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Supersymmetry and mass gap in 2 + 1 dimensions: A gauge invariant Hamiltonian analysis
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A Hamiltonian formulation of Yang-Mills-Chern-Simons theories with 0 = N = 4 supersymmetry in
terms of gauge-invariant variables is presented, generalizing earlier work on nonsupersymmetric gauge
theories. Special attention is paid to the volume measure of integration (over the gauge orbit space of
the fields) which occurs in the inner product for the wave functions and arguments relating it to the
renormalization of the Chern-Simons level number and to mass gaps in the spectrum of the Hamiltonians
are presented. The expression for the integration measure is consistent with the absence of mass gap for
theories with extended supersymmetry (in the absence of additional matter hypermultiplets and/or Chern-
Simons couplings), while for the minimally supersymmetric case, there is a mass gap, the scale of which is
set by a renormalized level number, in agreement with indications from existing literature. The realization
of the supersymmetry algebra and the Hamiltonian in terms of the gauge-invariant variables is also

presented.
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I. INTRODUCTION AND SUMMARY

In this paper we present a reformulation of N = 1, 2
and 4 supersymmetric Yang-Mills theories (with and with-
out Chern-Simons couplings) in three spacetime dimen-
sions in terms of gauge-invariant variables, following the
Hamiltonian approach in [1]. As part of this reformulation,
we compute the volume measure on the physical gauge-
invariant configuration space C of the theories under con-
sideration and study the interplay between dynamical mass
generation and supersymmetry in D = 2 + 1.

Studies of gauge theories in three dimensions, especially
their nonperturbative aspects, are motivated by several
current issues of both practical as well as conceptual
importance. For example, it is well known that various
equilibrium properties of the quark gluon plasma are ex-
pected to be captured by an Euclidean three-dimensional
Yang-Mills theory coupled to scalar adjoint matter fields.
The nonperturbative mass gap of the three-dimensional
gauge theory, in this context, sets the screening length for
chromomagnetic fields in the plasma. Thus the quark gluon
plasma provides a very physically relevant context for
gauge dynamics in three dimensions; a detailed description
relating nonperturbaitve effects of the three-dimensional
theory to physical observables of the plasma can be found
in the rather large literature on the subject; see, for example
[2]. On the more conceptual side, supersymmetric Yang-
Mills and Chern-Simons theories appear at the forefront of
several exciting recent developments pertaining to the
gauge-gravity dualities involving M2 and D2 brane theo-
ries [3,4]. For instance, understanding both the flow of the
D2 brane theory to a conformal field theory in the IR and
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its connection to a holographic description of high T,
superconductivity [5] require tools for probing the non-
perturbative behavior of N = 8 SYM.

Keeping these broad motivations in mind it is interesting
to note that, in the case of the purely gluonic theory, it has
been possible to do ab initio strong coupling computations'
of certain physical quantities using the gauge-invariant
Hamiltonian formalism [1]. For example, systematic com-
putations of the string tension [6], screening effects [7]
and the inclusion of the effects of nontrivial spatial geome-
tries [8] have been studied within this framework. The
Hamiltonian approach, with some variations, has also
been employed to estimate the glueball spectrum in [9].
Further, the formalism has been extended [10] to the Yang-
Mills-Chern-Simons theory [11]. Most importantly, at least
as far as the focus of the present paper is concerned, the
origin of the mass gap in the purely gluonic theory can be
understood in a geometric fashion as the effect of the
volume measure on C, a fact made transparent in terms
of manifestly gauge-invariant variables [1,12].

On the other hand, a very different set of tools allows one
to make considerable headway into the study of gauge
theories in D = 2 + 1, as long as one has supersymmetry.
For the case of Yang-Mills and Chern-Simons theories with
extended supersymmetries many powerful statements can
be made about their partition functions [13], S matrices
[14,15], physical spectra [16,17] and Wilson-loop expec-
tation values [18]. Obviously, in the case of maximal
(N = 8) or near-maximal (/N = 6) supersymmetry one
also has a web of gauge-gravity dualities which can be used
to make precise statements about the strong coupling

'"The wording ‘‘strong coupling computations” is meant to
indicate a specific expansion scheme, as explained in detail in
the second paper in [6].
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behavior of N =8 Yang-Mills and N =6 Chern-
Simons theories [4,16]. The potent methods that enable
these computations often use manifest supersymmetry in
one way or another and are not readily generalizable to
nonsupersymmetric theories. A natural question to ask is if
these two approaches, namely, the gauge-invariant
Hamiltonian point of view due to Karabali, Kim and Nair
[1], which does not rely on supersymmetry in any way, and
the powerful computational tools that have been so suc-
cessful in the recent studies of supersymmetric gauge
theories in three dimensions, can be fruitfully combined.
In this paper we take a step towards answering this ques-
tion. A summary of our main results and the outline of the
organization of the paper are as follows.

Our particular focus in this paper will be on Yang-Mills-
Chern-Simons theories with 0 = N =< 4 supersymmetry
with particular emphasis on the issue of dynamical mass
generation in the presence of supersymmetry. We reexpress
these theories in a gauge-invariant form in a Hamiltonian
framework by extending the Karabali, Kim and Nair for-
malism to incorporate supersymmetry. In the process, we
also compute the integration measure for the inner product
of the wave functions for these theories. As discussed in the
next section, in many ways, this is the quantity of central
interest as far as the existence of a mass gap is concerned.
For the pure glue theory, this measure is given in terms of a
Wess-Zumino-Witten (WZW) functional (24) with a level
number equal to 2c,, where ¢, is the quadratic Casimir
value for the adjoint representation of the gauge group
(which we shall take as SU(N)) [19,20]. Ultimately, this
level number determines the mass gap in the spectrum of
the theory [1], the basic argument for which is also outlined
in this section. We also discuss the effect of the Chern-
Simons coupling (when it is present), and its renormaliza-
tion, on the measure and the mass gap. Much of the
discussion in this section is based on previous work
[1,10,20]; it is intended to serve as a coherent summary
of the interrelations among the three key quantities: the
integration measure for the inner product of wave functions
(a quantity defined within a Hamiltonian approach), the
mass gap, and the renormalization of the Chern-Simons
level number (which is carried out in a covariant functional
integral approach).

As is well known, in the absence of supersymmetry, the
level number for the Chern-Simons theory, k, with or
without the presence of a Yang-Mills term in the
Lagrangian, does, indeed, undergo a renormalization
k— k + c4 [21]. (This can be seen from a Hamiltonian
point of view as well, see [20,22].) For the Yang-Mills-
Chern-Simons system, this contribution can also be
computed via Feynman diagrams in one-loop covariant
perturbation theory [21]; the supersymmetric extension,
for 1 = N = 4 Yang-Mills-Chern-Simons theories, has
been done in [23] Our arguments show how the coefficient
of this shift, cy, is, in fact, directly related to the level
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number of the WZW functional (23) occurring in the inner
product for the wave functions. This nonperturbative origin
of this shift also clarifies why the same shift is obtained for
both the Yang-Mills-Chern-Simons system [10,21] as well
as the pure Chern-Simons theory [20,22].

In preparation for the study of supersymmetric theories,
Sec. III is devoted to a more direct computation of the
contribution of Majorana fermions to the measure, when
the fields are recast in gauge-invariant forms. An important
point is that there are different ways to define gauge-
invariant variables for the fermions, with correspondingly
different Jacobians and integration measures. The calcula-
tion of the Jacobian is related to a chiral anomaly calcu-
lation. The choice of the gauge-invariant version of the
fermions is related to the realization of the supersymmetry
algebra; this is explored in the later sections.

The gauge-invariant reformulation of the supersymmet-
ric theories is taken up from the next section onwards, with
N = 1linSec.1V, N = 2in Sec. V, linearization in terms
of the gauge-invariant variables in Sec. VI, and some
useful formulae collected in the Appendix. We construct
the supercharges and their algebra, which then determine
the choice of gauge-invariant variables and the fermionic
contribution to the measure. The effect of the fermions is to
eliminate the WZW functional for extended supersymme-
try (N = 2), while canceling the gluonic contribution by
a factor of half in the minimal supersymmetric case
(N =1)ie,k—=k+cy—3ca =k+jcq

The expression for the measure indicates that one cannot
have spontaneous mass generation in supersymmetric
Yang-Mills theories in three spacetime dimensions in the
presence of N° = 2 supersymmetry, at least in the absence
of additional matter hypermultiplets and as long as super-
symmetry remains unbroken. This statement pertains to
theories that do not have Chern-Simons couplings, the
presence of which make corresponding gauge theories
massive by construction. The absence of spontaneous
mass generation in the kK — 0 limit corresponds in our set
up to a nonrenormalization of the Chern-Simons level
number for nonzero values of k. In the case of minimal
supersymmetry, one cannot consistently define a Yang-
Mills theory without the Chern-Simons terms due to the
parity anomaly [24,25]. In this case, our results are tanta-
mount to the calculation of the shift of the Chern-Simons
level number—which sets the scale for the massive exci-
tations of the gauge theory—as part of the computation of
the integration measure exactly.

The implications of these results are also consistent with
several other indications obtained in the previous literature.
In particular, the massless nature of the physical spectrum
of Yang-Mills theories with N = 2 and 4 supersymmetry
is also expected based on D-brane constructions [26], small
volume arguments [27] and (specifically for the case of
N = 4) arguments based on the moduli space of the
Coulomb branch [28].
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Not surprisingly, the expressions for the supercharges
and the Hamiltonian are nonlocal in terms of the gauge-
invariant variables. Nevertheless, we can verify the re-
quired commutator algebra; the details are presented for
the N =1 theory. There are also some regularization
issues involving expressions like Green’s functions at co-
incident points; some details of how this can be done in a
way compatible with the measure calculation are also
given in the relevant sections. Several useful formulae,
including regularized expressions for the Green’s func-
tions, can be found in the Appendix at the end of the paper.

Before proceeding to the detailed analyses, let us remark
that there are no natural obstructions to extending these
present methods to theories with higher supersymmetry
and to theories with fundamental matter fields. We intend
to explore the application of the formalism presented in
this paper to D2 and M2 worldvolume theories and their
deformations involving fundamental matter fields
elsewhere.

II. THE MEASURE OF INTEGRATION ON A/g.

The geometry of the configuration space and the volume
of integration for the wave functions have a crucial bearing
on the question of a mass gap in the theory. It is useful to
start with a general discussion of this issue for YM(2 + 1),
the N" = 0 theory, and then generalize from there.

A. Yang-Mills theory in 2 + 1 dimensions

We will start with some notational preliminaries. We
will take the group in which the gauge transformations take
values, often called the gauge group, to be SU(N). We will
denote by {r’}, a=1,2,---,N>— 1, a set of linearly
independent traceless Hermitian N X N matrices which
form a basis for the Lie algebra of SU(N) in its fundamen-
tal representation. These matrices will be normalized by
the condition Tr(1s*) = 189" and obey the commutation
rules [1%, t*] = ifebct¢. The structure constants f“*¢ also
define the adjoint representation of SU(N) via (T9),, =
_ifabc.

The gauge potential which is a vector field in 2 + 1
dimensions is given by the matrix A, = Af (—it*), with
the gauge transformation given by

A, — AL =g "A g+ g7, (1)

The Yang-Mills action, apart from terms involving super-
partners (to be discussed later), is given by

1 1
g - fd3xTr(FMVF“V) =3 fd%cFﬁ,,F““”, 2

where the field strength tensor is given by F,, =
(—it)Fg, = d,A, —9,A, +[A,, A,]=(—ir")(0 A%~
9,Aq + f"bCAZAf,).

In a Hamiltonian analysis, we can partially fix the free-
dom of gauge transformations by setting Ay = 0. With this
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choice, the fields are A, A,, the spatial components of the
gauge potential. The wave functions are then functionals of
A;. The Hamiltonian is given by

e2EYE¢  BYB
- [ HEET) o

where E{ and B¢ are the electric and magnetic components
of the field strength, respectively, given by

o
E! = 00A} = —i—,
O0A¢
| ' “)
¢ = E Eij(al'A;l - aJA? + fabCA?A;‘).

The wave functions are functionals of the fields A;. The
choice of Ay = 0 still allows for gauge transformations by
g which are independent of time. This implies a constraint
on the wave functions, which is also the Gauss law or
equation of motion for the A, component,

(V89 + febeAD)ESW = 0, 5)

Since EY is the functional derivative with respect to A{, this
is equivalent to requiring the invariance of the wave func-
tions under gauge transformations g which go to the iden-
tity at spatial infinity. These are the true gauge
transformations of the theory. In fact, it is useful to define

G. = {set of all g(¥): R> — SU(N) such that g(¥) — 1

as |X| — oo}. (6)

This has an action on the space of gauge potentials A as
given in (1), where

A ={set of all Lie-algebra-valued

vector functions A;onR?}. (7)

The space of physical (or gauge-invariant) configurations
is then given by C = A /@G.. The statement that the wave
functions are gauge-invariant, or equivalently, Eq. (5), can
now be restated as saying that the wave functions are
complex-valued functions (or more generally, sections of
a line bundle) on C.

As a first step in relating the volume measure on C to the
mass gap, notice that, using (3) and (4), the expectation
value of the Hamiltonian for a state characterized by the
wave function ¥ is

er sV 5Y
2 5A%(x) 6A%(x)

(3 — dM(C)[
1
+ 2—ezBa(x)B“(x)‘I’*‘I’:|, @)

where du(C) denotes the volume element on C. Notice that
the first term in (JH), arising from the kinetic energy term
in (3) can be viewed as the gradient energy for W taken as a
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function on C. This suggests that if the gauge-invariant
distance between configurations cannot be made arbitrarily
large, then the gradient energy cannot become arbitrarily
small. Such a geometric property of C can thus lead to a gap
in the spectrum of 4 . An argument for the mass gap along
these lines, but at a very qualitative level, was advanced by
Feynman in 1981 [29]. He suggested that while there are
configurations (points) whose separation in A is arbi-
trarily large, it is finite in C, after the equivalence under
gauge transformations is taken into account. This reason-
ing is indeed on the right track, but the desired property, as
stated, does not hold [30]. We first show this and then see
how the essence of the reasoning can be salvaged once the
volume measure for C is taken into account.
The action for the theory can be written as

1 dA¢ 9AY
§ =~ | dt | @x—- —L-potential terms 9
2 f f “or o P ®
Comparing this with the action for a point particle,
1 dx' dx’
S = — | dtg;;— ——-potential terms, 10
3 [dtey < -poten (10)
we see that (9) can be interpreted as the action for a point
particle moving on an infinite dimensional space, viz., the
space of fields, with metric

sy = f d*x8A95AC. (11)

The integrated version of this gives the distance s(A4, A’)
between two gauge potentials A and A’ as the Euclidean
distance,

2(A,A) = [ Px(A =AY A —A)  (12)

This metric is still on the space of the gauge potentials. It
may be possible to find a shorter distance between con-
figurations by choosing a different but gauge-equivalent
potential for A or A’. Thus, as the metric on the physical
configuration space, we take [30,31]

s3(A, A') = Inf, f Px(A — A'%)4(A — A'%)a, (13)

B. The spikes

With the definition (13) of the distance on C, we can now
show that there are indeed configurations for which the
separation can be arbitrarily large. It is enough to give
example configurations to prove this point. For this pur-
pose, we may take one of the configurations as the vacuum,
say, A’ = 0. Then

s2(A, 0) = Inf, fde(Ai —g7'9:8)"(A; — g7 '9,:9)"
(14)

We will also use SU(2)-gauge theory, taking, as our ex-
ample, the configuration

PHYSICAL REVIEW D 85, 085011 (2012)

(zdZ — Zdz)
[l + )"
where z = x; — ix,, Z = x| + ix,. The minimum distance
of the configuration (15) from A = 0 can then be worked
out as follows. We parametrize the group element g as

A = (—if))in(z2)"! (15)

o 1 <e—i¢/2 0)
§=—| _7 ; . (16)
f———1+ff[ f 1] 0 eer
This leads to

s3(A, 0) = Inf, fdzx[(A _ W N d¢)2

+4

3ifoif ] an

(1+ 17
Extremization with respect to ¢ is achieved if we choose
A — i(fdf — fdf)/(1 + ff) to be transverse. The first part
of this expression, namely A, is already transverse and we
can choose f such that the second part is also transverse.
The function ¢ which extremizes the first term in (17) is
then ¢ = 0. Next we note that the expression for s> in (17)
consists of two positive integrals. The minimum for the
second term on the right-hand side is given by 87 Q[ f],
where Q[ f], which is an integer, is the topological charge
of f, given by

. l ii atfaf
Q[f]—ﬁfd%cefﬁ.

The first term on the right-hand side of (17) is minimized,
with a minimum value equal to zero, if we choose f = z".
In this case s3(A, 0) is 877n. Any other choice of f will lead
to a larger value, because of the logarithmic divergence of
the first term. Thus we have shown that the distance of the
configuration (15) from the configuration A’ = 0, mini-
mized with respect to g, is given by

s2(A, 0) = 8mn. (19)

(18)

This tells us that, for any value of L?, we can find configu-
rations for which their separation from A = 0 exceeds L.
The configuration (15) is an example of these when
n = (L?/8r). The field strength corresponding to (15) is

(ZZ)n_l
[1+ (z2)"]
Notice that F' is well-behaved, there is nothing pathological
about it.

This concludes our argument that there are configura-
tions, e.g., A = 0 and A given by (15) with n = (L*/8),
for which the minimal distance between them, calculated
in a gauge-invariant way, or equivalently on C, can
be arbitrarily large. These are the so-called ‘“‘spikes” on
C. Since the set of all physical configurations C is a con-
nected space, there is obviously a line of configurations

F = (—if?)(—4n?) dx, A dx,. (20)
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connecting, say, A = 0 to the A’s in (15); more generally, a
narrow spike running off from any configuration to infinity.

The spikes vitiate the simple argument for the gap by
bounding the gradient energy in (8). For, a wave function
which is like a standing wave along this line would have
arbitrarily long wavelengths suggesting that the kinetic
energy can be made infinitesimally small. However, this
is not an adequate counter-argument for the gap, since we
are in a multidimensional space and the measure of trans-
verse directions is very important. A classic example of the
importance of the transverse measure is given by the two-
dimensional Schrodinger problem

— v2 2 2.,2
H = m-i—)\(x + x%y?). (1)

Notice that there is one direction, the y axis (x = 0), along
which the potential energy is zero. So one might expect
long wavelength excitations along this direction, leading to
a spectrum with no gap, connecting continuously to zero.
But this is evidently too naive. Such long wavelength
excitations also have transverse oscillations, along the x
direction for which the potential is A(1 + y*)x?, corre-
sponding to a frequency @ = +/A(1 + y?). The zero-point
energy (or ground state energy) for this oscillation is
3vA(1 + y?). This additional energy, increasing with [y|,
cuts off the wave functions along the y axis, vitiating the
previous argument for the absence of a gap in the spectrum.
(Of course, in the full solution of the problem, it is not
meaningful to separate the dynamics along x and y direc-
tions, as we do here. Nevertheless, our argument captures
the essential physics).

C. The volume measure on C

The question of whether the reasoning given for the
Schrédinger problem (21) can hold for the Yang-Mills
theory in (2 + 1) dimensions hinges clearly on the measure
for the transverse directions. This has been calculated
before and is given as follows. The gauge potentials A, =
(G (A) +iA;), A; = (3(A; — iA;) can be parametrized as

A = —9.MM™ ', A.=MtUloMmt, (22)
where M € SL(N, C) is a complex matrix. The Hermitian
matrix H = MTM is gauge-invariant; it parametrizes
SL(N,C)/SU(N). The volume element for C is given by

dlu‘(c) = dlu’(H) exp[chSwzw(H)]y (23)

where Sy, 1s the Wess-Zumino-Witten action given by
1 -
Sy (H) = — f Te(0HIH )
2m

i _ _ _
+m[ef“’“Tr(H Yo ,HH 'o,HH '0,H).

(24)
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In Eq. (23), du(H) is the Haar measure for H and c, is the
value of the quadratic Casimir operator for the adjoint
representation; it is equal to N for SU(N). The inner
product for wave functions is given by (1[2) =
Jdup(C)¥;¥,. The total volume of C given by [du(C)
is the partition function for the WZW model on
SL(N,C)/SU(N). It can be taken to be finite, with a
suitable regularization. The contrast to be made here is
between the Abelian theory and the non-Abelian one. For
the former, since ¢, = 0, the exponent in (23) is zero and
the integral [ du(C) diverges for each mode. For the non-
Abelian case, the integral is finite for each mode, although
one does need a cutoff on the number of modes for the final
result to be finite. The “finiteness” of du(C) suggests that
the zero-point energy for the transverse dimensions should
work to generate a mass gap for the theory along the lines
of the argument for (21).

The fact that the measure is the key to the mass gap can
be further elucidated in a couple of different ways. At a
qualitative level, we can write, using the uncertainty
principle,

2 2,2 2
) =3[ eam + 2] 5[5+ 5
e

dhvasa

where we consider modes of E, B fields corresponding to a
momentum value p. Ordinarily, to find the low lying
modes, we would minimize (FH) with respect to AB?
(obtaining AB? ~ ¢%p) to find (H )~ p. (This would
correspond to the photon in the Abelian theory.)
However, in our case, the measure (23) controls the dis-
persion in B because, for low values of p, it becomes a very
narrow Gaussian, since

CA 1
S =~|—-—— [ B—=B+...| 26
- [ 27[ = ] 26)

The resulting value of AB?> = 7p/c, leads to (H) =
(e*cy/2m) + O(p?). We see the emergence of a mass
gap from the properties of the measure.

At a more quantitative level, we can write the
Hamiltonian in terms of the current J = (c,/m)0HH !
as H =T+ V, with

- 1) . ) o
H = mU F @ T [ Dt 9) 570 5]%7)]
LT f 51.(D)aT, (), @7)
mcy
where
oo ca Oap fapcd (D)
Q0 v) = p l7T(u ) (28)

The first term in (27) assigns an energy of m for each power
of J. This is the essence of the mass gap. The existence of
this term is closely related to the measure of integration.
This term is needed to make FH self-adjoint for square
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integrable functions with the measure (23). To bring this
out even more explicitly, we note that we can absorb the
factor of exp(2¢ Sy, (H)) from the measure into the wave
function by writing ¥ = exp(—c4Sy,w(H))P, the latter
having the inner product

1 = [ duoie, (29)

The Hamiltonian acting on the ®’s is obtained by
H— -7-[43 = eXP(CASwzw(H))g-[eXP(_CASwzw(H))- (30)

If we use an expansion for H as H = exp(¢) = 1+
@+, J=(cy/mde + - -+, then we can easily verify
that

(112) = [ (] (H)D,(H) H o

52
=3 [ 5g * oe00 = V0@ ] o
3D
where ¢, (k) = W%(la. This clearly shows

the emergence of the mass term.

D. An alternate method for the measure of integration

The arguments given above show the central role of the
measure of integration in the inner product for the question
of the mass gap. We will now give an alternate way of
obtaining this measure, which is more easily generalizable
to the supersymmetric case. It will rely on relating the
measure to the Chern-Simons theory and the Yang-Mills-
Chern-Simons theory. The basic argument involves a num-
ber of different steps.

Step 1: Consider the calculation of the expectation val-
ues of Wilson lines (which are the observables) in a Chern-
Simons theory of level number k. We shall look at this
calculation both in a Hamiltonian formulation and from the
point of view of a functional integral approach. Consider
first the Hamiltonian formulation on 2, X R where, for the
ensuing discussion, it is adequate to take the spatial mani-
fold 3 as R? or the Riemann sphere R? U oo, In the Ay = 0
gauge, the wave functions must obey the Gauss law con-
dition

5. W(A) = [ e[% GA+ 3 (—it), 80 (x — x,)]‘l’,

(32)

where 6,W denotes the change in W under the infinitesimal
gauge transformation A — A — De and t;‘r) denotes the
charge matrix for the r-th Wilson line. We are using the
holomorphic polarization for the wave functions.” In the

There is a slight change of notation compared to [20]. The
present z, Z are the Z and z of that paper.
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absence of any Wilson lines, this equation tells us that the
ground state wave function is given by

lI,O = Xo exp(kSwzw(M))' (33)

The constant ), is determined by the normalization inte-
gral

xol? f du(H) expl(k + 2)Sum(H)] = 1. (34)

In the exponent of the integrand, the term &S,,,,,(H) arises
from the wave function, and the remainder 2c S, (H) is
the Jacobian for the conversion from the A’s to H.

Step 2: If we consider two charges, conjugate to each
other, at positions X; and X,, the solution to the Gauss law
(32) is

V= x(z;, ) MM~ (2)¥,, (35)

where y, which can depend on the coordinates of the
charges, is to be determined by the requirement that W
should obey the Schrodinger equation. The Hamiltonian
has the form

I = —iz[z,%m + z-,A(x,>]. (36)

The action of H{ on W produces singular terms via terms
like dM(1)/6A(x;). A regularization of this singularity
shows two results:

(1) There is a shift of k — k = k + ¢, in the expression
(36) for H.

(2) The Schrodinger equation becomes the Knizhnik-
Zamolodchikov equation for the chiral blocks with
parameter k. In other words, y is a chiral block for
the level kK SU(N) WZW theory.

Step 3: We also know that ¥ in (35) should have a

normalization integral independent of z;, z,. The relevant
integral is of the form

I =y [ dpu(H) explES o ()HWHQ) ™, (37)

where we take the integration measure to be of the form
du(H) explkSy,,(H)]. We will leave k for this argument,
even though explicit computation will show that it is
k + 2c4, as in (34). Other than |y|?, T is the correlator
(H(MH@2)™ 'Y of a Hermitian WZW theory (an
SL(N, C)/SU(N) theory) of level number k. This correla-
tor must exactly cancel the z; dependence of | y|> to make
the normalization of the state (35) equal to a constant. This,
in turn, implies that (H(1)H(2)"!) should obey the
Knizhnik-Zamolodchikov (KZ) equation as in the SU(N)
WZW theory, but with k — —«. On the other hand, we
also know directly from the path-integral for the Hermitian
WZW model, that the correlators of the level k Hermitian
model are the same as those of the SU(N) WZW model of
level —k. The consistency of these statements then requires
that
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—k+cy=—(k+cu) (38)

identifying k = k + 2c,. Thus indirectly we identify the
measure of integration as du(H) exp[(k + 2¢c4)Syw(H)].
At this stage, we may take k — 0 to get the measure for
gauge fields (with no contribution from the Chern-Simons
[CS] action).

Step 4: The shift k — k = k + ¢, in the Hamiltonian
(and hence in the KZ equation which is the Schrodinger
equation for the CS theory) can also be seen, in fact, more
easily seen, in the path-integral approach. We can, in
principle, calculate observables (Wilson lines) by using a
quantum effective action I'. Thus starting from the level k
Chern-Simons action, we first determine the corresponding
I'. It is well know that I" has the same form as the Chern-
Simons action, but with k — k + c4. All observables, from
this method of calculation, involves a single parameter k =
k + c4. Since the same observables can also be calculated
via the Hamiltonian approach, this tells us that the regu-
larization of the Hamiltonian must produce the same shift
k — k + c4. Taking this ingredient from the covariant
path-integral approach, we can bypass the regularization
procedure and identify the needed shift of k in the
Hamiltonian, and then combining this with the requirement
of I being independent of the z;’s, we have a method of
identifying the measure of integration.

The line of reasoning outlined above may be summa-
rized as follows:

(1) Identify the shift of & in the effective action of the CS
theory via a covariant path-integral or Feynman
diagram calculation.

(i1) The shifted k from the effective action determines
the shifted parameter « in the Hamiltonian and
hence in the KZ equation for the SU(N) WZW
theory.

(iii)) The KZ equation (the Schrodinger equation) deter-
mines the z; dependence of y in the wave functions.

(iv) For the normalization to be independent of the z;’s,
the H correlators (calculated in the SL(N, C)/
SU(N) WZW theory of level number k) must
obey the KZ equation of the SU(N) WZW theory
with parameter — k.

(v) The chiral blocks of the SL(N,C)/SU(N) WZW
theory of level number k are the same as those for
the SU(N) theory with level —k

(vi) Putting these together, we find

KZ parameters of SU(N)WZW theory with level -k

= —KZ parameters of SU(Z)WZW
theory with level k. (39)

This last equation thus identifies the measure of integra-
tion. We can take k — 0 at this stage to obtain the result for
the gauge fields alone.
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One may now wonder where the Yang-Mills action
enters this line of reasoning. Of course, we are concerned
with the measure for the gauge fields, so the action, per se,
does not play an important role. However, the covariant
calculations in the CS theory which initiate this sequence
of steps generally require a regulator. The Yang-Mills
action may be taken as a higher derivative regulator for
the theory, so that all calculations may be thought of as
being carried out in the Yang-Mills—Chern-Simons
(YMCS) theory. The direct calculation of the integration
measure in the YMCS also yields k = k + 2¢, [10]. The
pure CS limit is obtained by taking the limit of large e?; the
shift of k is known to be independent of 2. The pure Yang-
Mills limit is obtained by taking k — O.

Once the measure is known, the analogue of the mass
parameter can be identified via the reasoning given in
Sec. IIC. For the YMCS theory, this would give
(k 4+ 2c4)(e?/4). This value agrees also with the direct
calculation obtained by expressing the Hamiltonian of the
YMCS theory in terms of the gauge-invariant variables H
[10].

E. Expectations for supersymmetric theories

The line of reasoning in the last subsection can now be
applied to the supersymmetric theory. The calculation of
the shift of the level in the N -extended supersymmetric
Yang-Mills-Chern-Simons theory has been done in [23]. (If
the addition of the Yang-Mills term is viewed purely as a
higher derivative regulator term, notice that we do need a
supersymmetric Yang-Mills action to obtain a regulator
which preserves supersymmetry.) The result is

k+CA N:O
k—dk+c/2 N=1. (40)
k N =2

Following Eq. (39), we then find that the inner product of
wave functions for the supersymmetric YMCS theory
should be

() = f Ay (H) explRS () [ fermions Wi W,,  (41)

where
k+2cy, N =0
k={k+cy, N=1 42)
k N =2

with the corresponding mass gap k(e?/4r). For the non-
supersymmetric YMCS theory, i.e., for N = 0, this means
we expect a mass gap as we have seen before, which
survives to the pure YM limit, when k is taken to zero.
For N = 1, we cannot take k = 0 because of the parity
anomaly; k = 1 is the smallest value possible. (In addition
to general anomaly-based arguments, there is also evidence
from lattice simulations for the need for the Chern-Simons
term [25].) In this case, we will have a nonzero value for k
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and hence a mass gap for the theory, although of a magni-
tude different from the pure YM case. For N = 2, the
result (42) is consistent with the absence of a mass gap.

As mentioned in the introduction, these expectations
also agree with other analyses in the literature. First of
all, for N =8, there is the relation to the Aharony,
Bergman, Jafferis and Maldacena theories, namely, that
the maximally supersymmetric theory is expected to flow
to a conformal theory [4] in the infrared. A necessary
condition for the flow to conformality is the massless
nature of the physical spectrum of Yang-Mills theory.
Again, for the N = 4 theories, the constraints of unbro-
ken supersymmetry prevent a mass term [28], while partial
gauge symmetry breaking can occur giving rise to a
Coulomb branch. Also for N = 2 theories, the expecta-
tion is that there is no mass gap, but with no stable super-
symmetric vacuum [28,32]. The absence of mass gap for
N = 2 has also been analyzed by different methods in
[26,27].

The issue of the ground state, or the lack thereof, for the
N = 2 theory is a very interesting one, but is beyond what
the measure by itself can address. Nevertheless, recall that
Swaw(H) in the exponent of the measure is crucial for the
convergence of volume integrations. This is true if we start
with ¥, = 1 as the eigenstate of the kinetic energy opera-
tor and improve on it, as done in [1], or in evaluating
expectation values using the chiral boson version as done
in [6]. The absence of such a factor for N" = 2 also points
in the direction of an unstable vacuum.

We have imposed supersymmetry in obtaining these
answers. Supersymmetry breaking for /N" = 1 is another
important question, but, again, the measure calculation by
itself is not adequate for analyzing this. However, further
development along the lines outlined here, with a calcu-
lation of the ground state wave function, could possibly
shed light on this matter.

We will now turn to the more explicit calculation of the
measure of integration and the Hamiltonian in the super-
symmetric theories.

III. MEASURE FROM A CHIRAL ANOMALY
COMPUTATION

We start by considering Majorana fermions in the ad-
joint representation of the group SU(N) in 2 + 1 dimen-
sions. The conventions for the gamma matrices is

yh=lio?, o, ) CyrCl = —(yH)T,  (43)

where C is the charge conjugation matrix which may be
taken as C = y> = . The Majorana fermions W satisfy-
ing ¥ = W7 C can be brought to the form

(5w

signaling that there is a single field degree of freedom.
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Because of the Majorana condition, the gauge-invariant
parametrizations for ¢ and T must be related. There are
two choices possible for the gauge-invariant fermionic
variables y and ! compatible with the Majorana condi-
tion on V. These are given by

choice 1 ( X ) = <(M_l)ub¢b>
Xa'f (M‘I')ub L//b‘t (45)

. X (MT)
choice 11 (XHT> = <(M‘1)“”¢“ )

Here M = 2 Tr(t*Mt*M ") is the adjoint representative
of M. Denoting M = ¢"?%, for small 6¢, these two choices
become

( ot ) = [1 7 ilm(6)°T* T Re(6)°T*y5 + - - V. (46)

In this expression, > is nothing but o3. We call it >
because it is the chirality matrix in the two-dimensional
sense, for the spatial gamma matrices used above. The dots
represent higher order terms in 6. The upper and lower
signs correspond to the choices I and II, respectively. For
the transformation of the measure of integration for the
fermion fields, we find,

diydyt =Det[1 Film(0)*T¢ ¥ Re(0)*T*y> + - - 1dxdx".

(47)
The evaluation of the determinant will require regulariza-
tion. One possibility if to use the well known techniques of
chiral anomaly computations in (Euclidean) two-
dimensional spacetime. For example, we can regulate the
determinant using e~ *"2’/M* where M is the cutoff and

v+ D is the Hermitian Dirac operator in two dimensions
given by

y D= iy'9; +yToAL (48)
i=1,2

The computation of the regularized determinant is then
standard and gives, upon taking M — oo,

Det[1 ¥ ilm(6)*T* ¥ Re(0)“T¢y> + - - -]
_c
B +ﬁ [ FiyRe(0)". (49)
The above equation is valid to linear order in 6. We can find

the determinant for finite 6 by first noting the variation of
the WZW action (24) gives

1
8w (H) = =3 f Fo,Re(0)". (50)

Comparing this with (49), we see that we can integrate the
latter to obtain
Det[1 = iIm(6)*T* * Re(0)*T%y> + - - -]

= exp[icASwzw(H)]- (51)
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A few remarks are in order at this stage. The first is
concerned with the regularization. It is not a priori clear
that we should regulate the determinant in the same way as
is done for the chiral anomaly in two dimensions. If we
have an intrinsically two-dimensional theory, then there is
an independent way to corroborate this result. We can
consider the change in the action, which is related to the
conservation of the axial current and, from working out this
conservation law using Feynman diagrams, it is easy
enough to reproduce the same result as obtained by the
regularization of the Jacobian as outlined above. But for
the (2 + 1)-dimensional case, the argument is more in-
volved. The fermionic action is of the first-order in the
time derivatives. Its quantization can be done in terms of
fermionic coherent states. The normalization of the states
then involves the Kéahler potential associated to the sym-
plectic one-form. In the present case, it is of the form T .
In constructing the functional integral via dividing up the
interval 7 in (0]e7{|0), the inner product (¢, |, +,) ~
exp(Yir,41) = exp(yi i, + Yl ,€) combines with
the term involving the Kéhler potential in the measure
exp(— ngI Y, and exp(—eJH) to form the three-
dimensional action. (Similar arguments hold for the bo-
sonic coherent states as well.) In other words, the factor
involving the Kéhler potential in the measure is exactly
what we would expect from writing out the action as a sum
over discrete time-intervals e. Now, if the three-
dimensional theory generates a Chern-Simons term, then
the corresponding Kihler potential being S, (H), we
would expect such a term to be generated in the measure
of integration for the inner product of states. We know from
[21,23] that there is a level shift of the CS term induced in
three dimensions. So if we choose a regularization that
agrees with the three-dimensional calculation, and hence
with supersymmetry, then we should get the result (51).
The result is dependent on whether supersymmetry is
preserved, just as it is in the three-dimensional covariant
calculation.

The second observation is about which of the choices in
(45) is the right one. Again, it is a matter of which sym-
metry is to be preserved. We shall see that supersymmetry
requires the second choice of the variables.

These considerations suggest a different strategy for the
quantization of the theory. We can set up the supercharges
and then obtain the Hamiltonian from the anticommutator
of the supercharges, guaranteeing a supersymmetry-
preserving regularization of the terms in the Hamiltonian.
We now turn to this task.

IV. MASS GAP AND MEASURE FOR
N =1 YMCS THEORY

In this section we shall focus on the Hamiltonian for-
mulation of the minimally supersymmetric gauge theory in
D = 2 + 1. The measure of integration for the inner prod-
uct will emerge as one of the results of this analysis. Our
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analysis will be general enough to incorporate Chern-
Simons couplings and the results pertaining to the integra-
tion measure will turn out to be consistent with the dis-
cussion in the previous section. For the sake of
completeness, we start with a brief overview of the canoni-
cal quantization of the N° = 1 Yang-Mills-Chern-Simons
system.

A. Canonical quantization of the /N = 1 theory

When the Chern-Simons level number is set to zero, the
action for the N' = 1 supersymmetric Yang-Mills theory
is given by

1 i Jra a

This action is invariant under the supersymmetry trans-
formation

8.AY = —igy, Ve, 5.V =1Fe yrre  (53)

In a Hamiltonian setting, the supercharges which generate
this transformation are

.0 1
(o 2 at)
Q f (l YVsai T2V
R 1
= [|liyV—+ = ¢B).
¢ .[ (W oai 2V )
As with any other fermionic observable in the theory,

the supercharge, is a two-component spinor, Q' = ¢,
0? = ¢'. Using the canonical anticommutation relation

(54)

{Wh, Wg} = e?5,p, (55)

it is readily verified that {Q{, Qp} = 2H 8,5, where the
Ay = 0 gauge choice is implied.

The classically massless theory described leads to an
anomalous, and hence inconsistent, quantum theory. The
parity anomaly of the fermionic action forces the partition
function of this theory to be trivial [25,28]. To obtain a
consistent theory with minimal supersymmetry in three
spacetime dimensions, one must necessarily add a super-
symmetric Chern-Simons term to the action,

k 2
SSCS = _E jd3xTr|:(AM8,,Aa _gAuAyAa)E’u’Vd
+ ie2~Ir\If]. (56)

S + Sgcg is also invariant under (53). In what is to follow,
we shall consider the theory with the Chern-Simons term
added for the sake of generality [11]. The electric field
operators, and the commutation relations between them are
given by
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Ee ;O ik,
SA 4
_ .0 ik -
E=—i5a " (57)
_ k
EEl=——.
£ El=~5

The Gauss law for the theory, which is a constraint on the
physical states, is

- .

(DT + (DIT)e + -~ (9% — JA“) — £ pabeptope = g,
4 2

(58)

Wave functions, =, satisfying the Gauss law are of the
form

= = exp(5 [Su (1) = Sun W] 1, X1)
= ¢/?A. (59)

Since e'® is a pure phase, it does not change the norm of the
wave functionals, however it can affect the matrix elements
of dynamical quantities. This can be seen explicitly by
writing the observables as operators on A rather than on
E. For example, the effective supercharge acting on A is
given by § = e “qe'®. The precise form of the trans-
formed supercharge is

7= [ (50 +

where a and a are auxiliary fields satisfying the “‘eikonal”
equations

%(A — a)ﬂ) + % WBﬂ], (60)

Da = A, Da = JA. 61)
We may solve for a, a explicitly in terms of the matrix
parametrization (22) as

a=—oMM™, a=MT"tomt. (62)

It is instructive to note the form of the Hamiltonian as well.
A direct evaluation of the anticommutator of supercharges
gives

H=-1{3.4
o /5A“5A“

e
2
m7 /[(A - BA" —@d-ar 5;31“]

N\'—

o j [m2(A — a)*(A — a)* + BB]

+ i [ V(y'D;, — m)¥ (63)

my = (ek/4r) is the topological mass. (There can also be
a dynamical generated addition to this mass which requires
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a more careful analysis.) Further, we have supersymmetry,

i.e., [§, H] = 0. This is easily checked using the commu-
tation rules

[%(x) a0 ] = P

= —M*“(x) M"(y),  (64)

N
m(x — y)?

[se 0] =0

and the symmetry relation F(x, y) = F?%(y, x).
B. Choice of gauge-invariant variables and N = 1
supersymmetry

We now turn to the choice of gauge-invariant variables.
As noted previously, there are two different ways of con-
structing gauge-invariant variables from the adjoint
Majorana fields. However a unique choice is picked out
by analyzing the supercharge. To see this, we first recall
that the change of variables from A — M implies that
operator corresponding to the antiholomorphic component
of the electric field and the magnetic field are given by [1]

— —iMeb(x) ] G, y)p"(y), B

— 7 6
5Ad

— 2T gty g, (65)
CA

where the gauge-invariant generator p” acts as a SU(N)
rotation generator on M [see Eq. (A1)] and G is a regular-
ized expression for the Greens’ function for the holomor-
phic derivative 9; the explicit expression for G can be
found in the Appendix. Using these relations we see that
the formula for the supercharge (60) becomes

/[zﬁp )*((w ﬁ(ﬁ - a)ﬂ) +

=i [ g omerf [ G, y)ph<y>+%ih<x)]

th

1 lﬂaBajI
€2

X

_ 127 f oMty 5 0, (66)
%f_J

Xb

In the above equation we have used the following defini-
tions for the currents:

J=Loun  J=YAp-15m. (67)
aa 7T

The second line in (66) tells us that the natural fermionic
variable is y'(x) = M~ !¢ (and its Hermitian conjugate),
which was precisely our choice II which reduced the
volume of configuration space by a factor of e~ ¢Swa(f),
From the point of view of the renormalization of the level
number, the fermionic contribution removes half of the
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contribution to the renormalized level number that one had
in the pure glue theory, which is consistent with previous
perturbative and nonperturbative computations, as we have
already discussed. Thus if the only change of variables we
make is A — M and let the choice of the gauge-invariant
fermionic variable be dictated by the form of the super-
charge, then choice II is the unique answer for N = 1
supersymmetry (SUSY). We will see later that similar
reasoning can be used to show that the fermionic contri-
bution to the measure exactly cancels the measure factor
obtained the case of the pure glue theory, for N = 2 and
N = 4 supersymmetry.

Starting from (66), our strategy for deriving the
Hamiltonian is to compute the adjoint of the supercharge
and then anticommutator between the two. As in the case
of the N' = 0 theory [10], it is convenient to define the
wave functions ® such that

k
AN = exp(i SWZW(H))(I) (68)
The integration measure for the inner product for the ®’s
now has the form

dp = du(H)exp[(k + (2 = n)ea) Sy (H)] (69)

The factor of 2c¢, in the exponent is the contribution
relevant to the pure glue theory. Based on the arguments
given in Sec. II, we expect n = 0 for N' = O and n = 1 for
N = 1. However, we shall keep n as arbitrary for now.
After absorbing the factor exp(% Swow(H)) into the wave
functions as in (68), we find, for the supercharge, as an
operator on the ®’s,

1277'

CA

py [ t(Gp) = =" [ a0y

The adjoint supercharge has to be computed with respect to
the measure (69), and is found to be

gt =i [ Gy~ is_ammy
+ 5 GHH 1)a)—fff( aaryt. an

p acts as the SU(N) generator on M via the left action [1].
The term proportional to k on the right-hand side comes
from p acting on e*$v=+(H) in the computation of the adjoint.
The term proportional to ¢, is what remains of the action of
p on ! (which induces a contribution from G(0)) and the
action on e MeaSwn(H)) 3 A pajve evaluation of the anti-
commutator of the supercharges gives the Hamiltonian as

*For details about the regularization scheme leading to a finite
answer for the coincident limit of G, see [1], and for a discussion
about the compatibility of the regulated expression with the
measure on C, see [12].
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f 117 (u, v) 5" () p* (v)

27 [ - - e’(k — ncy) )
+ 2 [(@rearey + S g
ech‘ f( ) 47 f 6J¢

1 _
~= f X" Dixt — xDyx)
ncae

1 (ke? 2
+ (== — TaH—lab b‘
&2 (477' dar ),[ X x
The formula above can be understood as follows. The first
line is the pure Yang-Mills Hamiltonian, where on states

formed out of the bosonic J fields alone, the kinetic energy
operator is

(72)

Ty = & f 1175, v)p (1) p* ()

ecA<

5]"
o
+ [0 5o 577) 2
L ety
2 (x—y)? ' m(x —y) 73)

Notice that Q?(x, y) is the two-point function appearing in
the operator product expansion of J(x)J?(y) in the WZW
model. The second line of (72) is the contribution to the
mass gap from the factors of exp[(k — nc4)Sy,w (H)]in the
measure. This contribution vanishes when kK =n =0 in
the pure Yang-Mills case, as it should. The last line in the
Hamiltonian is the fermionic contribution where D and D
are the holomorphic and antiholomorphic covariant deriva-
tives, respectively, with J and J playing the roles of the
connections. In deriving these results we have also used the
fact that, on functionals of J,

)

(Gp)* = ;H l(SJ

(74)

The expression (72) does not seem to be the correct
expression for the Hamiltonian as the bosonic and fermi-
onic masses in 4 do not appear to be equal. Looking at the
terms that will become mass terms when the Hamiltonian
is truncated to the quadratic level, the mass for the bosons
is given by the term

j-[bos—mass = (k + [2 - n]CA) /Ja (75)

8J
corresponding to the value m, = (k + [2 — n]c,)(e*/4m).
On the other hand the fermionic mass is my =
(k — n)c4(e*/41). Without the equality of the masses the
Hamiltonian is obviously not supersymmetric. The resolu-
tion actually lies in the use of the Gauss law. Let us
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eliminate E from (71) using the Gauss law, which in the
original variables was given by

_ 5 1) 1
Je = _+D + — fabeybt e = 76
(D55 + Dag) + oty (76)
or equivalently, on physical states,
a 1 alm Ty m
= (Hp) TS (Hx")'x™. (77)

The fact that the Gauss law gives a relation between p“ and
p® when they act on gauge-invariant functionals was al-
ready noted in [1]. Since we have functionals of J, rather
than J, it is preferable to eliminate p¢. This elimination of
p® (or E) in the expression for the adjoint of the super-
charge involves

0
SA¢

:iz f YD) (x, y) ot (y) () + -

_l//(,l

(78)

The ellipsis represent other terms that we shall come back
to shortly. Now, the normal ordering of this expression
results in the term

0 _
_ '7[/“ 51&0 — (D—l)mb(x’ x)fbmn lpn(x) + e
= —i(Mt gty + (79)
where we have used the regularized result [1],
(D7) (x0) = —foe(M=eL (80)
Ca

Obviously, the term (79) in ¢'T, when anticommuted with
the term [ x“T(Gp)® in ¢’ produces both a bosonic and a
fermionic mass term. This will restore the equality of the
masses as required by supersymmetry. The complete nor-
mal ordered expression that results from the elimination of
E in the adjoint supercharge is given by

13

S = (570 ()

—

= [ 0 e
:

5%)}). (81)

Or, in terms of the gauge-invariant variables, this is equiva-
lent to

# o) [ B y(p
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i [x @G pw
= i [ WGHpr
- [xwrw
=[G et o). 6

Computing the Hamiltonian via the anticommutator of the
supercharges we now get

1
H = Sid, q'T}

_ ey <fja ST jQ“b( V) s 7ar 5Ja(x) 8Jb8(y))
f(aJ“aJ“) + M fja

oJ¢
lCA
2

5 / (xtDixt — xDyx)

1 fcae*  ke*>  ncye? _
+ — ta H Habyb o (8
2( 27 4w 4 ),/X HZ)Tx" 83)

fnng(x Y)HZX(J’)XST(y)Xg(y) SJ;S(X)

The equality between the bosonic and fermionic masses at
the quadratic level is now manifest. The expression above
is the correct gauge-invariant form of the Hamiltonian
corresponding to the N = 1 Yang-Mills-Chern-Simons
theory.

C. Checking SUSY invariance of the N =1
Hamiltonian

Since the form of the gauge-invariant N =1
Hamiltonian (83) is rather different from the original
Hamiltonian that one started with, containing several non-
local terms, for instance, as a further check on the calcu-
lations, we shall now verify its supersymmetry invariance
from first principles. To see the invariance of (83) under
(70) we first note that the ““mass terms’’ are supersymmet-
ric on their own.

[, [(1+ 5 + ety =

Before proceeding further, it is useful to rewrite various
terms in the nonlocal parts of the Hamiltonian such that
their commutators with ¢’ involve as few operator commu-
tators as possible. Denoting these two terms by 7, T,, we
write

(84)
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2
i (D)~ (x2)(DMGp)“ (2)(M G p)*(x))

ch [ F1EG 0 HP X T)xs () 3J"( )

-3 j (D)1, 27 (Mx " @M )" (0)

X (MGp)*(x), (85)
where the covariant derivative D = 9 — MM~ and we
have also used,

D1 (x, y) = MT71e¢(x)G(x, y) Mt (y)
1
— Mt lac(x) ———Mtb(y).  (86)
m(x —y)

The expression on the right-hand side corresponds to the
Green’s function with the regulator removed.

Now we note that the sum 7| + 7, commutes with the
part of the supercharge involving p%; i.e

(i [t ] =

_ % [(D_)—lac(x’ Z)fcmn(jw)(‘[')m

X (2)(MGp)" () (MGp)(x).
87

The only commutator appearing above is between y' and
Xx- We also have

[ 277'
ecA
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. ta a iez N —lac cmn Ty\m
i [y | =+ [ e ooy

X (2)(MGp)'(2)(MGp)*(x).
(88)

The only nontrivial commutator in this calculation is be-
tween yT*(Gp)* and —9MM ! contained in D in T;. From
these two results, we see that

[i [xtGpry + 2] =00 (89)

Moving on to the commutator of these terms with the rest
of the supercharge, we obtain

[_ 2
ech

-+ ff"’””(M*‘IX)"(MX*)’”(M*‘IX)M
e

x4, TQ]

— 1 [(D)*lac(x’ Z)fcmn(MTflgj)m(Z)
Ca

X (M) () (MGp) (). (90)
The first term on the right-hand side involved the func-
tional derivative with respect to J in T, acting on the
supercharge, while the second term is the result of the
fermions anticommuting between the two terms. Turning
to the commutator with 7',

x“aJe, T1:| = lf(MJr "X)"(DMGp)" + lf(MT ') DX)DX)D ™ (x, ) (M Gp)“(y)

yy [ (Mt )" (DMGpY" + i [ (M ) (D, DIOD ™ (x, Y)Y (MG p) ()

Y [ (11~ " OMGp)" + T f (D)1 (x, 2) (Mt 3Ty Q)M )" (@) (MG p) ().

oD

The second terms on the right-hand sides of (90) and (91) cancel. Thus from (89) and the subsequent algebra, we can

conclude that

[\ Ty + Ty] =+ f P (M ) My (M )+ 2i f (M1 )" (DMGp)™.
e

These terms are precisely canceled by

92)

iz[q [ XD, x" ]= [é f)(*’"(Gp)’”,fX“DJX“]

-5 J stk ant-om = 2i fart-boromGpr

Finally, it is straightforward to see that

I:I2772
U )
e*cy

farim =L [ondy] -0

(93)

(94)
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Putting all of this together, we have demonstrated that
[¢), H]=o0. 95)

We can thus be assured that (70) and its adjoint computed
with respect to the measure (69), along with (83), do give a
realization of the N = 1 algebra that we started with.
Furthermore, note that in the case of the standard presen-
tation of the algebra using the original variables E, V¥, A,
etc., the commutator of the supercharge with the
Hamiltonian only vanishes up to the Gauss law generator.
In the present case, since we have already eliminated E
using Gauss law, the relevant commutator is identically
Zero.

It is also worth noting that in the minimally supersym-
metric case, the number # is not fixed by the constraints of
supersymmetry alone. However we shall see in the next
section that, for theories with extended supersymmetry, it
is fixed simply by demanding that the gauge-invariant
Hamiltonian commute with the supercharges. However,
for the N = 1 case, we have to rely on the independent
arguments given earlier in the paper for the volume mea-

[ Fne = [ Dusuprgg+

&)=
-
A )

»l\.)
[\S]

3 H 262
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sure, as well as consistency with the previous perturbative
results [23]; these imply that n = 1 for N = 1.

A nonvanishing coefficient for S, (H) in the volume
measure implies that the theory will have a mass gap, with
the scale of the massive excitations set by the renormalized
level number (k + N)(e?/47r). This is also clear from the
form of the Hamiltonian (83). In [24,32], it was pointed out
that, for small enough values of the level number, the
theory can have spontaneously broken supersymmetry.
Since the statement about existence of the mass gap in
the present formalism crucially uses manifest supersym-
metry, we cannot comment on the possibility of supersym-
metry breaking based solely on the results obtained so far.
Presumably a computation of the vacuum wave functional
using the present formalism might allow one to study this
interesting dynamical question.

V. SUPERCHARGES AND HAMILTONIANS WITH
EXTENDED SUPERSYMMETRY

We will now consider the extension of the analysis done
so far to N = 2 and 4 supersymmetries. The terms in the
action, for the theories of interest to us, are

[F”F“—zszﬂ Dubi = 35 [y D0
5 [emcisvhorr+ 5 | ¢Awb¢ g = oo [rrem s g

2 _
Scs = —Ee’”f’/Tr<A 9,4, +=A,AA ) T f(—;ww +id“w" + 2F4 D4 —gfabCeABmg(pgqﬁg). (96)

(As indicated earlier, m; = e*k/4.) The capital Latin indices take on three values, which correspond to the manifest

SO(3) R symmetry of the theory. The theory has four adjoint Majorana fermion is {4,

w“}. Setting w, ¢, Py, 3 to zero

truncates the action to have N = 2 supersymmetry. If one further sets ¢3, ¢, to zero then we recover the N = 1 theory

discussed earlier. F'§ are auxiliary fields, which may be replaced by their saddle point values F§ =

— a
m®9.

After absorbing the factor of exp[4 S,,,,,(H)] in the measure, as we did in the N” = 1 theory, we obtain the following

expression for the JN° = 4 supercharge,

. at O
qg:l'['ﬁITaAa—i_i

— fwa<HZ$, —

These give the three SO(3) covariant supercharges; there is
a also a fourth supercharge that commutes with the
Hamiltonian. Our purpose is to use these supercharges to
identify the gauge-invariant variables for the fermions,
extending what we did for the minimally supersymmetric
case, and, eventually, the Hamiltonian. For this, the three
charges given above are adequate. Further, it is tis
supercharge which survives upon truncation to lower

[ e [, =i o) +

Bgg) -5 [ort sy + 5 [remdtosor + % [rdhoiug oD

;fIJK[%b?T(Dd’K)a

supersymmetries. Because of this, we see immediately
that, if we use supersymmetry to pick out the choice of
fermionic variables as we did earlier, the gauge mvarlant
counterparts of ¢; are A; = ;M1 ™! and )t = l,//IM just
as in the N = 1 case. As a result, for the case of N = 2
supersymmetry (where the labels 1,J,--- =1, 2), the
fermions contribute e2*¢Swa(H) to the volume measure,
canceling completely the contribution from the gauge
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fields. This result implies the masslessness of the N = 2,
k = 0 theory. In the N' = 4 case, we have an additional
contribution of e~ S from the third fermion field 5.
Further, there is a contribution from the remaining fermion
field . Since w does not couple to the gauge fields directly
in the supercharge, its gauge-invariant form has to be
deduced from its coupling to the scalar fields. For this,
we concentrate on two terms in the supercharge given by

q; = fle[‘P?(Ha + 1_¢K)

—fw“(l_[“ —t—¢,) e (98)

Using the already-settled-upon change of variables
 — x;, this shows that MTA is the appropriate gauge-
invariant version of A = (H“K + i(my/e*)p%). The sec-
ond term on the right-hand side of (98), which involves Af
then tells us that the gauge-invariant combination for  is

Xo =M 'o. (99)

This corresponds to what we referred to as choice I in
Sec. III. Thus its contribution to the measure is a factor
eaSwn) - the exponent having the opposite sign to the
other three fermions. The net result is that, as for the
N =2 case, the fermion and gauge field contributions
involving S, (H) cancel out completely in the volume
measure for the N° = 4 theory. (If k = 0, this means that
the measure simply has du(H) and the fermionic fields,
and the theory remains massless quantum mechanically.)
This is completely consistent with all other indications
obtained in the literature using alternate methods, as well
as our analysis in Sec. II. We will see shortly that this
conclusion is reinforced by the supersymmetry algebra,
just as in the minimal case.

Proceeding with this choice of gauge-invariant fermi-
onic variables we can write down the gauge-invariant form
of the SO(3) covariant supercharge as

PHYSICAL REVIEW D 85, 085011 (2012)
2m -
q; = fX?T(GP)a T fX?(GJ)a + GIJK/X?H%K
A

w e [t yrady - [xaunems,

2i

a‘r
—_ a(I)tl
62

S 6111(])(7‘1)“1(
+”"7’< -/‘th)(Hfl)ah(D? +ei2/fabcq)l;<q);/\/zll(
55 [rreum @) (100)
In this equation, ®;, = MT ¢, and Ilg, = MTH(bL are the

gauge-invariant versions of the scalar fields and their mo-
menta, respectively. The Gauss law constraint is given by

(D‘S +D6) +1famn< mt no4 mt ,.n
54 Psx) TalM it e
e ) ~ 0. (101)
Ty

In terms of action on functions of the gauge-invariant
variables we have introduced, this translates into

1
= Py + (XD + X )

2dHm
+ e~ @7 8@”) (102)
(We may regard the latter form as the requirement of
holomorphic invariance of physical wave functionals.)

Paralleling the discussion of the N = 1 theory, our
strategy is to take the measure of integration to be of the
form (69), with n considered to be arbitrary and then
compute the adjoint of the supercharges and enforce the
supersymmetry algebra to determine n. (We expect n to
vanish from what has already been said, but we do not want
to presume this at this stage.) After the use of Gauss law to
eliminate p and the subsequent normal ordering—these
manipulations exactly parallel the N = 1 case studied
before—we get

ot = =i [aaGrpy — [(1=5+ 5 s =[Gy + X Exa) + oo

N (_ 2
e’c

imk a a imk a - i [ Sy a
+7611K/XJ(DK +7 wa(H 1)“”<I>5’ +67 [fah (I)];(q);XK +

[X?(gf)“ + EIJK[X5H%K + GIJK[X?T(H_I)M)(;(D?( - wa(H l)abH
A

2 -
— ! Xz)']'a(bﬁz

+
—2 f f“bCEABI(Df\CDE(HXw)a) . a03)

It is also instructive to rewrite this back in terms of the gauge-covariant original variables. The adjoint supercharge then

takes the form
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gt = _lf¢,(x)(D D (x, y)( ) o) - f(

_ ? [(D_—l)ab(x, y)fbmn< ZnT lplz + wm]‘wn + e2¢L

i

o [ emdiosort -5 [ s

. o7
_;GIJK[¢3(D¢K)G _f “t11g +*[ “(Dg)* -
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k

+ 2—)M<A - ay

)()’)lﬂl )“‘—'/‘lP?TBa + GIJKflpJTHa

611Kf‘/’] bk — 7[ uf(f’”

(104)

We can now construct the Hamiltonian from the anticommutator of the supercharges given above. It is a straightforward,
but lengthy, calculation; the result is H=H ot H > Where, in terms of the gauge-covariant variables,

5—[0——/(D yab (y, y)( ) 5Aa(x)

1
+ szAscfam"¢ 'ﬁc

f(D ah(x y)fhmn< l//L + wm‘rw + 62¢L

) )
57/, 5A%(x)

[ Bt + el + 5 f BB+ 2 f (Db (Db, )"

IH“,Hfme f(z//LngL ¢;*p¢gf)+_f(wapw — 0D + - f“’"”f“”cﬁ by

(105)

o - ek + (2 n)cy) f(A ) N ek + (2 - n)cA) /'¢

SAY 4

The second term of FH , which is the mass term FH s> WE
see that the masses of the gauge field and the SO(3)
fermions get a shift proportional to (2 — n)c, while the
scalars and the fourth fermion do not. Obviously this is the
result of the fact that only the SO(3) fermions couple to the
electric field in the supercharge, and are hence affected by
the singular contributions proportional to D~ !(x, x)
brought about by the use of the Gauss law and normal
ordering, see the discussion following (75). For the theory
to be supersymmetric, one must necessarily have equal
masses for these degrees of freedom; this is obtained
only when n = 2, which makes the mass term F{ ,, vanish

0
51"(X) 5Jb(y)

#,= 52 [y

f G, y)fﬂbf(mxlz*)xz U (Hy,) + DY

%fwafw"‘ [ ] f¢1¢1

(106)

when k= 0. We can also verify more explicitly, with
another lengthy calculation, that
lgp HlI=0=n=2 for N =2. (107)

Thus in the case of extended supersymmetry, the require-
ment of supersymmetry invariance forces the measure to
be exactly what we had presented earlier from anomaly
considerations, leading to a gapless spectrum for the gauge
theories in the £ = 0 limit.

For completeness, we also give here the formulae for
H and H ,, in terms of the gauge-invariant variables.

L 5@0)(” 579(x)

2772 - 2 _
- ffabcfABch (HxD5xe — = [fabc(q)AXAX:ruc + H.c.) +W fa-]aafa +? jacbf;(chI)L)“

+—fHa

4+ flqukbcq)P (I)Qq)‘rbq)TcHlk

402

o= e*(k + (2 — n)cy) [[

1 k
570 ZXLT( *l)ab h] 477 '/'Xl;)THabXb + [ ] /qyz@a

+ 5 [ty =0 Doy + 5 [raoxs —xfaxe)

(108)

(109)
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VI. LINEARIZATION WITH N =1, 2,
4—SPECTRUM AND THE ALGEBRA

As in the case of the purely gluonic theory, one can
consistently linearize the Hamiltonian and the super-
charges in the supersymmetric theories. This linearization
will yield a purely algebraic justification for the measure.
Following [1], one can define H = ¢"?* (¢ ~ (0 + 6)
defined in (50)) and expand the Hamiltonian as well as
the supercharges to quadratic order in the ¢*’s. This pro-
duces an Abelian-dualized theory which can be put in the
familiar form involving four scalar fields for the N = 4
case upon reabsorbing the measure factor elk*@=7)calSuz(H)
in the wave functionals and defining the scalar field as

Oy = \kk/e* . (110)

(Here k, k denote the Fourier transforms of o and 9,
respectively.) The dualized Hamiltonian for the theory
becomes that of a free theory of four scalars (dy, @),
with masses given by
&2
m, = (k+ 2 —n)cy)—. (111)
41r
The fermionic part of the dualized theory is nothing but the
naive truncation of the corresponding parts of (108) and
(109) to quadratic levels. It is understood, as before, that
n=1for N=1andn=2for N =2.
At this point it is very instructive to look at the super-
symmetry algebra for the linearized theory. The action
corresponding to the free and linearized theory is

1 1
S — f S0, — mPg + S DYk, — m)f

i _
~3 /A}l(a”'yM —my)Af + &% (p*y, + m,)w’
(112)

with the previously mentioned constraints on n. The
SO(3)covariant fermions in the linearized theory are de-
noted by A. The supersymmetry transformation laws for
S}in deduced from the linearization of g, are

i

56(1)?_] = 5 /‘?E[
i X ~a
5.P7 = E(Guk/\ffk + o) (113)
1
OAf = 5(7’”3,;, + m,)(Pfe; — €k DPjek)
1
Swt = 5(’)’”’8# - mn)(I)IEI.
The closure of the algebra on the scalars gives
e = i =AM da im’l = da
[65, 0] H_E(El'y B, H+TEIIBK6[JK b
(114)

im,

i, _ _
[64, 6.]P] 25(617/”,31)%(1’7 +T€K,3JEIJK‘I)?1
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Thus we see that the algebra, instead of simply closing on
the momentum generators, involves a noncentral extension
generated by three extra U(1) generators that mix the dual
gauge field ®; with the three SO(3) covariant scalars.
These extra U(l) symmetries are not visible in the
Hamiltonian of the theory, however, they can be interpreted
as symmetries of the on-shell S matrices of the theories
under consideration. In the limit of & =0 the three
“hidden” U(1) generators couple to the manifest SO(3)
symmetries to generate an SO(4) symmetric S matrix for
the ' = 4 theory to all orders in perturbation theory. As a
matter of fact, the SO(JN) invariance of the S matrices of
the N =2, 4, 8 theories to all perturbative orders was
explicitly shown in [14].

For the purposes of our present discussion, we see
that the appearance of the mass on the right-hand side
of (114) implies that the renormalized level number
(k + (2 — n)cy) plays the role of a structure constant.
However the algebra (114) must be satisfied by the linea-
rization of the dualized theory at every perturbative order,
including the tree level theory. As shown earlier in
this paper, the renormalization of the level number
(k— (k + (2 — n)cy)) arises from a Jacobian and hence
the term proportional to ¢4 in the renormalized level
number is to be regarded as O(h). It can be readily seen
that applying a dualization prescription A = —d6 to the
tree level N' = 4 Hamiltonian, obtained using the canoni-
cal quantization procedure reviewed in (IVA), produces
(114) as the symmetry algebra of the quadratic part of the
theory, but with the unrenormalized level number. Since
structure constants cannot undergo quantum corrections,
the only way to reconcile these statements, namely, the
consistent appearance of (114) as the symmetry algebra of
the linearized theory to all orders in perturbation theory
and the nonrenormalization of a structure constant is for n
to be 2 for N = 2 supersymmetry. We thus see that the
results obtained earlier on the effect of the fermions on the
measure can also justified on purely algebraic grounds.

Finally, we note that the appearance of the noncentral
extension in the algebra (114) is tied in with the parity
violating nature of the fermion mass terms. If one began
with the free, massive N = 1 chiral multiplet in four
dimensions, its dimensional reduction (in our conventions)
would produce a parity conserving N =2 mass term
~ [(ATA; = AT X,) in three dimensions. The closure of
the SUSY algebra with such masses would not result in
the extension we have above. It is precisely the parity
violating nature of the f )t;r A; mass term, which, in turn,
is dictated by the parity violating nature of the Chern-
Simons term that leads to the massive on-shell algebra.
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APPENDIX

Here we collect some useful formulae and commutation
relations that have been used throughout the paper. An
exhaustive list of the commutation relations between vari-
ous operators used in the gauge-invariant framework can
be found in [1]

[p*(x), H(y)] = H(y)(—ir")8P (x — y),

[pe(x), M(y)] = M(y)(—ir*) 6@ (x — y)
[p“(x), H*(y)] = fedH"(y)6@ (x — ),

[p*(0), 7)) = =i AP (3)3,82() ).

(AD)

The definition of J used throughout the paper is
) .
Je = AT HHEY) = A M)A — @), (A2)
T T

This is related to the magnetic field as
A i 27— 1vab( 5 b
B = F{, = —2i(DA — 0A)" = —C—(M )4 (aJ)".
A
(A3)
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The regulated Green function for the D operator is

(D™D (x, y) = (MT=1) () G (x, ) (M) (y)

1

Gup(E ) = ———[8u (A4)
m(x — )

— e I e (H(x, Y H, 7))

where € is a regulator parameter, to be taken to zero at the
end. The regulated value of D! at coincident points is

(D) (5 3) = = - (A = @) ()

+ L paeapt-1yel i), (AS)
Ca

In establishing the supersymmetry invariance of the gauge-
invariant forms of the Hamiltonians, we have repeatedly
used the identity

fgak(M)ck(M*I)gm — _fmclMla. (A6)

A similar identity holds for MT. We have also used the fact
that MT = M~! for the adjoint version of M.
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