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Amplitudes for the analysis of the decay J/¢ — Kt K~ #°
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We construct an analytical model for two-channel, two-body scattering amplitudes, and then apply it in
the description of the three-body J/ — K+*K~ 7% decay. In the construction of the partial wave
amplitudes, we combine the low-energy resonance region with the Regge asymptotic behavior determined
from direct two-body production. We find that resonance production in the K7 channel in J/¢ decays
seems to differ from that observed in direct K7 production, while the mass distribution in the KK channel

may be compatible.
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I. INTRODUCTION

Meson spectroscopy has played an important role in
developing phenomenology and gaining insights into
QCD in the nonperturbative domain. In an amplitude
analysis of experimental data it is necessary to explore
all of the available theoretical constraints because the
extraction of resonance parameters requires the analysis
of partial waves outside of the kinematic range of experi-
mental data. In particular, amplitudes describing the mass
distribution of a two-body subsystem in a quarkonium
decay may be different from those describing scattering
of the same two particles. In this paper we focus on the
isospin 1/2, 1 and spin-one, P-wave scattering amplitudes
in the 7r7r, KK and K7 channels, and compare the phase
shift data with two-body mass distributions from the three-
body J/ — K+ K~ 7° decay. These amplitudes are domi-
nated by the ground-state vector resonances p(770) and
K*(892) that are well established as quark-antiquark, QCD
bound states that are weakly coupled to the meson-meson
continuum. There is also strong experimental evidence for
higher mass vector resonances, although precisely how
many and to what extent these are related to QCD single-
hadron states remains an open issue [1-5].

In Table I we list the masses of the lowest vector-meson
states obtained from recent lattice QCD simulations [6]
and the quark potential model [7], and compare them to the
data compiled by the Particle Data Group (PDG) [8].
Below 2 GeV the PDG lists two excited isovector reso-
nances, the p’(1450) and p’(1700), that could have the
quark model assignments of 25 and 1D, respectively. In
the lattice simulations of [6], the average pion mass is
approximately 400 MeV, which puts the p meson approxi-
mately 130 MeV above its measured mass. Shifting the
vector-mesons masses from lattice computations down by
130 MeV puts the first excited state around 1600 MeV,
which is ~150 MeV higher than the measured mass of the
p'(1450). While a resonance in the 1600-1700 MeV mass
range can be clearly inferred from the 7r7r-scattering phase
shift data [2], the experimental evidence for the p’(1450) is
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ambiguous [8]. The main motivation for the p’(1450)
comes from the need to accommodate data on 47 produc-
tion [9,10]. To the best of our knowledge, however, there
has been no comprehensive analysis of all available
P-wave data, and the importance of the various inelastic
channels, possibly even the dominant one KK , is yet to be
settled. For example, an alternative scenario that seems to
be supported by the lattice results might be that the 2.5 and
1D states are above 1.6 GeV while any residual strength
corresponding to the PDG p’(1450) could be due to resid-
ual interactions between pions and/or inelastic channel
effects.

The vector mesons discussed above can be produced
in J/4 — KK and 37 decays. In this paper we focus
on the former; we studied the latter in Ref. [11]. The
J/ — KK decay has been analyzed by the BESII
Collaboration [12]. The Dalitz plot distribution of the
K"K~ 7" events has clearly visible sharp bands corre-
sponding to the isospin-1/2, K=*(892), and weaker bands
in the first excited K"*-resonance region. The distribution is
shown in Fig. 1. There is also a significant enhancement in
the low K* K™ -invariant mass region. In the BESII analy-
sis this broadband was associated with a new isovector
P-wave resonance X(1570), decaying to K™K~ with the
pole position at (1576 — 409:) MeV seen through a strong
destructive interference with the p(1700). There have been
several theoretical attempts to explain this result [13,14].

In this work we address the following questions. Can the
broad enhancement in the low-mass KK channel be de-
scribed by the P-wave KK amplitudes determined from
phase shift analysis? And, more generally, can the Dalitz
plot distribution of KK events in the J/i¢ decay be
described in terms of KK and K amplitudes recon-
structed from phase shift analysis? To do so, we use, and
further develop (by incorporating asymptotic energy de-
pendence), the P-wave 77 and KK amplitudes initially
constructed in [11,15]. The amplitudes that we use have the
correct analytical properties, satisfy two-body unitarity,
and reproduce the known data on w7 scattering
[2,16,17]. In [11] we successfully used these amplitudes
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TABLE I. Masses of the first few lowest-lying vector meson
resonances.
p(177) K*(17)
0.90 0.95
Lattice QCD [6] 1.8 1.8
0.77(13S,) 0.90(13S,)
Quark model [7] 1.45(23S,)) 1.58(235))
1.66(1°D,) 1.78(1°D))
0.775 0.895
PDG [8] 1.465 1.414
1.720 1.717

to describe the J/¢ — 77~ #° Dalitz distribution. In
particular, we have found that since the p”(1700) is quite
inelastic [2], destructive interference with the virtual
J/ ¢ — KK — 3 process is important in reducing the
Dalitz plot intensity in the p”’ resonance region. We will
investigate if it is possible that a similar phenomenon is in
operation in the KK -final state and whether the virtual
J/¢ — 37 — KKm decay may be responsible for the
broad structure at low K* K~ -invariant mass.

This paper is organized as follows. The partial wave
decomposition of the decay J/¢ — KT K~ 7" is given in
Sec. II. In Sec. III, we discuss our P-wave amplitudes and
compare with the BESII data of Fig. 1. Ideally, the set of
partial waves that are developed here could be used in a full
Dalitz plot analysis, but this requires a full knowledge of
experimental acceptances and resolutions. In this work we
simply compare, qualitatively, a sample of Dalitz plot
distributions generated from our amplitudes with the
BESII result of Fig. 1. We include more details on the
amplitude construction in the appendixes.
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FIG. 1. The J/ — K"K~ #° Dalitz plot distribution from the
BESII Collaboration [12].
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II. PARTIAL WAVE AMPLITUDES IN
THE J/¢ — K* K~ 7’ DECAY

Denoting the four momenta by p- ,, P for K*, ° and
J/ i, respectively, the general expression for the J/ i —
K"K~ 7" amplitude is given by

<7T0K+K_, out|J/l//()\), in) = i(27T)454< Z Pi— P)T/\-

i=0,*

ey

The Dalitz plot invariants are defined by s;; = (p; + p;)?
with i, j = =, O referring to K= and the 7°, respectively.
The general expression for the helicity amplitude of 7', is
given by

T),= g Z0NSLM[D}C{M(r+—)di,()(aif)F;L7(s+—)
Lop==,

+ D}\TM(r+0)di,0(010)F;£(s+0)

+ DY, (ro)dS (0= F5 (s )], )

where Ngz, = /3(28 + 1)(Sw; LO|1u)/47. Here A is the
spin projection of the J/i¢ along the e"e™ beam axis,
which together with x and y define a lab coordinate system,
S is the spin of a two-particle subsystem (the isobar), and L
is the relative orbital angular momentum between the
isobar and the spectator meson. The rotation r;; is given
by three Euler angles, r;; = r;j(¢;;, 3;j, ! ;), which rotate
the standard configuration in the (ij)k-coupling scheme to
the actual one. In the standard configuration of the (ij)k
coupling J/ i is at rest, particle k has momentum along the
negative z axis, and particles i and j have momenta in the
xz plane with the particle j moving in the positive x
direction. The azimuthal and polar angles, ¢;; and 9;,
are defined in the J/ i rest frame and refer to the actual
direction of motion of the (i/) pair. Finally, ¢; and ¢;; are
the azimuthal and the polar angle of the ith particle in the
(ij) two-particle (isobar) rest frame.

The scalar form factors F) (s; ;) describe the dynamics
of the decay in the isobar model i.e. under the assumption
that in a given isobar channel the form factors are functions
of the subenergy of that isobar only. In the L — § basis, the
parity of the K™K~ 7 state is given by P = (—1)STL*1,
and under charge conjugation the two isobar channels
[(K*7%)K ™) and |(K~#Y)K™") are exchanged while the
third isobar channel [(K*™K~)#") is a charge-conjugation
eigenstate with the eigenvalue (—1)5. Thus, charge con-
jugation invariance implies that in Eq. (2) there are only
two independent form factors, which we define as

1 —(—1)8

F;—L_ = 2

KK +0 — _ -0 = _Km
FSL’ FSL - FSL - FSL

3)

and obtain
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T,= z Z N_ISLM[D (ry— )dS 0(6+ )F “(s42)

S,L u=%1,0
—Dl* (r+0)ds O(QiO)F (S+0)
+ DY, (rog)ds, (020 F§ (s )] “)

with Ng; , = Ng,,(1 + (=1)*£)/2. The p = 0 compo-
nent vanishes due to parity conservation, and we can
further reduce the partial wave expansion to

T,= ZNng{[D}\ikl (re-)

SL
1—-(-1D5 ..
—Fsi (s
- [D}C‘] (r+0) + D}\T71(r+0)]d‘19,0(0 )F (S+0)

DY, (rg) + DI (r )] (6~ o) FE7 (5 0>} 5)

+ Dy (re2)]dy (07 )

Finally, it is useful to rewrite the above amplitude in terms
of a single set of angles describing orientation of the decay
plane. Using the relation between Euler rotations

10,0, m)r (0, x_, 0),
(6)

where y,(y_) is the angle between K* (K~) and 7° and
in the K™K~ 7° rest frame, enables us to write 7 in terms
of r, _ alone,

T, = ZNng[D}\Tl(r-*——)
S,L

ry- = ’"—()”(O’X+,O) = Triolr

1- (=1

5 FEK (s )

DY ()] 01 )
+d} (050 F§ (s 40) + df,o(eio)FgLﬂ(S—o)]- (N

The allowed quantum numbers in the K™ K~ channel are
SPC =1""(p),3 " (p3),..., and in the K= 7" channels
SP =17(K"),2*(K3), 37 (K3), .... Throughout the rest of
the paper we will assume that the Dalitz distribution can be
saturated with the lowest partial waves, i.e. P waves in both
K"K~ and K*7° channels, and we test this hypothesis by
studying the effect of the D-wave resonances in the K7
channels. Parity conservation implies S = L; therefore, in
the following we will simply denote F¢, by F}. The
(unnormalized) J/ i partial-decay width with respect to
one of the Dalitz invariants (e.g. Mg+g- = /s, _) is ob-
tained by integrating the square of the decay amplitude
over the orientation of the decay plane and the other
independent invariant

dr
d, /s+,

SACHES)

Llno(*+ )

N f dsolTP (8

and
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1— (1S
S N [atatet )5

S,.L

|T|> = F§K(5+—)

S (0T FE(5.10) + dS (07 FE (s 0>]|
)

The overall normalization (N) is adjusted to match the
measured number of events. It is |T|? that determines the
distribution of events in the Dalitz plot (i.e. |T|> = const

would give a flat distribution). The integration limits

s'p! d"(s+ ) are roots of the equation, which define the

boundary of the Dalitz plot
Se_Sy05_0 — (540 + s_o)(mim% + M*>m%
— s, (my + M*m2)
+ 2(mym2 + M*m%, + 2M*mim?2) = 0. (10)

Projections along the Mg+, = /55 and Mg, = 5"
axes can be defined analogously.

In the following section we discuss parametrizations of
the form factors FXK and FX™ in terms of two-body
amplitudes. Any parameters remaining in these parametri-
zations, which are related to the production process as
opposed to final-state interactions, should be determined
by fitting the Dalitz distributions. As discussed in Sec. I we
do not fit the published Dalitz distribution but instead show
the predicted distributions for specific values of these
parameters.

III. THEORETICAL MODEL FOR FORM FACTORS

Unitarity relates production form factors to two-body
amplitudes. In [11,15] we constructed analytical represen-
tations for the isovector, P-wave, two-body, 7, and K K
amplitudes. Here, we further extend the analysis of [11] by
constraining the high-energy behavior and extending the
approach to the K7 channel. We begin with a K matrix and
phenomenological parametrization of the known data (on
the real axis) on phase shifts and elasticities. Even though
the K matrix offers an analytical representation for the
amplitude, it often leads to spurious poles and zeros of
the amplitude when extrapolated outside the physical re-
gion. Therefore, we use the analytical representation for
phase shifts and inelasticity via the K matrix only in the
data region and smoothly extrapolate to match the asymp-
totic behavior of the partial waves at high energies. We
then use the amplitudes, constructed in this way, over the
whole physical energy range as input into the Omnés-
Muskhelishvili integral to construct the regular part of
the scattering amplitude on the left-side of the complex s
plane. With the N(s)/D(s) representation, which is de-
scribed below, we determine the amplitude over the entire
s plane. Finally, we solve the unitarity relation for the form
factors and write the J/s-decay amplitude in terms of the
denominator functions D(s) and production functions
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¢, (s). In the following section, we describe these steps in a
little more detail. All details of the amplitude construction
are given in the Appendixes.

A. Amplitude parametrization

In [11] to describe the high energy limit of the isovector
P wave, the following hypothesis was made: the S matrix is
saturated by two channels, 777 and KK, and the elastic-
channel phase shifts asymptotically approach a multiple
of 77 with elasticity 7 approaching 1. Even though J/
decays probe only a limited energy range, and are quite
insensitive to details of the asymptotic behavior, we might
as well use a different hypothesis that is better rooted in
high energy phenomenology. It is known that at high
energies, elastic cross sections slowly grow with energy
almost approaching the Froissart bound. This implies that
at an impact parameter larger than the interaction region
O(1 fm) there is no interaction while the low partial
waves are suppressed, as if scattering from a ‘“‘gray
disk.” The low partial waves correspond to L << L(s)
where Ly(s) ~ 1/s/2 fm, and while the interaction radius
grows logarithmically with energy, the scattering of the
low partial waves becomes logarithmically suppressed, i.e.
n, ~1—0(1/logs). In the language of Regge ex-
changes, this picture corresponds to the Pomeron exchange
at high energies. Furthermore, since asymptotically the
number of inelastic channels grows rapidly, each individ-
ual inelastic amplitude, e.g. w7 — KK, is expected to fall
off with energy and is represented by exchange of non-
vacuum quantum numbers, aka meson Regge trajectories.
The hypothesis of two-channel dominance in the high
energy limit is, therefore, not necessarily well justified.
Throughout the rest of the paper, we adopt the Regge
picture of high-energy scattering. Matching the K-matrix
parametrization of the low-energy data with Regge asymp-
totics leads to amplitudes of the form (we drop the angular
momentum label on the partial wave),

l‘f matrix(s) s<§
. B low
10 (5) = lta gl = {
taﬁ (S) s > shigh,
(11)
with ti?“mx (s) and t];eégge (s5) determined from K matrix fits

to the low-energy data and Regge fits to the high-energy
fixed rdata, respectively. Greek indices denote two-body
channels, i.e. a = (i, j) = 7, KK, etc. For energies be-
tween Sy, and sy, We smoothly connect both real and
imaginary parts of the K matrix and Regge amplitudes. The
denominator function in the N/D parametrization

NaB(S)
Da,B(S)

is then obtained from the phase of the scattering amplitude
using the Omnés-Muskhelishvili solution of the unitarity

tap(s) = (12)
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relation [(sy, = min(s,, sg), where s, is the a-channel
threshold]

ImD,,4(s) )
afl o —2ipop(s)
—QB(S) = s1n¢aﬁ(s)e 5 (13)

and is given by

Daﬂ(s) _ e—(s/ﬂ') -[Sm ds' $ap(s))/s'(s —.s)’ (14)
where we conveniently normalized D,g(0) = 1. The nu-
merator functions N, (s) are given by the largely unknown
discontinuity of the amplitudes on the left-hand cut. For the
purpose of solving the unitarity relation for the J/ ¢s-decay
form factors, which will be discussed below [cf. Eq. (16)],
it is convenient to have N,z(s)’s for all intervening a, 8
channels having the same analytical form. This is certainly
a simplifying approximation; nevertheless, we have found
that with a simple parametrization

Aag

Naﬁ(s) B s+ s
L

(15)

and with the two-body amplitudes given by Egs. (12) and
(14), it is indeed possible to obtain good fits to the two-
body scattering data, i.e. phase shifts and elasticity.

Having constructed the two-body amplitudes, the next
step is to relate them to the production form factors. This is
done through the unitarity relations, which relate the
imaginary part of the form factors to the two-body ampli-
tudes

Im £ (s) = Y1, 5(s)pP(s)FL (s) (16)
B

with a Bt representing the elastic L-partial wave scattering
amplitude between two-body channels a = (ij) and B =
(i'j). F is the reduced form factor (with the barrier factor
removed)

FJ(s) = q5(s)pL(s) P (s) (17)

with g;;(s) being the relative momentum between mesons i
and j,

Giy(s) = J[s it mj)zi[ss Ll P
and
pils) = [s — (M + m)* s — (M — my)*] (19)

am?
with M being the J/i¢ mass, the relative momentum
between the (ij) pair and the spectator meson k. p,(s) =
2q,;/+/s describes the two-particle phase space. It is
straightforward to show that if the scattering amplitude is
dominated by a single resonance below inelastic threshold
(p = p, pP =0 for B # a) the solution of the unitarity
condition for F is
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c(s)
& — s —imgl'L(s)’

F(s) = c(s)BWk(s) = ~ (20)

where BWK(s) is the Breit-Wigner amplitude [with an
energy dependent width I'; (s)] and c(s) is a real polyno-
mial in s. In the general multiple-channel case, with the
two-body amplitudes all parametrized by the same nu-
merator function as in Eq. (15), the solution to Eq. (16)
is given by [18]

Aol cp(s)
PO-Saky o

with c(s) being analytic functions in the right-hand plane
and Imc,(s) = 0 for s > 0.

7 6
5
- 4
< 4F
o
s 3
-
o 30
r 2
2 -
10 1
0:\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\ 0
0 1 2 3 4 5 6 7
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6
5[ 8
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3 4F 6
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23k
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2
r 2
1-
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0 1 2 3 4 5 6 7
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FIG. 2 (color online). Dalitz plot distribution obtained using,
in Eq. (21), a single two-body KK — KK amplitude (top panel)
and a single two-body 77 — KK amplitude (bottom panel)
[i.e. with cxkg =1 (c,» = 1) for the top (bottom) panel and
¢, (s) = 0 for all other waves].
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B. Results

As discussed in Sec. I, the original BESII analysis was
based on the isobar, resonance parametrization of all three
two-body channels. In the absence of a known isovector
P-wave KK resonance to describe the low-mass KK en-
hancement, it was necessary to introduce a new resonance,
the X(1570). The 7m-phase isovector P-wave shift data,
however, points to significant inelasticity above 1.6 GeV,
which following [2] we have attributed to the KK channel.
The effect of the coupled 777 and KK channels on the
K" K~ 7r%-mass distribution which follows from Eq. (21) is
shown in Fig. 2.

In Fig. 3 we show the Dalitz distribution obtained using
the single Kr-channel amplitude (details are discussed
in Appendix B). Besides the K*(892) peaks, bands at
Mg, = 1.75 GeV are clearly visible in both K* 7% and
K~ m%-mass projections. These are due to the K*(1680)
resonance clearly seen in the K7r-phase shift analysis
[19-21] but apparently not so in the K7 production from
the J/ i decay (cf. Fig. 1). This clear discrepancy indicates
that it is not sufficient to use a single-channel K7 ampli-
tude in the parametrization of the corresponding form
factor in the J/i decay. As discussed in Appendix B,
the K7 amplitude is indeed inelastic above My, ~
1.5 GeV with a possibility of a large coupling to the
K*(892)7 channel.

Finally, in Fig. 4 we show the Dalitz distribution ob-
tained with a combination of three amplitudes, KK — KK,
7 — KK, and K7 — K with relative production coef-
ficients ¢, (s) chosen to best match the observed distribu-
tion in Fig. 1. While the low-mass KK region seems to be
fairly well described, the resonance structures in the K
channel do not match between the elastic tx, g, and
J/¢-decay amplitude. The 77 — KK and KK — KK
amplitudes behave rather smoothly in the region corre-
sponding to the K7 resonances and do not give enough

7r
6 25
SE 20
S afF
8 f 15
o 3[
C 10
2 -
1F 5
0:\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\ 0
o 1 2 3 4 5 6 7
2
S, (GeV?)

FIG. 3 (color online).
K — K amplitude.

As in Fig. 2 but with a single two-body
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FIG. 4 (color online). As in Fig. 2 but with three amplitudes
KK — KK, mm — KK, and K7 — K with relative production
coefficients satisfying cx,(s): cxe(s): crr(s) = 1: 0.3: —0.7.

strength to reduce the peak from the second K*-resonance
region. Thus, we anticipate that the discrepancy is due to
inelasticities in the K7 channel itself. Since we are only
comparing Dalitz distributions as opposed to fitting data,
we do not attempt to further improve the comparison. It is
worth noting that the K*(1410) listed in the PDG is indeed
quite inelastic with only a 6.6% branching to K.

IV. DISCUSSION AND CONCLUSION

Based on unitarity and analyticity we have constructed a
set of analytical two-body amplitudes, which implement
the known phase-shift data. These extend our previous
work in coupled channel P-wave 77 and KK systems
and the J/¢ — 3 decay [11]. The two-body amplitudes
are only an approximation to the three-body decay; never-
theless, they provide a useful starting point and should
match below-inelastic thresholds. We compared the analy-
sis of the J/ ¢ decay with these amplitudes to the original
analysis of the BESII Collaboration, which was based on
the isobar model with coherent Breit-Wigner resonances.
The isobar model with the known, low-mass resonances
only and without inelasticities cannot faithfully produce
the broad structure of low K+ K™ -invariant mass, which
is why in the BESII analysis an additional P-wave reso-
nance X(1576) coupled to K*K~ was introduced. Our
preliminary study indicates that the KK low-mass region
may be described by the inelasticity in the 77 — 77 wave
if attributed to the coupling between 7777 and KK channels.
A single K7 — K amplitude is strongly affected by the
second vector K*(1680) resonance as observed in K
phase-shift analysis. However, in J/¢ decay this reso-
nance seems to be suppressed. It is worth noting that a
similar suppression of the first excited isovector-vector
resonance is also observed in the 377 decay of J/ ¢ [11].
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APPENDIX A: ANALYTICAL MODEL FOR THE
P-WAVE ISOVECTOR w7 — 7@, wm — KK, AND
KK — KK AMPLITUDES

1. K-matrix parametrization (s < s},y)

We use a two-channel K matrix [11] to fit the data on
7w — 7w P-wave phase shift and elasticity n from
[2,16,17] (Figs. 5 and 6). With the S matrix saturated by
two channels, the model makes a prediction for the phase
shift in the KK — KK channel. In this section a, 8 = r,

200

150 —

(s)

100 —

S

ba 06 08 1 1‘.2 T4 16 18
s (Gev)

FIG. 5. Phase shift of the P-wave 77 amplitude. Data are

taken from [2] (circles), [16] (triangles), and [17] (squares). The

solid line is the result of the fit to 6, and n with the analytical
K-matrix representation described in the text.

n(s)

0.2 | | | |
1 1.2 1.4 1.6 1.8
12
s (GeV)

FIG. 6. Same as in Fig. 5 for the inelasticity 7.
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K correspond to the two-body channels 77 and KK,
respectively. The two-channel K-matrix representation is
given by

[f_l(s)]aﬂ = [K_l(s)]aﬁ + 6aB(s - sa)Ia(s): (Al)
where
S 1
1(s) = 1,(0) — %[ ds’Jl —i—‘jm. (A2)

A convenient choice for the subtraction constant /,(0) is to
take Rel,,(M?2) = 0 so that one of the poles of K, corre-
sponds to the Breit-Wigner mass squared Mf, =
(0.77 GeV)? of the p meson. Using the general two-pole
parametrization of the K matrix

2 2
K7T7T - 2a7T + ﬁﬂ- + Yam
M, —s 53—
B2
Kyx = —5—+ ykxo (A3)
Sy — §
Kﬂ'K = KKﬂ' ﬁﬂ-ﬁk + Y=k>
S2
where a2 = I',M2%/(M3 — s,)3?, and fitting the P-wave

7 phase Shlft O
I', = 0.140 GeV and

and the elasticity 7, we obtain

J5=14708GeV, B,=0.199, Bx=089%9, (o4
Yor =5.62X1072  y,x=0.104, ypx=1525,

with the 7’s in units of GeV~2. The comparison of
the phase shift and the inelasticity obtained with this
parametrization and with the data is shown in Figs. 5
and 6. To illustrate unphysical features of the K-matrix
parametrization, we rewrite Eq. (A1) using the standard
N/D representation for 7,5 =1,5/(4q,q5). With the
normalization D,g(0) = 1 we obtain

S~ Zgm
(s — SLl)(S - SL2),

D,(s) = eXp( f s ﬁzﬁisfs) )

N7T7T(S) =A

N s =t
Drls) = (= sjl;zzjiKsz )

" exp( s [ as ‘fz;ﬂ{S’S))),
Nki(s) = Agg G- SSLT)(ZsK - s12)

(A5)

Dgg(s) = exp( [ ds’ ‘/fszES/S)))
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with A, =5649, Agx =2271, and A=
3.048 GeV2. In this K matrix model, the left-hand cut
of N is reduced to two poles at s, ; = —13.87 GeV? and
5.0 = —0.787 GeV?, respectively. There are also first-
order zeros in N,g at z,, = —0.867 GeV? and zgxx =
—13.78 Ge V2. Above the KK threshold the phase of the
inelastic amplitude ¢, is given by ¢ x = 6, + Ok.
From the K matrix we find that, asymptotically,
¢ -x(00) = 277, which corresponds to two CDD [22]
poles: one at the p mass s, ,x = M/z,, and the other at
So.mk = 82 T BuBx/Vax = 3.884 GeV2. Thus, while the
K-matrix parametrization faithfully reproduces the 7
phase shift and elasticity in the whole available energy
range, from 777 threshold up to 1.9 GeV, extrapolation
beyond this range is problematic. The rapid decrease
of ¢, around s~ 6 GeV> seems unphysical. In the
7 — KK channel, the two CDD poles at m? and s, +
B-Bx/vak are clearly an artifact of the pole parametri-
zation of the K matrix. A CDD pole in the inelastic
channel above threshold (cf. the pole at s, .5 =
3.884 GeV?) leads to a discontinuity in a phase shift
and is unphysical. It also implies vanishing inelasticity
1 = 1 at this energy. A pole between 777 and KK thresh-
olds is admissible, e.g. the pole at s, ,x = m,z,, but its
strict overlap with the p mass is also an artifact of the
parametrization. Since the phase space available in J/ s
decay extends up to s,, ~9 GeV? we need to remove
these unphysical features of the K-matrix amplitude. As
discussed in Sec. III we do this by using the K-matrix
amplitudes below s),y,, and above sp;,, we will use Regge
parametrization.

2. Regge parametrization (s > Spjgp)

Regge analysis of w7 — 7r7r scattering has been studied
recently in [23-25], and here we use the results of [25].
Parameters in Regge amplitudes were constrained by ana-
lyzing NN, wN, and 7 scattering data. For completeness,
we give the following relevant formulas:

Q) 7w — 7T

Regge parametrization involves the Regge poles cor-
responding to f-channel exchange of the Pomeron
(P), the P’ [associated with the f,(1270) trajectory],
and the p. The t-channel isospin amplitudes are
given by

1+ e—iﬂ'ap(t)

F 0, s,u) = — —
sinmrap(f)

P(s, 1)

1 + e imap(®

P'(s, 1), (A6)

a sina p (1)
1— e—i#ap(t) (l)
sinmra, (1) p1+ ,(0)
X ebt(s/f)ap(t),

FI=D(1,5,u) = [1+d,1]

(A7)
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Im Fiy 2 (1,5,u) = Byel(s/8) %0+ e0-1 (Ag)
where (5§ = 1 GeV)
1+ ap(t R
Pls. 1) = Bpaaplt) 2D (s o0, (a0)
ap(O[1+ap(1)] n
P'(s,1)= Bp e (s/8)r @ (A10)
P O+ ap]
and the trajectories are given by
ap(t) = ap(0) + ta), (A11)

1
a,(0) + ta), + Etza;’.

ap(t) = a,(t) =

Numerical values of all parameters are given in
Egs. (BS), (B6) of [25]. The s-channel isospin, par-
tial wave amplitudes are normalized according to

Fol (s tu) = (V2)7 = Z(2L+1)t(u)(s)PL(c0s0),

(A12)

where (+/2)7 is the identical particle symmetry fac-
tor: o =2 for 7w — 7w, o =1 for wir — KK,
and o = 0 for KK < KK. The s-channel amplitudes
with I, = 0, 2 are symmetric under ¢ < u exchange;
the I, = 1 amplitude is antisymmetric and s < ¢
crossing leads to the following relation between the
s and the 7-channel isospin amplitudes

Fo Vst u) = S0 5, 0) + 3F0 V(1 s, u)
— 3PP s,u) — (1= ).
(A13)

The (z < u) exchange brings in the u-channel Regge
poles (these were ignored in [25] where only the
forward ¢ = O limit was considered). Finally, pro-
jecting out the P-wave amplitude yields

1 _
12880 () = 1—7; [—1(d cosf) cosB[%Fg’{O)(t, s, u)
+ 1P s u) —

(= u)].

SFY(t, 5, u)

(A14)

The angular integration is done numerically. The
leading asymptotic behavior due to Pomeron ex-
change can be calculated analytically and is given by
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To combine the K matrix (s < sy,,,) With the Regge
projected (s > spion) amplitudes into the full P-wave
7 — 7 amplitude

tK matnx(s) s<s§
Lnls) = { Rega L (Al6)
(5) 5> Spign
we choose \[sjo,, = 2.20 GeV and  [Spin =

2.56 GeV, and use a simple analytical formula to
smoothly join the two amplitudes between s,,,, and
Shigh- The result is shown in Fig. 7.

(i) mm — KK

Re[t _(s)]

-0.2

-0.4

Im[t_(5)]

Asymptotically the r-channel amplitude is domi-
nated by the K* trajectory

cimae @ e () + 1
K 204-(0) + 1

(A17)

1—e

(1,=(1/2)) _
F; f,s,u) =—;
K (&5, u) sinma g (1)

X eb’(a’K*s)“K*(’).

Following [26] we use b =24 GeV %, and
o (1) = 0.352 + et with al. = 0.882 GeV~2.

‘ \ ‘
0 5 10
5 (GeV?)

A A

ORI [ (dcos6) cost[P(s, 1) — P(s, u)] o) s )
s (GeV")
. —3aP+2(b+aplns) SO-1
- 124 Br (b+ albln s)? FIG. 7. Real (top panel) and imaginary (bottom panel) parts of
(A15) the isovector, P-wave amplitude, ...(s) (solid lines). The dashed

line is the result of the K-matrix parametrization.
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The s-channel I, = 1/2 amplitude is antisymmetric
under ¢ < u exchange

PHYSICAL REVIEW D 85, 056003 (2012)

We can fix Bg- by matching our formula in
Eq. (A17) to Eq. (81) in [26] in the limit of t — 0
(forward direction). Taking into account differences

(I,=1) (1 =1)
Fag (s tu) = (s, u, 7). (A18) in normalization employed here and used in [26],
From s < ¢ crossing we obtain we find
(I,=1) — 2p=(01/2)
F Jtu) =3F g t, _
mk (5 610) . (3/(2))S “) ImF g}( W2 s, 1) 500,10
2 —(t—
3F77K (t S, M) (t I/l) — BK*(a/](*S)aK*(O)
(A19) 3 A (a5 O
_ =——— —(a}.5)%" (A21)
In terms of F g;;l)(s,_t, u), the properly normalized 4 Tag-(0)] X
P wave in mm — KK is finally given by
| with A = 1.82 taken from [26] and
(5= [ (dcosb)
B 3 A =0.172. (A22)
Xcos0[3F(1 (1/2))(t S, u) — (t—»u)] K 477 [Mag-(0)]
(A20) Asymptotically, /~22°(s) approaches
J
1- e*imm@ 2ag(1) + 1
Regge ~ d 0 0[ K" bi(g! ) — (1 — ]
(s) smﬂ'aK«(O) ,[ (d cosd) cos 2ak-(0) + 1 @ie-S) (t=w
_l—e —imag0) ,BK*aK* (1 + 2ag(0)[b + ak. In(al.s)] — 2ak. (als)a @1 (A23)

sinmag:(0) 342 2ag-(0) + 1

[6 + a’. In(al.s)]

The complete amplitude is given by

tK matrix(s) 5 < Slo
toi(s) = pien YL (A
(5) 8> Shign
where we choose /siqy, = 2.5 GeV and _[Spign = 3 GeV

as shown in Fig. 8.
(iii) KK — KK
Asymptotically we only retain the Pomeron ex-

change
1+ e*imx,:(t)
(l O)(t $u) = sinmrap(1) aP(t)
P
1+
X 4;1)([) eb(s/§)xr
(A25)

with ap(t) = ap(0) + tap and all other parame-
ters, except BXK, taken from [23,25], while for
the Pomeron coupling to KK we use relation

gk (f<p>> (f (P))Z = 1.15, where the values of

(P)

ﬁ and Bp = (fD)? are taken from [23,25].

From s < t crossing

LEU=0 0 s ) — LU=V s ).

F(I 1)(St”) ki M kk
(A26)

056003-9

For the Pomeron contribution to the s-channel P
wave we thus find

Regge( ) = [ (d cost) cos0 FI O(t s, u).

(A27)
Asymptotically, ¢ Regge(s) is given by
Regge(s) ~l / (dcos) cosBap(r)
% 1 + CYP([) ethaP(t)
2
— / /
~,1 3ap+2(b+aplns)sap(0)7l.
16 (b + allns)?
(A28)
In the full amplitude
( ) {Z‘K matrix S‘) 5 < Siow
tr(s) =4 & . (A29)
Lt () s> spigh
we take /s, = 1.62 GeV and /Sy, = 3 GeV

for real parts of amplitudes and /55, =
1.64 GeV and _/spigp, = 1.8 GeV for imaginary
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FIG. 8. Real (top panel) and imaginary (bottom panel) parts of
the isovector, P-wave amplitude, 7,x(s)/(g-qx) (solid lines).
The dashed line is the result of the K-matrix parametrization.

parts of amplitudes. The different choice for the
real and imaginary parts allows for a smoother
connection with the Regge asymptotics. The phase
of t];e,fge(s) asymptotically approaches /2, but the
phase of 7§ (s) has a sharp drop above 1.65
GeV (see right plot in Fig. 10). Therefore, choosing
/Siow ~ 1.64 GeV allows for a continuous match

between the phases of tx(s), as show in Fig. 9.

3. Phases of amplitudes and D functions

From Regge parametrizations, we find the following
asymptotic behavior for the phases ¢ ,5(s) of the complete
amplitudes:

sinzra p(0) ] T
— arctan| — ———2__ =T (A30
P — AIC an[ 1 + cosmap(0) 2 (A30)
sinra g+(0) ] T
— 27 + arctan| — K N nog 4+ T
Pk o are anl:l—cosw'ak*(O) T3
(A31)
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\
r~<_
I _______________ —
I
I
1
= I
zor !
z
-4
-1 I | :
0 5 10
s (GeV?)
\
b _
i,«_i ——————————————
s -
05 -
0 \ ,
0 5 10
s (GeV?)
FIG. 9. Real (top panel) and imaginary (bottom panel) parts of

the isovector, P-wave amplitude, #x(s) (solid lines). The dashed
line is the result of the K-matrix parametrization.

sina p(0) ] T (A32)

= — t —_— e — == —
Pxg = arc an[ 1 + cosmap(0)

5
These are shown in Fig. 10. For the D function, the Regge
parametrization leads to the following asymptotic limits
[cf. Eq. (14)]

1 i
D, n(s)  s072
— *iwa,{*(o)
AR L (A33)
D ¢ (s) sinra g+(0) $2+1/3)

1 i
Dgg(s) — sU/2°
APPENDIX B: ANALYTICAL MODEL FOR THE
P-WAVE 7K — wK AMPLITUDE

1. K-matrix parametrization (s < sj,y)

To fit the phase shift data on 7K scattering, we use a
two-channel K matrix model, with the two channels
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AMPLITUDES FOR THE ANALYSIS OF THE DECAY ...
200 ‘ ‘

s (GeV?)

500 ‘ ‘

—— — — —|

O]

100 —

By®)

50 —

s (GeVY)

FIC_}. 10. Phase of the 77 (top panel), 7K (middle panel), and
KK (bottom panel) P-wave amplitude. The dashed line is the
result of the K-matrix parametrization from Eq. (5).

being K7 and K*(892)7; in the second channel we
treat K* as a stable particle (i.e. we ignore cuts on
the third sheet). Similarly to the 77, KK case for the
K-matrix representation of K7 and K*(892)7 ampli-
tudes we write

PHYSICAL REVIEW D 85, 056003 (2012)

oF)(s — o
(716 ap = K g + 6,5 220
(B1)
where 7,5 = 1,5/(44,9p),
a = \/(S - s;)(s - s;)’ sciv = (ma * mw—)z»
4s
my; = mg, my = Mg+ 892, (B2)
and
VA =1 - %
L) =10 -2 [ as ( )( ) (B3)

st — )

A convenient choice for the subtraction constant 7,(0)
is to take Rel (M K*(892)) 0 so that one of the poles of

K, is located at mass squared of the K*(892), m3. In
terms of phase shift and inelasticity, the K7 and
K*(892)7r amplitudes are given by

2ié
ne 1 — 1
= 72 , tyy =
P

J1 = nzei(an +32)
2/p1p2 ’

where p,(s) = 4/(1 — %)(1 — %) The denominators
D,p of the K7 and K*(892)7 amplitudes are defined
by the Omnés-Muskhelishvili function

a,B(S)—CXp( a j;:ﬁm )zd ) Pap(s)

s'(s" = s)
To fit the P-wave phase shift data [19-21] we use a
three-pole parametrization of the K matrix

7]€2i622 -1

2ip,
(B4)

tp =1 =

) (B5)

K., o L BT, )\? TRNCIRNUIN
Mgy =S S27S 53—
2
S2 S3
BiBr | MAy 0 1
K12=K21=S_s s—s+ O+ Vs,
2 3
where
W T 592y M 3 30) B7)
I 2 —\13/2°
[(MK*(892) +)(MK*(892) sp)] /

And, for the parameters of the K matrix we obtain
Ik(892) = 0.0504 GeV,
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FIG. 11. ¢/, (top panel) and |#,;| (bottom panel) of K7 — K
scattering amplitude vs data from [20] (squares), [21] (circles),
and [19] (triangles).

S5 =135GeV, /53 =175GeV,

B1 = 0.110, B, = —0.685,

A =0.142, Ay = 1.089.
i = 0.204, ¥ — —0.983, (BS)
Y = 8.329, Y\ = —0.052,

iy = 0.426, Y5y = —3.834

with the y©’s in units of GeV~2 and y")’s in units of
GeV™*. The phase ¢;; and magnitude |f;;| of the
K — Kar-scattering amplitude is compared to the
data in Fig. 11. We can express f,5 = t,5/(4q,qp) in

al + 'yn(M

PHYSICAL REVIEW D 85, 056003 (2012)

terms of a product of poles, zeros, and the Omnés-
Muskhelishvili function

PN nl:I,NZV (s—s
“p “p l'lzzl,s(s SPI)

XeXp<% j(:K+m,,)2d (,;z:B(s ))) (B9)

where N,z is the number of zeros of faB for which we
find N;1; =N » =7, Nyjo = N_5 = 6. The normal-
ization factors are given by N;; =7.075, Ny, =
—421.989, N,, =2.808. The positions of the poles
and zeros are given by (in units of GeV?)

(aﬁ))

SP,]/Z = 03573 + l04055,
Sp3ja = 24912 * i0.5762,

spsje = 20.3504 *+ i3.3856, (B10)
sp7 = —0.00489,
Spg = —6.2666,
and
sU1), = 0.3428 +i0.4470,
500, =2.2188 £ i0.6175,
s(2)s = 12.8061 + i0.2470),
s :o.sgf}z =1.9181 =+ i0.3669, BID
(12) _ (12) _
5.3 =3.3956, s M%(*(ggz),
sU=0. %), =2.2704 +i0.2273,
s%), =202775 % 33479, 5% = —0.00489,
s@ = —6.1874, & =0,
respectively. As can be seen from Fig. 12, this K

matrix leads to a dramatic, most likely unphysical,
drop in the phase ¢;, (dashed line) around 6 GeV?
and results in both ¢;; and &;; vanishing asymptoti-
cally. Furthermore, the resulting ¢ matrix has complex
poles and zeros on the physical sheet [see Eqs. (B11)
and (B11)]. The origin of these unphysical poles can be
illustrated by considering a single channel K;; only,
with a single pole and constant background term. The
resulting 7-matrix element is then given by

K*(892) — )

~>
_

I
o =

(M3

LGP~ e P17 () 2 + 8, (M2

. (B12)
K (892 ¥ )]

K*(892) — ) —

If, for simplicity, we replace mg by m, and keep only the imaginary of 7,(s), in the limit |s| — oo and yY, — 0 with

[v9,1ls] > a2 one finds
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FIG. 12. Real (top panel) and imaginary (middle panel) parts
of the isovector, P-wave amplitude, 7,.x_..x(s) and phase ¢,
(solid curves). The dashed curves are the result of the K-matrix
parametrization.

0
Vil

Y

In the limit 99, — O the pole is on the first sheet and

approaches s — =+ 7’ Even though the K matrix itself
11

(B13)
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has unphysical singularities and zeros it still faithfully
reproduces the phase and magnitude of the amplitude of
Kr-scattering data up to 1.8 GeV. Similarly to the cases in
arar and KK scattering presented in previous sections, we
will truncate the K matrix solution at sy,,, and match it with
Regge parametrization at Syjgh.

2. Regge parametrization for
7' K* — 7°K* (s > Spign)

Asymptotically we only retain the Pomeron (P) in the ¢
channel and the K™ trajectory in the u# channel

1+ e*in'ap(t)
Firl (15, u) = s K ap(1)
1+ aplt
X %()eb’(s/ﬁ)af’(’), (B14)
_ 1 — e ma — 2gp(u) + 1
=020, o = 2%
k=i (16 1 5) sinma g (u) K 2ak+(0) + 1
X el (ah . s)% W, (B15)

The Pomeron trajectory is given in Eq. (A11) with parame-
ters in Pomeron parametrization taken from [23,25], except
for the coupling constant B7K = f\P) f\P) = [ g gKK]1/2 =
1.709. The K* trajectory is given by ag-(u) = 0.352 +
0.882u as in Appendix A. From s—t and s—u channel
crossings, we obtain

- 1
F;"Kﬁfz(s, 1, M) = %Fi’-[(—mﬂ((l S, bt) + F#K—*#K(t S, M)

+Lpn=an)

3/2
3 et s) + = FWKLZTIQ(M,Z,S).

(B16)

The P-wave projection of the Regge amplitude in
mK — mK scattering is given by

Regge

takomk (5) = gl (d cos) cose[\/_ Firl ot s, u)

1
+3 Flr2 4, s)]. (B17)

The complete amplitude for the 7K — 7K amplitude is
given by

tK matrix(s) s <
trk—mi(5) = { Regge L (BI18)

Lok () 8> Shigh
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where we choose \/sio = 2.3 GeV, [Syign = 2.5 GeV
for the real part of the amplitude and /Sy, =
2.7 GeV for the imaginary part of the amplitude as
shown in Fig. 12. From the P-wave projection of the
Regge amplitude we find the following asymptotic be-
havior for the phase ¢;;(s) and denominator function of
the complete amplitudes,

PHYSICAL REVIEW D 85, 056003 (2012)

b1 — arctan[— _sinmap(0) ] =7
1 1 + cosmap(0) 2’
1 .

l
Dox—mk(s)  s(1/2)

(B19)

The phase is shown in Fig. 12.
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