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We construct gravitational dynamics for Finsler spacetimes in terms of an action integral on the unit
tangent bundle. These spacetimes are generalizations of Lorentzian metric manifolds which satisfy
necessary causality properties. A coupling procedure for matter fields to Finsler gravity completes our
new theory that consistently becomes equivalent to Einstein gravity in the limit of metric geometry. We

provide a precise geometric definition of observers and their measurements and show that the trans-
formations, by means of which different observers communicate, form a groupoid that generalizes the
usual Lorentz group. Moreover, we discuss the implementation of Finsler spacetime symmetries. We use
our results to analyze a particular spacetime model that leads to Finsler geometric refinements of the

linearized Schwarzschild solution.
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I. INTRODUCTION

The weak equivalence principle states that the trajecto-
ries of small test bodies, neither affected by gravitational
tidal forces nor by forces other than gravity, are indepen-
dent of their internal structure and composition [1].
Experimentally, this principle is confirmed with extremely
high precision [2]; in gravity theory, it has been imple-
mented already by Newton who postulated that gravita-
tional mass should equal inertial mass, and then by
Einstein who formulated the motion of test bodies in terms
of geodesics on Lorentzian spacetime. These trajectories
extremize the Lorentzian length integral which is inter-
preted physically as proper time. The fundamental geo-
metric object entering this construction is the Lorentzian
spacetime metric. This observation led Einstein to the
development of a gravity theory that determines the metric
and so provides a dynamical background geometry for
point particles, observers and physical fields.

The essential point in Einstein’s implementation of the
weak equivalence principle by a clock postulate is the use
of geometric concepts, not the particular choice of metric
geometry. Indeed, more general geometries can be used
which automatically realize this principle. Here, we con-
sider Finsler geometry [3,4] which generalizes metric
geometry by providing a very general length functional
for curves 7 — y(7) on a manifold M,

S[y] = f drF(y(r), $(). (1)

The Finsler function F maps the points of the curve and the
attached four-velocities into real numbers and is homoge-
neous of degree 1 in its second argument to ensure the
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reparametrization invariance of S[y]. The usual length
measure associated to a Lorentzian metric g is obtained

for the special case F(y, ¥) = /lgu(v)¥?¥"|. Physically,
we interpret the integral above as a generalized clock
postulate and point particle action.

On this basis, we will develop a consistent gravity theory
which determines the Finsler function dynamically. Our
construction builds on the precise definition of physical
Finsler spacetimes in Ref. [5], where we established a
minimal set of requirements on the function F so that it
can describe a geometric spacetime background suitable
for physics. In particular, Finsler spacetimes provide a
well-defined notion of causality and the possibility to for-
mulate field-theory actions. A generalization of gravity
based on Finsler geometry has the potential to explain
various issues that are not naturally explained by Einstein
gravity. Indeed, it has been argued that Finsler geometry in
principle can address the rotational curves of galaxies and
the acceleration of the Universe without introducing dark
matter [6] or dark energy [7] and that it admits sufficiently
complex causal structures which allow a consistent geo-
metric explanation of superluminal neutrino propagation
[8]. Here, we will find that Finsler gravity may also explain
the fly-by anomaly [9] in the Solar System.

Our presentation is structured as follows. We will begin
in Sec. II with a brief review of our definition of Finsler
spacetimes and of the mathematical tools and geometric
objects needed. Moreover, we will define field theory
action integrals on Finsler spacetimes. Equipped with these
concepts, we will show in Sec. III how to model observers
on Finsler spacetimes and discuss how they perform mea-
surements. We will prove that two different observers are
related by a transformation composed out of a certain
parallel transport and a Lorentz transformation. The set
of these transformations has the algebraic structure of a
groupoid that reduces to the usual Lorentz group in the
metric geometry limit. In Sec. IV, we will present our
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new theory of Finsler gravity, including a matter coupling
principle, which geometrically extends Einstein gravity
without introducing new fundamental scales. We will de-
rive the Finsler gravity field equation by variation and
prove that it reduces consistently to the Einstein field
equations in the metric limit. Symmetries of Finsler space-
times will be introduced in Sec. V. The maximally sym-
metric solution of vacuum Finsler gravity turns out to be
standard Minkowski spacetime. Section VI considers a
spherically symmetric perturbation around this vacuum
which is found to be a refinement of the Schwarzschild
solution which shows how Finsler gravity could resolve the
fly-by anomaly. We conclude in Sec. VII. Appendix A
presents technical details of our derivations.

I1. FINSLER SPACETIME GEOMETRY

The central idea behind the generalization of Einstein
gravity presented in this article is the description of space-
time and its dynamics by Finsler geometry instead of
metric geometry. In this section, we will review the basic
geometric concepts available on Finsler spacetimes [5].
These were introduced as a generalization of Lorentzian
metric spacetimes; they allow full control of the null
geometry and a clean definition of causality, which is
essential for the description of light and observers. In
particular, we will describe nonlinear connections and
curvature; moreover, we will explain how to obtain well-
defined field theory actions.

A. Basic concepts

The definition of Finsler spacetimes involves the eight-
dimensional tangent bundle 7M which is the union of all
tangent spaces to the underlying four-dimensional event
manifold M. Thus, any point P € TM is a tangent vector to
M at some point p € M; there is a natural projection
. TM — M, P+~ p. It is convenient to use the so-called
induced coordinates on the tangent bundle which are con-
structed as follows. Let (x) be coordinates on some open
neighborhood U C M of p = 7r(P). With respect to these,
we can express P = y* % x(p)> the induced coordinates of
P are then (x(p), y). The corresponding induced coordinate
basis of TTM will be denoted by {9, = =%, 9, = 65’7}, and

ax*’
that of its dual 7*TM by {dx*, dy“}.
Definition 1. A Finsler spacetime (M, L, F) is a four-
dimensional, connected, Hausdorff, paracompact, smooth
manifold M equipped with a continuous function
L: TM — R on the tangent bundle, which has the follow-
ing properties:
(1) L is smooth on the tangent bundle without the zero
section TM \ {0};
(i) L is positively homogeneous of real degree n = 2
with respect to the fiber coordinates of TM,

L(x, Ay) = A"L(x,y) V A>0; (2)
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(iii) L is reversible in the sense

|L(x, =y)| = |L(x, y); (3)

(iv) the Hessian gL, of L with respect to the fiber
coordinates is nondegenerate on TM \ A, where A
has measure zero and does not contain the null set
{(x,y) € TM|L(x, y) = O},

gk (x y) =1d,9,L; “4)

(v) the unit timelike condition holds, i.e., for all x € M,
the set

Q, - {y e T.MIIL(x y) = 1,

gsb (x, ¥) has signature (¢, —€, —€, —€),

. |L(x, y)l}
L(x,y)

contains a nonempty closed connected component
s, CQ, CT.M.

)

The Finsler function associated to L is F(x,y) =
|L(x, y)|'/" and the Finsler metric g%, =14,d,F>.

Lorentzian metric spacetimes (M, g) arise from defini-
tion 1 in case L(x, y) = g,,(x)y?*y?; then gt = gl = g,
and S, is the set of unit g-timelike vectors. For general
function L, the relation between the inverse Finsler metric
g’ and the inverse Lagrange metric g* is given by

nL (gLab 2(n —2) y“yb>. ©)

Fab — 7
2|L|¥/" nn—1)L

8

The definition of Finsler spacetimes guarantees a well-
defined causal structure by the existence of timelike vec-
tors that form an open convex cone with null boundary in
every local tangent space, see Fig. 1. It provides full
control of the geometry along the null directions where
L(x, y) = 0: we could show that the geometric concepts of
connections and curvature that will be discussed below can
be extended to this set, which is not possible in standard
textbook formulations of Finsler spaces. Furthermore, by
constructing a theory of electrodynamics on Finsler space-
times, we proved that light propagates along null direc-
tions. For further details, see Ref. [5].

The geometry of Finsler spacetimes is formulated by
extending the standard language of Finsler geometry, see
e.g. Refs. [3.,4]; this is a special geometry on the tangent
bundle based on the Finsler function F that appears in the
clock postulate. The basic geometric object deduced from
the Finsler function is the Cartan nonlinear connection.
Any nonlinear connection on TM is equivalent to a unique
decomposition of all tangent spaces to TM as TpTM =
HpTM ® VpTM, see Fig. 2. While the vertical bundle
VTM is canonically spanned by {d,}, the horizontal bundle
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FIG. 1 (color online). Geometric structures implemented in
every tangent space 7, M by definition 1 of Finsler spacetimes.
The solid lines show the guaranteed cone of timelike vectors
with the shells of unit timelike vectors and null boundary. The
dotted lines indicate a potentially more complex null structure.

HTM is spanned by {8,= 9, — N?,d,}, where the
N?,(x, y) are the coefficients of the nonlinear connection.
Then, the dual bundle (VI'M)* is spanned by {§y® =
dy® + N, dx"}, and (HTM)* by {dx“}. For the Cartan
nonlinear connection, the connection coefficients are de-
termined by the fundamental functions F or L as

NY, = 10,[g"9(yP9,0,F* — 9,F?)]
= %5b[gLaq(ypapéqL - aqL)] )

The equality of the two expressions for N, follows from
the proof of theorem 2 in Ref. [5], which makes particular
use of the Euler theorem y%d,f(x,y) = mf(x,y) for
m-homogeneous functions. Note that the right-hand side
is also valid on the null structure where F is not even
differentiable.

Under tangent bundle changes of coordinates induced
from coordinate transformations (x) — (¥(x)) of the mani-
fold, the nonlinear connection coefficients N“, transform
in such a way that the horizontal/vertical basis {§,, d,} of
TTM and the dual basis {dx“, 5y*} transform as vectors or
one-forms over the manifold,

Ho M

FIG. 2 (color online).

Tangent bundle geometry: decomposi-
tion of T, ,)TM into horizontal and vertical parts.
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_ oxt - oxb =«
5,3,)— (225,23,
(8, d,) (axa b h)

(8)
(d a5 a) (axad~b axa8~b>
X7, >\ ax’, — .
Y o e

Tensors on TM that obey the standard tensor transforma-
tion law under manifold-induced coordinate changes are
called distinguished, or, in short, “d-tensors.” An example
for a d-vector is the horizontal lift X/ of a vector X in T, M
to H (x,y) ™ ,

X =X, — Xt = X0 4)(x,y)- )

The inverse map is given by the push forward along the
projection, 7,X" = X. The horizontal tangent spaces to
TM can thus be identified with the tangent spaces to the
manifold M; this will be important for the identification of
field components of tensors over the tangent bundle with
field components measured over the spacetime manifold.

A d-tensor of particular importance for our construction
of gravitational dynamics for Finsler spacetimes is the
curvature of the Cartan nonlinear connection which mea-
sures the integrability of the horizontal bundle HTM. 1t is
defined as

= [6/,, 60]u
= (3,04, — 8%, +T% T

— Fﬁapcl“ﬁqu)’ (10)

a
Rbc

using as a short-hand notation the generalized Christoffel
symbols

Fﬁa},c = %gF“q(5bg§c + 5cg5h - 5qg;fc)
= % Laq(abgéc + 5cg§h - 6qg%6-)’ (11)

which are related to the nonlinear connection coefficients
via N4, = F‘S"hcyc. The proof of the above equality is
given in theorem 2 of Ref. [5].

In order to formulate covariant differential equations in
the language of Finsler geometry, a linear covariant de-
rivative V that acts on tensor fields over TM is needed. This
must be compatible with the horizontal/vertical structure
so that the identification of horizontal tangent spaces with
tangent spaces to the manifold stays intact under trans-
ports. In the literature exist four such covariant derivatives
with slightly different properties. We will employ the
Cartan linear covariant derivative defined by

v(gaﬁb = Fﬁq 8

= s _
ab™q vsnab =TI qaba

q’

1 _ _ _ _
Vi, 8p = Enganggb5q’ Vi, 0p = %ngqapggbaq'

In later sections, we will often need the Cartan linear
covariant derivative with respect to horizontal directions;
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we will then use the abbreviation V, = V5 . The action of
V on the following Sasaki-type metric on TM,

1
G = —ghdx* ® dx’ — ﬁgaFlﬁy“ ® 5y, (13)

gives zero. Hence, this metric is covariantly constant with
respect to the Cartan linear connection; it will play a
crucial role as an integration measure on 7M.

This completes our quick review of geometric objects
needed in this article. For later use, observe that all the
objects definable from F, i.e., the Finsler metric g, the
Cartan nonlinear connection N¢,, its curvature, and the
Cartan linear connection, are invariant under the trans-
formation L — L*. In the metric limit L(x,y) =
gap(x)y?y?, they reduce to known constructions from met-
ric geometry: the curvature essentially becomes the
Riemann curvature tensor, R%, (x,y) = —R“,, (x)y?; the
generalized Christoffel symbols become the usual
Christoffel symbols, T'°¢, (x,y) = I'“, (x); the nonlinear
connection now is a linear connection, N, (x,y) =
I'*, (x)y“; the Cartan linear covariant derivative in hori-
zontal directions becomes the Levi-Civita covariant deriva-
tive while it becomes trivial in vertical directions.

B. Action integrals

We saw that all geometric objects on Finsler spacetimes
are homogeneous tensor fields on the tangent bundle. The
same will be true for physical fields in our construction.
|
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The formulation of field theory actions needs the well-
defined integration procedure developed in Ref. [5].
Since integrals over the tangent bundle over homogeneous
functions diverge, we must consider integrals over the unit
tangent bundle

S ={(xy) € TM|F(x,y) = 1}. (14)

On this domain, we have a natural volume element con-
structed from the pullback of the Sasaki-type metric (13).
Thus, actions arise as integrals of scalar functions f on TM
restricted to 2 as fis.

To perform such integrals explicitly, we change coordi-
nates on TM from the induced Z4 = (x4, y“) to the more
convenient coordinates Z* = (£%(x), u®(x, y), R(x, y)),
where a = 1...3, the u® are zero-homogeneous, and R =
F(x,y). Now, 2 is defined by R = 1 and described by
coordinates (£, u). The coordinate transformation matrices
on TM are

. 54 0
PV T b _
— = J,u” 0,u” ,
8ZB b b
L alLIVT G, LI (15)
azh " o 0 0
Ry | éby“ a,8Y" %

and satisfy the invertibility properties

R 8¢ 0 54 0
aZA aZC r a _b ad LC oo c 3 oa) ¢ a
ﬁﬁ: Apu + 0,.u*dpy RTAR NN .U x| = 0 613 01, (16a)
| apILIY7 + GLIV Ay LI e 0 0 1
AC - a
9zt oz _ | % 0 _|% 0 (16b)
92€ 0Z8 [ 9yt + 9uY 9,0yt + R ILIYT 9,y duY + 23, LIVT 0 &

We now calculate the pullback of the Sasaki-type metric
to 2, in order to determine the relevant volume form. First,
we transform Eq. (13) to the new coordinates (£, u, R),
which yields

1 1
I sa gb a —
G=—ghd®dx e hfz6u® ® Suf e dR ® dR
a7

in terms of hlL; =gl d,"95y" and Su® = du® +
(9,u*N", — 9,u®)dx°. Then the pullback to X with R =
1 becomes

G" = —ggblzdfc“ ® di’ — h£B|E5u“ ® Sub. (18)

Using the short-hand notation g = | detg?, | and hf =
| deth? gl a well-defined integral over % of a homogeneous
tangent bundle function f now reads

[2 d4)ACd3unghF |2f(x, y)|2. (19)

For tangent bundle functions A“(x, y) that are homogene-
ous of degree m, the following formulae for integration by
parts hold

/2 d4)?d3M\'thF |2(5aAa)|§

= — [ asausTh S+ S)As, @00

,[2 d4fcd3u\[thF |2(5aAa)|E
= - L d*3dPuy|g"h" s[(g7P19,85,

— (m + 3)y"gp)A s, (20b)
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where §¢, =T°%, — 3,N°, and S, = S”,,. These for-
mulae can be proven with the help of the coordinate trans-
formation relations (16).

The definitions and mathematical techniques presented
in this section are the foundation of the following new
developments. In the next section, we present how observ-
ers are modeled and perform measurements before we turn
to the construction of a gravity theory for Finsler
spacetimes.

ITII. OBSERVERS AND MEASUREMENTS

In order to study physics on general Finsler spacetimes,
it is necessary to define a mathematical model of physical
observers and to determine how they measure time, spatial
distances, and physical fields. Guided by general relativity,
freely falling observers move on trajectories that extremize
the proper time integral; the variation of Eq. (1) here leads
to Finsler geodesics. Moreover, a model of observers re-
quires four tangent vectors that build an orthonormal
frame; then measurable quantities are the components of
physical fields with respect to this frame, evaluated at the
observer’s position. We explicitly calculate the illustrative
example of an observer’s measurement of the speed of light
on which the results of Ref. [8] are based. To compare
measurements of different observers, it is necessary to
communicate the results obtained by one observer to an-
other. This communication is realized by a certain class of
transformations between different observers; we will show
that these transformations have the algebraic structure of a
groupoid that generalizes the usual Lorentz group in metric
geometry.

A. Orthonormal observer frames

An observer moves along a spacetime curve 7 — y(7) in
M with timelike tangents. The parametrization can be
chosen so that y € §,, is unit timelike; according to defi-
nition 1, we now have |L(y, ¥)| = 1, and the signature of
gh (v, 7) is Lorentzian.! Then the clock postulate (1) tells
us that y must be interpreted as the local unit time direction
of the observer. We may write the normalization condition
in the form g{), . (eo, €9) = 1 using the horizontal lift ¢y =
71 of ¥, see Eq. (9).

To identify the three-space seen by an observer, we will
complete ¢ to a four-dimensional basis e, of H,, ;) TM; as
explained before, the projections of the ¢, fora = 1...3
by 7. into 7,,M then are identified as the spatial tangent
directions to the manifold. We determine the three hori-
zontal vectors e, by the condition g(Fy ,7)(60, e,) = 0. This
construction is justified by the observation that a horizontal
three-space is defined by a conormal horizontal one-form.

"In the following, we often use the very intuitive notation
(7, ¥) for points of the tangent bundle y € T,M C TM, which
is analogous to the coordinate representation (x(y), y()).
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The only linearly independent one-form available in terms
of geometric data is the vertical form dL = 9,L&y*. This

can be mapped globally to the horizontal one-form dL =
d,Ldx“, which is proportional to the Cartan one-form
known from Finsler geometry and is a Lagrangian ana-
logue of the Poincaré one-form in Hamiltonian mechanics.

The condition c'l\l’,(%y)(ea) = 0 on e, is equivalent to that
stated above in terms of the Finsler metric. We remark that
the e, may depend less trivially on y = m.ey than in
Lorentzian geometry because of their defining equation
g(l‘;,,j,)(e()’ ea) = 0.

The definition of unique unit directions in the three-
dimensional span {e,) requires orthonormalization. For
this purpose, we use the Finsler metric to set
g(F%w(ea, ep) ~ 8,p, assuming definite signature. The
choice of the metric g¥* for orthonormalization is preferred
over that of g¥, since only g is invariant under L — L* as
are the geometrical objects on Finsler spacetimes, see
Sec. ITA. We will now prove a useful theorem on the
relation between the signatures of the metrics g’ and g’
where both are defined; a corollary will then confirm our
assumption of a definite signature of the Finsler metric on
(€q)-

Theorem I— On the set TM \ (A U{L = 0}), the metric
gk is nondegenerate of signature (—1,, 1 ») for natural
numbers m, p with m + p = 4. Then, the Finsler metric
has the same signature, where L(x, y) > 0, and reversed
signature (—1,, 1,,), where L(x, y) <O0.

The observer’s time direction e is in S,, which is con-
tained in TM \ (A U{L = 0}). This tells us that the metric
g(L%y) has signature (—15, 1,) for L(y, ) > 0and (—1,, 15)
for L(y,¥) <0. We also know that g{ (o, o) = 1.
Hence, we conclude from theorem 1:

Corollary— The Finsler metric g(Fy 5 evaluated at the

tangent bundle position of an observer has Lorentzian
signature (—15, 1), and the unit spatial directions satisfy
gf‘;,,,y)(ew e,B) = _6aﬁ‘

Proof of Theorem I— By the definition of Finsler space-
times, the metric g’ is nondegenerate on TM \ A, hence
also on the smaller set excluding the null structure on
which g is defined. Now, observe that if an inner product
is given by a matrix C,, = A,, + B,B;, and A,, has in-
definite signature (—1,,, 1,), then the signature of C,, is
found to be (=1, 1,-y) for A71’B,B, < —1 and
(=1,,1,) for A71*B,B, > —1; for A"'*B,B), = —1,
the result is the once-degenerate signature (—1,,_,
1,,0;). This can be seen in a Sylvester normal form basis
for A by using the remaining SO(m, p) freedom. We can
apply this result to our situation by identifying

n—2

nL _ B
(g") ", B—((n_l)lle/n

1/2
A:72|L|2/” ) y (21)
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from Eq. (6). It follows that A~'(B,B) =n —2> —1;
then, the signature of g’ is the signature of A, i.e., that of
g" up to the sign of L.

We summarize our construction of observers’ frames
and measurements into a precise definition.

Definition 2— Let (M, L, F) be a Finsler spacetime.
Physical observers along worldlines 7+~ y(7) in M are
described by a frame basis {e, } of H(, ;) TM which

(1) has a timelike vector ¢ in the sense m.e) = ¥ € Sy;

and

(i) is gF-orthogonal, gfw)(ew €)= My

They measure the components of horizontal tensor fields
over TM with respect to their frame at their tangent bundle
position (y, ¥).

The Minkowski metric 7,,, in this definition has signa-
ture (— 1y, 13). We emphasize again that the frame {e,} in
H, 5y TM can be identified one-to-one with a frame {m..e,, }
in T, M, or reversely by the horizontal lift. From Eq. (6),
one can show that the observer frame has the nice property
to diagonalize g© and g’ simultaneously. We will now
discuss the measurement procedure in more detail and
present the example of how an observer measures the speed
of light.

B. Measuring the speed of light

Definition 2 of the observer frame includes the statement
that a physical observable is given by the components of a
horizontal tensor field with respect to the observer’s frame,
evaluated at her position on the tangent bundle, i.e., at her
position on the manifold and her four-velocity. The moti-
vation for this is as follows. The geometry of Finsler
spacetimes is formulated on the tangent bundle 7M, and
hence matter tensor fields coupling to this gravitational
background must also be defined over TM. Not all such
tensor fields can be interpreted as tensor fields from the
perspective of the spacetime manifold M. This interpreta-
tion requires that the tensor fields be horizontal; then, they
are multilinear maps built on the horizontal space HpTM
and its dual which are identified with the tangent space
T ,(pyM and its dual. Consider the example of a 2-form field
® over TM; in the horizontal/vertical basis, this expands as

D =D, (x, y)dx® A dx? + 2D, (x, y)dx® A 8y”
+ D3, (x, )5y A 8y". (22)

Only the purely horizontal part ®,,,(x, y)dx® A dx” has a
clear interpretation. Note that such horizontal tensor fields
are automatically d-tensor fields and have the same number
of components as a tensor field of same rank on M. The
difference is that the components depend on the tangent
bundle position. The measurement of a horizontal tensor
field by an observer at the tangent bundle position (y, )
clearly requires an observer frame of H,, ;)TM in order to
read out the components.
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We emphasize that the dependence of observables on the
four-velocity of the observer is not surprising. Neither is it
problematic as long as observers can communicate their
results. In general relativity, observables are the compo-
nents of tensor fields over M with respect to the observer’s
frame in T, M; they clearly depend on y which induces the
splitting of 7', M into time and space directions. On Finsler
spacetimes, the dependence of observables on the observ-
er’s four-velocity is not only present in the time/space split
of H, ;) TM, but also in the argument of the tensor field
components.

As a simple example, we discuss the measurement of the
spatial velocity of a point particle that moves on a world-
line p with horizontal tangent p. This can be expanded in
the orthonormal frame of an observer as p = pe, + f) =
pley + p®e,, where we recall that e, = 7 is the observer’s
four-velocity. The time p° passes while the particle moves
in spatial direction p®, so the spatial velocity v and its
square v are

.o s a F > >
U N
P 8y )P Y

U=

=

As a consequence of this formula, we may derive the
speed of light seen by a given observer. As discussed in
Ref. [5], light propagates on null worldlines p with
L(p, p) = 0, which is equivalent to F(p, p)> =0. We
can use this fact to replace the Finsler metric in the formula
for the velocity above. Taylor-expanding F(p, p%e, +
p)? = 0 around p = 0 yields

0= (p") +g(, (5. p)

(p%)*

+z .. .

E 0 Flp, )26 ... p% (24)
k=3

1
Evaluating this formula at the position of the observer p =
y and dividing by (p°)?, we immediately obtain an ex-
pression for the speed of light c(z%y)(ﬁ), i.e., the speed of

light traveling in spatial direction p and measured by the
observer (v, ¥):

B =1+ z G

O)k

o B F Oy, PP P

(25)

The p° are determined by solving the null condition
L(y, p°% + p) = 0; on a generic Finsler spacetime, there
can be more than one solution since the null structure can
be very complicated. From Eq. (25), we see that the
measured speed of light depends on the higher-than-
second-order derivatives of the squared Finsler function;
these vanish in the metric limit where we thus reobtain
c(z%w (p) = 1 independent of the observer and the spatial

direction of the light ray. The formulae (23) and (24)
enable us to compare experimental results on particle and
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light velocities with predictions on specific Finsler space-
time models. In Ref. [8], we used this to study the possi-
bility of superluminal particle propagation.

C. Generalized Lorentz transformations

We already stressed the importance that observers
should be able to communicate their measurements.
Consider two observers whose worldlines meet at a point
x € M. Since observers by definition 2 measure the com-
ponents of horizontal tensor fields in their frame and at
their tangent bundle position, we need to determine which
transformation uniquely maps an observer frame {e,} in
H(,,,TM to a second observer frame {f,} in H , TM.
Their respective four-velocities, or time directions, y =
m.eqg and z = 7. f generically are different, so that the
two observer frames are objects in tangent spaces to TM at
different points. As a consequence, we will now demon-
strate that the transformations between observers consist of
two parts: the first is a transport of the frame {e,} from
(x, ¥) to (x, z), and the second will turn out to be a Lorentz
transformation.
Theorem 2— Consider two observer frames {e,} in
H(,,TM and {f,} in H(,,TM on a Finsler spacetime
(M, L, F). If z is in a sufficiently small neighborhood
around y € T, M, then the following procedure defines a
unique map {e,} — {f,}:
(i) Let  — v(r) be a vertical autoparallel of the Cartan
linear connection that connects v(0) = (x,y) to
v(1) = (x, z); this satisfies 7,v = 0 and Vo = 0.
Determine a frame {&,(v(#))} along v() by parallel
transport Ve, =0 with the initial condition
¢, (v(0) = e,.

(i1) Find the unique Lorentz transformation A so that
fu = AL, (D).

Proof— We first show that the curve v required in (i)
exists. The verticality condition 7, = 0 implies v =
©%d,; the definition of the Cartan linear connection (12)
then tells us that V,v = 0 is equivalent to solving v* +
1gfard ¢b vPv¢ = 0. This has a unique solution connect-
ing (x, y) to any point (x, z) in a sufficiently small neigh-
borhood in 7,M. Now let {&,(v(r))} be the parallelly
transported vector fields V&, = 0 with &, (v(0)) = e,,.
The properties of the Cartan linear connection ensure that
the ¢, are horizontal fields. Observe also that
V,(gh(e,, &,)) =0 along the curve v since g’ is cova-
riantly constant under V. It follows that

gF (@, (D), &,0(0) = ~7,,, (26)

is independent of 7 and holds, in particular, at the final point
of the transport v(1) = (x, z). Now {&,,(v(1))} and {f,} are
orthonormal frames with respect to g© in H, TM; hence,
they are related by a unique Lorentz transformation as
stated in point (ii) of the theorem. [
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FIG. 3 (color online). Transformation between two observer
frames: the frame {e ,u} in H,,)TM is first parallely transported
to {&,} in H,,TM and second, Lorentz transformed into the
final frame {f,}.

The procedure described in theorem 2 provides a map
between the frames of two observers at the same point of
the manifold x € M, but with different four-velocities
v,z € S, C T.M; we display the two parts of this proce-
dure as A o P, i.e., as parallel transport followed by
Lorentz transformation, which is illustrated in Fig. 3. The
combined maps transform observers uniquely into one
another as long as the autoparallel v connecting the verti-
cally different points in TM exists and is unique. This is
certainly the case if (x, y) and (x, z) are sufficiently close to
each other. Whether the geometric structure of a specific,
or maybe all, Finsler spacetimes is such that unique trans-
formations between all observers exist requires further
investigation.

In the observer transformations on generic Finsler
spacetimes, there appears an additional ingredient that is
not present on metric spacetimes. Before applying the
Lorentz transformation to the frame, one has to perform
a parallel transport in the vertical tangent space. In the
metric limit, the vertical covariant derivative becomes
trivial so that the parallelly transported frame does not
change at all along the curve v. In this special case, the
transformation of an observer thus reduces to A o idy_,z,
which is fully determined by a Lorentz transformation.

The observer transformations on Finsler spacetimes es-
sentially have the algebraic structure of a groupoid that
reduces to the Lorentz group in the metric limit. We first
review the general definition of a groupoid and then show
how this applies to our case.

Definition 3— A groupoid G consists of a set of objects
Gy and a set of arrows G. Every arrow A is assigned a
source e = s(A) and a target f = 1(A) by the maps
s: G; — Gy and t: G; — Gy; one writes this as A: e —
f. For arrows A and B whose source and target match as
t(A) = s(B) there exists an associative multiplication G| X
G, — Gy, (A, B) — BA with
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s(BA) = s(A), t(BA) = t(B), C(BA) = (CB)A.
27

A unit map Gy — Gy, e — 1, where 1,: e — e exists so
that

1 ,(A)A =A= A]ls(A)- (28)
For every arrow A exists an inverse arrow A~ ! that satisfies
S(A_l) = t(A), t(A_l) = S(A), (29)

A_lA = ]ls(A)r AA_1 = ]lt(A)'

Groupoids are generalizations of groups. These can be
expressed as groupoids with a single object in Gy; then,
the arrows correspond to group elements, all of which can
be multiplied since sources and targets always match. The
multiplication is associative, and the identity element and
inverse elements exist.

Consider Gy = S, C T;M as the set of unit timelike
vectors which contains the different four-velocities of ob-
servers at the point x € M. Let the arrows in G; be the set
of all maps between two observer frames at x, which are
defined by the procedure stated in theorem 2. In case the
involved vertical autoparallels connect the four-velocities
uniquely, the sets G and G; define a groupoid: source and
target of amap A = A o P_,_ between two frames {e, €
H(,,TM} and {f, € H(,,TM} are simply given by
s(A) =y € S, and #(A) = z € S,; the multiplication BA
is defined by applying the procedure of theorem 2 to
construct the map between s(A) and #(B), which gives the
properties (27); we choose the unit map 1, that provides
(28) as 1, = 1 o id,_,, i.e., as trivial parallel transport of
the frame {e, € H(,,) TM} with respect to the Cartan
linear connection along the vertical autoparallel that stays
at (x, y) followed by the identity Lorentz transformation.
Finally, we define the inverse A~! = A~! o P_,  where
P, denotes parallel transport backwards along the
unique vertical autoparallel connecting (x, y) and (x, z),
which is also used for Py to check the properties (29),
one simply shows that parallel transport of the frames and
Lorentz transformation commute. Thus, we have shown
the following result:

Theorem 3— On Finsler spacetimes (M, L, F), the trans-
formations between observer frames {e, € H,, TM} at
X € M that are attached to points (x, y) € U, C S, define
a groupoid G under the condition that any pair of points in
U, can be connected by a unique vertical autoparallel of
the Cartan linear connection.

We already discussed that the transformations of ob-
server frames reduce to the form A = A oid,_,; in the
limit of metric geometry. Hence, the only information
contained in the reduced groupoid G with G, = S, and
G, ={Ao id,_, } is given by the Lorentz transformations.
In mathematically precise language, this can be expressed
as the equivalence of G to the Lorentz group seen as a
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groupoid H with a single object H, = {x} and arrows
H, ={A}. The functor ¢: G— H establishing the
equivalence can be defined by the projection ¢, =
m: Gy— Hy and by ¢,: G, = H;, Ao id,_;A. Indeed,
¢ can be checked to be injective, full, and essentially
surjective, and so it makes G and H equivalent. See
Ref. [10] for details on the required mathematical
definitions.

IV. GRAVITATIONAL DYNAMICS

We have now reviewed the basic concept of Finsler
spacetime geometry and laid the foundations for the inter-
pretation of physics on these backgrounds. We have seen
that well-defined observers exist which communicate with
each other by means of groupoid transformations that
generalize the Lorentz group in metric geometry. As em-
phasized in previous work [5,8], physical predictions in our
generalized geometric framework require gravitational dy-
namics for the fundamental geometry function L to deter-
mine specific spacetime solutions. In this section, we for
the first time present a Finsler gravity action along with a
consistent minimal coupling principle between gravity and
matter. We begin our presentation with the variation of the
pure gravity action, before the coupling of Finsler gravity
to matter is discussed in Sec. IV B; the full field equation is
derived in Sec. IV C. Moreover, we prove that the Finsler
gravity field equation becomes equivalent to the Einstein
equations in the metric limit.

A. Action and vacuum equations

On Finsler spacetime, the simplest curvature scalar built
from the nonlinear curvature tensor R, ., which is relevant
for the tidal acceleration of Finsler geodesics, is R =
R“abyh. This contains the lowest number of derivatives
on the fundamental function L without involving addi-
tional d-tensors besides the curvature, like ¢, or d,g% .
Recall that integrals are well-defined over the seven-
dimensional unit tangent bundle 3 with coordinates
(%, u), as discussed in Sec. I B. These two facts directly
lead to our Finsler gravity action

S.[L] = / &3P uly[s" T R]s. (30)

The gravitational field equation in vacuum now is ob-
tained by variation with respect to L. To perform this
variation for an m-homogeneous function f(x,y) on TM
restricted to 2, it is useful to realize that

oL

8(f1x) = (6f)s — %fm T (31

where n is the homogeneity of L. With the help of this
formula and the results for integration by parts in Eq. (20),
we can derive the vacuum field equations in three
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steps. The first uses the variation formula above with
fxy) = vgFh"Re,,y" and m = 5, which yields

5Sg[L] = f d4fcd3u|:6( FRFR) thFRS—L] .
n L s
(32)

The second step is the variation of the volume element
which leads to

oL
8Sg[L] = jd4)%d3u\/thF |2[<ngq8g§q - g T)R

+ beR“ah] , (33)
B

while in the third step, we use the following identities:

fd4fcd3u[\[thFngqégqu]m
s - - 0L
— 45 g3 FpF ,Fab
= fd xd M[ 8 h g BaabRE]lz,

/d4£d3u[\[thFyb6R”ah]|2

= fd4)?d3u[ gFhf2gfeb(V S, + S,S,

(34a)

(34b)
n

_ oL
+9d,VS,)—| ,
a b) L]IE
to arrive at the final form of the variation of the Finsler
gravity action (30):

5Sg[L] = [ d3dPuygF 1P |s[¢"3,3,R — 6R

- oL
+ 2gFab(vaSb + SaSb + GQVSI,)]Q E

(35)

For further details of this variation, we refer the reader to
Appendix A 1. Now, we can read off the vacuum field
equation on X as

[gFaha_agbR —6R + ZgF””(VaSb + SaSb
+9,VS,)]s =0. (36)

Observe that all terms in the bracket are zero-
homogeneous on TM, except the second term R that has
homogeneity two. Since (R);s = (R/F?)s, we can re-
place the second term by R /F?, which is now also zero-
homogeneous. Hence, the equation can be lifted to TM in
the form
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I 6 -
gF”bﬁa(?bR _ﬁR +2gFab(vaSb + SaSb + aaVSb) :O
(37

It seems as if this equation could be invalid on {L = 0} =
{F = 0}, where F is not differentiable so that the Finsler
metric g©' does not exist. However, this is not the case: the
equation is valid also on the null structure. To see this, one
expresses g! through g” with the help of formula (6) and
multiplies by F2. The resulting equation is well-defined
wherever g’ is nondegenerate and, in particular, on the null
structure. Note that Eq. (37) is invariant under the trans-
formation L — L*, which will be a guiding principle for
matter coupling below.

In the metric limit L = g,,(x)y?y?, the tensors in the
Finsler gravity equation reduce as R = —y“y’R,, and
S, =0, where R,, is the Ricci tensor of the metric g.
Accordingly, the field equation becomes

6
+ ﬁRabyayb =0, (38)

2R
which is equivalent to the FEinstein vacuum equations
R,, = 0 by differentiating twice with respect to y. We
conclude that a family of solutions of the Finsler gravity
vacuum equation (37) is induced by solutions g, (x) of the
vacuum Einstein equations via the fundamental functions
Ly = (g.(x)y*y?)k. In Sec. VI, we will present a solution
of the Finsler gravity vacuum equation beyond metric
geometry.

B. Consistent matter coupling

Above, we have achieved a consistent generalization of
vacuum Einstein gravity from metric spacetimes to Finsler
spacetimes. Next, we will show that this generalization can
be completed by the coupling of matter fields. For this
purpose, we will discuss a minimal coupling principle that
generates consistent matter field actions on Finsler space-
times from their well-known counterparts on metric space-
times. In the discussion, we restrict our attention to p-form
fields; spinor fields have to be investigated further. In
Sec. IV C, we will deduce the complete gravity equations
with energy-momentum source term.

Consider an action S,,[ g, ¢] for a physical p-form field
¢ on a Lorentzian spacetime (M, g),

§ e b1 = [M dxJzL(g b.db).  (39)

The corresponding matter action on Finsler spacetime is
obtained by lifting S, to the tangent bundle TM equipped
with the Sasaki-type metric G(x, y) defined in Eq. (13) in
the following way:

(i) consider the Lagrangian density L(...) of the stan-
dard theory on M as a contraction prescription that
forms a scalar function from various tensorial
objects;
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(ii) replace the Lorentzian metric g(x) in L£(...) by the
Sasaki-type metric G(x, y);

(iii) replace the p-form field ¢(x) on M by a zero-
homogeneous p-form field* ®(x, y) on TM;

(iv) introduce Lagrange multipliers A for all not purely
horizontal components of ®;

(v) finally, integrate over the unit tangent bundle 2 with
the volume form given by the pullback G* of the
Sasaki-type metric.

The result of this procedure is the Finsler spacetime field
theory action

S [L &, A] = [2 d*2d*ul\[ghF (L(G, D, dD)
+ A1 — PH)(I’)]|E. 40)

The projection P projects to the purely horizontal part
of the p-form ®; in the example of the general two-form on
TM displayed in Eq. (22), we have

PH®D = D, ,,dx" A dxP. A1)

The Lagrange multiplier guarantees that the on-shell de-
grees of freedom of ® are precisely those with a clear
physical interpretation as fields along the manifold M, as
discussed in Sec. III B. The minimal coupling principle for
matter to Finsler spacetime presented above is a slightly
refined version of that in Ref. [5], where we discussed
electrodynamics on Finsler spacetime. The only modifica-
tion here is in the definition of the Sasaki-type metric
G(x, y) which is now defined in terms of the Finsler metric
g’ instead of gl. This change ensures that the resulting
matter action S,,[L, ®, A] is invariant under L — L* in the
same way as the pure gravity action. Nevertheless, the
results obtained for electrodynamics on Finsler spacetime
in Ref. [5] are unchanged by the refined coupling principle
presented here.

The matter field equations obtained by extremizing the
action with respect to the p-form field @ and the Lagrange
multiplier A can be studied most easily if expressed in
components with respect to the horizontal/vertical basis.
The calculation is performed in detail in Appendix A 2. We
display the results with the convention that barred indices
denote vertical components, unbarred indices now denote
horizontal components, and capital indices both horizontal
and vertical components. Variation with respect to the
Lagrange multiplier yields the constraints

P Vi=1...p. (42)

ay..a;Qiyy...4, 0’

2A two-form field ® as in Eq. (22), for example, is zero-
homogeneous if and only if its components ®,, ®, and 5 have
the homogeneities 0, —1, and —2, respectively; these are can-
celled by the homogeneity of &y.
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Variation for the purely horizontal components of ® gives

oL oL
= —(p+ +8,)
i@, POV TSI GEg

P

- - oL
= (g + 8" 0g8mn — 485" 5oz =0,
q g&mn 4q a(d(p(?al...a,,)

(43)

which determines the evolution of the physical field com-
ponents, while variation with respect to the remaining
components produces

oL oL

Ad Ay — +(p+1)(V,+8,)

Pz 4,4, d(dPyz4,..4,)
p(p+1) oL ya,
2 9d®pgp,.a,) O
_ _ oL
Fmn F _ F
+(9;+ 8" 058mn 4g‘?qu)a(dTAA)’
qa|Ag... P

(44)

which fixes the components of the Lagrange multiplier.
The y$,, are the commutator coefficients of the horizontal/
vertical basis.

Our coupling principle is consistent with the metric
limit, i.e., the equations of motion obtained from the
Finsler spacetime action, reduce to the equations of motion
on Lorentzian spacetime in the case L = g,,(x)y“y” and
D@y, .4, (x,9) = ¢a,..a,(x). Then, we have the geometric

identity S, = 0; moreover
dq)al‘..a,,ﬂ = (P + l)a[a1¢a2map+1]’ (45)

using the constraints (42) and the fact that the horizontal
derivative acts as a partial derivative on the y-independent
p-form components. Finally,

oL
d(dd, )

qay...a,

=0 (46)

because, as a consequence of our coupling principle where
the Sasaki-type metric is block-diagonal in the horizontal/
vertical basis, the vertical index of d®,, .a, MUSt appear in
L(G, ®, dD) contracted via gf into either a vertical de-
rivative or into components of ® with at least one vertical
index. In the metric limit, vertical derivatives give zero,
while the constraints (42) guarantee that all components of
@ with at least one vertical index vanish. Combining these
observations shows that Eq. (43) reduces to

oL oL
(P )V,
FIG P+ Voia@s,, )

aj...a,

=0, 47

where V now operates in the same way as the Levi-Civita
connection of the metric g. Again, as a consequence of our
minimal coupling principle with the block-diagonal form
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of the Sasaki-type metric in the horizontal/vertical basis,
we can conclude in the metric limit that

IL(G, ®,dD) _ aL(g, ¢, d)

aq)al...a a¢a1...a ,
! ! 48
0L(G, ®,dP) _ 9L(g, $,db) (48)
a(dq)qal ...a,,) a(dd’qal ...a,,)

so that Eq. (47) becomes equivalent to the standard p-form
field equation of motion on metric spacetime.

Our minimal coupling procedure for matter fields to
Finsler spacetime can be applied immediately for instance
to the scalar field, as done in Ref. [8]. Note that it can be
easily extended to the case of interacting form fields of any
degree with metric spacetime action

Sm[g,¢1y¢2,---]=fMd4x\/§£(8,¢1,d¢1,¢2,dd)2,...).
(49)

The minimal coupling procedure then leads to the action

S, [L, @), Ay, Do, Ay, .. ]

= [ d4fcd3u|:VthF(£(G, (I)l’ d(bl, CDQ’ ch)Q, .. )
3

£ 31 - Py | (50)
1

s

The equations of motion for each field ¢; have the same
form as in the single field case, and the metric limit leads to
the standard field equations by arguments that proceed in a
completely analogous way as before.

In the standard formulation of electrodynamics, the
action is a functional S,,[g, A, dA] of a one-form potential
A, but the classical physical field is ' = dA. Our minimal
coupling principle to obtain an action on Finsler space-
times cannot be applied immediately to this situation: the
problem is that the Lagrange multiplier then only kills the
vertical components of the lift of A, but does not guarantee
that the lift of F' is purely horizontal. This problem is
solved in Ref. [5] by starting from an equivalent interacting
action of the form §,,[g, A, dA, F, dF], which provides
the complete set of Maxwell equations F' = dA and d %,
F = 0 by variation. Now, the minimal coupling principle
entails that both the lifted fields A and F are purely
horizontal and can be interpreted physically.

C. Gravity field equations and metric limit

We are now in the position to study the interplay be-
tween the matter actions §,, introduced in Eq. (40) and the
pure Finsler gravity action S; in Eq. (30). Their sum
provides a complete description of gravity and classical
matter fields on Finsler spacetimes:
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S[L, ®, A] = k'SG[L] + S, [L, D, A]

= k! [d4)?d3u[\[thF’R]|g
4 f d*3d3ulyg"h L(G, ®, dD)]js
+ fd4xd3u[ gFhfA(l — PH)(I)]|2. (1))

As usual, the matter field equations following from this are
the same as for the pure matter action. The gravitational
field equations are obtained by variation with respect to the
fundamental geometry function L. The variation of S,
with respect to L is

6S
0S,, = [d4fcd3u(7m 5L)
oL IS

L 85\ oL
= [ s (,/ Fpr 2 —’") )
[ raeH\ve /thF oL )is nL (52)

and leads us to the definition of the energy-momentum
scalar T}y on the unit tangent bundle as

nL 65,
TIE = —F 7 5L .
Vg'h 1=
With this definition, the complete gravitational field equa-

tions on Finsler spacetime including energy-momentum
sources formally become

(53)

. 6 -
[gF“baa(?be - ﬁR + 2gF"b(VaSb + SaSb + GaVSb)]m
= —kTs. (54)

As in the vacuum case with 7|y = 0, these equations can be
lifted to TM. The terms in the bracket on the left-hand side
are all zero-homogeneous and can be lifted trivially. The
terms in 7 without the restriction on the right-hand side in
principle can result from variation with different homoge-
neities; to lift these, one simply multiplies each term by the
appropriate power of F in order to make it zero-
homogeneous. This is the same procedure applied in
Sec. IVA to the gravity side.

The gravitational constant x will now be determined so
that the gravitational field equation on Finsler spacetimes
becomes equivalent to the Einstein equations in the metric
limit. Variation with respect to L of the concrete form of
the matter action in Eq. (51) and performing the metric
limit, ie., g& (x,y) = —gu(x) for observers and
D@y, .n,(x,9) = ba,..a,(x), the gravity equation (54) be-
comes

R a,b
2g“bRab + 67(1[7)] Y
g pg "yl
oL oL
= —K<4£ —dg,, 2 — 4 Ja)P ) (55)
agab |gpqypyq| agab

064009-11



CHRISTIAN PFEIFER AND MATTIAS N.R. WOHLFARTH

The detailed calculation of this result is involved and can
be found in Appendix A 2. Introducing the standard
energy-momentum tensor of p-form fields on Lorentzian
metric spacetimes 7% = g® L + 2% and its trace T =

Tg,, =4L + 2gab;g—£b, we can rewrite the equation
above as

Ty,

g,,qy”y‘f)’ (56)

Rapy*y"

2R-6 =
8pg¥’y?

—K(—2T + 12

if evaluated at g-timelike observer four-velocities y. Now,
we take a second derivative with respect to y, contract with
g~ !, reinsert the result, and conclude

(Rab - %gabR)y“y" = 2kT "y’ (57)

Since there is no y-dependence beyond the explicit one, a
second derivative with respect to y yields the Einstein
equations, if we choose the gravitational constant k = “CL}; .

The gravity equation on Finsler spacetime including the
coupling to matter therefore is

- - 6 -
- gF“baaabe + ER - 2gF“b(VaSb + SaSb + aaVSb)
_4nG

C4

T, (58)

with zero-homogeneous source function 7 on TM.
Observe that this field equation including the matter part
is invariant under L — L* by construction of the coupling
principle, as the vacuum equation is. This leads to the
interesting conclusion that every solution g,,(x) of the
Einstein equations induces a family L, of solutions
of the Finsler gravity solution with L, = (g, (x)y*y?)X.
In order to find further solutions of this highly compli-
cated partial-differential equation, we will study symme-
tries of Finsler spacetimes in the next section. Then, we
present a solution of the linearized Finsler gravity equation
in Sec. VI which turns out to be a geometric refinement of
the linearized Schwarzschild solution of general relativity.

V. FINSLER SPACETIME SYMMETRIES

In the previous section, we deduced the Finsler gravity
field equation including matter sources and showed that it
is consistent with the Einstein equations in the metric
geometry limit. Our new field equation is a highly complex
differential equation; in order to simplify the task of find-
ing analytic solutions, we wish to consider symmetric
spacetimes. We begin this section by defining symmetries
of Finsler spacetimes and show how this concept is a
generalization of the symmetries of Lorentzian spacetimes.
We explicitly present the general structure of the funda-
mental geometry function L for the spherically, cosmolog-
ically, and maximally symmetric case. In the next section,
we will then use our results about symmetric Finsler space-
times to solve the linearized Finsler gravity equation.
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A. Definition

On a symmetric Lorentzian manifold (M, g), the metric is
invariant under certain diffeomorphisms. Similarly, we
wish to define symmetries of a Finsler spacetime
(M, L, F) as an invariance of the fundamental geometry
function L. Consider a diffeomorphism generated by the
vector field X = £%(x)d,,; this acts as a coordinate change
on local coordinates on M as (x%) — (x + £7) and on the
induced coordinates on the tangent bundle 7M as
(x4, y*) = (x + &9, y* + y79,£%). Hence, the diffeomo-
phism on M induces a diffeomorphism on TM that is
generated by the vector field X¢ = £99, + y?9£%4,,, called
the complete lift of X. The idea of implementing symme-
tries via complete lifts in a Finsler geometry setting appears
already in Ref. [11]. Here, we want to make this concept
precise for Finsler spacetimes:

Definition 4— A symmetry of a Finsler spacetime
(M, L, F) is a diffeomorphism generated by a vector field
Y over the tangent bundle TM so that Y(L) = 0 and Y is the
complete lift X¢ of a vector field X over M. A Finsler
spacetime is called symmetric if it possesses at least one
symmetry.

The following theorem summarizes important properties
of Finsler spacetime symmetries. The symmetry generators
form a Lie algebra with the commutator of vector fields on
TM, and they are isomorphic to a Lie algebra of vector
fields on M which becomes the usual symmetry algebra of
Lorentzian manifolds in the metric geometry limit. This
not only shows that definition 4 of symmetry is consistent
with that of Lorentzian spacetimes, but also that the usual
Killing vectors, e.g., those for spherical symmetry, can be
used to study symmetries of Finsler spacetimes.

Theorem 4— Let S be the set of symmetry-generating
vector fields of a Finsler spacetime.

(i) (S, [, -]) is a Lie subalgebra of the set of vector fields

over TM;
(i) (S,[+,+]) is isomorphic to the Lie subalgebra
(7.(S), [+, -]) of the set of vector fields over M;

(iii) in the metric geometry limit, (7.(S),[-,]) be-
comes the symmetry algebra of the emerging
Lorentzian spacetime.

Proof—

(i) Let YE S; then Y(L) =0 and (7,Y)¢ —Y = 0.
Both properties are linear, so that S is a vector sub-
space of the Lie algebra of all vector fields on TM. It
remains to be proven that the commutator of two
elements Y, Y, €S closes in S. It is clear that
[Y,Y,](L) =0; to show that (m.[Y;, Y,])¢ =
[Y,, Y,], one uses that Y; = X¢ for some vector fields
X;onM and that[XE, X§] = [X, X,]C (see Ref. [12]).

(ii) The inverse for 7, on 7.(S) is given by the com-
plete lift; hence, S and 7.(S) are isomorphic as
vector spaces. The Lie algebra structure is preserved
in both directions because of [X¢, X{] = [X;, X,]C,
and hence also 7,[Y;, Y,] = [7.Y;, 7.Y,].
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(iii) ForY = X© € S, we have £9,L + y10,£99,L =
0. In the metric geometry limit L(x,y) =
gub(x)yayh’ and, hence, ypyq(‘fuaagpq +
gapaqé:a + gaqap‘fa) = ypquXgpq(x) = 0. Since
the Lie-derivative of the metric g does not depend
on the fiber coordinates of the tangent bundle, we
conclude Lyg,,(x) = 0. This is the condition that
defines X as the symmetry generator of a metric
spacetime. [

We now wish to study the implications of spherical,

cosmological, and maximal symmetry for the fundamental
function L of a Finsler spacetime.

PHYSICAL REVIEW D 85, 064009 (2012)
B. Spherical symmetry

Consider a Finsler spacetime (M, L, F) and coordinates
(t,1, 6, ¢,y y,y% y?) on its tangent bundle. Spherical
symmetry is defined by the following three vector fields,
which generate spatial rotations and form the algebra
50(3),

X4 = singpdy + cotf cosd y,
X5 =

(39)
—cos¢dy + cotf singd,, X = 04.
Their complete lifts are obtained via the procedure de-

scribed in the previous section:

X§ = singpdy + cotf cosdpdy + y? cosdpdy — (y(’ C,OS;Z + y?% coth sin¢)5¢, (60a)
sin
c_ ) b 0Sin¢_¢ -
X5 = —cospdy + cotfsingd, + y? singa, v — 29 y? cotf cose )0 4, (60b)
sin

Applying the symmetry condition XS(L) =0 implies d,4L = 0, while using X{(L) =0 and X$(L) =0 to deduce
(singpX§ — cospX$)(L) = 0 and (cospX§ + singX$)(L) = 0 yields

dgL = y? cothd 4L, y?sin?0d,L = y?9,L. (61)
In order to analyze the implications of these equations on L, we introduce new coordinates
w@ =106, w) =y w6 y?)? =" +sin’0(y*)? (62)
while keeping (7, y', r, y", ¢). The associated transformation of the derivatives
w2 — 12
9, =49, 9, =90, 9y = cotud,, + 9, dp = g (63a)
w
2 2
_ _ _ _ _ v - . wo— v
d, =4, a, =12, dp=—0, +d, dp = smugaw (63b)
w w

makes the equations (61) equivalent to the simple constraints d,L = 0 and 9,,L = 0.
Hence, we conclude from the analysis of the symmetry conditions X (L) = O that the most general spherically
symmetric Finsler spacetime is described by a fundamental function which is n-homogeneous in (¥, y", w) and of the form

L(t,r, 6, ¢, 5,y y%, y?) = L(t,r, y', y", w(6, y?, y?)),

where w(6, y?, y?) is defined in Eq. (62).

(64)

C. Cosmological and maximal symmetry

After our discussion of the spherically symmetric case in full detail above, we will now present the results of a similar
analysis first for cosmologically and second for maximally symmetric Finsler spacetimes.

Cosmological symmetry describes an isotropic and homogeneous spacetime. This is a much more symmetric situation
than in the spherically symmetric scenario and is implemented by requiring the following six vector fields to be symmetry
generators, see Ref. [13]:

X, = xsinfcos¢a, + X cosf cospdy — X s1.n¢ 9 g, (65a)

r r siné
cos

X, = ysinfsingd, + X cososinga, + X 5P 94 (65b)
r r sinf

X3 = ycosfd, — X sinfdg, (65c¢)

r
X, = singpdy + cotf coshd X5 = —cos¢pdy + cotfsingd,, Xo = 04, (65d)
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where we write y = +/1 — kr?> and k is constant. The
complete lifts of these vector fields are listed in
Appendix A 3. Applying the symmetry conditions
X€(L) = 0 to the fundamental function L and introducing
the new coordinates

g(r)=r, sGo")=y", u@®) =06, v(’)=)"’
(66a)
r0¢2:(yr)2 20002 1 in2 (b )2
WC(V,Q,y PR AR ) ]_kr2+r ((y) + sin 9()’ )):
(66b)

while keeping (7, y'), yields the following result: the cos-
mological fundamental function L is n-homogeneous in
(y', we) and has the form

L(t! rr 0; ¢7 yly yr) yg) y¢) = L(t) yt’ WC(r’ 0’ yr’ ya’ y¢))‘
(67)

The constant k only appears in the expression for the
coordinate w¢. The value of we can be understood as the
metric length measure on a three-dimensional manifold of
constant curvature k. The same metric appears in the
spatial part of the standard Robertson-Walker metric.

For the study of maximally symmetric Finsler space-
times, we use some notation from Ref. [14], where such
spacetimes are constructed from embeddings into a five-
dimensional manifold. Symmetry vectors generating maxi-
mal symmetry are given by

X, = C(x)a‘d,,

with C(x) = /T = KC,,x”x7, constant K, and constant

4 X 4 matrices C,;, and )¢, There are four linearly inde-
pendent vector fields X, and six X by requiring the
condition 7, C,, = —Q9,C,; their complete lifts are

Xo = Qpxo, (68)

bKCbmxm ac—
C(x)
Xﬁ = Q“bxbaa + be”bga.

X§ = C(x)a‘a, — y
(69)

Evaluating the symmetry conditions X$(L) =0 and
X&(L) = 0 on the fundamental function and introducing
new coordinates

u(x) = x4,

v (y) =7,
wir(x, y)? = Capy“y’ + %Capx"y“%qub
= g (XY, (70)

where 7y runs over any three indices in {0, 1, 2, 3}, yields the
following result: the maximally symmetric fundamental
function L is n-homogeneous in w,, and of the form
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L(x,y) = L(wy(x, ) = Awy(x, y)". (71)

The final equality is obtained from Euler’s theorem for
homogeneous functions.

Observe that the maximally symmetric fundamental
function always describes a metric geometry, see
Eq. (70). Hence, all maximally symmetric Finsler space-
times are Lorentzian spacetimes, and the gravity equation
(58) is equivalent to Einstein’s equations. Thus, we can
immediately conclude that the only maximally symmetric,
source-free vacuum solution of our Finsler gravity equa-
tion is the Minkowski-metric-induced fundamental func-
tion L = 7,,y*y” and its powers. In the expression for w),
above, this corresponds to C,, = 1n, and K =0.
Maximally symmetric spacetimes with K # 0 can only
be obtained as solutions of the Finsler gravity equation
by adding a cosmological constant term, similarly as in
general relativity.

VI. LOWEST-ORDER EFFECTS IN THE
SOLAR SYSTEM

In this section, we will study Finsler spacetimes that
describe mild deviations from Lorentzian geometry. In this
situation, the complicated Finsler gravity field equation
allows a simplified treatment. After a general discussion
of the linearized field equation, we will employ what we
learned about spacetime symmetries to present a spheri-
cally symmetric solution. This particular model turns out to
be a refinement of the linearized Schwarzschild solution of
general relativity, and we will argue that it should be
capable of modelling unexplained effects in the Solar
System like the fly-by anomaly.

A. Finsler modifications of Lorentzian geometry

Recall that the fundamental functions L = L, and L =
(Lo)* define the same geometry, and that this is respected
by the Finsler gravity field equation. Hence, the following
class of fundamental functions gives us good control over
deviations from Lorentzian metric geometry:

L = (g,,(x)y“y")* + h(x, y) = G(x, p)* + h(x, y). (72)

Here, h(x, y) is a 2k-homogeneous function that causes the
Finsler modifications of the Lorentzian metric spacetime
(M, g). The abbreviation G(x, y) should not be confused
with the Sasaki-type metric on TM.

Recall the Finsler gravity vacuum field equation from
Eq. (37):

- = 6 -
gF”baaabR _ﬁR +2gFab(vaSb + SaSb + GQVSb) =0.
(73)

We will now expand this equation to linear order in the
modification A(x, y), where G(x, y) # 0. In the following
calculations, we suppress all higher-order terms. We
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introduce [ =%"h and I, =13,3,/ to expand the

Finsler function and Finsler metric as

2. O G

1G] (G +1), gl = E(gah + L) (74)

F

The coefficients of the nonlinear connection are calculated
from Eq. (7):

Nab = yml"abm - %gcqrcmnymynéblaq - laqgcql"zmym
+ %gaq(ablqm + amlqb - aqlbm)ym' (75)

Here, the I'¢ »e are the Christoffel symbols of the metric g,
and in the following, V acts as the Levi-Civita connection.
Note that the zeroth-order term, for / — 0, is the metric
linear connection. The curvature and the tensor S can be
expressed with the help of the short-hand notation

T, =

c

gaq(vblqc + vclqb - vqlbc) (76)

N[ =

as

R =Ry’ = =y R, [g] — V,0"yT%,,)
+ V(°Te,,), (77a)

S, =T, —9,NP,=—y13,T" .. (77b)

The zeroth-order term in R is determined by the Ricci
tensor of g, while S, — 0. Collecting all terms in the
gravitational field, Eq. (73) finally yields

G 6 G
0=~ —2—R[g] +—=y""'R, +[2—l“”Ru
Gl [g] GV »lg] iG] »lg]
6G — 21

G2

cTa 6 b.,ca
+ VT, — 5(—Va(y yT,.)

+ V(T,.) — 28°°(V,y14,T? ,,

YY'Rplg] + 800,0,(=V,(yPyT4,.)

4 5aqu5prpq)]. (78)

The zeroth-order contribution in the first line is equivalent
to the Einstein vacuum equations, as discussed in
Sec. IVA. The first-order terms in square brackets deter-
mine the Finsler modification of the unperturbed metric
background solution. The details of how to rewrite the
different terms of this equation in terms of the perturbation
h in the fundamental function L, see Eq. (72), instead of [,
can be found in Appendix A 4.

B. Refinements to the linearized Schwarzschild solution

We will now use our results on symmetries and on the
linearization of vacuum Finsler gravity around metric
spacetimes to derive a particular model that refines the

PHYSICAL REVIEW D 85, 064009 (2012)

linearized Schwarzschild solution and can be used to study
Solar System physics.

Recall from Sec. V B that the dependence of the general
spherically symmetric fundamental function in tangent
bundle coordinates induced by (¢ r, 6, ¢p) is restricted
to  L(t,r,y,y,w@® vy’ y?), where w?=(%)?>+
sin?6(y?)?. We wish to study such a spherically symmetric
fundamental function that describes a Finsler modification
of Lorentzian geometry. For simplicity, we consider a
bimetric four-homogeneous Finsler spacetime that per-
turbs the maximally symmetric vacuum solution of
Finsler gravity which is given by Minkowski spacetime.
We  assume L = (9gy*y")* + mapy Y heayy! =
Mapy* Y ) (Mea + hea)yy?  with  hy, = diag(a(r), b(r),
c(r)r?, ¢(r)r*sin?@). This ansatz has the explicit form

L(r, ¥,y w) = (=y" +y" + 2w)(~1 + a(n]”
+[1+b()]y” +[1+ c(N]Pw?). (79)

Observe that the function ¢(r) cannot be transformed
away by defining a new radial coordinate. Although this
could remove c¢(r) from the metric in the right-hand
bracket, such a coordinate change would generate extra
terms in the metric appearing in the left-hand bracket.
Therefore, the existence of the function c¢(r) as a physical
degree of freedom is a Finsler geometric effect that appears
as a consequence of the bimetric spacetime structure as-
sumed here.

We will now solve the linearized Finsler gravity equa-
tion (78) for a(r), b(r), and c(r) with the ansatz (79).
Sorting the equation with respect to powers in y’, y", and
w gives rise to three equations that have to be satisfied:

—2a' —ra" =0,
ra" +2b" — 4c¢’ = 2rc" =0, (30)

ra' +2b + rb' — 2¢ — 4rc’ — r2c = 0.

The solution of these equations is

A
a(r) = _—1+A2,
r

by = -2 4 4 81)
r r
Ay A
c(r) == - —;
r r

We will now study the properties of this specific first-
order Finsler spacetime solution and compare it to the
linearized Schwarzschild spacetime. We use the linearized
expression for the nonlinear connection coefficients in
Eq. (75) to analyze the Finsler geodesic equation that is
derived by extremizing the proper time integral (1). For a
curve with coordinates x(7), this has the form ¢ +
N, (x, ¥)x* = 0. As usual in spherical symmetry, setting

= 7 solves one of the four component equations imme-
diately; the remaining equations are
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L 1A,
0=1-2>if (82a)
2 2
1A
0=i———i+ ( )
A, 1A3 )
+ Sl R e A 82b
(r 1oty )¢ (82b)
) 1A 1A
0=¢+—( e 3)¢r (82¢)
r 4 r 2 y2

From these equations, we find two constants of motion

(1 41 A—), 0= (1 1A ] A*)q&.
2 r 2 2 r?
(83)

These can be used to deduce the orbit equation from the
affine normalization condition that F(x, x) = 1 along the
Finsler geodesic; we employ (74) and write o for the sign
of %" = —2 + % + r2¢? to obtain

1. E2/ AN 1 A
P2 =1 =-22) 42 (1+_1)
2" 2( 2) 29\ T2,

€2 A1 A4 A';
2 (22 L B E2). (84
2r2( 2r 2r) 452 (o ) (84)

The geodesic equations, the constants of motion, and the
orbit equation are well-suited to compare the bimetric
linearized Finsler solution with the linearized
Schwarzschild solution. To see the differences to this
solution of Einstein gravity, we first note that A, can be
absorbed into a redefinition of E, and hence can be as-
sumed to be zero. Second, we introduce the Schwarzschild
radius r, to redefine A, = —2ry(l +a;), A;=
2¢%a5/(E* — o) and A, = 2ryay in terms of dimensionless
small constants a;, as, and a,. Then, the orbit equation
becomes

E> o ory €2
2 7% 721+ a)

(1+a)—
2

+ i(l + a + 614). (85)
2r

In the special case a; = a3 = a4 = 0, this is precisely the
orbit equation in the linearized Schwarzschild geometry,
see Ref. [15]; the same limit also applies to the geodesic
equations and the constants of motion.

The Finsler geometric refinements of the metric
Schwarzschild geometry are encoded in the constants ay,
as, and ay4. These can in principle be fitted to data from
Solar System experiments. Indeed, there are certain obser-
vations that cannot be fully explained by the Schwarzschild
solution [9], for instance, the fly-by anomaly: for several
spacecrafts, it has been reported that swing-by maneuvers
lead to a small unexplained velocity increase. This corre-
sponds to a change in the shape of the orbit of the space-
craft. Such a change can in principle be modeled by Finsler
refinements; the perturbations a;, a3, and a4 certainly
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0.2t

-4 -3 -2 -1
FIG. 4. Numerical fly-by solutions of the geodesic equations
for linearized Schwarzschild geometry (dashed line) and the
bimetric Finsler refinement (solid line) with a; =0, a3 =
0.156, and a4 = 0.1. The mass is centered at the origin and
has Schwarzschild radius r, = 0.1. The initial conditions are
r(0) = 0.5, 0) = 0.02, ¢(0) = 0, ¢$(0) = 1.1, and #(0) = O for
both curves, and #(0) is calculated from the respective unit
normalization condition F(x, x) = 1.

provide possibilities to alter the wideness of the swing-by
orbit as compared to that expected from Einstein gravity.
This can be confirmed by simple numerical calculations,
see Fig. 4.

We have seen that Finsler geometries exist that are
extremely close to metric geometries. Our specific ex-
ample of a spherically symmetric bimetric perturbation
around Minkowski spacetime could be reinterpreted as a
geometry close to the linearized Schwarzschild solution of
Einstein gravity. The more complex causal structure, how-
ever, leads to additional constants that modify the geodesic
equations and, in particular, the shape of test particle orbits.
This could be a means to explain the fly-by anomaly in the
Solar System. We emphasize that this consequence already
at first-order perturbation theory gives a glimpse on the
potential of Finsler gravity.

VII. DISCUSSION

Finsler geometry is fundamentally based on the repar-
amtrization invariant length integral (1). In physics, this
integral can be used as a very general clock postulate on the
one hand, and on the other as an action for massive point
particles which automatically guarantees the very precisely
tested weak equivalence principle. In previous work [5],
we formulated a set of minimal requirements for the ap-
plication of Finsler geometry to the description of space-
time. This led us to definition 1 of Finsler spacetimes
(M, L, F), which have sufficient structure to provide no-
tions of causality and are mathematically controlled gen-
eralizations of Lorentzian geometry.

In this article, we constructed an action for Finsler
gravity from first principles. Our theory of Finsler gravity
(51) fully includes the description of matter fields which
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are coupled to Finsler spacetime by a lifting principle that
generates the appropriate action from the standard
Lagrangian on Lorentzian spacetime. We derived the
gravitational field equation by variation with respect to
the fundamental geometry function L and could show
that it consistently becomes equivalent to the Einstein field
equations in the metric geometry limit. Hence, Einstein
gravity can be seen as special case of our gravity theory
based on Finsler geometry. We presented the geometric
definition 2 of observers on Finsler spacetimes along with a
clear interpretation of how they measure physical fields.
By theorem 2, we were able to characterize the class of
transformations that relates two different observers at the
same point of the spacetime manifold; these transforma-
tions have the algebraic structure of a groupoid as proven
in theorem 3. Any observer transformation can be under-
stood as the composition of a usual Lorentz transformation
and an identification of the two observers’ four-velocities
by a geometrically well-defined parallel transport. For the
limiting case of metric geometries, this parallel transport
trivializes so that the transformation groupoid becomes
equivalent to the standard Lorentz group. In this sense,
Finsler spacetimes generalize Lorentz invariance instead of
violating it.

As a further formal development, we presented defini-
tion 4 of symmetries of Finsler spacetimes and theorem 4
that shows some of their basic properties. We applied this
notion to determine the most general fundamental geome-
try functions consistent with spherical, cosmological, or
maximal symmetry. Maximally symmetric Finsler space-
times are, in fact, maximally symmetric metric spacetimes,
and the only maximally symmetric source-free vacuum
solution of Finsler gravity is Minkowski spacetime. As a
concrete application of the results of this article, we studied
a simple spherically symmetric bimetric perturbation
around this flat metric vacuum. We found a first-order
solution of the Finsler gravity equation, which is a refine-
ment of the linearized Schwarzschild solution of Einstein
gravity. With a special choice of the parameters in our
solution, the resulting geodesics are identical to those of
linearized Schwarzschild spacetime. This demonstrates
that weak-field gravitational experiments may not be suf-
ficient to distinguish Finsler spacetimes from Lorentzian
metric spacetimes. But we saw that the full set of parame-
ters in our model solution could be capable to resolve the
fly-by anomaly in the Solar System.

This is very promising and creates a strong motivation
for more intensive studies of our new theory of gravity. It is
natural to ask whether the additional degrees of freedom of
Finsler spacetime solutions as compared to metric space-
times may lead to new insights on the dark matter distri-
butions in galaxies or dark energy in the Universe. These
could be effects of a fundamentally more complex space-
time geometry instead of being particle physics phe-
nomena. It will be possible to study these questions once
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solutions of Finsler gravity, especially for spherical sym-
metry and cosmology, become available. For cosmology, it
will also be necessary to study perfect fluid sources for
Finsler spacetimes.

We saw in Ref. [8] that Finsler spacetimes can provide a
geometric explanation of the OPERA measurements of
superluminal neutrinos [16]. The velocity difference be-
tween the neutrinos and the speed of light recognized as the
boundary velocity of observers depends not only on the
energy and mass of the neutrino, but also on the underlying
spacetime geometry. So also in this context, solutions for
spherical symmetry and cosmology are needed in order to
understand the size of the effect for the different observed
neutrino sources.

Further important topics for future research are the
coupling of spinor fields, the analysis of field theories on
the generalized causal structure of Finsler spacetimes, and
their quantization.
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APPENDIX A: TECHNICAL DETAILS

This appendix presents technical details for several deri-
vations in the main text. In particular, we show how to
perform the variation of the Finsler gravity and matter field
actions on the unit tangent bundle; for completeness, we
state the complete lifts of the cosmological symmetry
generators; and we display some additional material on
the linearized Finsler gravity equations.

1. Variation of the gravity action

The Finsler gravitational field equation presented in
Sec. IVA can be deduced from our new Finsler gravity
action as follows. Before we consider the variation of the
matter part with respect to the fundamental geometry
function L in the next section, we here take a look at the
pure gravity action (30):

SclL] = f d*3dPuly[g"h" R ,y"]s. (A1)

The integrand is homogeneous of degree five; to obtain
the first intermediate step (32) of the variation, we use the
facts that for f(x,y) homogeneous of degree k holds

flx Y = £ and that 8, (f(x, y)is) = (8. (x y))js —

Kflx y)s ot
The second step (33) is obtained by using the coordinate
transformation formulae (16) and the fact that 6(9,y%) =

—y4 aa(ﬁ—g) to calculate
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hFeBShE 5 = (87" 0 ,u®0,uP)(9,y 07" 88" 4

+20,8y°05y1g",)
2 6L
= gfabsgl, — PR (A2)

which in turn is used to deduce

1 oL
5(y/g hFRe ,yb) = /thF<|:gFab3gFub - T:I

X R4, yb + (SR“aby”). (A3)

The formulae (34) used in the third step of the variation
are basically obtained by means of integration by parts (20).
For a function f(x,y) that is k-homogeneous in y, the
following holds:

[ d“fcd3u(\/thFgF"b3g5;,f)|2
_ [ d4£d3u(\/thF(f(k +4)(2 - k)

£ P a, i ) (Ad)

IE

choosing f = R“_,y", which has k = 2, proves formula
(34a). To show Eq. (34b), we first write S§¢, =
—y49,I'°?,,. and use

oR",. = —Zde[brSF‘s“c]d + 2ypSaq[bF8qc]p (A5)
to equate
SR " = =2y IV 810y, = 3581,
= =V, ’y18T%%, ) + y'V, (y18T%%,,)

The integration by parts formulae (20) and
1 -
yby‘16F5“bq = EgL“p(bebapﬁL —V,4oL)

|L|2/n Fab(,,b q

Le=n
nL
then yield the desired equation

yy*V, 8L

(A7)

f d*3d?u(y/g"hF SR ,,y0)s
= [ d*3dPu(yg"hF28.8T%, P y?)s
= [d4)?d3u< gfnf2F?gh (V, S, + S.S,

+3 vsb)—) (A8)

IE
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Combining these three steps as we did in Sec. IVA finally
produces the Finsler gravity vacuum field equation (37).

2. Variation of the matter action

In Sec. IV B, we presented a coupling principle of matter
fields to Finsler gravity. The crucial steps of the derivation
of the constraints (42), equations of motion (43) and (44),
and of the metric limit of the complete gravity equation
(54), including the matter source terms, shall be presented
here. Recall the matter action for a p-form field ®(x, y) on
Finsler spacetime arises from a lift of the standard p-form
action on Lorentzian spacetime as

S [L ® A] = / dxd3ulyg" hF (LG, D, db)
3

+ A(1 = PH)D)] 5. (A9)

In order to perform the variation, we consider all objects in
the horizontal/vertical basis of TTM where G is diagonal,
see Eq. (13). In the following, the M, N, ... label both
horizontal and vertical indices, a, b, ... label vertical in-
dices, and a, b . .. label horizontal indices. Then,

L(G, ®,dD) + A(1 — PP
= LGy, Puym,y APy, a,) + ABMa--M, Dan,.. M,
(A10)
and the variation of this Lagrangian can now be written as
follows:
8(L + A(1 — PH)D)
oL oL
=——6Gyy + ———6®
GGMN M (I)MI.A.M,, MMy
N oL
a(dq)NM,...MI,)

oMy M oMy M
T AN 8D g,y AT Dy

S(dPyp,u,)

(A11)

We can immediately read off the variation with respect
to the Lagrange multiplier components which produces
Eq. (42). Hence, the Lagrange multiplier A sets to zero
all components of @ with at least one vertical index, so that
only purely horizontal components remain on-shell.

The expansion of d® in components with respect to the
horizontal/vertical basis yields

d(I)NMl =(p+ I)D[N(I)M] )
plp+1) o
— 5 Y, Plomm,y (A12)

where we write Dy, = 8%,6, + 8%,d,, and y2,,y denote
the commutator coefficients of the horizontal/vertical ba-
sis. Their only nonvanishing components are given by
’y[lbc = [8h’ Sc]é = Rébc and YZ:C = [a_b) 5(‘]& = a_bNéC'
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One now uses the integration by parts formulae (20) to
obtain the variation of the matter action with respect to ®;
this produces the equations of motion (43) and (44).

Finally, the source term for the gravity field equation is
obtained by variation of the matter action S,, in Eq. (A9)
with respect to the fundamental geometry function L. This
not only includes the variation (A11) but also that of the
volume element which can be read off from Eq. (A3). We
will now show that the metric limit of Finsler gravity plus
matter is consistent; this can be done on-shell where we
may use the Lagrange multiplier constraints to set all
explicitly appearing P, u, to zero. Then the variation
of §,, with respect to L becomes

_ oL
58S, [L, ®] = [ d4xd3u\/thF (gF**d,0,L +4L)—
S nL

oL oL
APy, )

L (85
+mogl, + 2 o(%eh)
g 9g-,; \F

5<6[b<1>a1...ak]>]lE (A13)

by, )

In order to determine the energy-momentum scalar 7|y
defined in (53) on a generic Finsler spacetime, one has to
calculate all terms in the expression above carefully.
However, in the metric geometry limit, the last two terms
vanish. Indeed, 57+ is always composed from terms with

a b

vertical indices that must be either of the type d® or
contain components of ® with at least one vertical index;
the last term is proportional to SNJ®; in the metric limit
d®d vanishes; and the vertical index components of ® are
zero on-shell. Therefore, the remaining terms that are
relevant in the metric limit are

5S,,[L, ®] — f d4xd3u,/thF|2[(gFab5a5b£ L 4r)
3

wOL oL 5 F] :

|

—_— Al4
nL agh (AlD

The rewriting 8g%, =14,3,8F* and subsequent integra-
tion by parts yields
3
)

oL

d4xd3u‘[ Fpf [
fE 8 [% aggb
= [E d*xd3uyg"h" |s[~d K¢

. SL
+ (=g dcgl; + 48y K s

(A15)
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with
o 4 oL _ oL
¢ — [ —Fi F —
K _( 8 ]adgij Fzgzdy)agF adagfd (A16)

Applying the metric limit now means to consider L(x, y) =
ga»(X)y9y? with the consequence that g¥, (x, y) = —g,,(x)
for timelike y. The expression for K¢ reduces to K¢ —

FZgIdyl gag£d and J Kc_’( gldy ngy +F2g0d)8gd
Collecting all terms in the variation of the matter action

in the metric geometry limit finally yields

8S,[L, d]— fz d*xdPuy[g"h" s

oL oL
X [4£ —4g. Fyea 24y y4 ]
|

8cd agcd

SL
X — Al
L (A17)

from which we can read off the expression for the source
term T}y,

oL oL
Tis — <4£ —4g.u — 24y°y?
agcd agcd

>|z' (A18)

The lift of this expression to M requires making all terms
zero-homogeneous by multiplication with the appropriate
powers of F(x, y), which here means multiplication of the
third term by F(x, y)~2. The result confirms Eq. (55) that
was used to prove the consistency of Finsler gravity with
Einstein gravity in the metric geometry limit.

3. Complete lifts of cosmological symmetry generators

We deduced the most general fundamental geometry
function L for Finsler spacetimes with cosmological sym-
metries in Sec. V. The derivation requires the complete lifts
of the symmetry-generating vector fields (65) which we
display here explicitly:

XIC = X(sine cos¢ad, + X cosf cosgpd, — = X sing ¢>
r r sinf
+ (y" x' sinf cos¢ + y? & cosf cos¢p
_ /
— y?&sinfsing)d, + (y(&) cosf cos
r

-y K sinf cos¢p — y? K cosé sing{))ég

s1nq§ sing
+(- 0
( Y (r) sind y r s1n249 €08

cosd\ -
¢ X2 ¢)a¢
r sin@

(A19)
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X§ = ysinfsinga, + X costsinga, + X Cs(:zg) dg + (" x'sinfsing + y? & cosfsing + y? £ sinf cos)d,
r r
/ _ /
+ (y(&) cosf cos¢p — yel sinf sing + y® X coso cosqS)ag + (yr(l) C(.)S¢
r r r r) sinf
g X €O p o X sin¢)_
—y= -y’ = 04, A20
rsin2e 0 T Y g )0 (A20)
C— _ X ol —tveindi — (v XY < o X 5
X§ = xcosfd, — = sinfdy + (¥ x' cosd — y xsinf)d, — [ y'( = sinf + y° = cos6 )d. (A21)
r r r

The complete lifts X, X§, and X¢ are stated in Egs. (60). In the formulae above, we use the abbreviation y = /1 — kr?,
and primes denote differentiation with respect to the coordinate r.

4. Linearization identities

In order to study the Finsler gravitational field equation perturbatively, we have considered a class of Finsler spacetimes
that are mild deviations from metric geometry in Sec. VI A. Here, we list for completeness how to rewrite the appearing
geometric objects in terms of the perturbation /4 instead of the variable / used in the main text.

First, we rewrite various derivatives acting on [ in terms of derivatives acting on /:

Gl*k

Vavhl = Tvavhh, (AZZa)
_ Gk _ 1 — k)G * .
d,l= . d,h + %Zgaiy’h, (A22b)
_ Gk _ 2(1 — k)G* 4
v,V = TvaVaqh + quiy’Vth, (A22¢)
- Gl=k _ _ 2(1 — k)G™* L _ 2k . .
00l = 3 0,0ph + %(gbiylaah + gaiy'0ph + <8ab - Egaiylgbjy])h)’ (A22d)
- Gl=k___ _ 2(1 — k)G™* L _ 2k 4 4
VVa,0,l = k VVa,d,h + ¥VV<gbiy’8ah + g4y dph + (gab - Egaiylgbjy])h) (A22e)
1 .- - G'=k 2(1 — k)(k +2)
ab] = _gabg g, ] = abg g, h +——— T GHkp A22
8 ab 28 ab 2]( 8 aVb k G » ( f)
1 - Gk - 21 — k)(k+2)
V81, =<8V ,d,0,l = T V,8%3,0,h +TG kv, h. (A22g)

These identities can now be employed to determine the curvature scalar R = R, y” of the Cartan nonlinear
connection, which we use as the basic ingredient in our construction of Finsler gravity:

G'* - | 2(1 — k)G*
R? " = =y Raple(] — = g“g<v,Naqh -V, V,h - vaaaqh) R
i 1 i iT 2k i .
X (gqiy V.Vh — EVV(gqiy dah + guiy'd h + (gaq ~ G 8y gqjy’)h))
b Gt - loo- -
= _yay Rab[g(x)] - 2k g%(vavaqh - vavqh - Evvaaaqh)
1=k +kG*
+ ( k) hG VVh. (A23)

k

Finally, we display how to rewrite the d-tensor S and various derivatives acting on it; using the notation trh = g**9,d,h,
we find:
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Gk q1-kk+2) - (1 —kG*¥ )
Sp = =18,V (trh) = = S G R,V h — g,y V(h)
+2(1 = k)(k +2)G 1P g yiVh, (A24a)
G'* - 1—k)k+2 -
9250 =~ O 09,701 - LD D0
(1-0G* | —(14k) i
ok - 1 —k)(k+2 - 1—kG*
8,8y = = =318V, Y, (teh) — %G—kngabvaabvqh - %VV(trh)
+2(1 — k)(k + 2)G~1+POYVh, (A24c)
_ 1—-kQ2+k - _ _
gabypaavpsb == %Gik(yqypgabaavpabvqh + gabvaavbh)
1—k
- 4k (yqypgabaavpabvq(trh) + gabvaavb(trh))
1 —k)Q2k+1
+2(1 — k)2 + k)(2k + S)G_(HI)VVh — %G‘kvvmh). (A244d)
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