (C21)

Then the final result for the partition function is given by

~ZMF
4 ðẑ; ẑ�; m̂; â6; â8Þ ¼ 3

�
2

�

�
3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
â28 þ 2jâ6j2

q
â28

exp½2jm̂j þ 16jâ6j2 � 4â28�
ðjm̂j=2þ 8jâ6j2 � 4â28Þ2

�ð8â28 � jx̂þ 16jâ6j2signm̂jÞ (C22)

for â28 þ 2â26 < 0 (in the Sharpe-Singleton scenario).
In the Aoki phase, â28 þ 2â26 > 0, the extremum for cos’1 is a maximum; cf. Eq. (C13). However it will only

contribute if

jm̂j 	 8â28 � 16jâ6j2 (C23)

and
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��������x̂þ 2jâ6j2m̂
â28 � 2jâ6j2

��������	 8â28: (C24)

Then the saddle point changes to

cos’ð0Þ
1 ¼ m̂

8â28 � 16jâ6j2
; cos’ð0Þ

3 ¼ x̂

8â28
þ jâ6j2m̂

4â28ðâ28 � 2jâ6j2Þ
: (C25)

Hence the expansion about the saddle points is given by

’1 ¼ ’ð0Þ
1 þ 
’1; cos’1 ¼ cos’ð0Þ

1 � sin’ð0Þ
1 
’2; ’2 ¼ �’ð0Þ

1 þ 
’2; cos’2 ¼ cos’ð0Þ
1 þ sin’ð0Þ

1 
’2;

’3 ¼ ’ð0Þ
3 þ 
’3; cos’3 ¼ cos’ð0Þ

3 � sin’ð0Þ
3 
’3; ’4 ¼ �’ð0Þ

3 þ 
’4; cos’4 ¼ cos’ð0Þ
3 þ sin’ð0Þ

3 
’4:

(C26)

The degeneracy of this maximum is four which results in the integral

3
210

�4
exp½4â28�

Z
R4

d½
’�sin2’ð0Þ
1 sin2’ð0Þ

3 sin4
�
’ð0Þ

1 � ’ð0Þ
3

2

�
sin4

�
’ð0Þ

1 þ ’ð0Þ
3

2

�

� exp½�2â28sin
2’ð0Þ

1 ð
’1 þ 
’2Þ2 � 2â28sin
2’ð0Þ

3 ð
’3 þ 
’4Þ2�
ðcos’ð0Þ

1 � cos’ð0Þ
3 Þ4

sin½jŷj sin’ð0Þ
3 ð
’3 þ 
’4Þ�

sin’ð0Þ
3 ð
’3 þ 
’4Þ

� exp

�
ð4jâ6j2 � 2â28Þsin2’ð0Þ

1 ð
’1 þ 
’2Þ2 þ m̂2

8â28 � 16jâ6j2
�

� exp

�
� 2

â28 þ 2jâ6j2
½2jâ6j2 sin’ð0Þ

1 ð
’1 � 
’2Þ � â28 sin’
ð0Þ
3 ð
’3 � 
’4Þ�2

�

¼ 6

�
2

�

�
3=2 1

â28

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
â28 þ 2jâ6j2
â28 � 2jâ6j2

s
exp

�
m̂2

8â28 � 16jâ6j2
þ 4â28

�
: (C27)

Combining this with the result (C22) for â28 þ 2â26 < 0 we find

~ZMF
4 ðẑ; ẑ�; m̂; â6; â8Þ ¼ 3

�
2

�

�
3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
â28 þ 2jâ6j2

q
â28

exp½2jm̂j þ 16jâ6j2 � 4â28�
ðjm̂j=2þ 8jâ6j2 � 4â28Þ2

�ð8â28 � jx̂þ 16jâ6j2signm̂jÞ

þ 6

�
2

�

�
3=2 1

â38

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
â28 þ 2jâ6j2
â28 � 2jâ6j2

s
exp

�
m̂2

8â28 � 16jâ6j2
þ 4â28

�
�ð8â28 � 16jâ6j2 � jm̂jÞ

� �

�
8â28 �

��������x̂þ 2jâ6j2m̂
ðâ28 � 2jâ6j2Þ

��������
�
: (C28)

This formula applies to both scenarios since the Heaviside distribution puts the second term to zero in the Sharpe-Singleton
scenario.

3. The unquenched level density

Combining the mean field limit of the numerator and denominator of Eq. (21) given by Eqs. (C9) and (C28),
respectively, we obtain

�MF
c;Nf¼2ðx̂; m̂; â6; â8Þ ¼ 1

32ð2�Þ5=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
â28 þ 2jâ6j2

q ~ZMF
4 ðẑ; ẑ�; m̂; â6; â8Þ
ZMF
2 ðm̂; â6; â8Þ

¼ 3

ð2�Þ3
1

â28
½�ð2jâ6j2 � â28Þ�ð8â28 � jx̂þ 16jâ6j2signm̂jÞ

þ �ð8â28 � 16jâ6j2 � jm̂jÞ�
�
8â28 �

��������x̂þ 2jâ6j2m̂
ðâ28 � 2jâ6j2Þ

��������
��

(C29)
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independent of the value ofW6. The first term will drop out
if we are in the Aoki phase whereas the second term
vanishes in the Sharpe-Singleton scenario. However the
reason for this mechanism is quite different in the two
cases. In the Aoki phase the first term is exponentially
suppressed in comparison to the second one which results
from the extremum (C25). In the Sharpe-Singleton sce-
nario the saddle point is a minimum and enters a priori not
in the saddle point analysis. Hence we have to look at the
boundaries of the four-dimensional box spanned by the
four cosinus; see the discussion in Appendix C 2.

This mechanism explains why we find a second order
transition in the Aoki phase and a first order transition in
the Sharpe-Singleton scenario. The extremum (C25) can
cross the four-dimensional box with varying quark mass m̂
and eigenvalue x̂. Hence we have a continuous process
from one boundary to the other in the Aoki scenario. When
this extremum is excluded as in the Sharpe-Singleton
scenario, the maximum has to jump from one boundary
to the other. This manifests itself in the sign of the mass in
the Heaviside distribution of the first term and the mass
itself in the other one.
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