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Peeling of the Weyl tensor and gravitational radiation in higher dimensions
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The peeling behavior of the Weyl tensor near null infinity is determined for an asymptotically flat
higher dimensional spacetime. The result is qualitatively different from the peeling property in 4
dimensions. To leading order, the Weyl tensor is type N. The first subleading term is type II. The next
term is algebraically general in 6 or more dimensions, but in 5 dimensions another type N term appears

before the algebraically general term. The Bondi energy flux is written in terms of “Newman-Penrose”

Weyl components.
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L. INTRODUCTION

In 4 spacetime dimensions, the Weyl tensor of an asymp-
totically flat spacetime exhibits the “‘peeling” property:
C

— y—1(N) —2 ~(1I0) -3 (D)
pvpe = A 'Cuvpo + A7 Clvpo + A7 Cnpo

+ A4, + O(179), (1)

where indices w, v, ... refer to a basis parallelly trans-
ported along an outgoing null geodesic with affine parame-

ter A. In the first term, Cﬁf’,,)p(, is a Weyl tensor of algebraic
type N and the subsequent terms involve Weyl tensors of
algebraic types III, I1, and I. The tangent to the geodesics is
the repeated principal null direction for the type N, III and
II terms, and a principal null direction for the type I term.

This result was originally derived using Bondi coordi-
nates [1,2]. In this approach, one assumes that the metric
components can be expanded in inverse powers of a coor-
dinate r. A more geometrical proof can be given using the
definition of asymptotic flatness in terms of a conformal
compactification [3,4]. In this case, the result follows from
the assumed smoothness of the unphysical spacetime. This
smoothness assumption (or the assumption of an expansion
in inverse powers of r) excludes some spacetimes in which
radiation is present near spatial infinity. In this case, the
peeling property is modified by an O(A~*logA) term [5,6]
(see also [7]).!

In d > 4 dimensions, a definition of asymptotic flatness
at null infinity using conformal compactification is pos-
sible only for even d [8,9]. It has been shown that this
definition is preserved by linearized metric perturbations
arising from compactly supported initial data [8]. It has
also been argued that a vacuum spacetime satisfying this
definition arises from initial data describing a small (but
finite) perturbation of Minkowski spacetime that coincides
with Schwarzschild initial data outside some compact set
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[10]. Just as in 4 dimensions (4d), there are more general
initial data that do not give a smooth null infinity [11].

For odd d, conformal compactification is unsatisfactory
because the unphysical spacetime cannot be smooth in any
radiating spacetime [12]. Instead, one can follow the older
approach of defining asymptotic flatness at null infinity
using Bondi coordinates [13,14]. In Sec. IT we will weaken
this definition slightly and demonstrate equivalence of the
conformal and Bondi definitions for even d. For odd d, it
remains to be shown that there exists an interesting class of
initial data that gives rise to a spacetime which satisfies this
definition.

The goal of this paper is to determine how the Weyl
tensor peels near null infinity in a spacetime satisfying one
of the above definitions of asymptotic flatness. As just
mentioned, at least for even d, this includes a large
class of physically interesting spacetimes, but probably
also excludes some physically interesting spacetimes.
However, we can hope that in the latter case, just as in
4d, the peeling behavior is modified only at a sufficiently
high order that our result is still useful.

Two previous papers have investigated peeling using the
conformal approach to asymptotic flatness [15,16]. Both
papers concluded that peeling is similar to the d = 4 case.
They started from the assumption that all components of
the unphysical Weyl tensor decay at the same (unspecified)
rate near null infinity. However, Ref. [12] showed that this
assumption is not true even for linearized perturbations of
Minkowski spacetime, and argued that peeling should be
qualitatively different for d > 4. This is what we find.

In Sec. III, we determine the behavior of the Weyl tensor
near null infinity in a spacetime satisfying the “Bondi
definition” of asymptotic flatness (since this is valid for
odd or even d and equivalent to the conformal definition for
even d). For d = 6, we find the following result:
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Again A is an affine parameter along a null geodesic and
M, v, ... refer to a parallelly transported basis. The super-
scripts N, II, G refer to the higher dimensional classifica-
tion of the Weyl tensor developed in Ref. [17], based on the
concept of Weyl aligned null directions (WANDs). A
type N or type II Weyl tensor admits a “multiple
WAND,” in this case it is the tangent to the geodesic.
The type II term in (2) is not the most general type II
Weyl tensor: it obeys additional restrictions explained
below. Type G denotes an algebraically general Weyl
tensor. The ellipsis in (2) denotes terms of order
A~@/2+2) (even d) or A~@/23/2) (odd d).

For even d, the derivation of this result requires no more
than the definition of asymptotic flatness. We do not use the
Einstein equation, so this result is valid for any energy-
momentum tensor consistent with asymptotic flatness. For
odd d, we need to use some additional information from
the Einstein equation: a mild condition on the decay of the
Ricci tensor near null infinity is required to eliminate a
term of order A~@/2¥1/2) from (2).

The case d = 5 is exceptional. In this case, the Einstein
equation no longer eliminates the term of order
A~@/2+1/2) = )73 Instead, it fixes this term to be quadratic
in the leading order metric perturbation and hence nonzero
in any radiating spacetime. The result is that an additional
type N term appears between the type II and type G terms:

Corpr = A732CN) o+ 2752+ A3,

+A772CG), + 0. 3)

nrpo

The subleading type N term is distinct from the leading
order type N term. The presence of this term can be attrib-
uted to the nonlinearity of the Einstein equation. For d > 5,
nonlinear effects decay faster and this term does not arise.

References [8,9,13,14] gave expressions for the rate of
change of the Bondi energy at null infinity. For applications
(e.g. higher dimensional numerical relativity), it is conve-
nient to have results that can be calculated easily and do not
refer to a particular coordinate chart. This can be achieved
by writing the result in terms of the asymptotic Weyl tensor
components. We do this in Sec. IV.

II. DEFINITIONS OF ASYMPTOTIC FLATNESS

A. Conformal definition for even d

For even d > 4, Ref. [8] defined a spacetime (M, g) to be
asymptotically flat at null infinity as follows. Given the
(physical) metric g and the Minkowski metric 1, we would
like to specify the precise rate at which g approaches 7
asymptotically. We do this by conformally compactifying
both M and Minkowski spacetime so that “infinity” is now
at a finite metric distance. Thus, we obtain the “unphys-
ical” spacetime (M, g) and the “background” spacetime
(M, g), where the metrics g and g are related to the re-
spective physical and flat metrics via
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gab = QZ Nab (4)

with the conformal factor 22 satisfying the usual suitable
properties.

Now, the spacetime is defined to be asymptotically flat at
null infinity if

gab = ngabr

Zab — Gap = O(QI27Y),
areay ~ €ayag = O(QY?),
(3" — g*")(dQ), = 0(Q*?),

(8" — g*)(d2),(dQ), = O(Q/*T),

é

(&)

where % and g9 are the inverse metrics of g and g,
respectively, and € and € are the volume forms on (M, g)
and (M, g), respectively. Following Ref. [4], if L,, . is a
tensor field on M then the notation L, . = O(£)*) means
that ) 5L, . is smooth at future null infinity.

B. Definition using Bondi coordinates

For general d > 4, Ref. [14] defined a spacetime to be
asymptotically flat at future null infinity if, outside some
cylindrical world tube, coordinates (u, r, x) can be intro-
duced following [2] such that the metric takes the form

ds* = —AeBdu® — 2eBdudr
+ 2Ry, (dx + Cldu)dx + C'du)  (6)
with
deth;; = detw,;, @)

where w,,(x) is the unit round metric on $?~2. Surfaces of
constant u are null with topology R X §972 where x! are
coordinates on S?"2 and R corresponds to the null geo-
desics generators of the surface. These generators are given
by u, x! = constant, and r is a (nonaffine) parameter along
the generators. A, B, C!, and h;; are functions of all of the
coordinates. It is assumed that, at large r, they be expanded
in inverse powers of r (even d) or /7 (odd d) with?

A=1+ O @2"D) B = O(r~4/2),
CI = @(rid/z), ,’l]_] = wjy + @(ri(d/zil)).

8)

For odd d it appears that an extra condition is required
(discussed for d = 5 in Ref. [13]). One way of seeing this
is to note that the results of Refs. [8,12] suggest that, for
linearized perturbations of Minkowski spacetime (arising
from compactly supported initial data), the components of
the metric perturbation each will be some half-integer
power of 1/r times a smooth function of 1/r. Hence each
component will involve either integer powers of 1/r or
half-odd-integer powers, but not both. Therefore, the

Reference [14] took B = O(r~¢), which was obtained by
solving the vacuum Einstein equation. We have weakened this
condition since we do not want to assume vacuum.
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presence of both integer and half-odd-integer powers in the
expansions of individual metric components can be attrib-
uted to nonlinear effects. One would expect these only to
affect terms beyond a certain order in the above expan-
sions. If so, at low enough order, these expansions should
contain only integer powers, or only half-odd-integer
powers. This is indeed the case if one imposes the addi-
tional boundary condition that the expansion of A;; in
inverse powers of ./r contains no term of order
r~(d/2=1/2) (see below).

C. Equivalence of definitions for even d

Starting from the Bondi definition, define ) = 1/r. It is
straightforward to show that this satisfies the conformal
definition with (conformally flat) background metric

g = —Q%du® + 2dudQ + w;;dx'dx’. )

Now consider a spacetime that is asymptotically flat ac-
cording to the conformal definition. Write the flat metric in
the form

n = —dU?* — 2dUdR + R*w,,(X)dX'dX’. (10)
Now define ) = 1/R. The background spacetime is
g=0%2n=—-0Q%dU?> +2dUdQ + w;;(X)dX'dX’. (11)

I* is at Q) = 0 and Q > 0 corresponds to the spacetime
interior.

In these coordinates, the definition of asymptotic flatness
reduces to the following conditions on the unphysical
spacetime

gUU = _Q2 + @(Qd/2+1), gUQ =1+ @(Qd/z),

v =0(Q?), Gaa = 0O(Q427), (12)
a1 =0(Q4271), g1 = o +0Q),
and
detg” deta)” + O(Qd/Z) (13)

Now convert to Gaussian null coordinates based on the null
surface J* in the unphysical spacetime as follows.
Consider the (past-directed) null geodesic (of &) that passes
through the point on J* with coordinates (u, 0, x’) and has
tangent vector d/9() there. Let A denote the affine parame-
ter along the geodesic. Since g is required to be smooth
near J* it follows that the coordinates along the geodesic
are smooth functions of A in a neighborhood of A = 0.
Expanding them in a Taylor series in A and substituting
into the geodesic equations gives

U=u+ (Q(Ad/z),
Q=+ @(/\d/ZH)’ (14)
X = xI + @()\d/z).
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We take (u, A, x') as new coordinates. In these coordinates,
the unphysical metric is

g =[=A2+ 0> N]du? + 2dud ) + O(A?)dudx!
+ [wp(x) + OAY2~N)]dx!dx’, (15)
where all components are smooth at A = 0 and
detg” = dCtC()IJ + @()\d/z) (16)

We now replace A with a nonaffine parameter r defined by

;= 1(%5)’;)” CEY i+ o), an
50
1+ 0y, (1)
and
QL= /(1 + O(r9)). (19)

In coordinates (u, r, x') the physical metric takes the Bondi
form (6) and (7) with metric coefficients that are smooth
functions of 1/r respecting the fall-off conditions (8).

III. THE WEYL TENSOR

In this section, we determine the asymptotic fall off of
Weyl tensor components for asymptotically flat space-
times, as defined above. We will use Bondi coordinates
since this allows us to treat even and odd d simultaneously.
We perform our calculations using the higher dimensional
Geroch-Held-Penrose (GHP) formalism of Ref. [18] (see
the Appendix for a review).

A. Expansion of metric

We begin with the metric written in Bondi coordinates
(6) and (7). From the definition of asymptotic flatness, we
have [14]°

hiy = wp(x) + Z

—1+z

B("“)(u,x)
szz;.) SA2vk

h(kﬂ)(u X)
d/2+k 1’

A(H')(u X)
d/2+k 1
(20)

C(k+1)1(u’ x)

Cl = :
rd/2+k

k=0

where in all of the summations k € Z for even d and 2k €
Z for odd d. Equation (7) implies that

*Our notation differs slightly from that of Ref. [14], notably in
the expansion coefficients of B.
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o) =0 for k<d/2 -1, 1)
where !/ is the inverse of w,;. In particular we have, for
d=>5

wllhglj) _ wljhg/z) _ a)“hﬁzj) =0, (22)
and

ohSP =0 (d>5),

1 (23)
w11h55]/2) _ Eh(l)]]/,lglj) (d — 5)’

where all indices on A\ are raised using '/. Some of
the coefficients here have special significance. The Bondi
mass is defined as [14]

M) = —% fs ) 2A<d/2—1>dw, (24)
|
€=m(0)= —%, n=m(1)=efB(aa—u

€ = eBdu, —(dr + %Adu), mg =

1
2
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where the integral is taken over a sphere at null infinity. In
vacuum it obeys the mass decrease law [14]

y _ 1 (1) g (1)1
M(u) = o fs W do. (25)

This demonstrates that the quantity h(,lj) will be nonzero
when gravitational radiation is present. Reference [14]

showed that hg ; 1s not constrained by the asymptotic
vacuum Einstein equation: it is a free function in the

Bondi approach, just as in 4d [1,2]. h(llj) corresponds to
Bondi’s “news function.”

B. Null frame and connection components

We choose a null frame (€, n, m)) for the metric
given by

0 ; 0
A——C—)
ar ax

ei(dx" + Cldu), (26)

where e; form a vielbein for the metrlc hyyon S92 by, = e, 1€;790,;.- We choose this vielbein by using the Gram-Schmidt

algorlthm starting from the basis r~

é! where the vectors &/(x) form an orthonormal basis for the metric @;; on S¢2. This

gives an expansion in inverse powers of r (even d) or \Jr (odd d):

(1)
ooy — r(é + Ci )+ OG5,

d/2 1

where 26,(1e| “)6 = hi) and V' = w'e!).

(1
_1f ~ e; _
el=r l(e{ — d/2 ]) + O(r~d=1/2), 27)

Using the definition of the connection components given in the Appendix and the null frame given in (26), we find that

the GHP covariant connection components are

1
Ee e 6 (Vzhlj)

=
Il
A

Pij =

N —

~

-B, . /I — _ B
e Pe; - 0A, pij = —e Ceqkle)

A

The noncovariant coefficients are

1
L= —9,B, Ly = Ee—Ba,A,

M = e Be - 9CKe;x — efin - dej,

p=—d~-2)/r,

1
aCk +§e

1
T = _z(ei - dB + eiBeiIB,CI)

1
Tn - a(rihy,), T = —E(e,. -0B — e Be, 0,0, (28)

= ef;dren

— 2,1,J,K
M = rrejeje; dphk

- e{iem . 8ej]1. (29)

Using the asymptotic behavior of the metric components given in (20) gives
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Looeled (1) h(%/2)
piy ==L+ (=0 @ = D)) O, = —@ =)
o! AJ 1 (/2 1)
I _l @ hg,) hu/ : _ a1 ,(D)J h;, + @(r—d/z)
Pij 27, 2 Md2=1 " (d-D/2 W) -2 ) G0,
(d=2)(1 , AD  AGA - _
I — - d/2 I — d/2
p 2r ( }"d/zil r(d,l)/z) + @(r )’ Ki @(r )’
6. c(D s - CB/2) 6. (D 6. CB/2
Ti:c_z’e C d+1e-C + O~ @Dy, T{z_c_z’e c’ d+1e-C + 0@y,
4 rd/z 4 r(d+1)/2 l 4 rd/z 4 r(d+1)/2
where a dot denotes a partial derivative with respect to u. Also,
d BV (d+1) B®? d—2A0 d—1 AG?
0= 75 ( ) + O(r~14/272), Ly=———"5— 5 ~amn T 0™,
2 d/2+1 2 a3 4 2 4 drnn a1
i ; é’e(l)
L= 007, My =0(~P), My ==- "0+ 0002, 8= 16V + 00,

where V; denotes the covariant derivative induced by w,;.
Of course, terms with half-odd-integer powers appear only
for odd d.

C. Parallelly transported frame

The null basis introduced above is convenient for calcu-
lations, but it is not parallelly transported along the geo-

[

rotation with parameters z; and finally a spin with parame-
ters X;; as given above.

D. Calculation of curvature components

In the GHP formalism the Weyl tensor components are
denoted

desics. A parallelly transported basis is one for which, Q;; = Co;, Wik = Coijes W; = Coioi = Vjijs
in addition tio the geodesic equation «; = 0, we have D = Coa O, = Con, ® =D, = Cyyoy,
T;=Lig=M;, =0. Apy such basis will'be related to (2D, = 2Dy = — Dy, 200 = 2Dy, = Cyi),
ours by a boost, spin and null rotation (see the / ! ! ! ”
Appendix). Let (f A1, ;) be such a basis. € must be parallel ‘Q;j = Ciajs \Ij;]'k = Clijkr Wi = Cio1; = \P;’ij
to €, with the coefficient fixed by requiring that ¢ corre- (34)
spond to affine parametrlzatlon of the geodesics, ensuring

L10 = 0. This gives {=e ~B¢, corresponding to a and the Ricci tensor components are
boost with parameter e 5. 7/ is invariant under a boost and - - .
transforms covariantly under a spin. But under a null ® = R, i = Roi bij = Rij
rotation with parameters z; it transforms inhomogeneously ¢ = Ry, Yl =Ry, o' =Ry, (35)

[18] so z; is determined by 7. = 0. This gives

4 = ¢+ O “PY), (32)
i
where the parameters c; are independent of r. Finally, M j,
transforms homogeneously under a boost and trivially
under a null rotation but inhomogeneously under a spin.
i
Requiring vanishing M jo determines the spin matrix to be

= 0;; + O(r~@/27D), (33)

where O;; is a r-independent orthogonal matrix.

Our strategy will be to determine curvature components
in the basis defined previously and then transform our
results to a parallelly transported frame by first performing
a boost with parameter e % = 1 + O(r~/2), then a null

The Newman-Penrose equations (see the Appendix) are
used to determine all of these quantities except for those of
boost weight zero (i.e. those written with the letters ® or
¢). To determine the latter, we used the Bianchi Eq. (A16)
from the Appendix.*

E. Results: even d

In our basis (26), we find that the Ricci tensor compo-
nents are smooth functions of 1/r with

“This involves an integration with respect to r, introducing a
homogeneous term decaying as 1/r into the boost weight zero
quantities. This is not compatible with asymptotic flatness so the
coefficient of this term must vanish. This could be shown e.g. by
using the commutator (C3) of Ref. [18].
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w = O(r~@/2+2)), g, = O(r~@/2+D)y,
¢ij _ @(rf(d/2+l))’ b= Cr)(rf(d/2+1))’ (36)
W= O(r4?), ' = 0(r~?).

The Weyl tensor components are smooth functions of 1/r
with

(d-2)(d—4) ¢ &lhy)
rd/2+1
W, = O( @2,
o = (Q(rf(d/2+1))’

(1)

Qij = 8

Wi = O(r~@/240),

PA = (9(,;(d/2+ 1))’

1

4 @(r_(d/2+2)),

(d—4) efelh

s — Iy —(d/2+1)
i i pn PO (37)
i)
q)ijkl = (é{é{kal]j o éj'é{k‘sl]i)m + @(f’f(d/zﬂ)),
WL, =09, W =0 ),
1 elelhy) s

Recall that hglj) is nonzero in any spacetime containing
outgoing gravitational radiation, and it is not determined
by the asymptotic Einstein equation.

Now we transform to a parallelly transported frame as
determined above. The boost and spin are easy to deal with
since the curvature components transform covariantly with
respect to these. Formulas for the transformation under a
null rotation are given in the Appendix. Using these results,
we see that the transformation to a parallelly transported
frame does not change any of these results (aside
from acting with the rotation matrix O;; on the indices
i, J, k, etc.).

Finally, we have to convert from our parameter r to an
affine parameter along the geodesics. Denote the latter by
A. Then (up to the freedom to multiply by a quantity
independent of r)

A= [eBa'r =r+c+ O 42D), (38)

where ¢ is independent of r. Inverting gives
r=A—c+ O\ 2D (39)

If we substitute this into the above expressions for the Weyl
components, then they become smooth functions of 1/A
with leading order behavior given by replacing r with A in
these expressions. Hence the leading order term in the
Weyl tensor is of order A~(¢/2=1) and the only nonvanishing
components at this order are ()} o which [from (37)] is
generically nonzero. But this is precisely the definition of
atype N Weyl tensor with € (the tangent to the geodesics) a
multiple WAND [17].
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The next nonvanishing terms in the Weyl arise at order
A~9/2_Such terms can arise from O, Wiy, Wi, @y, and
®7,. So, at this order, we have Q;; = ¥;; = ¥, = 0 and
hence the Weyl tensor is type Il with multiple WAND ¢. It
cannot be type III because (37) shows that CI)fj is generi-
cally nonvanishing. However, it is not the most general
possible type II Weyl tensor because (37) shows that it has
vanishing ® and &7},

After this, we have terms of order A~(@/2¥D At this
order, any of the Weyl components can be nonzero. In
particular, the above expression shows that ();; is generi-
cally nonzero, which implies that the Weyl tensor at this
order is type G (i.e. £ is not a WAND).

In summary, for even d >4, we have demonstrated
that, in a spacetime satisfying the definition of asymptotic
flatness at null infinity of Refs. [§8,14], the Weyl tensor
exhibits the peeling behavior described around Eq. (2),
with the type II part obeying the additional conditions
o= ij} =0.

When d = 4, our results for ij ‘I’;ik,
consistent with the 4d peeling property. The boost weight
zero terms also are consistent: in 4d, all such terms are
determined by & and @4, which vanish at order A~4/2 =
A2, Hence at order A~2 we have a Weyl tensor of type III
instead of type II. More explicitly, in 4d, ®,;, is deter-
mined by its trace (IDlSj But the first term in the expansion of
(I)fj in (37) comes with a coefficient of d — 4. Similar
results hold for the other Weyl components (e.g. the above
expression for {);; has a factor d — 4). This is why peeling
is qualitatively different when d = 4.

and V! are

F. Results: Odd d

As discussed above, for odd d there is an additional
condition in the definition of asymptotic flatness at future
null infinity, that the term of order r~@/271/2 in the ex-
pansion of h;; should be absent, i.e.,

h? =o. (40)

With this condition, we find that the results (36) and (37)
for the Ricci and Weyl components are valid also for odd d,
with the understanding that these formulas now refer to
expansions in inverse powers of /r. [Without (40), there
would be e.g. a term of order r~(@/271/2) jp the expansion of
Q! ;-] Following the same steps as for even d, converting to
a parallelly transported frame and affine parametrization,
we find, just as before, that the leading components of
the Weyl tensor arise at order A~@/2=1) and this term is
type N as before. There are no terms at order A~(@/271/2)
so the next term is at order A~%/2 which is type II with
CI)?J. = & = 0, again as for even d.

084021-6
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A difference between even and odd d arises at next order: for odd d there is the possibility of terms of order r~(@/271/2),

For example, we find that

w' | B | . .. A L1 .
O} + - 28,»j =57 (d/2 l)e{e]!hglj) +r d/2Y,-j + i’ ¢ 2)(4efl.e$)1hglj) + efefa)Kth()h(JlL))
_ lrf(d/2+l/2)(é(él_l;l'(5/2) —AG/D. — 28,187 VC(3/2)K) + @(rf(d/2+l))’ 41)
2 ivjtn t ilK1€ )

where Y

; is a quantity whose explicit form we will not need. The Weyl components () ; are obtained by taking the traceless

part of this equation and the Ricci component w’ by taking the trace. We have retained a term of order r~?~2 because

pm@=2) = pmd241/2) f g = 5,

The only other Weyl components containing terms of order r~¢/271/2) are W/ i« and W}, which can be obtained from

2 a2 51 5] 5
\P;jk + m ¢’D5k], =r d/zef.e{jek] :

1 d .
’\Pi _7(1—21//: ZZr_d/zé,- C(l) +

where the Weyl and Ricci components can be disentangled
by taking a trace of the first equation and combining with
the second equation.

We will now argue that terms of order r~(@/2+1/2) can be
eliminated for d > 5 by exploiting the Einstein equation
(which we did not use for even d). We will assume that the
Ricci tensor (and hence the energy-momentum tensor)
decays faster near infinity than the rate which is given by
asymptotic flatness alone [Eq. (36)]. The rate that we
require is faster by a factor 1/r:’

(d+1)
4

Vi) + O(r=@2+0),

(42)
pmd21/2)p. . ¢B/2) 4 @y~ @/2+0)

W = @(r_(d/2+3)),
bij = O(r~@/2+2),
W= O( @),

Vi = O,
b = O+, (43)

W = @(rf(d/2+ l)).

Imposing these conditions implies that the first few coef-
ficients in the expansions of the metric components must
satisfy the same equations as in a vacuum spacetime, as
determined in Ref. [14]:

2 4 2
B(l):(), AD = — V.-ch=_— V’VJh(l), chi =2y h(l)IJ,
d—2 d(d—?2) 7 d’
{(3/2) — 1M1y (1) 5 __ a5 (1) 71 _
A(/)—gh() R d—5, B/ — _1_16h(1)IJhU d—5, comI—g h53/2)= wKLhK([hJ)L d—5’ (44)
AB/D =0 d>5 0 d>5 0 d>5

and an equation relating 42 to A1), C' and h{}). Note that
the asymptotic Einstein equation implies no restriction on
h(llj). Recall that for d = 5, AG/? determines the Bondi
mass via (24).°

Using these results, we see that the term of order
r~(d/2%1/2) in (42) is absent and hence such terms do not
appear in W' ik and V.. However, terms of this order are

absent from (41) if, and only if, d > 5. Hence, for d > 5,
such terms are absent from ()f;. Transforming to a
parallelly transported frame and affine parametrization,

For d > 5, the constraints on w, i, and ¢, necessarily imply
the constraints on ¢} and ’. For d = 5, the constraint on ¢,
implies the constraint on i/

®Note also that hﬁ/z) =0 for d>5 imglies that one can
impose the additional boundary condition %, / 2= 0 for d > 5.
Reference [14] examined the vacuum Einstein equations to
higher order and the results suggest that the definition of
asymptotic flatness for odd d should be augmented with the
condition A\ =0 for k =1/2,3/2,...,d/2 — 2, although
we will not assume any more than (40).

similar arguments to those used for the even d case estab-
lish the peeling result given in Eq. (2) for odd d > 5. As for
even d, the type II term obeys the additional restrictions
(I)fj‘. = = 0.

Finally, we must discuss the d = 5 case. For d =5,

terms of order r—(@/2+1/2 = =3 do nor drop out of
Qf
j

AT A (l)
q -1 eiethy |,
1 2 }’3/2

R PV W) :(1)
r5—/']2 - ﬁ{e[{exwmhmh“

1 (1) 1 . .
O ) — o )
- 2@64?%?}} +O(r7?). (45)

Note that the coefficient of 773 is quadratic in hglj) and
its time derivatives and hence generically it is nonzero
if gravitational radiation is present.

Now we must transform to a parallelly transported
frame. As for d > 5, the boost and null rotation do not
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change our results. But note that the spin matrix (33)
involves a term of order /2. Hence when the spin acts
on ()}, this term will combine with the leading term in {}};

to produce a new term of order 3 in flf ;- Could this new
term cancel the terms already present? Generically, no: the
new term will involve hﬁlj) whereas some of the terms
already present involve only first derivatives of hg},).

Since hf, 7 1s a free function in the Bondi approach, these
terms will not cancel in general. For example one could

choose h( ) to be zero somewhere, with h( ;7 honzero.

The last step is to convert to affine parametrization using
(39), which does not change anything. We conclude that
for d = 5, the Weyl tensor satisfies the peeling property (3)
described in the introduction. Again the type II term obeys
the additional restrictions CI)Q =o =0.

IV. BONDI FLUX
In 4d, the rate of decrease of the Bondi energy at future
null infinity is given in terms of the Newman-Penrose Weyl
scalar W, as

M(u) = —11m —

r—oo 4q7

/ v, (4, r, x)du dw, (46)

where dw is the volume element on a unit S%. In d > 4
dimensions, the rate of decrease of the Bondi energy at
future null infinity is given by (25) [14]. We can rewrite this
in terms of ng (the analogue of W,) as follows. Assume

that the Bondi flux vanishes in the far past, i.e. hglj) — 0 as
u — —oo, Then from (37) (which holds for even or odd d),
we have

A“Jhglj)(u x) = —2lim r¥/2~ 1[ Q. (u r, x)di, 47)

r—00

and hence

M(u) = —}Lngog ,[sd 2([ Q@ x)du) ,

(48)

where dw is the volume element on a unit $?°2 and
(Y;;)* = Y;;Y;;. In practice, the right-hand side is computed
by choosmg coordinates so that the asymptotic metric
takes the form

ds* ~ —du® — 2dudr + r*do>. (49)

One then chooses a null vector field n that approaches
*(39/0u —19/0r) asymptotically (the sign does not mat-
ter here) and a set of orthonormal spacelike vectors m;
(i=2...d—1) such that n-m; =0. Then Qﬁj =

b d
Cahcdn“m(i)ncm(j).

PHYSICAL REVIEW D 85, 084021 (2012)
V. DISCUSSION

We derived our result using Bondi coordinates since this
allows us to treat even and odd d together for much of the
analysis. However, for even d it would be more elegant to
derive the peeling property using the conformal approach.
It would be nice to see this worked out.

For odd d > 5, our result (2) involves only inverse half-
odd-integer powers of A. Inverse integer powers will
appear if one continues to higher orders in the expansion.
It would be interesting to know at what order inverse
integer powers first appear. If one strengthens the definition
of asymptotic flatness as suggested in footnote °, then it
seems likely that the first such terms will appear at order
A~@=2) in agreement with our result for d = 5.

Reference [19] studied asymptotically flat solutions in
d >4 dimensions that are algebraically special. It was
found that the latter condition is incompatible with gravi-
tational radiation (in contrast with the d = 4 case). We can
see a similar result here: if € is a WAND then ();; must

vanish. For d > 4, (37) then requires h§1) = 0, which im-
plies vanishing Bondi energy flux, i.e., no gravitational
radiation.
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A. HIGHER DIMENSIONAL GHP FORMALISM

In this appendix, we review the higher dimensional GHP
formalism of [18]. Given a background solution, we
choose a null frame (¢, n, m(;) such that in this frame,
the metric takes the form

8uv = 2(uny) + mgpum,. (AD)

In the GHP formalism, one breaks complete covariance
by singling out two null directions (€ and n) at each point,
but preserves covariance in the remaining directions. This
is in contrast to the NP formalism where none of the
covariance is preserved.

At any point, the Lorentz group is generated by

(1) boosts (u a real function):

C—pl,  n—op'n omg—mg, (A2)

(i) spins (X;; € SO(d — 2)):

{— 6, n—n, m(i) i Xijl’l’I(j), (A3)
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TABLE I. GHP scalars constructed from covariant derivatives of the basis vectors.
Spin coefficient GHP notation Boost weight b  Spin s Interpretation
L;; Pij 1 2 Expansion, shear, and twist of €
L;; p = pii 1 0 Expansion of ¢
L K; 2 1 Nongeodesity of €
Ly T 0 1 Transport of € along n
N o ; -1 2 Expansion, shear, and twist of n
N;; p' = pl -1 0 Expansion of n
N; K} -2 1 Nongeodesity of n
Njy ! 0 1 Transport of n along /
(iii) null rotations about € (z; d — 2 real functions): bTi i =€ 9T, . —bLioTi;
1, S,k
t—=t  n—ntmg =S4 + D MioT; i ki (A9)
(A4) r=1
m(,-) — M(i) - zi&
/ = . c. . — P
where A # 0 and X;; is some position-dependent orthogo- PTiiy..iy =m0 T4, = LTy, .,
nal matrix. L,k
We would like to keep the subgroup that preserves the * & MiiTi iy ki (A10)
null directions, i.e. the subgroup given by boosts and "~
spatial rotations, or spins. Thus, we would like to work
with objects that transform covariantly under this ailejz...js =mg - T, ;. — bLliT,/‘,jz...L
subgroup. s &
A GHP scalar of boost weight b and spin s is a scalar + Z M T ki (A11)
7;,.;. that transforms covariantly as s B

Mii = MM (AS)

under boosts and

Wiy = Xijy 0 Xij My, (A6)

under spins. Evidently, the product of two GHP scalars of
boost weights »; and b, and spins s; and s,, respectively,
gives a GHP scalar of boost weight b; + b, and spin
s1 + 5.

Denote the covariant derivatives of the basis vectors as

i

Ly, =V, N, =Vn, M, = V,m

i
(A7)

Not all the scalars formed from the projection of these
objects into the basis are GHP scalars. Those that are GHP
scalars are listed in Table I [18].

Notice that we have used a prime operation, which
interchanges the null basis vectors

' £ —n.

(A8)

For a GHP scalar n; ; of boost weight b and spin s, we
define its GHP covariant derivatives to be’

’Symbols p and 8, pronounced “thorn” and “eth,” respec-
tively, are old Germanic letters that have been retained in the
Icelandic alphabet.

GHP versions of the ‘“Newman-Penrose” and Bianchi
equations are given in Ref. [18]. We will need the NP
equations:

_ _ _ ! _ _
bpij = 0jki = —pirpi; KiT; — TiK; Qij

1
— bk = -7+ 7)) =W, + ! Al3
bri = b'ki = pij(—7; Tj) i m%‘, ( )
1
20[j1pik) = 27iprjKg T 2Kipfjk] 1 792 16
(A14)
/ _ 6 —_ _ ! _ [ (I) — 1
b'pij iTi = TTiT; T KiK; 7 PikPyj i =2
bu +2¢
X(p; + Ppb;;)) + ——————0;,.
(d)tj ¢ z]) (d_ 1)(d_2) ij
(A15)

Another four equations can be obtained by taking the
prime / of these four (i.e. by exchanging the vectors ¢
and n). We also need the following components of the
Bianchi identity:
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- b(i)ijkl + 26[131'1]”
= =2W( = 2W k0 + 497 o
= 28051 + 2P iy + 2P j1tmPmin
= 2Vl = 2807y = 2Qauply + 2Q el
(A16)

where the tilde notation indicates components of the
Riemann tensor analogously defined to those of the com-
ponents of the Weyl tensor given in (34). The relation of
these components to the components of the Weyl and Ricci
tensors is given by the definition of the Weyl tensor as the
trace-free part of the Riemann tensor

w - 2

Qij = Qij - m&j: ‘I'ijk = q,ijk T 4=2 P10k
~ 1

v, =Y, + -2 Wi

(I)ijkl = ‘i)ijkz - %(d’i[kfsz]j - ¢j[k51]i)

+ m(zd’ + Gm) ik 1))

D, =D, - ﬁ(d’&j + ¢i) + %(Siﬁ
~ 2 .

q):cDer—(bl_(d—lq)ﬁ(”d—Z)’
Q) = Q;j - dL_lz‘sijr Wiy = \i’ﬁjk - % ;0
V= +ﬁ¢;. (A17)
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Null rotations

Under a null rotation about ¢ of the form given by
Eq. (A4) the Weyl tensor components transform as

;-9 (A18)

\I}i —> \Pi + Qiij, (Alg)

\Pijk —> \Pijk + 2Qi[jzk:|’ (A20)

b P+ ZZi‘I’i + Zin‘ij, (AZ])

D= & + 7,V + Wy + ZjQy, (A22)
(I)ijkl = q)ijkl - ZZ[k‘I'l]ij - ZZ[i‘I’j]kz

- 2ij[kQ[]i + 2ZiZ[le]j! (A23)

- ij\Ifjki - ZjZiijkr (A24)

W

ijk

— P

ijk
+ 2220V + Zy Wi + 2Zizp Qg

+ ZZ[k(I)j]i + 2Z,'(I)?k + Zlq)lijk + ZZiZ[kq"j]
(A25)

ng — Q;j — ZZ(j‘I’;) + 2z, V! + ZZ(iqu)klj) + Z,'ZJ'CI)

(ilkl))
- 4sz(,<¢);-‘),( + 242 Pty + 2262 ¥

+ 2ZIZ(i|k\Pkl|j) + Ziijlel' (A26)
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