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We revisit some of the recent neutrino observations and anomalies in the context of sterile neutrinos.
Among our aims is to understand more clearly some of the analytic implications of the current global
neutrino fits from short-baseline experiments. Of particular interest to us are the neutrino disappearance
measurements from MINOS and the recent indications of a possibly nonvanishing angle, 3, from T2K,
MINOS and Double CHOOZ. Based on a general parametrization motivated in the presence of sterile
neutrinos, the consistency of the MINOS disappearance data with additional sterile neutrinos is discussed.
We also explore the implications of sterile neutrinos for the measurement of |U 3| in this case. We then
turn our attention to the study of |U,;| extraction in electron neutrino disappearance and appearance
measurements. In particular, we study the effects of some of the additional CP phases that appear when
there are sterile neutrinos. We observe that the existence of sterile neutrinos may induce a significant
modification of the #,3 angle in neutrino appearance experiments like T2K and MINOS, over and above
the ambiguities and degeneracies that are already present in three-neutrino parameter extractions. There
are reactor experiments, for instance those measuring v, disappearance like Double CHOOZ, Daya Bay
and RENO, where this modification is less significant and therefore the extracted |U,;| value when sterile
neutrinos are present is close to the one that would be obtained in the three-neutrino case. Based on our
study, we also conclude that the results from T2K imply a 90% C.L. lower bound on |U,5], in the “3 + 2”
neutrino case, which is still within the sensitivity of future reactor neutrino experiments like Daya Bay,
and consistent with the one-o range of sin?26,5 recently reported by the Double CHOOZ experiment.
Finally, we argue that for the recently determined best-fit parameters, the results in the “3 + 1 scenario
would be very close to the medium/long-baseline results obtained in the “3 + 2”’ case analyzed in this

work.
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L. INTRODUCTION

Neutrinos have now been unequivocally established to
be massive particles, but with very small masses.
Experiments over the past two decades have firmly estab-
lished a framework of neutrino oscillations that describe
solar, atmospheric and reactor neutrino experiments (see,
for instance, [1] and references therein).

The experiments are consistent with the existence of
three electroweak eigenstates (v,, v w v,) and three mass
eigenstates (v, v,, 3). While the absolute neutrino mass
scale has been very difficult to measure, the mass-squared
differences between the mass eigenstates (Am3,, Am3,) are
known to good accuracy [1-3]. Also, two of the mixing
angles in the lepton sector (6,, 6,3) are known to good
significance [2—4] and the third (#3) is being measured and
will be measured to better and better accuracy by current
and forthcoming experiments [5-8]. It is already clear, for
instance, that the mixing in the lepton sector is very distinct
from the quark sector.

In spite of these spectacular successes there are still
many outstanding questions related to neutrinos. For in-
stance, it is not understood why neutrinos have such tiny

1550-7998/2012/85(7)/073004(22)

073004-1

PACS numbers: 14.60.Pq

masses or why their mixing angles are so much different
from the quark sector. There have also been discrepancies
from various short-baseline experiments that have been
very hard to accommodate in the three-active-neutrino
picture. This has led to many studies incorporating addi-
tional singlet neutrino states to the framework [9—-18].

Our main focus in this paper will be to gain a better
analytical understanding of scenarios with additional sin-
glet neutrino states and how they may affect current and
forthcoming medium/long-baseline neutrino experiments.
We are particularly interested in the measurements from
MINOS and the determination of the reactor angle 6,5 at
various medium/long-baseline neutrino experiments. A
study similar in spirit to ours was done in [19], for the
case of an additional sterile neutrino. The focus of our
study will albeit be different from theirs and will also be
motivated by the current global fits, incorporating two
additional sterile neutrinos.

In Secs. II and III we briefly review the current state of
neutrino experiments and the viability of sterile neutrinos
in the context of the standard model and cosmology. In
Sec. IV we briefly outline the short-baseline limit of neu-
trino oscillations and the global fits based on them. We also
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fix our notations here. In Sec. V we study the implications
of these short-baseline global fits to medium/long-baseline
neutrino experiments and explore various theoretical fea-
tures. In Sec. VI we give a summary of our results.

II. CURRENT STATE OF NEUTRINO
OBSERVATIONS

Let us briefly review the current state of neutrino pa-
rameters. In a three-neutrino framework let us label the v
mass eigenstates by latin indices, ie(1, 2, 3), and electro-
weak eigenstates by greek indices, ae(e, u, 7).

In the three-neutrino framework, various experiments
have measured the two mass squared differences to be [ 1-3]

|Am3,| ~2.4 X 1073 eV?, |Am3,| = 7.6 X 1075 eV?
(1)

The overall mass scale is not determined from oscillation
experiments alone, but cosmological considerations imply
[20,21]

dm, =0.6ecV. 2)

This still leaves an ambiguity in the ordering of the mass
eigenstates. If Am2, > 0 neutrinos are said to be in a normal
mass hierarchy (NH) and if Am3%, < 0 they are said to be in
an inverted mass hierarchy (IH).

Similar to quarks and the Cabibbo-Kobayashi-
Maskawa matrix, the electroweak and mass eigenstates
in the lepton sector are related by a mixing matrix. The
relevant angles in this Pontecorvo-Maki-Nakagawa-
Sakata (PMNS) mixing matrix [22] are denoted by 6,3
(related to atmospheric oscillations), 6,3 (reactor oscil-
lations), and 64, (relevant to solar oscillations). They are
currently measured to be in the intervals [1-8]

37° < 6y =56°, 0° < 6,3 = 13°,
30° < 6, < 38°.

3)

There are very strong indications [3] that the atmospheric
angle 0,3 is close to maximal (77/4). Solar data [4] also
favors a “large mixing angle” solution that indicates large
01,. These intervals roughly translate to a PMNS matrix of
the form

0.8-0.9 0.5-0.6 0-0.2
0.3-0.6 0.3-0.7 0.6-0.8 | (4
0.1-0.5 0.5-0.8 0.6-0.8

exp ~
| UPMNS l

Some comments are in order. The above matrix is very close
to a tribimaximal mixing matrix which has vanishing 65
and maximal 6;,, 6,3. The question of CP violation in the
lepton sector, even in the simplest case of neutrinos being
Dirac particles, is at present open. This is intimately tied to
the question of a vanishing 63, since in the event of a
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vanishing or extremely small value the relevant Jarlskog-
invariant (J-p~ area of the unitarity triangle o sin263) is
also zero.

Though almost all the observations from atmospheric,
reactor and solar neutrino experiments can be accommo-
dated conveniently in a three-active-neutrino framework,
there are a few outliers that may suggest existence of
additional sterile neutrinos (i.e., neutrinos that are electro-
weak singlets). Let us briefly review them.

LSND employed a liquid scintillation detector to search
for v, — v, oscillations [23] with a baseline of about
30 m. The neutrino energies were such that L/E ~
O(1) (Km/GeV). An excess of about 88 events was
observed in the 20 MeV =< E =< 60 MeV range. A conven-
tional oscillation interpretation of the data requires Am? ~
0.1-10 eV? and is referred to as the LSND anomaly [23].

MiniBooNE was designed to test the LSND anomaly.
They searched for both v, — v, and v, — P, oscillations
[24]. The E(~1 GeV) and L(745 m) were both much big-
ger than LSND, but L/E was still kept to be about the
same. No oscillations in neutrino mode was observed
above 475 MeV, but an unexplained 3o excess of v, events
was found below 475 MeV. Subsequently, a 2.80 excess of
v, was observed in the range 475 MeV = E = 1250 MeV
consistent with LSND. There are preliminary updates from
the MiniBooNE collaboration for their antineutrino data
[25] where there is an excess below 475 MeV smilar to v
data, but the v, — v, signal above 475 MeV has now
diminished from before [25].

Recently, a reevaluation of the reactor antineutrino
flux [26] also indicates a deficit from the expected value.
The data sets used for the evaluation came from various
experiments with very short baselines (L < 100 m).
The observed to expected flux ratio was found to be
0.943 = 0.023 compared to a previous value of
0.979 = 0.029.

There was also a puzzling discrepancy between muon
neutrino and antineutrino disappearance data from the
MINOS experiment [3,27] where the best fit for the »
data exhibited a higher A/m? and lower sin>26 than the v
data. Since it is a survival probability being measured, a
resolution of both » and ¥ data requires an effective CPT
violation, say for instance through some nonstandard
matter interactions [28]. There is an updated measurement
from the MINOS collaboration in the ¥ mode giving
Am? < 3.37 X 1073 eV? at 90% C.L. assuming sin*20 =
1.0 [29]. The most current, preliminary best fits
give  |Am?|=[2.62703i(stat) = 0.09(syst)] X 1073 eV?,
sin?26 = 0.950:1%(stat) = 0.01(syst) for the new antineu-
trino data [29]. The previous discrepancy between v and »
data therefore seems to be almost resolved. Prior to these
measurements by MINOS, the strongest constraints on 7
parameters were from a global fit dominated by Super-
Kamiokande data that included both atmospheric v, and
v, results [29,30].
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There have also been indications for a nonvanishing 63
from various experiments [31-33]. A nonzero 6,5 has far-
reaching implications for CP violation in the lepton sector
and the consistency of other neutrino parameter fits.

MINOS detected v, appearance at the far detector [31],
compared to expected background, suggesting for §.p = 0

2sin%6,3sin?26 5 < 0.12 (NH),

)
2sin%0,35in?26 5 < 0.20 (TH).

The best-fit points [31] for 2sin’6,3sin?26 5 are deduced to
be 0.04175:347 for normal (NH) and 0.0797:52} for inverted
hierarchies  (IH).  [Am,| = (2.327212) X 1073 eV?,
|[Am3,| = (7.59791%) X 107> eV2, 6,3 = 0.785 = 0.001
and #;, = 0.60 = 0.02 have been assumed in the above
fits.

The T2K experiment [32] observed six v, events that
pass all selection criteria at the far detector. This suggests,
at 90% C.L., again for 6-p = 0

0.03 < sin?26,5 < 0.28
0.04 < sin?26,; < 0.34

(NH),

6
(IH). ©

The best-fit points [32] for sin*(26,5) are found to be
0.1173}¢ (NH) and 0.14*%}} (IH). The above T2K limits
and best-fit values are extracted for sin’26,; = 1.0 and
Am3, = 2.4 X 1073 eV2.

Most recently, there is a preliminary result [33] from
Double CHOOZ, based on the first 100 days of data,
showing at 68% C.L.

sin?26,5 = 0.085 + 0.029(stat) * 0.042(syst).  (7)

This result is particularly interesting since, being a reactor
neutrino disappearance measurement, it is independent of
CP phases and the mass hierarchy.

Some of the above short-baseline discrepancies may be
interpreted as being due to the presence of extra electro-
weak singlet neutrinos. With this in mind, in the next
section we briefly discuss the viability of sterile neutrinos.

III. STERILE NEUTRINOS

From the invisible Z-decay width and LEP measure-
ments, the number of active-neutrino species is constrained
to [1]

NZwidth =292 = 0.05, NEEP = 2,984 + 0.008. (8)

Also, as already mentioned, most of the current neutrino
oscillation data can be accommodated in a three-active-
neutrino framework. The Troitzk [34] and Mainz [35]
experiments give a mass bound of about

m, <23eV, )]

by measuring the endpoint region of the tritium B-decay
spectrum. In cosmology, neutrinos play a significant
role by effecting the expansion history and growth of
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primordial perturbations which lead to a tighter mass
bound [20,21]

m, < 0.6 eV, (10)

for three-flavor mixing. The KATRIN experiment [36]
is speculated to reach a sensitivity of m, <0.2 eV.

All these nevertheless still leave open the possibility of
other neutrino species that are singlets under the SM gauge
groups and therefore “‘sterile.” Trying to resolve the LSND
and MiniBooNE anomaly with data from solar and atmos-
pheric neutrino measurements requires, as we noted in the
last section, Am?2, ;. ~ O(1) eV2. A similar mass-squared
difference is also required to reconcile the reactor antineu-
trino flux deficit. There are also some very controversial
indications from the Heidelberg-Moscow experiment [37]
of detecting a neutrino mass 0.17 eV < mgg.

An analysis [38], a few years ago, combining data from
cosmic microwave background, large scale structure and
Lyman-a constrained the mass of a fourth sterile neutrino
to be my; <0.23 eV assuming they are thermal. In the
nonthermal case it was shown that the constraints are
nontrivial in the mass-density plane, but still viable. This
was reemphasized in a study [39] that combined the
WMAP 7-year data, BBN, small-scale cosmic microwave
background observations and measurement of the Hubble
parameter from the Hubble space telescope. The study
concluded that the current data set mildly favors extra
radiation in the universe and derived constraints on the
number and mass of possible sterile neutrino species. More
recently, in [40], the authors conclude that though sterile
neutrinos are disfavored by hot dark matter limits in mini-
mal ACDM, extending the standard cosmological frame-
work to include additional relativistic degrees of freedom
or a dark-energy equation of state parameter w < —1 can
relax these constraints substantially.

Constraints were also put on active-sterile mixing by
measuring neutral-current interactions at MINOS [41]. By
measuring the depletion of the neutral-current event rate at
the far detector, a 90% limit was placed on the fraction
of active neutrinos that transition to a sterile neutrino
(assuming 6,3 = 0) [41]

v

Py,
—t " <0.22(0.40). 11
" (0.40) an

V=V

[s=

The number in the bracket is for the assumption 63 =
11.5° and 5cp = TI.

Apart from experiments reviewed in the last section, we
should also mention two other experiments—SAGE [42]
and GALLEX [43]. They give for », disappearance a
measured-to-calculated ratio R = 0.86 = 0.05 consistent
with each other. If interpreted as due to an additional sterile
state, this corresponds to a Am?_,. = 2.24 eV? and
sin26,, = 0.50 [44]. This conclusion has been weakened
though by a recent analysis [45], based on its consistency
with KARMEN and LSND data.
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Motivated by all these indications, extensive studies
have been performed on fitting the short-baseline neutrino
discrepancies to various models with sterile neutrinos and
checking their consistency with other experiments [9—13].

The inclusion of additional sterile neutrinos to the three
active ones adds more structure to the neutrino oscillation
formalism, without changing the basic framework.
“3 + s refers to the case of three active and s sterile
neutrinos. The case of three active neutrinos in the standard
model shall henceforth be denoted as 3vSM. For n neu-
trinos (active and sterile) the total number of angles in the
mixing matrix is n(n — 1)/2. The angles that rotate sterile
states to sterile states are not relevant for neutrino oscil-
lations and hence this number can be trimmed to 3(n — 2)
angles. Similarly, the number of CP phases (Dirac) that
could be present in the PMNS matrix is (n — 2)(n — 1)/2.
The number of physical CP phases relevant to electroweak
physics and oscillations is 2n — 5, after field redefinitions.
For “3 + 17 this gives six angles, three phases and for
“3 + 27 this gives nine angles, five phases.

P2 (v, — vp)

We note a few well-known properties. In the two-
neutrino limit P2 (v, — vg;U,sp) =P (vg— 143 U,py).
In general P(v, — vg;U) = P(vg — v,; U"). Under the
assumption of CPT, in addition to having the mass-squared
differences same for both neutrinos and antineutrinos,
we also have P(7,— pgU) = P(vg— v,;U). The
above two results lead to the fact that P(7, — 74 U) =
Plv, — vgs U*). Thus, note that it is the last term in
Eq. (12) that distinguishes neutrinos and antineutrinos
(when the number of families is greater than 2) for
a # BB, indicating CP violation (CPV).

It is also important to emphasize that for disappearance
measurements or survival probability (a = B) the last
term vanishes. Hence, survival probabilities in vacuum
will not be effected by any CP phases and must be the
same for both neutrinos and antineutrinos if CPT holds.
The last term being an odd function of Am? is also sensi-
tive to the mass hierarchy of the neutrino species in
principle.

We will be interested in two specific limits of
Eq. (12). The first limit is the short-baseline (SBL) limit
which is relevant approximately when L ~ O(1) Km, E ~
O(1) GeV and consequently L/E ~ O(1) (Km/GeV).
The other limit we would be interested in is the
long-baseline (LBL) limit where L = O(10%) Km
and L/E = 0(10%) (Km/GeV). An intermediate
case where L~ O(1) Km, E~ O(1073) GeV and

1 - sin2205in2(1.27Am2(eV2) L<Km>>; a=p,

sin2205in2<1.27Am2(eV2) L(Km) );
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IV. NEUTRINO OSCILLATIONS AND THE
SHORT-BASELINE LIMIT

The probability for a neutrino state « oscillating into a
state B in vacuum is given by

L
_ _ * # : 2
P(va—vg)=8ap 4;m(UmUﬂi UajUg)) sm(Ami@)

L
X e - . 2
+ Zgij(UaiUﬁanjUﬁj) Sln(Amijﬁ)

(12)

where i, j denote the mass eigenstates and «, 8 include
both active and sterile-neutrino eigenstates. R and J stand
for the real and imaginary parts, respectively. We will also
use the notation A;; = Am},L/4E.

In most oscillation experiments (which are constructed
with sensitivity to a particular Am?) one can simplify the
above by taking a two-neutrino limit. In this limit we get
the familiar result

E(GeV) (13)

E(GeV) a# B

L/E~ 0O(10%) (Km/GeV) is often called medium base-
line (MBL).

We are going to primarily focus on a “3 + 2 scenario
as analyzed in the recent global fits [11], with additional
mass-squared differences in the O(1) eV? range. The com-
prehensive global fits, to SBL neutrino experiments, in [11]
use appearance data from LSND [23], MiniBooNE [24],
KARMEN [46], NOMAD [47] along with disappearance
data from Bugey [48], CHOOZ [5], Palo Verde [49] and
CDHS [50]. The most recent analysis further includes full
spectral data from SBL reactor experiments ROVNO [51],
Krasnoyarsk [52], ILL [53] and Gdsgen [54] through rate
measurements as summarized in [26]. The main conclu-
sion in the study is that the global fits to SBL oscillations,
for a *“‘3 + 27 case, improves significantly with the inclu-
sion of the new reactor antineutrino flux data, though some
tension remains in the overall fit [11]. The global-fit values
of [11] from SBL experiments is shown in Table 1. We will
adopt these values to analyze MBL/LBL measurements.
Rather than taking the numbers in Table I as numbers set in

TABLE I. Global best-fit points using SBL data for the
“3 + 27 case [11].

Model  Am?; (€V?) Uyl Ul Am2, (eV?) |Uysl |U,sl 8/
“3 4+ 27 047 0.128 0.165 0.87 0.138 0.148 1.64
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stone, our attitude rather will be to view them as quantify-
ing, to good extent, potential effects of sterile neutrinos in
SBL.

The SBL limit is the case most suitable for analyzing the
LSND and MiniBoone experiments since they both were
designed with a characteristic L/E ~ 1 (Km)/(GeV). A
short-baseline assumption leads to a simplification of the
most general oscillation formula in Eq. (12). The following
approximations may be made

Am3, — 0, Am3; — 0, (14)

compared to Am?l where j > 3. This is partly motivated by

requirements from LSND and MiniBoone observations
which require Am? . ~ O(1) eV?.If there were no sterile

neutrinos with Am?2_... ~ O(1) eV?, then under the SBL
approximation P(v, — v,; U) = 1, as should be expected
since the baseline is not sufficient for significant oscilla-
tions into other flavors.

Using the above assumptions in Eq. (12) we get for the

“3 + 27 case

P,5(CPV)gp.
= aaﬁ - Z 49%(X;B)Sln2Al] - 4m(§aﬁ)sin2A54
i=4,5
+ D 23(xl,5) sin2A;; + 23(£,p) sin2As,, (15)
i=4,5
where

Xlaﬁ = (6aﬁ - Ua4Ui[k34 - UaSU;%)(U:”‘UBi))
Eup = (U5 UpsUnsUsy). (16)

For @ = B = e this gives,

P(p,— p,)spr, =1 —4(1 = [Ua|* = |U 5 |)[|U 4| ?sin* Ay,
+|U,s|*sin?As; | = 4|U 51| U 4 |*sin*Asy.
(17)

When a # 3, the CP phase(s) can play a major role and
the appearance or conversion probabilities may be different
for neutrinos and antineutrinos. It may be shown that in the
SBL approximation for ““3 + 2 there is only one relevant
phase [11]. Consider the case @ = p and B = e. Define
the relevant phase as (also see Appendix )

6= arg(UZ4U#4U95U;5). (18)

Then
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m(fﬂ,e) = |U:4U,U,4U65 U;jl COSB;
S(f/.l,e) = I U:4 U,LL4 UeS UZS | Sina,
NOhe) = —1UuPlUI — UL U U Ul sins,
%(X‘/.‘LG) = IU:4U,LL4U65U;5| sinS,
NRxpe) = —UsIP1U 51> — |U:4U,,,4Ue5U25| cosé,
S(Xhe) = —1U U4 U sU 5] sind. (19)
As an aside, it should be mentioned that in the correspond-
ing “3 + 17 case there is no CP phase that is relevant to
the SBL limit and therefore the conversion probabilities in
that case cannot distinguish between v and 7, for instance,
at MiniBooNE.

With the inclusion of a CP phase, from Eq. (15), we
have for the conversion probabilities

Neutrino/Anti-Neutrino survival probabilities (SBL)
1.025 r T T

T T
Electron Neutrino/Anti-neutrino
Muon Neutrino/Anti-neutrino

0.975

o
©

Survival probability
o
© o
n ©
(%) o

0.875 1

0.85 1

0.825 0.5 1 1.5 2 25 3

Neutrino Energy (GeV)

001 Conversion probabilities (SBL, d=1.64)

Anti-Neutrino ——
Neutrino

0.009

0.008 1

0.007 | 1

Conversion Probability

0.003 1

0.002 i

0.001 1

05 1 15 2 25 3
Energy (GeV)

FIG. 1 (color online). Survival (P,.) and conversion (P,,)

probabilities for neutrinos and antineutrinos in a SBL experiment

with L = 541 m, assuming 6 = 1.647 and parameters from

Table 1. The assumed distance to the detector corresponds to

the baseline in MiniBooNE [24]. The difference in neutrino and

antineutrino conversion probabilities is clearly visible in the
bottom figure.
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P(V i Ve;CPV)SBL

o
:P(V/,L_)Ve;azo)SBL

+8|& .| sinA 4 sinAs[cos(Asy, — 8) —cosAsy],  (20)

p(ﬁp, - Ije;CPV)SBL
=P(v,—v,;8 =0)sp.
+8|&,,.|sinA 4 sinAs [cos(Asy + ) —cosAsy].  (21)

To give a more holistic picture we plot the disappearance
and appearance probabilities in Fig. 1, assuming
MiniBooNE base length, with the matrix elements and
CPV phase of Table I. We see that for low energies the
depletion of v, is greater than v, in the survival probabil-
ity. Also note the expected enhancements and attenuations
in the conversion probabilities, in this energy range, for v
and v. The presence of a nonzero CP phase could there-
fore, in principle, explain the difference between v and ¥
measurements in MiniBooNE [55].

As we shall see, the effects of sterile states at the near
detector (ND) will have implications also in LBL measure-
ments since usually it is a ratio between the far detector
(FD) and ND neutrino fluxes that are compared, to probe
for oscillations. Thus a depletion of the neutrino flux at the
ND due to sterile states will affect MBL/LBL measure-
ments too.

V. LONG-BASELINE LIMIT OF
NEUTRINO OSCILLATIONS

We now turn our attention to LBL experiments and it is
our intention to understand in more detail the consequen-
ces of the SBL fits, or equivalently the presence of the two
sterile-neutrino states, to these experiments. Specifically,
we explore in this section the impact of the SBL global fits
to MINOS disappearance measurements and the recent 603
determinations. The questions we would like to address are
whether MINOS disappearance data can constraint or dis-
criminate in a definite way the “3 + 2 case from 3»SM
and if the recent indications of a significant, nonvanishing
reactor angle 65 are effected drastically by sterile-neutrino
states, if they exist.

In the LBL limit the assumption is that L/E (Km/GeV)
may be anywhere in the range 10°-10* or higher. The
larger values are more appropriate for atmospheric and
solar oscillations. For very large Am?, the oscillations
get averaged out inside the detector and we may replace
sin?(Am? L) by its expectation value (1/2). Consequently,
Am3, and Am?, are now averaged out since they are
O(1) eV2. Am3, may also be set to zero to first approxi-
mation. We will include this to be nonzero later, when
discussing #5; determination.

Calculating the oscillation probability from Eq. (12), in
the above limit, for “3 + 2 gives

PHYSICAL REVIEW D 85, 073004 (2012)
Pop(CPV)i g1 = 8,5 — 2N (xap) — 4N(£,p)sin*Asy
— 4N (Lop)sin?Asy + I(xap)

+ 2%(6‘&‘3) Sin2A54 + 2%(§QB) Sin2A32,
(22)

where

XaB ™= (5aﬁ - Ua4U24 - UaSUES) Z UgiUpi= Z Xf;yﬁ:
i=4,5 i=4,5

£ap=U,sUpsUasUpy,
$ap=(8ap = UasUpy = UnaUpy — UasUps)(Up3Ups).
(23)

For a survival probability (a« = ) this may be re-
written as

AN[aal

LBL ~ (1 — 7 BN
Paa ~ (1 2m[Xaa])I:I 1 — 2m[Xaa]

Sin2 A32 ]
(24)

Here we have neglected the term proportional to Ifa,gl
which tends to be negligible numerically, since it is
quartic in the sterile-neutrino matrix elements.

We observe from Eq. (24) that in the case of additional
sterile states there is an effective normalization factor
modifying the survival probability as well as a modification
of the coefficient (~ sin?26 in 3vSM) of the energy-
dependent term. Thus, we conclude that the LBL survival
probability PLBL in the presence of sterile neutrinos is of a
general form

PIBL ~ N 1 — sin?29sin?A 5, ], (25)
with
4
Na, . Sil’12219gff - i. (26)
1 - 2Xaa

The normalization factor (N',), in principle, may be ex-
tracted by looking at asymptotically large neutrino ener-
gies. The sin?29¢ coefficient determines the dip of the first
minima. The modification to sin?24, when there are sterile
neutrinos, has two parts—a direct modification of {,,, and a
further scaling of this quantity by N ',. Observe that the
quantities appearing in the LBL limit, /N, and the modify-
ing terms in sin?29<", are completely determined by SBL
measurements through the matrix elements.

Using the global-fit values from Table I, the various
quantities that appear in the survival probability, Eq. (22),
may be computed as (for an assumed U, = 0.1 and
U,; = 0.707)
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Xee = 00342 (30SM: 0),

Xup = 0.0467  (3uSM: 0), o
L, =0.0095  (3vSM: 0.0099),

{uw =0225  (3uSM: 0.25),

The numbers in the brackets are the corresponding
values in the 3vSM case. Using the above values we
get

P332 = 0.932[1 — 0.0408sin2A1,],

3+2 2 (28)
P2 = 0.907[1 — 0.993sin*As, ],
which is relevant to any FD in an MBL/LBL experi-
ment, for instance, the MINOS FD. For comparison, in
the 3vSM the expressions corresponding to above
would have been
Pg:SM =1- 0.0396Sin2A32, P?LVEM =1- Sin2A32.

(29)

Compared to the 3vSM prediction the overall flux is
reduced by about 7% for v, and by as large as 10% for v,
in Eq. (28). The effective angle is seen to be not modified
significantly in the survival probability and may still, in
principle, be extracted to yield a value that is close to the
true value. We will come back to this point again while
discussing |U 3| and |U ;3| determination. From Egs. (27)
and (28) we note explicitly that the modification to sin?249,
when there are sterile neutrinos, is due to a direct modifi-
cation of £, and a further scaling of this quantity by N ,.

It is also to be reemphasized that when the sterile-
neutrino Am?2_ . is large there will also generally be an
effect in the ND, apart from the above effects in the FD,
especially for low E. Since neutrino experiments usually
compare a ratio of the fluxes at the FD and ND, taking into
account geometric and other effects, modifications at the
ND due to sterile states may also become relevant along
with the FD effects. We will in fact see that for the values in
Table I, the ND effects at MINOS are not completely
negligible.

Although we specifically derived the expressions and
numerical values for the “3 + 2" case, a similar parame-
trization should be valid for any ““3 + s scenario with
Am? ... ~ O(1) eV2. Note also that owing to Eq. (25)
being a survival probability, any CP phases that may be
present are completely irrelevant. This is particularly im-
portant since the CP phases that are relevant in LBL
experiments may in general be mutually exclusive to the
ones that are relevant in SBL experiments [11]. Thus, the
above features must be applicable independently of CP
phase structures in the LBL limit. The CP phases relevant
to LBL may nevertheless become important in neutrino
appearance measurements as we shall see.

PHYSICAL REVIEW D 85, 073004 (2012)

A. Sterile neutrinos and the MINOS
disappearance data

We now turn our attention to the analysis of MINOS
muon neutrino and antineutrino disappearance data
[3,27,29]. It is interesting to ask if the MINOS disappear-
ance data can discriminate or put constraints on scenarios
with sterile neutrinos, specifically “3 + 2,” as motivated
by the SBL global fits. The quantity of interest here is the
ratio of the observed events at the MINOS far detector
(LMINOS = 734 Km, 4.2 Kt fiducial mass) to that expected
at the far detector if there were no neutrino oscillations.
The latter is extrapolated from the MINOS near detector
(LMINOS — 1,04 Km, 23.7 t fiducial mass) through a
Monte-Carlo, taking into account geometric and pion
kinematic effects [3,27,29].

Simple fits to the MINOS neutrino (7.25 X 10?° protons
on target (POT)) and antineutrino (2.95 X 10%° POT) data
[3,27,29] are shown in Fig. 2 with various parametriza-
tions, motivated by Eq. (25). For the antineutrino analysis
we have taken the new preliminary data [29].

The values for the fit parameters are shown in Table II
along with their 1o errors. In the first parametrization
(Case I) both Am? and sin?2¢, are floated, as in the
analysis of the MINOS collaboration. A physical boundary
on sin24 is not imposed in the fit. In the second parame-
trization (Case IT) Am? and the normalization N u are free
parameters with sin2219ﬂ fixed at 1. The implicit motiva-
tion here is that, as we saw previously, the sin2219M coef-
ficient is modified only minimally in disappearance
measurements even when sterile neutrinos are present. In
the final parametrization (Case III) we float N e sin2219ﬂ
and Am?. In this context, it is worth reemphasizing that the
MINOS data shown is actually the ratio of the FD and ND
neutrino fluxes and there will be deviations from Eq. (25),
especially at low energies for the values given in Table I,
due to ND effects.

The theoretical ratio of the flux at the FD and ND may be
estimated from Eqgs. (15) and (22) as

1= 2x, — 44,,5i02(AM3, )
R — Frp(p) _ Xuu o 32 T4E
- ; MINOS
HE Fap(w) 1— Z4X;Msin2<AMi21 Lbe )

i>3

(30)

This ratio estimated from the SBL global-fit values is also
plotted in Fig. 2. [Am%,)| =2.32 X 1073 eV? has been
assumed to calculate the theoretical curve. In the MINOS
data set, the ND flux has been extrapolated to the FD,
assuming no oscillations, including effects from beamline
geometry and meson decay kinematics [3,27,29]. R,,,, and
R 5, which are obtained assuming naively a collimated
neutrino beam, may be directly compared to the real data
sets to good approximation due to this. To quantify how the
ratio predictions compare to the data sets, we may calculate
a reduced-y? (xy?/n.d.f). It is found that the theoretical
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Muon Neutrino events at MINOS far detector.
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FIG. 2 (color online).

Fits to MINOS neutrino [3] and antineutrino [27,29] far-detector data assuming three different parametri-

zations motivated by Eq. (25)—Case I (red), Case II (dark blue) and Case III (purple). The theoretical curve from Eq. (30) (light blue),
calculated based on the SBL gobal-fit values, is also shown. Though the plots are shown only till 20 GeV, the fits were done for the full
range of neutrino energies in the data set (50 GeV for both v, and 7,,). The neutrino data corresponds to 7.25 X 10?° POT and the

antineutrino data to 2.95 X 102 POT.

ratio prediction has a reduced- y? of 1.53 and 3.73 for the
neutrino and antineutrino data sets, respectively, (Table II).

From the neutrino data we extract an overall normaliza-
tion, 0.897 = 0.03, that is close to the one theoretically
calculated in Eq. (28) from the SBL global fits, which had

a central value of 0.907. The extracted sinZZﬁM (0.946 =
0.048) is slightly lower than that predicted from the SBL
global-fit values (0.993), but still within 1o. The uncer-
tainties are larger in the antineutrino data set and the
number of data points is also smaller. For this case it is
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TABLE II. Parametric fits to MINOS neutrino and ant-
neutrino data [3,27,29] for various parametrizations that take
into account the possibility of sterile neutrinos, motivated by
Eq. (25).

Case Am?(1073 eV?) sin’29,, N, x> /n.df
I 2.31 £0.10 0.953 £ 0.04 1* 1.65
1I 2.07 £ 0.09 1* 0.895 £ 0.03 1.48
111 2.17 £ 0.13 0.946 = 0.048 0.897 = 0.03 1.48
R e e 1.53
Case Am*(107% eV?)  sin®29, J_\fﬂ x?/nd.f
1 3.0 £0.23 0.86 = 0.08 1* 1.24
11 3.05 0.2 1? 1.16 = 0.13 1.61
111 3.05*022 0.883+0.086 1.07£0.122 1.33
Rﬁﬂ [P oo PP 373

“The symbol denotes that the particular parameter is not floated
in the fit under consideration.

found that both the extracted normalization and sin?24 are
significantly larger and smaller, respectively, than that
predicted from SBL fits. There is hence some potential
tension of the global-fit values with antineutrino data. Note
that since this is a survival probability, if CPT is satisfied
the probabilities in vacuum should be the same for neutri-
nos and antineutrinos.

In Fig. 3 we plot the 68% and 90% likelihood contours
for our simple fitting procedure, as applied to the MINOS
neutrino data. Note that systematic uncertainties have not
been taken into account as nuisance fit parameters. With
the inclusion of a possible normalization N, in the fits,

| Likelihood Contours (MINOS, Case D |

0.0026 |
MINOS 90% \
oo024f & T 1
E
4 o002 |
0.0020 |
0.0018 [, . . h .
0.80 085 0.90 095 1.00
Sin’20

FIG. 3 (color online).

PHYSICAL REVIEW D 85, 073004 (2012)

the extracted Am? decreases. The 90% C.L. lower bound
on sin?2? also shifts marginally to a smaller value
(0.90 — 0.886) as we include N,,. Although we fix N,
in determining the 68% and 90% contours in Case III, the
conclusions do not change significantly even if we include
an error bar on N ,.

In the plots and fits shown, we have not changed the bin
size from that given in the publicly available data set (the
fits as done by the MINOS collaboration are for a bin size
that is different from ours). We have nevertheless checked
that rebinning the data (consistent with Fig. 2 of [3]) does
not significantly change our observations. The MINOS
collaboration also perform a more comprehensive likeli-
hood analysis, compared to our fitting procedure, incorpo-
rating systematic uncertainties as nuisance parameters.
For comparison, the values of the best fits from the
MINOS collaboration are |Am?|=2.327312x1073eV?,
sin?29 > 0.90(90% C.L.) for neutrinos [3] and |Am?| =
[2.62103) (stat) = 0.09(syst)] X 1073 eV?, sin?29 =
0.95731%stat) = 0.01(syst) for the new antineutrino
data [27,29]. So, although the central value is slightly
different from ours, the lower bound on sin*24¢ is very
close to the one obtained in our fit. The comparison
between the 3vSM and “3 + 2” cases shows only a
small shift of this lower bound and we expect this to
be the case even after systematic errors are included.

Let us now try to derive some simple scaling relations
between the 3¥SM and “3 + 27 confidence intervals. In
general, from Eq. (24), it may be shown that if « is a lower
bound (say the 90% C.L. limit) on the coefficient of
sin®As; in P, ,, the matrix element |U 3| would be con-
strained as

M

[Likelihood Contours (MINOS, Case IIL, A fixed at 0.8397) |

0.0026 [

MINOS 90%

0.0024 |

Am?

0.0022 | Best-fit

0.0020 |

0.0018 |,
080

090 095 1.00

Sin’20

085

Likelihood contours from our fitting procedure for MINOS neutrino data. The two plots are for Case I (left)

and Case III (right) as defined in Table II. Systematic errors have not been included. It is observed that our estimate of the 90% C.L.
bound for sin?2¢ shifts from 0.885 to 0.853, along with a reduction in Am?, when we include a normalization factor N w
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UL |:1—\/1—a’1+\/1—ai|’ an

app 2 2

when the “incorrect’”” assumption of 3¥SM and no sterile
neutrinos is made. With the assumption as “3 + 2”7 we
would have a constraint on the “true’” value

B//L_V ﬁ_NM“ BQL—FVBE_NMQ
2 ’ 2

(32)

U 3P e €

“true” y

where

Bfu =1- |U;4,4|2 - |U;4,5|2) (33)

N, =1=2x,,=1-2B,0-p). (34)

It is easy to see from the above equations that the allowed
interval for the extracted |U 3| is shifted slightly, to lower
values, when one includes sterile neutrinos in the extrac-
tion procedure. Also note that in the case of the sterile
neutrinos, due to the modification, the coefficient of
sin”A3, (which would have been ~sin’26,; in the 3vSM
case) can never be unity.

For the sin?29 > 0.885(90% C.L.) 3vSM (Case I)
bound of Fig. 3 (left plot) this translates to

U512, € [0.33,0.67], (35)

and for the or the sin?2¢ > 0.853(90% C.L.) “3 + 2~
scenario (Case III), Fig. 3 (right plot), it becomes

|U 512 €[0.29, 0.66]. (36)

;l«3|“true”

The extracted |U,;| indeed shifts downwards by a few
percent from the 3¥SM case, when “3 + 2”° is assumed.
This will be relevant to us when we discuss v, appearance
measurements, since the value assumed for |U M3| will have
a bearing on the extracted |U ;| in that case.

It is clear from the analysis of the MINOS neutrino and
antineutrino data sets that they by themselves cannot dis-
tinguish between the 3¥SM and ““3 + 2"’ cases in a definite
way. There nevertheless is a marginal improvement in the
reduced- 2, in the neutrino fits, when sterile neutrinos are
included. The normalization as extracted from the neutrino
data is close to that theoretically predicted for the FD and
including any ND effects from sterile states improves the
fit slightly. The uncertainties in the antineutrino data are
larger and the reduced-y? obtained for the theoretical
prediction is poor. With higher statistics the analysis in
the antineutrino sector may be improved in the future.

We will now explore the effects of sterile neutrinos on
6,5 determination, in the context of v, disappearance and
appearance measurements.

PHYSICAL REVIEW D 85, 073004 (2012)

B. Effects of sterile neutrinos on the
determination of 0,3

There have been recent indications from experiments
like T2K, MINOS and Double CHOOZ for a possibly
nonzero 63. Let us try to understand the implications of
sterile neutrinos for 65 determination in these present and
upcoming MBL/LBL experiments. If there are sterile neu-
trinos with Am?2_,. ~ O(1) eV?, then the mixing angles
corresponding to them may be extracted in principle solely
from SBL experiments. These matrix elements thus ex-
tracted, may then be used in the analysis of MBL/LBL
experiments that aim to measure the reactor angle 6.
Because of the presence of the additional sterile states
there may be possible modifications to the extracted 65
angle or more precisely the extracted matrix element |U 3].

1. Reactor v, disappearance measurements

Let us first consider neutrino/antineutrino disappearance
experiments which measure survival probabilities. The
CHOOZ [5] experiment and its successors Double
CHOOQZ [6], Daya Bay [7] and RENO [8] are examples
in this category. We take Double CHOOZ as an example
for purposes of our discussion. At Double CHOOZ the FD
is at 1050 m and the ND is expected to be placed 400 m
from the reactor cores. For these base lengths and E
(~ 3 MeV) we may use the MBL approximation at the FD.

We have for the v, /7, survival probability, at the FD

Pig =1 =2(1Uyul* + UsI* = 1Uul* = [Us*
= |UU,s1?) — 4(U 5171 = (U517
— (1 = BIIUsP)sin?Az; — 4(|U (1 = [U1?)
— (1 = B)IU,|P)sin?Ay,
+ 8|U,?|U 5|% sinA,, sinAs; cosAsy, (37)
where, as before
Be=1—Uul> = U,/ (38)

Note that we have now retained Am3, terms explicitly.
Since this is a survival probability, any CP phase that
may be present in the MBL/LBL limit is completely ir-
relevant and does not cause any ambiguities. This is not the
case, as we shall see, when we consider conversion prob-
abilities where the phases may play a significant role.
For the Double CHOOZ baseline and characteristic E
(~ 3 MeV), the terms which are proportional to A,; and
quartic in sterile-neutrino matrix elements may be
dropped without incurring significant errors. This leads
to the familiar expression

PIejSL =1=2x. — 4é/eeSin2A32’ (39)
derived in Eq. (24) before. This may now be rewritten as

P = N [1 — sin?29,sin’A s, ], (40)
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where
Ne=1=2x,=1-2(1- o),
Hee |UesI*(BL — 1Us1%)
1=2x. 1=2(1-p0)

Under the three-neutrino assumption this survival proba-
bility may have been written as

(1 - |U€3|

sin’24, =

(41)

Pf%L ~]— 4|Ue3| )sin2A32. (42)

2 2
app app
From this we may associate an ‘“‘apparent” value for the
015 angle, through the relation

sin2207% = 41U 512,,(1 = U312, (43)

leading to the standard form for the », — v, survival
probability

P{gy =1 —sin26157sin’As,. (44)

In general, if o’ is an upper bound on the coefficient of
sin®As, in the survival probability P,,, we have the con-
straint

1—+1—-da
2 ’
for the apparent value when the “incorrect’”” assumption of

no sterile neutrinos is made. With the correct assumption
we would have a constraint on the true value

ﬁ/e B VIB/ez - Neal
> .

Compared to the |U M3| extraction case in Eq. (32), we have
dropped a solution that is already ruled out. Also note that
in the probability expressions, leading to the above extrac-
tion, the 2\, factors cancel while taking the FD/ND ratio.
This has to do with the fact that both the FD and ND
probability expressions are usually more akin to the
MBL limit in reactor neutrino experiments, for instance
for a ND around 400 m as in Double CHOOZ.

In Table III we list for comparison, values of |U,;| and
4|U 5|>(1 — |U,5]?) determined in the neutrino disappear-
ance case, using the 3vSM (apparent) and 3 + 27 (true)

| Ue3 |gpp = (45)

|Uf:3|t2rue = |Ue3|2 =

(46)

TABLE III. Comparison of some representative apparent and
true values of measured |U,| and 4|U|>(1 — |Usl?) in a
neutrino disappearance experiment. A ‘3 + 2”° scenario is as-
sumed and the matrix elements for the estimate are taken from
the SBL global fits.

Uislap  AUslipp(1 = 1Uesl3p)  1Usl 4lUsP0 = [Us]?)
0.224 0.19 0.219 0.183
0.198 0.15 0.194 0.145
0.168 0.11 0.165 0.106
0.133 0.07 0.131 0.067
0.087 0.03 0.085 0.029

PHYSICAL REVIEW D 85, 073004 (2012)

assumptions. The true values for |U,;| are found to be
generally smaller than the apparent values, as is to be
expected from Eq. (46). Nevertheless we observe that,
due to the absence of CP phase ambiguities, negligible
matter effects and smallness of the sterile-neutrino matrix
elements, the value of |U ;| extracted in reactor neutrino
disappearance experiments are not modified significantly
even when sterile neutrinos are present. Because of this,
the extracted value of 6,5 even under the incorrect assump-
tions is still close to the true value.

The above observations are especially pertinent in view
of the recent preliminary result from Double CHOOZ [33],
suggesting

sin 226P;CHO0Z = (0,085 =+ 0.029(stat) = 0.042(syst).
47

With a Double CHOOZ FD at 1050 m and a future ND at
40 m, the FD/ND ratio will be of the form ~MBL/MBL
and as pointed out before Eq. (46) the normalization factor
N, would cancel in the numerator and denominator in this
case. Although Double CHOOZ currently lacks a ND, they
normalize their measurement to the Bugey experimental
data [48], which accounts for an approximate 0.945 sup-
pression factor with respect to the expected one. The result
is then fitted to the form 1 — sin?26,3sin> A+, to extract the
value of sin?26,5. The difference between the normaliza-
tion factor extracted from the Bugey experiment and the
N, predicted in the “3 + 27 neutrino scenario is small
compared to the systematic and statistical errors. We ex-
pect that this small difference, between the energy-
independent normalization factors, will not lead to any
relevant variation of the extracted sin?2% value obtained
from the fit. Of course if the full energy dependence for
events at the Bugey detector at 15 m is considered, one
should use an expression R, analogous to R, , used in
Eq. (30) for MINOS.

Taking the central value above and assuming that there
are two additional sterile states, characterized by the values
in Table I, gives

|U 3255 HO%% = 0.147,

4| Ue3 |§pp(1 - |Ue3 |§pp)D_CHOOZ = 0085,

|U,;|P-CHOOZ — () 145, (48)
4|U 52(1 — |U 5]?)P-CHOOZ = ,082.

As emphasized before, the difference between the ex-
tracted values in the three-neutrino scenario and in the
“3 + 27 scenario is very small compared to the current
erTors.

Now, consider a standard parametrization of the
“3 4+ 2” PMNS matrix

3
Uinis = [1 R (49)

j>ii=1
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where the product is to be done from right to left and R;; is
a complex or real rotation matrix in the ij-plane (see
Appendix ). Let us generically denote by 6, the small
sterile angles (0;;, j > 3). Using this parametrization, it
may be seen that the coefficient in Eq. (41) is still very
close to sin26;5, the deviations being of O(6?)
(Appendix A). The quantity |U,;| is nothing but siné s
in the 3¥SM case. In the “3 + 2” case, using the standard
parametrization, it gets modified to cosf4 cosf ;s sinf 3
(see Appendix ). The quantity 4|U5|>(1 — |U,/|?) in the
3vSM case would have corresponded exactly to sin?26,5. In
the “3 +2” case it deviates from sin’26,3 by terms of
0(6%) (Appendix ). Note also that J-p  sin26,5 in the
3vSM case.

All the above conclusions are also applicable to upcom-
ing experiments like Daya Bay [7] and RENO [8] that aim
to measure 65 through a disappearance measurement. This
is to be contrasted with appearance measurements that we
discuss next.

2. v, appearance measurements

The value of 6,3 may also be deduced by looking for
v, appearance in experiments that measure neutrino
conversion probabilities. This includes experiments
such as T2K [32] and MINOS [31].

Let us focus on T2K [32] for the purposes of our
discussion. At T2K the neutrino energy peaks around
0.6 GeV and the ND(s) and FD are at 280 m and
295 Km, respectively. This ensures Az, ~ 77/2 at the FD
when E ~ 0.6 GeV, giving an oscillation maximum. These
base lengths also enable us to use all the approximations
for LBL again at the FD. The ND effects can again be
quantified and studied as before.

The transition probability in vacuum, keeping Am3,
explicitly, may be written as

PgL =4U ;311U 5 7sin? Ay +4|U 0] U 0 sin? Ay
+8|UUsU 0 1IU, |
X sinA5; sinA,; cos(Ay, — 85)
+4|U 511U 511 B"|sinAs; sin(Asy — 65)
+4|U U, || B"[sinA,; sin(Ay — 6,)
+2(1U 4 P1U s> + U 4512 U s 2

U llULIU 511U sl cosd), (50)
where
B"'=>UsU,, & =arg(U;3UsB"),

i=4

8, =arg(UipyUnB"), 85 =arg(UsU,sU,nUs).  (51)

The only approximation we have made in Eq. (50) is to
average terms containing large sterile mass squared differ-
ences. In contrast to the previous case there now appears

PHYSICAL REVIEW D 85, 073004 (2012)

nontrivial CP phases, as this is a conversion probability.
Because of the presence of these phases there could be
interesting interferences between the various terms and it is
seen that one can no longer drop terms, as we did in the
survival probability case, without significant errors.

These phases which appear in the LBL limit are in
general independent of the phase 6 extracted from the
SBL global fits. Also note that when B” # 0 the phase
83 is not independent and is given by §; — 6,. The effec-
tive CP phases 6; and &, may be related to the ““funda-
mental” CP phases 61, and 0;3 in some particular
parametrization of U3 (Appendix ).

To get a better understanding of what the various terms
in Eq. (50) mean, we briefly look at the corresponding
expression in the 3¥SM case. In the 3¥SM the conversion
probability has the well-known form

P/LLEL =~ P3SN+ p3rSM 4 2\/P%”SMP2”TSI\I,‘[’[ cos(Az, — 83),
(52)
with

P3SN = sin?6,35in%26),3sin% A3,
(53)
PISM = c0s20,35in?260 ,5in%A .

The first and second terms in Eq. (52) are the atmos-
pheric and solar oscillation contributions. The last term
denotes an ‘“‘interference” between the atmospheric and
solar oscillations with a relative phase shift 65. Label this

INT-5 . . .
term Pg_,ry and in terms of the matrix elements it is

INT-8 .
Po-arm = 8lU 51U U o1 U7,

X SinA31 SinA21 COS(A32 - 53) (54)

If we define 8.p = — arg(U,s), then for small |U ;| val-
ues, 85 in the 3vSM is almost equal to —&¢p. The PFSM
term is O(A3,) and small for most experiments we are
interested in. The PEDN,T;T‘}*A term is superficially sensitive
to the mass hierarchy, since under +|Am3,| — —|Am?,|
it picks up a negative sign and the argument
(|1Am3,| — 83) — (|Am3,| + ;). Nevertheless, it should
be noted that there is no actual sensitivity in the vacuum
case, since a rescaling of the CP phase, 63 — 7 — d3,
would undo the above transformation [56].

For later comparison to “3 + 2,” in Fig. 4 we make
some illustrative plots in the 3¥SM case, assuming T2K
baseline (295 Km). Note that in the 3vSM case

8|U/_L3|2|Ue3|2 = ZSin2023sin22013. (55)

Plotting this combined quantity in Fig. 4 (top left) and later
allows us to readily consider a nonmaximal atmospheric
sector in |U 3| extraction. The CP phase &3 now is almost
equal to — 8 p, for small |U,3|. Note from Fig. 4 (top right)
that, for a fixed value of the CP phase, the theoretical
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FIG. 4 (color online). Plots in the 3vSM case, assuming T2K baseline, showing extracted 8|U M3|2|UL,3|2 for E = 0.6 GeV (top-left
plot) and conversion probabilities in the energy bins {0.4 GeV, 0.6 GeV, 1.2 GeV} for fixed 8|U ,3]*|U,3|* (top-right plot). The thick
lines denote NH and the dotted lines denote IH. The top-left plot is for four fixed probabilities—0.07, 0.05, 0.03 and 0.01. For
comparison, the CHOOZ limit at 0.19 (90% C.L.) is shown. To avoid clutter, we have not shown in the plots the best-fit values from the
other experiments—0.0410:047 (MINOS-NH), 0.07970:57} (MINOS-IH), 0.11%% )¢ (T2K-NH), 0.14*%11 (T2K-IH) and 0.085 =+ 0.051
(Double CHOOZ preliminary) [31-33]. The bi-probability plot (P, vs P,,) for five different values of 4|U;|*(1 — |U,;[%),
corresponding to Table III, is also plotted for the NH case. The color coding on them denotes the values of 63 and the values may
be ascertained from the color wheel displayed at the origin. Apart from |U,;l, for simplicity, wherever applicable all other matrix
elements have been assumed to be close to their tribimaximal values.

differences between NH and IH can be more pronounced as
we move away from Az, ~ 77/2. This of course does not
imply any actual sensitivity to the mass hierarchy in these
measurements, due to the invariance under 63 — 7 — 83
and +|Am3,| — —|Am2,| mentioned earlier [56].

The bi-probability plot, bottom figure in Fig. 4, shows

the probability orbits in the (P, P; ;) plane. The orbits

073004-

are traced as we vary 63, whose values may be read off
from the color wheel at the origin, and the size of the
ellipses are determined by the magnitude of |U,;|. Since
A3, ~ /2 the cosd; contribution in the interference term
is small and the ellipses get squeezed as As, — /2,
tending towards a line [57]. Because of this there is no
(83, 613) degeneracy in the plotted orbits. In this case, if
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matter matter effects are small (at T2K, for instance, they
are small to good approximation), CP violation can in
principle be measured directly by comparing P, and P pe

The first three terms in Eq. (50) correspond to these
terms above—atmospheric, solar and an interference
term between them. The next two terms in Eq. (50) are
contributions solely from sterile neutrinos and modulate
the P353M and PYSM with relative phase shifts of 8, and &,

respectively. Let us label these terms AP%{,{S' and

APE' 7?2
APELT = 41U 51U 1 B sinds sin(As; — 6)),
N HU Ul B" sinAy; sin(Ay — 85).  (56)

The last three terms are energy-independent residues
obtained after averaging out terms involving large sterile-
neutrino mass-squared differences. Let us call these resi-
due terms collectively as p",

pres = 2(|UM4|2|Ue4|2 + |UM5|2|Ue5|2
+ U llUL U5 |1U 5] cosd). (57)

Though higher in order, they become important for
small values of |U,| to give a positive-definite conver-
sion probability. It is also worth emphasizing that both
PO and APP -0 are o |U,]. This observation will
become relevant later when we try to understand can-
cellations among them.
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FIG. 5 (color online).
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In Fig. 5 we show contour plots of the conversion
probability P, for two fixed values of |U,;|. T2K base
length and characteristic neutrino energy have again been
assumed. For the T2K ND distances (280 m) and E, =
0.6 GeV, the effect of sterile neutrinos on the ND fluxes is
relatively minimal, but still leads to noticeable spectral
distortion. We have included this effect in the analysis
and the plots. Focusing primarily on E, ~ 0.6 GeV may
be justified by the fact that the J-PARC v, beam has a very
narrow side band [32] and in addition, under ideal con-
ditions, most of the statistical power in sin?26,; extraction
may be expected to come from the region of the first
oscillation maximum (A3, ~ 77/2), tuned at 0.6 GeV. We
will look at the effects of varying E later for comparison.

A couple of things may be noted immediately from these
contour plots in the (8}, 8,) plane, at As, ~ 77/2. The
largest conversion to », takes place in the vicinity of
(0, —7r/2) in both cases. In fact this is found to be true
for all intervening values of |U,3| as well. In this region
both Pg;‘sﬁ,[ and AP%;,I‘SI have the same sign and con-
structively interfere with P3%5M

Atu - Heuristically, let us denote
this situation as
Ay~ 77 y _ 1
0, —7/2): P42~ ™% ~ prsM g [PINI-0 @ APE 01,
(58)

where ® denotes constructive interference and © de-
notes destructive interference. As we decrease |U,;| the
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Contour plots of »,, — v, conversion probability, with T2K parameters, as a function of two independent

phases 8, and &, near A, ~ 77/2 for the NH case. The T2K ND effects have been included. The color coding denotes the magnitude
of the conversion probability in each case. The quantity 4|U ,;|*(1 — |U ,;|?) in the 3¥SM case would have corresponded exactly to
sin?26,5. In the “3 + 2” case, as we had commented earlier, it deviates from sin?26,5 by terms of @(62). In terms of |U,;| the above
two plots correspond to 0.22 (left) and 0.085 (right), capturing the |U,3| range in Table IIL. In this case, besides |U,;3| and the global-fit
values of Table I, again all other matrix elements have been assumed to be close to their tribimaximal values.
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conversion probability decreases as expected but the

maximal conversion region is relatively unchanged.
Similarly, the lowest conversion probabilities occur in

the vicinity of (+77, —/2), where P03 2% and APS 1%

have the same sign but now destructively interfere with

3vSM
p ATM »

(2, —m/2): P ~ PASY @ [Polhm ® APRny"')
(39

Probably even more interesting is the observation of a
thin band near 8, = 77/2 for which the conversion proba-
bility is almost constant over the full range of &,. In this
band there is an almost perfect cancellation between the

P2 and AP%;A‘SI terms,
(V 8y, +m/2): P2
~ Pt e [Pou e APRL] (60)

The conversion probability in this case should almost be
identical to the conversion probability in the 3¥SM case,
when the interference term Pg\f&ﬁ@[ in the 3vSM limit
almost completely vanishes (i.e., (Ay, — 83) = =77/2 in
Eq. (52)). In the 3vSM case, near Az, ~ 77/2, this happens
at 03 = 0 and 63 = = . The conversion probabilities are
indeed found to match as expected upon comparison.
Again, for the global-fit and close-to-tribimaximal values
we are working with, this conclusion is seen to be true,

. . - "n_
independent of U3, since both Pg\g{sﬁd and APﬁTMS‘ are

& |Ue3|~

When 6§, =0, it is seen that the terms Pgﬂ_{s& and
AP%;,[‘S‘ are out of phase with each other by 7/2 in the
phase &, (or now equivalently &3). Because of this, the
conversion probability attains its maximum and minimum
values at 83 = 77/4 and 83 = —37/4 respectively when
A32 -~ 77/2

In Fig. 6 we look at the probability orbits in the
(P e, Py ) plane for Ay, ~ 77/2. We see a rich behavior
in the orbits depending on the value of §,. These may again

. . INT-6
be understood in terms of interference between Py 1y

(PNToey and APEL (APELDY, in Py, (Py3). Since
P(p, — pg;U) = P(v, — vg; U"), all the phases change
sign as we go from neutrinos to antineutrinos. Specifically
as seen from Eq. (60), for 8, = —/2, the Po 72 and
AP%K,[S‘ terms cancel each other for P e leaving a residue
almost independent of &5. This may be symbolically ex-

pressed as
(V 8y, —m/2): P32 ™% ~ PuM & [Palioy © AP
(61)

It is also interesting to note that for §, = 0 the (53, 6,3)
degeneracy is reintroduced even when Aj, ~ 77/2. This

PHYSICAL REVIEW D 85, 073004 (2012)

is clearly seen from the fact that the elliptic orbits for
adjacent |U 3| values intersect. At the points of intersection
both P pe and P, have the same magnitudes for different
values of 83 and |U,;|. This degeneracy can now mix
CP-conserving and CP-violating solutions. An example
of this may be observed in the §, = 0 case of Fig. 6 where
the orbit labeled by 0.183 intersects the orbit labeled by
0.106. The former solution is CP-violating (83 # 0)
whereas the latter is CP-conserving (65 = 0). Note that in
the bi-probability discussions, to first approximation, the
effects of the base length (L) and neutrino energy (E) only
appear through Aj, ~ 7/2. Because of this the general
features of the probability orbits should be more widely
valid, as long as we are in the vicinity of a conversion
maximum.

Figure 7 shows the extracted values of 8|U ,3]*|U,3|* for
fixed-conversion probabilities, again assuming that most of
the statistical significance is coming from the region near
A3, ~ 7r/2. The thick lines indicate NH and the dotted
lines indicate IH for comparison.

The different values of 8|U ,3|?|U,;3|* extracted in Fig. 7
are easily understood by looking at the corresponding
conversion probabilities near that particular CP phase
region. For a fixed-conversion probability, positive (nega-
tive) interference terms from Pgﬂ'fﬁ/l and AP%;,[‘S‘ must be
compensated by lower (higher) value of |U,3|. Therefore,
the variation of the extracted |U,;| magnitude as we vary
65 must be anticorrelated with the conversion probability
variation.

Another point we would like to emphasize is that the
actual |U ;| value extracted depends on the assumed value
of |U 3|, which may be extracted, as we saw in Eq. (32),
from a v, disappearance measurement such as MINOS.
We saw in the case of LBL, and specifically MINOS, that
the presence of sterile neutrinos cause the value of ex-
tracted |U M3| also to shift to lower values by a few percent

U318 = 10, 365M. (62)

Because of these considerations, plotting 8|U ,3|*|U,3/* in
Fig. 7 allows us to incorporate a nonmaximal atmospheric
sector and |U M3| readily. Let us try to understand some of
the theoretical features in the plots. From Fig. 4 we observe
that in the 3¥SM case the extracted |U,s| is the same for
normal and inverted hierarchy when &; = *7/2V E.
This is due to the fact that the interference term becomes
o *sin?Ay, for §3 = + /2. It is also clear that the maxi-
mum difference between normal and inverted hierarchies
occur at 83 = {0, =77} V E, as expected from Eq. (52). It is
worth reemphasizing that these theoretical features again
do not imply actual experimental sensitivities to neutrino
mass hierarchy, in vacuum, due to the invariance under
63 — T — 63.

Along similar lines we can understand the features in the
“3 + 2” case. The NH and IH cases should give the same
extracted |U,;| when the terms which transform under
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FIG. 6 (color online). Probability orbits in the ‘3 + 2" neutrino scenario for the NH case. The respective values of
4|U5?(1 — |U3|?) are labeled on the orbits. As before, apart from |U,;| and the global fits, all other matrix elements have been
assumed to be close to their tribimaximal values. It is observed that in contrast to the 3vSM case, the (83, 6;3) degeneracy may be
reintroduced depending on the value of the phase §,. Also observe that 5, = — /2 and 8, = + /2 are orthogonal choices for which

P and P, remain almost constant, respectively, as 83 traces the orbit. These may be compared to the 3¥SM probability orbits in
Fig. 4. The value of 85 at any point in the orbit may again be deduced from the color wheel at the origin.

|Am3,| — —|Am3,|, specifically Pgﬂ%‘,{ and AP%K,I‘?', NH =1HV (L, E): (0, £7/2), (m, £7/2), (—m, =7/2).

sum to the same numerical value, apart from the |U ;| (64)
factor that is common to both. If a term-by-term equiva-
lence is demanded (which is a stronger condition than
required) between NH and IH, we must have

[cos(|As,y| — 63) + cos(|Azy| + 85)]— 0,

These regions are clearly visible in the top left (6, =
—1/2) and bottom (8§, = +/2) plots of Fig. 7, with
the understanding that 63 = 6; — J,.

(63)
[sin(|Az; | + &) — sin(|Az| — 6;))]— 0,

These give the solutions in the (8, §,) space

Imposing the weaker condition that the net sum of
PO and APP 2 be equivalent in the NH and TH
cases leads to the solution
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FIG. 7 (color online). Extracted values of 8|U #3|2|Ue3|2 in the “3 + 27 case, with T2K parameters (L = 295 Km, E = 0.6 GeV),
assuming fixed-conversion probabilities—0.07, 0.05, 0.03 and 0.01. The thick lines are for NH and the dotted lines are for IH. We
reemphasize that the quantity 8|U ,3|*|U,3|* plotted would exactly correspond to 2sin?6,3sin?26,5 in the 3SM. The other matrix
elements have been chosen as in the previous cases. For comparison, the preliminary best-fit value from Double CHOOZ is at

0.085 = 0.051 [33].

sind
NH =IHV (L,E): —————
(L, E) cos(8; — 6,)
~ 2|UM2||U;;IZ| SinA21 COS|A32| (65)
18" cos| Ay

This is independent of |U,3| and |U ,3|. For E = 0.6 GeV
(A32 ~ 77/2 for LTZK)’ (81, 62) ~ (77'/4, 0) and (_37T/4, 0)
are among the approximate solutions to the above equa-
tion. This equivalence between NH and IH can be seen
clearly in the top-right plot of Fig. 7 near these regions.

For most of our theoretical discussions till this point, we
were focused on the region near Az, ~ 77/2 at T2K, and
hence at neutrino energies near 600 MeV. As previously
noted, it may be argued that this is not too egregious a
choice since the J-PARC v, beam has a very narrow side
band and in addition, naively, most of the statistical power
in sin’26,5 extraction must come from the region of the
first oscillation maximum, tuned at 0.6 GeV. Nevertheless
it is important to explore the variations with E, especially
considering that the T2K v, appearance measurement
observed 4 events outside the 0.6 GeV bin.
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3+2 Case, 8|Uu3|*|Ue3|*=0.085, 62=—n/2

PHYSICAL REVIEW D 85, 073004 (2012)

342 Case, 8|Up3|*|Ue3|’=0.085, 62=0
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FIG. 8 (color online).

Pue

Conversion probabilities P, in the “3 4 2" case, for three different neutrino energies—0.4 GeV (red),

0.6 GeV (green) and 1.2 GeV (blue). The thick lines are for NH and the dotted lines are for IH as before. They are plotted for a fixed
8|U 51*1U 51 of 0.085. It is clear that there may be significant differences between NH and IH depending on E and the CP phase

structure.

Figure 8 shows the variation in the conversion proba-
bility P, as we vary E for NH and IH. They are plotted
for a fixed 8|U,;*|U.l* of 0.085. We focus on the
400 MeV, 600 MeV and 1200 MeV energy bins. These
bins correspond to Az, ~37/4, Asy ~ 7/2 and As, ~
/4 for the T2K baseline. As is clear, the variations may
be substantial between NH and IH as we move away
from the oscillation maximum depending on (8, §,). We
could now pose the question—for a fixed-conversion
probability near As, ~ 77/2 what is the smallest |U ;|

it may be associated with for any CP phase structure in
the 3»SM and “3 + 2 cases ?

In Fig. 9 we show the minimum attainable |U ;| values,
in terms of 4|U,3|?(1 — |U /%), in the 3vSM and *“3 + 2”
scenarios. The range of conversion probabilities in Fig. 9
correspond to those in Fig. 7. Note that the smallest pos-
sible |U,;| in the “3 + 27 case is always significantly
smaller than that possible in the 3vSM,

|U51375M > |U 50372 (66)

smallest smallest*
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FIG. 9 (color online).

Minimum possible |U,| in the 3»SM and “3 +2” cases (NH and IH) expressed in terms of

4|U 51>(1 = |U51?). In the plot, E is fixed at 0.6 GeV, the implicit assumption being that most of the statistical power in |U,;|
extraction may come from the vicinity of E ~ 0.6 GeV (equivalently A3, ~ 77/2 for T2K baseline) which is the oscillation maximum.
It is clear that the lower bounds on the extracted |U ;| are generally much smaller with a ““3 4 2 assumption, but still nonzero. The

best-fit values in the 3¥SM for comparison are—0.041*3:937 (MINOS-NH), 0.07970:07! (MINOS-IH), 0.11*%1- (T2K-NH), 0.14*5-1!

0.08

(T2K-IH) and 0.085 = 0.051 (Double CHOOZ preliminary) [31-33].

Also observe that, though reduced, the smallest |U ;5| val-
uesin ‘3 + 27 are still different from zero, albeit extremely
tiny for small conversion probabilities. This is because, Py
and APgL(s2 by themselves are not sufficient to fulfill a
given conversion probability in the range shown.

In the three-neutrino scenario, from the T2K lower-
bound curves [32] (which give the 90% C.L. lower bound
on sin’26;; as 0.03-0.04 for S.p = 0), the smallest
possible sin’26,5 is about 02-0.025, at op =~ —m/2. If
we assume that the lower-bound curves correspond
approximately to constant conversion probabilities, then
using those approximate P,, values in the “3 + 27 sce-
nario we may estimate, from Fig. 9, a lower limit for
4|U 5|>(1 — |U,51?). This gives for the “3 + 2 case,

4|U51*(1 = |U,51%) = 0.008 — 0.01;

(67)
(U] = 0.04 = 0.05) at 90% C.L..

Based on the above discussion, we note that in the <3 + 2
case, the results from T2K imply a 90% C.L. lower bound
that is still within the reach (sensitivity) of future reactor
neutrino experiments like Daya Bay [7], and consistent
with the 1o range of sin’26,5 recently reported by the
Double CHOOZ experiment.

3. Matter effects

All the above effects, due to the presence of sterile
neutrinos, may be further modified by matter effects,

depending on the base length and E. In the 3¥SM case
these matter effects may be quantified as [58]

TEZSM —1- 4S%3 SiHZ(AM - 1)A3|

(A — 1)
inAy A
— €%sin?26,, sm#’
Ay
Sinz(AM - 1)A31
ngMSM = 43%3553 - (Ay — 1)2

+ 2€S13 sin2012 sin2023 COS(A31 - 5CP)
> SinAMA3] Sin(AM - 1)A31

inZA\ A
+ €25in20,,c2, T M3 (68)
Ay
where
= R Ay = ——. 69
Am3, M Am3, (69)

Equation (68) is written to second order in € and sinf3,
assuming a constant matter-density potential [58]

Vi = 7.56 X 10*'4( p/““sg)ye eV, (70)
g/cm
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where p ., 1S the crust matter density and Y, is the number
of electrons per nucleon. For earth matter Y, = 0.5 to very
good approximation.

For a constant earth-crust density peng =3 g/cm’, we
can estimate using the characteristic experimental parame-
ters that
ADFCHOOZ ~ (),0003,

ALK = 0.06, AMINOS ~ .3,

(71)

Using the above values and Eq. (68) we can make estimates
to convince ourselves that for Double CHOOZ the matter
effects are almost completely irrelevant and the extracted
|U 5| is hardly affected. For T2K, it is seen that the matter
effects are still relatively minimal (near £ ~ 0.6 GeV) but
induce at most a few percent change in the extracted |U ;|
relative to the vacuum assumption. In MINOS the matter
effects can become more significant and may induce larger
modifications of the extracted |U,;| somewhat obscuring
any possible additional effects due to sterile neutrinos.

In both cases above, for a fixed-conversion probability,
the effect of matter interactions is to decrease (increase)
the extracted |U,s;| for NH (IH). This is probably most
easily understood in a two-neutrino limit by noting that the
effect of the matter potential is to increase (decrease) the
effective sin’26); coefficient for NH (IH). Crudely, to
lowest order, the above conclusion should still hold ap-
proximately in the ““3 + 2°” neutrino case. Also note that in
contrast to matter effects, the direction in which |U ;| was
modified due to sterile neutrinos depended intricately on
the (8, 8,) CP phase structure. A comprehensive analysis
of 6,5 extraction including matter effects at MBL/LBL, in
the presence of two sterile neutrinos, is beyond the scope of
the present work (see [59] and references therein in this
context, for a “3+ 17 SBL fit incorporating matter
effects).

4. Comparison to the “3 + 1” case

It is interesting to point out in the MBL/LBL limit that
for P, if one were to use the best-fit values in “3 + 17 for
the matrix elements, as in [12] say, the numerical values of
B and the energy-independent residue term p™* defined in
Eq. (57) comes out to be numerically almost the same. In
the “3 + 27 case we have

|B" ]340+ = 0.0351, PS5 » = 0.0021 (72)

and in the “3 + 1°° case we get for the equivalent values,
[B"]«341» = 0.0354, P = 0.0025. (73)
These quantities along with the two independent phases
are the only relevant quantities in the LBL/MBL limit that

depend on the presence of sterile neutrinos. The larger
Am%1 one obtains from SBL fits in “3 + 1,” relative to

PHYSICAL REVIEW D 85, 073004 (2012)

“3 4+ 27 Am? values, is irrelevant for MBL/LBL since the
terms containing it get averaged at the FD anyway.

VI. SUMMARY AND CONCLUSIONS

In the present study, we revisited some of the recent
neutrino observations in the context of sterile neutrinos
and the global fits from SBL experiments, to understand
their impact on current and upcoming MBL/LBL
measurements.

We noted that in general, for LBL experiments, the
existence of sterile neutrinos leads to a distinct parametri-
zation of the oscillation survival probabilities in terms of a
normalization factor and a modified coefficient of the
energy-dependent term. We analyzed the MINOS neutrino
and antineutrino disappearance data [3,27,29] from this
perspective. Though the parametrization does lead to a
marginal improvement in fit, it was found that the current
MINOS data by itself does not definitively discriminate the
“3 + 27 scenario or the parameter values obtained from
SBL fits. It was found that the |U ;| confidence interval
shifts to lower values by a few percent when the possible
existence of sterile neutrinos are taken into account.

It was also commented that the recent measurements of a
possibly nonvanishing reactor angle 65 may be affected by
the existence of sterile neutrinos. We pointed out that the
existence of sterile neutrinos may induce a modification of
this angle (more precisely |U,;|) in experiments that look
at neutrino conversion probabilities, such as T2K and
MINOS, and the perceived value may be shifted signifi-
cantly from the true value in these cases. We also studied in
detail the effects of additional sterile-neutrino terms and
their interference due to CP phases, in the “3 + 2" con-
version probabilities. The probability orbits in the bi-
probability plots also exhibited interesting features distinct
from 3vSM. It was, for instance, observed that the (85, 0,3)
degeneracy may be reintroduced depending on the CP
phase structure in the “3 + 2” scenario and that there
may be orbits where either the P pe or P, value remains
almost constant with changing 65.

It was also reiterated in the study that in the reactor
experiments, these modifications due to sterile states are
less significant. Because of this, the matrix element |U ;|
when determined from survival probabilities under the
3vSM assumption, is close to the “3 + 2" value, as com-
pared to when determined from conversion probabilities.
Neutrino disappearance experiments include Double
CHOOZ [6] and upcoming experiments such as Daya
Bay [7] and RENO [8] that will measure 63 to high
precision. In this context we also conclude from our study
that the results from T2K imply a 90% C.L. lower bound on
|U 3, in the <3 + 2" neutrino case, which is still within
the sensitivity of future reactor neutrino experiments like
Daya Bay [7], and consistent with the one-o range of
sin’26,5 recently reported by the Double CHOOZ experi-
ment. Finally, we argued that the results in the “3 + 1”7
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scenario, using the recent best-fit values, would be very
close to the medium/long-baseline results we obtained in
the “3 + 27 case. This was attributed to the numerical
equivalence of the relevant parameters in both cases.

Our analysis suggests that if the SBL global fits, includ-
ing the anomalies, are in fact legitimate indications of
sterile neutrinos in nature, then there may be interesting
effects in MBL/LBL neutrinos experiments. A more com-
prehensive study in the “3 + 2”° scenario including matter
effects at MBL/LBL terrestrial neutrino experiments, such
as MINOS [31] and NovA [60], is left for future explora-
tion. We also plan to pursue in future, a study of how the
“3 + 2 scenario affects survival probabilities for solar
neutrinos [61], using current global-fit parameters.
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Note added.—After the submission of this article a
similar work [62] appeared that discusses the recent
Double CHOOZ results considering the energy depen-
dence of the events at the ND induced by the presence of
sterile neutrinos. The final conclusion is similar to ours,
namely, that the value of sin’26,; is not significantly
modified with respect to the three-neutrino case, although
due to the sterile neutrino effects the final uncertainties
associated with the result are somewhat larger than the
ones quoted by the Double CHOOZ experiment.

APPENDIX A: MATRIX ELEMENTS

For completeness, we list some of the relevant matrix
elements in terms of the angles and phases in a standard
parametrization,

3
[T Ry

j>ii=1

Usnivs = (AD

PHYSICAL REVIEW D 85, 073004 (2012)

The multiplication of matrices is to be performed from
right to left. The rotation matrices may be real or complex.
We choose a CP phase parametrization that is consistent
with that employed in [11]. Under this convention the
matrices R, R3, Ry5, R34 and R35 carry CP phases.

The sterile-neutrino matrix elements in this convention
are

Ue4 = COSH]S sin614, (AZ)

Ues = e*i5|5 sin015, (A3)

U4 = cosy, cosbys sinf,y — e'%15 sinf, sinf5 sinf,s,

(A4)

ué

U,u5 = COSGlS Sin025. (AS)

The sterile-neutrino angles (64, 015, 624, 055) and phase
015 can in principle be extracted from SBL measurements
and specifically the global fits of Table I.

The active-neutrino matrix elements pertinent to our
study come out to be

U€2 = COSGB COSBM 0059]5871-512 Sin@lz, (A6)

U,; = cosf, cosfse 95 sinf 3, (A7)

U,» = 08, cosby3 cosbyy cOSO)s
+ e %125inf,(cosf3(— cosb,s sinf 4 sinf,y
— c0s0,4€%15 5inf 5 sinfys)
— €086, 0sO,5e'%13 sinf 5 sinf,3), (A8)
U,3 = c0863 c086,4 COSO)5 sinfy3
— 71913 5inf5(cosf,5 sinf 4 sinb,

+ c0sf4€'015 sinf; 5 sinf,s). (A9)

The effective phases 6, and d, can be related in principle
to the “fundamental”” CP phases &, and &3 using the
above relations.
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