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We present a theory of the generation of magnetic fields in bubble collisions during the electroweak

phase transition, which may be first order in various extensions of the standard model, for example, the

minimal supersymmetric standard model. Using the equations of motion determined from an effective

minimal supersymmetric standard model Lagrangian, we derive the magnetic field using a model of gentle

collisions of the electroweak phase transition bubbles, discussed in our earlier work. Solutions of the

relevant equations of motion for the magnetic field are examined in O(1,2) space-time symmetry with

boundary conditions applied at the time of collision. These solutions indicate that the magnetic fields

evolving from our equations of motion are somewhat larger in magnitude and extend more uniformly

through the available volume of the bubble than those found in the Abelian Higgs model. The magnetic

fields so produced might possibly seed galactic and extragalactic magnetic fields observed today.
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I. INTRODUCTION

Identifying the source of the observed large-scale galac-
tic and extragalactic magnetic fields remains an unresolved
problem of astrophysics [1]. One of the interesting possible
sources is cosmological magnetogenesis, where the seed
fields would have arisen during one of the early-Universe
phase transitions. Our first work on magnetic field creation
was the study of bubble collisions during the quantum
chromodynamic phase transition (QCDPT) at about
10�5 seconds [2,3], inwhich it was shown that themagnetic
fields could lead to detectable correlations in the cosmic
microwave background radiation (CMBR).

In our present work, our interest is in magnetic field
production during the electroweak phase transition
(EWPT) at about 10�11 seconds, during which the gauge
fields and the other particles acquired their masses. Studies
of the evolution of primary magnetic fields from the
QCDPT and EWPT[4–6] showed that it is very unlikely
that the EWPT produces seeds of galactic and extragalactic
magnetic fields, while it is possible that the QCDPT, with a
much larger scale, could produce the seeds. These calcu-
lations, however, used random magnetic seed fields, while
in our minimal supersymmetric standard model (MSSM)
electroweak (EW) effective Lagrangian, discussed below,
the electromagnetic fields produced are coherent, and
therefore have a much larger scale.

If magnetogenesis occurred during the EWPT, it most
likely required a first-order phase transition, in which
bubbles of matter in the broken phase nucleate within the
unbroken phase.Although it was shown that there is no first-
order EWPT in the standard model, with the known mini-
mum Higgs mass [7], there has been a great deal of activity
in minimal supersymmetric extensions of standard EW
theory [8–10]. In models with the stop, the supersymmetric
partner of the top quark and very similar to a second Higgs,
there can be a first-order phase transition and baryogenesis
[11–14]with certain stopmasses. In ourwork, we useHiggs
and stop masses for which the EWPT is first order. Also,
limits on the parameter space of the MSSM are given by
electric dipolemomentmeasurements and darkmatter [14].
Interest in these issues has led to quantitative studies

of EWPT magnetogenesis based on the solution of equa-
tions of motion (EOM) derived from specific models.
Nucleation was studied in a model using a Higgs potential
[15]. In the Abelian Higgs model (AHM) [16–18], the first-
order phase transition developed as the Universe condensed
into bubbles consisting of localized regions of space filled
by the Higgs field in a broken phase. These models, based
on earlier work of Coleman [19], were some of the earliest
attempts to derive magnetic field production during the
EWPT. The EOM related the magnetic fields to gradients
in the phase of the Higgs field produced when bubbles
merged following nucleation. Simple and transparent
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solutions to the EOM evolved from specific field configu-
rations applied at the point of collision in a relativistic
O(1,2) symmetric model. In Refs. [16–18], the importance
of the bubblewall velocityvwall and conductivity� [20], and
how they affect seed field formation, have been discussed.

We carried out the first work that uses the basic EW
theory with an effective MSSM Lagrangian for the pro-
duction of electromagnetic (em) fields via bubble nuclea-
tion in a first-order phase transition without[21] and with
charged lepton currents [22,23]. Because of the spherical
symmetry, however, magnetic fields are not produced via
nucleation. This approach was extended to EWPT bubble
collisions, during which magnetic fields are produced, with
an O(1,2) symmetric EOM approach [24,25], similar to the
isospin ansatz in our nucleation work [21,23]. In Ref. [23],
lepton currents were included and shown to play a large
role in em field creation during the EWPT nucleation, even
larger than the charged gauge field currents. Numerical
studies [25] found magnetic fields similar to those of the
Abelian Higgs model even though the source of the current
in the two approaches was quite different. In our more
recent studies [26,27], bubble surface dynamics was taken
into account in the same model, and the results presented
therein showed that the magnetic fields produced could be
possibly even larger than those calculated in its absence.

It was shown [5,6] that helicity plays a major role for
magnetic fields produced in cosmological phase transitions
to be the seeds for galactic and extragalactic magnetic
fields, and give measurable effects in CMBR. For the
QCDPT, helicity was determined [2], and measurable
effects in CMBR polarization were found. For our theory
of the EWPT, including the present work, we do not derive
helicity. This will be done in the future. In our study of
gravity wave production from the QCDPT [28], MHD
turbulence caused by the magnetic fields created during the
phase transitions produce the helicity needed to produce
gravity waves. For the EWPT helicity was neglected and
gravity waves from turbulence was estimated. For an esti-
mate of the primoidal magnetic helicity produced through
baryogenesis, see Ref. [29].

In Sec. II, we review the derivation of the exact EOM
from the effective MSSM Lagrangian. We also identify
constraints on the initial conditions required for solving the
EOM for bubble collisions.

In Sec. III, we review the general framework within
which our theory is applied[25], discussing thermal erasure
and gentle collisions. Restricting the application to the
regime of gentle collisions has the advantages that the
EOM linearize and the Higgs field decouples from
the other fields, similar to the models of Refs. [16–18].
In this section, we also show explicitly how thermal
erasure of the gauge fields makes it possible for the phase
of the Higgs field to become the source of the em current in
the MSSM. We find EOM for the Higgs phase, obtain a
corresponding Maxwell equation for the magnetic field,

and identify specific requirements on the Z field necessary
for internal consistency of the theory. For our study based
on an effective MSSM Lagrangian for gentle collision, we
refer to our present work as the non-Abelian Higgs model
(NAHM), in contrast to the AHM.
Then, in Sec. IV we express our EOM in O(1,2) sym-

metric form and give explicitly the initial conditions
imposed by thermal erasure. Additionally, it is shown
that the Z field satisfies the requirement for internal con-
sistency identified in Sec. III D, and we discuss issues for
determining the other fields in the NAHM. A closed-form
expression for the magnetic fields is also given here.
Numerical results for the NAHM are then presented in

the following section along with a comparison of these
results of the Abelian Higgs model obtained in Ref. [17].
We identify significant qualitative differences arising from
the non-Abelian character of the underlying Lagrangian.
Comparing to the numerical results of Ref. [17], we find
that our magnetic fields are larger in both scale and
magnitude, which could be important for them to be seeds
of galactic and extragalactic magnetic fields.

II. EQUATION OF MOTION FOR OUR
MSSM-BASED EW THEORY

In this section, we review the EOM derived from an
extension of the standard EW theory, with parameters
giving a first-order phase transition [21,23].

A. Equations of motion

The Lagrangian which we use [23] is

LMSSM ¼ L1 þL2 þ �L; (1)

where L1 and L2 are contributions to LMSSM from the
gauge and the Higgs fields � of the standard model, and
where �L accounts for leptonic, quark, and supersymmet-
ric partner interactions. Thus,

L1 ¼ �1
4W

i
��W

i�� � 1
4B��B

��;

Wi
�� ¼ @�W

i
� � @�W

i
� � g�ijkW

j
�Wk

�;

B�� ¼ @�B� � @�B�;

(2)

with Wi for i ¼ ð1; 2Þ the Wþ, W� fields, and

L 2 ¼
��������
�
i@� � g

2
� �W� � g0

2
B�

�
�

��������2�Vð�Þ; (3)

with �i the SU(2) generator and Vð�Þ the Higgs potential.
The various parameters are discussed in many publications
[11]. For our calculations, we use the values consistent
with experiments,

g ¼ e= sin�W ¼ 0:646; g0 ¼ g tan�W ¼ 0:343;

mW ¼ 80:4 GeV; mZ ¼ 91:2 GeV; (4)

wheremW is the mass of the charged gauge bosons,MZ the
mass of the Z, and
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G � gg0=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

q
¼ 0:303: (5)

In this section and throughout the paper, units are such that
ℏ ¼ c ¼ 1, with distance and time expressed in units of
mW .

In the picture we are developing, the Higgs field plays a
central dynamical role in EW bubble nucleation and colli-
sions. In AHM models, the Higgs potential Vð�; TÞ at
temperature T is an essential element in the theory, while
it is not relevant for the purposes of this paper. We require
only that the EWPT is first order, consistent with certain
extensions of the standard model, including, for example,
those with a right-handed stop [10,23].

As in Ref. [25], we derive ‘‘exact’’ EOM by minimizing
the action using an effective SUð2Þ � Uð1Þ invariant
Lagrangian at the classical level from which the supersym-
metric partners have been projected out as explicit degrees
of freedom, but whose effect is retained by a renormaliza-
tion of the Higgs potential to maintain the properties of the
first-order phase transition. Fermions are not explicitly
considered, although our study of EWP nucleation [23]
showed that charged lepton currents have a large effect.
Also, earlier work to which we want to compare also
ignored them. The EOM obtained are complicated non-
linear partial differential equations (PDE) coupling the W,
B, and � fields. Because the other fields of the MSSM are
retained only in the sense that they renormalize the Higgs
potential, we have referred to Eq. (1) as an effectiveMSSM
Lagrangian.

From the solution of the EOM, one may obtain the
physical Z and Aem fields,

Aem
� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2 þ g02
p ðg0W3

� þ gB�Þ;

Z� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p ðgW3
� � g0B�Þ:

(6)

In order that the photon be massless, the SUð2Þ � Uð1Þ
symmetry of the theory is spontaneously broken [by the
form of the Higgs, Eq. (7) below], except in the sector
containing the electromagnetic field Aem

� . By the nature of

spontaneous symmetry breaking, physical observables
continue to be invariant under corresponding local Sð2Þ �
Uð1Þ gauge transformations, although the fields themselves
are not.

The fields in the plasma outside the bubbles are assumed
to occupy thermal modes described by a partition function
at a local temperature T. We further assume that once the
phase transition begins and bubbles form, the fields within
the bubbles must be treated as evolving through nonequi-
librium dynamics described by the EOM obtained by
minimizing the action corresponding to the Lagrangian in
Eq. (1). We next present these EOM [24,25] in a particular
unitary gauge in which the Higgs field doublet has the form

�ðxÞ ¼ 0
�ðxÞ expi�ðxÞ

� �
; (7)

where �ðxÞ is the phase of the Higgs field and �ðxÞ its
magnitude.

1. EOM for Higgs, B, and W fields

For our choice of gauge, the modulus � of the Higgs
field satisfies the ‘‘� equation,’’

0 ¼ @2�ðxÞ � g2

4
�ðxÞ½W1 �W1 þW2 �W2�

� �ðxÞc �c
� þ �ðxÞ @V

@�2
; (8)

and the gauge field B field satisfies the ‘‘B equation,’’

0 ¼ @2B� � @�@ � Bþ �ðxÞ2g0c �ðxÞ: (9)

The quantity c � is given by

c �ðxÞ � @���
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
2

Z� (10)

and satisfies the relationship

0 ¼ @��ðxÞ2c �ðxÞ: (11)

The gauge fieldW field satisfies two ‘‘W equations.’’ For
i ¼ 3,

@2W3
� � @�@ �W3 � g�ðxÞ2c �ðxÞ ¼ jð3Þ� ðxÞ; (12)

and for i ¼ ð1; 2Þ,
@2Wi

� � @�@ �Wi þmWðxÞ2Wi
� ¼ jðiÞ� ðxÞ: (13)

Here,

jðiÞ� ðxÞ � g�ijk½Wk
�@ �Wj þ 2Wj � @Wk

� �Wj
�@�W

k��
� g2�klm�ijkW

j
�Wl�Wm

� ; (14)

and mW , the mass of the W field, is given by

mWðxÞ2 ¼ �ðxÞ2g2
2

: (15)

Taking the divergence of Eq. (14) and using the EOM for
the W fields, we find

@ �jðiÞðxÞ¼�g�ij3W
j�ðxÞ�ðm2

WðxÞW3
�ðxÞþg�ðxÞ2c �ðxÞÞ

¼�g2�ðxÞ2�ij3Wj�ðxÞ
�
g

2
W3

�ðxÞþc �ðxÞ
�
: (16)

It will be seen that explicit solutions of Eqs. (12) and
(13) will not be required to find the em current and hence
the magnetic fields in the NAHM. Instead, the em current
will be obtained indirectly from the EOM for the Z field
given below taking advantage of a fortuitous connection
between the two under the conditions of thermal erasure.

2. EOM for electromagnetic field Aem

Maxwell’s equation for the em field Aem
� ðxÞ is found by

taking the linear combination of theW3 and B indicated in
Eq. (6). The EOM for Aem then becomes

@2Aem
� � @�@ � Aem ¼ 4	jem� ðxÞ: (17)
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The expression for the em current jem� ðxÞ deduced from this
is proportional to j3�,

4	jem� ðxÞ ¼ g0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p jð3Þ� ðxÞ; (18)

consisting of terms quadratic and cubic in the three fields
WiðxÞ. That the em current is conserved,

@ � jem ¼ 0; (19)

follows from Eq. (16).

3. EOM for Z

Using the definition of the Z field in Eq. (6),

Z� ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p ðgW3
� � g0B�Þ; (20)

and using the EOM for B and W3 we are able to find an
EOM for the Z field,

@2Z��@�@�Z��ðxÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2þg02

q
c �ðxÞ¼ g

g0
4	jem� ðxÞ; (21)

similarly to determining Eq. (17).
In order to facilitate the solution of this equation, it is

helpful to note that by taking the divergence of Eq. (21) and
using Eq. (11) we obtain a consistency condition, the
auxiliary condition for Z�,


ZðxÞ ¼ 0; (22)

where


ZðxÞ �
@�ðm2

ZZ�Þ
m2

Z

¼ @ � Zþ Z � @m2
Z

m2
Z

; (23)

introducing a mass for the Z field,

m2
Zðt; ~rÞ ¼

g2 þ g02

2
�ðt; ~rÞ2: (24)

Equations (22) and (23) require

@ � Z ¼ �Z � @m2
Z

m2
Z

(25)

and that mZðxÞ2 > 0 everywhere, as it is when averaged
over the local distribution of bubbles. Using Eq. (25), the
EOM in Eq. (21) may be rewritten as

@2Z�þ@�
Z �@m2

Z

m2
Z

��ðt;rÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2þg02

q
c �ðxÞ

¼ g

g0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2þg02

p
2

4	jem� : (26)

The solution to this equation is equivalent Eq. (21)
provided the auxiliary condition Eq. (22) is maintained
for all x.

To see how the auxiliary condition Eq. (22) may be
maintained for all (t, ~x), note that Eq. (26) requires 
ZðxÞ
to satisfy the Klein-Gordon equation

@2
ZðxÞ þmZðxÞ2
ZðxÞ ¼ 0: (27)

By choosing the initial configuration of Z�ðxÞ, at time
t ¼ t0, to satisfy


Zðt0; ~rÞ ¼ 0 (28)

and

@
Zðt0; ~rÞ
@t

¼ 0; (29)

we assure that 
ZðxÞ ¼ 0 for all future times since
Eqs. (28) and (29) are boundary conditions for the trivial
solution of Eq. (27), 
Zðt; ~rÞ ¼ 0. In Ref. [25], the counter-
part of t0 was the point of first contact of the bubbles.

4. Solving the EOM: Initial conditions

Issues just encountered in the discussion of Z are
common to finding solutions of many of the EOM. For
example, consider c �. Although it is not an independent
field, c � is a very useful adjunct quantity whose EOM,

@2c ��@�@ �c þm2
Zðt; ~rÞc �¼� g

g0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2þg02

p
2

jem� ; (30)

follows from Eq. (21) by replacing Z by its expression in
terms of c and � using Eq. (10)

Z� ¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p ð@��� c �Þ; (31)

and noting that the terms involving � cancel.
The EOM in Eq. (30) may be rewritten as

@2Z� þ @�
Z � @m2

Z

m2
Z

� �ðt; rÞ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

q
c �ðxÞ

¼ g

g0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
2

4	jem� ; (32)

which is equivalent to Eq. (30) provided the corresponding
auxiliary condition


ðxÞ ¼ 0; (33)

where


ðxÞ � @�ðm2
Zc �Þ

m2
Z

¼ @ � c þ c � @m2
Z

m2
Z

; (34)

is maintained for all x. As in the case of Z, this requires
choosing the initial configuration of c �ðxÞ, at time t ¼ t0,
to satisfy


ðt0; ~rÞ ¼ 0 (35)

and

@
ðt0; ~rÞ
@t

¼ 0: (36)

Because constraints such as those in Eqs. (28), (29), (35),
and (36) apply at the initial time t0, they make it natural to
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distinguish two categories of initial conditions. The first
category, which we will refer to as boundary conditions,
consists of the initial fields that may be chosen freely. The
second consists of the set determined by the constraints at
t ¼ t0, which we will refer to as the constrained initial
conditions.

III. THE DYNAMICAL FRAMEWORK AND
GENTLE COLLISIONS

The Abelian Higgs model has been of interest as a
prototype for the generation of magnetic fields in the early
Universe in collisions of bubbles during a first-order EW
phase transition [16–18]. The Lagrangian of the Abelian
Higgs model describes a complex scalar field coupled to
the em field Aem

� . It corresponds to the Lagrangian Eq. (1)

in the Abelian sector, formed by eliminating the W fields,
identifying Aem

� with the field B�, and relating the electric

charge e to coupling parameter g0 as e ¼ g0=2.
Results obtained in the Abelian Higgs model follow

the original analysis of Kibble and Vilenkin [16], who
expressed the EOM in coordinates appropriate to O(1,2)
symmetry. With this choice of coordinates, a point located
a distance z from the origin along the axis of collision at a

distance r? ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p
from this axis at time t is given by

ð�; zÞ, where
� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � r2?

q
: (37)

They obtained O(1,2) symmetric solutions with jump
boundary conditions applied on a space-time surface
defined by the time of collision t ¼ tc, assuming that for
t > tc the Higgs field (and therefore the masses of the W
and Z in the MSSM) is constant at �0 within the region of
bubble overlap. They demonstrated that when the phase of
the Higgs fields is initially different within each bubble an
axial magnetic field forms as the bubbles merge and that
this field has the structure of an expanding ring of radius
bðtÞ encircling the overlap region of the colliding bubbles.

The main difference of our current work compared to the
Abelian Higgs model is that we use the standard EW
theory, rather than a model, and with our LMSSM EW
theory the source of the current is the charged gauge fields.
The fact that the em current is given in terms of theW field
in Eq. (18) suggests that to find the magnetic field one
begins by solving the EOM for the W fields. This was the
approach taken in Refs. [25,27], where the initialW� fields
in the bubble were argued to form a condensate with a
coherence reflecting that of the Higgs field of the bubble.

A. Thermal erasure

We characterize the thermal history of the early
Universe by a (time-dependent) temperature TðtÞ and a
corresponding equilibrium partition function. It is assumed
that this partition function gives the probability that any of
the gauge fields occurs at t ¼ t0 and is sufficient for

thermal erasure of any coherence at the time of the phase
transition. In the case of complete erasure, all gauge fields
and their time derivatives would, on average, initially
vanish, e.g.,

Wiðt0; ~rÞ ¼ hWiðt0; ~rÞi ¼ 0;

@Wiðt0; ~rÞ=@t ¼ h@Wiðt0; ~rÞ=@ti ¼ 0:
(38)

Of course, as time progresses nonlinearities in the theory
may result in correlations that do not average out. Note, in
particular, that the EOM for W is nonlinear and thus
hWiðxÞi and hjem� ðxÞi calculated fromW may develop finite
expectation values as time increases.
Many field configurations arise in a thermal gas. Thus, to

calculate any quantity, say the magnetic field ~B, one should
solve the EOM for each possible initial configuration,
leading to an ensemble of solutions W�

� ðt; ~rÞ and Z�ðt; ~rÞ
and their corresponding ~B. To obtain the magnetic field,

one would then average ~B, ~BðxÞ ! h ~BðxÞi, over the
ensemble of configurations.

B. Gentle collisions

In Ref. [25], bubble collisions in the Coleman model
[19] were studied by obtaining numerical solutions to the
equation

@2�ðxÞ þ�ðxÞ @V
@�2

¼ 0; (39)

with the Higgs field a real scalar field � (� ¼ 0), and an
effective potential Vð�Þ, which specifies the dependence of
the energy of vacuum on �. Fluctuations in �ðxÞ [see
Eq. (7)] are defined as �ðxÞ � �0, with �0 a central value.
It was found that these fluctuations became very small as
the bubbles overlapped.
For the present paper, as well as Ref. [25], it is important

that in the collision the expansion of �ðxÞ, obtained as the
solution of Eq. (8), have fluctuations which remain small
compared to �0. We refer to a collision of this character as
a ‘‘gentle’’ collision. Thus, for gentle collisions the solu-
tion �ðxÞ of Eq. (8) can be approximated by a simple
function ��ðxÞ � �ðxÞ. As in Ref. [25], an expansion in
a / �ðxÞ � ��ðxÞ shows that to leading order the equation
for �ðxÞ becomes independent of the other fields allowing
��ðxÞ to be fixed in advance.
As in our earlier work based on the MSSM, we achieve

considerable simplification by applying the theory to
gentle collisions following Kibble and Vilenkin. It follows
that for the purpose of calculating the em current in the
NAHM, and hence the corresponding magnetic field
produced in bubble collisions, the EOM for the magnitude
and phase of the Higgs field are the only ones required. The
solutions are of course coupled to all the other fields
through the scalar field, but for gentle collisions, as noted,
the magnitude of the Higgs field decouples from these
fields. As a result, in the NAHM for gentle collisions there
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is only one PDE to be solved in order to obtain the em
current, that for the phase of the Higgs field in the collision.

C. The non-Abelian Higgs model

Although calculating the em current directly in terms of
the W fields was relatively straightforward with the con-
densate boundary conditions of Refs. [25,27], invoking
thermal erasure would require obtaining these fields as
solutions of the nonlinear equations for an ensemble of
thermal boundary conditions and then averaging the cur-
rent over this set of solutions. This would be a formidable
undertaking.

Fortunately, thermal erasure admits an alternative to
determining the em current that is actually quite simple and
straightforward, the NAHM approach we take in this paper.
The EOM leading to the calculation of the magnetic seed
fields are obtained in Sec. III D.

D. EOM in the NAHM

In Sect. III D 1, we will obtain an expression for the em
current of the NAHM defined entirely in terms of the
gradient of the phase of the Higgs field (and its magnitude)
for gentle collisions. Maxwell’s equation for determining
the magnetic field in bubble collisions including the effect
of finite conductivity is also given here. The simple con-
nection of the em current to the gradient of the Higgs phase
arises from the linear, homogeneous character of the EOM
for Z�, in contrast to the EOM for W, and thermal erasure
of hZi ¼ 0 at t ¼ t0.

In Sec. III D 2, we will derive a PDE for this phase from
current conservation and in Sec. III D 3 we discuss the
significance of Z� for justifying the NAHM and derive a
PDE for determining it. Both are linear and homogeneous.

1. Electromagnetic current and Maxwell’s equation
in the NAHM

Applying the ensemble averaging principle to Eq. (21),
we find, at t ¼ t0,

4	hjem� ðxÞi ¼ �g0

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

q
�ðt; ~rÞ2 � @��ðxÞ (40)

by setting hZ�ðxÞi ¼ 0 in accord with our assumption that
the gauge fields initially occupy thermal modes. The
essence of the NAHM is that Eq. (40) should hold, not
only at t ¼ t0, but also throughout the duration of the phase
transition. This will clearly occur when hZ�ðxÞi ¼ 0
for times t > t0, a result that we show in Sec. IVD,
follows from the assumption of thermal erasure as given
in Eq. (38). This result establishes that under the assump-
tions of thermal erasure, the NAHM provides a prediction
for the magnetic seed fields following from our EOM that
avoids having to determine the corresponding W fields. To
the extent that this can be expected to hold, the solution of

the EOM for the W fields is unnecessary determining the
magnetic seed fields.
In what follows, we streamline the notation by under-

standing that jem� ðxÞ is shorthand for hjemðxÞi, Z�ðxÞ short-
hand for hZ�ðxÞi, and c �ðxÞ shorthand for hc �ðxÞi.
From Eq. (17), the expression for the em current aver-

aged over the thermal partition function for the initial
gauge field configurations, Eq. (40) leads to the Maxwell
equation

@2Aem
� �@�@ �Aem¼4	jem� ðxÞ

¼�g0

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2þg02

q
�2ðt; ~rÞ2@��ðxÞ: (41)

To find Maxwell’s equation for the magnetic field ~B,

~B ¼ ~r� ~Aem; (42)

arising from the charged gauge bosons, we multiply
Eq. (17) by �ijk@j, obtaining

�ijk@j@
2Aem

k � �ijk@j@k@ � Aem ¼ 4	�ijk@jj
em
k : (43)

Expressing Eq. (42) in components,

Bi ¼ �ijk@jA
em
k ; (44)

we immediately find the basic result,

@2 ~B ¼ 4	 ~@� ~jem: (45)

In addition to the gradients of the Higgs phase, fermions
also contribute to the current and have a significant impact
on magnetic seed field production. One contribution was
discussed recently in Ref. [23] and estimated there for the
nucleation phase of the collision. Another occurs through
the conductivity of the medium �. This is taken into

account through its associated current ~jcðxÞ,
~j cðxÞ ¼ � ~EðxÞ; (46)

where the usual assumption that ~jcðxÞ is proportional to the
electric field ~E has been made. In the present work, we do
not consider fermions or the conductivity current, taking

� ¼ 0. In this case, the quantity ~Bðt; ~rÞ obtained by solving
Eq. (45) is the expected magnetic seed field.

2. EOM for the Higgs phase in the non-Abelian
Higgs model

A PDE for the Higgs phase �ðxÞ follows immediately
from current conservation, Eq. (19). Using Eq. (40) along
with this, we find

0 ¼ 1

m2
Zðt; ~rÞ

@ �m2
Zðt; ~rÞ2@�ðxÞ ¼ 0

¼ @2�þ ð@�Þ � ð@ lnm2
ZÞ: (47)

To determine� from this, appropriate boundary conditions
on � and its derivative on some initial space-time surface
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are required. When the Higgs fields of the colliding bub-
bles differ in phase before the collision occurs, @��ðxÞ
develops a nonzero value within the bubble overlap region
after the collision. The em current jem� ðxÞ then develops a
nonzero value there and magnetic fields will form. We will
see explicitly how the em currents and associated magnetic
fields begin to form in the collision once the bubbles begin
to overlap when we solve the EOM in Sec. V.

Note that the EOM for� in the NAHM contains no mass
term and therefore differs in an essential way from the
Abelian Higgs model. This difference can be traced to
the fact that the only vector field available to define the
covariant derivative in the Abelian Higgs model is Aem

� ,
whereas the non-Abelian character of the MSSM means
that this vector field becomes, instead, that of Wi

�. One
consequence is that the Z field plays the role of Aem

� in the
Abelian Higgs model [25]. Thus, thermal erasure can
eliminate Z while preserving the possibility of generating
a magnetic field. Thermal erasure is not only a meaningful
concept in the MSSM, it is also the underlying reason for
the absence of a mass term in the EOM for � and the
source for the dramatically different time dependence of�
that we find in Sec. V.

3. EOM for Z in the NAHM

Although not explicitly needed to calculate the magnetic
field, Z plays an important role in the formulation of the
NAHM. Specifically, in order to express the current in
terms of the gradient of the Higgs phase, Eq. (40), requires
that hZ�ðxÞi ¼ 0. The results presented below form the
basis for the argument.

Substituting the definition of c , Eq. (10), into Eq. (26),
using the expression for the em current in the NAHM,
Eq. (40), and taking the thermal average, we immediately
find

@2Z� þ @�
Z � @m2

Z

m2
Z

þm2
ZZ� ¼ 0: (48)

The Z is subject to constrained initial conditions in
Eqs. (28) and (29),

0 ¼ @ � Zþ Z � @ lnm2
Z (49)

and

0 ¼ @

@t
@ � Zþ @

@t
Z � @ lnm2

Z: (50)

Thus, the assumption of thermal erasure is consistent with
Z�ðxÞ being determined by a linear, homogeneous PDE
even before invoking the assumption of gentle collisions,
discussed in the next section.

We also see that the EOM of the NAHM for Z, Eq. (48),
for @��, Eq. (47), along with the electromagnetic current
defined in Eq. (40), are all consequences of the EOM for
Z in Eqs. (22) and (26) and current conservation, with Z
defined in Eq. (6). Thus, obtaining jem� from Eq. (40) by

solving Eq. (47) is exactly equivalent to obtaining it by
solving the EOM determined directly by minimizing the
action.

IV. THE NAHM IN O(1,2) SYMMETRY

In this section, following Kibble and Vilenkin, we
express the EOM of the NAHM using the ð�; zÞ variables
appropriate to O(1,2) symmetry. Although wall speeds
vwall < c and electrical conductivity both break O(1,2)
symmetry, it is still of interest to explore O(1,2) symmetric
solutions in the NAHM. This is because of the relative
transparency of the analysis and because it facilitates
comparison with earlier work in the Abelian Higgs model
[16–18] and the MSSM [24,25].

The relevant EOM are those for �, Z, and ~B. In this
section, we find the general solution of the EOM for a
pair of colliding bubbles for jump boundary conditions
applied on a space-time surface at fixed � ¼ tc, the current
corresponding to these solutions, and the corresponding
magnetic field by solving Maxwell’s equations. Since the
EOM are intended to give the fields inside the bubbles, our
O(1,2) symmetric solutions are valid only within the region
of overlap of the bubbles, that is, for � � tc.

A. Calculation of Z of the NAHM in O(1,2) symmetry

As discussed in Sec. III D 3, the Z plays an important
role in the formulation of the NAHM. Specifically, the
EOM of the NAHM for � and Z in Eqs. (47) and (48)
are consistent with the EOM determined by minimizing the
action only if the solution of the EOM for Z, Eq. (48), with
initial conditions consistent with thermal erasure lead to
hZ�ð�; zÞi ¼ 0 for all �. Then, and only then, is it possible
to express the em current in terms of the gradient of the
Higgs phase, Eq. (40) throughout the phase transition. In
this section, we examine Z with this in mind.
To express the equations of motion, in terms of the ð�; zÞ

coordinates, for the vector fields, for example, Z�, we take

Z�ðxÞ ¼ Zzð�; zÞ; � ¼ 3;

Z�ðxÞ ¼ x�Zð�; zÞ; � ¼ ð0; 1; 2Þ; (51)

with Zz ¼ �Zz. In the remainder of the paper, we will find
it convenient to use � to denote the Lorentz index for the
values � ¼ ð0; 1; 2Þ. Also note that initial conditions for O
(1,2) symmetric solutions are specified on a space-time
surface defined by � ¼ tc.
Thus, @2Z�ð�; zÞ becomes for � ¼ 3

@2Zzð�; zÞ ¼
�
@2

@�2
þ 2

�

@

@�
� @2

@z2

�
ZzðxÞ (52)

and

@2Z�ð�; zÞ ¼ x�

�
@2

@�2
þ 4

�

@

@�
� @2

@z2

�
Z�ðxÞ: (53)
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Also,

@ � ZðxÞ � @Zz

@z
þ 3Zþ �

@Z

@�
: (54)

The EOM in Eqs. (48) for Z are then as follows,

0 ¼
�
@2

@�2
þ 2

�

@

@�
� @2

@z2
þm2

Z

�
Z; (55)

and

0 ¼
�
@2

@�2
þ 4

�

@

@�
� @2

@z2
þm2

Z

�
Zz: (56)

To find the solution of these EOM, initial conditions are
needed for Z and its time derivatives. Denoting by Z�ðtc; zÞ
the profile of the Z� fields on the space-time surface when
the collision occurs, the initial values for Z�ðtc; zÞ are
determined from the partition function of a thermal gas
at � ¼ tc. Since its distribution is incoherent and essen-
tially random, consistent with a thermal distribution, we
find for the initial conditions under the conditions of
complete thermal erasure

hZzðtc; zÞi ¼ 0;

�
@Zzðtc; zÞ

@�

�
¼ 0;

hZðtc; zÞi ¼ 0;

�
@Zðtc; zÞ

@�

�
¼ 0:

(57)

It is easily shown that these are consistent with the
auxiliary condition of Eq. (23), which requires that
Eq. (49) hold,


Zðtc; zÞ ¼ @Zz

@z
þ 3Zþ tc

@Z

@�
¼ 0; (58)

and that Eq. (50) hold,

@
Zðtc;zÞ
@�

¼ @2

@z@�
Zzþ4

@

@�
Zþ tc

@2

@�2
Z

¼ @2

@z@�
Zzþ4

@

@�
Z� tc

�
4

tc

@

@�
Z� @2

@z2
Zþm2

ZZ

�
¼0; (59)

where we have used the EOM of Eq. (55). As before, the
derivatives do not act on the � functions. Equations (58)
and (59) are clearly satisfied by Eq. (57).

With Z satisfying the linear, homogeneous EOM of
Eq. (48) [Eqs. (55) and (56) in ð�; zÞ coordinates], and
with the result that Z� and its � derivatives vanish at
� ¼ tc under conditions of complete thermal erasure, it
follows that the solution of these EOM, hZ�ð�; zÞi, must
vanish for all �. Consequently, the NAHM is established
and we may proceed to the examination of its consequen-
ces for production of magnetic seed fields taking the em
current to be related to gradients of the phase of the Higgs
field as given in Eq. (40).

B. Calculation of � of the NAHM in O(1,2) symmetry

The PDE for � in Eq. (47), in terms of which j� is
defined, becomes, in ð�; zÞ coordinates,�

@2

@�
þ 2

�

@

@�
� @2

@z2

�
�ðt; ~rÞ ¼ 0: (60)

As indicated, the non-Abelian Higgs mechanism assumes
that initially, at � ¼ tc, the Higgs phase for a single bubble
is constant throughout the bubble, but this phase differs in
the two colliding bubbles, as in the Abelian Higgs Model.
Likewise, the boundary condition on the � derivative is the
same as it is in the Abelian Higgs model. Accordingly, the
boundary condition on � is

�ð� ¼ tc; zÞ ¼ �0�ðzÞ; @

@�
�ð� ¼ tc; zÞ ¼ 0; (61)

where �ðzÞ is the sign of z and 0<�0 <	=2 is the initial
Higgs phase in one of the colliding bubbles. Of course, for
� > tc the actual variation of the phase � in the bubble is
determined by its EOM, Eq. (60).
The solution of Eqs. (60) is found by standard methods.

Expressing�ðxÞ as a Fourier transform in z, Eq. (60) gives
an ordinary differential equation for the � dependence,
yielding

�ð�;zÞ¼1

�

ffiffiffiffi
2

	

s Z 1

�1
eikzffiffiffiffiffiffi
!k

p ðcksin!k�þdkcos!k�Þdk; (62)

where !k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

p
where it is understood that m ! 0

at the end of the calculation.
The coefficients ak and bk in Eq. (62) are fixed by the

boundary conditions on� in Eq. (61). Performing the sum
over the modes k, we then obtain

�ð�;zÞ¼�0tc
�

�ðzÞ
�
�ðT�jzjÞ

Z jzj

0

�
1

tc
þ @

@T

�

�J0ðm
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2�z02

p
Þdz0 þ�ðjzj�TÞ 1

m

�
1

tc
þ @

@T

�

�sinmT

�
!�0tc

�
�ðzÞ

�
�ðT�jzjÞ

Z jzj

0

dz0

tc

þ�ðjzj�TÞ
�
1þT

tc

��

¼�0

�
�ðT�jzjÞzþ�0�ðzÞ�ðjzj�TÞ; (63)

where T ¼ �� tc.

C. Calculation of ~B in NAHM with O(1,2) symmetry

We first examine the calculation of the em current taking
it to have the form

jem� ð�; zÞ ¼ ðjzð�; zÞ; x�jð�; zÞÞ (64)

in ð�; zÞ coordinates where the em current is given in the
NAHM in Eq. (40). Thus, with O(1,2) symmetry we find
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the current in Eq. (40) expressed in ð�; zÞ coordinates
becomes

4	jz ¼ � g0

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

q
�2
0

@

@z
�ð�; zÞ

¼ � g0

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

q
�2
0

�0

�
�ðT � jzjÞ (65)

and

4	j ¼ �g0

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

q
�2
0

@

@�
�ð�; zÞ

¼ g0

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

q
�2
0

�0

�2
�ðT � jzjÞz; (66)

where we have used Eq. (63) to obtain

@

@�
�ð�; zÞ ¼ ��0

�2
�ðT � jzjÞz (67)

and

@

@z
�ð�; zÞ ¼ �0

�
�ðT � jzjÞ: (68)

When evaluating the partial derivatives in Eq. (65) and
(66), and using the expressions in Eq. (63), we do not let
the derivatives act on the step functions. We note that
ignoring the surface derivatives is quite consistent with
current conservation and should therefore lead to a valid
expression for the magnetic field throughout the bubble
interior.

To obtain the magnetic field, we need to solveMaxwell’s
equation, Eq. (41), with the current given by Eq. (40), and
with the � fields appearing in the current given by the
solutions of Eqs. (60). The solution of Maxwell’s equation
is completely determined once we specify the boundary
conditions on the Aem field with the � field given above.

Because the electromagnetic current has the form given
in Eq. (64), the electromagnetic field has this form also,

Aem
� ð�; zÞ ¼ ðazð�; zÞ; x�að�; zÞÞ: (69)

Maxwell’s equation becomes quite simple in the ð�; zÞwith
the axial gauge, az ¼ 0, namely,

� @2

@z2
að�; zÞ ¼ 4	jð�; zÞ: (70)

Applying the boundary conditions, namely, að�0; zÞ ¼ 0
and @zað� ¼ 0; zÞ, we find

að�; zÞ ¼ �4	
Z z

�1
dz0

Z z0

�1
jð�; z00Þdz00: (71)

The magnetic field, ~B ¼ ~@� ~Aem
, where ~Aem ¼

ðxað�; zÞ; yað�; zÞ; 0Þ with að�; zÞ given in Eq. (71) is

Bz ¼ 0;

Bx ¼ �4	y
Z z

�1
jð�; z0Þdz0;

By ¼ 4	x
Z z

�1
jð�; z0Þdz0;

(72)

or

~B ¼ ð�y; x; 0Þ
r?

B� (73)

with

B� ¼ 4	r?
Z z

�1
jð�; z0Þdz0: (74)

Thus, the magnetic field generated in the bubble collision
lies entirely in the azimuthal plane, with x and y compo-
nents only, and encircles the z axis, just as in the Abelian
Higgs model and our earlier work [25].
To obtain the magnetic field, we evaluate Eq. (74) with

the current given by Eq. (66),

B� ¼ r?
g0

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2þg02

q
�2
0

�0

�2

Z z

�1
�ðT�jz0jÞz0dz0

¼ r?
g0

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2þg02

q
�2
0

�0

�2
�ðT�jzjÞ

Z z

�T
z0dz0

þg0

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2þg02

q
�2
0

�0

�2
�ðjzj�TÞ

Z T

�T
z0dz0

¼ r?
g0

g

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2þg02

q
�2
0

�0

�2
�ðT�jzjÞ� ðjzj�TÞ2

2
: (75)

D. The B, W, and c fields in the NAHM
in O(1,2) symmetry

Just as for Z, solutions of the EOM for the B,W3, and c
fields in the NAHM are not needed explicitly to calculate
the magnetic seed fields. However, these solutions are
easily obtained once the EOM for the NAHM are solved;
for completeness, we show how to do this in this section.
With Z� ¼ 0, Eq. (6) shows that the solutions of the

EOM for B and W3 must be proportional, specifically,

B� ¼ g0W3
�=g; (76)

with

Aem
� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ g02

p
g02

W3
�: (77)

Thus, both W3
� and B� are determined once the em field is

known, and it is unnecessary to solve their EOM to find
them.
Accordingly, if we take Aem

� ¼ 0 in an isolated bubble,
the condition that the electric and magnetic fields vanish in
the Lorentz gauge, this would imply W3

� ¼ 0. However, in
colliding bubbles it is fortunately the case that Z� ¼ 0 does
not rule out Aem

� � 0. The vanishing of the Z� field in this
case rather implies that B� and W3

� must both be nonzero
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and proportional to A�. These considerations are com-
pletely consistent with the EOM for W3, Eq. (12), and
Maxwell’s equation, Eq. (41).

The solution of the EOM for c , Eq. (30), can be deter-
mined directly from the definition of c �ðt; ~rÞ in Eq. (10)
and the solutions of the EOM for � and Z, Eqs. (47) and
(48), respectively. Thus, to obtain the solution of Eq. (30) it
is not necessary to actually solve its PDE either. Since
hZ�ðt; ~rÞi ¼ 0, we find the simple result

c � ¼ @��: (78)

It is more difficult to solve the EOM for W� with
thermal erasure because of its nonlinear character and the
number of (thermal) initial conditions for which it must be
solved. Fortunately, this solution is not needed for applying
the NAHM to calculate the magnetic seed fields.

However, it may still be of interest to find a formulation
in which the em current is expressed explicitly in terms of
the charged gauge bosons. One way to do this would be to
develop gentle collisions more thoroughly along the lines
of Refs. [25,27]. A critical element missing at this time is a
means to find initial conditions of the W� fields consistent
with full thermal erasure. A more direct approach would be
to solve the full nonlinear theory. This is the approach
taken in Refs. [21,23] with the ‘‘I-spin ansatz.’’ Solutions
have, however, been obtained only for the nucleation stage
of the collision.

V. NUMERICAL RESULTS

To facilitate the comparison with the Abelian Higgs
model of Ref. [17], we assume that bubbles nucleate at
points on the z axis at z ¼ �R at time t ¼ 0, that they
expand from the point of nucleation with the radius of the
bubble RðtÞ ¼ ct at the speed of light, and that they collide
at time t ¼ tc ¼ R, as in Ref. [17]. Results may be
expressed in terms of the time after collision, t, so that
a point ðr?; zÞ at t ¼ tc þ t has the O(1,2) coordinates

ð�; zÞ ¼ ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðtc þ tÞ2 � r2?

q
; zÞ.

We will first show the magnetic field B�, the value of the
azimuthal field, assuming a nonconducting medium � ¼ 0
and a terminal wall speed vwall ¼ 1, with distance and time
expressed in units of 1=mW and the magnetic field in units
of m2

W . Although the assumptions of � ¼ 0 and vwall ¼ 1
are unrealistic for the actual EWPT, the corrections are
well understood and thoroughly studied in the Abelian
theory [16–18].

To compare to the Abelian Higgs model of Ref. [17], we
take tc ¼ R ¼ 10 with t ¼ 5, 10, 15, and 20, and with
�0 ¼ 1. We will note some striking differences that we
link to the behavior of the Higgs phase and the non-Abelian
character of our theory.

In the ð�; zÞvariables appropriate toO(1,2) symmetry, the
point of collision on the z axis at z ¼ 0 and r? ¼ 0 has

the coordinates ð�; zÞ ¼ ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � bðtÞ2p

; 0Þ where bðtÞ is the

radius of the circle intersection in the plane of symmetry, the
x� y plane at z ¼ 0. Since the bubbles collide on the z axis

with radius Rc ¼ R, bðtÞ grows with time as bðtÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
RðtÞ2 � R2

c

p ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t2 � R2

c

p
, or equivalently as � ¼ tc. The

collision time tc is determined by the condition Rc ¼
RðtcÞ [or equivalently bðtcÞ ¼ 0] giving tc � tn ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
c � R2

n

p
. The fact that the speed of expansion can be

superluminal is not in contradiction with relativity, as dis-
cussed in Ref. [18].
Figure 1 shows the region of bubble overlap in the x� z

plane at time tmW ¼ t ¼ 20 for this geometry. The circle
of bubble intersection in the x� y plane is shown in Fig. 2.

FIG. 1. Bubble configuration in the x� z plane at time tmW ¼
tc þ 20 after collision.

FIG. 2. Bubble configuration in the x� y plane at time tmW ¼
tc þ 20 after collision.
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The solutions of the EOM are meaningful in O(1,2) sym-
metry only inside the region of overlap, corresponding to
T > 0, as discussed above.

The B� field in the x� y plane at this time, calculated
using Eq. (75), is shown in Fig. 3. This clearly shows that
B� encircles the axis of collision.

Additionally, B� is narrowly confined longitudinally
near z ¼ 0 in the x� y plane as shown next in Fig. 4.

This shows that B� is largest at intersection of the bubbles
at z ¼ 0, and that it falls off rapidly with z away from this
point. The magnetic field is thus concentrated in a narrow
ring encircling the axis of collision on the circle of inter-
section of the bubbles.
Figure 5 shows our calculated field B� at tmW ¼ 5, 10,

15, and 20. This is to be compared to the result shown in
Fig. 6 calculated in the Abelian Higgs model with distance
and time again expressed in units of inverse mass of the
vector boson and the magnetic field in this mass squared.
A convenient expression for the magnetic field is given in
Eq. (29) of Ref. [18].
Thus, evaluating B� for parameters corresponding to

numerical results of Ref. [17], we find that the peak
magnetic fields in our MSSM for the NAHM as given in
Eq. (75) occur along the axis of symmetry at the point of
intersection of the bubbles, just as in the Abelian Higgs

FIG. 3 (color online). Magnetic field in the x� y plane at time
tmW ¼ tc þ 20 after collision.

FIG. 4 (color online). Magnetic field in the x� z plane at time
tmW ¼ tc þ 20 after collision.

FIG. 5. Magnitude of the azimuthal magnetic field calculated
in the theory of the present paper. The field is shown as a
function of distance � ¼ r? from the axis of collision in the
symmetry plane at time tmW ¼ t ¼ 5, 10, 15, and 20.

FIG. 6. Magnitude of the azimuthal magnetic field calculated
in the Abelian Higgs model. The field is shown as a function of
distance � ¼ r? from the axis of collision in the symmetry plane
at time tmW ¼ t ¼ 5, 10, 15, and 20.
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model. However, our fields are about a factor of 2 larger
and do not change sign in contrast to that in the Abelian
Higgs model, which displays oscillations. Additionally, it
is clear that the magnetic field extends more deeply into the
collision region in our theory, which makes the volume-
averaged azimuthal field in the ring even larger than it is in
the Abelian Higgs model.

Note that the magnetic field in the Abelian Higgs model
drops to zero suddenly at the outer boundary of the
expanding overlap region. This unphysical feature was
discussed in Ref. [18] and was traced to the abrupt change
in the boundary condition at the point of collision in that
model.

Next, we compare the magnetic field along the z direc-
tion at fixed radial distance � from the collision axis.
Comparing the results for our theory and that of the
Abelian Higgs model shown in Figs. 7 and 8, respectively,

we see that near the center of the overlap region of the
collision at z ¼ x ¼ y ¼ 0 the magnetic field is quite small
in both models. Because the field is small and sensitive to
the distance off axis, the most significant difference is the
lack of oscillations in the NAHM. The Abelian Higgs
model again displays strong longitudinal oscillations in
B�, particularly when we look deep within the overlap
region.
In summary, from the comparison of Figs. 5 and 6 and

Figs. 7 and 6 we see that the magnitude of the magnetic
field in the present model is larger and smoother than the
one obtained in the Abelian Higgs model. That the two
should differ is not unexpected because the description of
the physics is quite different in the two cases, with the
source of the em current in the present model being the
charged Higgs field of our effective MSSM Lagrangian.
One consequence of the gauge bosons is the time depen-
dence of the Higgs phase. We show the evolution of the
Higgs phase in Fig. 9. As noted in Sec. III D 2, differences
arise because a distinction is made between the em field
and the Z field in the MSSM. Consequently, the phase in
Fig. 9 approaches a constant independent of time outside
the region of bubble overlap.
The differences, particularly the difference in scale,

presumably are significant for the evolution of the mag-
netic field to the present era. Differences will of course be
mitigated by the fact that the finite conductivity � damps
the magnetic field in the interior of the ring. Additionally,
before we can make an estimate of present-day magnetic
fields, the effects of the speed of the bubble wall has to be
calculated. These are most naturally calculated in an O(3)
symmetric formulation [27].
The quantity we need to obtain from our calculation for

determining the effectiveness of magnetic field creation
during the electroweak phase transition seeding the galac-
tic and extragalactic magnetic fields we see today is the
integrated azimuthal magnetic field strength BðRÞ within
the ring created within the colliding bubbles. In the

FIG. 8. Magnitude of the azimuthal magnetic field calculated
in the Abelian Higgs model. The field is shown as a function of
distance z along the axis of collision at a distance � ¼ 1 from the
axis of collision for times tmW ¼ t ¼ 5, 10, 15, and 20.

FIG. 7. Magnitude of the azimuthal magnetic field calculated
in the theory of the present paper. The field is shown as a
function of distance z along the axis of collision at a distance
� ¼ 1 from the axis of collision for times tmW ¼ t ¼ 5, 10, 15,
and 20.

FIG. 9. Higgs phase calculated in the theory of the present
paper. The field is shown as a function of distance z along the
axis of collision at time tmW ¼ t ¼ 5, 10, 15, and 20.
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Abelian Higgs model, the value of BðRÞ is given by
Eq. (24) of Ref. [17] as a function of vwall, the radius of
the bubbles R at the time of collision t ¼ tc, and the radius
�ring at the time of completion of the phase transition. This

result depends only on B� in the surface of the because the
conductivity damps out the magnetic field in the interior of
the bubble but not at the outer surface of the ring where it is
the largest. However, the finite wall speed does damp the
magnetic field at the surface as shown in Eq. (24) of
Ref. [17]. Because this damping is a kinematic effect, it
scales with the value of the magnetic field at the surface of
the ring.

Hence, from knowledge of the value of the magnetic
field in the surface of the ring we can obtain the appropriate
BðRÞ for our theory by scaling it relative to the value of the
magnetic field in the ring in the Abelian Higgs model. It is
clear from Figs. 5–8 that this scaling indicates our seed
fields would lead to a larger magnetic field than the esti-
mate in Eq. (30) of Ref. [17] for the galactic dynamo.
However, the helicity must be known for a complete
calculation [5,6].

VI. DISCUSSION

Determining the present-day magnetic fields from the
seed fields during the EWPT is a complicated problem of
plasma physics that has been studied extensively. From
these studies, it is known that the characteristics of the
primordialmagnetic field are vastlymodified during cosmic
evolution to the present day. The most recent of these [5]
models this evolution using nonlinear magnetohydrody-
namics. It considers all relevant dissipative processes such
as viscosity, and it additionally embodies a mechanism of
seed field amplification through an inverse cascade process
that transfers energy from small to large scales. The result-
ing dependence of the present-day magnetic field strength
on hg [fraction of maximal helicity, EW epoch] and rg
[magnetic energy density, EW epoch, expressed in terms
of radiation entropy density] is displayed graphically in this
work for a spectral indexn ¼ 2, showing that for a givenhg,

a larger energy density leads to a larger magnetic field.
Accordingly, magnetic seed fields produced during the

EWPT era may evolve to surprisingly large present-day
magnetic fields in the range of 10�13 G–10�11 G on scales
of 100 pc–10 kpc. Combining these results with those of
Ref. [6], which shows that fields on the order of 4�
10�12 G could evolve to magnetic fields consistent with
Faraday rotation measurements of real clusters during
gravitational collapse, they conclude that present-day
fields could have evolved from processes originating
during the EW era.

What does this have to say about the likelihood that the
processes occurring during an EW phase transition that we
consider could be the source of present-day cosmic mag-
netic seed fields? A partial answer may be obtained using
results of Ref. [5] discussed above.

A realistic estimate of the magnetic field density would
require knowledge of the effect of vwall < 1 and � � 0 on
the magnetic field in the bubble collision. These effects,
which are known to reduce the magnitude of the field in the
bubbles, are most naturally calculated in an O(3) formula-
tion. In our earlier work [27], along these lines we modeled
these effects. Scaling the present results shown in Fig. 7 to
those, we estimate the magnetic field in bubbles to be
comparable to what we found there, giving a ballpark value
rg � 0:026, thus requiring an hg of about 10

�4 in order to

be consistent with observed Faraday rotation measure-
ments [30].
Unfortunately, at present there are no estimates of hg,

and the likelihood that present-day cosmic magnetic seed
fields could be traced to the EWPT era based on the
processes we consider cannot be determined from our
results alone. To estimate of hg would require examining

magnetic fields created in collisions of multiple bubbles,
which is clearly a very important subject for future work.

VII. SUMMARY

We have developed a ‘‘non-Abelian Higgs model,’’ our
basic MSSM EW theory for ‘‘gentle collisions,’’ taking
advantage of the fact that the EOM for the Z field depends
on the same current that determines the magnetic field.
Under the conditions of complete thermal erasure, this
leads to a simple, although indirect, expression for the
em current of charged gauge bosons through the gradient
of the Higgs phase similar to that of the Abelian Higgs
model in bubble collisions. As such, the NAHM applies in
a different regime than the theory presented in Ref. [25] in
which solutions of EOM for W� that evolved from con-
densate boundary conditions for gentle collisions drove the
production of magnetic fields. It was shown that for gentle
collisions the NAHM is consistent and leads to magnetic
fields comparable to those found in the Abelian Higgs
model. These results reinforce the hope that the EWPT is
a promising source for production of seed for large-scale
galactic and extragalactic fields observed today, since the
scale and magnitude of the magnetic fields is larger than
those used previously in evolutionary models.
We would like to estimate the likelihood that present-

day magnetic fields could have been seeded by the fields
generated during the EWPT that we calculate. To do this,
however, would require a calculation of the helicity density
hr. Estimates of hr thus becomes an important subject for
future work.
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