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An improved generalized suppression factor for gluon emission off a heavy quark is derived within

perturbative QCD, which is valid for the full range of rapidity of the radiated gluon and also has no

restriction on the scaled mass of the quark with its energy. In the appropriate limit, it correctly reproduces

the usual dead cone factor in the forward rapidity region. On the other hand, this improved suppression

factor becomes close to unity in the backward direction. This indicates a small suppression of gluon

emission in the backward region, which should have an impact on the phenomenology of heavy quark

energy loss in the hot and dense matter produced in ultrarelativistic heavy ion collisions.
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The main aim of ongoing ultrarelativistic heavy ion
collisions is to study the properties of nuclear or hadronic
matter at extreme conditions. A particular goal lies in the
identification of a new state of matter formed in such
collisions: the quark-gluon plasma (QGP), where the
quarks and gluons are deconfined from the nucleons and
move freely over an extended space-time region. Various
measurements taken at CERN Super Proton Synchrotron
[1] and Brookhaven National Laboratory Relativistic
Heavy Ion Collider [2–8] led to a wealth of information
for the formation of the QGP during the first several fm/c of
the collisions through the hadronic final states. New data
from experiments at CERN Large Hadron Collider [9]
have supported the existence of such a state of matter.

Some of the important features of the plasma produced
in heavy ion collisions include energy loss and jet quench-
ing of high energetic partons, viz., light and heavy quarks.
The Gunion-Bertsch formula [10] for gluon emission from
the processes qq ! qqg has been widely used in different
phenomenological studies of heavy ion collisions, in
particular for radiative energy loss of high-energy partons
propagating through a thermalized QGP [11–24]. The
energy loss is presently a field of high interest in view
of jet quenching of high-energy partons, viz., both light
[22,25–27] and heavy quarks [11–14,16–18,23–25,28–32].
Generally, one expects that jet quenching for heavy quarks
should be weaker than that of light quarks. In contrast, the
nonphotonic data at the Relativistic Heavy Ion Collider [8]
reveal a similar suppression for heavy flavored hadrons
compared to that of light hadrons.

An early attempt to calculate the heavy quark energy
loss in a QGP medium was done in Ref. [12] by using
the Gunion-Bertsch formula of gluon emission for light
quark scattering [10] and just modifying the relevant kine-
matics for heavy quarks. Later, the soft gluon emission
formula for heavy quarks in the high-energy approxima-
tion [14] was renewed in Ref. [13] for the small angle limit.
Soft gluon emission from a heavy quark was found to be

suppressed in the forward direction compared to that from
a light quark due to the mass effect (dead cone effect). The
corresponding suppression factor was obtained as [13],

�
1þ �20

�2

��2
; (1)

where �0 ¼ M=E � 1. E is the energy of the heavy quark
with massM and � the angle between the heavy quark and
the radiated gluon. Often in the literature [15,16] the
expression

k4?
ðk2? þ �20!

2Þ2 ¼
�
1þ �20

sin2�

��2
(2)

is used as the suppression factor to calculate heavy quark
energy loss in heavy ion collisions. Here, k? denotes the
transverse momentum of the emitted gluon and is related to
its energy! by k? ¼ ! sin�. For small angles, (2) reduces
to (1). However, (2) produces not only a dead cone in
forward direction (� � 1) but also in the backward region
(����). The uniform use of such a dead cone for heavy
quark energy loss may not be accurate enough, since high
energy scatterings off partons are associated with gluon
emission in all directions with varying magnitude [14], as
we will see later.
In this article, we revisit the issue and make an attempt

to generalize the gluon emission off a heavy quark by
relaxing the constraints imposed in earlier calculations on
the emission angle of the radiated gluons and the scaled
mass of the heavy quark with its energy. We have found a
generalized expression of the suppression factor that is
identical to (1) and (2) for large E and small �, but unlike
(2) it smoothly becomes unity (no suppression) in the
backward direction. This supports the point of Ref. [13]
that the main modification of the gluon radiation spectrum
due to a nonzero quark mass occurs at small angles
(forward direction) and not at large angles (backward
direction).
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In Fig. 1, the five Feynman diagrams for the process
Qq ! Qqg are shown. According to the notation used in
the figure, the Mandelstam variables are

s ¼ ðk1 þ k2Þ2; s0 ¼ ðk3 þ k4Þ2; (3a)

u ¼ ðk1 � k4Þ2; u0 ¼ ðk2 � k3Þ2; (3b)

t ¼ ðk1 � k3Þ2; t0 ¼ ðk2 � k4Þ2; (3c)

with

sþ tþ uþ s0 þ t0 þ u0 ¼ 4M2: (4)

Soft gluon emission (k5 ! 0) [33] implies t0 ! t, s0 ! s,
u0 ! u. In the center of momentum frame, we consider the
case where the energy of the emitted gluon, !, is much

smaller than the momentum transfer
ffiffiffiffiffijtjp � q? from the

projectile (heavy quark) to the target (light quark), which
again is small compared to the energy of heavy quark E.
This leads to the hierarchy

E �
ffiffiffiffiffi
jtj

p
� !: (5)

It is important to note that the scaled mass of the heavy
quark with its energyM=E and the gluon emission angle �
are free from any constraint.

The gauge-invariant amplitude for the process Qq !
Qqg can be written as the squared matrix elements from
the diagrams of Fig. 1, including their interference terms,

jMQq!Qqgj2 ¼
X
i�j

M2
ij; (6)

where i and j run from 0 to 4 andM2
ij ¼ MiM�

j withMi

being the matrix element of diagram i (see Fig. 1).
With the hierarchy indicated in (5), the different matrix

elements squared are obtained in the Feynman gauge as

M 2
11 ¼ M2

33 ¼
128

27
g6

s2

t2
1

k2?

�
M2

s
� 1þ J

�
J ;

M2
00 ¼ M2

22 ¼ M2
44 ¼ 0;

M2
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27
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s2

t2
1

k2?

�
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M2

s
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��
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M2
14 ¼ M2
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27
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s2
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1
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�
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�
1�M2
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��
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M2
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�
1�M2

s

��
J ;

M2
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(7)

with

J ¼ 1�
��

s

M2
� 1

�
sin2ð�=2Þ þ 1

��1
: (8)

For the calculation of the matrix elements, we used
REDUCE and CalcHep programs [34]. We note that the

results are in accordance with the matrix elements obtained
from the process q �q ! Q �Qg [35] by crossing the light
antiquark and the heavy antiquark. Also, by proper trans-
formation to light-cone variables, this result reduces to that
obtained in Ref. [23] within scalar QCD approximation
and in light-cone gauge.
The gauge-invariant amplitude for the process Qq !

Qqg can now be obtained by summing all the subampli-
tudes (7),

jMQq!Qqgj2 ¼ 12g2jMQq!Qqj2 1

k2?

J 2

ð1� M2

s Þ2

¼ 12g2jMQq!Qqj2 1

k2?

�
1þ M2

stan2ð�2Þ
��2

¼ 12g2jMQq!Qqj2 1

k2?

�
1þM2

s
e2�

��2
;

(9)

where � ¼ � ln½tanð�=2Þ	, the rapidity of the emitted
massless gluon. The two-body amplitude is given by

jMQq!Qqj2 ¼ 8

9
g4

s2

t2

�
1�M2

s

�
2
: (10)

Eq. (9), which is the main result of the present article,
carries a generalized suppression factor, D, as

D ¼
�
1þ M2

stan2ð�2Þ
��2

: (11)

This improved suppression factor is valid in the full range
of � (or rapidity of the emitted gluon) (i.e., ��< �<
þ�) and in the full range ofM=

ffiffiffi
s

p
(i.e., 0<M=

ffiffiffi
s

p
< 1) as

compared to Ref. [14]. As a note, the relation between the
center of mass energy

ffiffiffi
s

p
and the energy of the heavy quark

E reads

FIG. 1. Five tree-level Feynman diagrams for the process
Qq ! Qqg. In each diagram, the thick upper line represents
the heavy quark (Q); the thin lower line represents the back-
ground light quark.
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s ¼ 2E2 þ 2E
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E2 �M2

p
�M2: (12)

We discuss our results in more detail later in this article.
First we consider two limits:

(i) Gunion-Bertsch limit: For M ¼ 0, (9) reduces to the
well-known result of Gunion and Bertsch [10] as

jMqq0!qq0gj2 ¼ 12g2jMqq0!qq0 j2 1

k2?

’ 12g2jMqq0!qq0 j2 1

k2?

q2?
ðq? � k?Þ2

¼ jMqq0!qq0gj2GB; (13)

where we have used (5) that implies q? � k?
[19–21].

(ii) Dokshitzer and Kharzeev’s result: In the limitM �ffiffiffi
s

p
and � � 1, it is

ffiffiffi
s

p ’ 2E and tanð�=2Þ ’ �=2
and (9) reduces to

jMQq!Qqgj2 ¼ 12g2jMQq!Qqj2 1

k2?

�
1þ M2

E2�2

��2

’ 12g2jMQq!Qqj2 1

k2?

�
1þ �20

�2

��2
;

(14)

where �0 ¼ M=E. This expression is precisely the
result derived in Ref. [13].

For convenience, we defineR as the ratio of the squared
matrix element of the 2 ! 3 to that of the 2 ! 2 processes,

R ¼ jMQq!Qqgj2
jMQq!Qqj2

¼ 3g2
1

!2

�
e� þ e��

1þ M2

s e2�

�
2
: (15)

We note that this ratio, R, is related to the gluon emission
multiplicity distribution [19–21] as dng=d�dk

2
? ¼

R=16�3. For the massless case, RM!0 is symmetric in
rapidity. In contrast, a finite mass of the quark rendersR to
be asymmetric in rapidity. To explore this in more detail,
we consider the following rapidity regions:

(1) Forward rapidity ð� � 0Þ: In this case (15)
reduces to

R ��0 ! 3g2
1

!2

s2

M4
e�2�: (16)

Clearly, in this region of rapidity, the gluon emission
is exponentially suppressed, which indicates the
presence of the dead cone in the forward direction
if M � 0.

(2) Midrapidity ð�� 0Þ: At midrapidity, R depends
only weakly on � as

R ��0 ! 12g2
1

!2

�
1þM2

s

��2
�
1� 4�

M2

sþM2

�
:

(17)

(3) Backward rapidity (� � 0): Here, (15) becomes

R ��0 ! 3g2
1

!2
e�2� ¼ RM!0

��0 : (18)

In this region the gluon emission does not depend on
the mass and is, therefore, the same for heavy as
well as light quarks. This is an important aspect for
gluon emission off a heavy quark [12,13,15–17,23].

We also note the dominant process (i.e., Qg ! Qgg)
where a gluon acts as a target. Within the hierarchy (5), it
differs from Qq ! Qqg only by a color Casimir factor
CA=CF ¼ 9=4 as

jMQg!Qggj2 ¼ CA

CF

jMQq!Qqgj2; (19)

since the two-body part is given as

jMQg!Qgj2 ¼ CA

CF

jMQq!Qqj2; (20)

and the other factors are the same for both processes in the
considered approximations. Therefore, the factors D and
R remain unchanged.
In Fig. 2, the suppression factor D [cf. Eq. (11)] is

plotted as a function of � and M=
ffiffiffi
s

p
. Around � � 1, we

observe a canyon for small M=
ffiffiffi
s

p
and a valley for large

M=
ffiffiffi
s

p
, which clearly indicate a presence of a dead cone in

the forward direction with respect to the propagating heavy
quark. The spread of the dead cone increases as M=

ffiffiffi
s

p
increases. In the backward region, ����, the suppres-
sion factor saturates to unity. This suggests that the quark
mass only plays a role in the forward direction when the
energy of the quark becomes of the order of its mass.
The possibility of this large-angle scattering might be

important for heavy ion phenomenology in the context
of the nonphotonic electron data at RHIC and LHC.

FIG. 2. The suppression factor D from (11) as a function of �
and M=

ffiffiffi
s

p
.
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Furthermore, it might also have an impact on the descrip-
tion of the forward-backward asymmetry of dijets and the
seen energy deposition at large angles with respect to the
leading jet [36].

Figure 3 compares our result for the generalized sup-
pression factor D in (11) to that given in (2) as a function

of the emission angle � for charm and bottom quarks with
E ¼ 6 GeV. Eq. (2) agrees with our result in the domain of
a small emission angle. However, the little variation in this
region is due to the constraintM � ffiffiffi

s
p

employed in earlier
calculations, whereas no such constraint is set in our
calculation. In contrast to Eq. (2), our result for the sup-
pression factor D approaches to unity for large emission
angles. This indicates that the backward emission is as
strong as for light quarks.
In summary, we derived a compact expression that

contains a generalized suppression factor for gluon emis-
sion off a heavy quark through the scattering with a light
parton. In the appropriate limit, this expression reduces to
the usually known dead cone factor. Our analysis shows
that there is a suppression of soft gluon emission due to
the mass of the heavy quark in the forward direction. On
the other hand, the present findings also indicate that a
heavy quark emits a soft gluon almost similar to that of a
light quark in the backward rapidity region. This result
might have important consequences for a better under-
standing of heavy flavor energy loss in heavy ion
collisions.
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[15] R. Thomas, B. Kämpfer, and G. Soff, Acta Phys. Hung. A

22, 83 (2005); W. C. Xiang, H. T. Ding, and D. C. Zhou,
Chin. Phys. Lett. 22, 72 (2005); A. Perieanu, University of
Hamburg Report No. DESY-THESIS-2006-002, 2006;
X.M. Zhang, D. C. Zhou, and W.C. Xiang, Int. J. Mod.
Phys. E 16, 2123 (2007).

[16] S. Das, J. Alam, and P. Mohanty, Phys. Rev. C 82, 014908
(2010); S. Mazumder, T. Bhattacharyya, J. Alam, and
S. Das, Phys. Rev. C 84, 044901 (2011).

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 1.2

 1.3

-180-150-120 -90 -60 -30  0  30  60  90  120 150 180

D
ea

d 
C

on
e 

Fa
ct

or

Emission Angle

c quark (E = 6 GeV), Eq. (11)
c quark (E = 6 GeV), Eq. (  2)
b quark (E = 6 GeV), Eq. (11)
b quark (E = 6 GeV), Eq. (  2)

FIG. 3 (color online). Comparison of our result Eq. (11) for the
suppression factor D to Eq. (2) as a function of � for charm and
bottom quarks with energy E ¼ 6 GeV. As a note, a mass of
1.2 GeV (4.2 GeV) for charm (bottom) quarks has been used.

ABIR et al. PHYSICAL REVIEW D 85, 054012 (2012)

054012-4

http://arXiv.org/abs/nucl-th/0002042
http://dx.doi.org/10.1016/j.nuclphysa.2005.02.130
http://dx.doi.org/10.1016/j.nuclphysa.2005.02.130
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.086
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.084
http://dx.doi.org/10.1016/j.nuclphysa.2005.03.085
http://dx.doi.org/10.1103/PhysRevC.81.034911
http://dx.doi.org/10.1103/PhysRevC.81.034911
http://dx.doi.org/10.1103/PhysRevLett.98.012002
http://dx.doi.org/10.1103/PhysRevLett.98.012002
http://dx.doi.org/10.1103/PhysRevLett.98.162301
http://dx.doi.org/10.1103/PhysRevLett.98.162301
http://dx.doi.org/10.1103/PhysRevLett.88.022301
http://dx.doi.org/10.1103/PhysRevLett.88.022301
http://dx.doi.org/10.1103/PhysRevLett.89.092302
http://dx.doi.org/10.1103/PhysRevLett.91.172301
http://dx.doi.org/10.1103/PhysRevLett.91.172301
http://dx.doi.org/10.1016/S0375-9474(02)01423-9
http://dx.doi.org/10.1103/PhysRevLett.98.172301
http://dx.doi.org/10.1103/PhysRevLett.98.172301
http://dx.doi.org/10.1103/PhysRevLett.98.192301
http://dx.doi.org/10.1103/PhysRevLett.105.252301
http://dx.doi.org/10.1103/PhysRevLett.105.252301
http://dx.doi.org/10.1103/PhysRevLett.105.252302
http://dx.doi.org/10.1016/j.physletb.2010.12.020
http://dx.doi.org/10.1016/j.physletb.2010.12.020
http://dx.doi.org/10.1103/PhysRevD.25.746
http://dx.doi.org/10.1103/PhysRevC.82.024907
http://dx.doi.org/10.1103/PhysRevC.82.024907
http://dx.doi.org/10.1016/S0370-2693(98)00429-8
http://dx.doi.org/10.1016/S0370-2693(01)01130-3
http://dx.doi.org/10.1016/S0370-2693(01)01130-3
http://dx.doi.org/10.1088/0954-3899/17/10/023
http://dx.doi.org/10.1088/0954-3899/17/10/023
http://dx.doi.org/10.1556/APH.22.2005.1-2.9
http://dx.doi.org/10.1556/APH.22.2005.1-2.9
http://dx.doi.org/10.1088/0256-307X/22/1/021
http://dx.doi.org/10.1142/S0218301307007568
http://dx.doi.org/10.1142/S0218301307007568
http://dx.doi.org/10.1103/PhysRevC.82.014908
http://dx.doi.org/10.1103/PhysRevC.82.014908
http://dx.doi.org/10.1103/PhysRevC.84.044901


[17] B. Z. Kopeliovich, I. K. Potashnikova, and I. Schmidt,
Phys. Rev. C 82, 037901 (2010).

[18] O. Fochler, Z. Xu, and C. Greiner, Phys. Rev. Lett. 102,
202301 (2009).

[19] S.M.H. Wong, Nucl. Phys. A607, 442 (1996).
[20] R. Abir, C. Greiner, M. Martinez, and M.G. Mustafa,

Phys. Rev. D 83, 011501(R) (2011).
[21] S. K. Das and J. Alam, Phys. Rev. D 82, 051502(R)

(2010); T. Bhattacharyya, S. Mazumder, S. Das, and J.
Alam, Phys. Rev. D 85, 034033 (2012).

[22] G.-Y. Qin et al., Phys. Rev. Lett. 100, 072301 (2008);
M.G. Mustafa and M.H. Thoma, Acta Phys. Hung. A 22,
93 (2005); M.G. Mustafa, Phys. Rev. C 72, 014905
(2005); P. Chakraborty, M.G. Mustafa, and M.H.
Thoma, Phys. Rev. C 75, 064980 (2007); M.G. Mustafa,
D. Pal, and D.K. Srivastava, Phys. Rev. C 57, 889 (1998).

[23] P. B. Gossiaux, J. Aichelin, T. Gousset, and V. Guiho,
J. Phys. G 37, 094019 (2010).

[24] S. Wicks, W. Horowitz, M. Djordjevic, and M. Gyulassy,
Nucl. Phys. A783, 493 (2007); M. Djordjevic and
M. Gyulassy, Nucl. Phys. A733, 265 (2004).

[25] W.A. Horowitz, Ph.D. thesis, Columbia University
[arXiv:1011.4316] and references therein.

[26] A. Majumder and M. Van Leeuwen, Prog. Part. Nucl.
Phys. 66, 41 (2011); G. Y. Qin and A. Majumder, Phys.
Rev. Lett. 105, 262301 (2010).

[27] J. Auvinen, K. Eskola, H. Holopainen, and T. Renk, Phys.
Rev. C 82, 051901 (2010); J. Auvinen, K. Eskola, and
T. Renk, Phys. Rev. C 82, 024906 (2010).

[28] U. Jamil and D.K. Srivastava, J. Phys. G 37, 085106
(2010).

[29] N. Armesto, C. A. Salgado, and U.A. Weidemann, Phys.
Rev. D 69, 114003 (2004).

[30] J. Uphoff, O. Fochler, Z. Xu, and C. Greiner, Nucl. Phys.
A855, 444 (2011).

[31] J. Uphoff, O. Fochler, Z. Xu, and C. Greiner, Phys. Rev. C
84, 024908 (2011).

[32] B.-W. Zhang, E. Wang, and X.-N. Wang, Phys. Rev. Lett.
93, 072301 (2004); B.-W. Zhang, E.-K. Wang, and X.-N.
Wang, Nucl. Phys. A757, 493 (2005).

[33] F. A. Berends et al., Phys. Lett. 103B, 124 (1981).
[34] A. Semenov, Comput. Phys. Commun. 180, 431 (2009).
[35] Z. Kunszt, E. Pietarinen, and E. Reya, Phys. Rev. D 21,

733 (1980).
[36] S. Chatrchyan et al. (CMS Collaboration), Phys. Rev. C

84, 024906 (2011).

SOFT GLUON EMISSION OFF A HEAVY QUARK REVISITED PHYSICAL REVIEW D 85, 054012 (2012)

054012-5

http://dx.doi.org/10.1103/PhysRevC.82.037901
http://dx.doi.org/10.1103/PhysRevLett.102.202301
http://dx.doi.org/10.1103/PhysRevLett.102.202301
http://dx.doi.org/10.1016/0375-9474(96)00220-5
http://dx.doi.org/10.1103/PhysRevD.83.011501
http://dx.doi.org/10.1103/PhysRevD.82.051502
http://dx.doi.org/10.1103/PhysRevD.82.051502
http://dx.doi.org/10.1103/PhysRevD.85.034033
http://dx.doi.org/10.1103/PhysRevLett.100.072301
http://dx.doi.org/10.1556/APH.22.2005.1-2.10
http://dx.doi.org/10.1556/APH.22.2005.1-2.10
http://dx.doi.org/10.1103/PhysRevC.72.014905
http://dx.doi.org/10.1103/PhysRevC.72.014905
http://dx.doi.org/10.1103/PhysRevC.75.064908
http://dx.doi.org/10.1103/PhysRevC.57.889
http://dx.doi.org/10.1088/0954-3899/37/9/094019
http://dx.doi.org/10.1016/j.nuclphysa.2006.11.102
http://dx.doi.org/10.1016/j.nuclphysa.2003.12.020
http://arXiv.org/abs/1011.4316
http://dx.doi.org/10.1016/j.ppnp.2010.09.001
http://dx.doi.org/10.1016/j.ppnp.2010.09.001
http://dx.doi.org/10.1103/PhysRevLett.105.262301
http://dx.doi.org/10.1103/PhysRevLett.105.262301
http://dx.doi.org/10.1103/PhysRevC.82.051901
http://dx.doi.org/10.1103/PhysRevC.82.051901
http://dx.doi.org/10.1103/PhysRevC.82.024906
http://dx.doi.org/10.1088/0954-3899/37/8/085106
http://dx.doi.org/10.1088/0954-3899/37/8/085106
http://dx.doi.org/10.1103/PhysRevD.69.114003
http://dx.doi.org/10.1103/PhysRevD.69.114003
http://dx.doi.org/10.1016/j.nuclphysa.2011.02.101
http://dx.doi.org/10.1016/j.nuclphysa.2011.02.101
http://dx.doi.org/10.1103/PhysRevC.84.024908
http://dx.doi.org/10.1103/PhysRevC.84.024908
http://dx.doi.org/10.1103/PhysRevLett.93.072301
http://dx.doi.org/10.1103/PhysRevLett.93.072301
http://dx.doi.org/10.1016/j.nuclphysa.2005.04.022
http://dx.doi.org/10.1016/0370-2693(81)90685-7
http://dx.doi.org/10.1016/j.cpc.2008.10.012
http://dx.doi.org/10.1103/PhysRevD.21.733
http://dx.doi.org/10.1103/PhysRevD.21.733
http://dx.doi.org/10.1103/PhysRevC.84.024906
http://dx.doi.org/10.1103/PhysRevC.84.024906

