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In this work, we investigate the associated production of prompt heavy quarkonium and a massive (anti)
bottom quark to leading order in the nonrelativistic QCD factorization formalism at the LHC. We present
numerical results for the processes involving J/#, x.;, Y and yx,,;. From our work, we find that the
production rates of these processes are quite large, and these processes have the potential to be detected at
the LHC. When py is smaller than about 10 GeV, the cE[le)g)] states give the main contribution to the
pr distribution of prompt J/¢ with a massive (anti)bottom quark production. For the process
pp — Y + b(b), the contribution of the color-singlet mechanism is larger than that in the color-octet
mechanism at low p region. We also investigate the processes pp — x.; + b(b) and pp — x,,; + b(b);
the pr distributions are dominated by the color-octet Fock-state contribution at large p7. These processes
provide an interesting signature that could be studied at the LHC, and the measurement of these processes

is useful to test the color-singlet mechanism and color-octet mechanism.
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I. INTRODUCTION

A heavy quarkonium is made of a heavy quark and a
heavy antiquark; its decay and production can be factor-
ized into a short-distance part, which can be calculated in
QCD perturbatively, and a long-distance part, which is
governed by nonperturbative QCD dynamics. So the study
of heavy quarkonium offers a good testing ground for
investigating the strong interaction in both perturbative
and nonperturbative level in high-energy physics.

In the early days, based on the factorization formalism,
color-singlet mechanism (CSM) [1] was used to describe
the production and decay of heavy quarkonium, and
obtained some phenomenological successes. However,
the CSM has encountered many difficulties in various
theoretical [2] and experimental aspects [3], such as the
appearance of a logarithmic infrared divergence in the case
of next-to-leading-order (NLO) P-wave decays into light
hadrons and the huge discrepancy of the high-p; J/
production between the theoretical prediction and the ex-
perimental measurement at the Tevatron. To solve these
formal and phenomenological problems of CSM, a rigor-
ous theory, nonrelativistic QCD (NRQCD) [4] was pro-
posed by Bodwin, Braaten and Lepage (BBL). In the
NRQCD, the idea of perturbative factorization is retained,
the processes of production and decay of heavy quark-
onium are also separated into two parts: a short-distance
part and long-distance matrix elements (LDMEs), which
can be extracted from experiments. The relative impor-
tance of the LDMEs can be estimated by means of the
velocity-scaling rules [5].

The vital difference between NRQCD and the traditional
color-singlet model is that, in NRQCD, the complete struc-
ture of the quarkonium Fock space has been explicitly
considered, and NRQCD predicts the existence of
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color-octet (CO) processes in nature. This CO theory al-
lows that QQ pairs can be produced at short distance in CO
states and subsequently evolved into physical, color-singlet
(CS) quarkonium through emission of soft gluons at
nonperturbative process [6]. Being introduced to the
color-octet mechanism (COM), NRQCD has absorbed the
infrared divergences in P-wave [4,7,8] and D-wave [9,10]
decay widths of heavy quarkonium and successfully recon-
ciled the orders of magnitude discrepancy between the
experimental data of J/ production at the Tevatron [11]
and the leading-order (LO) CSM theoretical predictions at
large pr.

Recently, in order to clarify the validity and limitation of
the NRQCD formalism, substantial progress has been
achieved in the calculations of heavy quarkonium produc-
tion. The DELPHI data favor the NRQCD COM prediction
for the yy — J/ + X process [12]. Similarly, the recent
experimental data on the J/ s photoproduction of H1 [13]
are fairly well-described by the complete NLO NRQCD
corrections [14], which give strong support to the existence
of the COM. However, at B factories, a series of processes
were calculated up to the QCD NLO corrections in the
CSM [15-17]. Together with the relativistic correction
[18,19], it seems that most experimental data could be
understood. Additionally, the J/ polarization in hadro-
production at the Tevatron [20] and photoproduction at the
HERA [21] also conflict with the NRQCD predictions. So
the existence of the COM is still under question and far
from being proven. Therefore, the further test for the CSM
and COM under NRQCD in heavy quarkonium production
is still needed.

In order to investigate the effects of the CSM and COM
in heavy quarkonium physics, more processes of heavy
quarkonium production and decay should be studied. At
the LHC, with more attention for the heavy quarkonium
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production, much work has been done in these regions
[22,23], and some channels have been calculated to the
NLO [24-26]. As quarkonium can be identified by using
their purely leptonic decays [27,28], the bottom quark can
be identified by reconstructing secondary vertices, and the
high-p; bottom quark can be tagged with reasonably high
efficiency at the LHC, meanwhile the observation of a
bottom quark with high-p; can reduce the backgrounds
of the heavy quarkonium production. Thus, it is also very
interesting to study the prompt heavy quarkonium produc-
tion associated with a massive (anti)bottom quark at the
LHC. These processes have the potential to be detected and
can provide an interesting signature at the LHC. The
measurement of these processes is useful to test the CSM
and COM.

In this work, we perform the calculations for prompt
heavy quarkonium production in association with a mas-
sive (anti)bottom quark at the LHC. Within this work, the
mass of bottom quark is retained in all the partonic pro-
cesses. The paper is organized as follows: We present the
details of the calculation strategies in Sec. II. The numeri-
cal results are given in Sec. IIl. Finally, a short summary
and discussions are given.

II. THE DETAILS OF THE CALCULATION

The purpose of this paper is to study the associated
production of prompt heavy quarkonium and a massive
(anti)bottom quark to LO in the NRQCD factorization
formalism at the LHC. We denote the heavy quarkonium
as 9. As we know, the cross section for the g(p;) +
b(p,) — Q(k3) + b(ky) partonic process in the SM should
be the same as that for its charge conjugate subprocess
g(py) + b(py) = 9Q(ks) + b(ky), and the luminosity of the
bottom quark in a proton is same as that of the antibottom
quark. Therefore, the production rates of the Qb and the
9 b are identical at the LHC. In the following sections, we
present only the analytical calculations of the related par-
tonic process g(p;) + b(p,) — 9 (k;) + b(k,) and the par-
ent process pp — 9 + b unless otherwise indicated.

The cross section for the pp — Q + b process is ex-
pressed as

o(pp— Q +b)
- j dx,dx, 3 (O2An])é(gh — QO[n] + b)

X [Ggjalxy, mp)Gpp(xy, py) + (A = B)] (1

Here 6(gb — QQ[n]+ b) describes the short-distance
production of a heavy QQ pair in the color, spin, and
angular momentum state n. When Q = ¢, 9 represents
charmonium and when Q =bh, Q is bottomonium.
(O%[n]) is the long-distance matrix element, which de-
scribes the hadronization of the heavy QQ pair into the
observable quarkonium state Q. G, /4 5 are the parton
distribution functions. A and B refer to protons at the LHC.
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The indices g, b represents the gluon and bottom quark,
respectively.

The short-distance cross section for the production of a
QQ pair in a Fock state n, 6{gh — QQ[n] + b], is calcu-
lated from the amplitudes which are obtained by applying
certain projectors onto the usual QCD amplitudes for open
Q0 production. In the notations of Ref. [8]:

‘AQQ[ISBI/S)] == Tr[cl/gnoﬂ]qzo,

ﬂQQ[gs(ll/s)] = EaTr[CI/SH?JZl]q:O,
2)
d
ﬂQQ[IP(ll/S)] = (C/‘a E Tr[CI/SHOA]q:O;
d
, — gV @
‘AQQ[3P(JI/8)] 5(1,3 dqﬁ Tr[C(l/g)Hl ﬂ]qzo,

where A denotes the QCD amplitude with amputated
heavy-quark spinors, the lower index ¢ represents the
momentum of the heavy-quark in the QQ rest frame.
IT,, are spin projectors onto the spin singlet and spin triplet
states. Cy g are color projectors onto the color-singlet and
color-octet states. £, and &, represent the polarization
vector and tensor of the QQ states, respectively.

Then the LO short-distance cross section for the partonic
process g(p;) + b(p,) — QO0[n](ks) + b(ky) is obtained
by using the following formula:

6(gb — Q0[n] + b)

1 fnnx =
= | T di) | Ay 5% 3
167T§2Ncoleol /;min Z | QQ[n]l ( )

The summation is taken over the spins and colors of initial
and final states, and the bar over the summation denotes
averaging over the spins and colors of initial partons. The
Mandelstam variables are defined as: § = (p; + p,)?,
i=(p; —k3)* 0= (p; — ky)*. N and N, refer to
the numbers of colors and polarization of states n, sepa-
rately [8]. In this paper, we present all contributing par-
tonic cross sections in analytic form in the Appendix.

In the case of prompt charmonium production in asso-
ciation with a massive bottom quark, there are five
Feynman diagrams that contribute to this process at LO;
we present them in Fig. 1. There are 10 Feynman diagrams
for prompt bottomonium partonic process, which are
drawn in Fig. 2. In our calculations, the QQ Fock states
contributing at LO in v for Q are shown in Table I.

Following the heavy-quark spin symmetry, these multi-
plicity relations of LDMEs

(OVIPPP]) = @7 + 1OV IPPP),
(OY"IPPP]) = (27 + (OXIPPP),

(O [PY]) = @1 + 10 [P,

(O [sP] = @] + 140%[s]) (4)

are assumed to be satisfied [4].
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FIG. 1.

III. NUMERICAL RESULTS

In our numerical calculations, we focus on the cases
Q =1J/&, xe5» Y, xps- These quarkoniums can be effi-
ciently identified experimentally, and their LDMEs are
relatively well-constrained [29-33]. The 7., n;, h., and
h;, mesons are more difficult to detect experimentally, and
we will give the differential cross sections relevant to these
quarkoniums analytically in our Appendix.

We take CTEQ6L1 parton distribution functions [34]
with a one-loop running «; in the LO calculations, and
the corresponding fitted value ay(M,) = 0.130 is used
for our calculations. The factorization scale is chosen as

wp = mr, where my = w[(pTQ)2 + ng is the Q transverse

mass. The masses of the heavy quark are set as m, =
1.5 GeV and m,;, = 4.75 GeV.
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The LO Feynman diagrams for prompt charmonium production in association with a massive bottom quark at the LHC.

For CO LDME of J/ i, it can be extracted from experi-
mental data or from lattice QCD calculations. Before
lattice QCD giving out the results, the color-octet matrix
elements are determined only by fitting the theoretical
prediction to experimental data. As done in the literature
[19,30], the color-octet matrix elements are extracted from
experimental data of J/ production in e*e™, ep colli-
sions and hadron collisions. In Ref. [19], through the
analysis of the process e e™ — J/ ¢ + X, on-cz at B facto-
ries, they give a very stringent constraint on the CO con-
tribution, and imply that the values of color-octet matrix
elements are very small, but their results may not be
consistent with the naive velocity-scaling rules. Recently,
M. Butenschoen and B. A. Kniehl performed a multiproc-
ess fit of the CO LDME:s [30], givng more global fit results,
and their results are consistent with NRQCD scaling rules.

(10)

FIG. 2. The LO Feynman diagrams for prompt bottomonium production in association with a massive bottom quark at the LHC.
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TABLE 1. Values of k in the velocity-scaling rule (O2[n]) o v* for the leading QQ Fock states n pertinent to Q.
J/Y, W, ¥3s)...
k Ne> Nb Y,Y(2s),Y(3s)... he, hp XcJs Xbd
1 1
; 'Sy’ sy’ 1p() 1Q®) 3p() 36
> 1a® 386 1p®) Q0 3g® 3p®) Pi S P
7 Sy, °Sy. P Sy . °Si. Py B -

In our work, though we performed a LO calculation, we
will tentatively choose the color-octet matrix elements
obtained by the M. Butenschoen and B. A. Kniehl’s NLO
fit results [30]

(0//P[18®]) = (476 = 0.71) X 1072 GeV?,

(OS] = (0.265 + 0.91) X 1072 GeV?,  (5)

(03 PP]) = (—=1.32 £ 0.35) X 1072 GeV?,

as our input parameters. The relation of the CS matrix
elements (0*(«’0[3P8)]> of y.o with the P-wave function at
the origin is the formula (OXL‘O[3PBI)]> = % |R%(0)]%, and
we choose |R%(0)]> = 0.075 GeV?, from the potential
model calculations [31]. For the CO matrix element
(0X0[38®)7), we use (0Xo[35®]) = 2.2 X 1073 GeV? as
our input parameter [29]. For the NRQCD matrix elements
of bottomonium, the CS matrix elements are taken from
the potential model calculations of [32], and the CO matrix
elements are determined from the CDF data [33]. In our
calculations, the relation of CS matrix elements with the
conventions matrix elements of Bodwin-Braaten-Lepage is
always considered carefully [8].

In our numerical calculations, we summed the contribu-
tions of pp — Q +band pp — Q +b.If Q = x,;, we
also summed the contributions of x o, Y1 and xg,. We

1000 B\

(pb/GeV)

Jy
T

do/dP:

0.1

P (GeV)

80

take the constraints of |y€| < 3 for heavy quarkoniums,
and py 5 > 5 GeV, |y, <3 for b(b) quark. The col-
liding energy used in this paper is 14 TeV.

In Fig. 3, we present the LO distributions of pé/ Y and
y//¥ for the process pp — J/ ¢ + b(b) at the LHC. At LO,
the associated production of prompt J/i¢ with a (anti)
bottom quark is forbidden in the CSM, and there is only
CO contribution in this process up to the a}v” order within
the NRQCD framework. For comparison, we also depicted

the contributions of the CE[ISBS) 1 ce[3s®7, and ce[2PP)]
Fock states in these figures. For the LDME of cE[3P<JS)]

(J =0, 1, 2), Fock states are negative, the contribution of
these Fock states are negative too. In Fig. 3, we present the

pr distributions —do/dpY " [ce[3P'®]]in the p; distribu-
tion figure. From the figure we can see that when py is

smaller than about 10 GeV, the le)g) state gives the main
contribution to the p; distribution of prompt J/ i with a
(anti)bottom quark production. With the py of J/¢ in-

crease, the contributions of cE[lS(()8 '] and ce[3P'®] Fock
states quickly decrease. The differential cross section is

dominated by the c&[*S (18)] Fock-state contribution at large
pr region. In the range of 5 GeV < p;ﬁp <50 GeV, the
do/dpy/" is in the range of [0.486,3276.396] pb/GeV,
and it reaches the maximum when p§/ Y =5 GeV.

2500 . ; , : , : , : . r

2000

1500 =7

1000

do/dy”(pb)

500

-500

FIG. 3. The LO distributions of pJT/ "and y//? for the pp — J/ + b(b) process, and the contributions of the cE[‘Ség)], CE[3S(18)]

and cE[3P(JS)] Fock states at the LHC.
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FIG. 4. The LO distributions of p5* and yX« for the pp — x., + b(b) process, and the contributions of the c¢c[>S (18)] and cE[3P(J])]

Fock states at the LHC.

The curves for the LO distributions of p¥* and yX«’ for the
process pp — x.; + b(b) at the LHC are drawn in Fig. 4.
From the figure, we can see that the contribution from CS is
about the same order of magnitude with CO at p; =~ 5 GeV.
The CO contribution dominates over production at the large
prregion, and it decreases much more slowly than that of CS
as py increases. From Fig. 3 and 4, we can find that the cross
section of J/4 + b(b) and y., + b(b) associated produc-
tion mainly comes from the ¢Z[? S(lg)] Fock state contribution
at large pr region. The cross section ratios of J/ ¢ + b(b)
and y.; + b(b) associated production can be estimated ap-
proximately by (0//¢[3s®7])/ $2_ (0x[35¥]) = 0.134
at large py region [29,30]. So when we consider the process
prompt J /¢ with a (anti)bottom quark associated production
at the LHC, the indirect prompt production for this process
via radiative decays of y.; should be included.

10000 -

1000 -

1004

0.1

PL(GeV)

FIG. 5.
bb[3s'®] and bB[3P®] Fock states at the LHC.

The LO distributions of p) and y for the process pp —
Y + b(b), and the contributions of the b5[3S(11)], bE[lS(()S)],
bb[*s'®] and bH[>PP'] Fock states at the LHC are illus-
trated in Fig. 5. We can see that the differential cross
section of b5[3S(11)] and b5[3S(18)] Fock states give the
main contribution to the distributions of pJ for the process
pp— Y + b(b) at the LO. The b5[3S(11)] state give the
main contribution to the p7 distribution at low pr region.
With the increase of pY, the contribution of b5[3S\"] Fock
state quickly decreases and the contribution of b5[3S(18)]
Fock state becomes more important. The contribution of

b5[3S(18)] Fock states starts to be comparable to b5[3S(11)]
contribution for py =22 GeV. The differential cross sec-

tion is dominated by the b5[3S<18)] Fock state contribution
at large p; region.

7000

6000

5000

4000

3000

do/dy"(pb)

2000

1000

The LO distributions of pY and yY for the process pp — Y + b(b), and the contributions of the bB[3S\"], bB['SP],
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FIG. 6. The LO distributions of pX* and yX»/ for the pp — x5, + b(b) process, and the contributions of the b5[>S'®] and b5[3P|]

Fock states at the LHC.

In this paper, we have only considered the LO process
pp— Y + b(b) + X at . In Ref. [23], the authors have
evaluated the color-singlet contribution to the process pp —
Y + bb. One of the properties of pp — Y + bb is that its
CS contribution (which is at a?) already includes p;* top-
ologies which dominate at large py. If we consider the
process pp — Y + b(b) + X at a?, the process pp — Y +
bb may give important CS contribution in large p; region.

Finally, we give the LO distributions of p5* and yX» for

the process pp — x,, + b(b), and the contributions of the

bb[35'™®] and bH[*PV] Fock states at the LHC in Fig. 6.
From these figures we can see that the contribution from
CS is larger than CO when p; < 6 GeV. The CO contri-
bution dominates over production at the large p; region,
and it decreases much slower than that of CS as py
increases. In the range of 5 GeV < p¥” <50 GeV, the
do/dpy¥ is in the range of [2.095, 3022.305] pb/GeV,

and it reaches the maximum when pi/ Y =5 GeV.

IV. DISCUSSION AND SUMMARY

In this paper, we investigate the associated production of
prompt heavy quarkonium with a massive (anti)bottom
quark to LO in the NRQCD factorization formalism at
the LHC. We have considered all experimentally estab-
lished heavy quarkoniums, with 25*1L, =15, 35 1P,

3P,, and listed the differential cross sections relevant to
these quarkonium analytically in our Appendix. We
present the numerical predictions of the differential cross
sections of the pTQ and rapidity y<€ for @ = J/¢, x.;, Y,
Xy at the LHC. We find that the associated production of
prompt @ = J/, x.s» Y, x»; and a massive (anti)bottom
quark at the LHC have the potential to be detected. When

pr is smaller than about 10 GeV, the cE[le]S)] state give the
main contribution to the p; distribution of prompt J/
with a massive (anti)bottom quark production. For the
process pp — Y + b(b), the contribution of the CSM is
larger than that in the COM at low pr region. We also
investigate the processes of pp — x.; + b(b) and pp —
X»s + b(b), the py distribution are dominated by the CO
Fock-state contribution at the large p; region. These pro-
cesses provide an interesting signature that could be
studied at the LHC, and the measurement of these pro-
cesses is useful to test the CSM and COM.
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APPENDIX

In this Appendix, we list the differential cross sections dé/df for processes b QOQ0[n] + b. Our results read

dadm?
Om 2(—4m?2 + 1)

do B
—r(eb— cel'sg' 1) =

s [2m}(8m2 — 1) — 16mi(5 + @) + 4m2(5 + 2)(8 + 7+ a) — (5% + 2?)
S

—2ml(i(—5 + 7 — @) + m2(85 — 47 + 80)],
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do
(g — ctl'551p) =

do
i gb = PSP ) =

S5adm?
36m 2 (—4m?2 + )2
- Zmi(f(—ﬁ + 17— o) + m2(85 — 41 + 8i))],

—[2my(8m2 — 1) — 16mi(§ + 4) + 4m2(5 + a)(§ + 1 + a) — /(8% + a?)
S

‘;_ftf(gb — ce[*s1V1p) =0,

adm?(Tmy + 482 — § o +40% — Tm2(§ + 0))
216m3(m2 — §)2(m? — 4)*(—2m3 + § + 0)*5?
— m}(32md + 352 + 1480 +30% — 8m2(§ + 2)) + m2(8* — 32m2§ a +78%0 + 780% + o°
+ 32m*(5 + )],

[6mS — § a(32m* + 2 + % — 8m2(3 + )

% (gb — ce['P"Ib) = 0,

_ag,n.Z

do ~
E(gb —cd['P®p) =

do _
—r(gb— cel’P1p) =

do
dt

do _
(b — bBL'Sy1b) =

(gb — cePPP1p) =

47 2(@d _~ 25 A 47 44 a2 AR 2(a Lt
12m~2f2(—4m3+f)2§2[2mbt+4mb(8m” 2mit — §1) + i(16mr + 252 + 257+ — 8m2(§ + 1))],

4o 7?
972(—4m? + m 1’8

+ 7(448m8 — 16m?(145 + 97) — 37(28% + 251 +7%) + 4m2(145> + 205 7 +512))],

5 [2m}(28mZ — 30)F + 4m3(224m8 — 16m¢i + 35 — 2m2i(143 + 51))

S5al7?
3672 (—4m? + m,f)3
+ 2(448mS — 16m(145 + 97) — 37262 + 287 +12) + 4m2(1452 + 2087 +572))],

[2m}(28mE = 307 + 4m}(224m¢ — 16m{f + 3§ — 2mi(145 + 5)

—4adm?
81my(m2 — §)*P*(—4m3 + 1)*(—5m7 + § + i)*
+ 4m}8(42480052 — 9152555 7 —9085487%) + §2#(252 + 251 +12)(—35> — 6527 + 5% + 47°)?
+ m}(— 17625605 + 3317322527 + 409285857> + 32660697°) + 4m}*(2596325* — 39488457
— 8635005272 — 32705257 — 374113#*) — 4m}?(881285° — 2065895*F — 287598537
— 325069527 + 1820057 — 982527°) + 4m}0(169925° — 1222025°F — 1065085*7> + 3416537
— 9585552#* + 3436257 — 156237°) + m$(—691257 + 198756507 + 2531165772 — 143898547
—90600837* + 132856527 — 2837037° + 631377) + 4m$(725% — 12132577 — 243405°72
+ 2724858 + 23713541 + 1300837 — 9188527° + 177517 — 1067°) — 4m3 5 #(1355° + 528577
+ 5285072 — 2715 — 690547 — 215537 + 187521 + 126517 + 87%) + 2m1(34655°
+ 10044577 + 44505°7> — 9384551 — 7888541 + 19945 + 3007527° + 188577 + 87%)],

2 [180000m2> — 150m32°(57608 — 95271)
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_ag 77.2

324my (2 — S P (—dml + IP(—sml T 5 + P

+ 4m}3(21240005% + 15149255 7 —29264272) + m}°(—88128005° — 6758670527

+ 311766657 + 15303537%) + 8m}*(6490805* + 282870537 — 79771457

— 40113288 — 728937*) + 4m}?(—44064055 + 43246557 + 187637451

+ 1308895527 + 23198857+ + 294477°) + 4m}°(849605° — 5332505°7 — 1391312547

— 11589528373 — 43934082 — 3314755 — 35871°) + §2i(5 + 7)2(908° + 27057

+ 3638472 + 2768°F + 125827 + 3238 + 41%) + m§(—3456057 + 9765005%7

+ 2600172557 + 2623254547 + 14330165°7* + 381832527 + 938257 + 114177)

+ 4m8 (36058 — 60660577 — 186316572 — 2331125°7> — 16598654 — 72110537

— 13166527 — 78517 — 197%) + 2m}7(173255% + 63180577 + 976785°7> + 871685°7

+ 50438547 + 17006537 + 19935240 + 32577 + 21%) — 4m35 /(6755° + 2910577

+ 54485072 + 5912857 + 416754 + 1915837 + 484527 + 3957 + 21%)],

d _ .
d—(;(gb — bb[' s ) = 5 [900000m3? — 750m;(57605 + 25697)

-32alm?
243my,(m3 — §)*(m3 — A)*(—2m37 + § + 0)*§?
— 2820%(8 + 2)3(95% + 165 4 +94°) + m}*(233895% + 620705 i +2338942)
— m}>(1425183 + 73585520 + 73585507 + 142514°) + m}°(46095* + 43259834
+ 745885%20% + 43259503 + 46094%) — m$(8078° + 1471784 + 351845372
+ 351845203 + 1471784* + 8074°) + m25 4(205° + 22884 + 7015*a% + 9845323
+701820* + 22850° + 204°) + m§(728% + 3179550 + 94558*4° + 124448343
+ 9455820 + 317984° + 720°) — m} (287 + 4068%0 + 17538°4% + 30435*0°
+ 3043830* + 17535205 + 40654° + 247)],

d _
d—(;(gb — bb[*S\V]p) = [5466m)8 — 18668m!5(5 + @)

do _ —ain?

a7 (8t = bECS 1) = 1944m3 (m2 — s)*(m2 — a)*(—2m2 + § + )3
+ m}®(2602875% + 8069525 it +2602874%) — 10m)*(109755° + 96181524 + 9618154°
+109754%) + 98343 (48* — $34 + 8520% — §0° + 44*) + 2m}?(61558* + 2163105%4
+ 5848125207 + 21631054° + 61554*) — 2m35242(905° + 4935*i1 + 4685372
+4685%0° + 49350* + 904°) — 2m}°(15485° + 27601544 + 2661815342
+2661815%0% 4+ 2760150* + 15484°%) + 2m§ 1(945° + 534550 + 37485*°
— 4778%0% + 3748520 + 53450 + 944°) + m$(2855° + 99205°4 + 60701544
+245736830° + 60701520* + 992084° + 2854°) — 2m§ (2257 + 563504 + 44245° 4>
+ 13715803 + 1371583 0% + 44248205 + 56350° + 2247)],

2[66174m2° — 226934m18(5 + 2)
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64adm?

243(m3 — §)3(=5m2 + § + D)>(4m} — m,1)>5>

— 5 + D3(28% + 287 +97%) + m20(—67549445% + 284311085 7 +36798472)

+ m}8(1274342453 + 25261690527 — 1627765457 + 4881697°) — 2m (312643254

+ 131194325%7 + 149862645212 — 217028057° + 1835417*) + 4m}*(4095365°

+ 25677335%F + 56408945372 + 4564301527° — 4925857* + 320541°)

+ m2§28(8 + 1)2(28° + 6877 + 355412 + 108837 + 249527 + 33457 + 271°)

— m}2(2576645° + 225079258°F + 72105445*1> + 10902208537 + 6680880527

+ 22214857 + 270537°) + 2m}°(1190457 + 1520985°7 + 6516305°7> + 14432075*F

+ 1656100837 + 780410527 + 3620657 + 17767) + m$(14745% + 10168577

+ 366445072 + 87208551 + 125184547* + 883928315 + 22168521° + 836517 + 97%)

— m}$1(605% + 448577 + 1888507 + 55685°7 + 116205*#* + 1401157

+ 7614521 + 1182577 + 271%) — m$(9925% + 26384577 + 1439525° + 4248805°7

+ 736548547 + 663440531 + 2353475%7° + 10823577 + 2697%)],

d _ .
d—(;(gb — bb['P\V]b) = [2227744m2* — 2m22(100719365 + 10994357)

dadmr?
81(m3 — §)°2(—5m3 + § + 1)°(4m3 — m,1)°5?
+ 3461117) — 3837%2(§ + 1)3(35% + 3571 —412)>(25% + 257 +1%) + 18m%4(21560000§2
+ 268376805 7 +68792097%) — 6m%2(92736000§3 + 584389845°F + 132101836572
—31650279%%) + mio(489081600§4 + 522239045%F — 596240052527 + 47509010457
—316136919#*) + 3m}78(—91058688§5 + 342459125%F + 25272264853

~

+ 543856590527 + 29438668357* + 719171057) + m}°(978163205° — 16001798457
— 4912280905*7> — 877626916537 — 1687844825521 — 26876365557 — 878404607°)
+ 4m)*(—556416057 + 30448824507 + 75718764571% + 66864981547

+ 140914224537 + 246581099527 + 4040419157° + 584034817) + m}*(31046405%
— 54127296577 — 1518093365°7> — 1149865925°7% — 651766945*#* — 238851724537
— 359985180527 — 52213906577 — 4131047%%) + m3524(5 + 1)*(5045% + 3960577

+ 8522507 4 3336571 — 49115*#* — 194283 + 791521 + 416517 + 15521%)

+ m}(—2419208° + 14973288587 + 51568272577 + 5252752435 + 1317194457
+ 8800346547 + 67284444537 + 851003805277 + 1025033657 + 4714197°)

+ m$ (806450 — 263376057 — 11282354587 — 15962360577 — 70536665°7*

+ 13320945°7 — 87470857° — 123634065%77 — 13033959527 — 122890357

— 3156071%) + 2m$7(1443605'0 + 7735805°7 + 14673935572 + 10381925773

+ 56862507 — 231222857 + 628125*1° + 7169485317 + 623079521 + 4160057

+ 472710) — m3 5 /(18144380 + 12462835°F + 311800537 + 318915577 + 73212567

— 68716851 — 373625*1° + 246455317 + 985108218 + 6728057 + 24487'0)],

d _
d—‘tf (gb — bB[*PVb) = [25200000m28 — 600m2(2520005
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do _
—r(gb— bb[* PP 1b) =

(1]

(2]

(3]
(4]

(6]

a’mr?

PHYSICAL REVIEW D 85, 074026 (2012)

324(m3 — §)3t(—=5m? + § + 1)3(4m; — m,1)35?

[126000000m23 — 21000m3°(360003

— 51117) + 6m2*(3234000005> — 107724005 7 —179385097%) — 6m3*(4636800005>

+ 66541160577 — 35658998857 — 1994134877) + 3m2°(8151360005* + 161689440537

— 713740812527 — 76573130457 — 2102483697*) — 3m}3(4552934405° — 60499320547

— 8393595445312 — 998696926527 — 41274299657 — 690915057°) + m}°(4890816005°

— 6955804805°7 — 3191554274541 — 3864588148537 — 21087669415%#* — 45137741157

— 495145241°) — 38312(8 + 1)3(908° + 270857 + 3635*12 + 276531 + 125827* + 3251° + 41°)
+ 4m}*(—2782080057 + 14788956057 + 5900448605°#> + 9911768135*F> + 67301316057
+ 2281284598%7 + 3113750387 + 231441817) + m}?(155232005% — 268977600577

— 10771421045%7% — 216537926451 — 2341866062547 — 1031915260537 — 254801556527°
— 25728466377 — 13205997%) + m7524(5 + )(25205% + 19800577 + 510985°7> + 680645° >
+ 64785541 + 48194537 + 177835270 + 344517 + 3887%) + m}°(—12096005° + 74797320587
+ 324287952577 + 7025278765%F + 100670047258°7* + 75520975454 + 232438668531

+ 462478365217 + 373889651° + 1315917%) + m$(403205'0 — 131688005°7 — 64937498557
— 149484440577 — 2402698025°7* — 255755594557 — 1396068765*1° — 309684705377

— 5385543527 — 35998357 — 81007'%) + 2m$7(7218005'° + 41871005°7 + 10660281557

+ 17776032577 + 221602865°7* + 179302028°7 + 7326376547 + 1157204537

+ 19628757 + 1064057° + 11871%) — m}5 (9072050 + 6444205°7 + 1920040587

+ 3393519577 + 43548605°7* + 42152608°7 + 2625438547 + 805269537

+ 840385%7% + 1724087 + 6127'°)].
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