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Viable corrections to the matter sector of Poisson’s equation may result in qualitatively different

astrophysical phenomenology, for example, the gravitational collapse and the properties of compact

objects can change drastically. We discuss a class of modified nonrelativistic theories and focus on a

relativistic completion, Eddington-inspired Born-Infeld gravity. This recently proposed theory is equiva-

lent to General Relativity in vacuum, but its nontrivial coupling to matter prevents singularities in early

cosmology and in the nonrelativistic collapse of noninteracting particles. We extend our previous analysis,

discussing further developments. We present a full numerical study of spherically symmetric non-

relativistic gravitational collapse of dust. For any positive coupling, the final state of the collapse is a

regular pressureless star rather than a singularity. We also argue that there is no Chandrasekhar limit for

the mass of a nonrelativistic white dwarf in this theory. Finally, we extend our previous results in the fully

relativistic theory by constructing static and slowly rotating compact stars governed by nuclear-physics

inspired equations of state. In the relativistic theory, there exists an upper bound on the mass of compact

objects, suggesting that black holes can still be formed in the relativistic collapse.

DOI: 10.1103/PhysRevD.85.084020 PACS numbers: 04.50.�h, 98.80.�k

I. INTRODUCTION

The beauty and the beast of Einstein’s General
Relativity (GR) are encoded in the nonlinearity of its field
equations. Already in vacuum, GR describes the dynamics
of nonlinear objects, like black holes [1]. In order to study
the formation of black holes in dynamical situations, e.g.
during a stellar collapse, one needs to couple the vacuum
theory to matter. How to include this coupling in a proper
way was one of Einstein’s main concerns. The requirement
of stress-energy tensor conservation,r�T

�� ¼ 0, which in

turn implies geodesics motion, together with Bianchi’s
identities, r�G

�� ¼ 0, naturally suggests a linear cou-

pling between the Einstein tensor and the stress-energy
tensor, G�� / T��. Indeed, under quite generic assump-

tions (see e.g. [2]) Einstein’s equations are the most general
field equations which involve the stress-energy tensor
linearly. Nonetheless, it comes as a surprise that a highly
nonlinear theory as GR is just linearly coupled to matter. In
this paper we investigate modified theories of gravity
which account for a nonlinear coupling to matter, while
retaining many appealing features of Einstein’s theory.

In the weak-field regime, GR has brilliantly passed all
experimental and observational scrutinies so far [3,4], but
new effects are still viable in the strong-field, nonlinear
regime. Furthermore, while current experiments have con-
firmed the weak-field behavior of GR in vacuum or in
orbital motion, performing null tests of Einstein’s theory
inside matter may be extremely challenging because, due
to the equivalence principle, purely gravitational effects
are hard to disentangle from those due to nonstandard

matter coupling. In fact, one usually assumes a minimal
coupling, then solves the full Einstein equations in some
relevant situation—e.g. in cosmological settings, in the
interior of Sun-like stars or inside more compact objects
like neutron stars (NSs)—and finally compares theoretical
models with observations.
On the other hand, GR suffers from severe theoretical

problems and long-standing observational puzzles, which
may be precisely related to our poor understanding of the
gravity-matter coupling. For example, the dark matter
problem (see e.g. Ref. [5] for a review) may be explained
by invoking new fundamental interactions [6,7], rather
than assuming exotic particles. Similarly, the cosmological
acceleration of the Universe may be explained in terms of
more complicated interactions, rather than postulating
the existence of a mysterious form of dark energy (see
e.g. Ref. [8] for a recent review on cosmology in modified
gravities). These postulates are somehow the modern ver-
sions of the aether, suggesting that perhaps something is
missing in our understanding of gravitational interactions
inside matter.
Likewise, it is well known that the dynamical evolution

of matter fields in GR is generically plagued by the for-
mation of singularities (e.g. the Big Bang or those forming
in the gravitational collapse of matter fields), which signal
a breakdown of the theory. According to Penrose’s cosmic
censorship [9], these singularities must be covered by an
event horizon, i.e. a black hole must form as an outcome of
the gravitational collapse. However, the cosmic censorship
remains a conjecture and its validity (or even its precise
formulation) is an open issue.
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In a spherically symmetric stellar collapse, locally naked
singularities can be generically formed [10–12]. Initial
density gradients can produce shear in the collapsing fluid
which, in turn, delays the formation of an apparent horizon,
leaving the singularity locally naked [13]. In some cases,
the singularity can even be globally naked, i.e. connected
to distant observers by timelike or null-like geodesics,
thus suggesting that the censorship can be evaded (see
Refs. [14–16] for detailed discussions on this topic).
However, these ‘‘shell-focusing’’ singularities may be lim-
ited to the spherically symmetric case [17]. Relaxing the
assumption of spherical symmetry, the situation is even
more controversial. While Shapiro and Teukolsky reported
numerical evidence for formation of naked singularities in
the collapse of highly prolated gas spheroids [18], Wald
and Iyer [19] pointed out that similar properties—namely
the absence of trapped surfaces lying on their maximal
slices in a portion of singular spacetime—are also present
in a Schwarzschild spacetime with a particular choice of
the time slice. These studies show that, although there
appears to be growing evidence in support of the cosmic
censorship, its validity in GR remains an open issue which
is far to be solved [17,20].

However, we stress here that the issue of singularity
formation and the related cosmic censorship strongly
depend on how gravity interacts with matter. Thus, the
outcome of a gravitational collapse may be different if
the gravity-matter coupling is modified.

In this paper, following previous works [21–26], we take
a different perspective and investigate phenomenologically
viable modifications to GR that account for nontrivial
coupling to matter while being equivalent to Einstein’s
theory in vacuum. As a consequence, this class of correc-
tions results in a qualitatively different phenomenology
once matter is included (see also Ref. [27]). For concrete-
ness, we will focus on a recent proposal by Bañados and
Ferreira [25] (see also some previous attempt by Vollick
[21–23]) which we shall call Eddington-inspired Born-
Infeld (EiBI) gravity, not to be confused with Eddington-
Born-Infeld [28] or Born-Infeld-Einstein theory [29].
While being conceptually different from each other, these
theories share the same determinantal form of Born-Infeld
nonlinear electrodynamics [30,31]. In this sense, similarly
to nonlinear electrodynamics, EiBI gravity can be thought
as an effective prototypical theory in which resumma-
tion of higher order curvature terms—which are qualita-
tively similar to those expected by a quantum gravity
completion—is advocated in order to resolve curvature
singularities [32]. It turns out that these corrections effec-
tively account for some nonlinear matter coupling to usual
Einstein’s gravity.

Interestingly enough, such corrections can even
affect the nonrelativistic gravitational regime. We shall
discuss the nonrelativistic phenomenology in detail and
most of our results apply to any theory whose nonrelativ-

istic limit is described by the following modified Poisson
equation [25]:

r2� ¼ 4�G�þ �

4
r2�; (1)

where � is the usual gravitational potential, G is the
gravitational constant and � is the matter density. Within
the parametrized post-Poissonian approach proposed in
Ref. [33], the equation above is the most general spacially
covariant Poisson equation, which is first order in � and �
and reduces identically to standard Laplace’s equation,
r2� ¼ 0, in vacuum. While possible second order terms
are strongly constrained by tests of the equivalence be-
tween gravitational and inertial mass to one part in 1012

(see e.g. Ref. [34] and references therein), the term pro-
portional to � in Eq. (1) is presently mild constrained.
To our knowledge, null tests of Poisson equation inside

matter, in order to constrain the extra term in Eq. (1), have
not been conceived yet. Mild observational constraints on
� come from solar physics observations [33], j�j< 3�
105 m5 s2=kg. This bound has been derived by comparing
the observed solar neutrino fluxes and helioseismology
observables to the predictions of modified solar models.
Such constraints are quite mild, due to some inherent
uncertainties on the Sun interior. Very recently, consider-
ably stronger observational constraints were derived in
Ref. [35], provided direct measures of the central density
or of the radius of a NS are available (see also Ref. [26]).
However, some uncertainty exists on the interior of com-
pact stars and usually GR is assumed to infer the magni-
tude of the central density, given some ‘‘observable’’
quantity such as the mass and the radius. Thus, table
experiments in some controlled setting would be highly
desirable.
The scope of this paper is twofold. First, we wish to

discuss the phenomenology of Eq. (1) in relation with
stellar collapse and static stellar configurations in the non-
relativistic limit. Our purpose is to show that, while being
compatible with current observations, a simple modified
Poisson model leads to a new interesting phenomenology,
even for arbitrarily small values of �. Secondly, we shall
discuss a well-motivated relativistic completion of Eq. (1),
EiBI gravity [25]. In Ref. [26], we reported some results on
the gravitational collapse and compact star solutions in this
theory. Here, we give further details and discuss new
developments.
The plan of this work is the following. In Sec. II, we

briefly review some known and new features of EiBI
gravity [25]. Sections III and IV are devoted to the phe-
nomenology of the modified Poisson Eq. (1), which in-
cludes the nonrelativistic limit of EiBI gravity. Section III
is devoted to solve the hydrodynamics equations describ-
ing the nonrelativistic collapse of noninteracting particles.
In pass, we shall correct a wrong result in Ref. [26] which,
however, does not affect the final picture. In Sec. IV, we
show that the end-point of the gravitational dust collapse is
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a regular, pressureless star and we discuss other nonrela-
tivistic stellar equilibrium configurations. Finally, in Sec. V
we discuss relativistic stellar models using nuclear-physics
based equations of state. In Sec. VI, we draw our conclu-
sion and discuss open issues and future developments.

II. EDDINGTON-INSPIRED BORN-INFELD
GRAVITY

EiBI gravity is described by the following action [25]:

Sg ¼ 2

�

Z
d4xð

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jgab þ �Rabj

q
� �

ffiffiffiffiffiffiffi�g
p Þ þ SM½g;�M�;

(2)

where SM½g;�M� is the matter action, �M generically
denotes any matter field, Rab is the symmetric part of the
Ricci tensor built from the connection �c

ab and � is related

to the cosmological constant, � ¼ ð�� 1Þ=�, so that
asymptotically flat solutions are obtained when � ¼ 1.

EiBI gravity is reminiscent of a Born-Infeld action for
nonlinear electrodynamics [30,31], where here the Ricci
tensor plays the role of the field strength Fab. Moreover,
the metric g and the connection � are considered as inde-
pendent fields [25], as in Palatini’s approach to GR.
Similarly to fðRÞ gravities (see e.g. [36]) the Palatini
formulation is not equivalent to the metric one. In the
metric approach, EiBI theory contains ghosts, which
must be eliminated by adding extra terms to the action
[21,29]. Furthermore, it is assumed that matter minimally
couples to the metric tensor only, i.e. the matter action SM
in Eq. (2) only depends on the metric g and on the matter
fields, but not on the independent connection �.

The field equations are conveniently written as [25]

�c
abðqÞ ¼

1

2
qcdð@aqbd þ @bqad � @dqabÞ; (3)

qab ¼ gab þ �Rabð�Þ; (4)

ffiffiffiffiffiffiffi�q
p

qab ¼ �
ffiffiffiffiffiffiffi�g

p ðgab � �TabÞ; (5)

where qab is an auxiliary metric, Tab is the standard stress-
energy tensor and Rabð�Þ is the symmetric part of the Ricci
curvature tensor. Crucially, since matter is minimally
coupled to the metric gab, the field equations above imply
the usual conservation of the stress-energy tensor,
raT

ab ¼ 0, where r is the covariant derivative written
in terms of the metric tensor g. Note that qab is the matrix
inverse of qab and differs inside matter from qcdgacgbd.

When Tab � 0, the auxiliary metric q coincides with the
physical metric g. Thus, in vacuum �a

bc is the metric

connection. Indeed, in absence of matter fields EiBI theory
is equivalent to GR [25]. In presence of matter, the small �
limit of the field equations reads

Rabð�Þ ¼ Tab � 1

2
Tgab þ �

�
Sab � 1

4
Sgab

�
þOð�2Þ;

(6)

where Sab ¼ Tc
aTcb � 1

2TTab. Notice that Einstein’s

theory is recovered as � ! 0. In the field equation above,
two qualitatively different corrections to GR are manifest
atOð�Þ: those depending on Sab, which are quadratic in the
matter fields, and those hidden in Rabð�Þ, which implicitly
depend on derivatives of matter fields. The latter survive
even in the nonrelativist limit of the theory, which is
described by a modified Poisson Eq. (1).
Since the auxiliary metric qab is algebraically related to

the physical metric gab, EiBI gravity does not introduce
any extra dynamical degree of freedom with respect to GR.
In this sense, the theory is similar in spirit to fðRÞ gravities
in the Palatini approach [36].

A. Two formulations of EiBi gravity

Let us now investigate the field equations of EiBI theory
in more detail. Written in terms of the new rank-two
auxiliary tensor q, the theory is reminiscent of a particular
bi-metric theory (see e.g. Refs. [37,38] for some specific
attempt) which, in vacuum, degenerates into a single met-
ric theory, GR. On the other hand, inside matter the two
metrics are different and the connection is metric with
respect to q, and not g, cf. Eq. (3). Nonetheless, the
conservation of the stress-energy tensor—and geodesic
motion therein—is guarantee by a minimal gravity-matter
coupling in the action (2). This is precisely the essence of
the theory.
It should be noted however that there are at least two

ways of interpreting the theory to which we shall refer to,
with some abuse, as the ‘‘Jordan frame’’ and the ‘‘Einstein
frame,’’ in accordance to scalar-tensor theories. In the
Jordan frame, matter is minimally coupled to the metric
g and Einstein equations are modified according to Eq. (6).
In the Einstein frame, the metric q is treated as fundamen-
tal and matter is nonminimally coupled to it. This appears
quite naturally in the small � limit of the theory, Eq. (6),
where g�� can be written solely in terms of q�� and its

derivatives by using Eq. (4).
Let us however start by pointing a particular symmetry

of the action. In the Jordan frame, the action reads as in
Eq. (2). In what we define as the Einstein frame, the action
can be written explicitly by defining a new metric �ab ¼
gab þ �Rabð�Þ,

S� ¼ �2�

�

Z
d4x

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j�ab � �Rabð�Þj

q
� 1

�

ffiffiffiffiffiffiffiffi��
p �

þ SM½�ab � �Rabð�Þ;�M�: (7)

Written in this form, the metric � is now nonminimally
coupled to matter. Furthermore, the field equations impose
�ab ¼ qab, but the connection � is not anymore the
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q-metric connection, since � enters explicitly in the matter
action through Rabð�Þ.

Neglecting the matter action in Sg and S�, the following

duality holds:

gab $ �ab; � $ ��; � $ 1=�; � $ �;

(8)

up to an overall factor �. This duality can be seen in the
vacuum field equations, where the rescaling follows from
the algebraic relation (5). Note that only in the case � ¼ 1,
i.e. for a vanishing cosmological constant, �ab ¼ gab. This
also shows that the case � ¼ 1 is special not only because
it corresponds to asymptotically flat space in both frames,
but it is a fixed point of the duality (8). If � ¼ 1, negative
values of � in the Einstein frame correspond to positive
values of � in the Jordan frame, provided one modifies the
matter coupling.

However, the coupling to matter breaks the symmetry
above, introducing a nonminimal coupling in the Einstein
frame. Interestingly, the action (7) in the Einstein frame
reduces, in the small � limit, to Einstein’s theory with
nonminimally coupled matter (see also Ref. [27]),

S�¼�
Z
d4x

ffiffiffiffiffiffiffiffi��
p �

R�2
��1

��

�
þ
Z
d4x

ffiffiffiffiffiffiffiffi��
p

�
�
1�1

2
�Rð�Þ

�
Lmð�ab��Rabð�ÞÞþOð�2Þ; (9)

where we have defined R ¼ �abRab.
Furthermore, if the matter Lagrangian is constructed in

terms of the metric g, the second term in Eq. (9) involves
other � corrections and some higher order coupling to the
Ricci tensor and to the independent connection. For ex-
ample, let us consider the small � limit of a minimally
coupled free scalar field in the Jordan frame

L mðgab; �Þ ¼ gab@
a�@b�: (10)

In the Einstein frame, the matter Lagrangian reads

L mð�ab;�; �Þ ¼ �ab@
a�@b�� �Rabð�Þ@a�@b�;

(11)

leading to the following matter action in the Einstein
frame:

Sm ¼
Z

d4x
ffiffiffiffiffiffiffiffi��

p �
�ab@

a�@b�

� �

�
Rab þ 1

2
R�ab

�
@a�@b�

�
þOð�2Þ: (12)

Note that the action above involves second derivatives of
the scalar field in the gravity equations hidden inside the
Ricci tensor evaluated on shell.

A similar transformation as the one presented above
persists in the nonrelativistic limit. Indeed, if we define
� ¼ �þ �

4 �, Eq. (1) reduces to the standard Poisson

equation,

r2� ¼ 4�G�: (13)

However, in this case the gravitational force would read
F ¼ r� ¼ r�� �

4r�, being thus dependent on the mat-

ter field.
The modified Poisson Eq. (1) has an interesting inter-

pretation in terms of standard Poisson equation with a
modified source term. The second term on the right-hand
side of Eq. (1) leads to an effective force:

Feff

�
� �rPeff

�
¼ ��

4
r�; (14)

from which we obtain that Peff ¼ ��2=8. Therefore, the
modified Poisson equation is formally equivalent to the
standard one supplemented by an effective polytropic fluid

with equation of state (EOS) Pð�Þ ¼ K�1þ1=n, where the
polytropic index n ¼ 1 and K ¼ �=8. In fact, a similar
property exists also in the relativistic case. In the weak-
field limit of EiBI theory, one can show that an effective
pressure and effective internal energy appears. This will be
explained in detail in a forthcoming work [39].

B. Linear structure of EiBI theory

The linear dynamics of EiBI theory is equivalent
to linearized Einstein’s theory. To prove this, we expand
the field Eqs. (4) and (5) around a vacuum Minkowski
background,

qab ¼ 	ab þ 
qab; gab ¼ 	ab þ 
gab; (15)

qab ¼ 	ab � 
qab; gab ¼ 	ab � 
gab; (16)

Tab ¼ 
Tab; Tab ¼ 
Tab; (17)

where indices are raised and lowered by the Minkowski
metric, 	ab. In order for the Minkowski metric to be
solution, we set � ¼ 1 in the field equations.
Linearization of Eq. (4) follows immediatly from the stan-
dard linearized Ricci tensor,


qab � 
gab ¼ �
Rab

� �

2
ð
qca;bc þ 
qcb;ac �h
qab � 
qabÞ;

(18)

where a coma denotes partial derivative with respect to the
flat background and 
q is the trace of 
qab. In order to
linearize Eq. (5), we recall that, at linear order, j � gj ¼
1þ 
g, so we get


qab � 	ab

2
ð
q� 
gÞ ¼ 
gab þ �
Tab: (19)

By taking the trace of the equation above, we get 
q�

g ¼ ��
T, which can be substituted back into Eq. (19).
Finally Eq. (18) can be written as
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Rab ¼ 
Tab � 	ab

2

T; (20)

which does not depend on �. This equation has exactly the
same form as in GR, but the Ricci tensor is written in terms
of qab. However, at linear order, we note that


Tab ¼ 
Tab


�M

��������vacuum

�M þ 
Tab


glm

��������vacuum

glm; (21)

where the second term vanishes when evaluated in
vacuum, since matter fields are coupled to the metric.
Therefore, 
Tab and 
T do not depend explicitly on the
metric and Eq. (20) is exactly equivalent to the linearized
Einstein equations to all orders in �, but for the auxiliary
metric qab.

In particular, the linearized version of EiBI theory
admits the same differential structure as linearized GR.
For example the principal symbols, i.e. terms in the linear
equations involving highest order derivatives, are the same
as GR. Although a detailed analysis of the well-posedness
of the theory is beyond our scope, these results suggest that
there exists a well-posed formulation of EiBI theory, simi-
larly to GR. For a unitarity analysis of general BI gravity
theories see Ref. [40].

Finally, in the small � limit, our initial assumption of
Minkowski background can be relaxed. In this case, similar
conclusion about the linear structure of EiBI around any
background metric can be drawn.

III. NONRELATIVISTIC STELLAR COLLAPSE

In this section, we describe the nonrelativistic collapse
of dust in EiBI theory. Hereafter, we focus on asymptoti-
cally flat solutions, setting � ¼ 1. The collapse of incoher-
ent dust in the Newtonian limit shares many properties
with its relativistic analogue [41,42]. Here, we shall solve
the hydrodynamics equations in the case of spherical sym-
metry, showing that the end-state of the 1þ 1 evolution is
the pressureless star found in Ref. [26] and described in
detail in Sec. IV below. This confirms and extends the
analytical argument presented in Ref. [26]. However, at
the end of this section we show that our analytical compu-
tation in Ref. [26] is partially flawed, due to a typo in the
series expansion close to the origin, and we shall discuss
why the numerical results are still in agreement with the
overall picture given in Ref. [26].

The hydrodynamical equations can be equivalently
solved using either the Eulerian or the Lagrangian ap-
proach. In the next two sections, we shall briefly review
these formulations, together with a standard procedure to
avoid shock wave formation, and the modifications related
to the problem at hand.

A. Eulerian formulation

In the nonrelativistic limit, the collapse of noninteract-
ing (P ¼ 0) particles is governed by the mass conservation

(continuity equation) and momentum conservation (Euler
equation), the latter being modified in EiBI gravity due to
Eq. (1).
Following the seminal work [43], we supplement the

hydrodynamics equations by an artificial viscosity term, in
order to avoid divergences due to shock wave formation
during the evolution. In the Eulerian formulation, the
relevant equations in the pressureless case read [42,44]

@�

@t
þ u � r�þ �r � u ¼ 0; (22)

@u

@t
þ u � ruþr�þr �Q

�
¼ 0; (23)

m�
Z

d3x� ¼ 0; (24)

where u is the fluid velocity, � is the density and m is the
mass function. Note that the second equation above is
vectorial, Q is the viscosity tensor and r �Q is a vector.
The viscosity tensor is defined as [44]

Q ¼ ‘2�r � u
�
ru� e

3
r � u

�
(25)

if r � u< 0, otherwise Q ¼ 0. In the equation above,
ru ¼ ð@jui þ @iujÞ=2 and e is the unit tensor. Note that

this equation only contains scalar invariant quantities so
that can be directly specialized to the spherically symmet-
ric case, contrarily to Eq. (8) in Ref. [43], which is only
valid in Cartesian coordinates.
In indicial form,

Qij ¼ ‘2�r � u
�
@jui þ @iuj

2
� 
ij

3
r � u

�
; (26)

where ‘ is a constant with dimension of length.
We are interested in the spherical symmetry case, where

all the dynamical variable only depends on ðt; rÞ and the
only nonvanishing component of vectorial quantities above
is on the radial direction, e.g. u ¼ ðuðt; rÞ; 0; 0Þ. In this case
only the radial component of Eq. (23) is nontrivial and ½r �
Q�r ¼ r � q, where qi ¼ Qir. Because of the symmetry,
the vector q ¼ ðqðt; rÞ; 0; 0Þ, and

qðt; rÞ ¼ ‘2�ðt; rÞr � u
�
u0ðt; rÞ � 1

3
r � u

�
: (27)

Finally, in spherical symmetry, r � u ¼ u0 þ 2u=r and the
artificial viscosity term in Eq. (23) is r � q ¼ q0 þ 2q=r,
so that we are left with the set of partial differential
equations

@�

@t
þ u�0 þ �u0 þ 2

r
�u ¼ 0; (28)

@u

@t
þ uu0 þGm

r2
þ �

4
�0 þQ

�
¼ 0; (29)
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m0 � 4�r2� ¼ 0; (30)

where a dot and a prime denote derivatives with respect to t
and r, respectively. The viscosity term reads

Q ¼ 2‘2

3r2
½r�ðuþ 2ru0Þu00 � ðu� ru0Þð3�u0

þ ð2uþ ru0Þ�0Þ�; (31)

if u0 þ 2u=r < 0, otherwise Q ¼ 0. In practice, ‘ ¼ c�r,
where �r is the grid spacing in the radial direction and c is
some dimensionless constant. This allows the shock to be
‘‘smeared’’ in a region of width ‘, while leaving the rest of
the dynamics unchanged. In our simulations, we have
checked that the results do not depend on the precise value
of c. Actually, the results do not even depend on the details
of the artificial viscosity term, as long as it introduces a
smearing effect on the shocks while keeping the rest of the
physics unaltered. We have explicitly checked this fact, by
comparing test simulations with different artificial terms.

Finally, one can derive a Bernoulli-like relation by mul-
tiplying Eq. (23) by uðt; rÞ, leading to

d

dt

�
1

2
uðt; rÞ2 þ�

�
¼ @�

@t
; (32)

where we neglected the artificial viscosity term and where
d=dt is the total time derivative. This expression is valid
locally and the term on the right hand side takes into
account the local variation due to matter flow. Indeed in
the pure Newtonian case, this term can be rewritten as a
surface integral of the density current.

B. Lagrangian formulation

The basic Lagrangian equations are given in [43]. They
are expressed in terms of the comoving volume Vðt; xÞ ¼
1
�0
rXðt; xÞ and the velocity field u ¼ @Xðt;xÞ

@t , where �0ðxÞ is
the initial density. The continuity equation for the volume
is given by

�0ðxÞ _Vðt; xÞ ¼ _Xðt; xÞ; (33)

which, in terms of the density �ðt; xÞ ¼ 1=Vðt; xÞ, reads

_� ¼ ��
u0ðt; xÞ
X0ðt; xÞ ¼ ��

@uðt; xÞ
@Xðt; xÞ : (34)

If Xðt; xÞ ¼ Rðt; xÞ is a radial variable in spherical coor-
dinates, this equation becomes

_�ðt; xÞ þ 2

Rðt; xÞ�ðt; xÞuþ �ðt; xÞu0ðt; xÞ
R0ðt; xÞ ¼ 0: (35)

Note that the equation above can be simply obtained
from the corresponding Eulerian formulation by replacing
the Eulerian time derivative by the Lagrangian time
derivative according to

D

Dt
¼ @

@t
þ u � r; (36)

where D=Dt is the time derivative in the Lagrangian
formulation.
Following the same principle, the equation for the

velocity field is given by

_u ¼ �Gmðt; xÞ
Rðt; xÞ2 � �

�0ðt; xÞ
R0ðt; xÞ þ

Fqðt; xÞ
�0ðxÞ ; (37)

where Fqðt; xÞ is the artificial viscosity term given by [43]

which explicitly reads

Fq ¼ @

@x

�
�0ðxÞðc�xÞ2u0ðt; xÞju0ðt; xÞj

R0ðt; xÞ
�
; (38)

where �x is the grid spacing and c is a constant.

C. Results

We have solved the initial-value problem defined by the
above system of partial differential equations using the
method of lines, in which the radial dimension is discre-
tized and the resulting system of coupled ordinary differ-
ential equations is integrated in time with standard
methods. The initial static profiles we considered are pre-
sented in Table I.
Profile I is a classical exponential density profile, while

Profile II is a deformation of the pressureless star found in
Ref. [26] (cf. Equation (48) below). For both class of
profiles, � is a free parameter related to the slope of the
initial density profile at the center.
For testing purposes, we wrote two independent codes

that solve the hydrodynamical equations in the Eulerian and
in the Lagrangian formulation, respectively. Once conver-
gence is reached, the results of the two codes agree very
well. However, the simulations in the Lagrangian formula-
tion generically need a lower resolution, due to the fact that
the radial grid evolves along with the fluid collapse. Indeed,
the Lagrangian formulation is analog to the comoving
frame generically adopted in relativistic collapse simula-
tions. Hence, we shall present results obtained using this
formulation. Typically, we used a nonuniform gridwith 4�
103 points in the spacial direction, which guarantees con-
vergence of the results for all values of� taken into account.
As expected, we find that, for a given value of the viscosity
constant c, convergence and stability of the numerical
results is reached provided the mesh is sufficiently fine.
In standard Newtonian gravity, � ¼ 0, the hydrodynam-

ics equations can be solved analytically for a constant
density profile and they correspond to the relativistic
Oppenheimer-Snyder solution [42]. In that case, the dust

TABLE I. Initial density and velocity profiles of our simula-
tions.

�ð0; rÞ uð0; rÞ
Profile I e��r2 0

Profile II sin$r
$r e��r2 0
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collapses in a finite time tC ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R3=ð8MÞp

, where R and
M are the initial radius and the total mass of the spherical
dust configuration. This analytical results is also valid
when nonconstant initial density profiles are considered
[26]. Our simulations reproduce this result with very good
precision. Furthermore, for any negative value of �, we
found a qualitatively similar behavior, i.e. the fluid collap-
ses to a singular state in a finite time. For � < 0, the time of
collapse decreases with j�j.

On the other hand, the behavior for any � > 0 is dras-
tically different, as shown in Figs. 1 and 2 We present
results for ��c ¼ 0:1, 1 and obtained using Profile I in
Table I, but different choices of � > 0, different initial
profiles or different values of �, would give qualitatively
similar results. In Fig. 1 we show the central density as a
function of time for two different values of �. The central
density is always finite and oscillates around a constant
value at late time. As we shall show in Sec. IVA, the mean
value of the oscillations (denoted by an horizontal dashed
line in Fig. 1) is precisely the central density of a pressure-

less star [26] (cf. Sec. IVA) with the same mass. In Fig. 2,
we show the density and the velocity radial profiles at
different instants. The would-be shocks in the velocity
profile (the steep region shown in the right panel of
Fig. 2) propagates towards the exterior of the fluid without
developing a discontinuity, which could not be resolved
due to finite grid spacing. The artificial term discussed
above smears this discontinuity and ensures stability of
the numerical simulations.
Our simulations suggest that, even for an arbitrarily

small value of �, this oscillatory behavior would continue
indefinitely. This is perfectly consistent with the fact that
the hydrodynamical equations do not include any dissipa-
tive term, so that energy is conserved during the evolution.
Nevertheless, our results give strong evidences that, for
generic (static) initial profiles, the end point of the dust
collapse is precisely the pressureless star. Indeed, we ex-
pect that any dissipative term, which has to be included in
realistic situations, would quench the oscillations and drift
the system toward a static configuration, which is precisely
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FIG. 1 (color online). Central density as a function of time normalized by its initial-value. Left panel: ��c ¼ 0:1. Right panel:
��c ¼ 1. Dashed lines denote the central density of the pressureless star with the same mass (cf. Sec. IVA). The oscillation period
agrees very well with the fundamental period of proper oscillation of these solutions (cf. Sec. IVD and Fig. (3)).
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FIG. 2 (color online). Radial profiles of the density (left panel) and of the velocity (right panel) for different instants and for ��c ¼
1. The dashed vertical line denotes the radius of the pressureless star (cf. Sec. IVA) with the same mass and the dashed black thin line
in the left panel denotes the pressureless star profile.
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the pressureless star. This picture is also confirmed by
Fig. 3, which shows the period of oscillation, as a function
of �, compared with the fundamental period of proper
oscillation of a pressureless star (cf. Sec. IVD).

Finally, as shown in Eq. (14), the pressureless collapse in
the modified nonrelativistic theory is equivalent to the
collapse of a polytropic fluid with Pð�Þ ¼ ��2=8 in
Newtonian theory. Hence, our results are consistent with
the fact that, in the latter case, the final state is a regular
polytropic star with polytropic index n ¼ 1 (see e.g. [45]
for more realistic simulations of star formation in
Newtonian gravity).

1. On the analytical method of Ref. [26]

In Ref. [26], we developed an approximated method to
solve the collapse equation analytically for any �. Here,
we point out a typo in that computation and we discuss
why this does not affect the final result, as we have proved
in the previous section by solving the collapse equation
numerically.

Let us review the procedure adopted in Ref. [26].
Because of the spherical symmetry, we expect the singu-
larity to initially form at the center r ¼ 0. The collapse
equations are then solved by expanding the dynamical
variables close to the center,

� ¼ �0ðtÞ þ �1ðtÞrþ �2ðtÞr2 þOðr3Þ;
u ¼ u0ðtÞ þ u1ðtÞrþ u2ðtÞr2 þ u3ðtÞr3 þOðr4Þ;

and solving a system of ordinary differential equations for
�iðtÞ and uiðtÞ. At first order, one finds �1ðtÞ ¼ u0ðtÞ ¼
u2ðtÞ ¼ 0 and

u1ðtÞ ¼ � _�0ðtÞ
3�0ðtÞ : (39)

At second order, we get

€�0ðtÞ
�0ðtÞ

� 4

3

_�0ðtÞ2
�0ðtÞ2

� 3

2
��2ðtÞ � 8�G�0ðtÞ ¼ 0 (40)

_�2ðtÞ
�2ðtÞ

� 5

3

_�0ðtÞ
�0ðtÞ þ 5

�0ðtÞ
�2ðtÞu3ðtÞ ¼ 0: (41)

The results we presented in Ref. [26] originated by erro-
neously omitting the term proportional to u3ðtÞ in Eq. (41).
Indeed, if u3ðtÞ � 0, then �2ðtÞ / �5=3

0 ðtÞ, which can be

substituted in Eq. (40) to obtain a single nonlinear ODE for
�0ðtÞ. The solution of that equation is given in the equation
below Eq. (7) of Ref. [26].
However, in general u3ðtÞ is nonvanishing and Eqs. (40)

and (41) are not sufficient to solve for the three variables
u3, �0 and �2. In fact, it can be easily proved that, at any
order in the series expansion, the number of unknown
functions is always larger than the number of differential
equations. This is precisely due to the extra derivative term
in the Poisson Eq. (1). Indeed, in the standard case when
� ¼ 0, Eq. (40) decouples and can be solved in the usual
way. As a matter of fact, when � � 0, the collapse equa-
tions cannot be solved exactly by this simple method, as
erroneously stated in Ref. [26].
Nevertheless, as we have showed above, our fully

numerical simulations not only confirm the results previously
reported, i.e. that the collapse does not lead to any singularity,
but also that the final state is the pressureless solution re-
ported in Ref. [26]. Furthermore, the oscillatory behavior
found in the numerical simulation qualitatively match the
oscillatory behavior presented in Fig. 1 of Ref. [26].
Thus, it is relevant to understand whether the analytical

method present above, although flawed, can actually re-
produce the full solution in some limit. This is certainly
true when �0ðtÞu3ðtÞ � �2ðtÞ at any time. The latter con-
dition is indeed satisfied when the velocity and density
profiles are close enough to a late-time evolving configu-
ration, for example, when the configuration oscillates
around the static configuration. Indeed in this case, �0ðtÞ ¼
�s
0 þOð�Þ, �2 ¼ �s

2 þOð�Þ while u3ðtÞ ¼ Oð�Þ, where
�s
0, �

s
2 are the constant central density and second deriva-

tive at the center of the static pressureless configuration
and � is a small number. It follows that in this case, the
combination �0u3 is one order smaller than �2.

IV. STARS IN THE NONRELATIVISTIC LIMIT

In this section, we discuss nonrelativistic stellar models
in the theory defined by (2). Our results apply to any
relativistic theory which reduces to Eq. (1) in the
nonrelativistic regime. We shall solve the hydrostatic equi-
librium equation, supplemented by the standard mass con-
servation, dm=dr ¼ 4�r2�ðrÞ, and an EOS. Requiring
spherical symmetry, the hydrostatic equilibrium equation
reads [26]

dP

dr
¼ �GmðrÞ�

r2
� �

4
��0: (42)

Clearly, equilibrium configurations in EiBI gravity are
different from the standard Newtonian ones in presence
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FIG. 3 (color online). Period of the oscillations around the
pressureless static configuration as a function of � and with
Gaussian initial profile (� ¼ 10). The straight line is the pre-
diction from the linear stability analysis (cf. Eq. (61)) whereas
the markers are extracted from the numerical simulations.
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of nontrivial density profiles. Note that the equation above
can be written in a more evocative form as [33]

dP

dr
¼ �GeffðrÞmðrÞ�ðrÞ

r2
; (43)

where we have defined an ‘‘effective’’ Newton’s constant

GeffðrÞ � Gþ �

4

r2�0ðrÞ
mðrÞ : (44)

Since �0ðrÞ< 0 inside a star, Geff + G when � _ 0. In
Ref. [33], the modified hydrostatic equilibrium equation
has been used to construct realistic solar models and put
the first observational constraint on � (see also the recent
Ref. [35] for more stringent constraints).

Here, we shall mainly focus on polytropic models with
EOS of the form P ¼ Pð�Þ. Using the mass conservation
equation, we can rewrite Eq. (42) as

1

r2

�
r2

�
�0 dPð�Þ

d�

�0 þ 4�G�þ �

4

�
�00 þ 2

�0

r

�
¼ 0; (45)

where a prime denotes derivative with respect to r. Once
the EOS is fixed, Eq. (45) is a second order ODE for �ðrÞ,
which can be solved by imposing regularity condition at
the center, i.e.

�ðrÞ ¼ X1
n¼0

�nr
n; r ! 0: (46)

In the equation above, �i are constants which can all be
expressed in terms of the only free parameter, �0, by
solving Eq. (45) perturbatively close to the center. For
example,

�2 ¼ � 8G��2
0

3ð4P0ð�0Þ þ ��0Þ ; (47)

whereas �l ¼ 0 for any odd l. It is easy to see that stellar
models only exist when �2 < 0, which implies a lower
bound, ��0 >�4P0ð�Þ. As we shall see, this limit holds
also qualitatively in the relativistic limit and in more
realistic models [33].

A. Nonrelativistic pressureless stars

In classical Newtonian gravity, a gas of noninteracting
particle cannot support self-graviting configurations and it
will inevitably collapse due to its self-gravity attraction.
However, in theories in which the Poisson equation reads
as in Eq. (1), a straightforward solution of the hydrostatic
equilibrium equation with P � 0 and � > 0 reads [26]

�ðrÞ ¼ �c

sinð$rÞ
$r

; $ ¼ 4

ffiffiffiffiffiffiffiffi
G�

�

s
: (48)

The radius and mass of the star read

R ¼ �

$
; M ¼ 4�2�c

$3
; (49)

respectively, so that for a given � > 0, the solution above is
uniquely characterized by the central density or, equiva-
lently, by the mass. In particular, the radius of the compact
object is uniquely determined by �.
The existence of such solutions is remarkable not only

because they are interesting models for self-gravitating
dark matter [5], but also because they provide a nontrivial
static and spherically symmetric solution of the hydrody-
namics equations governing the collapse of dust. Indeed, as
we discussed in Sec. III, our numerical simulation give
strong evidences that, as an outcome of the collapse, any
initial distribution of matter will eventually relax toward
the pressureless solution described by Eq. (48).
Clearly, the generality of this result is only due to the

fact that we considered the collapse of pressureless matter,
but it also suggests that, when taking into account realistic
models in which the matter is described by a specific EOS,
the end state of the collapse will be a modified compact
star, rather than a singular state. A detailed analysis in that
direction would be certainly interesting. For the time
being, it is important to notice that these solutions are
also linearly stable, as first shown in Ref. [26] and detailed
in Sec. IVD.
We note here that the pressureless star (48) is a sort of

solitonic solution, since it solves the Poisson equation for
any harmonic function �, due to the identically vanishing
of the right hand side of Eq. (1), i.e. Geff ¼ 0. In the
interior, the Newtonian potential is constant and it matches
continuously the vacuum potential M=r at the radius.
Indeed, Eq. (1) can be thought as a forced oscillator
equation for �, where � would play the role of the inverse
spring constant and� is an external force. The pressureless
star qualitatively corresponds to the solution of the oscil-
lator with a constant external force.

B. Newtonian polytropic models

For a generic polytropic index n, the field equation must
be solved numerically, imposing �� �0 þ �2r

2 at the
center. In this case, stellar solutions only exist provided
the following condition is satisfied:

� >�j�cj ¼ �4Kð1þ 1=nÞ��1þ1=n
c : (50)

For � > 0, condition (50) is always fulfilled. In some
cases, the Lane-Emden equation obtained from Eq. (42)
can be solved analytically [46]. For instance, if n ¼ 1,
Pð�Þ ¼ K�2, and the solution reads as in (48), but with

$ ¼ 4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G�=ð8K þ �Þp

, so that it exists for � >�8K and
reduces to the pressureless case for K ¼ 0. This is consis-
tent with the effective pressure term defined in (14).
Indeed, the modified pressureless star solution (48) with
� ¼ 8K is exactly the same as the n ¼ 1 polytropic solu-
tion with � ¼ 0.
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C. Modified Chandrasekhar model for white dwarfs

As a relevant example of nonrelativistic polytropic star,
let us consider zero-temperature nonrotating white dwarfs.
The interior of a zero-temperature white dwarf is described
by a relativistic EOS,Pð�Þ, which is parametrically defined
by [47]

PðxÞ ¼ �m4
ec

5�emP

3h3
½xð2x2 � 3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ x2

p
þ 3sinh�1x�;

�ðxÞ ¼ 8�m3
ec

3�emP

3h3
x3; (51)

where c and h are the speed of light and the Planck
constant, me and mP are the electron and the proton
mass, respectively, and �e is the molecular weight. In
Fig. 4, we show the mass-radius relation for different
values of � > 0 obtained by integrating numerically the
hydrostatic equations.

When � ¼ 0 we recover the famous Chandrasekhar
result: zero-temperature white dwarfs have a maximum
mass, M � 1:4M	. However, for any � > 0, the behavior
is drastically different. White dwarf models can have an
arbitrarily large mass, but instead there exists a minimum

radius, which approximately scales as �1=2.
We can use Landau’s original argument to understand

these results. Following Shapiro and Teukolsky’s exposi-
tion [48], let us consider a star of radius R composed of N
fermions, each of mass mB. In the relativistic regime, the
Fermi energy of the system reads

EF ¼ ℏcN1=3

R
: (52)

In EiBI theory, the gravitational energy per fermion is
approximately

EG � �GNm2
b

R
þ 3�Nm2

b

16�R3
; (53)

where we approximated the star’s density as ��
Nmb=ð4�R3=3Þ. Thus, the star’s total energy reads

E � EF þ EG ¼ ℏcN1=3 �GNm2
b

R
þ 3�Nm2

b

16�R3
: (54)

For small N, the total energy is positive, and we can
decrease it by increasing R. If moreover

R> Rcrit �
ffiffiffiffiffiffiffiffiffiffiffiffiffi
3�

16�G

s
; (55)

then the total energy can become negative. At some point
the electrons become nonrelativistic and the purely
Newtonian term dominates. It is easy to see that when
this happens the energy tends to zero when R goes to
infinity. Thus, there is a point of minimum energy, and it
is delimited by the R ¼ Rcrit curve (55). Note that the
scaling Rcrit �

ffiffiffiffi
�

p
is consistent with the recent computa-

tion of the Jeans length in Ref. [35].
On the other hand, even if E< 0 initially, for sufficiently

small R condition (55) will be violated: the EiBI term
dominates at sufficiently small radii, and collapse is never
energetically favored. Relativistic stellar models of white
dwarfs are described in Sec. VD.

D. Stability in the nonrelativistic limit

We now discuss stability of the Newtonian configura-
tions against radial perturbations [48], expanding the dis-
cussion in Ref. [26]. The equations governing the stellar
dynamics are the Poisson Eq. (1) together with the con-
tinuity equation and the momentum equation. These are
given in Eqs. (22)–(24) by replacing the artificial viscosity
term by a physical pressure term, i.e. r �Q ! rP. In
those equations, the hydrostatic equilibrium is recovered
when u ¼ 0.
We shall focus on spherically symmetric models. The

perturbed Euler equation reads

�

�
du

dt
þ P0

�
þ�0

�
¼ 0; (56)

where d=dt ¼ @=@tþ u � r is the total time derivative,
� ¼ 
þ 
 � r and 
 is the Lagrangian displacement. In
order to compute this equation explicitly we use the fol-
lowing [48]:

�� ¼ � �

r2
ðr2
Þ0; 
� ¼ �ðr2�
Þ0

r2
;

ð
�Þ0 ¼ �4��
þ �

4
ð
�Þ0 ¼ �4��
� �

4

�ðr2�
Þ0
r2

�0
;

�P � P�
��

�
;

where the last equation above defines the adiabatic index of
the perturbations, �. It is then straightforward to obtain the
following:
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FIG. 4 (color online). Mass-radius relation for zero-
temperature white dwarfs for different values of � (in units of
a typical white dwarf density, �WD ¼ 109 kg=m3) in EiBI theory
and compared to the standard result for � ¼ 0. Notice that, for
any � > 0, there is no maximum mass, but white dwarf models
have a minimum radius given by Eq. (55).
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�

�
du

dt

�
¼ d2


dt2
;

�

�
P0

�

�
¼ ���

�2
P0 þ �ðP0Þ

�
¼ 2


r�
P0 þ ð�PÞ0

�

¼ 2


r�
P0 � 1

�

�
P�

ðr2
Þ0
r2

�0
;

�ð�0Þ ¼ ð��Þ0 � 
0�0 ¼ ð
�Þ0 þ 
�00

¼ ð
�Þ0 þ 
r2�� 2

r

�0

¼ 2


�r
P0 þ �

4

�
2

r

�0 � 
0�0 �

�
�

r2
ðr2
Þ0

�0�
;

where we have used �d=dr ¼ d=dr�� 
0d=dr and the
background equations. Finally, using the equations above,
Eq. (56) reads

€
� 1

�

�
�P

r2
ðr2
Þ0

�0 þ 4

�r

P0 þ �

4

�
2

r

�0 � 
0�0

�
�
�

r2
ðr2
Þ0

�0� ¼ 0: (57)

Assuming a time dependence ei!t, the modified eigenvalue
equation reads [26]

4
P0

r
þ ��

4

�
2

r

�0 � 
0�0 �

�
�

r2
ðr2
Þ0

�0��
�
�P

r2
ðr2
Þ0

�0
¼ �
!2: (58)

This equation must be solved for 
, requiring the following
boundary conditions [48]:


ð0Þ ¼ 0; �PðRÞ ¼ ��
P

r2
ðr2
Þ0 ¼ 0; (59)

the latter being equivalent to requiring regularity of 
 at the
radius. An instability corresponds to an eigenmode with
!2 < 0.

1. Perturbations of pressureless stars

For P � 0 and � given by Eq. (48), the eigenvalue
Eq. (58) simplifies. In particular it does not depend on
the index of perturbations �, but only on �. Thus, for a
given �, there is one fundamental mode. By integrating
Eq. (58) numerically and imposing Eqs. (59), we find

! ¼ ��1=2
c ; (60)

where � � 2:1866, independently from �.
This gives the characteristic period of oscillation

�T

M
¼ �5=4

2�

�
�

M2

�
3=4

; (61)

which is shown in Fig. 3 and compared with the period of
oscillation of our numerical solutions around a pressureless
star with same mass. The results of the linear analysis

perfectly agrees with the simulations, giving further sup-
port for the end state of the collapse.
In addition, we found no unstable modes of the pressur-

eless star, confirming that in the modified Newtonian
theory these object are linearly stable [26].

2. Newtonian polytropic stars

In Newtonian gravity, polytropic models with � ¼ 4=3
are marginally stable for any polytropic index n [48]. In
our case, these models are stable if � > 0 and unstable if
� < 0. A representative example is shown in Fig. 5, where
we show the fundamental mode as a function of � for the
polytropic model with n ¼ 1 and � ¼ 4=3. For generic
values of �, positive values of � contribute to stabilize the
models, while negative values work in the opposite
direction.

V. RELATIVISTIC COMPACT STARS

In this section, we study compact objects in the fully
relativistic theory defined by the action (2). Let us now
consider static and spherically symmetric perfect-fluid
stars. The metric Ansätze read

qabdx
adxb ¼ �pðrÞdt2 þ hðrÞdr2 þ r2d�2; (62)

gabdx
adxb ¼ �FðrÞdt2 þ BðrÞdr2 þ AðrÞr2d�2; (63)

where we have used the gauge freedom to fix the function
in front of the spherical part of the auxiliary metric q.
Notice that the field Eqs. (5) are simply algebraic equa-

tions relating q and g. Inserting the Ansätze above into
Eqs. (5), and solving for the coefficients of g in terms of q,
leads to

F ¼ pðrÞ½1þ ���2A3ðrÞ; (64)

B ¼ hðrÞAðrÞ; (65)

A ¼ ½ð1� �PÞð1þ ��Þ��1=2; (66)
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FIG. 5. Fundamental mode of the polytropic star with n ¼ 1
and adiabatic index of perturbations � ¼ 4=3. In the standard
theory (� ¼ 0) the star is marginally stable, whereas it is stable
for � > 0 and unstable for � < 0.
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which correctly imply g�� ¼ q�� in vacuum. The dynami-

cal field Eqs. (4) read

F¼p��ðp0ðrph0þhð�4pþrp0ÞÞ�2rhpp00Þ
4rh2p

; (67)

B ¼ rFh2 � �ðph0 þ hp0Þ
rhp

; (68)

A ¼ 1� �

4r2

�
4þ 2rh0

h2
� 4

h
� 2rp0

hp

�
; (69)

where F, B and A are given in Eqs. (64)–(66). The equa-
tions above, supplied by an EOS in the form P ¼ Pð�Þ, can
be solved for p, h and P. Since matter is covariantly
coupled with the metric g, the standard conservation of
the stress-energy tensor follows, raT

ab ¼ 0, where we
recall that the covariant derivative is defined in terms of
the physical metric, gab. We consider perfect-fluid stars
with energy density �ðrÞ and pressure PðrÞ such that

Tab � Tab
perfect fluid ¼ ½�þ P�uaub þ gabP; (70)

where the fluid four-velocity ua ¼ ð1= ffiffiffiffi
F

p
; 0; 0; 0Þ. Thus,

rather than using Eq. (69), it is more convenient to use the
conservation of the stress-energy tensor,

2FP0 þ F0ðPþ �Þ ¼ 0: (71)

Notice that, although the equation above simply reads as
in GR, F0 introduces terms proportional to �0 through
Eq. (64). Finally, in the limit � ! 0, the field equations
reduce to that of GR with 8�G ¼ 1.

A. Integration

We have integrated Eqs. (67), (68), and (71) imposing
regularity conditions at the center of the star, where the
following expansions hold:

pðrÞ � p0 þ p2r
2; hðrÞ � 1þ h2r

2;

PðrÞ � Pc þ P2r
2; �ðrÞ � �c þ �2r

2:

We can set p0 ¼ 1 by a time reparametrization.
Furthermore, using the field equations, the coefficients
(p2, h2, P2) can be written in terms of Pc and �c as follows:

P2 ¼ 2ð1� Pc�ÞðPc þ �cÞð1þ ��cÞðð1þ ��cÞ2A3
c � 1Þ

3��
;

� ¼ ðPc�� 3��c � 4Þð1þ ��cÞ
� �ð1� �PcÞðPc þ �cÞ�0

c;

p2 ¼ ð1þ ��cÞ2A3
c � 1

3�
;

h2 ¼ 2þ ð1þ ��cÞ2A3
c � 3Ac

6�
;

with �0
c ¼ d�ðPcÞ=dP, Ac ¼ Að0Þ and where we have used

�2 ¼ P2�
0
c.

The series expansion of the field equations at the

center of the star contains terms of the form Ac ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið1� �PcÞð1þ ��cÞ
p

. Assuming �c, Pc > 0, � must sat-
isfy two conditions in order to allow for self-gravitating
objects:

Pc� < 1; for � > 0; (72)

�cj�j< 1; for � < 0: (73)

Hence, assuming NSs may reach a central density �c �
1018 kgm�3 and Pc � 1034 Nm�2, the bounds above
strongly constrain the theory, j�j & 1 m5 kg�1 s�2 (see
also the recent Ref. [35]). Furthermore, it is easy to prove
that compact objects only exist if P2 < 0, which requires
��< 0. This gives a further constraint depending on �c,
Pc and �

0
c. The form of the constraint is cumbersome, but it

is qualitatively equivalent to Eq. (50). In particular, the
condition is always satisfied for � > 0.

B. Israel-darmois matching conditions

The field equations are integrated outward up to the
radius R, defined by the condition PðRÞ ¼ 0, where we
require the numerical solution to match the exact, and unique,
vacuum Schwarzschild solution, FðrÞ ¼ BðrÞ�1 ¼ pðrÞ ¼
hðrÞ�1 ¼ 1� 2M=r, where M is the mass of the star.
In GR, the mass is computed by imposing Darmois-

Israel matching conditions [49] at the radius, i.e. ½gij� ¼
0 and ½Kij� ¼ 0, where ½. . .� is the jump across the surface,

Kij is the extrinsic curvature tensor, and i, j ¼ 0, 2, 3.

These matching conditions comes from the Einstein equa-
tions and the requirement of a well-defined 3—geometry.
For a spherically symmetric spacetimes, this leads to
½gtt� ¼ 0 ¼ ½g0tt� and ½grr� ¼ 0 ¼ ½g0rr� through the field
equations.
The same procedure can be applied to EiBI theory, as we

explain in detail in the Appendix. In this case, the junction
conditions read

½gij� ¼ 0; ½qij� ¼ 0; ½KijðqÞ� ¼
�
@rqijffiffiffiffiffiffiffi
qrr

p
�
¼ 0;

(74)

where KijðqÞ is the extrinsic curvature tensor for a hyper-

surface of a manifold (M, q).

C. Relativistic pressureless stars

The existence of Newtonian pressureless stars makes it
relevant to investigate the existence of similar solutions in
the full theory. To this purpose, we set P � 0. The conser-
vation of the stress-energy tensor simply implies FðrÞ ¼
const: For a given value of �, the solutions of the field
equations then depend only on the central density.
As shown in Fig. 6, for any value of � > 0, there exists a

regular solution. These stars have a maximum compactness
of GM=R� 0:3, which is roughly independent from �,
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a maximum mass1 and a maximum radius which linearly
increase with �. Furthermore, they have a positive binding
energy, �m=M� 1, where �m is the baryonic mass, corre-
sponding to the energy that the system would have if all
baryons were dispersed to infinity.

Of course, such compact objects do not exist in GR,
while they exist in EiBI theory because � > 0 introduces a
repulsive gravity contribution. Interestingly, the EOS for
dark matter particles is approximately P � 0. Hence, in
this theory self-gravitating objects, purely made by dark
matter, can exist and may reach the typical compactness
and mass of most compact NSs.

D. Relativistic zero-temperature white dwarfs

With the modified Tolman-Oppenheimer-Volkoff equa-
tion at hand, we can also study relativistic models of zero-
temperature white dwarfs, described by the EOS (51). Note
that this EOS can be explicitly written as P ¼ Pð�Þ,
whereas the inverted function � ¼ �ðPÞ must be written
in parametric form. However, we have already discussed
that in EiBI gravity the field Eq. (71) also contains �0
terms, so that it can be used equivalently as an evolution
equation for � or for P. The former choice is more conve-
nient, since we can substitute Pð�Þ explicitly in the field
equations and solve them for � and for the metric fields.

Some results are shown in Fig. 7. We focus on � > 0,
since this is the most interesting region of the parameter
space. The left panel of Fig. 7 shows the mass-radius
relation for a zero-temperature white dwarf in the full
EiBI theory. Note that, for any � > 0, there exists a maxi-
mummass. In the � ! 0 limit, the classical Chandrasekhar
result, Mmax � 1:4M	, is recovered. This is shown in the
left panel of Fig. 7 by a dotted horizontal line.

When � is nonvanishing, the maximum mass can be
much larger and it can easily exceed 102M	. Therefore, the
absence of white dwarfs with mass M 
 M	 can be used

to constrain the coupling �. Curves in Fig. 7 terminate
when the central density is so high that condition (72) is not
fulfilled, but the maximum mass generically exists for
smaller central densities. Although the mass can be quite
large, the compactness GM=R of the object is limited, as
shown in the right panel of Fig. 7.

E. Realistic nuclear-physics based EOS

Using tabulated, nuclear-based EOS to study NSs in
EiBI theory is numerically challenging. The presence of
derivatives of the matter fields requires interpolation of the
EOS, which can be imprecise, specially close to the radius,
where P� 0. To avoid this problem, we have used a piece-
wise polytropic EOS [50], which can be constructed ana-
lytically as follows. For a set of dividing baryon number
densities, n0 < n1 < n2 . . . , we define

�ðPÞ ¼ mbnþ 1

�i � 1
P; P ¼ KiðmbnÞ�i ; (75)

for ni�1 < n< ni, respectively. Here, mbn is the rest-mass
density and � is the total energy density. Given a set of �i

and an initial P1 ¼ Pðmbn1Þ, the values of Ki are obtained
by imposing continuity. In Ref. [50], the best fits for �i for
a three division piecewise are provided for many tabulated
EOS. Here, we shall focus on the Friedman, Pandharipande
and Smith (FPS) EOS, for which [50]

�1 ¼ 2:985; �2 ¼ 2:863; �3 ¼ 2:600; (76)

and P1 ¼ 6:653 � 1034 g=ðcm s2Þ. Piecewise polytropes
can approximated tabulated EOS extremely well. With
the choice above, the fit to the tabulated FPS EOS gives
a residual 0.0050 and an error for the maximum mass and
momentum of inertia of order 0.01%. Some results
obtained using this EOS are shown in Fig. 8.
Notice that, within GR, a standard EOS like FPS would

be ruled out by the recent observation of a NS with M ¼
ð1:97� 0:04ÞM	 [51] (denoted by an horizontal band
in Fig. 8. In EiBI gravity the maximum mass of a NS can
be much larger than in GR, thus such observation can be
accommodated without invoking a stiffer EOS. Curiously,
no constraint on � comes from causality, R * 2:9GM,
[52]. The latter is always satisfied even for very large
values of �. This is related to the existence of a maximum
compactness,GM=R & 0:3, which is independent from the
EOS (see e.g. Figs. 6 and 7). This interesting property have
a general interpretation in terms of effective stress-energy
tensor [39].

F. Slowly rotating models

Slowly rotating stars can be constructed from the corre-
sponding static solutions [53]. At first order in the rotation,
gt’ ¼ ��ðrÞr2sin2�, qt’ ¼ �	ðrÞr2sin2� and the stress-

energy tensor for a rotating fluid can be built from Eq. (70)
with

FIG. 6 (color online). Mass-radius relation for a relativistic
pressureless stars. Results are normalized by �0 ¼
8 � 1017 kgm�3, which is a typical central density for NSs.
The shaded region is excluded by causality, R * 2:9GM [52]
(cf. also the discussion at the end of Sec. VE).

1We thank Jan Steinhoff for having pointed out this property.
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ua ¼ fut; 0; 0;�utg;
ut ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�ðgtt þ 2�t’ þ�2g’’Þ

q
;

where � is the angular velocity of the fluid.
Solving the field equation at order Oð�; 	;�Þ, we find

two equations for � and 	

	ðrÞ ¼
ffiffiffiffiffiffiffi
Bp

Fh

s
½ð1� �PÞ�ðrÞ þ ��AðPþ �Þ�;

0 ¼ 4h2½r2� þ ð�r2 þ �Þ	� þ r�h0ð2	þ r	0Þ

� �h

�
r
p0

p
ð2	� r	0Þ þ 2ð2	þ 4r	0 þ r2	00Þ

�
:

The first equation above is an algebraic relation between
	 and � . Substituting this into the second equation above
gives a second order ODE for � , which has to be solved by
imposing regularity of � at the center, �ð0Þ ¼ �c, �

0ð0Þ ¼ 0
and requiring continuity at the stellar radius. At infinity, the
asymptotic behavior of � reads � ! �1 þ 2J=r3, where J
is the angular momentum. For asymptotically flat solutions
we must impose �1 ¼ 0. In Fig. 9, we show the moment of
inertia I ¼ J=� as a function of the stellar mass for slowly
rotating stellar models obtained with the piecewise FPS
EOS discussed above.
Note that Figs. 8 and 9 are qualitatively very similar to

Figs. 3 and 4 in Ref. [26], which have been obtained using a
simple polytropic EOS.
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FIG. 7 (color online). Zero-temperature relativistic white dwarfs in EiBI theory. Left panel: mass-radius relation. The horizontal line
denotes Chandrasekhar limit, M� 1:4M	. Right panel: compactness as a function of the central density. The horizontal line denotes
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VI. CONCLUSION

EiBI theory is a viable modified gravity which introdu-
ces a highly nontrivial coupling to matter, while being
equivalent to Einstein’s gravity in vacuum. In this theory,
the metric tensor is minimally coupled to matter, thus
enforcing the usual stress-energy tensor conservation and
geodesic motion. Nevertheless, the nonlocal Born-Infeld
structure of the theory affects the matter sector by intro-
ducing higher order corrections in the matter fields and in
their gradients.

Even at nonrelativistic level, these extra terms allow for
a new interesting phenomenology, which is compatible
with current experiments. We have shown that in a class
of nonrelativistic theories—including the nonrelativistic
limit of EiBI gravity—described by a modified Poisson
equation (1) with � > 0, the collapse of noninteracting
particles produces a regular, pressureless stars, rather than
a singular state. We have discussed the stability of these and
other nonrelativistic stellar models, showing that pressure-
less stars are stable against linear radial perturbations and
that positive values of � generically tend to stabilize the star.
We have also extended original Chandrasekhar’s analysis,
showing that, for an arbitrarily small value of � > 0, zero-
temperature white dwarfs and NSs do not have a maximum

mass, but possess a minimum radius R� �1=2.
In the fully relativistic EiBI theory, we have constructed

several static and slowly rotating compact objects: relativ-
ist pressureless stars which do not exist in GR, zero-
temperature white dwarfs with relativistic EOS and
nuclear-physics base models of NSs. All these solutions
have a maximum compactness (always smaller than the
causality bound) and a maximum mass, which generically
increases as a function of � and can easily be 10–103 larger
than in GR. This suggests that, in the fully relativistic
theory, the collapse of very massive stars may still form
black holes, but this may require collapsing stars of very
high mass, depending on the value of �.

For these reasons, the most natural and important ex-
tension of our work would be to study the relativistic stellar
collapse and identify the final state. This would be particu-
larly relevant to understand whether singularities may still
be formed during the matter collapse in EiBI gravity, or if
their formation is prevented, similarly to what happens in
EiBI cosmology [25].
Near-future experiments (e.g. the proposed NICER mis-

sion) will investigate the interior of NSs, allowing for null
tests of GR inside matter. Measurements of the NS mass,
radius and moment of inertia will also allow to perform
tests of alternative theories [54] such as EiBI and to con-
strain the coupling parameters of the theory [35]. Since
NSs are the most extreme matter configurations in the
Universe, such tests would constrain the matter sector of
gravitational theories to unprecedented levels.

ACKNOWLEDGMENTS

We thank Pedro Gil Ferreira, Jocelyn Read, Jorge
Rocha, Ulrich Sperhake and Jan Steinhoff for useful dis-
cussions. This work was supported by the DyBHo-256667
ERC Starting Grant and by FCT—Portugal through
PTDC Project Nos. FIS/098025/2008, FIS/098032/2008,
CTE-AST/098034/2008, CERN/FP/123593/2011. P. P. ac-
knowledges financial support provided by the European
Community through the Intra-European Marie Curie
Contract No. aStronGR-2011-298297 and the kind hospi-
tality of the Department of Physics, University of Rome
Sapienza during the last stages of this work.

APPENDIX: MATCHING CONDITIONS

In this appendix, we derive the matching conditions (74)
, focusing on the spherically symmetric case. In GR, one
imposes Darmois-Israel matching conditions [49], i.e.

½gij� ¼ 0; ½Kij� ¼
�
@rgijffiffiffiffiffiffiffi
grr

p
�
¼ 0; (A1)

across any hypersurface � of a manifold (M, g). In the
formula above, ½. . .� is the jump across the surface, Kij is

the extrinsic curvature tensor for � and i, j ¼ 0, 2, 3. The
matching conditions comes from the Einstein equations
and the requirement that � has a well-defined 3—geome-
try. For spherically symmetric spacetimes, starting with a
metric ansatz

ds2 ¼ �FðrÞdt2 þ BðrÞdr2 þ r2d�2; (A2)

the Israel conditions implies ½F� ¼ 0 ¼ ½F0=B�. The first
condition can be fulfilled by a time reparametrization,
whereas the second one defines the mass of the spacetime.
Incidentally, these two conditions together with Einstein’s
equations imply that all the metric functions are C1.
Indeed, one can equivalently impose ½F� ¼ ½B� ¼ 0.
The same reasoning can be applied to EiBI theory.

From the Ansätze (63) and (62), we now have five metric
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FIG. 9 (color online). Moment of inertia for FPS EOS obtained
with a piecewise polytropic models as a function of the stellar
mass for different values of �. Results are normalized by �0 ¼
8 � 1017 kgm�3, which is a typical central density for NSs.
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functions F, B, p, h, A and two matter fields, P and �. Note
that, inside matter, qab is the metric which defines the
metric connection � and, in turn, the covariant derivatives
and the curvature tensor Rab. Thus, one would expect the
mass to be directly related to the auxiliary metric qab, and
not to gab. The junction conditions (74) follow from the
fact that Rab appearing in Eq. (4) is defined in terms of the
auxiliary metric q. The last of Eqs. (74) is a consequence of
the field equations, while the first two conditions are
imposed to ensure that any hypersurface (either of the
manifold (M, g) or of (M, q)) have a well-defined
3—geometry.

The matching conditions (74) can be derived as
follows [55]. Starting from Eq. (5), we perform the integral
along the proper distance, n, measured perpendicularly
through �

lim
�!0

Z �

��
dn

ffiffiffiffiffiffiffi�q
p

qab ¼ lim
�!0

Z �

��
dn�

ffiffiffiffiffiffiffi�g
p ðgab � �TabÞ:

(A3)

Requiring the absence of discontinuities or delta functions
in g (to ensure a well-defined 3—geometry) and provided
that Tab does not contain delta function terms, it follows
that qab is regular at the interface. Hence, from Eq. (4), we
obtain lim�!0

R
�
�� dnRabð�Þ ¼ 0. Finally, from the decom-

position of the four-dimensional Ricci tensor, Rð4Þ
ij , into the

Ricci tensor of the 3-metric, Rð3Þ
ij ,

Rð4Þ
ij ¼ Rð3Þ

ij � 2KliK
l
j þ Kl

lKij �
K0

ijffiffiffiffiffiffiffi
qrr

p �
ffiffiffiffiffiffiffiffiffiffiffi
qrr;jki

p ffiffiffiffiffiffiffi
qrr

p ; (A4)

it follows ½KijðqÞ� ¼ 0 to guarantee regularity of q.
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