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Color dipole picture of low-x DIS: Model-independent and model-dependent results
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We present a detailed examination of the color-dipole picture of low-x deep inelastic scattering. We
discriminate model-independent results, not depending on a specific parametrization of the dipole cross
section, from model-dependent ones. The model-independent results include the ratio of the longitudinal
to the transverse photoabsorption cross section at large Q2 or, equivalently, the ratio of the longitudinal to
the unpolarized proton structure function, F (x, Q%) = 0.27F,(x, 0?), as well as the low-x scaling
behavior of the total photoabsorption cross section o, ,(W% Q%) = o, (n(W? Q%) as
log(1/m(W?, Q?)) for n(W?, Q%) < 1, and as 1/n(W?, Q?) for n(W?, Q%) > 1. Here, n(W?, Q?) denotes
the low-x scaling variable, n(W?, Q%) = (Q? + m3)/A2(W?), with A%, (W?) being the saturation scale.
The model-independent analysis also implies limy2_o p2fixea @y (W2, Q?)/0,,(W?) — 1 at any photon
virtuality Q? for asymptotically large energy, W. Consistency with evolution in perturbative QCD
evolution determines the underlying gluon distribution and the numerical value of C, = 0.29 in the
expression for the saturation scale, A%(W?) ~ (W?)C2. In the model-dependent analysis, by restricting
the mass of the actively contributing ¢g fluctuations by an energy-dependent upper bound, we extend the
validity of the color-dipole picture to the region of p(W?, Q%) > 10, where Q? reaches values of a few
hundred GeV?. The theoretical results agree with the world data on deep inelastic scattering for

0.036 GeV? = Q% = 316 GeV?, with x = Q?/W? being limited by approximately x =< 0.01.
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I. INTRODUCTION

In terms of the (virtual) forward-Compton-scattering
amplitude, deep inelastic scattering (DIS) at low values of
the Bjorken scaling variable, x = Q?/W? < 1, proceeds
via forward scattering of massive (timelike) hadronic fluc-
tuations of the photon, much like envisaged by generalized
vector dominance [1-3]' a long time ago. In QCD, the
hadronic fluctuations may be described as quark-antiquark
states that interact with the nucleon in a gauge-invariant
manner as color-dipole states [5,6], coupled to the gluon
field in the nucleon via (at least) two gluons [7]. This is the
color-dipole picture (CDP) of low-x DIS. Compare Fig. 1.

A detailed representation of the experimental results on
the photoabsorption cross section requires an ansatz for the
dipole cross section, i.e. an ansatz for the cross section for
the scattering of the color-dipole state on the nucleon. Such
an ansatz cannot be formulated entirely free from parame-
ters, just as fit parameters are required for the related
description of the DIS data in terms of the gluon distribu-
tion” of the nucleon at low x.
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1Compare also Ref. [4] for a recent review and further
references.

“Compare e.g. Ref. [8], Chapter 4, and the bibliography given
there.
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In the first part of the present work, we will show that,
nevertheless, many of the general features of the DIS
experimental data [9] on the photoabsorption cross sec-
tion at low x can be derived in the CDP without a detailed
parameter-dependent ansatz for the dipole-proton interac-
tion cross section, i.e. model independently. The general
results follow from the very nature of the ¢g interaction
with the nucleon as the interaction of a color-dipole state.
The model-independent results include the ratio of the
longitudinal to the transverse photoabsorption cross
section at low x and large Q2 [10], as well as the empiri-
cally established low-x scaling: the dependence of the
photoabsorption cross section on a single variable
n(W2 0%, ie. oy, (W2 0% = oy, (n(W? 0%) [11].
The empirical dependence on (W2 Q?), as
1/n(W?, Q?) for n(W?,Q%)>1, and as In(1/n(W?, 0?))
for n(W?, Q) < 1, is a general feature of the dipole
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FIG. 1. The fluctuation of the photon y* into a massive ¢g
color-dipole state and the interaction of the color dipole with the
gluon field of the nucleon.
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interaction. Here, 7(W?, Q%) denotes the scaling variable,
n(W?2, Q%) = (Q* + m3)/A2,(W?) with m} =~ 0.15 GeV?,
and A2 (W?) denotes the appropriately defined
“saturation scale” which increases with a small fixed
power, C, of the square of the y* p center-of-mass energy,
Agat Wz) ~ (WZ)CZ-

A detailed model for the dipole cross section will be
analyzed and compared with the world experimental data
in Secs. III, IV, and V of the present paper, and conclusions
will be presented in Sec. VI.

II. THE CDP: MODEL-INDEPENDENT RESULTS

A model-independent prediction of the longitudinal-to-
transverse ratio of the photoabsorption cross section was
recently presented [10]. Based on the general analysis of
the transverse and the longitudinal photoabsorption cross
sections in Secs. I A and IIB, we will present a more
detailed account of the underlying argument in Sec. II C.
After a general discussion on the CDP in Sec. II D, we will
deal with low-x scaling in Sec. ITE and derive the func-
tional dependence of the photoabsorption cross section on
the scaling variable p(W?, Q?). In Sec. II F, we analyze the
photoabsorption cross section in the limit of W? — oo at
fixed values of Q% > 0. The n(W?, Q%) dependence implies
that the photoabsorption cross section for W? — oo at fixed
0% >0 converges towards a Q’-independent limit that
coincides with (Q? = 0) photoproduction. In Sec. 11 G,
we will show that the consistency of the CDP with
Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)
evolution [12] for the sea-quark distribution function
constrains the energy dependence of the saturation scale,
A2, (W?), and of the structure function F,(x= Q*/W? Q?)
for x <0.1. We will also elaborate on the connection
between the CDP and the extraction of the gluon distribu-
tion of the proton. We compare the gluon distribution
underlying the CDP with the gluon distributions that
were extracted from the experimental data by directly
employing the pQCD-improved parton picture in the
analysis of the experimental data.

A. Longitudinal and transverse photoabsorption
cross sections at large Q%: Part I

The transverse-position-space representation [13] of the
longitudinal and transverse photoabsorption cross sections,
[5.6]

7y W20 = [ [ @710 0 = 2, QO

X 0(yq)p(FLo 2(1 = 2), W), 2.1

summarizes in compact form the structure of the x =
Q?/W? < 0.1 interaction of a ¢g pair, originating
from a y} ; — ¢ transition, with the gluon field of the
nucleon. The square of the ‘“‘photon wave function”
[, 7(F1, z(1 = z), Q)| describes the probability for the
occurrence of a ¢gg fluctuation of transverse size, 7,
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of a longitudinally, y;, or a transversely polarized
photon,y}, of virtuality Q® The variable z, with
0=z=1, characterizes the distribution of the momenta
between the quark and antiquark. In the rest frame of a ¢g
fluctuation of mass M, the variable z determines [6] the
direction of the three-momentum of the quark with respect
to the photon direction. The dipole cross section, related to
the imaginary part of the (gg)p forward-scattering
amplitude, is denoted by o (,4,(FL,2(1—2),W?). For
generality, we include a potential dependence on the
“gg-configuration variable” z(1 — z). The dipole cross
section depends on the center-of-mass energy, W,? of the
(gg@)p scattering process [6,11,14,15], since the photon
fluctuates into massive ¢ g pairs of timelike four-momentum
squared. The interaction of a massive gg pair with the
proton (the integration over d?#; corresponding to an in-
tegration over fluctuation masses) depends on W and, in
particular, is independent of the photon virtuality, Q*. This
point is inherently connected with the mass-dispersion
relation [1,2] of generalized vector dominance, and it was
recently elaborated upon from first principles of quantum
field theory in Ref. [15].

The gauge invariance for the interaction of the ¢g color
dipole with the color field in the nucleon requires a repre-
sentation of the dipole cross section of the form [5,6]

X (1= e i), (2.2)

where the transverse momentum of the gluon absorbed by

the dipole state is denoted by [ | - In the important limit of a
small-size dipole, ?i — 0, from (2.2) we have

TPl =0 W) =77 [dBR o0 -2,W)

(2.3)

A dipole of vanishing transverse size must obviously have a
vanishing cross section (*‘color transparency’) as in (2.3),
when interacting with the gluon field. The validity of the
approximation (2.3) requires

PR <P A (W) <1, (2.4)

where ﬁMaX(Wz) characterizes the W-dependent domain of
A < By (W?) in which &7, z(1 — z), W), at a given
energy W, by assumption is appreciably different from zero.
For the subsequent discussion, it will be useful to introduce
the variables 7, = yz(1 = 2)7, and I =1, /4/z(1 —2)
[16]. In terms of these variables the restriction (2.4)
becomes

FRIT < P21 (W) < 1. (2.5)

3In this respect, we differ from Ref. [5], where the dipole cross
section is assumed to depend on x = Q?/W?. Compare also the
discussion on this point in Sec. IID.
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The validity of (2.3), (2.4), and (2.5) is an integral part of
the CDP. The absorption of a gluon of transverse-
momentum squared 1] < I3y (W) by a ¢g fluctuation
(unless the absorbed gluon is reemitted by the absorbing
quark) increases the mass of the ¢4 fluctuation. At any given
squared energy, W2, the contributing ¢ masses, and con-
sequently the values of I f actively contributing to the cross
section, must be bounded by an upper limit, since only

O-szp (WZ’ QZ) =

3
= za
q

Here, r) = |7|, and Ky(r 4/z(1 — z)Q) denotes modi-
fied Bessel functions.

A compact and direct way of deriving the large-Q?
behavior of the cross sections in (2.6) makes use of the
strong falloff of the modified Bessel functions at large
values of their argument,

(y>1).

aa
K3, (y) ~ 2 e, 2.7)

The integral over [ d?7) = m [ dF% in (2.6) is accordingly
dominated by

O =rivz(l —2)0 <1

(2.8)

3
70V Q%%ZQ%,QQ{
q

4PLA a1~ e NTT=00) [T
AR R [dz(1 =221 = )21 = DK} VT = 2)Q) [dIL L (7 (1
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fluctuations of sufficiently long lifetimes* do contribute to
the Compton forward-scattering amplitude of the CDP.
Color transparency (2.3) determines the photoabsorption
cross section (2.1) for sufficiently large Q2. This will be
elaborated upon next.
We will consider massless quarks. Inserting the explicit
representation of the photon wave function in (2.1), we find

the well-known expression (Q = Q%) [5]

4 [d?F) [dzz*(1 — 2)*K3(riNz(1 = 2)Q) o (yq),(r1, z(1 = 2), W?)
Jd?Fy [dz(1 — 2z(1 — 2))z(1 — 2K (r 1 /z(1 — 2)Q)07(y),(r1. 2(1

(2.6)
—2), W2).

I
As soon as r > 1/Q?, the integrand in (2 6) yields negli-
gible contrlbutlons The interval for 7/, defined by the
condition (2.8) is contained in the interval (2.5), where
color transparency is valid, provided Q? is sufficiently
large, such that

op ] 1

or
1
Q> > Ty (W?). (2.10)
Under this constraint, the photoabsorption cross section

(2.6) can be evaluated by inserting the 7’2l — 0 expression
(2.3). One obtains

(11, z(1—2), W?)

In terms of the variable 7, from (2.8) the photoabsorption cross section (2.11) is given by

7y (W2, 07) = “ZQ%;QZ{
q

z(1—-2)

Making use of the mathematical identities [17]

o0 1
f dyy*K3(y) = 3,
0 3

fd 1-2z(1—2)

@2.11)
—z), W2).
[dz [dFFFPEKG(7 Q) [dR B a1, z(1 — 2), W?) o1
JdFFFR( Q) [l P (T, 2(1 — 2), W2). '
[: dyy*K3(y) = (2.13)

the photoabsorption cross section (2.12), valid for Q% > Ty (W?) from (2.10) (and x = Q2/W? < 1), reduces to the

simple form

(W2 Q2 ZQ‘I Q2 {

[dz [P a(L, 2(1 = 2), W?)
2fd 11- 22(1 z) fle_IJ_U(ZJ.’Z(l —2), W?).

(2.14)

According to our derivation, the large-Q? result (2.14) is a consequence of the transverse-position-space representation
(2.1) combined with color transparency (2.3) that in turn rests on decent behavior of Fr(ii, z(1 — z), W?) as characterized

by Z/J%Max(Wz)'

“The well-known expression for the lifetime of a hadronic fluctuation is given in (2.60) below.
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For the ensuing discussion, it will be useful to represent the
contribution of the dipole cross section to the transverse
cross section in (2.14) in terms of the contribution to the
longitudinal one by introducing the factor py,

11—2z(1 -
[dz—w [dfifi&(l?l,z(l —2), W?)
4 z(1 -2

—py [@e [aBRoE 0 -0 w). @13)

The cross section (2.14) then becomes

O-yz.rp (Wzr QZ)

_aZQqQQdefd

A, z2(1 = 2), Wz){2
Pw

(2.16)

and the longitudinal-to-transverse ratio, R(W?, Q?), at
large Q7 is given by

2 2
O-yip(W B Q ) _ 1
O-y;p(Wz: QZ) 2PW

In (2.15), (2.16), and (2.17), the index W indicates a
potential dependence of py, on the energy W. Actually,
we will find that py is a W-independent constant; see
Sec. IIC. The factor 1/2 in (2.17) is due to the enhanced
probability for transverse photons to fluctuate into gg
pairs relative to longitudinal photons, compare (2.13).
The additional factor of 1/py is associated with dif-
ferent interactions of gg fluctuations originating from
transverse, Y7 — ¢¢, and longitudinal, y; — ¢g, photons,
respectively.

By comparing the representation of the cross section
in (2.16) with the one in (2.11), taking into account the
?ZL — 0 form of the dipole cross section in (2.3), we obtain
a substitution rule that connects the longitudinal with the
transverse photoabsorption cross section. Indeed, substitut-
ing the replacement [using (2.3)]

R(W2, Q%) = (2.17)

T(qp(FL 2(1 = 2), W) = 04, (pw 1, 2(1 = 2), W?)
(2.18)
|

v (W2 0%) = ZQq QZ{

It may be rewritten as

oy p (W2 0%) = aZQq & Vi 4efarzl
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into the longitudinal cross section in (2.11) in conjunction
with

Ki(rivz(1 = 29)0) = Ki(riVz(1 = 2)0)  (2.19)

reproduces (2.16), which relates the transverse photoab-

sorption cross section to the longitudinal one,

2 2 2 2
a-y;;p(W ’ Q )_) O-y;p(W ’ Q ) (220)
We thus have arrived at the conclusion that gg states

originating from transversely polarized photons, y; —
qq, interact with enhanced transverse size,

Pl = pwrl, 2.21)
relative to ¢gg states stemming from y; — ¢g transitions.
Based on the interpretation of py, in (2.21), in Sec. I[I C, we
will show that the absolute magnitude of py, is uniquely
determined as py, = 4/3.

It is frequently assumed that the dipole cross section in
(2.1)and (2.2), i.e. &(lz, z(1 — z), W?), does not depend on
the configuration of the ¢g state, z(1 — z). According to
(2.14), strict independence of 5'(13, z(1 — z), W?) from
z(1 — z) implies a logarithmic divergence in the transverse
photoabsorption cross section. The divergence is avoided
by a restriction on 0 = z(1 — z) <1 given by

2l —2)>e (2.22)

This restriction corresponds to adopting an ansatz for
(1A, 2(1 — z), W2) of the form

(4, 2(1 = 2), W2) — &(I1, W2)0(z(1 — 2) — ),
(2.23)

as a “minimal” dependence’ of the dipole cross section on
(1 — 2).

Taking into account the restriction (2.22), the photo-
absorption cross section (2.14) becomes®

.[z(l 7)>€ dz ."dﬁﬁ.&(ﬁ’ Wz)
1—-2z(1— 2 72
2 fz(l 7)>€ dzéll z(lZ(fz)Z) jle-lJ-

(2.24)

(13, W2).

(A, Wz){ (2.25)

2p(e),

3The factorization of the z(1 — z) dependence in (2.23), strictly speaking, amounts to an assumption that does not necessarily follow
from (2.14). Finiteness of (2.14) can also be achieved by an appropriate correlation of the z(1 — z) and [, dependences not of the form
2. 23) Compare e.g. the specific model (3.3) below. The ansatz (2.23) is explicitly realized by (3.17).

®Here, with € = const, we exclude the more general case of € = €([]).
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i.e. py in (2.15) becomes

1-2z(1-2)
fz(l —z)>e€ dz z(lz—z)

4 ./Z(l*z)>e dz
1 —2z(1 —2)
z(1 —2)

pw = ple) =
! f (2.26)
= z .
41 — 4e J:(1-2)>e

Explicitly, one finds

1 ( (1+ 1 —4e€)?
2JT—4e 4e

1.1
ple)= —4/1 —4e)=§1n—.
€

(2.27)

We note that in Sec. III we will introduce the parameter a,
related to € by € = 1/6a. The ratio R of the longitudinal to
the transverse photoabsorption cross section from (2.17)
according to (2.25) is given by 1/2p(e),

oy (W2 0%) 1
Ty (W2, 00 2p(e)

The ratio R in (2.28) is independent of a particular parame-
trization of the ZZL dependence of the dipole cross section,
that is, for (73, W?) in (2.23).

With respect to subsequent discussions in Secs. II B and
I1 C, we note the origin of the z(1 — z)-dependent factors in
(2.14) and (2.24) from the coupling of the gg states to the
electromagnetic current. The electromagnetic current de-
termining the y*(gg) coupling of a timelike photon of mass

squared M, = K /z(1 — z) is given by [6]

R= (2.28)

Z |]A A’lz — SM(?,?Z(I —z) = 8]23_ (2.29)
A=—N=x1
and
ot @r= 3 iR
A=—A==1 A=—A'==x1
= 2M2%,(1 = 2z(1 — 2))
1 —2z(1 —

_op Lm0 =) ) 5

Z2(1—-2)

for a longitudinal photon, vyj, and a transverse one, Y7,
respectively. Comparison of (2.29) and (2.30) with (2.14)
and (2.15) reveals that the size enhancement py, is related
to the difference of the longitudinal and transverse photon
couplings of dipole states carrying the transverse momen-

tum [ 1 of the absorbed gluon. At large Q?, the interaction

3a
7y p W Q%) = 2 3 07072
q
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of the photon according to (2.14) reduces to interactions of
fluctuations into gg dipole states carrying a quark trans-
verse momentum identical to the transverse momentum of
the absorbed gluon, I 1

According to (2.29) and (2.30), the normalized z(1 — z)
distributions f; 7(z(1 — z)) of a ¢g pair of fixed mass M,
originating from a longitudinally and a transversely polar-
ized photon are given by [10]

fr(z(1 = 2)) = 6z(1 — 2) (2.31)

and

frz(1 —2))

respectively.

We end the present section by stressing the simplicity of
the physical picture underlying the photoabsorption in DIS
atlow x and sufficiently large Q2. The photon fluctuates into
a qq dipole state. The y; ;(¢g) transition strength is deter-
mined by the electromagnetic current in (2.29) and (2.30).
The gg dipole state entering (2.14) and (2.24) carries a quark
(antiquark) transverse momentum equal to the transverse

31 -201-2), @32

momentum of the absorbed gluon, ] L- Summation over all
fluctuations, the weight function &(izl, W?) being character-
istic for the transverse-momentum distribution of the gluons
in the nucleon, upon multiplication by 1/Q?, determines the
photoabsorption cross section. The representations, (2.14)
and (2.24), accordingly, explicitly demonstrate that the gg
fluctuations directly test the gluon distribution in the nu-
cleon that is characterized by &(ZZL, W?2). The enhanced
transverse photoabsorption cross section, due to 2py in
(2.16) and to 2p(e€) in (2.25), results from the enhanced
transition of transverse photons into ¢g pairs, compare
(2.13) and (2.14), in conjunction with a (¢g)p interaction
of the gg pairs from transverse photons with enhanced
transverse size, compare (2.18) and (2.21).

B. The photoabsorption cross section at
large Q%: Part II, (¢g)] ;' states

In this section, we will represent the photoabsorption
cross section in terms of scattering cross sections for dipole
states (¢gG)7' with definite spin J = 1, and longitudinal as
well as transverse polarization, L and 7, respectively.

Upon introducing 7| = 7,4/z(1 — z) from (2.8), the
photoabsorption cross section (2.6) becomes [16]

[dr K3(r| Q) [dz2z(1 — z)a(qq)p(\/(—,z(l —2), W2>

(2.33)

J&* ' Ki(r Q) fdz3(z* + (1 — 2) )tr(qq)p<\/-—-—- z2(1 — 2), Wz)

(1

The cross section in (2.33) is written in such a manner that the appearance of the rotation functions, dl ,(z) is explicitly

displayed, i.e.
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[ &F, K2, 0) fdz(dm(z))za(qq),,( T2l = 2), wz)

[ &2 KX, 0) [ dzA((d) u»+az@wqm4Jr_zu—owﬁ
(2.34)

3a
O-'yzvrp(sz Qz) = WZQéQZZ
q

The rotation functions originate from the y*(gg) couplings via the electromagnetic currents in (2.29) and (2.30), rewritten
as

> LM = 4Mi(diy(2)? (2.35)
A=—A==*1
and
> lptenr= 3 it = 4M2, (@ P + (] Q)P (2.36)
A=—N==*1 =—1==1

Integration over dz in (2.35) and (2.36) defines the total longitudinal and transverse transition strengths for the y; (¢g) and
v7(gq) transitions. Requiring factorization of these transition strengths in (2.34), we represent Ty ,,(W2, 0?) in terms of
the so-defined cross sections for scattering of (qc"])i}l states on the proton, o, NG Ww?2), '

J &7 K5(r, 0) [ dz(do(2)) o gqp-1,(r', W)
X 2 0% 2029 qq 237
72V 0 ZQ ¢ {f P KA, Q) [ e ()2 + (@ Q) (P W), @37)
Upon inserting the normalizations
[aztator = [aztai @ = [axa, @2 =3 (2.38)
10 1-1 11 3’ .
(2.37) becomes
9y; TP(Wz' Q%) = %ZQéQZ [dr/ng,l(rﬁ_ Q)U'(qq)ﬁlp(i’ﬁ_, w2). (2.39)
q

By comparing (2.39) with (2.34), we find that the J = 1 dipole cross sections introduced in (2.37) are explicitly given by

[ dz(d}y(2)) (f(qq)p<\/'—" dl =2, W )

(2.40)
[dz2 (@), ()P + (d! <z>>2)a(qq>( (-2, Wz)

O'(qq)”p(r/r w?) =3
(a

We add the comment at this point that the (qq) p cross sections in (2.37), (2.39), and (2.40) may be identified as the
J =1 parts of the partial-wave expansions

rl

djp(Dor (qq)p(\/ﬁ

,z2(1 = 2), Wz) = dio(Do (g1, (L, W) + d(2) 0 g1 (7, W) + . (2.41)

and

rl

L
Jz(1 = 2)

d{,l(z)a(qq),,( 2(1 = 2), W2) = di_ (0 gqp-1,(r', W) + di_ (20 g2 (r', W) + .. (2.42)

as well as

d{ 1(2) O'(qt?)p(

r/

L
Vz(l — 2

These partial-wave expansions explicitly demonstrate that the cross section (2.40) introduced by the factorization
requirement in (2.37) and (2.39) stands for the cross sections for the scattering of (qq) ! states on the proton.

z(1 — 2), Wz) = d%](Z)O’(qq)lep(rﬁ_, W2) + d%](Z)O’(qq)sz(}’iL, Wz) + ... (2.43)
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DIS at low x = Q?/W? <« 1 and sufficiently large Q7 is
recognized as elastic diffractive forward scattering of
(qZI)i’:Tl fluctuations of the photon on the proton, compare
(2.39).

We return to the representation of the dipole cross
section (2.2) which contains color transparency. Applying
the projection (2.40) to representation (2.2), we obtain

&(qq)izrlp(ilf’ W2) = 3‘

Expanding (2.44) for ?’f — 0, in analogy to (2.3), we have

. Uy [ . ; .
Tyt 72 WD) = 57 f AT g1 (I W), (P (WDF2 < 1),

[dz(d!y(2))%2(1 = 2)a([Tz(1 = 2), z(1 = 2), W?)
[dzh (@ (20)* + (d),(2))z(1 = 2)3(IFz(1 = 2), 2(1 = 2), W2).

PHYSICAL REVIEW D 85, 094001 (2012)

e (7, W2 = | 2l G (T2, W2
O'(qq)i_rlp(rr ) lo'(qq)i;‘p( W)
X (1— e"ﬂ‘ﬂ), (2.44)
The relation between 6(77z(1 — z), z(1 — z), W?) in (2.2)
and &(qq)ﬁp(l/f, W?) in (2.44) is analogous to (2.40), i.e.

(2.45)

(2.46)

Substituting (2.46) into (2.39) and integrating over d?’f with the help of (2.13), we find the large-Q? representation

7y, p(W2 07 = ad 0

q

in terms of the (¢g)] ;' p cross sections, T (g p(i/f, W?2).
The representation (2.47) is also obtained dli'rectly from
(2.14) by introducing l'f and inserting (2.45).

The ratio of the integrals over the transverse and the
longitudinal (¢3)’='p cross sections in (2.47) must be
identical to the factor py, already introduced in (2.15),

[ AT TR 5 gy T3, W) = py [ AT TR 3 gy TF W),

(2.48)

According to the proportionality (2.48), the dipole cross
sections for transversely and longitudinally polarized di-
pole states in (2.46) become related to each other via

3 1 > 231 3
O'(qq)§:lp(rf, w?) = Zﬂ'pwr’f j.dlﬁ_ It O'(qq)izlp(l/l, W?)
= U'(qq)flp(PW?/f, Wz):

(lqax (W22 < 1). (2.49)
According to (2.49), for #? sufficiently small, the cross
section for transversely polarized (gg)’=! states on the
proton, ozt p(F’f, W?2), is obtained from the cross
section for longitudinally polarized (gg)’~! states,
O (ga! ,(F1, W?), by performing the substitution of 77

by pwi?,
(2.50)
in O'(qq)izlp(l_)’/f, Wz)

Upon inserting the proportionality (2.48), the large-Q?
photoabsorption cross section (2.47) becomes

2 11
qQ26

Jaltl} &(qq)i=lp(7/f, w?)
2 [ AR T W
|

oy (W2 0%)

(2.47)

11 [ - N 1
= 2~ N al? %6, Z’Z,Wz{ 251
azq:QqQ26[ 1110 g1, (ILW?) py . (2.51)

It is tempting to generalize the substitution law (2.50),
¥, — Jpwr, from its validity for 7} — 0 to arbitrary

values of 7| by rewriting (2.44) as

("(qrq)ﬁ‘p(’7 W)
72~ 72
= / d?l la(qq)i11,(11,WZ){

The representation (2.52), in the limit of 7”f — 00, implies a
helicity-independent color-dipole cross section that is
given by

(1 _ e‘”l'ﬂ)

(2.52)
(1 — e*iﬂ'(\/ﬁﬁ))_

O'(qq)ijlp(l_;/f—’ 00, Wz) = W[d?f&w@iﬂ (Z),_E, W2) = U(OO)(WZ)
(2.53)

The representation (2.52), accordingly, contains the dy-
namical assumption (2.53). In this respect, (2.53) differs
from the representations (2.2) and (2.44) which are based
on the gauge invariance of the color-dipole interaction by
itself. We will come back to (2.53) in Sec. IIE.

C. The ratio of R = 0. ,(W?, 0%)/o,. ,(W?, Q%)

The ratio of the longitudinal to the transverse photo-
absorption cross section at sufficiently large Q?, according
to (2.16) and (2.51), is determined by the proportionality
factor 1/2py. The factor 1/2 stems from the difference in
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the 7/, dependence of the photon wave functions, compare
(2.13), for longitudinally and transversely polarized pho-
tons. The factor 1/py, according to (2.48) and (2.49), is
associated with the enhancement of the transverse dipole-
proton cross section relative to the longitudinal one in the
limit of [Ty (W2)P? < 1. According to (2.21), py is
identical to the factor that is responsible for the enhance-
ment of the size, ?ZL, of qg states originating from y; — ¢g
transitions, relative to the size of ¢g states from y; — ¢g
transitions.

The enhancement of the transverse relative to the longi-
tudinal gg-dipole-proton cross section is recognized as a
consequence of the enhanced transverse size of trans-
versely relative to longitudinally polarized dipole states.
Longitudinally and transversely polarized (¢g)’=" states,
(g@)7=" and (¢g)5~", determining the cross sections in
(2.47), differ in the transverse-momentum distribution of
the quark (antiquark). According to (2.29), (2.30), (2.31),
and (2.32) , as a consequence of the y; ; — (qc‘]){,:T1 tran-
sitions, the average value of the square of the transverse
momentum, [5 = z(1 — z)I', of a quark (antiquark) in the
(qq){ 7 state is given by

17 =const __ {6fd222(1
<lJ_> - i
3fdzz(1—2)(1—2z(1 —2) =

)2_4—72

(2.54)

The gg states of fixed mass Z’f from longitudinal photons
predominantly originate with z(1 — z) # 0, in contrast to
the gg states from transverse photons which originate
predominantly from z(1 — z) = 0, compare (2.29) and
(2.30). The average transverse momentum for a (qq)fl
state originating from the y; — (g¢g){~! transition, accord-
ing to (2.54), is enhanced by the factor 4/3,’

72 i’f:const :i 72 7f=const
UDgayr =3 WG

(2.55)
Longitudinally polarized photons produce (gg)’~!
pairs with (relatively) ‘“large” internal quark transverse
momentum, while transversely polarized photons lead
to (gg)’~! states of ‘“‘small” internal quark transverse
momentum.

By invoking the uncertainty principle, (gg);~"
states originating from longitudinally polarized photons
accordingly have small transverse size, while (¢g)] !
states from transversely polarized photons have relatively
large transverse size. The enhancement factor, when

passing from small-size longitudinally polarized
(gq)]~" states to large-size transversely polarized
(gq)7=" states, from (2.55), is accordingly given by 4/3;

"The left-hand and right-hand sides in (2. 55) belong to the
same value of lf = const, but the ratio, 4/3, is independent of
the specific value chosen for lf
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i.e. the factor py in #? — py#? in (2.50) and (2.21) is
equal to 4/3 [10],

pw=p=% (2.56)

The factor py = p is independent of the energy W, since
the Lorentz boost from e.g. the (¢gg)’=" rest frame to the
v*p frame does not affect the ratio of the transverse
momenta [, in the (gg)}~" and (¢g)}~" states.

The ratio R for sufficiently large Q? is given by

y p(W QZ) 1

|05 forp=1
_ay;p(WZ,Q%_%_ 3=0.375 forp=1.

(2.57)

In (2.57), for comparison, in addition to the case of
transverse-size enhancement of p = 4/3, we have also
indicated the case of p = 1 obtained from helicity inde-
pendence, i.e. by replacing the transverse-size enhance-
ment by the simplifying ad hoc assumption of equality of
the (¢q)’~!p cross sections for longitudinal and transverse
(gg)’=" states. The transverse-size enhancement is respon-
sible for the deviation of R from R = 0.5.

In the case of the ansatz (2.23), from (2.27), with p(e) =
4/3, one finds

= 0.0303. (2.58)

Our examination of the longitudinal-to-transverse ratio
R at large Q% may be summarized as follows. The ratio is,
first of all, determined by a factor 1/2, originating from the
ratio of the probabilities to find a ¢gg with size parameter
squared, 7} = 74 z(1 — z), in a longitudinally and a trans-
versely polarlzed photon; compare (2.12) to (2.14) and
(2.47). The second factor, 1/p in (2.57), results from the
different dependence on the configuration variable z(1 — z)
of gg states from longitudinally and transversely polarized
photons implying interactions of (¢g) states with different
average transverse momenta squared lz of the quark (an-
tiquark) in the (¢g); 7 states; compare (2.55). Invoking the
uncertainty relation w1th respect to the scattering of these
(gq le states on the proton, one arrives at the fixed value
of p = 4/3 in (2.57) for the transverse-size enhancement
that enters (2.49) and determines the value of R in (2.57).

In terms of the proton structure functions, F; (x, %) and
F5(x, 0%), the result (2.57) for R at large Q° becomes

$Note that QAy comparing (2.16) and (2 47), one finds
de fle_lJ_U' l_]_, Z(l - Z) Wz) =1 fdlLlJ_U'(qq)/ 1[,(lJ_, Wz)
The right-hand side in the longltudmal photoabsorption cross
section (2.12) may be rewritten as

O-YLP WZ QZ ZQq QZfd”IZ”/fKZ HQ)

X fd?fl”(rqq), (7, W),

thus explicitly connectlng the dipole size 7| with the (gg)]~"
state of fixed mass lf, as required for the above argument.
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Lo o 0.33F,(x, 0%) (p=1)
1+2p 26 0%) = 0.27F,(x, 0?) (p=g—‘).

(2.59)

FL(X’ QZ) =

The prediction (2.59) of F; = 0.27F, is consistent with the
experimental results from the H1 and ZEUS collabora-
tions. Compare Figs. 2 and 3.

D. Discussion on the representations of the
CDP in Secs. ITA and II B

The CDP of DIS at low x is based on a lifetime argument
concerning massive hadronic fluctuations of the photon.
The argument is identical to the one put forward in the
space-time interpretation [2,18] of generalized vector
dominance in the early 1970s. The lifetime in the rest
frame of the nucleon of a hadronic fluctuation of mass

Mz, given by the covariant expression [19]
1 1 1
e e (2.60)
AE 4 w2 M, M,

becomes large in comparison with the inverse of the proton
mass, M, provided x = 0?/W? < 1 and the c.m. energy
W is sufficiently large. The y*p interaction with the nu-
cleon at low x, accordingly, proceeds via the interaction of
hadronic ¢g fluctuations of timelike four-momentum
squared identical to M(qu). More definitely, the integration

over the dipole cross section o ,4),(ry, z(1 — 2), W?2) in
transverse position space in (2.1) describes the interaction
of a continuum of massive ¢g states. The dipole cross
section depends on W2,? just as any other purely hadronic
interaction cross section. In particular, the dipole cross
section does not depend on the virtuality O of the photon,
and consequently, it does not depend on x.

H1 Preliminary F_

- e HI (Prelim.) — H1 PDF 2000
1.5 - E - 460, 575, 920 GeV - - Alekhin NNLO
[ F =005 --0.27x F, (H1 PDF 2000)
: o N~ o ™ o ] wn [~ -0 O ©0 © o
1IFx 8828 2823 £ 85388 8% £8
o I* S8 338 83838 S 33 &35 58 &8
c C
><" -
= 05 3
Ty - 8
C =
- 3
B -
0__ >
z
r =
. =)
0.5 Ll | Ll
10 10? 10°

Q2%/Gev?

FIG. 2 (color online). The HI1 experimental results for the
longitudinal proton structure function F; (x, Q%) compared with
the prediction of F; (x, 0%) = 0.27 X F,(x, Q?) from transverse-
size enhancement of transversely relative to longitudinally po-
larized (¢g)’=! states.

PHYSICAL REVIEW D 85, 094001 (2012)
ZEUS
@?=24GeV? T

L LR Q%=110 GeV? ]

e F_

= ZEUS-JETS
0.27F2 ZEUS-JETS

FIG. 3 (color online). The ZEUS experimental results for the
longitudinal proton structure function F; (x, Q%) compared with
the prediction of F; (x, 0%) = 0.27 X F,(x, Q?) from transverse-
size enhancement of transversely relative to longitudinally po-
larized (gg)’~" states.

The dipole cross section in (2.1) does not refer to a
definite spin J of the massive gg continuum states. The
interaction with the nucleon, nevertheless, proceeds via the
spin J =1 projection of the dipole cross section
T (4q)p(rL, 2(1 — 2), W?2); compare the discussion in
Sec. I B, in particular, the relations (2.39) and (2.40).

The W dependence of the dipole cross section explicitly,

via #(I%, 2(1 = 2), W?) in (2.16) and &(,g-1,(I%, W?) in
(2.51) with (2.56), enters the large-Q? approximation of the

photoabsorption cross section. Inserting (2.16) and (2.51)
into the proton structure function,

0*(1—x)
2)= X 2 12
FZ(X’ Q ) 47726¥(Q2 + (2Mpx)2)(07LP(W ’ Q )
+ 0oy, (W2 0%)
2
= —4£2a (O-YZP(WZ) 0%+ 0-7;~p(W2’ 0?) (2.61)
one finds

9Compare also Ref. [15].
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2
Fyl, Q2)=% [z [dR @z 2wt +2p)

(2.62)
and
305 |
Fs(x, 0%) = 3772 < dITIT 6 g, (T2, W) + 2p),
(2.63)

where p for Q2 sufficiently large is given in (2.56).
According to the right-hand sides in (2.62) and (2.63),
the structure function only depends on W? = Q?/x in the
color-transparency region of sufficiently large Q2 and suf-
ficiently small x <0.1.

The W? dependence in (2.62) and (2.63) can be empiri-
cally tested by plotting the experimental data for the proton
structure function F,(x = Q*/W?, Q%) as a function of
1/W2.

In Fig. 4(a), we show'® the experimental data from
HERA for Q? in the large range of 10 GeV? = Q? =
100 GeV? as a function of 1/W?. In the relevant range of
x = Q*/W?<0.1, approximately corresponding to
1/W? = 1073, the experimental data indeed show a ten-
dency to lie on a single line, quite in contrast to the range of
1/W? = 1073, The opposite tendency of the experimental
data, approximate clustering around a single line for x =
0.1, but stronger deviations from a single line at x = 0.1, is
seen in Fig. 4(b), where the same experimental data for
F5(x, Q%) are plotted in the usual manner as a function of
Bjorken x. The replacement of W? by W? =~ Q?/x, when
passing from Fig. 4(a) to Fig. 4(b), now yields the well-
known increased violation of Bjorken scaling in the dif-
fraction region of x <0.1. Compare Sec. IIG for a
discussion of the theoretical prediction shown in Fig. 4(a).

We summarize as follows: DIS at low x proceeds via the
imaginary part of the forward-scattering amplitude of a
continuum of massive (¢g); ;' states. The interaction of the
qq color dipole with the gluon field of the proton, by gauge
invariance, fulfills (2.2) and (2.44), implying color trans-
parency, (2.3) and (2.46). For Q? sufficiently large (with
x = Q?/W? <« 0.1 sufficiently small), the structure func-
tion F,(x, Q%) only depends on the single variable W. No
details of perturbative QCD beyond the gauge-invariant
color-dipole interaction are needed to deduce the CDP of
Secs. ITA and IIB, including the (approximate) depen-
dence of F,(x, Q%) on the single variable W? for Q? suffi-
ciently large. In particular, no reference to details of the
perturbative gluon density of the proton is needed. In this
connection, also compare the derivation of the CDP in
Ref. [6], as well as the formally much more complete
and elaborate derivation in Ref. [15].

'OFigure 4 was kindly prepared by Prabhdeep Kaur.
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2 2
(@) (b) “f
1.8F 1.8F
Q?=80-100 GeV? Eogl Q*=80-100 GeV>
1.6F 16F | 1]
1ab Q*=30-50 GeV? 14k ) Q°=30-50 GeV?
' Q2=10-30 GeV? b Q?=10-30 GeV?
1.2F 12F
TR w1k
0.8} 0.8 :
[ 1 Oacil
06 06F 2 '-3; .
L T L
0.4} 0.4 a 5 %
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T R R N }l
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1/W3(GeV?) X

FIG. 4 (color online). In (a) we show the experimental data for
Fy(x = Q*/W?, Q%) as a function of 1/W?, and in (b), for
comparison, as a function of x. The theoretical prediction based
on (2.124) and (2.125) is also shown in (a).

By starting from the [ | -factorization approach, under
certain assumptions, one may derive a CDP-like represen-
tation [20] for the photoabsorption cross section containing
x instead of W? in the dipole cross section in (2.1).

Close examination of the derivation shows that the
validity of the resulting representation of the photoabsorp-
tion cross section must be restricted to values of Q% much
larger than the relevant quark mass, or equivalently m3.
The use [21] of the CDP-like representation, containing an
x-dependent dipole cross section, for the transition to small
Q? including Q? = 0, photoproduction, even upon modi-
fication of x = Q*/W? by % = (Q? + m3)/W?, is unjusti-
fied. Understanding the transition to small Q? is the main
aim and achievement of the CDP, however.

E. Low-x scaling
A model-independent analysis of the experimental data
on DIS from HERA has revealed [11,22] that the photo-
absorption cross section, o-,(W?, 0?), at low x is a func-
tion of the low-x scaling variable''

Q>+ m}
(W2, 0%) =51, (2.64)
7 AZ(W?)
i.e. a function of the single variable n(W?, Q?),
O-'y*p(Wz’ Qz) = O-'y*p(n(sz QZ)) (265)

In (2.64) and (2.65), the “‘saturation scale” A2, ,(W?) em-
pirically increases as A2, (W?) ~ (W?)%2, with C, = 0.27
and mJ = 0.15 GeV? [11,22]. The empirical analysis
of the experimental data showed that o ,(n(W? Q?))
for large n(W? Q%) > 1 is inversely proportional to
n(W? 0%,

"Scaling in terms of a different, x-dependent instead of
W-dependent, scaling variable was found in Ref. [23].
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1
n(W?, 0%)’
while for small values of (W?, Q%) < 1, the dependence

on n(W?, Q?) is logarithmic,

oy, (W2, 0%) ~ o ™/(W?) (2.66)

1
oy (W2, 0%) ~ U(m)(Wz)an, (n(W2, 0% < 1).

(2.67)

In (2.66) and (2.67) the cross section o®(W2) was
empirically found to be of hadronic size and approximately
constant, o®)(W?) = const, as a function of the energy W.

In the present section, we will show that not only
the existence of the scaling behavior (2.65), but also the
observed functional dependence of the cross section, as
1/n(W?, Q?) for large n(W?, Q?), and as In(1/n(W?, 0?))
for small n(W?, Q?), in (2.66) and (2.67), respectively, is a
|

. )
Tapyp(rL W) = 77_[ Ao, UL W2)<1

where 1| = ﬁ and Jy (7', | ) denotes the Bessel function
of order zero. We assume that the integrals in (2.68) do
exist and are determined by the integrands in a restricted
range of I7 < [y = %10 (W), where &(qq)lf_lp(?f, Ww?)
is appreciably different from zero. The resui't[ing dipole
cross section (2.68), for any fixed value of 7/, strongly
depends on the variation of the phase, /', 7/, , in (2.44) and
(2.68) as a function of | <1, (W?).

Indeed, if for a given value of #/| the phase ', /| in the
relevant range of /| <[\, (W?) is always smaller than
unity, i.e.

1 272 -
a'(qq)ﬁl],(r’f, W2) = Zwr’f /dlﬁ_lﬁ_ (g

In the limiting case of

U s WAL > 1, (2.72)

alternative to (2.69), the rapid oscillation of the Bessel

function under variation of 0 <1, <17, (W) at ﬁxedI

U(qq){?lp(rfy W2) = W/dl/fa_-(qq){?]p(l/f) WZ) = a-giof)‘(Wz)’

We note that the /| -independent limit on the right-hand side in (2.73) obtained at any fixed value of /| for I'?
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general and direct consequence of the color-dipole nature
of the interaction of the hadronic fluctuations of the photon
with the color field in the nucleon. No specific parametri-
zation of the color-dipole-proton cross section,
o 4a)p(r1, z(1 = 2), W?), must be introduced to deduce
the empirically observed functional dependence in (2.66)
and (2.67).

The ensuing analysis will be based on the representation
of the photoabsorption cross section in Sec. II B in terms
of the scattering of (¢g); ;' states on the proton. Compare
(2.39), in particular, as well as the longitudinal and
transverse dipole cross sections given by (2.44). The rep-
resentation (2.44) of the dipole cross section, as a conse-
quence of (2.2), is solely based on the gauge-invariant
coupling of the color-dipole state to the gluon field in the
nucleon.

Upon angular integration, (2.44) becomes

- JdlE & g, (0, WZ)JO(Z’J_r’J_))

4 _ (2.68)
[al? &(M)ﬁl,,(l’f, w2)

[

o</l\r < l’lMaX(WZ)r’l <1, (2.69)
the second term in the brackets of (2.68) essentially cancels
the first one, since

1 1
Jo' F)=1- Z(l’lr’l)2 + E(ll”ll)4 +---0 (2.70)
Substitution of (2.70) into (2.68) implies the proportional-
ity of the dipole cross section to r’f already given in (2.46).
Combining (2.46) with (2.49) and (2.56), we find

1)

1
P2« 7> Q2.71)
P ( + l/fMax(Wz)

72, WZ){

r'| implies a vanishing contribution of the second term in
(2.68). The dipole cross section (2.68) in this limit is not
proportional to the dipole size 7”f, but, in contrast to (2.71),
becomes identical to the 7?-independent limit a-(L°,°T)(W2) of

normal hadronic size,

r2 > 7) (2.73)
( + l/fMax(Wz)

(W?) —

1 max

oo coincides with the limit of 7/, — oo at fixed energy, W, or fixed I f max(W?2). A small ¢g dipole at infinite energy yields
the same cross section as a sufficiently large dipole at finite energy W.
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The gauge-invariant color-dipole interaction with the
gluon thus implies the emergence of two scales, the
helicity-dependent integral'?

(2.73) and the first moment of &(qq).iirlp(i/f, W?) in (2.71),
which determine the dipole cross section for relatively
large r and relatively small r , respectively. Whether
(2.73) or (2.71) is relevant for a chosen value of 7| depends
on the value of /7, (W?) that, in turn, depends on the W
dependence of the (gg);; p dipole cross section,
&(qq)l:l (Z)/f, W2)

It is approprlate to introduce and use the normalized
distribution in I T

fdl lJ_O'(qq)J 1 (ZJ_, W2)
fdl'f%q)flp(lir w?)

— 712 2 .
over U(M)ﬁlp(ll, W?) in

ASu(W?) =

w-[dﬁﬁ&wfm@ﬁW%

(2.74)

- o-(L°°)(W2)

as the second scale besides a'(°°)(W2) from (2.73)."* The
J_ — 0 limit in (2.71) then becomes

O'(qz?)ﬁ‘p(”/f’ w?)

— o Az

e
r .
4 P> + llfMax(Wz)

(2.75)

The cross section O'(ZC’T)(WZ), as a consequence of the color-
dipole interaction in (2.2) and (2.44), according to (2.73)
and (2.75), is of relevance for both the r’f — o0 and the
r’f — 0 behavior of the dipole cross section.

Before returning to the photoabsorption cross section,
we add a further comment on the dipole cross section
(2.68) and its important limits in (2.71) [or, equivalently, in
(2.75)] and in (2.73). The dependence of the dipole cross
section (2.68) on 7/ is determined by the destructive
interference originating from the (negative) second term
in the brackets in (2.68). At any fixed value of ', for
sufficiently high energy, i.e. with increasingly greater val-
ues of Ity (W?2), the vanishing of this term, due to strong
oscillations of the integrand, leads to the 7, -independent
limit of a cross section of hadronic size in (2.73). With
increasing energy, a transition occurs from the region
of color transparency (2.71), where the cross section is

12For generality, we keep the distinction between 0'(°°) (W?) and
(WZ) even though the essential conclusions of thlS section
do not depend on whether this distinction is kept or replaced by
the equality (2.53).
The scale Agat(Wz) in (2.74) is to be identified with the
parameter A2, (W?) in (2.64) that was introduced in the fit
[11,22] to the experimental data.
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proportional to the dipole size, ?’f, to the saturation regime
(2.73) characterized by a cross section that is independent
of the dipole size, 7'7; the interaction of a color neutral ¢G
dipole is, in the saturation regime, replaced by the interac-
tion of a colored quark and a colored antiquark, thus
producing a cross section of hadronic size. Both color
transparency and the transition to the hadronlike saturation
behavior are recognized as a genuine consequence of
the gauge-invariant color-dipole interaction (2.1). It is a
misconception to associate the saturation regime with an
increased density in a small-size region of the proton: in
the high-energy limit of (2.73) the cross section is not
proportional to the dipole size, and therefore it cannot be
interpreted as the product of a (small) dipole size with a
high-gluon-density region.

We turn to the photoabsorption cross section in (2.33).
The integration over d°#| in (2.33) at fixed Q? is domi-
nated by

(2.76)

Compare (2.7) and (2.8). The resulting photoabsorption
cross section for fixed Q° then depends on whether the
limiting case of either (2 71) [or, equivalently, (2.75)] or of
(2.73) is relevant for r? = 1/Q%

For the case of

2 < 1 1
QZ llfMax(Wz) ’
the r’f — 0 expression in (2.75) is relevant. This region of
relatively large Q2 was treated in Sec. II B. Compare (2.46)
and (2.47). Introducing AZ,(W?) from (2.74) and (2.75) on

the right-hand side of (2.51), with py, = p from (2.56), we
find

2.77)

(W)(WZ)

sat(W )
{2 (2.78)

2 2y =& 21
Oy 17(W rQ )__ZQ
LT T 7 Q
The total photoabsorption cross section is given by
oy (W2, Q%) = o , (W2 Q%) + 0, (W2, 07)

——ZQO+M%‘WW)WW)

(2.79)

Unitarity requires the hadronic dipole cross section
o 7(W?) from (2.73) to only weakly'* depend on W2,
a(LwT)(WZ) = const. (2.80)

Moreover, by quark confinement and, quantitatively, by
quark-hadron duality [24], the divergence of r’f — oo for
0% — 0 in (2.76) must be replaced by

"*Actually, a logarithmic increase of o'*.(W?) is allowed.
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2 1

< G 2.81)

where mj actually depends on the quark flavor. For light
quarks, m§ < m3, where m, is the p® meson mass, is
relevant. Replacing'” 0> — Q2 + m} in (2.79), and iden-
tifying the resulting (inverse) ratio with the empirical
parameter n(W?2, Q%) in (2.64), we have
1

n(W2, 0%’

(2.82)

I (e
0y p (W2 0 =23 Q31+ 2p) 0™ (W)
q

(n(W2,0%)>1),

where (W2, Q%) > 1 as a consequence of (2.74) and
(2.77). With (2.80), this is the empirically established
scaling behavior (2.66).

We turn to the case of

1

—_— K =, 2.83
Z/J%Max(Wz) Q2 ( )

alternative to (2.77), and relevant, in particular, for
large values of the energy W and relatively small values
of Q. In this case of (2.83), within the integration domain

Y oy @ 5 of (VAT 1/
a-yz.rp(W , Q ) - ;ZQqQ (/;) dr{j_ + |
q

PHYSICAL REVIEW D 85, 094001 (2012)

of r’f < 1/0Q? from (2.76), we have to discriminate two
different regions. For

1 1
<y <5
lJ_Max(W ) o

we have color transparency (2.75). In distinction from
(2.77), color transparency only holds in a small restricted
domain of the full integration interval r’f < 1/Q?. For the
remaining integration domain,

! <2< !
e r —,
l/_EMax(Wz) + Q2

the 7/ -independent dipole cross section (2.73) becomes
relevant.

It is useful to split the integration domain into the sum of
two different ones. Noting that, according to the definition
(2.74),

(2.84)

(2.85)

AL (W?) < 17, (W), (2.86)

we use A2, (W?) as the splitting parameter of the integral
over dr’f. The photoabsorption cross section (2.39) then
becomes

drllz)K(z),l(”/L Q)U'(qq)ﬁlp(r’f, w2). (2.87)

/AL (W)

sat

The main contribution to the photoabsorption cross section is due to the second term on the right-hand side in (2.87). The
first term will subsequently be shown to be negligible compared with the second one. Only taking into account the second
term, upon introducing the r/, -independent dipole cross section from (2.73), we find

2
0-72,7‘P(W2’ Q2) = ?a Z Qé QZ{

The cross section in the high-energy limit, (2.88), as a
consequence of the factorization of the dipole cross section
(2.73), is directly given by an integral over the photon wave
function; compare e.g. (2.88) with the general expression
in (2.39).

In the integration domain (2.85) of | O <1, relevant in
(2.87) and (2.88), upon introducing y =/, Q, we can
approximate K3 ,(r', Q) = K§ ,(y) by

1

K3(y) = In%y, y

(y<1). (2.89)

15 Actually, realistic values of AZ,(W?) fulfill the hierarchy of
A2, (W?) > m2, such that for Q> > A2, (W?), the photon vir-
tuality 02 in (2.79) may be replaced by Q? + m3. The replace-
ment of 0? — Q2 + m3 in the case of (2.82) is of formal nature.
We note that the introduction of m, is equivalent to introducing a
nonzero quark mass in the photon wave function of the CDP in
Q@.1).

W) e 41T LKE(L0)

() (72 170 2 (2.838)
T W2) [V AP K, Q).
[
We find
2a tha.(Lw)(Wz)
oy ,(WL0)="=3 024" sy (2:90)
* 7 ST Lo Wi,

The longitudinal cross section becomes small in this limit
of very high energy W and comparatively small values of
Q2. According to (2.90), the longitudinal cross section may
be neglected, and the total cross section is given by

A% (W?)
—.

o, (W2 07) = % 3 020 (W) In 2.91)

With the replacement of Q> — Q? + mj, compare
(2.81), and upon introducing (W2, Q?) from (2.64), we
indeed have derived the empirically observed logarithmic
dependence,
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Z Q2 (°°)(W2) n—

(n(W2, 0% < 1),

where U(Tw)(Wz) = const; compare (2.80).

Combining (2.78) and (2.90), the ratio R of the longitu-
dinal and the transverse parts of the photoabsorption cross
section is given by

UY*P(WZ’ Q%) =— (Wz 0%’

(2.92)

(w)(WZ) l
( )(WZ) In—L

(n(W2,0%) < 1)

WZQ )
L (n(W2 0%) > 1.
(2.93)

In the limit of p(W?, Q%) < 1, i.e. for W? — oo at fixed
Q?, the longitudinal part of the photoabsorption cross

R(WZJ QZ) =3

PHYSICAL REVIEW D 85, 094001 (2012)

section becomes vanishingly small compared with the
transverse part. In the limit of n(W?2, Q%) > 1, we have
p = 4/3 from transverse-size enhancement, while p = 1
under the ad hoc assumption of helicity independence.

We finally have to convince ourselves that the first term
in (2.87) can be neglected relative to the second one.
Inserting (2.75) into (2.39), the contribution of the first
term becomes

(I) (W2 QZ)

A2
=EZQ ) 2y (W) & dyy K3 ()
T 0? O/ Aut(W?) 5 3770

q pJo dyy’Ki(y).

(2.94)

Evaluation of the integrals upon inserting (2.89) yields

a¥y. 051

@¥,0;1
oy, (W2, Q%) =—=1=1
T

27 2 A% (W?)

Since (2.91) is enhanced by In(AZ,(W?)/Q?), we can
neglect (2.95) for sufficiently large A2, (W?).

The resulting cross sections (2.82) and (2.92) establish
the empirically observed low-x scaling behavior as a con-
sequence of the interaction of the ¢g fluctuations of the
(real or virtual) photon as color-dipole states. Low-x scal-
ing is recognized as a genuine consequence of the CDP in
the formulation given in (2.39) and (2.44) that is based on
(2.1) and (2.2). ““Saturation” i.e. the slow logarithmic
increase as InA2,(W?) in (2.92), is not based on a specific
model assumption. It occurs as a consequence of the
transition of the (gg)p interaction from the color-
transparency region to the hadronic one. This transition
occurs for any given Q2, or any fixed dipole size, provided
the energy is sufficiently high such that the gg state does

oy (W2 Q%) = 0, (n(W?, Q%)) =

ZQ2

where unitarity restricts O'(L(’})(Wz) to being, at most,
weakly dependent on W. In this section, we present a
more detailed discussion of the important n(W?2, Q) — 0
limit of W? — oo at fixed values of Q2.

We explicitly assume A2, (W?) to increase with
the energy W. There are convincing theoretical arguments
for this assumption, independent of the analysis
of the experimental data that was referred to
in the discussion related to (2.64), (2.65), (2.66), and
(2.67).

Note that the absorption of a gluon of transverse mo-
mentum [ 1 by a ¢gg fluctuation leads to “diagonal” as well

) 1 0 %
(W2)< lefdt(Wz)Jr ) -~

a'T ) (W2) In—L

L1+ 2p)0)”

P Wp, (AL (WA)>02). (2.95)

not interact as a colorless dipole, but rather as a system of
two colored quarks.

F. The photoproduction limit for W? — oo
at fixed 0% >0

In Sec. IIE, we found that the CDP from (2.1) and (2.2)
implies that the photoabsorption cross section at low x =
Q?/W? <1 depends on the single scaling variable
n(W?, 0?) from (2.64) and (2.74). Moreover, the depen-
dence of o; ,(n(W? Q%)), for small and large values of
n(W?, Q?), was found to be uniquely determined without
adopting a specific parametrization for the dipole cross
section [compare (2.92) and (2.82)],

(n(W2, 0% < 1)
(p(W2, 0% > 1),

(W2 %)

(2.96)
(W)~

I
as “off-diagonal” transitions with respect to the mass M,
of the ¢g fluctuations,

(9D u,, (diagonal)
{ 2.97)

@Du, =1, -
. (QQ)M;giMM

(off-diagonal).

The mass difference in the second line of (2.97) is propor-

tional to I'7 = % /z(1 — z), or to A%, (W?) from (2.74), on
the average,

2 = 2

AM q =M; !

— M7, ~ AL (W?). (2.98)
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This connection excludes A2, (W?) = const unless one is
willing to postulate the mass difference between incoming
and outgoing ¢g states in hadronic diffraction to be equal
to a fixed value that is W independent, even for W — oo.
Constancy, A2, (W?) = const., would imply a W depen-
dence of the photoabsorption cross section (2.96) that is
exclusively determined by the factorized cross section
a'(L°°T) W?) from (2.73), entirely independent of the details
of the dynamics of the gluon field in the proton related to

A% (W?) from (2.74). One accordingly can safely dismiss
the assumption of AZ2,(W?) = const on theoretical
grounds, independently of its inconsistency with the
experimental data; compare (2.64), (2.65), (2.66), and
(2.67). A further argument on the increase of A2, (W?)
with the energy may be based on the consistency of the
CDP with a description of the proton structure function in
terms of sea-quark and gluon distributions and their
evolution with Q2. This will be discussed below; compare
Sec. IIG.

Considering the limit of p(W?, Q%) — 0, or W? — oo at
fixed Q2, we introduce the ratio of the virtual to the real
photoabsorption cross section, and from (2.96) we find [22]

im a *p(n(W2 Qz))
o (W2, 02 =0)

02 fixed
A2 (W2 m?2 m2
In(=5 —t) Inzr-2—
. + .
i @ O o)
W2—o0 1 Qa[(W ) W2—~ool Asal W )
02 fixed n— > m2 02 fixed n m2

0 0

At sufficiently large W, at any fixed value of Q?, the y*p
cross section approaches the Q’-independent (Q? = 0)
photoproduction limit. We stress again that this result
(2.99) is independent of any particular parametrization of
the dipole cross section. It is solely based on the CDP (2.1)

100

60 — PN (W)
(n< 1)

W2 (10°GeV?)

Q>N (W)
n>1)

FIG. 5. The (Q? W?) plane showing the line n(W?, Q%) =1
separating the large-Q? and the small-Q? region.
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TABLE 1. The approach of o ,(n(W? Q%) to the photopro-
duction limit, o, ,(W?) = o ,(n(W?, Q% = 0)), for W? — oo at
fixed Q% > 0.

2 2 2 2 o, (n(W2,0%)
0?[GeV?] W?3[GeV?] W
1.5 2.5 X 107 0.5

1.26 x 101 0.63

with the general form of the dipole cross section (2.2)
required by the gauge-invariant two-gluon coupling of
the ¢g fluctuation in the forward-Compton-scattering
amplitude.

The (Q?, W?) plane corresponding to (2.96) and (2.99) is
simple. It consists of only two regions separated by the line
n(W?), 0%) = 1; compare Fig. 5. Below this line, i.e. for
n(W?, 0% > 1, we have color transparency with
oy (W2 0%) ~ AL (W?)/Q?%, while for n(W? 0?) < 1,
we have hadronlike saturation behavior. Without explicit
parametrization of A2, (W?), the relation (2.99) does
not determine the energy scale, at which the limit of
photoproduction is reached in (2.99).

The limit (2.99) was first given [22] under the assump-
tion of a specific ansatz for the dipole cross section in (2.2),

O'(qq)p(rj_, Z(l - Z), Wz)

= @ W1 = Jo(rpz(1 = 2 Au(W?)),

which was used in a successful fit [11,22] to the experi-
mental data from HERA. By extrapolating the fit to the
experimental data based on (2.100) to W? — oo at fixed Q?,
one finds the limiting behavior (2.99). Inserting the fit
result [22],'°

(2.100)

2
1GeV?
C,=027%=0.01, m}=0.15GeV?+0.04 GeV?,
(2.101)

into (2.99) allows one to examine the approach to the
photoabsorption limit in (2.99). As expected from the
logarithmic behavior in (2.99), exceedingly high energies
are needed to approach this limit. Compare Table I for a
specific example.

More recently, fits to the low-x DIS data based on
various parametrizations of the photoabsorption cross sec-
tion of the general form

a',y*p(Wzy QZ) ~ [Aerr(Q%)

C,
AZ(W2) = (0.34 £0. 06)( ) GeV2,

(2.102)

were examined by Caldwell [25], in particular, in view of
an extrapolation to the above limit of large W at fixed Q.
The ansatz (2.102), with

'“The original fit [22] with A2(W?) = C;(W? + W})©> and
W2 = 1081 = 124 GeV? can to a good approximation be re-
placed by (2.101).
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1 1 w?

I = =,
2M,x  2M, 0?

(2.103)

was motivated by the lifetime, or coherence length, of a
hadronic fluctuation according to (2.60).
The particular fit based on

Ty p (W2 Q%) = 0p(Q*) 1M @), (2.104)

and individually carried out for a series of values of Q? in
the interval 0.15 < Q2 < 400 GeV?, led to an intersection
of the straight lines in the representation of the log of
o, ,(W?, 0?) against the log of the coherence length /.
The intersection, interpreted as an indication for the ap-
proach to a Q”-independent limit at large W2, occurred at

W2 = 10°02, (2.105)

to be compared with the (not yet fully asymptotic) results
for W2 from our approach in Table I. It is of interest that the
large-W extrapolation of a fit to the experimental data
based on the simple, intuitively well-motivated, but still
fairly ad hoc ansatz (2.104) implies a saturation effect
similar to the one predicted from the CDP, the validity of
which stands on firm theoretical grounds. Not every ansatz
for a successful fit in terms of the variable [ in (2.103),
however, as pointed out in Ref. [25], implies an approach
to a Q*-independent saturation limit. Precise empirical
evidence for the limiting behavior (2.99) presumably re-
quires experiments at energies substantially above the ones
explored at HERA.

G. The CDP, the gluon-distribution function,
and evolution

The CDP of DIS corresponds'” to the low-x approxima-
tion of the pQCD-improved parton model in which the
interaction of the (virtual) photon occurs by interaction
with the quark-antiquark sea in the proton via y* gluon —
qq fusion; compare Fig. 6. The longitudinal structure
function F;(x, Q?) in this low-x or CDP approximation
of pQCD solely depends on the gluon density g(x, Q%)
[27],

2
Fr(x, Q%) = % > 0% -6l,(x, 0%) (2.106)
q
with

L= [ (1-ewen. o

where G(y, Q%) = yg(y, Q?). For a wide range of different
gluon distributions, independently of their specific form,
the integration in (2.107) yields a result that is proportional
to the gluon-distribution function at a rescaled value x/ &,
[27], i.e.

'7With respect to the present section, compare also Ref. [26].
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AEEO000000
(a) (b)

FIG. 6. (a) Photon-gluon fusion. (b) Higher order contributions
to photon-gluon — ¢g fusion resolving the lower blob in Fig. 1.
The lower part of the diagram must be extended to become a
gluon ladder.

Fu(éx 0°) = =5= 3 05G(x, 0%). (2.108)
q
The rescaling factor &; in (2.108) has the preferred value of
&; = 0.40 [27]. The interaction of the longitudinally po-
larized photon with the quark (antiquark) originating from
gluon — ¢§ splitting, via F, (£, x, Q?), to a good approxi-
mation, thus fully determines the x and Q? dependence of
the gluon-distribution function.
We turn to the structure function F,(x, @?). In the DIS
scheme of pQCD, at low x and sufficiently large Q2,
F>(x, Q%) is proportional to the singlet or sea-quark density

Z(X, Qz)’

D x 0% = ﬁ(a,(x) +g,(x)). (2.109)
q=1

For four flavors of quarks, n; = 4, and flavor-blind quark
distributions, the structure function is given by

1 5
Fyx, 01) =23 (x, 0% 3.0 =15 X (£, 0%). (2.110)
q

In the CDP approximation, y* gluon — ¢g fusion, the
evolution of F,(x, Q%) with Q? is determined by the gluon
distribution according to [12]

Fr(x, 00  a,(0
: azl(rTQg )za‘(ﬁg )ZQg f 1dzlf’qg(z)G(g, Qz), (2.111)
q X

where in leading order of pQCD

Pu(z) = P =422 + (1 = 2. (2.112)

The evolution equation (2.111), again for a wide range of
choices for the gluon distribution, may be represented by
the proportionality [28]

IF,(&rx, 0?)
9 1InQ?

_as(Qz) 2 2
=5 %QqG(x,Q). (2.113)

The rescaling factor in this case is given by &, = 0.50 [28].

The validity of (2.108) and (2.113) and the values of the
rescaling factors (&;, &) = (0.40,0.50) will be reex-
amined below by evaluating the relations (2.106) for
F;(x, Q%) and (2.111) for F,(x, Q?) for the specific gluon
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distribution to be obtained by requiring consistency with
the CDP approach.

We introduce the ratio of F,(x, Q%) and F,(x, Q°) by
employing the form of this ratio in (2.59), but allowing for
a potential dependence of p = p(x, Q%) on the kinematic
variables x and Q2,

Fi(x, Q%) = Fy(x, 0°). (2.114)

2p +1

Replacing the right-hand side of (2.113) by F,(&,x, Q%)
from (2.108), and subsequently replacing F, (£, x, Q%) by
F5(&,x, Q) according to the defining relation (2.114), the
evolution equation (2.113) becomes

d (f 2
aInQ*" “\¢&,
or, in terms of the flavor-singlet distribution (2.109) ac-
cording to (2.110),

ISy, ) 2
(2p+l)aan2 LZ(fo,Q) D (x 0. (2.116)

By alternatively replacing F, (x, Q%) in (2.114) by the
gluon distribution from (2.108), upon inserting the result-
ing expression for F,(x, Q%) into the evolution equation

(2.113), we find an evolution equation for the gluon-
distribution function that reads

&
&r

2p+1)—L_p(E2y QZ) — Fy(x, 0%, (2115)

Q2(2p Dar, (Qz)G( Qz)—a(Qz)G(x 02).

(2.117)

Comparing (2.117) with (2.116), we conclude that, if and
only if

(2p + 1) = const, (2.118)

the evolution of the gluon density multiplied by a,(Q?) in
(2.117) coincides with the quark-singlet evolution accord-
ing to (2.115) and (2.116).

Identical evolution of the gg sea originating from
v* gluon — ¢g fusion [Fig. 6(a)] and the gluon distribu-
tion multiplied by a,(Q?) appears as a natural consequence
of the fact that the gg state seen by the photon originates
from the gluon: the evolution of the sea distribution, mea-
sured by the interaction with the photon, directly yields the
evolution of the gluon distribution.

In the CDP, according to Sec. I D [specifically (2.63)],
and supported by the experimental results in Fig. 4, the
structure function F,(x, Q) for x < 0.1 and Q? suffi-
ciently large depends on the single variable W2,

Q2
Fy(x, Q%) = FQ(W2 ) (2.119)
Independently of the specific form of the functional
dependence of F,(x, Q%) on W2, according to (2.119), the
Q? dependence and the x dependence of F,(x, Q%) are
intimately related to each other. This is a consequence of
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the W dependence of the dipole cross section in (2.1);
compare (2.78) and (2.61). In terms of the energy variable
W, the evolution equation (2.115) becomes

d (fL
d lIIVV2 fz

Since according to (2.1) the longitudinal as well as the
transverse photoabsorption cross section depend on W2,
the potential dependence of p on x and Q? is also restricted
to W, and in (2.120), this is indicated by py,.

We assume a power-law dependence for F,(W?) on W2,

Qpy + 1)—>— Wz) — F(W2).  (2.120)

0°\¢
Fy(W?) ~ (W2)C: = (7) @2.121)
We note that the dependence of F,(x, Q%) = F,(W?) in
(2.121) on a fixed (i.e. Q*>-independent) constant power C,
of 1/x coincides with the x — 0 so-called “‘hard” Pomeron
solution [29] of pQCD that rests on a (1/x)* input assump-
tion for the flavor-singlet quark as well as the gluon dis-
tribution (A = const). A fixed power of 1/x, as (1/x)%,
also appears in the Regge approach to DIS based on a
linear combination of a “soft” and a hard Pomeron, with
the fit parameter of the hard-Pomeron contribution being
given by €, = 0.43 [30].

It is a unique feature of the CDP, however, that the
1/x dependence and the Q? dependence of F,(x, Q%) (for
x < 0.1 and Q? sufficiently large, Q%> = 10 GeV?) are
determined by one and the same constant power C,; com-
pare (2.121).

Inserting the power law (2.121) into the evolution equa-
tion (2.120), we find the constraint

2

2oy + 1)c2( ) -1 (2.122)
&

Consistency of the power law (2.121) for the W depen-
dence with the flavor-singlet evolution (2.120) thus implies
the remarkable constraint (2.122) that connects the expo-
nent C, of the 1/x dependence with the longitudinal-to-
transverse ratio of the photoabsorption cross sections, 2 pyy,
or, equivalently, with the ratio of F,(x, %) and F (x, Q?)
in (2.114). Constancy of C, implies constancy of py =
p = const, and vice versa.

In the CDP, from (2.56), p has the constant and fixed
value of p = 4/3. With this CDP value of p = 4/3, we
find from (2.122) (compare also [26])"®

L (6\E
C,=——|-= = (.29,
P 2p 1<§L)

where the preferred value of &,/&; = 0.5/0.4 = 1.25 was
inserted. We note that the (ad hoc) variation of this value in
the interval 1 = &,/&, = 1.5 around the above value
of &/&, = 1.25 yields 0.27 = C, = 0.31. The result

(2.123)

"¥Note that (2.123) differs from the result in [31] by taking into
account the rescaling factor £, = 0.4 as well as p = 4/3.
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C, = 0.29, accordingly, is fairly insensitive under varia-
tion of the rescaling factors &, and &; .

We specify (2.121) by adopting the theoretical result for
the exponent C, = 0.29 from (2.123) and by introducing a
proportionality constant f,

2 \C,=0.29
W ) . (2.124)

1 GeV?

Via an eyeball fit to the experimental data for F,(W?) as a
function of 1/W? in Fig. 4(a), we find

£, = 0.063. (2.125)

The theoretical prediction (2.124) with (2.125) is shown in
Fig. 4(a). A detailed comparison with the experimental
data, separately for distinct values of Q? in the relevant
range of 10 GeV? = Q2 = 100 GeV?, shows agreement
with the single-free-parameter fit (2.124) to the structure
function F,(W?) in (2.124) for 10 GeV? = Q? =
100 GeVZ2. Compare the discussion in Sec. V, in particular,
Figs. 16 and 17.

According to (2.110), the flavor-singlet quark or sea
distribution is proportional to the structure function
Fy(W?),

(S =5 r

Employing the proportionality (2.108) of the gluon distri-
bution to the longitudinal structure function F, (£, x, Q?),
and expressing F; (&,x, Q%) in terms of F,(&,x, Q%) ac-
cording to (2.114), we find that the gluon distribution can
also be directly deduced from the experimental data for the
structure function F,(x, Q%) = F,(W? = 0?%/x),

a,(0*)G(x, 0%

Fy(W?) =f2'<

2 \C,=0.29
W ) (2.126)

1 GeV?

37 2 37 1 5
_ZQéFL(é:Lx’Q ) ZQ?I (2p+ I)Fz(fo,Q )
q q
3 W2 \C,=0.29
T f (1 Gevz) . (2.127)

= ZQ?](ZP i 1) f22:0.29
q

where (2.124) was inserted in the last step.

This is the appropriate point to add a remark, as pre-
viously announced, on the validity of the representations
(2.108) and (2.113) in terms of the rescaling factors
(&1, &). Tt will turn out that, indeed, without loss of gen-
erality, (2.106) and (2.111) for our gluon distribution may
be replaced by (2.108) and (2.113).

Inserting the gluon distribution (2.127) into the repre-
sentations of F,(x, %) and F,(x, Q%) in (2.106) and
(2.111), one may explicitly test the validity of the propor-
tionalities to the gluon distribution in (2.108) and (2.113)
that originate from (2.106) and (2.111). One finds that the
above choice of the rescaling factors, (£, &) = (0.4, 0.5),
yields a small discrepancy between the evaluation of the
integrals over the gluon distribution and the representation
in terms of the rescaling factors that amounts to about 4%
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and 6.5% for F;(x, Q%) and F,(x, Q%), respectively. The
discrepancy is reduced to less than 0.5%, for the choice of
(&1, &) = (0.45,0.40). This implies a change of C, =
0.29 to C, = 0.26 in (2.123), close to the value of C, =
0.27 = 0.01 found in the fit in Refs. [11,22]. For the
comparison with the experimental data, the difference
between C, = 0.26 and C, = 0.29 is not very important.
We use C, = 0.29 in Fig. 4(a) and in the more extensive
comparison with the experimental data in Figs. 16 and 17
in Sec. V.

In Fig. 7, we compare our gluon distribution from (2.127)
with various gluon distributions obtained in fits to the
experimental results for F,(x, Q?). Compare Refs. [30,32]
and the Durham Data Base [33].19 The gluon distributions
from the various fits were multiplied by a,(Q?), where

1 b’ Int
NLO(Q2) = — |1 - 22| 2.128
o) = [1-20] i)
with
33— 2n, 153 — 19n;
= = 7 (2.129)
127 2m(33 — 2ny)

and 1 = In(Q*/Agcp), ny = 4 and Agep = 340 MeV cor-
responding to e (M%) = 0.113.

According to Fig. 7, there is a considerable spread
between the gluon-distribution functions extracted from
experimental data of the structure function F,(x, Q%) by
different collaborations. The gluon-distribution function
corresponding to the hard Pomeron of the Regge fit [30],
in general, lies above our result. The results from the so-
called global analysis by the CTEQ [34] and MSTW [35]
collaborations are lower than ours. The fact that our results
are fairly close to the results from GRV [32] seems no
accident and deserves further examination.

Our relation (2.127), obtained as a consequence of the
low-x pQCD approximations (2.106) and (2.111) and the
W dependence of F ,(x, Q%) = Fy ,(W?) from the CDP, is
transparent and simple as far as the underlying assumptions
are concerned. The extracted gluon distribution only de-
pends on the single normalization parameter f, that was
adjusted to the experimental data. The gluon distribution
can directly be read off from the experimental data for
F>(W? = Q?/x) shown in Fig. 4 by multiplication of these
data with the constant given in (2.127).

We end this section with the following summarizing
comments:

(1) The starting point for our extraction of the gluon
distribution is the low-x approximation of the
pQCD-improved parton model that relates the
gluon distribution to the longitudinal structure func-
tion, F,(x, 0%); compare (2.106). This relation is

“The gluon-distribution functions in Fig. 7 marked GRV [32],
MSTW [35], and CTEQ [34] were extracted from the Durham
Data Base [33].
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supplemented by the W dependence of the structure
functions F; (W? = Q?/x) and F,(W? = Q?/x) and
their proportionality via the constant factor of
1/(2p + 1), both the W dependence and the propor-
tionality being extracted from the CDP and being
supported empirically. Finally, a power-law depen-
dence, F, ~ (W?)© = (Q?/x)%, is inserted, with
C, = 0.29 predicted from sea-quark evolution. The
extraction of the gluon distribution depends on only
one fitted normalization constant, f5.

(i1) The gluon distribution resulting from (2.127) lies

within the range of gluon distributions available in
the literature. We note that our extraction of the
gluon distribution from the data on F,(x, Q%) =
F,(W? = Q?/x) is not based on a resolution of the
ggpp vertex, the lower blob in Fig. 1. The consis-
tency of our gluon distribution with the ones in the

—3 —2
10 XbJ'TO

—4 -3 -2
10 10 Xpj 10

FIG. 7. The gluon-distribution function from (2.127) compared with the gluon distributions from the hard-Pomeron part of a Regge
fit [30] to F,(x, Q%), and from the F,(x, Q?) fits GRV [32], CTEQ [34], and MSTW [35].

literature indicates that the gluon distribution does
not depend as sensitively on the details of the struc-
ture of the gg p p vertex as usually expected, assumed,
or elaborated upon. Compare the Balitsky-Fadin-
Kuraev-Lipatov approach [36] to DIS at low x, as
well as the double asymptotic scaling (DAS) solution
[37-39] of DGLAP evolution [12] based on replacing
the unresolved lower part of the diagram in Fig. 1 by
the lower part of the diagram in Fig. 6(b) which has to
be extended by a gluon ladder. We conjecture that our
gluon distribution, nevertheless, in the sense of a
numerical approximation, is consistent with the
DGLAP gluon evolution equation at low x which
supplements the evolution of the flavor-singlet quark
distribution solely employed in our analysis.

(ili)) As mentioned, our 1/x dependence (2.127),
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with fixed exponent C,, is closely related to
DGLAP evolution with the input constraint of a
hard Pomeron [29]. We differ from Ref. [29]
insofar as we have the necessary constraint of
(2p + 1) = const [compare (2.122)], while the
analysis of Ref. [29] led to (2p + 1)a,(Q?) =
const.

(iv) Our (1/x)¢> dependence is analogous to the (1/x)
dependence of the hard-Pomeron component of the
Regge approach [30]. However, we predict C, =
0.29 from sea-quark evolution, the value being
consistent with experiment, while the analogous
parameter €; = 0.43 in the Regge approach is a
pure fit parameter. Moreover, the CDP contains a
smooth transition to low Q2, including Q> = 0,
rather than relying on the addition of a soft
Pomeron. In the language of Pomeron exchange,
the CDP only knows of a single Pomeron which is
relevant for both small and large values of Q2.

III. MODELS FOR THE DIPOLE CROSS SECTION

In Sec. II, without adopting a specific parametrization
for the dipole cross section, we found the proportionalities
(2.96) of the total photoabsorption cross section to
In(1/m(W?, Q?)) for n(W?, Q) < 1, and to 1/9(W?, Q%)
for p(W?, Q%) > 1. Any specific parametrization of the

|

U-(qq)izlp(rlj_ Asat(Wz)) =
= 0'(°°)(W2){ X

With respect to momentum space, the ansatz (3.1), accord-
ing to (2.2), corresponds to

F(I1,2(1—2), W?) = (% — 2(1 = ) AZ (W?).

(3.3)

Pase) (WZ)
T

Its J = 1 projections, according to (2.45), are given by

_ n _ 0
O'(qf?)f'p(l/l’ w?) = O'(qt?)f'p(lli-’ w?)

(IT — AL (W?). (3.4)

(o0) (W2
_ o)
T
Substitution of (3.3) and (3.4) into (2.2) and (2.44), respec-
tively, takes us back to (3.1) and (3.2).

We remark that helicity independence, the equality of
the cross sections for scattering of the / = 1 projections for
longitudinally and transversely polarized (¢gg)’~" states in
(3.2) and (3.4), is a general consequence of the dependence

2OFor clarlty, in terms of (¢g)’=! helicities, &

Y, T(gay = Ogay
and 0' ) = 2(0’ qq)l 1+ U'(qq)l 1) = U(qq)' 1.
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dipole cross section has to interpolate between these two
limits.

In Sec. I A, we will remind ourselves of a previously
employed ansatz for the dipole cross section that implies
R(W?, Q%) = 1/2 at large Q? for the ratio of R(W?, Q?) =
oy (W2, 0%/, ,(W?, 0). In Sec. Il B, we introduce a
more general ansatz that allows for the transverse-size
reduction and associated enhancement of the transverse
relative to the longitudinal photoabsorption cross section
from Sec. II C.

A. A dipole cross section implying R = 0.5

The ansatz for the dipole cross section in (2.1),
previously employed in a successful fit to the experimental
data on the total cross section, o (W 0?), is given

by [11]
O-(qq)p(?l’ Z(l - Z), WZ)
= oW1 = Jo(rivz(l = Au(W?), (.1

where ¢*(W?) is of hadronic size and weakly dependent
on W, while A2 (W?) increases as a small power of W2.

Since the cross section (3.1) depends on the product 7/, =

714/z(1 — z), the longitudinal and transverse J = 1 projec-
tions in (2.40) become identical,?°

O-(qq)flp(r/J_Asat(Wz)) = 0_(00)(W2)(1 - JO(r/J_Asat(Wz))
/_EAqat(Wz) for lfAsat(Wz) -0

3.2
for #}AZ(W?) — oo. G-

[

of the ansatz (3.1) on the variable | = r+/z(1 — z). Any
dipole cross section in (2.1) fulfilling

U-(q(})p(;L’ Z(l - Z)! W2) = O-(qq)p(;l \Y Z(l - Z)’ Wz)! (35)

together with color transparency (2.2), implies helicity
independence and R(W?, Q%) = 1/2 at large Q7. Indeed,
consistency of (3.5) with (2.2),

T(qap(rivz(l = 2), W?)
= [dzillz(l — 2o (Tz(1 — 2), z(1 — 2), W?)

X (1 —e ), (3.6)
requires z(1—2)&(ITz(1—2),z(1—2z), W?) to be indepen-
dent of z(1 —z). Under this constraint, (2.45) implies helic-
ity independence and R(W?, Q%) =1/2 according to (2.47).

The ansatz (3.1) for the dipole cross section has to be
supplemented by a constraint on the masses of the contrib-
uting gg fluctuations. The constraint reads

<]\42

20 M2 = (W), (37
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where the notation, i.e. M;,, M. for the masses of the
(gq) dipole states, indicates that incoming and outgoing gg
masses in the forward Compton amplitude of Fig. 1 do not
necessarily agree with each other. The lower bound m}
depends on the flavor of the actively contributing quarks.
For up and down quarks the value of m, must be somewhat
below the p® mass. The upper bound m?(W?) depends on
the available energy. In most applications of the CDP, the
approximation of m?(W?) — oo is employed that restricts
the kinematic range of applicability of the CDP. For the

PHYSICAL REVIEW D 85, 094001 (2012)

present discussion we put m3(W?) — co. We will come
back to a finite value of m3(W?) in Sec. IV.

According to dimensional analysis, with m}(W?) — oo,
the photoabsorption cross section resulting from (3.1) in
addition to the dependence on n(W2 Q%)= (Q*+m})/
A2, (W?) will depend on m3/A2,(W?). For the realistic
case of m3/A2,(W?) < 1, the total photoabsorption cross
section ., (W2, Q%) = ay;p(Wz, 0% + ayzp(Wz, 0?)
takes the remarkably simple explicit form [11]

. ,(W2, 0% = o, ,(n(W?, 0%) + 0( o ) = AR, O (W2)Iy(n) + 0( m2 > (3.8)
rr vr A (W?) 3 AL (W?)
where
2
2 92y, M
Io(n(W2, Q%)) = 1 VL An(W? Q2)+1 Ins gy + Ominm) for (W2, 0%) = 57 Gy 39)
o\m , = .
Va0 WO -1 | satovoL)  forn(w 09—,
[
and with
(3.10) C, = 0.34 + 0.06 GeV?; (3.14)

Ry =3).02
q

As expected, since (3.1) fulfills color transparency [com-
pare (3.2)], the result (3.8) with (3.9) and o™ (W?) =
const constitutes an example for the general result in
(2.82) and (2.92) from Sec. 11 E.

For further reference, we give the explicit parametriza-
tion of the ansatz (3.1) and the values of the parameters
obtained in the fit to the experimental data. The “‘saturation
scale” A2, (W?) is given by [11,22]

w2 &)
(— 4 1) ,
w3

W3 = 1081 = 124 GeV?,

A2 (W?) = 3.11)

with
B = 2.24 + (0.43 GeV?,

C, = 0.27 £ 0.01. (3.12)
To a good approximation, (3.11) becomes
W2 \C
A(W?) = (—1 GeV2) : (3.13)
= (00) w2
o(F 21 = 2, w2) = T 5

i.e. A2, (W?) is, to a good approximation, determined by
only two parameters, the normalization scale C; and the
exponent C,.

The hadronic cross section o (W?2) was obtained [11]
by requiring consistency with the Regge fit to the measured
0? = 0 photoproduction cross section. It determines the
product of R+, o'™(W?), where R,+,- = 33,032 With
three active flavors, R,+,- = 2, and

o™ (W?) = 30 mb = 77.04 GeV ™2 (3.15)

The value of the lower bound, m%, in (3.7) is given by

m} = 0.15 = 0.04 GeV>. (3.16)

B. The ansatz for the dipole cross section implying
R =1/2p(e)
Returning to the discussion in Sec. II [compare in par-
ticular (2.23)], we generalize (3.3) as”!

- —A@(WZ))@(z(l p— (3.17)

With respect to transverse position space, according to (2.2), we obtain from (3.17)

*!The quantities & (W?) and A2, (W?) are proportional to o™ (W?) and AZ(W?) introduced by the defining relations (2.73) and

(2.74). The constant proportionality factors will be given below.
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A
Tiggp(r 21 = 2), W2) = 6—<°°>(W2)<1 - Jo(u

= 5'(°°)(W2)®(Z(1 —7) - 6){%1 6 71

The & function in (3.17), via ASGu W?), specifies the W

dependence of the integral [ ditit&(3, W?) that, accord-
ing to (2.25), determines the photoabsorption cross section

at large Q2. The © function in (3.17) [compare 2. 23)]
provides the necessary W-dependent

if /z(1 — z). Tt forbids ¢g fluctuations of infinitely large
mass to occur as a result of gluon absorption at finite
energy, W. The J = 1 projections of the ansatz (3.17), by
substitution of (3.17) into (2.45), are found to be given by

_ 2 <
a(!/l?)ﬁ'p(lli-rAgat w?2))

cut on lJ_—

— 1o (TR, W2>)®(z fA%m w%)@(mm W) 12

(3.19)
where
P XU A e R N
L\t 1, fdgat 37 Z’/f | 2A’((W2)
30}
(3.20)
and
1 307 1 A2, (W?)
112, A2 W2 = __ 1 ( _ L Ahsat )
fT( 1 sat( )) ZAEM(WZ) 3 ZJ_
X LT, AL (W), (3.21)

The constant a in (3.19) is related to € in (3.18) by € =
1/6a, where a > 1. Comparison of (3.19) with (3.4) re-

veals that the peak as a function of /7 at [T = A%, (W?) in
(3.4) is replaced by a broad distribution in the interval
(2/3)A%(W?) =TT = aA%(W?). For I7 > A3 (W?), the
transverse part of the dipole cross section in (3.21) be-
comes enhanced by a factor of /7 /A%, (W?) relative to the
longitudinal one.

Inserting the J =1 dipole cross section (3.19), with
(3.20) and (3.21), into the large-Q® form of the photo-
absorption cross section in (2.47), we find [with Q% >
AL(W?)]
oy p (W2 0%) = —ZQ2 — - -<°°>(W2)Asat<wz)

> 1

3l 2p(e =),

X 41 (3.22)
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for 2 — 0
orrl (3.18)

for 74 — oo.

where 2p(e = é) coincides with the result given in (2.27).
Here, we assumed m?(W?) — co. The generalization to
finite values of m?(W?) will be given in Sec. IV [compare
(4.28)].

The photoabsorption cross section (3. 22) may be ex-
pressed in terms of the cross section o-L )(Wz) and the
scale AZ,(W?) introduced in Sec. (2.5) in terms of integrals
over the longitudinal part of the J = 1 dipole cross section.
Compare (2.73) and (2.74). Evaluating (2.73) and (2.74) for
the ansatz (3.19), we find

e e
3a 3a

= &<°°>(W2)<1 —9—22) (a>1)

o7 W) = =1
(3.23)

and

AZ(W?) = A2 (W?) (3.24)

1+

The photoabsorption cross section (3.22) may accordingly
be written in terms of o3 (W?) and A2, (W?) as

ngé Asat(Wz) 1
a

0? {2p(e =)
(Q2 > AL (W2)). (3.25)

l (»
O-'yZTp(Wzr Qz) = ga-(L )(Wz)

The result (3.25) correctly coincides with the general result
(2.78).

A comparison of (3.25) with (3.8) and the n(W?, Q%) —
oo limit in (3.9) shows that the large-Q? cross section (3.25)
formally corresponds to the polarization-dependent re-
placement in (3.1) of

9 (Wz) - Asa (Wz)
A vy — Mt . (326)
qatT(W ) - p(e)Agat(W ):
combined with the substitution
@ W?) = o\ (W), (3.27)

The justification of the resulting cross section (3.25) rests
on the ansatz (3.18), since the dipole cross section in (2.1),
and accordingly in (3.1), must be independent of the po-
larization indices 7 and L of ¢gg dipole fluctuations. The
replacement (3.26) with (3.27) is nevertheless illuminating
for an intuitive understanding of the transition from (3.1) to
the ansatz (3.17).
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IV. THE EVALUATION OF THE
PHOTOABSORPTION CROSS SECTION,
ANALYTIC RESULTS

For the evaluation of the ansatz for the photoabsorption
cross section presented in Sec. 111, we return to momentum

PHYSICAL REVIEW D 85, 094001 (2012)

space. Inserting the representation for the longitudinal and
the transverse part of the J = 1 dipole cross section (2.44)
into (2.39), and employing the momentum-space represen-
tation of the modified Bessel functions K (7, Q), one
finds (compare Appendix A)

- 1 1
2 2 Ryt o 2 = 12 ypr2 2 7] 2 Ag2 712
. M M M= M -

(W Q)=——"0 [dllg(qq)i (LW )fd [d w(M?, ’li)((Q2+M2)2 (0% + M2)(0? +M’2))

4.1)
and
M? 1 M2+ M2 1Y)
. (W20 aRerer fdz I w2 dezfdM’z M2, M2 T} ( —= = )
0-771’( %)= L0 (g p(UL,W?) w( 02+ MY 2(0%+ M2)(Q* + M?)

4.2)
In the transition from (2.39) to (4.1) and (4.2), we intro- m% = M2, M? < m%(WZ), 4.7)

duced the gg masses

2 — L = i? 4.3)
(1—-z '
in terms of the quark transverse momentum K 1, and
ky +1,)>
p_ ki +1)” (4.4)

2(1—2) "

in terms of the transverse momentum of the quark upon
absorption of the gluon.

In (4.1) and (4.2), R,+,- = 3ZqQ2, where the sum runs
over the actively contributing quarks. The Jacobian
w(M?, M2, 1'?) in (4.1) and (4 2) is given by [6]

1

W(MZ M/2l )_

4.5)

where ¢ denotes the angle between k L and (k T l) and
¥ denotes the angle between k 1 and I 1. Since

cos2¢p = (M2 + M"? — T} (4.6)

4 M2 M12
is symmetric under the exchange of M? and M,

w(M?, M2, 1'?) in (4.5) is also symmetric under the ex-
change of M2 and M”. The integrands in (4.1) and (4.2)
may be cast into a form that is fully symmetric under the
exchange of M? and M", thus explicitly displaying the
symmetry of the virtual forward-Compton-scattering am-
plitude from Fig. 1. The process y*p — vy*p proceeds
symmetrically via diagonal, M,z — M,z and M(qq)—>
M/
(a9
compare also (2.97).

The integrations in (4.1) and (4.2) have to fulfill the
restrictions

and via off-diagonal, M(M)HMqu)’ transitions;

2MM’\/1 —cos’¢ ZMﬁim

The lower bound m3 in (4.7) corresponds to vanishing
y* — ¢g transitions, as soon as &, [and (K, + [,)?] be-
come sufficiently small. A vanishing value of Ei would
imply contributions to the Compton-forward-scattering
amplitude of states of unbounded transverse size that do
not occur as a consequence of quark confinement. Via
quark-hadron duality in e*e” annihilation, the value of
my must be somewhat below the p° mass.”*> The upper
limit m 1(Wz) in (4.7) follows from the restriction on the
lifetime, (2.60), of a hadronic ¢gg fluctuation that requires
M? and M" to be strongly bounded for any finite value of
the energy, W. Quantitatively, for a typical HERA energy
of W = 225 GeV, the crude estimate of M2,/W? = 0.01
requires m;(W) = 22.5 GeV. This value is approximately
consistent with the mass range of the diffractive continuum
that is directly related to the scattering of gg fluctuations
relevant for the total photoabsorption cross section.
Obviously, the mass bound m? = m3(W?) increases with
increasing energy.

For the evaluation of (4.1) and (4.2) with the restriction
of (4.7) on M? and M", it is convenient to replace the
integration over dM'"> by an integration over d¢. Noting
that

MP2(M2, 17, cos®) = M? + I + 2My17 cos®  (4.8)
and
OM2 (M2, T}, cos®) _ _ l—e i 4.9)
o0 w(M?, M™, 17)

upon incorporating the restrictions in (4.7), the integrations
in (4.1) and (4.2) simplify to become

22 A refined treatment has to discriminate between the masses of
the different quark flavors and, in particular, introduce a larger
lower limit for the charm contribution to the cross section.
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. mi(W?) (WJI?+ )2 2(W?) &, (M2,1%)
fdM2/dM'2w(M2,M/2,z’f)=j am 2/ 4 — ]ﬁ " 2/” dﬂ—jm‘ dMZ[ W s
2 (7 —mo)? By(M2T?) (my (W) =122 0
(4.10)

The first term in (4.10) takes care of the bound on M? in (4.7), ignoring, however, the restriction on % induced by the bound
on M”. The second and the third term in (4.10) correct for this ignored restriction on M’?. The bounds on the angles,
9o(M?, T7) and 9,(M?, I}) in (4.10), are obtained from the lower and the upper bound on M2(M2, I'?, cos®¥) implied by
(4.8) and are given by

712
(2),1 - M? - Iy
MyI?

Here m? stands for m7 = m3(W?). In terms of the dM?d) integration (4.10), the photoabsorption cross sections in (4.1) and
(4.2) become

cosdy, | (M?, 7 )— 4.11)

2 2
w2, 02 “fdz”& - l,szszfdﬁ( Q > )
nﬂ( Q) = 1%qay! U (0% + Mz)z (0% + M2)(Q? + M2(M?, 17}, cosd))
(4.12)
and
M? M? + M (M2, I, cos9) — I}
oy, (W2 Q%) = aRere” fdl'f&(qq)f (07, Wz)[szqu9< s - (M?, 1T, cos )ﬁ2 i )
r (Q° + M*)> 2(0Q% + M?)(Q? + M*(M?, I}, cosd))
(4.13)

The integrations in (4.12) and (4.13), according to (4.10), lead to a sum of three terms,
2) 2 WZ
oy o (W2 Q%) = alom (W2, 0%) + Mgy (W2 0%) + A (W2, 02) (4.14)

The first term will be dominant. The correction due to the lower bound m% will be small, of order 1%. The third term in
(4.14) will yield a somewhat larger contribution, of order 10%, dependent on the values of the kinematical variables.
For the dominant term, the integration of (4.12) and (4.13), with the integration domain given by the first term in (4.10),
can be carried out analytically. We concentrate on the dominant term, and for the correction terms we refer to Appendix B.
Upon integration over dv of (4.12) and (4.13), the dominant contributions to the photoabsorption cross section become
[16]

R,+ 5 m3 (W) 2 2
alm(w?, 0%) = S5 fdl’f&(qq)flp(z’f, WZ)L dM2< 5 sz - Q ) (4.15)
i (@ MO" (2 1 aenx e T2, %)
and
N w2 (W2) dM? 1 202 1
dom(Wz Q%) = e < fdlLd'(qq)’z‘p(llf’ Wz)f ] ( 2 2 (2 22
m? 2 \(@°+Mm7) (0" + M) ,X(MZ, Z/f’ QZ)
o) 2 + 72
+ i ) (4.16)
(02 + M2WX(M2, 7, Q%)
where
X(M2 T3, 0%) = (M? — 1?7 + Q)% + 40217 4.17)

Carrying out the integration over dM? in (4.15) and (4.16), we finally obtain
o (W2 Q%) = 2Rere [dlla(qq)J 1 (lJ_v W21, (I7, m(W?), 0) — I, (1T, m3, 0?)), (4.18)

where I, 7(I, MZ, Q2) denotes the indefinite integrals over dM? in (4.15) and (4.16). They are given by
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O 0? 1 VIZ(T? + 402X M2 T2, 0) + 7307 — M + T} 1o
IL(J_:M)Q)_Q2+M2+ — n Q2+M2 ( )
[L(I7 +407%
and
. 2 2 4 M2 2 4 72
M 00 = 4t EE - 20tk
Q VX2, T3 00 + M2 — T} + Q? 2\/112(1’3 +40?)
217 + 402 WX (M2, 17, 0%) + 1 (30% — M? + I

VIEQE + 4@ X (2 T, 0) + TEG3Q — M2 + T2 w20

The representation (4.18) for the (dominant part of the)
photoabsorption cross section does not depend on a spe-
cific ansatz for the dipole cross section. The representation
(4.18) only relies on the general form of the CDP given by
(2.1) with (2.2) and by (2.39) with (2.44). In other words,
(4.18) only rests on the low-x kinematics and the formation
of gqg color-dipole fluctuations that interact as color dipoles
with the gluon field in the nucleon. In most applications of
the CDP, one considers the limit of m?(W?) — oo that
restricts the klnen;aqc range of validity of the CDP. In
this limit of Aa(y* D(W2, 0?) = 0, the photoabsorption
cross section is well represented by the donpnant term
(4.18) evaluated for m?(W?) — oo, since Ao * (W2 0?)
can be neglected.

The evaluation of (4.18) for the case of the ansatz (3.4) of
the dipole cross section with helicity independence is
straightforward. For the sum of the longitudinal and the
transverse cross section, for m%(WQ) — 00, the result is
given in (3.8) with (3.9).

o TO(W?)

dom(WZ QZ) d

2 AL(W?)

Q2+M2
[

For the evaluation of the more general ansatz (3.19), it
will be convenient to replace the integration variable l'lz by

2 A (w?)

e @.21)

y=

The J =1 dipole cross sections (3.20) and (3.21) then
become

9 (W2

A2 2))y =2
J1( A(W?)) 8 wA2,(W?) JT—y’ (4.22)
and
2 (a 2y) 2
fT(yr Asal(W )) y fL(yr Asat(W )) (423)

Explicitly, the photoabsorption cross section (4.18) for the
ansatz (3.19) is then given by

4 T 2/3a

and

aR,+ - 5.(00)(W2)

=G

<g AZu(W?)

, mi(W?), QZ) A , mg, Qz)) (4.24)

ds 2 N2\ —
oUm(W2, Q%) = - T

=

2/3a

We note that the replacements
7 (W) = (W2,

and the formal replacements

1 4
[
2/3a l_y 3

— 2 2
o 2L (2 AW

(; AZu(W?)

mi(W?), QZ) — Iy 3 , m3, Q2>). (4.25)

2 AW

3 Adu(W2), (4.26)
1 1-3 4

dy ——2=— ~ 4.27

\sa Y = 573 (4.27)

in (4.24) and (4.25) take us back to the photoabsorption cross section for the dipole cross section (3.4) with helicity
independence that is obtained by substitution of (3.4) into (4.18).

(m3) (m})

The correction terms Ao, (W2 0?) and Aa’

(W2 Q?) from (4.14) that are to be added to the dominant parts of the

cross sections (4.24) and (4 25) are explicitly glven in Appendix B; compare (B9) and (B10).
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The evaluation of the cross sections in (4.24) and (4.25),
together with the correction terms (B9) and (B10), in
general, requires numerical integration.?

A simple analytic approximation of the cross

sections can be derived, however, for the limit of
|

aRe+€— O'(LOO)(WZ)

PHYSICAL REVIEW D 85, 094001 (2012)

Q> > AL (W) = AL(W?)(1 + 1/3a) = AL(W?),  or
n(W? Q%) > 1. Ignoring the negligible contribution

from A(y’;‘.’r)p(W{ Q?), the analytic approximation for the

m2 . .
sum of ¢do™ (W2 Q%) and Aa'(yz‘:p(Wz, Q?) is given by

YirP

1 GL("’?(WZ, QZ)! é\:)

oW @) = 0,y (V2 0%, 6 = == == S o ey
where
&3 &2 : for %_’ oo
&)y +3()
G, (n(W2, Q2), &) = GL(n(Wf, Q2)) — n(] n é)g = 1098 for £=10 (4.29)
K 05 for £=1,
and
. 1 for £ — oo
¢ 25 +3() +3() :
Gr(n(W2 02), &) = Gy > )= T~ —"=1088 for §= 10 (4.30)
(n(W ,0 )) 200 +%) 05 for %: N

and p(e = ) is given by (2.27). Compare Appendix C for
the derivation of (4.28), (4.29), and (4.30). In (4.28), (4.29),
and (4.30), n = n(W2 0% = (0% + m})/AZ(W?) de-
notes the low-x scaling variable defined by (2.64), and
the parameter ¢ specifies m3(W?) via

__&
n(W?, Q%)
where the approximation of m} = 0 is valid, since we are
concerned with Q% > A2, (W?) > m3. With (4.28), we
have obtained the generalization of (3.25) to the case of a
finite upper bound m?}(W?) for the masses of the ¢g fluc-
tuations. The limit of &/ — oo, or & — oo at fixed
n(W?, 0?), yields the frequently employed approximation
of the CDP that ignores the upper bound on the masses of
the contributing ¢g fluctuations. Since ¢ must be finite
[compare (3.7) and (4.31)], this approximation of the CDP
breaks down as soon as 1n(W?2, Q%) becomes sufficiently
large.

According to (4.28), the ratio of the longitudinal to the
transverse photoabsorption cross section for Q2 >
A% (W?) is given by

a-y;p(n(WZJ QZ)’ g)

mi(W?) = A2, (W?) = (0> + m}), (4.31)

R(W?, Q%) =
Ty (MW?,0%), &) | 2021
1
= —1 6" (4.32)
2r(€ =505,

The ratio R(W?, Q?) in (4.32), compared with (2.57), is
modified by the factor of Gp(&/m)/G(£é/7m). The

Z3A computer program can be provided on request.

f

transverse-size enhancement of transversely polarized
relative to longitudinally polarized (gg)’=' fluctuations
from Sec. IIC must be applied for realistic values of
m3(W?), sufficiently large such that the CDP, approxi-
mately unmodified by the finiteness of m?(W?), becomes
applicable. We accordingly consider R(W?, Q?) for ¢/n =
10. With n(W?, @?) in the interval of 5 < n(W?, Q?) < 10,
this corresponds to S0AZ2,(W?) < m?2(W?) < 100A2,(W?)
and 5AZ,(W?) < Q* < 10A2,(W?),** and

mi(W?) > 0?2 > A2 (W?). (4.33)

Taking into account the transverse-size enhancement in
the denominator of (4.32) according to (2.57) and (2.56)
requires

ple= DI04

€= —
6a) G, (£ = 10)

With p(e = 1/6a) from (2.27), and the numerical values of
Gr(&é/m = 10) and G (£/7m = 10) from (4.29) and (4.30),
Gr(é/m=10)/G(¢/m =10) =09, the constraint
(4.34) yields

a=71.5. (4.35)

With this uniquely determined® value of a = 7.5, our
ansatz (4.17) for the dipole cross section yields a concrete
realization of the transverse-size enhancement that implies

R(W?, Q%) = %(i) = 0.375; compare (2.57).

**At HERA energies, we approximately have 3 GeV2 =
A2 (W?) =7 GeV2.

> Avalue of a = 7 is applied in the analysis of the experimental
data in Sec. V.
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(ub) E

107 ¢ S e £=50

Tye(7,€)

7=(Q"+my")/N(W)

FIG. 8. The photoabsorption cross section o ,(n(W?, Q?), £)
for different values of ¢ = m3(W?)/AZ (W?).

In what follows, we will discuss the effect of a finite
value of m}(W?) = ¢A2,(W?) by examining the behavior
of the large-Q? approximation of the cross section in (4.28)
under variation of £. In particular, we, first of all, choose
the value of ¢ required by consistency with the experimen-
tal results in the range of (W2, Q%) = 10. This value of &
(compare Sec. V) is given by

&= &exp = 130. (4.36)

We illustrate the effect of ¢ by comparing the theoretical
results for the photoabsorption cross section obtained for
the choice of (4.36) with the ones for & — oo and for
various values of & < &, = 130.

In Fig. 8, we show the cross section for

a-y*p(n(Wz’ Qz)’ f) = U)/Zp(n(Wz’ Qz)r f)

+ 0y, (W2 0%, 6)  (437)
obtained by numerical evaluation of (4.24) and (4.25)
together with (B9) and (B10). The numerical input for
A2 (W?) and mj is identical to what will be used in
Sec. V, when comparing with the experimental data.

The main features of the behavior of o« ,(n(W?, 0?), £)
in Fig. 8 can be understood by looking at the analytic
approximations in (4.28), (4.29), and (4.30), which hold
for n(W?, Q%) sufficiently large compared with unity,
(W2, 0%) > 1:

(i) For fixed & = &, = 130 and £/1> 10, or <

Nexp — 13, the effect of the finite upper bound of

PHYSICAL REVIEW D 85, 094001 (2012)

TABLE II. The upper limit of the masses of the actively
contributing (gg) fluctuations, M,;, for values of n =
Q%/AZ,(W?) and A2, (W?) relevant for HERA energies.

n AZu(W?)[GeV?] 0*[GeV?] M3s[GeV?]
13 3 39 390

7 91 910
5 3 15 150

7 35 350

m}(W?) = 130A2,(W?) becomes negligible. The
corresponding range of Q% and W? is given by

Q2 < neprsz'at WZ)

39 GeV? for A2, (W?) =3 GeV?
= { (4.38)
91 GeV? for A2 (W?) =7 GeV2

The result (4.38) gives the domain, where at HERA
energies the frequently employed approximation of
the CDP with m?(W?) — oo is applicable.*®

(i) For fixed & = & = 130 and &/n <10, or n >
Nexp = 13, the approximation of m{(W?) — oo
breaks down, and large corrections of order 0.5,
according to (4.29) and (4.30), depending of the
value of n(W? Q?), are necessary. Compare
Fig. 8. The finite value of ¢ = £, = 130 explicitly
excludes high-mass fluctuations that have too short
a lifetime to actively contribute to the cross
section.

@iii) In Fig. 8, we also show the theoretical results
for the photoabsorption cross section for values of
& between § =7 and ¢ = £, = 130. The pre-
dicted cross sections for n(W?, Q?) sufficiently
below n(W? Q%) = 7., = 13, depending on the
chosen value of £, coincide with both the results
for £ = &, = 130 and & = co. This is consistent
with the analytic result, Gy (£/m) =1 for & >
10m; compare (4.29) and (4.30). The actively
contributing masses M?Iq are actually bounded by
&< 10m or

M?H—] <10mA2,(W?)=100> (1<n< Nexp = 13).

(4.39)

Compare Table II. The upper bounds on the
masses of the gg fluctuations, Mz, contributing
to o ,(n(W?, 0?)) according to Table II approxi-
mately coincide with the upper bounds of the
qq masses in which the dominant contributions
to diffractive production are observed at HERA [9].

*5The notation Nexp 10T Moy, = 13 results from the choice of
& = &op = 130 necessary for agreement with the experimental
data for x = 0.1.
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We return to the cross section in (4.16) and (4.25),
as well as (4.15) and (4.24), and consider the approximation
of

n(W2, (4.40)

that includes the limit of (2.99) of W? — o at fixed Q?, and
specifically the limit of Q> = 0. In this limit the longitudi-
nal cross section vanishes, while the transverse cross section
(4.16) is given by

0«1

aR,+,- 2 7
o (W2, 02 =0)=—¢ f AL g1, (I W)

1w?) 1
x[ml dM2< . 7& )
m2 M M2|M2
CYR te 7 _ l/f
/dllU(qq)l 1 ,W2)lnm—%.
4.41)

Since according to (3.19) the cross section T (gq) (ilf Ww2)

is nonvanishing only for It T < aAZ,(W?), the upper bound

mi(W?) = EA2,(W?) in (441) may be replaced by

(W2) =aA2,(W?). With a=7, and 2 GeV?=
Agat W?) =7 GeV? at HERA energies, this implies
14 GeV? = M, = 49 GeV?. Only ¢g fluctuations in a
strongly limited range of masses, bounded by approxi-
mately a value between 3.7 GeV and 7 GeV, dependent on
W, are responsible for the photoabsorption cross section
when Q? approaches the photoproduction limit of Q> — 0.
This analytic estimate is confirmed by the numerical results
for & = 7 shown in Fig. 8. For n(W?, 0%) < 1, gg fluctua-
tions with masses squared larger than m$(W?) = 7TA2,(W?)
do not contribute to the interaction.

Inserting the dipole cross section (3.19) and passing to
the variable y according to (4.21) and (4.23), the photo-
production cross section (4.41) becomes

7,y (W) = alom(W2, 0% = 0)

— aRe*e’ 0—_(00)(W2)
4 T 2/3a

1 - zy 2Asat Wz)
\/1 = 3ym}
(4.42)

The substitutions (4.26) and (4.27) take us back to (3.8) and
3.9).

V. COMPARISON WITH EXPERIMENT

The total photoabsorption cross sections from (4.24) and
(4.25) together with (B9) and (B10) depend on the satura-
tion scale A2,(W?), or rather the low-x scaling variable,
n(W?, 0% = (Q2 + m3)/ A% (W?), the lower and the
upper bounds, m3 and mz(Wz) = £A2,(W?), on the masses
of the gg fluctuations, and the total (gg)p cross section
o (W?), where from (3.24) o®(W?) = O'(L°°)(W2) =
O (W2).

PHYSICAL REVIEW D 85, 094001 (2012)

The numerical results®’ that will be shown subsequently
are based on the set of parameters specified as follows. The
saturation scale is parametrized by”®

1 _ (W2 (&
A2,(W?) = AL, W2)<1 + g) = C1<W3 + 1) (5.1)
with
C,=204GeV?, =1081GeV?, (C,=0.27. (5.2)

The lower and the upper bound on the masses of the gg
fluctuations are given by

m3 = 0.15 GeV? (5.3)

and

mi(W?) = AL (W?) = 130A%, (W?). (5.4

The total cross section o®)(W?) is determined by requir-
ing [11] consistency of the CDP at Q> = 0 from (4.42),
with the Regge parametrization given by

o.gzgge(wz) :AP(WZ)ozpfl +AR(W2)QR71, (55)
where W2 is to be inserted in units of GeVZ, and
b =635+ 09 ub, p= 109720002

Agp = 145.0 = 2.0 ub, ap = 0.5.

Since both the CDP and the Regge parametrization
have similar (soft) energy dependence, one finds that the
variation of ¢ (W?) in the HERA energy range is re-
stricted to about 10%. Quantitatively, since the total photo-
absorption cross section is dependent on the product of
R, ,- 0™)(W?), we have

30mb (for3active flavors, R,+,- =2)
©I(W?) = (5.7)

18mb (for4active flavors, R+, =%).

Comparing the parameters in (5.1) with the ones in
(3.11) from Refs. [11,22], one notes the different normal-
ization of A2, (W?) that is required as a consequence of the
change of the longitudinal-to-transverse ratio R from R =
0.5to R = 0.375.

The magnitude of § = £, = 130 was determined from
an eyeball fit to the experimental data. Compare Fig. § for
the variation of the total photoabsorption cross section
under variation of £.

> A computer program is available on request

ZFor the connection between A% (W?) and A2 (W?), compare
(4.35). The value of C, = 0.27 is taken from the previous fit in
Refs. [11,22]. The difference between this value of C, = 0.27
and C, = 0.29 from (2.123) is not significant in the relevant
kinematic range.
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FIG. 9 (color online). The theoretical prediction for the photo-
absorption cross section o ,(n(W?2, 0?), &) for ¢ = 130 com-
pared with the experimental data on DIS.

In Fig. 9, we show the total cross section

2

m
O-‘y*p(Wzy QZ) = O-'y*p(n(WzJ QZ); A2 0

= b= 130)
sat Wz) P

(5.8)

as a function of the low-x scaling variable n(W?, Q?). The
upper and the lower theoretical curve in Fig. 9 refer to
the variation of o*(W?) under variation of the energy W,
ie. (W =275GeV) = o™(W? =2752 GeV?) and
o(W =10 GeV) = ¢®) (W2 = 100 GeV?). It is interest-
ing to note that the violation of scaling in n(W?2, Q?) of the
order of about 10%, as a consequence of the W dependence
of the (¢g)p dipole cross section o (W?), is seen in the
experimental data: the high-energy data from ZEUS and
H1 lie above the data obtained at lower energies. The
experimental data in the region of n(W?2, Q%) > 200 belong
to x in the region of approximately 0.02 < x < 0.1. The
excess compared with the theoretical predictions is asso-
ciated with contributions from valence quarks.

Figure 10 is relevant for the discussion of the limit of
W? — oo for fixed values of Q% given in Sec. II; compare
(2.99) and Table I. In terms of the structure function
Fy(x = Q?/W?, 0?), the W? — oo limit in (2.99) becomes

Fx=0Q*/W>,0)

o, (W?) Ar’a’

lim
W2—c0
02fixed

(5.9

Higher energies are required to experimentally verify, in a
unique way, the expected saturation property for a larger
range of n(W?, Q%) < 1 and fixed values of Q2.

In Figs. 11-13, we show our predictions from the CDP
for the proton structure function F,(W?, Q?) as a function
of Q? for fixed values of W2, and as a function of W? for
fixed values of Q2. For comparison, we also show the

PHYSICAL REVIEW D 85, 094001 (2012)

F/ogp Q’=6.5 GeV’
............. @*=2.5 GeV*
___________________ Q*=0.5 GeV?
ol  *=0.25GeV?
"."
T ey
107" I Ll I
1072 102 107" 1 10
7=(Q+me")/N (W)
FIG. 10. The approach to the saturation limit of

F2(77(W2, Qz)’ QZ)/O-yp(Wz) for 77(W2: Q2) < 1.

results of a very precise fit to the world experimental
data for F,(x, Q%) for x < 0.025 (and Q? > 0) carried out
by Caldwell [25]. In particular, we show the results from
the so-called 2P fit that is based on the simple ansatz [25]

M? [\ €ot(e1—€9)/Q?/Q*+A?
o= g (L v . (5.10)
0 + M-\l
where
2
1.8 — mi=130N (W)
mé=0.15 GeV?
1.6 - ... Caldwell fit

Fa(W.QY)

%(GeV*)

FIG. 11. The proton structure function F,(W?, Q?) as a func-
tion of Q7 for various values of W. The theoretical prediction of
the CDP is compared with the Caldwell 2P fit as a representation
of the experimental data.
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M= 130 AL (W)
m¢= 0.15 GeV*

Caldwell fit

Fa(W2,Q%)

0s [
06 [

04 [

02 [ 0P=0.1GeV

(P=0,036 CaVf

1/W(Gev?)

FIG. 12. As in Fig. 11, but as a function of 1/ W2 for various
values of Q2 = 10 GeV2.

mi= 130 A (W)
me'= 0.15 GeV*

Caldwell fit

16 P=31.6 GeV

Fa(W.QY)

o6 [
04 [

02 [

O. P | P | L
10 1072 10

1/W(Gev™?)

FIG. 13. As in Fig. 12, but for 30 GeV? < Q? < 316 GeV>.

1
= .
szjMﬂ

(5.11)

The curves in Figs. 11-13 use the mean values of the six fit
parameters o, M2, I, €y, €, and A? given in Table 5 of
Ref. [25]. There is acceptable agreement of the predictions
of the CDP with the results of the 2P fit.

In Figs. 14 and 15, we directly compare the theoretical
results for F, (W2, Q%) from the CDP (shown in Figs. 11-13)

PHYSICAL REVIEW D 85, 094001 (2012)

with the world experimental data® [33]. As expected from
Figs. 11-13, there is consistency between the CDP and the
experimental data in the full range of 0.036 GeV? = Q% =
316 GeV?. The theoretical curves are restricted by the
condition of x = Q?/W? < 0.01.

As noted in the above discussion of the theoretical
results in Fig. 10, experimental data at much higher
energies than available at present are needed for a
detailed verification of the approach to the saturation
limit (5.9). An indication of the proportionality of
Fy(x = Q*/W? 0% to Q? according to (5.9) becomes
visible, however, when comparing the experimental data
in Fig. 14 for the very low values of 0 = 0.036 GeV? and
Q3 = 0.1 GeV? with each other. According to the propor-
tionality in (5.9), for sufficiently large W? we have

2
F>(W2, 02 = 0.1 GeV?) = %FZ(WZ, 0% = 0.036 GeV?)
1

= 2.78F,(W?, 0% = 0.036 GeV?).
(5.12)

The theoretical results for F,(W? Q3 = 0.1 GeV?)
obtained from (5.12) and shown in Table III are consistent
with the experimental results in Fig. 14.

In Figs. 16 and 17, in addition to the theoretical results in
Figs. 14 and 15, we show the prediction (2.124) of
Fy(W?) = f, - (W?/1 GeV?)*?°, where f, is the fitted
normalization constant of f, = 0.063 from (2.125), and
W? = Q?/x. As expected from the analysis in Sec. Il G and
Fig. 4(a), there is agreement between theory and experi-
ment for 10 GeV? = Q% = 100 GeV? and disagreement
for values of Q? outside of this range.

Equation (2.127) may be inverted and read as a predic-
tion for F,(W? = Q?/x) from the pQCD-improved parton
picture in terms of a suitable gluon distribution, i.e. as a
prediction for the flavor-singlet quark distribution, accord-
ing to

FQ(W2 =%2) =%x2(x, 0%

2
=%§?as(Q2)G(x, 0%). (5.13)
3w

In (5.13), the numerical values for the gluon-distribution
function have to be inserted, which are obtained by eval-
uating the right-hand side of the second equality in (2.127).
The resulting gluon distributions were shown in Fig. 7.
Since (5.13) coincides with (2.127), the resulting structure
function F,(W?2, Q?) is identical to the one given by (2.124)
and shown in Figs. 16 and 17.

*We thank Prabhdeep Kaur for providing the plots of the
experimental data in Figs. 14-17.
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The present interpretation of the results for F,(W?, Q?)
is different, however. The agreement with experiment in
Figs. 16 and 17 shows that a suitable choice of the gluon
distribution (compare Fig. 7) yields agreement with
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experiment for F,(W? Q%) in the relevant range of
10 GeV? = Q? = 100 GeV?. The results in Figs. 16 and
17 thus explicitly display the agreement with the pQCD-
improved parton picture based on the gluon-distribution
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TABLE III.
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The (approximate) validity of the proportionality (5.12). The results in the second

column were read off from Fig. 14. The predictions from (5.12) in the third column (approxi-
mately) agree with the experimental results in Fig. 14.

L[Gev 2] Fy(W2, 0% = 0.036 GeV?) Z Ry (W2, 07 = 0,036 GeV?)
2% 1075 = 0.055 0.15
10-* = 0.04 0.11

function of Fig. 7 in Sec. Il G. For the ensuing discussion,
we note the proportionality of the gluon-distribution
function to the saturation scale,

W2
1 GeV?

C,=0.29
(060, 0~ (1amn)  ~ AWWIL?,

(5.14)

that follows from comparing (5.13) with the representation
of F5(W?, Q%) in terms of the saturation scale AZ,(W?) in
(2.63) with (2.74) and 0'(L°°) = const. Compare also (2.101)
for the approximation of (5.1) by the proportionality to
(W?/1 GeV?) used in (5.14).

The pQCD-improved parton picture in (5.13) with
the powerlike W? dependence (5.14) fails as soon as
n(W?, Q%) <1, or Q> <10 GeV?; compare Fig. 16. The
saturation behavior of the CDP sets in. For sufficiently large

W2, at any fixed value of Q?, it leads to a logarithmic depen-
dence of o ,(W?,0Q?), and of F,(W? 0?), on the energy
W, or on A2, (W?) as given in (2.96), (2.99), and (5.9),

AL (W?)
w)
o0 + md)/)
(for n(W?, Q%) < 1).

F,(W2, Q%) ~ Q%0 In

~ on(;o) ln<
(5.15)

In distinction from the pQCD-improved parton picture in
(5.13), for n(W?2, Q%) < 1, the structure function in (5.15)
depends logarithmically on the gluon-distribution function.
The CDP with its W-dependent (¢g)-dipole-proton cross
section is unique in providing a smooth transition from the
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FIG. 16 (color online).

In addition to the prediction from the CDP, we also show the prediction of F,(W?) = f, - (W?/1 GeV?)**

from (2.124) and (2.125) (valid for 10 GeV? = Q2 < 100 GeV?) for 0 = 10 GeV?2.
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FIG. 17 (color online).

region of n(W?, Q?) > 1, with peaceful coexistence be-
tween the CDP and the pQCD-improved parton picture, to
the saturation region of n(W?2, Q%) < 1, exclusively gov-
erned by the CDP. The pQCD-improved parton picture is
not allowed to invade the region of (W2 Q?) < 1. The
suppressed gluon-distribution function at x < 10~2, occa-
sionally with even negative results, from global fits (com-
pare Fig. 7) is presumably related to the inclusion of
experimental data for F,(x, Q%) at very low values of Q?,
where saturation must actually be taken into account [com-
pare (5.15)]. The CDP, in distinction from the discrimina-
tion between a soft and a hard Pomeron of the low-x Regge
picture [30], only knows of a single Pomeron governing
both the regions of n(W?, Q%) > 1 and of n(W?, Q%) < 1.
The transition from n(W?, Q%) > 1to n(W?, Q%) < 1,orto

CE &F=12 GeV S ©*=15 GeV

0:— NN T BRI TTT | L |||||||':_ IR TIT B |+||||||| NI
1F (F=20 Gev 3 0*=25 GeV

osF -
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0S5 5
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05F e
0FE v il vl b il el
10 T 107 10° 10 102 Xpj o2

FIG. 18. The experimental results on the longitudinal structure
function F;(x, Q%) from the H1 Collaboration [40] compared
with the prediction from the CDP.

As in Fig. 16, but for 31.6 GeV? = Q? = 316 GeV>.

W? — oo at fixed Q, is not associated with the transition to
a (first or second) soft-Pomeron exchange. The transition
corresponds to A2, (W?) — InA2,(W?), or equivalently to
a,(0%)G(x, 0%) — In(a,(Q?)G(x, Q?)). As seen in Fig. 7,
the gluon distribution associated with the CDP increases
less strongly with decreasing x than the gluon distribution
from the hard Pomeron of the Regge fit.

In Figs. 18 and 19, we show a comparison of our
predictions for the longitudinal structure function
F,(x, Q%) with the experimental data. Since our ansatz
for the dipole cross section incorporates transverse-size
enhancement, p = const = 4/3, the theoretical results in
Figs. 18 and 19 agree with the ones in Figs. 2 and 3.
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FIG. 19. As in Fig. 18, but showing the experimental results
from the ZEUS Collaboration [41].

094001-33



MASAAKI KURODA AND DIETER SCHILDKNECHT
VI. CONCLUSION

In the present paper we reexamined and reanalyzed DIS at
low values of the Bjorken scaling variable x = Q?/W? «
0.1 in terms of the CDP with a W-dependent color-dipole
cross section. We explicitly showed that all essential features
of the experimental data on the longitudinal and the trans-
verse photoabsorption cross section can be understood as a
consequence of the color-gauge-invariant gg-dipole-proton
interaction, without relying on any specific parametrization
of the dipole-proton cross section.

We also examined the consistency between the
description of the experimental data in the CDP and the
description in terms of gg-sea and gluon distributions of
the pQCD-improved parton picture within its range of
validity.

The resulting (Q?, W?) plane of DIS at low x consists of
only two regions, separated by the line n(W?, Q%) = 1.

For n(W?, Q%) = Q?/A%,(W?) > 1, i.e. for sufficiently
large 2, color transparency of the color-dipole-proton cross
section becomes relevant: the strong destructive interference
among different dipole-proton scattering amplitudes origi-
nating as a consequence of color-gauge invariance implies a
(gg)-proton interaction that vanishes proportional to the
transverse dipole size, 7 1 - The photoabsorption cross sec-
tion correspondingly behaves as A2, (W?)/Q?, and the pro-
ton structure function (for 10 GeV? = Q? = 100 GeV?) as
Fy(x, 0%) = F,(W? = 0?/x).

The experimental data for n(W?, Q%) > 1 can alterna-
tively be represented in terms of the (¢g)-sea quark and the
gluon distribution of the pQCD-improved parton picture.
Consistency of the pQCD approach with the CDP requires
the gluon-distribution function to be proportional to the
saturation scale A2, (W?), and implies a definite value for
the exponent C, in the representation of the saturation
scale, A2, (W?) ~ (W?)%2. The resulting prediction, C, =
0.27 to C, = 0.29, is consistent with the experimental data.
The formulation of the CDP in terms of a W-dependent
(Q*-independent) color-dipole-proton cross section is es-
sential to arrive at this conclusion.

With increasing energy W, for any fixed dipole size Fﬁ_,
again due to color-gauge invariance, the destructive inter-
ference among different amplitudes contributing to the gg
interaction with the color field of the nucleon dies out and
leads to an 72 -independent limit for the (¢g)-proton cross
section. The gg-proton cross section ‘‘saturates” in this
high-energy limit to become identical to a cross section of
hadronic size.

The limit of increasingly larger energy W at fixed
dipole size in the photoabsorption process is realized by
W? — oo at fixed Q?, or n(W?, Q%) < 1. The photoab-
sorption cross section increases logarithmically with the
energy according to InA2,(W?), and for W? — oo at any
fixed value of Q2, it reaches the limit of (Q> = 0) photo-
production. The pQCD-improved parton picture fails, in-
sofar as the photoabsorption cross section in this limit

PHYSICAL REVIEW D 85, 094001 (2012)

depends logarithmically on the (W-dependent) gluon-
distribution function.

A concrete parametrization of the dipole cross
section is necessary for the interpolation between the
regions of n(W?2, 0?) > 1 and n(W?, Q?) < 1. We refined
previous work in several respects: the representation of
the longitudinal-to-transverse ratio of the photoabsorp-
tion cross section by taking into account the transverse-
size enhancement of ¢gg fluctuations originating from
transversely polarized photons, the extension of the
CDP to include the region of large 0?, where the
energy-dependent upper bound on the contributing
masses of the gg fluctuations becomes active, among
others. We found agreement with the available DIS
data in the full range of 0.036GeV?>=Q?>=316GeV?,
with x = Q?/W? being limited by approximately x <
0.01.
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APPENDIX A: DERIVATION OF (4.1) AND (4.2)

In this appendix, we derive the photoabsorption
cross section in momentum space (4.1) and (4.2) from
the coordinate representation (2.39). We start with
the integral representation of the modified Bessel
function

1 > 1 7
21/ —ir -k
KO(I”J_Q) W d°k| 7Q2 n I?f e kL (A1)
where

(A2)

—11L o=y

Equation (A1) can be easily verified from the following
equations,

21
] df exp(—iz cosf) = 2mJy(2), (A3)
0
f dr g ) = Kory 0. (Ad)
We compute the following quantity,
1,0 = f PF K 0)e T (AS)

Inserting (A1), we find
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7 1 7 2l 1 o 71 TN T
2y = 27 2r! 270! —ir (k} +k| +1
L) = (m)? fd 7y [d kL/d ki (0% + F2)(Q* + kP eT TR
/

=[d2El ~ 1 >

(Q> + KD)(Q* + (K + 1))

> T 1
= | ak? | av _ S—
/ lﬁ (Q* + KT)(Q* + (KL + 1))

(A6)

where 1 is an angle between I?J_ and | - Recalling (4.9), we have
dd = —w(M?, M2, [?)am”. (A7)
Inserting (2.44) and (A6) and using (A7), the integral in (2.39) becomes

[ K Qg WD) = [ 15, 02 W) = 1,02)

= f IR & g, (17, W?) f dm? [ AMPw(M?, MP, I}

1 1
8 <(Q2 TP (R MO0 T M’z))’ (48)

which leads to (4.1).
The transverse cross section (4.2) is derived in a similar manner. Differentiating (A1) with respect to 7|, one finds

o | g
_Ll K. (¥ - d2kl _ ir kl. A9
ry Q*K:i(rL Q) 21 J‘Q2+k'fe ] A
The integral
1) = [ @7 KL 0 (A10)

can be evaluated as

IT(l/f) =

7! 71
e K K i %(/; e e
L fer R E T
0 (Q* + KDN(Q* + (K. + 1))
:L[dklzf”dﬁ Ky - (R +1)) ‘ (A1)
0> ) o U@+ RDNQ + (KL + 1))
Inserting (2.44) and (A11), the integral in (2.39) becomes

[ K gy (e WD) = [ A2, T W) — 1772))

1 . . .
=7 f dI1 6 (gq,(IT, W?) [ dm? [ dM?w(M?, M2, I}

n
><( M MP+M? -} ) (A12)
(Q* + M?) 2(Q* + M?)(Q* + MP)
f
which leads to (4.2). the dominant term guarantee the required bound on
M" that is given by m} = M"? = m}(W?) = m3 from

APPENDIX B: CORRECTION TERMS 4.7).
With the splitting of the integrand (4.10) as applied to
the dominant term, the integrations over d+ in (4.12) and

, (4.13) yield the following results for the correction terms in
A (W2,0%) in (4.17), which in conjunction with  (4.14),
LT

In this appendix, we will give the explicit expres-

2
sions for the correction terms, AO'(;"’) p(Wz, 0?) and
LT
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m my Re+e _ (\/1 m )2
Ao (W2 0% + Ao )(W2 0)=-2 : [ A6 g1 ,W2)< f( ‘F U AM2S, (M2, TF, Q2 m2)
7
m2
+ f( ‘ S dM?S; (M2, T}, 0%, m%)> (B1)
my—/l])*
and
m m e e (1T +mo)? -
AO'(Y*T%!,)(WZ, 0% + AO’;;?(WZ, 0% = 6 fdlllz&(qq)f i ,Wz)( \/E 02 dM*Syo(M?, 17, 0% mg)
(\/Z*mo)
mz -
+ ( 1 ST dM?Sy, (M2 17, 0%, m%)), (B2)
my=AL)”
where
Q7w %ML m)) 0’ 2 F
Spo(M2 I, Q% m}) = (O + M2 ” T . (Q* + Mz)\/)_((] T arCtan\/Y(MZ, 17, 0% m(z))), (B3)
2 2 72 2 2
712 _ Q ﬁl(MrlJ_rm]) Q
SpaMA 1T, 0% m3) = O+ 17 — - YN arctan\/Y(M2 It, Q% m3), (B4)
2 2 72 2 2 _ 2
0 . - Q" 7= (M I ,m5) M 0 2 )
SrolM2 TE, Q% m) = o = G M2) J_( = arctanyY (2, T, 02 mg)), (BS)
2 2 72 2 2 _ 2
712 _ - Q 191 (M ’ lly m]) M Q 712
Sri(M? 1T, Q% m}) = 0+ M) - o MZ)\/_ arctan\/Y M, I, Q% m?). (B6)

In (B3)—(B6),

2

m lJ_

01 M? -
W

= e) 72 [
Vo gy = CF M AR 1= cosd0 T Q2+<M—\/7>2 ( ll+M>2— i,

X(M2 1T, Q%) = (M* — [T + Q) + 40211,

I(M?, ?f, m%,l) = arccos

722 1+ cosd(M2, TF, m2 ) 72 0
0% + (M +4I?)? cos L TG 0%+ (M +4I})? (\/l—I —my,
for I > 2m,. (B7)
For photoproduction, Q> = 0, from (B2), (B5), and (B6), we have the simplified expression
(m3) 0 2 m) 2 H2
Aay;&;’(W ,0°=0) + A(ry*‘p(W , 0% =0)
aR€+e _— o [WTEm dM? (7 — 9o(M?, IT, m)
= fdllﬂ(qq)J 1 W) = )
(\/E—mo)z M T
T 2
- 7L<1 -= arctan\/Y(M2 % 0*=0, mo))>
IM? — It
m dM? (9, (M2, 1T, m3) 2 T >

for m; > 2\/% .
Specializing the dipole cross section in (B1) to the ansatz (3.13) and its / = 1 projections in (3.14), the longitudinal cross
section in (B1) becomes
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(md) (m? aR + - 0'(00) 1 y (\/ilf"'mo)2 -n
Ao (W2 Q%) + Ao (W2, Q%) = —— - —— d dM?S, (M2, 1T, 0, m})
YiP o YL o 4 7 o Y T— \J/Tomy L0 1, 0% mg

'm? o,
+ | dM?s, (M2, 1%, 0%, m? ) B9
[ eSO TE 0% ) (B9)

while for the transverse cross section, we have
_aR - o 1 J (1- %y)( (7 +my)?

(\/ﬁ*mo)z

) 2 2 (m} 0 A2y 2 272 M2 0
Ao . (W? Q%) + Ao..' (W?, Q%) = dM*St (M=, 17, Q% mg)
'}/7-[7 7717 B

8 7T J2/3a L=y

w [ AM2Sy (M2, T3, Q2 m? ) B10
[ MO TE 0% ) (B10)
! f on the right-hand side in (B9) and (B10) is to be replaced by the integration variable y,
-y 2AZ,(W?
7= M. (B11)
3y

For photoproduction, from (B8), we have

(m2) ;0 2 (m? 2 N2 _
Aay;UP(W ,0°=0) + A(Ty;lp(W , 0% =0)

_aR,, - o (W?) 1 : 1-1y (/(\/lz’fﬂno)z dM? (77 — 9o(M2, 1%, m3)
8 T 330 T = y\JT-mp M?
M =1} 2 >
—— 1 (1 - Z arctany Y(M2, I}, 0, m2))
M2 — 17 ™ ’

: dAM?* (9, (M2 T, m?) 2 >
+ fml _ 5 ( i Lm)_ 2 arctany/ Y (M2, 17,0, m?) ’) (B12)
(m =102 M T T

APPENDIX C: DERIVATION OF (4.28), (4.29), AND (4.30)

o

In this appendix, we derive the approximate expression for 0{;‘3‘“ , inthe large Q? region. We expand I, /T(?f, M?, Q%) in
L/T
(4.19) and (4.20) in terms of

I} I} m3
%2 = , 3 ==, 2 =22 (CD)
Q2 + my m% f’f
all of which are small in the limit Q% > Zlf >> 1. The various terms in (4.19) and (4.20) become
Q2 m%_ 2 )
VT PRt 2
0
) (03 + 40)VX + 17(30% — M2 + 1) m_ R 4+ 38292 + 694 Bt ()
VIZ(T? +40%) 0>+ M’ P N TCa :
1, M+ i xz[ S ] (c4)
2 UXAM TR+ 0 lme 2L+ 5§72 ’
20% + I? VIRAE +40OVX + TR0 — M2 +T7) | 2 23 + 32252 — 35,
Iy tn 0>+ M e et T e@ay T ©
2\[I3(7? + 40?) K Y Y

Inserting (C2)—(CS5) into (4.18), we find
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om AR+~ 0 n o[ X+ 38297 + 69*
O";;p(Wz, Q2) = T [dll O'(qq)i=1p(lL, Wz)le: 6()’62 n 5)2)3 .X2 + - ] (C6)
and
22 o2
dom (1172 M2\ — AR+, 72 - 2 naof X + 39 w4 .
Uy;p(W , Q ) = 3 fdlia(qq)izlp(ll’ w )X [mx + ] (C7)
Recalling
82
i £ (C8)
y n
and introducing the integration variable y defined by (4.21),
2
£ =_—, (C9)
3y
we find
Rove (0™ W2) 1 y ¢
ads:mw2,2=“”< )[ d fch( )
HAUSEE 24 T oo ATy (W 02)
aR,+ - (a<°°>(W2)) 1 ( ¢ )
= AG (C10)
18 )W 0" F\n(W2, %)
and
Ry (WY [ 1-3/2 &
alom (W2, 2=“”< )f ds chG( )
WO == ) L P =5 G o9
R+, (T (W?) 1 1+A £
=_—°° 1 —A |Gl ————— ) Cl1
18 ( m )n(W2, QZ)[ *®1-4 ] T<n(w2, Q2)) (1D
Here
’ 2
A=4]1——=0951 fora=7 (C12)
3a
and the functions G, (W) and GT(W) are defined by (4.29) and (4.30). Noting that A ~ 1 and
11+A—A—2A( —1)~2< —1) (C13)
n1 —A P 6a P 6a

we reach the approximate expression for the dominant parts given in (4.28).
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