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Exclusive semileptonic and nonleptonic decays of B mesons to orbitally excited light mesons
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The form factors of weak decays of the B meson to orbitally excited scalar, axial vector, and tensor light
mesons are calculated in the framework of the QCD-motivated relativistic quark model based on the
quasipotential approach. Relativistic effects are systematically taken into account. The form factors are
expressed through the overlap integrals of the meson wave functions, and their dependence on the
momentum transfer is self-consistently determined in the whole kinematical range. On this basis semi-
leptonic and two-body nonleptonic B decay rates to orbitally excited light mesons are calculated. Good
agreement of the obtained predictions with available experimental data is found.
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L. INTRODUCTION

Recently significant experimental progress has been
achieved in studying weak decays of B mesons into light
mesons [1]. Many new decay modes have been measured,
including nonleptonic decays involving excited light me-
sons [2-5]. In Ref. [6] we investigated semileptonic
B decays to the ground-state 77 and p mesons in the
framework of the relativistic quark model based on the
quasipotential approach in QCD. The peculiar feature
of the heavy-to-light weak decays is the very broad kine-
matical range in which the recoil momentum of the final
light meson is significantly larger than the mass of the
light meson except for the small region near the point of
zero recoil. Therefore, it is very important to take into
account all relevant relativistic effects and determine
the decay form factors without any extrapolations or
additional parametrizations. Weak decay form factors
were self-consistently calculated [6] in the whole acces-
sible kinematical range. It was found that both the behavior
of the form factors on momentum transfer and differential
and total semileptonic decay rates agree well with the
rather precise experimental data. This allowed us to deter-
mine the Cabibbo-Kobayashi-Maskawa (CKM) matrix
element V.

In this paper we further extend our analysis for the
consideration of the weak semileptonic and two-body non-
leptonic B decays to the orbitally excited light mesons. We
calculate the corresponding decay form factors, paying
special attention to a consistent account of all relativistic
effects and determination of the form factor dependence on
the momentum transfer in the whole accessible kinematical
range. For calculations we use masses and wave functions
of orbitally excited light mesons which were previously
studied by us in Ref. [7]. Table I quotes a comparison of
our predictions for the P-wave light unflavored mesons
with experimental data [1]. Results for scalar ag, f(, spin
triplet *P,) axial vector a, fy, spin singlet ('P,) axial
vector by, hy, and tensor a,, f, mesons are presented. Our
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model predicts [7] light scalar meson masses heavier than
1 GeV. The scalar mesons below 1 GeV are well described
as the light tetraquarks, composed from the light scalar
diquarks and antidiquarks [8]. From Table I we see that the
calculated mass of the scalar ¢g state 1°P is significantly
lower than the mass of the experimentally observed
ao(1450) meson. Our model predicts that this state is also
the tetraquark composed from the axial vector diquark and
antidiquark with the mass 1480 MeV [8]. Nevertheless,
for the purpose of comparison, we assume here that the
lightest scalar gg state corresponds to the a,(1450) meson,
and we test this assumption by confronting the obtained
predictions for the B decays involving this meson with
available experimental data and results of the different
theoretical investigations based on quark models, sum
rules, light-cone sum rules, and perturbative QCD.
Therefore, the study of weak B decays involving light
scalars is an important problem, since it can help to reveal
their real nature.

The calculated weak decay form factors are used for
the evaluation of the semileptonic B decay branching
fractions. Then they are employed for studying the two-
body nonleptonic B decays using the factorization
approach. Such approximation significantly simplifies
calculations, since it expresses the matrix elements of the
weak Hamiltonian responsible for the nonleptonic decays
through the product of the transition matrix elements and
meson decay constants. Comparison of the obtained results
with experimental data, which are mostly available for the
nonleptonic B decays involving light axial vector mesons
[3.4], can help in testing this approach and discriminating
between different models for form factors.

II. RELATIVISTIC QUARK MODEL

In the quasipotential approach a meson is described as a
bound quark-antiquark state with a wave function satisfy-
ing the quasipotential equation of the Schrodinger type,
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TABLE 1. Predicted [7] and measured masses of the P-wave
light (¢ = u, d) unflavored mesons (in MeV).

Theory Experiment [1]
nBStL, JPC g I1=1 Mass =0  Mass
1’P, 0tt 1176  aq 1474(19)  f,  1200-1500
1°P, It 1254 q 1230(40)  f, 1281.8(6)
1°P, 271317 a, 13183(6)  f, 1275.1(12)
1'p, 17~ 1258 by 122953.2) h 1170(20)

(bz(M)—pz)\Ime) - [E1 v g

2pp 2ur @2m)?
(D
where the relativistic reduced mass is
E\E M* = (m? — mj)?
wp = =2  _ 13 2 , (2)
E, +E, aM

and E,, E, are the center of mass energies on mass shell
given by

M2—m%+m%
E=——2 "1 E, =

M? —m% +m%
2M ’

3
M 3)
Here M = E| + E, is the meson mass, m, , are the quark
masses, and p is their relative momentum. In the center of
mass system the relative momentum squared on mass shell
reads

[M? = (my + my)*][M? — (m; — mz)z].

b) = AM?

“4)

The kernel V(p, q; M) in Eq. (1) is the quasipotential
operator of the quark-antiquark interaction. It is con-
structed with the help of the off-mass-shell scattering
amplitude, projected onto the positive energy states.
Constructing the quasipotential of the quark-antiquark in-
teraction, we have assumed that the effective interaction is
the sum of the usual one-gluon exchange term with the
mixture of long-range vector and scalar linear confining
potentials, where the vector confining potential contains
the Pauli interaction. The quasipotential is then defined

by [7]

V(p, a; M) = it,(p)ity(— p) V(p, a; M)u; (q)us(—q), (5)

with
V(p; q,M) = §avD,u,V(k)’y/1Lﬂy5 + V(X)nf(k)r’frﬁll«
+ Vgonf(k)’

where a; is the QCD coupling constant, D ,,, is the gluon
propagator in the Coulomb gauge,
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dar
y da( .. Kk
Dii(k) = —p(ﬁ’-’ - ) (©6)
DOi — Di() — 0,

and k = p — q. Here 7y, and u(p) are the Dirac matrices
and spinors,

Ay = [€@) Fmif 1
up(p) ‘/T(,ﬁ(su;—zm))( v

where o and Y are Pauli matrices and spinors and €;(p) =

p? + m?. The effective long-range vector vertex is
given by
iK
r,(k)=1vy,+ 2 T B
where « is the Pauli interaction constant characterizing
the long-range anomalous chromomagnetic moment of
quarks. Vector and scalar confining potentials in the non-
relativistic limit reduce to

Vc‘fmf(r) =(1—¢)(Ar + B),

k?, ®)

Vcsonf(r) = g(Ar + B),
©))
reproducing

Veont(r) = V3 _(r) + VY _.(r) = Ar + B, (10)

C

where ¢ is the mixing coefficient.

The expression for the quasipotential of the heavy quar-
konia, expanded in v*/c?, can be found in Ref. [9]. The
quasipotential for the heavy quark interaction with a light
antiquark without employing the nonrelativistic (v/c) ex-
pansion is given in Refs. [7,10]. All the parameters of our
model-like quark masses, parameters of the linear confin-
ing potential A and B, mixing coefficient &, and anomalous
chromomagnetic quark moment « are fixed from the analy-
sis of heavy quarkonium masses and radiative decays [9].
The quark masses m;, = 4.88 GeV, m, = 1.55 GeV,
mg = 0.5 GeV, m, ; = 0.33 GeV, and the parameters of
the linear potential A = 0.18 GeV? and B = —0.30 GeV
have values inherent for quark models. The value of the
mixing coefficient of vector and scalar confining potentials
& = —1 has been determined from the consideration of the
heavy quark expansion for the semileptonic B — D decays
[11] and charmonium radiative decays [9]. Finally, the
universal Pauli interaction constant k = —1 has been fixed
from the analysis of the fine splitting of heavy quarkonia
3P, states [9] and the heavy quark expansion for semi-
leptonic decays of heavy mesons [11] and baryons [12].
Note that the long-range magnetic contribution to the
potential in our model is proportional to (1 + ) and thus
vanishes for the chosen value of k = —1 in accordance
with the flux tube model.
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III. MATRIX ELEMENTS OF THE
ELECTROWEAK CURRENT

In order to calculate the exclusive semileptonic decay
rate of the B meson, it is necessary to determine the
corresponding matrix element of the weak current between
meson states. In the quasipotential approach, the matrix
element of the weak current J}) = g, (1 — 7s)b, associ-
ated with the b — ¢ transition, between a B meson with
mass Mp and momentum pp and a final P-wave light
meson F with mass My and momentum pp takes the
form [13]

3 3
Fp)lI¥1B(py) = [ %%,F(p)ru(p, OV, (@),
(11)

where I',(p, q) is the two-particle vertex function and
W, are the meson (M = B, F) wave functions projected
onto the positive energy states of quarks and boosted to the
moving reference frame with momentum p,,.

The contributions to I, (p, q) come from Figs. 1 and 2.
The leading order vertex function I‘E})(p, q) corresponds to
the impulse approximation, while the vertex function
Fﬁf) (p, q) accounts for contributions of the negative-energy
states. Note that the form of the relativistic corrections
emerging from the vertex function Ff) (p, q) explicitly
depends on the Lorentz structure of the quark-antiquark
interaction. In the leading order of the v?/c? expansion for
B and F only FE}) (p,q) contributes, while Ff) (p,q)

A
qp Pq
B F
dg Pg

FIG. 1. Lowest order vertex function F(,p(p, q) contributing to
the current matrix element (11).

A A
q, ? Pq qp ¢ Pq
| |
B | F B | F
| |
dg I Pg dg I Pz

FIG. 2. Vertex function I" Ef) (p, q) taking the quark interaction
into account. Dashed lines correspond to the effective potential
V in (5). Bold lines denote the negative-energy part of the quark
propagator.
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contributes at the subleading order. The vertex functions
look like

I, q) = d,(p,) v, (1 — ¥)uy(g,)2m)38(p; — q7),

(12)
and
r2(p, q) — aq<pq>aq<pq>{m<1 — %))
Ay (k) 0 _
)+ epy VP00
A(i)(k’)
Vo, — q.)—a &)
V9 e @)
X Py, — y?)}ub(qb)uq(qg), (13)

where the superscripts ““(1)” and ““(2)” correspond to
Figs. 1 and 2, the subscripts ¢, g, b are the quark indices,
k=p,—A k'=q,+A A=pp—ppand

Oy _ €(p) = (my° + ¥ (yp))
Ai (p) 26.(p) .

Here the quark momenta are expressed through relative
momenta ¢ and p as follows [13]:

3

Pr . .

Pa@ = €aa(P) == > n(pp)p),
My~ &

3

p ; ;

qn@q) = Eb(q)(Q)M78 * Zn()(pB)q ,
B =1

and n” are three four-vectors given by

i [y
n(’)"(p)={ 8 ks }

14 _ 2 2
L YN & E=qp>+ M.
% ME + M) P

The wave function of a final P-wave F meson at rest is
given by

Vr(p) = \I’IJF%HPJ)(P) = Yy Yresapyp), (14

where J and M are the total meson angular momentum
and its projection, while S =0, 1 is the total spin.
W pes+ P/)( p) is the radial part of the wave function, which
has been determined by the numerical solution of Eq. (1) in
[7,10]. The spin-angular momentum part ygm has the
following form:

yéﬂ\/l = Z(L’M— o — 0y, S0y + ol I M)

0103

11 e
><<§0'1,§U'2|SU'1+0'2>Y1 772y (0) xa(0p).

(15)
Here (j,m,, j,m,|JM) are the Clebsch-Gordan coeffi-

cients, Y}" are spherical harmonics, and x(o) (where
o = *1/2) are spin wave functions,
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x(1/2) = (é) x(=1/2) = ((1))

It is important to note that the wave functions entering
the weak current matrix element (11) are not in the rest
frame, in general. For example, in the B meson rest frame
(pg = 0), the final meson is moving with the recoil mo-
mentum A. The wave function of the moving meson W,
is connected with the wave function in the rest frame
W9 = Vp by the transformation [13]

Wa@) = DY (RY DY (RY )W io(p).  (16)

where RV is the Wigner rotation, L, is the Lorentz boost
from the meson rest frame to a moving one, and the

rotation matrix Dé/ %(R) in spinor representation is given by
1 0 _
(0 | )Dé/ ARY) =S, (p)S,(A)S, (), (I7)

where

S,(p) = €p)tmy(y,  ap )

2m, \ €,(p) +my,

is the usual Lorentz transformation matrix of the four-
spinor.

IV. FORM FACTORS OF THE SEMILEPTONIC
B DECAYS TO THE ORBITALLY EXCITED
LIGHT MESONS

The matrix elements of the weak current JLV =
by, (1 — vs)q for B decays to orbitally excited scalar light
mesons (§) can be parametrized by two invariant form
factors [14]:

(S(pp)lgy*blB(pp)) = 0,
(S(pr)lgy*ysblB(ps)) = f+(a*)(py + pF)
+ f-(@)(ps = pF).  (18)

where four-momentum transfer ¢ = pp — pr, and My is
the scalar meson mass.

The matrix elements of the weak current for B decays to
the spin triplet (3P1) axial vector mesons (AV) can be
expressed in terms of four invariant form factors [14],

(A(pp)lgy*b|B(pg)) = (Mp + MA)hV1 (612)5*“

€ -
+ [, ()Pl + b (@P)PF ) 1
B
(19)
_ 2ihA(612) voo *
(A(pp)lgy*ysblB(pg)) ZMGM PO €,PByPFo
(20)

where M, and e* are the mass and polarization vector of
the axial vector meson. The matrix elements of the weak
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current for B decays to the spin singlet (' P,) axial vector
mesons are obtained from Eq. (19) by the replacement of
the set of form factors ;(g%) by g,(¢?) (i = V,, V5, V3, A).

The matrix elements of the weak current for B decays to
tensor mesons (7') can be decomposed into four Lorentz-
invariant structures [14],

2ity (%) Pk
MLVPT %
MB + MTE €ra MB PBpPFo>
21

(T(pr)lgy*b|B(pp)) =

(T(pp)lgy*ysbIB(pp))

* p o
= (Mp + Mq)ty,(q%)e WML
B
Paph
+ [ta,(¢*) pf + fA3(612)vaL]€Z;3 2 (22)
B

where M and e*” are the mass and polarization tensor of
the tensor meson.

The general structure of the current matrix element (11)
is rather complicated, since it is necessary to integrate with
respect to both d®p and d°>q. We calculate exactly the

contribution of the leading vertex function Fﬁp(p, q) given
by Eq. (12) to the transition matrix element of the weak
current (11) using the & function. As a result, the contri-
bution of Fﬂ)(p, q) to the current matrix element has the
usual structure of an overlap integral of meson wave func-
tions and can be calculated exactly in the whole kinemati-
cal range. The calculation of the subleading contribution
I‘g) (p, q) is significantly more difficult. The heavy quark is
present in the initial B meson only. Therefore, the expan-
sion in its inverse powers retains the dependence on the
relative momentum in the energy of the final light quark.
Such dependence does not allow one to perform one of
the integrals in the decay matrix element (11) using the
quasipotential equation. However, the final light meson has
a large recoill momentum [A =pp—ps, Al =
(M% — M%)/(2M3) ~ 2.5 GeV] almost in the whole kine-
matical range except the small region near g> = g2,
(JA] = 0). This also means that the recoil momentum of
the final meson is large with respect to the mean relative
quark momentum |p| in the meson (~ 0.5 GeV). Thus one
can neglect |p| compared to |A| in the final light quark

energy €,(p + A) =4/m; + (p + A)%, replacing it by

€,(4) E‘/m§+A2 in expressions for the Fg)(p, q).

This replacement removes the relative momentum depen-
dence in the energy of the light quark and thus permits us to
perform one of the integrations in the I‘ﬂ%) (p, q) contribu-
tion using the quasipotential equation. This contribution is
relatively small, since it is proportional to the binding
energy in the meson. To demonstrate this observation, we
show in Fig. 3 leading A!’(¢?) and subleading 1 (¢?)
terms of the form factor h,(¢?) as an example.
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L 1 N N n n 1 n L N L 1

0 5 10 15
¢ (GeV?)

FIG. 3 (color online). The form factor /,(g>) of the B — a,
weak transition with leading h{"(¢?) and subleading 2 (%)
contributions.

Contributions of such terms to other form factors are
similar. Therefore, application of heavy quark and large
recoil energy expansions and the extrapolation of the sub-
leading contribution to the small recoil region introduces
minor errors. Similar calculations for the weak B decays to
light ground-state mesons were made in Ref. [6]. There it
was shown that such extrapolation introduces uncertainties

T T T T
05| ]
[ fe ]
0() '1 n n n n 1 n n n n 1 n n n n 1
0 5 10 15
7 (GeV?)
10 T T T T T M
[ B - bl
08 [ ]
[ —8V3
0.6 : 4
04 [ ]
2t //y ]
00 L 8vi _,,,gy ]
EL n n n n T n n n n 1 n n n 1 e
0 5 10 15
7 (GeV?)

FIG. 4 (color online).
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from the vicinity of zero recoil ¢g*> = g2, of less than 1%.
It is important to emphasize that calculating the form
factors, we consistently take into account all relativistic
contributions, including the boosts of the meson wave
functions from the rest reference frame to the moving
ones, given by Eq. (16). Recently, we performed a similar
calculation of the weak form factors for the transitions of
B, mesons to the orbitally excited mesons [14]. Since in
this calculation the spectator charmed quark was treated
without the 1/m, expansion and the final active quark was
considered to be light in the framework of the approach
described above, we can use, for the present calculation,
the expressions for the decay form factors given in the
Appendix of Ref. [14], with obvious replacements. In the
limits of infinitely heavy quark mass and large recoil
energy of the final meson, these form factors satisfy all
heavy quark symmetry relations [15,16].

For numerical evaluations of the form factors we use the
quasipotential wave functions of the B meson and orbitally
excited light mesons obtained in [7,10]. Our results for the
masses of these mesons are given in Table 1. With the
exception of the a, meson, they are in good agreement
with available experimental data [1].

In Fig. 4 we plot form factors of the weak B transitions to
the isovector P-wave light mesons (scalar a, axial vector
a; and by, tensor a,). The calculated values of these form

T T S T
t B ]
30f B ay E

25t 3

20 E

10f B-a, ]

08l ]

061 ]

04l ]
[ —Ial

02} l

7 (GeV?)

Form factors of the B decays to the P-wave light mesons.
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TABLE II.
and % = g = (Mp — Mp)*.

PHYSICAL REVIEW D 85, 054006 (2012)

Calculated values of the form factors of the B decays to the P-wave light mesons at g> = 0, several intermediate points,

B—>(10 B—>a1 B_’bl B—>a2
7 S S ha hy, hy, hy, 8A 8v, 8v, 8v, ty Ip, I, Ia,
0 027 —-0.66 —-046 -020 017 074 -0.04 -004 -0.05 -0.29 -029 -0.16 —-0.01 -—0.01
2.5 031 -0.71 -0.51 -—-020 016 084 —-0.04 -0.04 -0.08 -0.31 -030 -0.18 —-0.02 -0.01
5 035 -0.78 -0.57 -0.19 015 094 -0.04 -004 -0.09 -0.32 -033 -020 —-0.02 -—0.01
7.5 039 -0.87 -0.64 -0.17 013 1.06 -0.04 -004 -0.10 -035 -038 -—-022 —-0.03 -0.01
10 045 -098 -0.72 -0.15 010 122 -0.03 -0.03 —-0.11 —-038 —-045 -024 —-0.04 -0.01
125 053 —-1.13 -0.84 —-0.11 005 148 —-0.02 -003 -0.13 -044 -056 —-026 —-0.06 —0.01
15 063 —135 -—1.02 -0.03 —0.02 205 001 -0.02 -0.16 -0.60 -0.82 -029 -0.18 —0.01
¢t 078 —1.69 —1.32 0.04 —0.06 348 008 —-002 -027 -102 -1.13 -—-035 —0.43 0

TABLE III. Fitted parameters of form factor parametrizations (23) and (24).

B—>a0 B—>a1 B—’bl B—>a2

I+ f- hy hy, hy, hy, 84 8v, 8v, 8v, Iy Ia, Ia, Ia,
o —120 —-0.63 —0.91 0.04 —-0.15 —0.53 1.20 —0.95 -—-3.04 0.72 098 —0.89 —4.25 —1.33
g, —0.27 -229 —-240 -159 —-185 —-7.10 —125 9.71 246 —14.3 —14.7 —4.04 7.39 16.9
a3 2.35 6.03 9.36 036 —0.82 239 38.1 —30.9 13.5 45.5 36.8 170  —=3.10 —63.9
o, —253 =534 -990 -0.93 252 —=24.2 —41.7 371 =222 —46.4 —-31.8 —174 —3.69 77.1

factors at g> = 0, several intermediate points, and ¢ =
gi.x = (Mg — My)? are given in Table II. Since we do not
distinguish between isovector and isoscalar mesons, the
form factors for the corresponding weak decays involving
isoscalar mesons coincide with the isovector ones up to the
factor 1/+/2, which comes from the flavor function of the
light neutral meson. As it was argued above, the main
source of the uncertainties of our form factor calculations
originates from the subleading terms (13). We can conser-
vatively estimate the error arising from the application of
the heavy quark expansion and the extrapolation of the
subleading contributions to the small recoil region to be
less than 1% in the interval g> = 0—14 GeV? and to be less
than 4% for the interval g> = 14 GeV2—q2,..

These form factors can be approximated with good
accuracy by the following expressions: (a) F(g%) =
F+@, f(gD), ha(@®), hv(g?), gv,(@). gv,(g),
gv, (%), ty(g?), 14,(q?), 14, (7). 14,(q?),

Fg) = S U P
(1+ 01131—%+ 0'2131—%4- 0'3]3—24- 04]3—2)
(b) F(g*) = hy,(g%), hv,(q%), ga(q?),
F(0
F(612)=2F(0)_ ) E) 3 N
(1 + g Al/lli + 0'2[:2—2"‘ 0'3174—2“‘ 0'41‘3—2)
(24)

where the values F(0) are given in Table II and the values
o, (i=1, 2, 3, 4) are given in Table IIL." In the next
sections we apply the obtained form factors for the calcu-
lation of semileptonic and nonleptonic B decays involving
orbitally excited light mesons.

V. SEMILEPTONIC B DECAYS TO ORBITALLY
EXCITED LIGHT MESONS

The differential decay rate for the B meson decay to
P-wave light mesons reads [17]
dU'(B— F(S,AV,T)Ilp)
dq?
_ Gr
(2m)’

/\I/Z(qz _ mlz)z

24M3q?

2 3 2
X [HHT<1 + m—12> + 2 g, ] (25)

2977 24

where Gy is the Fermi constant, V,, is the CKM
matrix element, A = A(M3, M%, ¢*) = M3 + M} + ¢* —
2(M2ZM?2 + M%q* + M%4q?), m; is the lepton mass, and

|Vl4b|2

HH'=H,H! + H_H! + H,H]. (26)

The helicity components H., Hy, and H, of the hadronic

tensor are expressed through the invariant form factors.

'Note that we do not use these parameterizations for further
calculations.
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FIG. 5 (color online). Predictions for the differential decay rates (in |V,,|>107'> GeV~!) of the B semileptonic decays to the P-wave
light mesons.

(a) B— SCP,) transition: (c) B— AV'(!P,) transition: H; are obtained from ex-
pressions (28) by the replacement of the form factors
1/2
— _A 2 hi(q*) by gi(q*).
H. =0 Ho = ﬁf +(@), 27) (d) B — T(*P,) transition:
1 2 2 2 2 2 1/2 1/2
- M- + ¢ f— ()] A A
H[ .\/q_z[(MB Ms)f+(q ) q f (‘1 )] Hi — [(MB +MT)tA1(q2) + IV]’
22M M Mp + My
(b) B— AV(*P,) transition: A1/2
H, {(Mg + Mp) (MG — M7 — ¢4, (q%)
( . 12 0= NGIAY \/— B )My T Al
H. = (Mg + May)hy, (q?) = —————hy,
Mg+ M
{ 5 AV + 7[@12(6]2) +14,(¢M)]} H,
B
H, = W{(MB + M) (Mg — M3y — ¢*)hy,(¢)
AV

2 A M?% — M>
= \/7{(MB + M)ty (¢*) + -5 __ 7

3 2 [ 2 2M
oug L @) + (@], MM .
2MB
A2 X L1, (63) + 10, @]+ 2L [14,(g%) 16}
H, = 72{(1‘/13 + Myy)hy, (¢*) 2MB

MG (29)
My — M3y 2 2

+ 2Mjy (v, (q7) + hy,(q )] Here the subscripts =, 0, ¢t denote transverse, longitudinal,

2 and time helicity components, respectively.
——[hy,(q*) — hy, (qz)]}, (28) Now we subst.itute the .wegk decay form factorg calcu-
lated in the previous section in the above expressions for
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TABLE IV. Predictions for the decay rates of the semileptonic
B decays to the P-wave light mesons (in |V,,|> ps™!).

Decay I'l=-e, pn) I'(l=r17)
B — aylv 3.18 1.00
B— alv 5.90 1.95
B— blv 4.04 091
B— alv 577 1.27

decay rates. The resulting differential distributions for the
B decays to the P-wave light mesons are plotted in Fig. 5.
The corresponding total decay rates are obtained by inte-
grating the differential decay rates over g>. For calcula-
tions we use the following value of the CKM matrix
element, |V,;,| = 0.0038 = 0.00044 [1]. It is necessary to
point out that the kinematical range accessible in these
semileptonic decays is rather broad. Therefore, the knowl-
edge of the ¢”> dependence of the form factors is very
important for reducing theoretical uncertainties of the de-
cay rates. Our results for the semileptonic B decay rates to
the P-wave light mesons are given in Table IV.” The errors
of the decay rates presented in this table originate from the
form factor uncertainties, discussed in the previous section,
and are about 7%.

The predictions for the branching ratios of the semi-
leptonic B decays to the P-wave light meson states’ are
compared with the previous calculations [18-21] in
Table V. The authors of Ref. [18] use the constituent quark
(ISGW2) model. The perturbative QCD (pQCD) approach
is adopted in Ref. [19]. Calculations in Ref. [20] are based
on the light-cone QCD sum rules (LCSR), while Ref. [21]
employs the QCD sum rules (SR). Our predictions for B —
ag,(by)lv decays are somewhat lower than the central
values of pQCD and LCSR, but they are consistent within
rather large errors of the considered approaches. The pre-
dicted central values of the branching ratio for the B —
a,lv decay are close in all calculations except the ISGW2
model, which predicts an order of magnitude lower value.
Therefore, we find that essentially different theoretical
approaches give the values for the B — a;(b;)lv decay
branching ratios of order of 1074, which is the same as
for the decays to the ground-state 77 and p mesons. It is
important to verify these predictions experimentally.

VI. NONLEPTONIC DECAYS

In the standard model nonleptonic B decays are de-
scribed by the effective Hamiltonian, obtained by integrat-

>We used the calculated value of the ag mass from Table 1.

*The presented errors of our calculations arise from the
theoretical uncertainties in form factor calculations and experi-
mental uncertainties which mainly originate from the rather poor
knowledge of the CKM matrix element V,,. The latter uncer-
tainty is dominant.

PHYSICAL REVIEW D 85, 054006 (2012)

ing out the heavy W boson and top quark. For AB =1
transitions (¢ = d, s) [22]

Gr
V2
+ VubVZq[Cl(IU*)OLf + CZ(IUJ)Olzl]

Ho = {Vcbv:,,[cl(umf + es(p)05]

10
v S c,-(mo,»(m}. (30)
i=3

The Wilson coefficients c;(u) are evaluated perturba-
tively at the W scale and then are evolved down to the
renormalization scale p = m, by the renormalization-
group equations. The expressions O; are local four-quark
operators which are given by

0‘1]/ =(7'D)y-a(qq")y-a
0% = (q5b;))v-a(G;q))v—-n

O35 = (qb)V—AZ(q/q/)V—A,(V+A)’
q/

Ou) = (Gibj)y-a Z(q;‘qg)V*A,(V+A)’
q/

3D

079 = 5 (gb)y—4 Zeq’(q/q/)VJrA,(V*A),
ql

W N W

Os10) = 5 (@ibj)v-a Zeq/ (Z5qDv+av-a)

q

where e, denotes the quark electric charge and the follow-
ing notations are used:

(39" ) v=a = qyv,(1 F ys5)q'.

The nonleptonic two-body decay amplitude of a B me-
son into light mesons can be expressed through the matrix
element of the effective weak Hamiltonian H..q,”*

M(B d M1M2)
= (MM, |H|B)

G E3
= —F{vubvb;q[c1<M1M2|0ﬂB> T (M, M,]041B)]

V2

10
AT C,-<M1Mz|0,~(M)IB>}- (32)
i—3

The factorization approach, which is extensively used for
the calculation of two-body nonleptonic decays, assumes
that the nonleptonic decay amplitude reduces to the prod-
uct of a meson transition matrix element and a decay
constant [24]. This assumption, in general, cannot be exact.
However, it is expected that factorization can hold for

“Since we make all further calculations adopting the naive
factorization assumption, we neglect contributions of charming
penguins [23] which are absent in this approximation.
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energetic decays, where both final mesons are light and
therefore possess large recoil momenta [25]. A justification
of this assumption is usually based on the issue of color
transparency [26]. In these decays the final hadrons, which
have a large relative momentum, are produced in the form
of almost pointlike color-singlet objects that do not couple
to soft gluons at leading order. Therefore, they undergo
only hard interactions with the B meson remnants before
they hadronize. A more general treatment of factorization
is given in Refs. [27], where it is shown that its naive form
follows in the heavy quark limit at zeroth order in «, and
AQCD/ mpg.

Then the decay amplitude can be approximated by the
product of one-particle matrix elements; e.g., the tree part
of the matrix element (¢ = d, s) is given by

(MM |c,0; + c,0,|B7)
=~ a (MY(ib)y_|B~XM; [(Gu)y—410)
+ a)(M5 |(gh)y—4 1B~ XM (iiu)y—410),  (33)

in which the Wilson coefficients appear in the following
linear combinations,

1
a; = ¢; t—=ciy (i = odd),

¢ (34)

a; = ¢; +_ci*l

| = even),
N (i = even)

where N, is the number of colors. For calculations we use
the values of the next-to-leading order Wilson coefficients
obtained in Ref. [22] for Al(\i)s = 225 MeV in the 't Hooft-
Veltman (HV) scheme: c¢; = 1.105, ¢, = —0.228, ¢c; =
0.013, ¢4 = —0.029, ¢5 = 0.009, ¢ = —0.033, ¢7/a =
0.005, cg/a = 0.060, co/a = —1.283, co/a = 0.266,
where « is the fine structure constant.

The matrix elements of the weak current (M|(gb)y_4|B)
between B and light meson states are expressed through the
decay form factors [see, e.g., (18)—(22)]. The matrix ele-
ment (M|(g,q,)y—4|0) between vacuum and a final pseu-
doscalar (P), vector (V), scalar (S), and axial vector (AV)
meson is parametrized by the decay constants fpy sy,

(P1g,y*v59210) = ifppl,
<V|q17,u,CI2|0> = 6,u,MVfV’ (35)
S1g1v* 4210y = fspp,
(AVI§17,759210) = €, May fay,

while the corresponding matrix element for the tensor (7')
meson vanishes since

<T|C?1')’,492|0> o e,uvpy = O) (36)

due to the properties of the polarization tensor €,,. The
pseudoscalar fp and vector fy, decay constants were cal-
culated within our model in Ref. [28]. It was shown that the

PHYSICAL REVIEW D 85, 054006 (2012)

complete account of relativistic effects is necessary to get
agreement with experiment for decay constants, especially
for light mesons. The scalar decay constant is proportional
to the difference of the light quark masses and thus exactly
vanishes for the neutral scalar mesons and also vanishes
for the charged ones if isospin symmetry is assumed,
fag ~ fag = fy, = 0. The axial vector b, (*P,) meson

cannot be produced from the vacuum by the axial vector
current due to the G-parity conservation and, therefore,
f», = 0. We use the following values of the decay con-
stants:  f, = 0.131 GeV, f, =0.220 GeV, fg =
0.160 GeV, fg- = 0.220 GeV, f, = 0.240 GeV, and
fa, = fr, = 0.238 GeV. The relevant CKM matrix ele-
ments [1] are |V,,|=0.975, |V,|=0225 |V,|=
[0.0019 — i0.0033| = 0.0038, |V,,| =0.999, [V, =
|0.0080 — i0.0032| = 0.0086, |V,,| = 0.0403.

The matrix elements of the weak current between the B
meson and the final light meson entering the factorized
nonleptonic decay amplitude (33) are parametrized by the
set of decay form factors. Using the form factors obtained
in Sec. IV and our previous results for B decays to the
ground-state 77 and p mesons [6], we get predictions for the
branching ratios of the nonleptonic B decay to orbitally
excited light mesons and display them in Tables IV, V, VI,
VII, VIII, and IX in comparison with other calculations
[29-40]° and available experimental data [1-5]. We can
roughly estimate the error of our calculations within the
adopted naive factorization approach to be about 40%. It
originates both from theoretical uncertainties in the form
factor and effective Wilson coefficient calculations and
from experimental uncertainties in the values of CKM
matrix elements (which are dominant), decay constants,
and meson masses.

The difference between charge combinations of the
same final mesons in Tables IV, V, VI, VII, VIII, and IX
is sometimes enormous. It originates mainly from the
different set of diagrams for the nonleptonic decay process
involving charged and neutral light mesons. For example,
decays B — aj,K~ and B~ — a),K~ are tree domi-
nated, while decays B® — a(,K° and B~ — a,,K° are
penguin dominated. In the case of the decays involving
the axial vector a; meson, the situation is more compli-
cated since its decay constant is not equal to zero; thus
additional diagrams, where a; is produced by the weak
current from the vacuum, contribute to the nonleptonic
decay amplitudes. It is also necessary to take into account
additional factors arising from the composition of neutral
light unflavored mesons [e.g., a¥ = 1/+/2(dd — uii),
i=0,1,2].

In Table VI we present predictions for the branching
ratios of the two-body nonleptonic B decays involving the

>Only central values are given for all theoretical predictions
which have rather large error bars.
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TABLE V. Comparison of theoretical predictions for the branching ratios of the semileptonic B decays to the P-wave light mesons

(in 107%). EFG: Ebert, Faustov, Galkin, this paper.

Decay EFG ISGW2 [18] pQCD [19] LCSR [20] SR [21]
B’ — ajev 7.0 = 2.8 73 32.51236 1842

B — af v 2.2*0.9 13.2427 6.3731

B®—ajfev 13.0 £5.2 19.2 29.67173 30.271903 16
B —afrv 43+ 1.7 13.47]%

B — b ev 8.9 +3.6 24.1 28.8%151 193784

B — b7 2.0 0.8 12.6799

B’ — ajev 12.7 £ 5.1 1.1 11.67%] 16

B’ — ayTv 28+ 1.1 41733 6

P-wave light scalar ¢g meson a,. We compare our results
with predictions of LCSR [29], QCD factorization with the
form factors evaluated in the light-front quark model [30],
naive factorization with form factors obtained using QCD
sum rules [31], and the pQCD [32] approach. We see that
LCSR [29] and pQCD [32] give the branching fractions
which are almost an order of magnitude larger than our
predictions. This is the consequence of significantly larger
values of the form factors f2“(0) = 0.46 in LCSR [29]

TABLE VI. The branching ratios of the two-body nonleptonic
B decays involving the scalar 13P, light mesons (in 107°).

Decay EFG [29] [30] [31] [32] Experimental [1,2]
B'—afm™ 36 20 31 8 <2.3/Blay — n)
B0 — ag’iTO 0.03 0.7

B — a877'7 2.0 25 4

B~ —ay@® 007 1.1 0.01

B —afK~ 029 03 1 <3.1/Blay — nm)
B — adK®  0.02 0.1

B~ —ajy K" 004 0.1

B~ —a)K~ 0.5 02 05

B —afp~ 103 38 133

B0 — agp0 0.05 32

B~ —alp~ 55 25.4

B — aapo 0.10 4.5

B —afK* 20 53 28

B — adK* 035 2.7 14

B~ —a)K* 1.1 2.6 7.0

B~ —ajyK* 08 7.8 30

B —afa; 114
BY — abal 0.05
B~ —ayal 011

B~ —aja; 6.1

and £2(0) = 0.86 in pQCD [32] approaches compared to
our result £5%(0) = 0.27. On the other hand, our predic-
tions are consistent with the ones of [30,31] which both use
£5%(0) = 0.26. In Ref. [30] it was argued that the two-
body nonleptonic B decay rates involving light scalars are
significantly different in the two- and four-quark pictures
of these mesons. Therefore, experimental measurement of
these nonleptonic decay rates can discriminate between
different models for form factors and help to clarify the
nature of light scalars. At present, only experimental upper
limits [2] are available for two BY decay modes to the
scalar ay(1450) and charged pion or kaon, but unfortu-
nately they involve the unmeasured branching ratio
B(ag(1450) — 7).

In Tables VII and VIII we compare theoretical predic-
tions for the two-body nonleptonic B decays involving the
axial vector a; and b, light mesons with available experi-
mental data. The naive factorization hypothesis and decay
form factors calculated within the ISGW2 model are used
in Ref. [33]. In Ref. [34] these decays are investigated in
the framework of QCD factorization with the light-cone
distribution amplitudes evaluated using QCD sum rules.
The authors of Ref. [35] employ naive factorization and
additional input of a limited number of experimental data,’
while pQCD and soft collinear effective theory, with form
factors being fitted parameters, are applied in Ref. [36].
The two-body nonleptonic B decays involving axial vector
light mesons are the best studied experimentally among the
decays to excited light mesons. Values or upper limits are
available for almost half of the decays given in Tables VII
and VIII. Notwithstanding rather large experimental error
bars the existing data can already discriminate between
various theoretical approaches. As it is seen from these
tables our results and predictions of Refs. [34-36] (pQCD
and soft collinear effective theory) are consistent with each

“Two possible values of the K,(1270) and K,(1400) mixing
angle are considered in Ref. [35]. In Tables VII and VIII we
present results only for its preferred value, 58°.
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TABLE VII. The branching ratios of the two-body nonleptonic B decays involving the axial vector 13P, light mesons (in 107°).
Decay EFG [33] [34] [35] pQCD [36] [36] Experimental [1,3]
B> afm 15.7 74.3 9.1 11.8 12.7 10.7 13.0 = 4.3
B®—a;m*t 21.1 36.7 234 123 15.7 17.0 242+ 5.8

B — aim* 36.8 111.0 32.5 24.1 28.3 27.7 33+5

B — afm 0.34 0.27 0.9 1.7 0.12 5.5 <1100

B~ —alm 11.3 432 7.6 8.8 6.7 17.2 204 +47+34
B~ —a;n° 13.7 13.6 14.4 10.6 8.1 19.0 13.2+27+21
B"—af K~ 13.2 722 183 41 20.6 15.8 163 +29+23
B — a%K® 6.0 42.3 6.9 25 8.0 6.3

B~ —a K° 19.8 84.1 21.6 52 25.5 155 332+50*44
B~ —alK~ 143 43.4 13.9 28 154 10.5

B®—afp~ 20.7 43 239 <6l

B’ — afK*~ 3.9 0.92 10.6

B~ —a; K™ 0.66 0.51 11.2 1354000
B"— aV¢ 0.001 0.0005 0.01

B’ — afay 46.1 6.4 37.4 473 +10.5+ 6.3
B — aYa) 0.81 0.1 0.5

B-—a;d) 31.5 3.6 224 <13000

B — a)f, 0.85 0.02 0.1

B™ —ajf 17.9 3.7 12.4

B — fim° 0.56 0.47 0.26

B~ — fim~ 11.6 34.1 52

B — f,K° 2.9 34.7 14.6

B~ — 1K~ 4.9 31.1 14.8 <2.0

other (taking into account rather large error bars) for most
decay branching ratios and agree with the available experi-
mental data, while the results of Ref. [33] are, in most
cases, significantly different and seem to be ruled out by
experiment.

In Table IX our predictions for the branching ratios of
the two-body nonleptonic B decays involving tensor a, and
f> light mesons are confronted with other theoretical pre-
dictions and experimental data. References [37,38] employ
generalized factorization complemented by form factors
calculated in the nonrelativistic ISGW model and covariant
light-front approach, respectively. The authors of Ref. [39]
apply the QCD factorization, while naive factorization and
the improved ISGW2 model are used in Ref. [40]. From
this table we see that theoretical predictions strongly de-
pend on the adopted approach and the model for form
factors. Experimental data are available only for a few
considered decay modes and represent mostly upper limits.
The measurements [5] were recently carried out for two
charged B decays involving the tensor f, meson and the
charged pion and kaon, as well as for one neutral B decay
to f, and K°. Our model prediction for B~ — f,K ™~ is in

agreement with experiment, while the ones for B° — f,K?°
and for B~ — f,7~ are lower and larger than experimen-
tal values, respectively. However, experimental errors are
still large in order to make definite conclusions.

VII. CONCLUSIONS

Weak form factors of the B meson decays to the first
orbital excitations of light mesons were calculated in the
framework of the QCD-motivated relativistic quark model.
The form factor dependence on the momentum transfer
was self-consistently determined in the whole accessible
kinematical range without applying any additional parame-
trizations or extrapolations. All relativistic contributions,
including contributions of the intermediate negative-
energy states and transformations of the wave functions
to the moving reference frame, were consistently taken into
account. This significantly reduces theoretical uncertain-
ties of the obtained form factors.

On this basis the branching ratios of the B semileptonic
decays to orbitally excited light mesons were calculated.
Our predictions were compared with other theoretical
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TABLE VIIL.  The branching ratios of the two-body nonleptonic B decays involving the axial vector 1' P, light mesons (in 1076). All
experimental values include the unmeasured branching ratios B(b; — wr).

Decay EFG [33] [34] [35] pQCD [36] [36] Experimental [1,4]
B — b7 17.7 36.2 11.2 0.7 18.7 7.7

B — by wt 0 0 0.3 ~0 1.4 0.6

B — biw* 17.7 36.2 11.5 0.7 20.2 8.3 10.9 + 1.2 0.9
B — p9=° 0.18 0.15 1.1 0.01 1.5 1.8 0.4=0.8=*0.2
B~ — bm 9.5 18.6 9.6 0.7 5.1 5.0 6.7+ 1.7 1.0
B~ — by n° 0.62 0.29 0.4 0.5 1.0 2.0 1.8 0.9 *0.2
B®— bi K~ 11.6 35.7 12.1 2.0 42.9 8.5 7410 1.0
B% — pIK® 4.4 193 7.3 4.0 233 4.0 511805
B~ — b K" 8.3 41.5 14.0 3.0 55.0 8.6 9.6 1.7+ 0.9
B~ — bK~ 8.2 18.1 6.2 0.7 24.9 4.6 9.1+ 1.7=1.0
B —bfp~ 22.7 1.6 32.1

B — b0p° 0.20 0.002 32 <3.4

B~ — b p° 0.43 0.0005 0.9 <5.2

B~ —bip~ 11.2 0.86 29.1 <33

B’ — b/ K" 4.1 0.32 12.5

B% — K™ 0.36 0.15 6.4 <8.0

B~ — MK 22 0.12 12.8 <6.7

B~ — by K™ 0.7 0.18 7.0 <5.9

B’ — b)¢ 0.001 0.0002 0.01

B®— b by 0 0 1.0

B — b9pY 0 0 32

B~ — b b 0 0 1.4

B — hym° 0.22 0.16 0.16

B~ — hym 9.6 18.6 1.8

B% — nK° 4.3 19.0 10.9

B~ — h K~ 11.1 19.0 11.3

calculations based on the ISGW?2 quark model [18], per-
turbative QCD [19], light-cone sum rules [20], and QCD
sum rules [21]. It is important to point out that in most of
the previous approaches the weak form factors were calcu-
lated in some particular kinematical point or limited kine-
matical range and then were extrapolated to the whole
accessible kinematical range, which is rather broad for
such decays. Thus the ISGW2 quark model allows the
calculation of the form factors at g> = g2, and then
applies the Gaussian parametrization for them, while
light-cone sum rules determine form factors in the range
near g> = 0 and, therefore, require extrapolation. It was
found that all these essentially different approaches predict
that semileptonic decays to orbitally excited light mesons
have branching ratios of order 10~*, which is the same as
for the decays to the ground-state 7 and p mesons.

The obtained form factors were used for the evaluation
of the branching ratios of the two-body nonleptonic decays
of B mesons involving orbitally excited light mesons. The
factorization approach was employed to express the decay
matrix elements through the products of the weak form

factors and decay constants. Decays involving scalar
ay(1450),” axial vector a;(1260), f,(1285), b,(1235),
h(1170) or tensor a,(1320), f,(1270) and light 7, p, K,
and K* mesons were considered. Obtained predictions
were compared with previous calculations based on naive
and generalized factorization with form factors obtained in
different models, QCD factorization, light-cone sum rules,
and perturbative QCD. It was found that the results sig-
nificantly depend on the adopted approach for the calcu-
lation of the decay matrix elements and form factors. Our
predictions agree well with the experimental data, which
are mostly available for the decays involving axial vector
light mesons, while some of the previous calculations
significantly deviate from experimental values. In the fu-
ture more precise and comprehensive data, especially on
the semileptonic decays, can help to discriminate between
various theoretical approaches and form factor models.

"Under the assumption that it is the 13P0 qq state.
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TABLE IX. The branching ratios of the two-body nonleptonic B decays involving the tensor 13P, light mesons (in 1079).

PHYSICAL REVIEW D 85, 054006 (2012)

Decay EFG [37] [38] [39] [40] Experimental [1,5]

B'— ay 7 9.8 4.9 8.19 5.2 13.0 <300

B’ — adn® 0.009 0.0003 0.007 0.24 0.18

B~ —am 5.2 2.6 4.38 3.0 6.7

B-—a,n’ 0.19 0.001 0.015 0.24 0.38

B> a K~ 1.6 0.58 0.73 9.7 0.95

B’ — a9K?® 0.02 0.005 0.014 4.2

B~ —a; K° 0.05 0.011 0.015 8.4

B~ — &K~ 1.0 0.31 0.39 4.9 0.51 <45

B'—ajp- 27.1 14.7 36.2 11.3 36.2

B — afp° 0.23 0.003 0.03 0.39 0.5

B~ —addp~ 14.6 7.3 19.3 8.4 19.4

B~ —a; p° 0.51 0.007 0.071 0.82 1.1 <720

B’ — af K*~ 5.0 35 7.25 6.1 1.9

B® — a9Kk*° 0.9 2.1 4.0 3.4

B~ —a; K* 1.8 4.5 8.6 6.1

B~ — a9K*~ 2.7 1.9 2.8 29 1.0

B’ — aja; 59.0 425

B’ — aYa) 0.32 0.04

B™ —a, a(l) 0.69 0.085

B~ — aday 31.6 22.7

B’ — fym” 0.09 0.0003 0.15 0.19

B~ — fym 5.1 2.8 2.7 7.1 1.57 £0.42 £ 0.167933

B"— f£,K° 0.11 0.005 3.4 27449 0.9

B~ — f,K~ 1.0 0.34 3.8 0.54 1.33 £ 0.30 = 0.11593)
ACKNOWLEDGMENTS discussions. Two of us (R.N.F. and V. O. G.) acknowledge

The authors are grateful to M. Miiller-Preussker for
support and to V. Matveev, V. Savrin, and M. Wagner for

(1]
(2]
(3]

the support by the Deutsche Forschungsgemeinschaft
under Contract No. Eb 139/6-1.

K. Nakamura (Particle Data Group), J. Phys. G 37, 075021
(2010).

B. Aubert et al. (BABAR Collaboration), Phys. Rev. D 75,
111102 (2007).

B. Aubert et al. (BABAR Collaboration), Phys. Rev. Lett.
98, 181803 (2007); Phys. Rev. Lett. 99, 261801
(2007); 100, 051803 (2008); Phys. Rev. D 80, 092007
(2009); P. del Amo Sanchez et al. (BABAR Collaboration),
Phys. Rev. D 82, 091101 (2010).

B. Aubert et al. (BABAR Collaboration), Phys. Rev. Lett.
99, 241803 (2007); Phys. Rev. D 78, 011104 (2008); 80,
051101 (2009).

A. Garmash et al. (Belle Collaboration), Phys. Rev. Lett.
96, 251803 (2006); B. Aubert et al. (BABAR

(6]
[71
(8]
(91

[10]

[11]

054006-13

Collaboration), Phys. Rev. D 78, 012004 (2008); 79,
072006 (2009); 80, 112001 (2009).

D. Ebert, R. N. Faustov, and V. O. Galkin, Phys. Rev. D 75,
074008 (2007).

D. Ebert, R. N. Faustov, and V. O. Galkin, Phys. Rev. D 79,
114029 (2009).

D. Ebert, R.N. Faustov, and V. O. Galkin, Eur. Phys. J. C
60, 273 (2009).

D. Ebert, R. N. Faustov, and V. O. Galkin, Phys. Rev. D 67,
014027 (2003).

D. Ebert, V. O. Galkin, and R. N. Faustov, Phys. Rev. D 57,
5663 (1998); 59, 019902(E) (1998); D. Ebert, R.N.
Faustov, and V. O. Galkin, Eur. Phys. J. C 66, 197 (2010).
R.N. Faustov and V. O. Galkin, Z. Phys. C 66, 119 (1995).


http://dx.doi.org/10.1088/0954-3899/37/7A/075021
http://dx.doi.org/10.1088/0954-3899/37/7A/075021
http://dx.doi.org/10.1103/PhysRevD.75.111102
http://dx.doi.org/10.1103/PhysRevD.75.111102
http://dx.doi.org/10.1103/PhysRevLett.98.181803
http://dx.doi.org/10.1103/PhysRevLett.98.181803
http://dx.doi.org/10.1103/PhysRevLett.99.261801
http://dx.doi.org/10.1103/PhysRevLett.99.261801
http://dx.doi.org/10.1103/PhysRevLett.100.051803
http://dx.doi.org/10.1103/PhysRevD.80.092007
http://dx.doi.org/10.1103/PhysRevD.80.092007
http://dx.doi.org/10.1103/PhysRevD.82.091101
http://dx.doi.org/10.1103/PhysRevLett.99.241803
http://dx.doi.org/10.1103/PhysRevLett.99.241803
http://dx.doi.org/10.1103/PhysRevD.78.011104
http://dx.doi.org/10.1103/PhysRevD.80.051101
http://dx.doi.org/10.1103/PhysRevD.80.051101
http://dx.doi.org/10.1103/PhysRevLett.96.251803
http://dx.doi.org/10.1103/PhysRevLett.96.251803
http://dx.doi.org/10.1103/PhysRevD.78.012004
http://dx.doi.org/10.1103/PhysRevD.79.072006
http://dx.doi.org/10.1103/PhysRevD.79.072006
http://dx.doi.org/10.1103/PhysRevD.80.112001
http://dx.doi.org/10.1103/PhysRevD.75.074008
http://dx.doi.org/10.1103/PhysRevD.75.074008
http://dx.doi.org/10.1103/PhysRevD.79.114029
http://dx.doi.org/10.1103/PhysRevD.79.114029
http://dx.doi.org/10.1140/epjc/s10052-009-0925-2
http://dx.doi.org/10.1140/epjc/s10052-009-0925-2
http://dx.doi.org/10.1103/PhysRevD.67.014027
http://dx.doi.org/10.1103/PhysRevD.67.014027
http://dx.doi.org/10.1103/PhysRevD.57.5663
http://dx.doi.org/10.1103/PhysRevD.57.5663
http://dx.doi.org/10.1103/PhysRevD.59.019902
http://dx.doi.org/10.1140/epjc/s10052-010-1233-6
http://dx.doi.org/10.1007/BF01496586

D. EBERT, R.N. FAUSTOV, AND V. O. GALKIN

[12]
[13]
(14]
[15]
[16]
[17]

[18]
[19]

(20]

(21]
(22]

(23]

D. Ebert, R. N. Faustov, and V. O. Galkin, Phys. Rev. D 73,
094002 (2006).

R.N. Faustov, Ann. Phys. (N.Y.) 78, 176 (1973); Nuovo
Cimento A 69, 37 (1970).

D. Ebert, R. N. Faustov, and V. O. Galkin, Phys. Rev. D 82,
034019 (2010).

J. Charles, A. Le Yaouanc, L. Oliver, O. Pene, and J.C.
Raynal, Phys. Rev. D 60, 014001 (1999).

D. Ebert, R. N. Faustov, and V. O. Galkin, Phys. Rev. D 64,
094022 (2001).

M. A. Ivanov, J. G. Korner, and P. Santorelli, Phys. Rev. D
71, 094006 (2005); 75, 019901(E) (2007).

D. Scora and N. Isgur, Phys. Rev. D 52, 2783 (1995).
R.H. Li, C.D. Lu, W. Wang, and X. X. Wang, Phys. Rev.
D 79, 014013 (2009); R.H. Li, C.D. Lu, and W. Wang,
Phys. Rev. D 79, 034014 (2009); W. Wang, Phys. Rev. D
83, 014008 (2011).

Y. M. Wang, M.J. Aslam, and C.D. Lu, Phys. Rev. D 78,
014006 (2008); K.C. Yang, Phys. Rev. D 78, 034018
(2008); Z.G. Wang, Mod. Phys. Lett. A 26, 2761 (2011).
T.M. Aliev and M. Savci, Phys. Lett. B 456, 256 (1999).
G. Buchalla, A.J. Buras, and M. E. Lautenbacher, Rev.
Mod. Phys. 68, 1125 (1996).

M. Ciuchini, E. Franco, G. Martinelli, and L. Silvestrini,
Nucl. Phys. B501, 271 (1997).

M. Bauer, B. Stech, and M. Wirbel, Z. Phys. C 34, 103
(1987).

M.J. Dugan and B. Grinstein, Phys. Lett. B 255, 583
(1991).

(26]
(27]
(28]

[29]
(30]

(31]

(32]
(33]

(34]
[35]
[36]

(37]

(38]
[39]

[40]

054006-14

PHYSICAL REVIEW D 85, 054006 (2012)

J.D. Bjorken, Nucl. Phys. B, Proc. Suppl. 11, 325 (1989).
M. Beneke, G. Buchalla, M. Neubert, and C. T. Sachrajda,
Phys. Rev. Lett. 83, 1914 (1999); Nucl. Phys. B591, 313
(2000).

D. Ebert, R.N. Faustov, and V.O. Galkin, Phys. Lett. B
635, 93 (2006).

V. Chernyak, Phys. Lett. B 509, 273 (2001).

H.Y. Cheng, C.K. Chua, and K. C. Yang, Phys. Rev. D 73,
014017 (2006); 77, 014034 (2008).

D. Delepine, J. L. Lucio M., J. A. Mendoza S., and C. A.
Ramirez, Phys. Rev. D 78, 114016 (2008).

Z.Q. Zhang, Phys. Rev. D 83, 054001 (2011).

G. Calderon, J. H. Munoz, and C. E. Vera, Phys. Rev. D 76,
094019 (2007).

H.Y. Cheng and K.C. Yang, Phys. Rev. D 76, 114020
(2007); 78, 094001 (2008); 79, 039903(E) (2009).

V. Laporta, G. Nardulli, and T. N. Pham, Phys. Rev. D 74,
054035 (2006); 76, 079903(E) (2007).

W. Wang, R. H. Li, and C. D. Lu, Phys. Rev. D 78, 074009
(2008).

C.S. Kim, J.P. Lee, and S. Oh, Eur. Phys. J. C 22, 683
(2002); 22, 695 (2002); Phys. Rev. D 67, 014002
(2003).

J.H. Munoz and N. Quintero, J. Phys. G 36, 095004
(2009); 36, 125002 (2009).

H.Y. Cheng and K.C. Yang, Phys. Rev. D 83, 034001
(2011).

N. Sharma, R. Dhir, and R.C. Verma, Phys. Rev. D 83,
014007 (2011).


http://dx.doi.org/10.1103/PhysRevD.73.094002
http://dx.doi.org/10.1103/PhysRevD.73.094002
http://dx.doi.org/10.1016/0003-4916(73)90007-9
http://dx.doi.org/10.1007/BF02728769
http://dx.doi.org/10.1007/BF02728769
http://dx.doi.org/10.1103/PhysRevD.82.034019
http://dx.doi.org/10.1103/PhysRevD.82.034019
http://dx.doi.org/10.1103/PhysRevD.60.014001
http://dx.doi.org/10.1103/PhysRevD.64.094022
http://dx.doi.org/10.1103/PhysRevD.64.094022
http://dx.doi.org/10.1103/PhysRevD.71.094006
http://dx.doi.org/10.1103/PhysRevD.71.094006
http://dx.doi.org/10.1103/PhysRevD.75.019901
http://dx.doi.org/10.1103/PhysRevD.52.2783
http://dx.doi.org/10.1103/PhysRevD.79.014013
http://dx.doi.org/10.1103/PhysRevD.79.014013
http://dx.doi.org/10.1103/PhysRevD.79.034014
http://dx.doi.org/10.1103/PhysRevD.83.014008
http://dx.doi.org/10.1103/PhysRevD.83.014008
http://dx.doi.org/10.1103/PhysRevD.78.014006
http://dx.doi.org/10.1103/PhysRevD.78.014006
http://dx.doi.org/10.1103/PhysRevD.78.034018
http://dx.doi.org/10.1103/PhysRevD.78.034018
http://dx.doi.org/10.1142/S0217732311037133
http://dx.doi.org/10.1016/S0370-2693(99)00466-9
http://dx.doi.org/10.1103/RevModPhys.68.1125
http://dx.doi.org/10.1103/RevModPhys.68.1125
http://dx.doi.org/10.1016/S0550-3213(97)00388-X
http://dx.doi.org/10.1007/BF01561122
http://dx.doi.org/10.1007/BF01561122
http://dx.doi.org/10.1016/0370-2693(91)90271-Q
http://dx.doi.org/10.1016/0370-2693(91)90271-Q
http://dx.doi.org/10.1016/0920-5632(89)90019-4
http://dx.doi.org/10.1103/PhysRevLett.83.1914
http://dx.doi.org/10.1016/S0550-3213(00)00559-9
http://dx.doi.org/10.1016/S0550-3213(00)00559-9
http://dx.doi.org/10.1016/j.physletb.2006.02.042
http://dx.doi.org/10.1016/j.physletb.2006.02.042
http://dx.doi.org/10.1016/S0370-2693(01)00515-9
http://dx.doi.org/10.1103/PhysRevD.73.014017
http://dx.doi.org/10.1103/PhysRevD.73.014017
http://dx.doi.org/10.1103/PhysRevD.77.014034
http://dx.doi.org/10.1103/PhysRevD.78.114016
http://dx.doi.org/10.1103/PhysRevD.83.054001
http://dx.doi.org/10.1103/PhysRevD.76.094019
http://dx.doi.org/10.1103/PhysRevD.76.094019
http://dx.doi.org/10.1103/PhysRevD.76.114020
http://dx.doi.org/10.1103/PhysRevD.76.114020
http://dx.doi.org/10.1103/PhysRevD.78.094001
http://dx.doi.org/10.1103/PhysRevD.79.039903
http://dx.doi.org/10.1103/PhysRevD.74.054035
http://dx.doi.org/10.1103/PhysRevD.74.054035
http://dx.doi.org/10.1103/PhysRevD.76.079903
http://dx.doi.org/10.1103/PhysRevD.78.074009
http://dx.doi.org/10.1103/PhysRevD.78.074009
http://dx.doi.org/10.1007/s100520100826
http://dx.doi.org/10.1007/s100520100826
http://dx.doi.org/10.1007/s100520100827
http://dx.doi.org/10.1103/PhysRevD.67.014002
http://dx.doi.org/10.1103/PhysRevD.67.014002
http://dx.doi.org/10.1088/0954-3899/36/9/095004
http://dx.doi.org/10.1088/0954-3899/36/9/095004
http://dx.doi.org/10.1088/0954-3899/36/12/125002
http://dx.doi.org/10.1103/PhysRevD.83.034001
http://dx.doi.org/10.1103/PhysRevD.83.034001
http://dx.doi.org/10.1103/PhysRevD.83.014007
http://dx.doi.org/10.1103/PhysRevD.83.014007

