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5D Yang-Mills instantons from Aharony-Bergman-Jafferis-Maldacena monopoles
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In the presence of a background supergravity flux, N M2-branes will expand via the Myers effect into
MS5-branes wrapped on a fuzzy 3-sphere. In previous work the fluctuations of the M2-branes were shown
to be described by the five-dimensional Yang-Mills gauge theory associated to D4-branes. We show that
the Aharony-Bergman-Jafferis-Maldacena prescription for 11-dimensional momentum in terms of mag-
netic flux lifts to an instanton flux of the effective five-dimensional Yang-Mills theory on the sphere,
giving an M-theory interpretation for these instantons.
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I. INTRODUCTION

The relation between the low-energy D4-brane theory
and its corresponding M-theory counterpart, the low-
energy M5-brane theory, poses some intriguing questions
that are not fully resolved. The conventional understanding
is that, since five-dimensional maximally supersymmetric
Yang-Mills (MSYM) is power-counting nonrenormaliz-
able, it is only a low-energy effective description which
UV completes to the (2, 0) theory on S!. In [1,2] it was
argued, following earlier leads by [3,4], that BPS Kaluza-
Klein states of the compactified six-dimensional (2, 0)
theory on S! can be recovered as instanton-charged states
of five-dimensional MSYM in flat space. This gave rise to
the proposal that the latter is not in need of a UV com-
pletion in order to reproduce the finite six-dimensional
conformal field theory at strong coupling and is a well-
defined quantum field theory in its own right. This proposal
has recently received further study and support from [5-9].

In particular, the instanton number of five-dimensional
MSYM was identified with units of Kaluza-Klein momen-
tum in the (2, 0) theory on a circle of radius R as

1 fTr(F/\F). (1.1)

Rs 28%{1\4

Here we will see how this relation, and as a result the
relation between the action and states of five-dimensional
MSYM and the (2, 0) theory, emerges in the context of the
M2/MS5 fuzzy sphere bound state arising from the Myers
effect [10]. Some recent studies of M2/MS5-brane systems
include [11,12].

The M2/MS5 system is interesting in this context, since it
is expected to admit both an M2- and an MS5-brane weakly
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coupled description at large N. The former has been
recently made accessible due to our enhanced understand-
ing of M2-brane theories [13—17] and is given in terms of
the mass-deformed Aharony-Bergman-Jafferis-Maldacena
theory of [18,19]. The latter should be captured by an
MS5-brane theory partially wrapping S3/Z,. The first result
of this paper is to fill a gap in the literature and explicitly
construct the M5-brane picture by establishing this equiva-
lence for large-k, where the M-theory circle shrinks in both
descriptions. This is done by showing that the two theories
share the same action for fluctuations. We carry this out in
all detail for irreducible solutions of the mass-deformed
ABJM theory and an Abelian M5-brane. We also give
a concrete prescription for the extension of this matching
between reducible ABJM solutions and multiple
M5-branes on S°.

We then incorporate momentum around the M-theory
circle and show that the agreement still holds: From the
ABJIM point of view this involves turning on flux along
the spatial world volume directions of the M2-brane the-
ory. The associated charge is carried by the so-called
monopole or 't Hooft operators. Our second result is that
there exists a one-to-one map between this monopole
charge and instanton charge in the five-dimensional
MSYM on R>! X S? both in the Abelian and non-
Abelian cases. Note that instanton charge in five-
dimensional MSYM is not only carried by conventional
self-dual gauge field configurations.

Our results imply that there is a one-to-one map between
both perturbative and nonperturbative states of the mass-
deformed ABJM and five-dimensional MSYM theories.
Since the former is the complete description of the M2/
MS5-brane system [20,21], correctly capturing momentum
along the M-theory circle, the same should be true for the
latter. This provides strong evidence for the conjecture of
[1,2]. We also hope that this paper helps to clarify the role
of instanton number as Kaluza-Klein momentum.

This result further suggests that instantons are important
even in the Abelian theory. For example, we could wrap the
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M2-branes on a torus so that the massive vacua describe a
single fuzzy M5 on 72 X S3. In this case the ABJM pre-
scription for 11-dimensional momentum maps to smooth
instantons in the Abelian D4-brane picture. This is consis-
tent with the conjectures of [1,2] but yet apparently differ-
ent from the standard prescription coming from the
reduction of the known equations of motion for a single
M5-brane [22-24]. Thus there appears to be a duality
between an Abelian D4-brane on T2 X §? with instantons
and an Abelian M5 description on 72 X $3 including
Kaluza-Klein modes of the Hopf fibration S35 2.

The rest of this article is organized as follows: In Sec. 11
we consider the effective action of a single M5-brane in a
4-form flux background. For states with no Kaluza-Klein
momentum this is the same as a D4-brane in the associated
type IIA background and we find that the brane is indeed
stabilized at the correct radius as predicted by the gauge
theory analysis. In Sec. III we then consider fluctuations of
the D4-brane theory and show that this precisely agrees
with the effective action calculated in [25] from the ABIM
description of M2-branes in the same background. These
calculations are in precise agreement with the ABJM
analysis and provide a nontrivial check on the dual de-
scription obtained from a D4-brane. In Sec. IV we discuss
the extension of this analysis to multiple D4-branes or M5-
branes. For static configurations these can be obtained by
considering reducible, block-diagonal, representations of
the ABJM vacuum equations. Dynamically one must then
also allow for off-diagonal modes whose effective action is
given by Yang-Mills gauge theory. In Sec. V we show that
the ABJM prescription for momentum around the
M-theory circle in terms of world volume U(1) flux is
precisely mapped to the instanton number in the D4-brane
description. We comment on the M-theory interpretation of
this result. Finally Sec. VI contains our conclusions.

II. SETUP

We want to consider an M5-brane probe in a particular
flux background with'

GW =2u(dx® Adx* Adx> Adx® + dx” Adx® Adx® Adx'),
2.1

where we note the factor of 2. We observe that this solution
is only at leading order in the fluxes. Because of gravita-
tional effects there is a backreaction on the geometry. The
full solution is known [26,27]

ds? =H 3 (=di® + dx} + dx3) + H'3(dx3 + ... + dxy)

GW =2u(dx> Adx* Adx> Adx® + dx” Adx® Adx® Adx'0)
+d(H_1_1)/\dl/\d)C1/\dX2, 2.2)

"We work with conventions A = L A

21 dx'V AL A dxie.

iy
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where by directly solving the 4-form equation of motion
da’cG=%G/\Gweget2

(2.3)

This solution is clearly singular when H ~ 0. Thus in order
to trust the supergravity background we require that
wirr < 1.

N M2 probes were placed in this flux background in
[27], leading to the derivation of the mass-deformed ABJM
action of [18,19]. Compared to the undeformed ABJM
theory [17] there is a correction to the supersymmetry
transformations of the M2-branes due to the flux, given by

Sihy = y*D, ZPesp +[ZC, ZP; Z,Jecp

- 1
+[ZP, ZC Zplesc + EMACZD €cps (2.4)

where A=1,...,4, [ZA,Z8,Z,1=22(242}2P — 787t 7%)
and

1
M =24 » 2.5)
—1
Setting Z> = Z* = 0 leads to the vacuum equation
[ZA 78, 7,] = uZ* A B=12 (26)

which is the one that was used in, e.g., [19,25], justifying
the factor of 2 that appears in (2.1). In the presence of this
flux, the M2’s will exhibit a multipole coupling to M5-
brane charge through terms [ d3xC© Tr(DZ[Z, Z;Z]) +
H.c. in an M-theory realization of the Myers effect
[10,27,28]. The resulting configuration is an M2/M5
bound state where the M2’s have been blown up into an
S3 inside one of the R* subplanes of the transverse eight-
dimensional space.

For large N this M2/MS5 bound state is expected to have
an equivalent M5-brane description in terms of a spherical
MS in the same 4-form flux background with an additional
world volume self-dual flux H. The latter prevents the
sphere from collapsing under its own tension. The system
carries M2-brane charge through the coupling [ C® AH.
Moreover, since in the ABJM description we have to
consider the branes on a Z, orbifold singularity, we also
wish to think of the background, in the absence of flux, as
R3/Z, or (R* X R*)/Z, and then factor out a common U
(1) fibre where the Z; acts.

In particular, we consider “‘spherical” coordinates for
R* and use the standard Hopf fibration of the unit S°

*Note that due to conventions we obtain a slightly different
coefficient here than reported in [26].
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1
dst; = Z(dﬂ2 + sin0d > + (dp + cosbdd)?), (2.7)

with ¢ € [0,47), 6 € [0, 7] and ¢ € [0, 27). Thus we
proceed by considering the background geometry [29]

ds?=H23(—d* + dx% + dx%)
+H'3(dR + rid ) + AP+ di3+ r(d i, + Ay)?)
1
dr? =dr? + Zr%(dﬁ% +sin?0;d¢?)

do;
5

A; =cosb; (2.8)

Note that the 2-spheres have radius % and we have redefined

¢, to have period 277. We expect the M5-brane to blow up

into a 3-sphere with coordinates i/, 6, ¢ and unit radius.
Further defining

by =, (2.9

b=y +y

we want to implement the orbifold identification on (p SO

as to have ¢ ~ ¢ + 2Z, and then to dimensionally reduce
on that direction. To this end we introduce the variable

xi1 = kR. ¥, (2.10)

so that x;; has dimensions of length and periodicity 27R...

We will use this coordinate every time we reduce down to

10 dimensions.
One can express

rdiy + A)? + r3(d, + Ay)?

2 :
- 1+2r2 (dy + Ay — A)* + (rf + R3)(dy + A)?

1"

A, + (dy + A}
a-nhrdvta)n @.11)

r{tr;
Then, through the general reduction formula
ds?, = e 2*Bds?, + B (dx,, + CV)?, (2.12)
we obtain
r% + r%

dsty = IR (H—I/Z(—dt2 +dx} + dx3)

3
+ Hl/z[de + B+ 2 (dy + A - A2)2]>

2+ 2
/2 2
ry + r5\3/2
e@=<172)/H1/4

1T
kR.

cV) =kR,A. (2.13)
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We next consider the reduction of the 11d flux
GW =2u(dx’ Adx* Adx> Adx® + dx” Adx® Adx® Adx'0)
+dtANdx; Adx, N\dH ™!
=2 ) risinf;dr; AdO; Ad; Adip;

i=12
+dtANdx; Adx, N\dH ™. (2.14)
From this we can compute
O = % S rsing;d6; A d; A dip;
i=12
+ (Hil - 1)dt A Xm A dXQ, (215)

so that the 10-dimensional 2-form is

= k"; : [ sin6,d6, A dp, + r sind,d0 A deb, ).
(2.16)
We also need to look at
GO = 4 — %G® — Lo A g®
2
= ZMH_lth Xm /\dXz
A risingdriAdO;Ndp; Adp+...,  (2.17)

i=12

where in the above the ellipsis denotes terms which will not
be needed in the rest of the calculation, e.g., terms with no
dt A dx" A dx? factor. Thus in 10 dimensions we can ef-
fectively use

o = _< M M
4kR. 4kR.,

A risingdo; Ad, + ...
i=1,2

H '+

>dt A dxl A d}C2

(2.18)

Brane embedding

We now wish to introduce a brane probe into this back-
ground. In particular, we can consider either an M5-brane
in the 11-dimensional spacetime or, as in this section we
are looking at static solutions where there is a U(1) isome-
try, a D4-brane in the 10-dimensional spacetime. Since the
action for a D4-brane is unambiguous we chose to work
with the latter. The D4-brane should extend in the ¢, x;, x,
directions and two more directions along an S2. For defi-
niteness, we will choose those to be 0, ¢;.

In addition, we would like to have a net D2-brane charge
of N units in the system. As a result we require the
presence of a background world volume flux

4

Fo=AF,— P[B] = <2AN - Z’Z;l )sinﬁldé‘l Add,,

(2.19)
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with Fog 4 = 2N sinfy, so that?

TD4[ C® A (Fy — P[B))
R3x §2

= NTD2 ’[R} C()]zdt A dxl A dx2 + ..., (220)

where NTp, = 4m2a’NTp,. In the definition of F, we
have taken into account the pullback of the background
B-field, although its contribution to the D2-brane charge
will turn out to be subleading upon finding the vacuum of
the theory. One can check that F|, satisfies the D4-brane
equations of motion in a vacuum where the scalar fields are
constant.

With the above in mind, the general form for the effec-
tive action is

S= —TD4'[d5xe_‘D\/—det(g +F)

—Tpy [ [P[C<5>] + P[CO]A f+%P[C(1)]A FA j-"],
(2.21)

where F,, = (AF,, — P[B],,), with A = 27/, and g is
the pullback of the spacetime metric.

Let us now determine how the D4-brane is embedded.
We will write

ry = pcosé ry = psing (2.22)

and suppose that the brane is at some p = R. We then
proceed to evaluate the effective action (2.21). The Dirac-
Born-Infeld DBI term simply comes out of using the metric
in (2.13) and the flux in (2.1), while the Chern-Simons
terms come from the Cy,4, ¢, termin (2.18) and Cy;, terms
in (2.15). Then, ignoring fluctuations, we obtain

R
S = —Tpycos? [dS inf (H‘l/z—
D4COS“ & xsinf; iR,

2p2 4\2

w i+ g1 kR%< _,LLR)
Rbcos*¢ 2kR,

LN 1) R
cos2é 4kR,

(H '+ l)coszf). (2.23)

We first note that minimizing with respect to & we get
siné = 0 = cosé = 1, i.e., we are actually in the R = r;
case. As a result in what follows we will simply set

4
r, = 0.

Let us now expand the square root of (2.23). In the large

N limit, i.e., to leading order in R3/ANkR,, we have

Recall that the 2-sphere has radius %
*For the choice of the embedding of the D4 in the 6,, ¢,
sphere, one would have obtained siné =1 and as a result

R=}"2.
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RS B ,uR4)
AANK*R? kR,

R? 2
=-T dxsind [ 2AN + AN 2R2(1—7>>
D“f T ‘( H JALNKR,

= —TD4fd5xsin01V(R).

S=—Tp, f d5xsin¢91(2)\N + ANu2R? +

(2.24)

Note that here we have also expanded H™' = 1 + § u?R?
by assuming the approximation w’R?> < 1 that was
needed to ensure the validity of the supergravity solution.

Clearly V(R) has stable vacuum solutions corresponding
to radii

Ry=0 and R}=2uAkNR.. (2.25)

There is also a local maximum at R} =  wAkNR, which
we discard. Our approximation R3/ANkR, < 1, used in
the square root expansion above, now becomes

Rop < 1. (2.26)

Note also that by construction 277R, is the periodicity
of the 11th dimension; x'! = x!! + 27 R,. Thus following
the usual M-theory/Type IIA relations one can identify
R. =gy and [, = g_l/3ls where g, = ¢/® and [, = Ja'.
Therefore we find

Ré = 47T,LLklf,N 2.27)

and this agrees with the result from the M2-brane descrip-
tion given by Eq. (7.7) in [25].

Finally, if we make the choice R, = % , so that R, is also
the radius of the M-theory circle as measured at R in the
11-dimensional metric, then we arrive at

Ry = 2AuN. (2.28)

This is exactly the value for the physical radius evaluated in
Eq. (7.10) of [25] and corresponds to an M-theory configu-
ration where the M5-brane is wrapping a fuzzy S° realized
as the Hopf fibration

S'7, — $3.)7,552. (2.29)

III. THE ACTION FOR FLUCTUATIONS

We next study fluctuations around the above solution for
the bosonic fields. We first focus on the gauge field and
radial scalar and then move on to the remaining scalar
fields.

A. Gauge fields and radial scalar

Consider fluctuations with only d,8R and 8 F nonvan-
ishing. The action has the form’

>The P[CV] A F A F term of (2.21) will result in subleading
contributions and will hence be ignored.
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S = _TD4 '[dsxe*(pv— det(GO + Y)

—Tps [d5x(C(()51)291¢1 + CE)31)2~7:01¢1)’ (3.D

where
Y,, = 0,8R0,8Rg,, + ASF,,, a2
GO,uV = g/.LV + :FO,U,V'

Expanding to quadratic order in Y we find

I
S = _TD4 '[dsxe7¢\/ - detG0<1 + 5 Tr(GalY)
1 1
TG0 + ¢ (Tr(G(;IY))Z)

— Tpy f dBx(Ciry ). (33)

Note that G can be evaluated from the previous section
and is valid for arbitrary but constant values of R.
Explicitly we find

—1

RH—1/2
= 1 , 3.4
0 KR, (3.4)
HR? 3 sinf,
—3sinf, HR’sin’6,
where
kR uR*
= —*H1/2<2AN - ) 3.5
2 R 2kR, 3:5)
Therefore
L _ kR,
O RH'
-1
1
X 1 ,
A"'H?R*sin’0, —A~'3siné,
A~ '3 sind, A~'HR?
(3.6)
where
k*R2 WR*\2
A=H = (ZAN - 2kR*> sin6),. 3.7)
Finally, as before, we have
—@ : o R -2 pR N
e Py —detGy = sinf 4|H R +H (2/\N - 2kR*) .
(3.8)
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In order to proceed, it will be useful to split
Gy'=D + A (3.9)

with D diagonal and A antisymmetric. The action for
fluctuations can then be written as

1
S = —TD4fd5xe*4’\/—detGo(1 + 5 Tr(DOSRAISRg,,,)
1 1
+ 5 Tr(ASF) + g[Tr(Ac‘i“’F)]2

1

— TH(DSF) + (A5 f)2]) Ty, f BXCEhy ).
(3.10)

First, we see that there is a linear term in 6 F = AS0F

1
5 e P\[— detG, Tr(ASF)

1 — AR
4kANR..

__pR* 2 HR®
\/(1 4k/\NR*) +4A2N2k2R3

To evaluate the above we note that it has the form

H 'A8Fy 4. (3.11)

1—-X 1
Ja=-X?2+(1-2vy1-2

ASFy 4,  (3.12)

where

x= MR y-_ X 7=t
4kANR,’ ANN2CRE Pt

(3.13)
Now in our approximation X, ¥, Z < 1 but all are of the

same order (at R = R;). Expanding R = R, + &R gives to
leading order

1
Ee*‘f’,/— detG, Tr(ASF)
1

6R3
8A2N?k’R?
= /\6F91¢1 - 2/\M2R06R6F9]¢1.

= /\6F91¢1 + )\(_ + M2R0)6R6F91¢1

(3.14)

The first term in the last line is a total derivative and can be
discarded, which is compatible with the fact that the gauge
field is on shell.

We also need to look at the terms quadratic in 6F. The
quadratic terms involving the antisymmetric part A cancel.
In addition we note that to leading order, and for terms that
involve quadratic fluctuations, we can simply take
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e ?/—detG,=2A\N H=1

4X2N?k*R?
R
-1
L 1
R.
D= L.
42N2ICR?
R4
4X2N?k>R2sin% 6,
(3.15)
Putting these together we find
S= —TD4fd3xd01d¢1 SIHHI[V(R)
2Au4°R
+ ANTH(DISRASRE, ) — U SRSF,, 4
171 sinf, 191
AN
- TTr[(DBF)z]]. (3.16)

Next we need to expand R = R, + SR in the potential

V(R).

V(R) = 2AN + 42 AN(SR). (3.17)

Combining all terms we arrive at

1
S = = 3 Toap? f d5x\/deth|:2/\N + 42 AN(SR)?

)\/.L2R0
+ANG, ORISR — = =2 8Fy, 4, OR
A’kR,
+ OF ,,SF“V:I
4 M
2AN

1
= _TTD4M2[d5deeth[1 +§(9M(SR6’U’8R

1
+ Z(A5FW, —2udRw,,,)(ASFH — 2M5Rw“”)].
(3.18)

In the above the indices are raised and lowered with the
metric on a spacetime R!? X S?, where the sphere has
metric &, radius w~' and w, v =1{0,1,2, 6, ¢,}.° In the
last line we also used Ry = kR, and have introduced the
symplectic form on the sphere

w = Jdethdd, A de,. (3.19)

Finally, by expressing the scalar field in terms of §R =
AS8®, the action comes to the familiar form’

®The fact that the S? has radius .~ instead of L is achieved by
a scahng of the sphere metric.
"We have dropped the constant term.

PHYSICAL REVIEW D 85, 066002 (2012)
1 1 1
S = ? fdsxvdeth[z E)MSCI)E)“(S(I) + Z(SFMV

—2uéPw,, ) (6FF" — 2,U,5(I)w/“’):|, (3.20)

where g2 = 4g,1.(2m)?*/Ryu.2

B. Fluctuation analysis

A few comments are in order: First, we note that
Eq. (3.18) is the same result as the one for the action of
fluctuations in the ABJM calculation of [25]. In particular,
it is useful to compare the coefficient of the oF,, 8 F*”

term between the “M2” and “D4” calculations.
Examining Eq. (6.1) of [25] we see that
Sy = — 16 dex\/dethFMVF“” + (3.21)
T

Note the additional coefficient of ﬁ compared to [25]. This
arises because, when switching from matrices to geometry
in the large-N limit, one should make the identification

1 ~
1 Tr— — f d*xVdeth,
N 47 Js2

T

(3.22)

i.e., including the normalization iﬂ where £ is the metric
on the unit 2-sphere while / is the metric on the sphere of
radius w~! that we are interested in. We observe that
TD4 == 27TR*TM5 == R*Tl%l2 == (27T)74l;6R* NOtlng that

R, =g, and I =g} we find TpyA’R, = (2m) 2.
Then we have
Sps = 64 —— [d5xvdeth8FMV8F“” +..., (323

which agrees exactly with (3.21) upon identification of
Fypp = 6Fpy.

Thus the effective action obtained from examining fluc-
tuations of M2-branes about a mass-deformed vacuum
using the ABJM description precisely agrees with that
obtained from a single D4-brane in type IIA in the same
flux background. In particular, the components of the D4-
brane gauge field along R>!' can be identified with the
overall U(1) of the U(N) diagonal subgroup coming from
the Higgsing of the U(N) X U(N) ABJM gauge fields
[25,30,31].

We will now argue that the above agreement is still valid
in the case where the vacuum we expand around involves a
nonzero constant F, world volume flux. Clearly such a
configuration is a vacuum solution to the mass-deformed
ABJM equations of motion if we note the following fact:
Turning on an equal U(1) background flux for the left and
right ABJM gauge fields does not have any effect on the
dynamics, since in this case

8The overall coupling can always be changed by a further
simultaneous rescaling of all fields, since the action is quadratic.
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D, Z* = 9,7* — (AL, — AR)ZA = 9,74, (3.24)
and hence this particular flux does not couple to the matter
fields. Hence one can turn on Fj, without modifying the
calculation for the action of fluctuations already present in
[25,30,31]. Nevertheless this flux is important and corre-
sponds to turning on momentum in the M-theory picture, in
a fashion that we will describe in Sec. V.

Second, it might be surprising at first that the sphere
metric appearing in (3.18) is not part of the pullback metric
on the D4-brane. However, this is not unusual: In the
context of open string excitations in the presence of a
closed string background with a B-field the open and
closed string modes see a different metric. There is also
an induced noncommutativity on the world volume theory,
controlled by the parameter ® [32]. This has been observed
beyond the flat brane case for the DO-D2 dielectric con-
figuration in [33].

The open string metric and noncommutativity parameter
are given by

G wr— ( 1 )’” and
(open) G(closed) + AF, symmetric

O = ( (3.25)

1 )MV
G(closed) + )\FO antisymmetric’
which are precisely our definitions of D and A respectively.
Hence, up to the conformal factor % due to the nontrivial
dilaton, and once again in the limit where we make use of
W>R3 < 1, this is exactly what our fluctuations see. In
particular, for the natural choice which gives agreement

with [25], R, = %, the dilaton factor drops out and we
have

—1
1
hl= 1 and
2
/“Lz sin£0|
0 (3.26)
0
O = 0
0~ e
IET 0

It is obvious that in our large-N limit the noncommutativity
parameter vanishes and the resulting theory is an ordinary
U(1) gauge theory. However, its existence is important if
the D4-brane action is to reproduce the fuzzy sphere ge-
ometry at finite N.

Finally, we note that the equation for a constant 6®
(VEV) is

1
uwod = 1 w™SF,, (3.27)
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where a, b = 6, ¢;. On the other hand the equation for
6A, gives

BFab = 2M3¢wab + Gab’ (328)

where G, satisfies 9°G,, = 0 and w**G ,;, = 0. This has
the only solution G,;, = 0 and leads to a vanishing on shell
action. In the absence of the u deformation, the action
— % oF 3,7 would allow for constant flux solutions, 6F,, =
cw,;,. However, these are not allowed in the case at hand,
since 6P = 0 is not a consistent truncation. Of course, we
can still have constant flux solutions in the x°, x!, x?
directions.

In particular note that the action has an infinite class of
vacuum solutions

SF = = wap, (3.29)

2

with vanishing action and quantized flux n through S°.
However these solutions correspond to changing the num-
ber of M2-branes in the background by n and also the value
of the stabilized radius. As such we should not consider
them as valid solutions of the effective theory with the
boundary conditions we have imposed (namely that there
are a fixed number of M2-branes). Indeed such solutions
cannot arise if we assume that 64, is globally defined,
“small” fluctuation. On the other hand we will see that
allowing for magnetic flux 6F;, through the noncompact
spatial dimensions plays the physical role of introducing
11-dimensional momentum into the effective theory.

C. Overall transverse scalars

We now turn our attention to the overall transverse
scalars, that is fluctuations in the directions transverse to
both the D4-brane and the radius of the sphere. In order to
study these fluctuations we revisit the expression for the
10-dimensional metric from (2.13). In the limit £ — 0 and
H =1 this can be approximated by

p
kR..

ds}y = —(=di* + dx} + dx3 + dp* + p*(d6}

3
+ sin20,d¢?)) + k’; (d& + £2(d63

+5in’0,dd3) + E2(d + A — Ay)?)

= kL;i’*(_dtz +dx3 + dx + dp? + p(d?
+ sin?6,d¢p?)) + dX2 + dX3 + dX3 + dX;,
(3.30)

since the second line of the above essentially describes the
origin of R* in an $3 foliation.

Alternatively, one could have started with (2.8) in the
limit where r, — 0. In this limit one is fixed at the origin of
the second R* factor (or C? parametrized by Z%, where
& =1, 2) and as such the Z; orbifold projection, with
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Z4 — z4e?m/k = 74(1 + 22 4 ) for large k, does not
have an effect on the fluctuations in these directions

. . Qi ‘
za—»(0+aza)(1 +%+...)=5za+....

(3.31)

In summary, one could have started in the approximation
where the background geometry in the absence of fluxes is
R>! X R*/Z, X R*, with R*/Z, realized in terms of an
§'/7, — S3/7,—7S* foliation, to obtain exactly the
same results for the D4-brane effective action and the
action for fluctuations.

Making use of the above, it is straightforward to modify
our equations and include the fluctuations of the transverse
scalars. One has that

Y,, = 0,8R9,5Rg,, + ASF,, + 8,8X"9,8X"g,,,
(3.32)

with m = 6,...,9, so that we have an additional Kinetic
term 3 Tr(D3S8X"98X™g,,,), resulting in

1 1 1
S=—2 [de\/deth[Ea#(S@aMaq) + 520 udX" 9" X"

1
+ Z(SFW —2uéPw,, ) (6FF" — 2,LL5<I)w’“’):|.
(3.33)

Note that since we are dealing with a D4-brane wrapping
an S? there is a question about how to realize supersym-
metry in the effective action. This requires twisting the
theory by embedding the spin connection into a U(1)
subgroup of the R-symmetry. We have five scalars 6P,
X™, the latter of which transform under a global
SO(4) = SU(2), X SU(2)5. We choose to twist the
U(l), C SUQ),.

Usually, in the case of a one-complex-dimensional com-
pactification, this twisting corresponds to wrapping the
brane on a nontrivial supersymmetric 2-cycle, realized by
a holomorphic curve. Even though here the S? is contract-
ible, it is prevented from collapsing by the world volume
flux and the supersymmetry twisting works the same way
as in the topologically nontrivial cases [30,31,34].

It is straightforward to turn the SO(4)-invariant X'’s in
terms of bosonic spinors on S?. One can repackage them in
terms of a new complex field

o _\/§<X6+iX8)

oA \XT +ix0

3 (3.34)

through which we can rewrite the action as
1
S = —

1 1
= dex\/deth[Ea#6®a“8® + 7 (0F 4y

—2uéPw,, ) (6F* —2udPwh”) + 3,&12;3#‘1&]-
(3.35)
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In the above one can “pull out” a Hopf spinor from the
transverse scalars by defining g% = Q%g®. Then, follow-
ing a large-N version of the discussion in Sec. 5.3.3 of
[30,31], (3.35) contains exactly the kinetic and mass terms
for the bosonic T-spinors on the S%, =, as given in
Eq. (5.105) of that paper.

Note that, when appropriately supersymmetrized as in
[30,31], (3.35) is the action for MSYM on R>' X §2,
despite the presence of the mass terms. Indeed, consider
for instance the case of N =4 MSYM in four dimen-
sions, arising on D3-branes. The theory on the R? X §?
space conformally equivalent to R* has conformally
coupled scalars, with the mass terms —";CI)2 coming
from R®? (with R the Ricci scalar), and mass terms for
the other fields related to it by supersymmetry. For the
T-dual D4-brane theory, the same thing happens.

It is straightforward to obtain the quadratic action for the
full D4-brane fields from the fluctuation action (3.35):
One needs to replace 9,0Pd*6P — 9,Pi*P and
OF* —2uéPw*” — F* —2udwh”, where FH’ =
SFF' + Fi", ® = ®y+ 6P and F§" =2udjo*’ =
2u’Nw*" is the background solution. The full action
thus obtained must admit the nonzero constant background
F, and also be compatible with the twisted supersymmetry
of the theory, as explained below Eq. (3.33).

IV. HIGHER-ORDER TERMS AND
NON-ABELIAN GENERALIZATION

Until now we have only looked at quadratic Abelian
fluctuations. However, it is useful to understand what
happens to higher-order terms, especially in view of gen-
eralizing both the results of this paper and [25,30,31] to the
non-Abelian case. Because of gauge invariance, we expect
that in the interacting theory the partial derivatives 9, are
completed to covariant derivatives D,,. However, even then
one does not expect to see dP” interactions with n > 2. We
will explicitly check this in the following from the point of
view of the M2-brane theory fluctuations. One should in
principle also compute other possible higher-order terms
involving different combinations of fields, but we will not
attempt that here.

In order to proceed with the calculation, we should
remind the reader some of the backdrop for [25,30,31]:
For the case of the mass-deformed ABJM theory [19], the
ABJM scalars split as Z4 = (R%, Q%), where a, & = 1, 2.
This reflects the breaking of the R-symmetry group
SU(4) — SU(2) X SU(2). There is a set of zero-energy
solutions where Q% = 0. Then the equations of motion
reduce to the vacuum Eq. (2.6)

k
;‘_Wm = RRLRP — RPRLR®. .1

The solutions are given by R® = fG%, where [ =
Jik/27 and G, Gl are (anti)bi-fundamental N X N
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matrices. The single (Abelian) D4-brane is obtained by
considering irreducible G’s satisfying (4.1), which were
first given in [19]. The fluctuations around these vacua can
be organized according to

R = fG*+r%  RL=fGL+rk
t_ — _
Qi = 4q A, =4, 1A = 1A,

We will sketch how to extend these solutions and fluctua-
tions in order to obtain a non-Abelian theory towards the
end of this section. Relevant identities needed for
the calculation, as well as a more precise definition of
the continuum limit in which the matrices become func-
tions on S2, are given in the Appendix.

Qo'z — qc‘v’
4.2)

A. Cubic and quartic fluctuation action
from potential terms

Here we will extend the results of [25,30,31] for the
action of fluctuations in the mass-deformed ABJM theory
by including cubic and quartic powers (as well as higher
orders) of the “relative transverse’ scalars. This corre-
sponds to the radial scalar which we have been denoting
as 6P but, in order to keep with the conventions of that
calculation, we will henceforth call simply ®.

With the ABJM potential being sixth order, one could
a priori also get contributions to the fluctuation action
coming from O(®>), O(®O) interactions. Since such terms
cannot appear from the D4 MSYM action that we are
comparing against, it is important to check that they van-
ish. We find that this is indeed the case.

The r* fluctuations of (4.2) can be further decomposed
at large N in terms of”

re = %CI)G“ +1 (4.3)

2
where ()3 = (6,) are the transpose of the Pauli ma-
trices, such that [, ;] = —2i€;;; 0, and K¢ are compo-
nents of Killing vectors on S%, a = 6, ¢. One of the four
real degrees of freedom for the fluctuation r* does not
appear in the final D4 action since it plays the role of a
Goldstone boson, eaten by the gauge field during the Higgs
mechanism that renders the ABJM Chern-Simons-gauge
field dynamical [35].
It is also useful to define

LA(G)5GP,

o 1' p— a
GGy =J§,
;= (a)3J%, (44)
N-1 | R
Jg = T‘sﬁ +§Ji(0'i)lg,

with [Ji’ J] == 2i€ijk‘]k'
The potential terms in the mass-deformed ABJM action
relevant for cubic and quartic fluctuations are the sextic

This follows from Eq. (4.76) of [25].

PHYSICAL REVIEW D 85, 066002 (2012)

and quartic potential terms. The ABJM sextic potential

4
Ve = ‘;—Zj ; Vi, (4.5)
is composed of
V= —Tr(Z 2, 787377 ¢)
Vo = —Tr(Z, 7773787 -7Z€)
-, (4.6)

V3 = —4 TI'(ZAZBZCZ_AZBZC)
V4 = 6Tr(ZAZBZBZAZCZC).
The quartic potential of the mass-deformed theory is

8
Vv, = % Tr(R“RERPIRY). 4.7)

1. The ®*, ® and O terms

From the sextic potential terms we get

P, = - %(N 1P PTHOY

<
)
I

3 12
T T @275 D25] — 6 T @8I DY)

12 2 2 218

Vy= =V = 2)f TH{ @50/
12 212 4 48 2 2 ja B
— 1—6(1\/ — 122 Te[d4] — 1—6f T P2 I DI DIy ]
.. 36
4 =
v 16

6
F NN — 12 T ]

(N = D2 T D275 D24]

+ T—E(N — D2 T D3JgDIE] (4.8)

Summing the above and using f2 = g—;
Ve =% — (BN = 1)(N — 12T ®*]

+ (TN = )T D2J§ D2 L]+ 16(N — DT D J§DJE]
— 4T DTG DI DIL] — 16T DTG DILDIY]).
(4.9)
The contribution from the quartic potential is
V, = %(Tr[zqﬂjffqﬂfff] —2(N — 1)?Te[®*]). (4.10)
The total contribution for O(®*) terms then is
V= %(—(w + DV — DT d*] + (TN
— )T @275 D2JE] + 16(N — DT D> J§DJE]
— 4T Q2GOIEDIY] — 16 TH DG DILDIE).
(4.11)
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We next need to manipulate the above using the identi-
ties in the Appendix. The potential contribution now be-
comes

V= ’;Z( (N = 1)(6N — 11)Ti{d*]

-2 i, @21, @)
— (N = DTH[J, D, @]

— 3ie i, 920, <1>]qu>]>. 4.12)

But in the classical limit [J;,.] = —2iK%d, and J; =
Nxi, and i Tr— & [d%o deth, so we get

Vas = - f LoVt ~6N3D* + 3N2(9,D2)(99D2)
+ N?(9,P3%)(07®D)], (4.13)

since the €;;; term is ~®*9,0,, = 0.

At this stage we need to note that in order for the action
of fluctuations to result in an action on the S2, one had to
rescale the A,, ® and Q fields by % in the classical limit
(Eq. (6.5) of [25]). This means that all the ®* terms
evaluated above rescale to zero.

As aresult, we do not need to separately calculate the &3
and ®° terms, which might have led to higher derivative
terms for ®, since from the traces we can at most get N>.
Together with the N one gets when converting Tr to [ this
becomes at most N*, which means that after the rescaling
these terms vanish, as they should.

2. The ®3 terms

We still need to check the contributions at order O(®?).
From the sextic potential we get

—1)3
‘71 - w]ﬁ Tr[ D3]
.12
v, ——N LTI 018,

8
-5 T s DIE D7, ]

Vi — 4f (v - 1P @)

+ 12(N — )T @24 DI, ]+ 8DIGDIL DI ]
Vy: 6f i —[4AN(N — 1)>Ti[®?]
+16(N — 1)Tr[ D3]« s

®JET]. 4.14)

Using the identities in the Appendix, we get for the ®3
terms in Vg
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Ve = 1/27;”‘ R 160(N — 1)Tr[ @3]

— (6N — 21)Tx[[J;, ®2][J,, ®]]

— 6i€; Tr{[J;, LI, P1J,P]], (4.15)
whereas for the ®3 terms in V, we get
_8muf4 a 2B Pl — (N — 12Te[ D3
Vs .3 2[Tr[J PP @] = (N — 1) Tr[P°]]
2 1
— PR [ T+ T, 921, 9T

(4.16)

In total, we have for the ®3 terms

Vo /27;“#[7(1\/2— 1) @]

_ N%M TH{[J, D21/, ®]]

J €Tl 1, @]Jm]

b
‘/ hE fdza deth [ 3 + N2 qﬂawp]

4.17)

but this again rescales to zero.'®

In conclusion, the action for ® (with all other fields set
to zero) is only quadratic. This is consistent with the fact
that we expect there to be vacuum solutions of the form
(3.29) to all orders. This in turn implies that any higher-
order power of ® that appears in the action must also be
accompanied by higher powers of F,,. Therefore, if we
consistently truncate to the two-derivative effective action
then only quadratic powers of ® should arise. However, we
should note that this pertains only to the Abelian MSYM
action on a single D4-brane. One would have to separately
check whether the above arguments also generalize to the
full non-Abelian case.

B. Non-Abelian generalization

We now sketch how one can extend the agreement for
the action of fluctuations to the case of multiple M5/D4-
branes. This needs to be implemented both from the M2
and D4-brane perspectives and while allowing fluctuations
up to quartic order.

From the M5/D4 side, the calculation is straightforward:
One should use the non-Abelian form of the effective
action (2.21) and keep cubic and quartic orders in

'Here it was essential that both N> and N? terms cancelled
before the classical limit, corresponding to divergent and finite
terms in the limit.
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fluctuations. By gauge invariance the result should be a
non-Abelian generalization of (3.33) where the partial
derivatives are replaced by covariant ones. On the other
hand, the derivation of the fluctuation action from the
ABIM side is somewhat more involved. We will next set
this up in detail.

In the calculation of the Abelian theory, we have con-
sidered irreducible G’s satisfying (4.1). In order to obtain
the action for fluctuations for a full non-Abelian D4-theory
on the S2 through the procedure of [25] one needs to
consider reducible representations, as in all matrix con-
structions of higher-dimensional branes,'" with each block
independently satisfying (4.1). Of particular interest are the
configurations which correspond to m copies of equally
sized N X N blocks, since in that case the D4-branes are
coincident and one expects a world volume gauge symme-
try enhancement to U(m).

The starting point for studying these configurations is to
consider mass-deformed ABJM theory with gauge group
U(Nm) X U(Nm) and the solutions

GI/NmXNm = GIV ® ]lm><m’

(4.18)

— a
G;\Y/mXNm =G"® ]lm><mr

where the G¢, GI, are N X N matrices. Even though this
might look like it is only going to describe a collection of
noninteracting spherical D4’s, the full interacting non-
Abelian theory can be obtained by allowing the fluctua-
tions to take values in the whole Nm X Nm matrix. These
will capture all the “open string” degrees of freedom, both
on each as well as across different branes and can be
expressed in terms of

R =fGT+r*,  RL=fGITO+rl  Q%=¢%
ol =gt  A,=4, yM=yt (4.19)
where 7° = 1m X m and, e.g.,

re = rgT® + r¢T!, (4.20)

with 7' a traceless generator of SU(m) and similar expan-
sions for the rest of the fluctuating fields.

It is then straightforward to see how the non-Abelian
fields and interactions will arise. The trace over the
Nm X Nm matrices factorizes over the fluctuations (4.19)
and (4.20) as

Tr NmXNm — TrN><NTrm><m- (421)
In the large-N limit this can be approximated by
N 2 \/—A
TT Nxcvm — i d=oVdeth Tr,, %, (4.22)

with o = 6, ¢ and h the metric on the unit S2.

See, e.g., [36].
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In this way the quadratic terms in the fluctuating fields of
the mass-deformed ABJM theory trivially become adjoint
fields in the U(m) gauge group for the D4-theory on S?, as
can be seen, e.g., for the a,L(Da“CI) part of the D#<I>D/‘<I>
non-Abelian scalar kinetic term and similarly for all other
fields.

In order to obtain the full theory, involving gauge inter-
actions coming from the covariant derivatives, one needs to
also include cubic and quadratic fluctuations. This should
be relatively straightforward, if somewhat tedious. We
have already seen that the Abelian parts of the ®3 and
®* contributions are zero up to subleading terms in powers
of ﬁ Of course that does not exclude a priori terms of the
type fupe PIDPDC or [®4, OPT?, which have no Abelian
component, and for which the off-diagonal-block fluctua-
tion in the Nm X Nm matrix (corresponding to interactions
between different branes) could give nonzero contribu-
tions. One would also need to obtain [®, A]* as well as
the D[ D, A] terms in order to reproduce the full scalar
kinetic term, as well as the equivalent contributions for the
gauge fields.

V. MOMENTUM, FLUXES AND INSTANTONS

In the ABJM description of M2-branes [17] 11-
dimensional momentum modes are somewhat obscured.
The reason for this is that the natural action

7ZA — o074, 5.1)
is in fact a gauge rotation. Therefore it is not clear how
to describe momentum modes along the U(1) that de-

scribes the common phases of the spacetime coordinates.
However if we construct the Hamiltonian we find

H= / PxTr(Il 01, ) + Te(D,ZADIZy) + V

- k
+ Tr(iZAHZA - lHZ_AZA - 2—Ff2)A6‘
T

- k
+ Tr(lZAHZA - iHZAZA + EFfz)Ag, (52)

where V is the potential, [T, = GOZ 4, and we have set the
Fermions to zero for simplicity. As is usual in a gauge
theory, the timelike components of the gauge fields give
rise to constraints. Thus we find

k ) . -

;TF{‘Z = ZZAHZA - ZHZAZA

4 (5.3)
E 1= iHZAZA - lZAHZ_A

In the case that the Z4 are all diagonal with eigenvalues

*nA
A= 71§e’0 one sees that
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k

k
%Ffz =5 Fh = D 006 (5.4)
A

Here we see that the “missing” 11-dimensional momen-
tum around the common U(1) phase is given by the mag-
netic flux, Fy,.

Let us now look at how the flux of the M2-brane world
volume gets lifted to an instanton on the D4-brane. In the
following we will denote the non-Abelian U(N) gauge
fields of the M2-brane world volume (after Higgsing)
with a hat and the resulting D4 (MS5)-brane gauge fields
without a hat. We note that according to the usual pre-
scription of converting matrices to functions on the emer-
gent 2-sphere [25] one has the appearance of a relative
normalization factor along the x°, x!, x? directions

1 4
NAxXN — Ak

(5.5)

We next need to consider the flux quantization rule for
A e i.e., the Abelian part of A - In particular, note that in a
U(N) gauge theory we see that

1
1 . )
— F=0 . +...,
27 JR? |

(5.6)

where the ellipsis denotes terms in the Lie algebra
that involve the traceless generators of U(N) (i.e., those
of the SU(N) subalgebra). Thus we need to know the
quantization condition for the overall U(1) factor. To de-
termine this we simply observe that a single U(1) generator
can be written as

1 1

O :1

N +..., (.7

1

where again the ellipsis denotes trace-free generators of the
Lie algebra. Since the left-hand side has the standard Dirac
quantization 277Z we conclude that the identity flux com-
ponent has charge quantization %Z.lz More mathemati-
cally this fractional quantization condition arises because
U(N) ~ (U(1) X SU(N))/Zy as discussed for M2-branes
in more detail in [37]. Thus we see that

Q (5.8)

-4
N)
with ¢ € Z, and therefore

>That is, if we allow for integer charges on the left-hand
sidethen we must allow for fractional charges on the right-
hand side.
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L Trﬁ=z—>—[ F=42 (5.9)
27N JRr N 27 Jre N
with ¢ € Z.

Finally we remind that the D4 (M5)-brane configuration
includes the background flux (2.19)

L F=N.
2 Js?

(5.10)

With these ingredients we see that the instanton number is

1 1
— FAF=— F F=qge€/Z (.11
8712 [RZXSZ 472 fRZ .[sz 7 .11

The D4-brane action on R>' X S? has therefore states
carrying a nonzero instanton number equal to an arbitrary
integer.

We can extend this argument to the non-Abelian case
corresponding to m D4(MS5)-branes. Here the D4(M5)-
brane background gauge field is

N,
F= . (5.12)
Ny,

1
2 Js?

To turn on momentum in ABJM we need to consider fluxes
of the form

0,
1
— ] F = (5.13)
27 JRre
O
Such a flux arises from the reducible M2-brane flux
Oy, xn,
1 .

— F= " . (5.19)
27 JRr2 :

Qm |]N,,,><Nm

To determine the quantization rule for Q; we observe that

Oy, xw, 1
0 I ST
N +..+N,

(5.15)

where again the ellipsis denotes trace-free terms. Since the
coefficient on the right-hand side must be of the form
q/(N, + ...+ N,,) we obtain that

_ @

e 7. 1
N’ qi (5.16)

Q;

From these we deduce that the instanton number is
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1 1
—2Trf F/\F=—2Tr/ Ff F
8 R2x 52 41 R Js

= 20N =g+ gy (517)

Thus we see that the ABJM prescription for momentum
through the 11th dimension, given by magnetic flux, is
precisely mapped into the instanton number in the
D4-brane description.

It is important to emphasize that the instanton states that
we are referring to here are not necessarily the usual self-
dual solutions but any state in the 5D MSYM theory which
carries nonzero f F A F as a result of the fluxes. Indeed,
one can see from the discussion at the end of Sec. III C that
the on shell action for the configuration with F;, # 0 and
F® = F3> (the only one allowed by the equations of
motion), receives a nonzero contribution just from [ F3,.
Therefore the instanton number ~ [ Fi, A F, 4, does not
appear as the usual topological contribution to the on shell
action. One could of course also find customary instanton
configurations, particularly in the non-Abelian case, where
the dynamics of the sphere directions do contribute to the
action. These would involve turning on nontrivial scalar
fields while still having an on shell action quantized in
terms of the instanton number.

MS5-brane picture

In Sec. III B we mapped the action for fluctuations of
the M2-brane action, including Fi, flux, to those of the
D4-brane theory on R>! X §2. Moreover, we argued that
turning on this flux corresponds to turning on units of
momentum around the M-theory circle. We now finally
show that this is compatible with the expected spacetime
interpretation of an M5-brane wrapping S°/Z,.

Let us consider the case of N M2-branes expanding into
a single MS5. For concreteness suppose that the spatial
dimensions x', x> are compactified on a torus or size L.
Without turning on any additional world volume fluxes the
action is

AN L’N
S=-M-= _TTD447TL2 = _m, (518)
where we have used once again that Tp, = (27) *1,°R,,
A =273, R, = gl;and [3, = g,I7. This corresponds to an
M5-brane wrapped on 72 X S (or a D4-brane wrapped on
T? X 5?) in the presence of background 4-form flux.

Let us now include the effect of world volume flux.
According to our discussion above, the allowed flux that
corresponds to turning on ¢ units of 11-dimensional mo-
mentum is

2mq

O0F |, = ——
12 L2N

, g€ (5.19)

The action becomes
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1 R
l 477'2q2R%>
2 4u’N4LA

s =1

= (1 +

= —M(l +

e (6))
2M? 16772,(,L2N21?, Ry

(i)

This precisely agrees with the action of a single M5-brane

wrapped on 7% X §3/7, that carries momentum -, such

, 2
that the action is § = — [M? + (Ri) when expanded to

second order in q.

Finally let us comment on the extra term that appears in
the D4-brane analysis of the fluctuations that was men-
tioned in Footnote °. This term gives rise to a Chern-
Simons like coupling on the five-dimensional Yang-Mills
theory of the D4-brane: w A dOF A 6A. If we include this
term then one finds that solutions with nonzero instanton
number are excluded. This may seem paradoxical, however
we note that it is derived from the D4-brane effective
action which, by construction, is not valid when there is
nonvanishing 11-dimensional momentum. Therefore the
appearance of this term is consistent with the D4-brane
analysis. On the other hand, as we have argued above, there
is no obstruction to turning on magnetic flux in the ABJM
theory and indeed this Chern-Simons term appears to be
absent from the five-dimensional Yang-Mills effective ac-
tion obtained from M2-branes [25]. It would be interesting
to reconcile this observation with the recent results of
[22,23] and the role of supersymmetry.

(5.20)

VI. CONCLUSIONS

In this paper we have studied M2-branes in a back-
ground 4-form flux. The resulting system expands via the
Myers effect into M5-branes wrapped on a fuzzy S°. We
computed the effective action of a static M5-brane in this
background and showed that it stabilized at the same radius
as predicted by the M2-brane gauge theory. In addition, by
reducing to type IIA string theory, we derived the fluctua-
tion action of the associated D4-brane wrapped on S2.
These are determined by five-dimensional MSYM and
also agree with the fluctuations about the M2-brane vac-
uum that were obtained in [25].

We next considered the effect of introducing world
volume magnetic flux into the world volume description
of M2-branes. According to ABJM [17] this corresponds to
introducing momentum along the 11th-dimension of
M-theory. We showed that this was equivalent to introduc-
ing instanton flux in the five-dimensional MSYM descrip-
tion of the D4-brane theory. Since the ABJM description
captures the full M-theory dynamics of M2-branes, we thus
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conclude that the five-dimensional MSYM theory on
R>! X $?, Eq. (3.35), when one includes all states carrying
nonzero instanton charge, captures the full M5-brane de-
grees of freedom on R>! X §3/7,. This is in agreement
with the conjecture of [1,2].
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APPENDIX: IDENTITIES AND FORMALISM
NEEDED FOR CUBIC/QUARTIC FLUCTUATIONS

In this Appendix we gather identities used in the calcu-
lation of ®3, ®* terms in the action for fluctuations. Most
of these can be found in [25,30,31].

For G* and GZ, we have the identities

G*Gl=J=N-1 GlG*=J=N(1-E,;) (Al
G*J = NG“ JGL = NG} (A2)
JEJL = (N = 2)J} + 83J J8JE = NJ. (A3)

In the continuum limit one can identify [J; -] =

. 7.
— a
2iK{0, and x; = T

Tr— X [ da*Vdeth, where h is the dimensionless unit
metric on S2, and the matrix fluctuations become fields on
the sphere.

Definitions and some identities for K¢ follow:

—2i€;j X0 = as well as

K? = —sing K = —cotfcose
K? = —cotfsing K!=0 K{=1

KY = cos¢p
(A4)
The relations between Cartesian and spherical coordinates
is

X = sinf cos¢ X, = sinf sin¢ x3 = cosf. (AS)

One can then explicitly evaluate the sets of identities

ab
KOK? = h*  exKOKD = &0 =
Vi (A6)
1 =
KohyK? =8, — xix;  Koo,K? = —avVh,
i

Further identities that were used for calculations include
x;09K? = @
€10, Kl x;K{ =0
' A7
fijkaaKf’Kj‘fK,‘j X (sym.b < ¢) =0 (A7)

(0, %KY = €;j3x;

PHYSICAL REVIEW D 85, 066002 (2012)

From the last relation we also obtain

(9ax)K! =0 €(0,x)K9x, =2 €;(0,x)K¢K} =0.

(A8)

Some useful identities for objects appearing in the sixth-
order scalar potential are

(N —1)?

1
Tr[J4ATEB] = Ti{AB] + 5 Ti{AJ;BJ]]

— N(V — 1)T{AB] + 21; [/, AT/, B]]
(A9)

Ti{AJ§BISCIY]

= M Ti{ABC]

N-1
+ Ti{ABJ,CJ; + BCJ,AJ; + CAJ;BJ;]

l

Ti{AJ§BJLCIL]

= u Tr[ABC]

N_

1
+ Ti{ABJ,CJ; + BCJ,AJ; + CAJ,BJ;]

i

In our case these translate into
2 1B 2 (N - ) 4 1 2 2
Tr[ngD Jad?]= 5 T[(I)]—l-zT[(ID J;0%J;]
1
=N(N — DT D]+ ZTr[[J,-, O2][J;, D]
(A12)

—1)2
T/ D3 JE D] W 5 )

THd*] + % T 7,07
— NV — DT[] + LT[, D7, ®]]
(A13)

T D275 DI DI
_W=1)

4
- ieijkTr[(I)zJiq)qu)Jk]

L T{d4] LNt Tr[2<I>3J OJ, + D2J,D2T,]

(A14)
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_(N-1P@N+1)

Tr{P*4] + T (2[J;, ®][J;, P*]

2
+ [Ji’ (I)Z][Ji’ (I)Z]]

—A—l‘eijkTr[(I)zJiCI)JjCI)Jk] (A15)

T D275 DJL DY)

_N-1)

1 ~—Tv| [<I>4]+

Tr[2<I>*J ®J; + D2J,D2J;]

1
+ ZfijkTr[q)zjiCD]jq)]k]

_(N—12eN+1)

PHYSICAL REVIEW D 85, 066002 (2012)

as well as

Tr

Tr{dJ Bqnﬂad)ﬂfy] = (N? —

T ®2/ 4 JE,] = N(N — )T D]

4+ T, 7, @) (ALB)
[®J* I8, DJ7,] = N2(N — 1)Ti®?]
+ 2N =g, 92, @)

i Trl[J;, ®IJ;, PV, D]

(A19)

N — 1)(N — T[]

+ 3N 73 1y, @2, @)

+ 2 ey T, @

" T, B, ®]

(A20)

5 T[] Ay [2[J; ®]J;, @°]
+[J, DI, D]+ ie,- ATHO2.DT,DT]  (Al6)
We also have
E,-jkTr[JiCI)JjCDJkCI)z] = eijkTr[[Ji, CI)][JJ, CI)]chI)Z]
+ 2i(N? — 1)Tr[®*]
+ iTr[[Ji: q)z][‘]ir (Dz]]) (A17)
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