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Derivative expansion of the heat kernel at finite temperature
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The method of covariant symbols of Pletnev and Banin is extended to space-times with topology
R" X S X - -- X S'. By means of this tool, we obtain explicit formulas for the diagonal matrix elements
and the trace of the heat kernel at finite temperature to fourth order in a strict covariant derivative
expansion. The role of the Polyakov loop is emphasized. Chan’s formula for the effective action to one-

loop is similarly extended. The expressions obtained apply formally to a larger class of spaces, h-spaces,
with an arbitrary weight function /(p) in the integration over the momentum of the loop.
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L. INTRODUCTION

Among other uses, the heat kernel [1] is a tool to deal
with one-loop effective actions in quantum field theory.
The effective action, the trace of the logarithm of the
fluctuation operator [2], suffers from ultraviolet divergen-
ces, as well as many-valuation and anomalies. As noted in
[3], the heat kernel has the virtue of being one-valued, free
from ultraviolet divergences, and gauge invariant.

The heat kernel finds a number of applications: study of
spectral densities of Klein-Gordon operators, proof of in-
dex theorems [4,5], to compute the {-function [6] and the
anomalies of Dirac operators [7], to deal with chiral gauge
theories [8] and models of QCD [9], to the Casimir effect
[10], to compute black hole entropies [11] etc.

Except in very particular manifolds, the heat kernel is
expressed by means of asymptotic expansions. The Seeley-
DeWitt expansion [12,13] is in powers of the proper time
and is available to rather high orders in several setups,
including curved spaces with and without boundary, and in
presence of non-Abelian gauge fields and non-Abelian
scalar fields using different methods [1,8,14-20].

To study quantum field theory at finite temperature, one
can use the imaginary time formalism with compactified
Euclidean time [21,22]. This introduces a modification in
the heat kernel coefficients. Early attempts to compute
those coefficients were made in [23,24]. However, ad hoc
assumptions made in those calculations (essentially what
we call the quenched approximation below) lead to ex-
pressions in conflict with explicit results derived for par-
ticular settings [25,26]. The first systematic and fully
gauge covariant calculation of the heat kernel at finite
temperature was presented in [27,28]. There it was found
that besides the usual covariant derivatives, the Polyakov
loop, (x) was also present in the expressions (consis-
tently with [25,26]). This is to be expected since the
Polyakov loop is the other natural gauge covariant con-
struction allowed at finite temperature. This is not just a
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technical nicety, in fact, nowadays the gluonic Polyakov
loop in QCD at finite temperature plays a prominent role
as a relevant order parameter of confinement in the
very successful Polyakov—Nambu—Jona-Lasinio models
[29-31]. The Polyakov loop appears automatically in any
gauge covariant computation at finite temperature and
solves long standing paradoxes related to gauge invariance
due to naive perturbative expansions [32—-34]. Moreover, it
is the only way a chemical potential could appear in the
effective action. Indeed, the chemical potential is obtained
by the shift Ag(x) — Ay(x) — m, where u is a constant real
c-number. This has no effect in [ Dy, ], but it shows through
the Polyakov loop dependence due to Q(x) — eP*Q(x)
[26,33].

The results of [27,28] refer to the usual heat kernel
expansion. That is, the coefficients are classified according
to the dimension of the operators they carry (this classifi-
cation holds at zero or finite temperature, and at zero
temperature is equivalent to an expansion in powers of
the proper time). In [35], an expansion of the (zero tem-
perature) heat kernel based on the number of covariant
derivatives was carried out. This is a resummation of the
usual expansion in which each coefficient has a fixed
number of covariant derivatives but any number of scalar
fields. The extension to curved space-time was made in
[36]. In the present work we compute, for the first time, the
heat kernel at finite temperature within the covariant de-
rivative expansion.

The results for the heat kernel at finite temperature of
[27,28] were obtained using a rather cuambersome method.
Essentially it was a mixture of (already known) zero tem-
perature coefficients for the spatial covariant derivatives
plus the method of symbols [37,38] for the covariant time
derivative. In this approach some work is required to bring
the expression to a manifestly gauge covariant form, in-
volving the Polyakov loop. This is largely improved in the
present paper. The new idea presented here is based on
extending the method of covariant symbols, introduced by
Pletnev and Banin [39], to the finite temperature case. The
original method was devised for zero temperature, and so it
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assumed a continuous frequency variable. Here, we
adapt the method so that it applies also for the discrete
Matsubara frequencies. The Polyakov loop is accommo-
dated in a natural way in the new approach. By means of
this new technique, the calculation of the heat kernel at
finite temperature or other quantities like the effective
action can be done with manifest gauge covariance at
each step. The method applies to general pseudodifferen-
tial operators.

In loop momentum integrals, the spatial components are
continuous, but the frequency becomes discrete as a
consequence of periodicity. This is equivalent to introduc-
ing a weight function in momentum space which consists
of a family of Dirac deltas with support at the Matsubara
frequencies. Here we find the remarkable result that much
of the formalism also goes through for completely general
weight functions, /(p), in momentum space. This allows
us to obtain Lorentz covariant expressions (prior to mo-
mentum integration). The finite temperature case can be
obtained from the generic one by replacing &(p) by its
Matsubara version. As a third contribution of this work, we
adapt Chan’s formula for the effective action [40] to such
h-spaces, and so, in particular, to finite temperature. (This
automatically implies the corresponding result for the heat
kernel.) The existence of Chan’s form in such a general
setting is far from obvious a priori since the original
construction by Chan relied heavily on integration by parts
and averages in momentum space. These tools are not
available in the presence of a generic weight i(p).

The paper is organized as follows. In Sec. II, we sum-
marize previous results and techniques and develop the
new method of covariant symbols valid at finite tempera-
ture, Eq. (2.40). In Sec. III, we present explicit results for
the strict covariant derivative expansion of the heat kernel
at finite temperature to third order for the diagonal matrix
elements, Eq. (3.26), and to fourth order for the trace,
Egs. (3.31) and (3.32). Nonstationary and non-Abelian
configurations are assumed throughout. In Sec. 1V, we
extend the gauge covariant technique to /-spaces and use
it to obtain the very compact Chan’s form of the effective
action, Eqs. (4.22) and (4.23). In Sec. V, we summarize our
conclusions. Some auxiliary material and results are given
in the Appendices.

II. METHOD OF SYMBOLS

A. General considerations

Let us consider a theory of scalar fields in d-dimensional
Euclidean flat space-time coupled to external fields, in-
cluding gauge fields. Typically,

L(x) = —p0)TKp(x),
K = D% + X(x),
D,=9d,+A,x).

(2.1)
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The external fields X(x) and A, (x) are matrices in internal
space in general. For concreteness we assume that ¢(x)
transforms in the fundamental representation of the gauge
group ¢(x) = U™ (x) ¢ (x).

The corresponding partition function and effective
action are

Z=ID¢*D¢e‘f""M")=e—F, ['=Trlogk. (2.2)

The effective action I' is a functional of the external fields,
and diagrammatically Trlog corresponds to adding one-
loop graphs with the field ¢ running in the loop and any
number of external legs attached to it.

The operation Tr can be expressed as a trace on a single-
particle Hilbert space where K acts. This Hilbert space
includes space-time and also internal degrees of freedom,

= fd"xtr(xllogl(lx), (2.3)
|x) is a basis of the space-time sector,
(xlx’) = 6(x — x'), & lx) = x,1x), (2.4)

and tr refers to the internal degrees of freedom. Likewise,
under a variation of the gauge fields and the scalar field,
one obtains the current and density,

5T — f At ()84, (v) + D(x)SX (),
T u@)=GHK ™, D }x),  D(x)=(x|K"]x).

These examples, as well as the heat kernel, exp(7K), to
be considered later, illustrate the need for computing di-
agonal matrix elements of pseudodifferential operators.
Taking coincident points amount to integrate over the
momentum of the loop.

In view of the above, we consider a generic pseudodif-
ferential operator

(2.5)

f=fDXx)

constructed with the covariant derivative D, and other
fields, X(x). These external fields are bosonic. The quan-
tum field running in the loop may be bosonic or fermionic.
Under a gauge transformation, D, — U *'DM Uu, X—
U~ XU, the diagonal matrix elements transform cova-
riantly, (x| £(D, X)lx) = U~ (x)xI (D, X)|x)U(x).

Our goal is to address the computation of the diagonal
matrix elements of the pseudodifferential operator
(x|f(D, X)|x) and its trace in a gauge covariant setting
valid at zero or finite temperature.

(2.6)

1. Covariant expansions at zero temperature

In general, the diagonal matrix element cannot be ex-
pressed in closed form. At zero temperature, a typical
expansion to be applied is one based in powers of D,
and of X(x). This produces an expansion in terms of local
gauge covariant operators,
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(D, X)|x) = D 21 O, (). 2.7)
A

Here, O,(x) includes all possible local gauge covariant
operators constructed with D, and X, that is, with X,
with the field strength tensor

F,,=[D, D,] (2.8)

and with their covariant derivatives. The coupling con-
stants g, depend on the concrete operator f . Often the
terms are organized by dimensional counting in subsets of
operators with a common dimension. An example is the
standard heat kernel expansion

1

@mn)
1, 1 I,
X(1+7X+ 72 2X +6XML+12FW) )

(2.9)

(xle™®|xy=———

We indicate covariant derivatives using the convention

Y =[D (2.10)

MM p My Mzmﬂu]

for any operator Y; with a (possibly empty) ordered set of
Lorentz indices /. For instance, F,,, = [D,, F,,] and
X B = [Da’ [D,B’ X]]

Another expansion, which is the subject of this work, is
the covariant derivative expansion, which is a resumma-
tion of the previous one: at a given order the number of D,
is fixed while there can be any number of X. For Abelian X
this is just of the form

(x|f(D, X)|x) (2.11)

= Y £1(X(x))0,(x),
A

where now O,(x) contains only X with derivatives and
f1(X(x)) is a generic function of X. In the more general
case of non-Abelian fields, one can still express the expan-
sion by means of labeled operators [35,41]:

(D, X))y = D FAX1 (), -, X, (0) 0, (%) (2.12)
A

The idea is that @, (x) is the product of n — 1 local cova-
riant blocks and the i-th copy of X, denoted X;, is meant to
act between the i — 1-th and the i-th block. For instance,

fve‘XFf“,e(S*’)th= fse
0 0

esX] _ est
= " F2.
X —x, "

X, e(S*[)XQ le/ZLV

(2.13)

Here, X is X acting at the left of F,zw and X, is X acting at
the right. Note that the labeled operators X; can be treated
as c-numbers since X X, = X, X|.

"Here and elsewhere Y denotes a generic operator.
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As an example, all the terms of the heat kernel with
precisely one X, , can be collected in the form [35]

" 1 eTX] + eTX2 2 eTXI _ eTXZ
(xle™|xy=—i{ - + 7= 3
(47r7)il2 X —X)* 7(X;—X)

XX, + ) (2.14)

Expanding in powers of X; gives back the standard heat
kernel expansion

(eTX] + eTXZ

2 eTX] _ eTXZ
X; — X,)? )

7 X, — Xp)?

7.2 7.3
= (g"_ﬁ(xl +X2) + - ')Xﬂ,u
T2
6

3
,
= e X+ XXy (2.15)

2. Covariant expansions at finite temperature

At finite temperature the space-time is RY~! X S! within
the imaginary time formalism, [21,22]. The quantum field
may be bosonic or fermionic, being, respectively, periodic
or antiperiodic in time with period 8 = 1/T, where T is the
temperature. The external fields A,(x) and X(x) are bo-
sonic and hence periodic. The gauge transformations,
U(x), are also periodic.

The expansions in Eqgs. (2.7) and (2.12) refer to zero
temperature and they have to be modified at finite tem-
perature. In fact, at finite temperature there are two gauge
covariant constructions with the operator D, namely, the
covariant derivative [D,, | and the Polyakov loop

- f-*o B Ay(x,0)dt
.\’U .

Q(x) = Pe (2.16)

The Polyakov loop here is not traced; it is a matrix in
internal space and P refers to path ordered product. Also,
the integral starts at x,, rather than zero. The Polyakov loop
so defined is gauge covariant at x,

Qx) — U ') Q) U(Kx). 2.17)

Q(x) is also periodic in x,. In practical terms, (x)
behaves as a local field. This operator appears through
Dy due to the relation [27]

e PP = QO(x). (2.18)
The easiest way to show this is by going to a gauge where
Ap(x) is time independent. In such a gauge Q(x) =
e PYW) while e AP0 = ¢ Bhe =P But e Pl =1 due
to periodicity. The equality holds in any gauge since the
two operators e AP and Q(x) transform in the same

way under gauge transformations. Hence, although for-
mally exp(—BD,) would be a pseudodifferential operator
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(Dy being a differential operator), it is actually just a
multiplicative operator.”

The two gauge covariant constructions [D,, ] and (x)
appear at finite temperature. The heat kernel-like expan-
sion (expansion in powers of D, and X) in Eq. (2.7) is
modified at finite temperature to

D, X)x) = D ga(FQ(x): 70, (). (2.19)
A

Here, O,(x) are still arbitrary local gauge covariant
operators constructed with X and [D,, ]. On the other
hand, g,(=Q(x);T) are functions of the Polyakov loop
and the temperature determined by the pseudodifferential
operator f . The = refers to the two cases of bosonic or
fermionic quantum field, respectively.

Note that, in general, (x) does not commute with the
local operators. We have chosen to put all the dependence
on the Polyakov loop at the left. This can be done due to the
identity [28]

e}

[0,4()] = 3 = ,(@)D}0,

n=1

(2.20)

where g,(€) is just the n-th derivative of g({)) as a
function of the variable i7'log(Q) and D, = [D,, .

For instance, the expansion in Eq. (2.19) has been com-
puted for the heat kernel through operators of dimension
six in [27,28]

1
(xle™x) = @mr)il (§o + 7&oX + - +),
i @zl
kEZ

At zero temperature, £, = 1 and this expression reduces to
that in Eq. (2.9).

For the derivative expansion at finite temperature, one
can write

GlfDX)xy =D (=0, Xy, ... X, T)O,,  (222)
A

with the s at the left of all X’s and O,, and X; is inserted
between the i — 1-th and the i-th blocks of O, as before.
(Recall that @, contains only operators X with derivatives.
X without derivatives go into f.)

The functions f, in Eq. (2.22) are well defined but have
not been computed yet even for the heat kernel. This is a
goal of this work.

“Multiplicative operators will be important in what follows.
By multiplicative operators we mean zeroth-order differential
operators with respect to x. That is, operators which may contain
X, butnot d,. They can be matrices in internal space. Thus, they
are in one-to-one correspondence with ordinary matrix-valued
functions of x.
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3. Countings at zero and finite temperature

Before closing this section, it is important to note that
the counting of a term either by its dimension or by its
number of derivatives is not as clean at finite temperature
as it is at zero temperature. Indeed, to unambiguously
classify a term by its (scale) dimension at zero temperature
one can introduce a bookkeeping parameter A in the ex-
ternal fields as AA, (Ax) and A“X(Ax); a is the dimension
of X anda = 2 in Eq. (2.1). In this way, an operator O, of
dimension y will be tagged by a factor AY. At finite
temperature the number of X’s and [D, ] can still be
counted by a bookkeeping parameter, but the method fails
for Dy because a dilation in the time direction is not
consistent with periodicity of the external fields. Of course,
this is related to the presence of discrete values for p, and
the presence of ()(x) in addition to [D,, ].

At finite temperature there is no bookkeeping parameter
to fix the order of a term in the dimensional expansion, and
so the order is undefined or looks different depending on
how the term is written. To sort out this problem, we take the
prescription of defining the counting after the term has been
written with all )(x) at the left. With this prescription, the
order can be defined without ambiguity (see Appendix A).
We take ()(x) to be of dimension zero. As before, X(x) has
dimension «, [D,, ] has dimension one, and F,, has di-
mension two. For instance, the operator )(x)X(x) carries
dimension «, whereas when using Eq. (2.20)

[X(x), Q(x)] = B[ Do, X(x)] + - - (2.23)

carries leading dimension a + 1 but is not homogeneous in
this counting. As usual, we will consider the leading order as
the order of a nonhomogeneous term.

Everything is similar for the derivative expansion. In this
case, the zero temperature counting comes from AA , (Ax)
and X(Ax). At finite temperature, the term is written
with Q(x) at the left and then () and X count as order
zero, [D,,, ] as order one, and F,,(x) as order two. For
instance, the operator {)(x)X(x) is of order zero, whereas
[X(x), Q(x)] is of order one.

The situation for traced terms at finite temperature is
more involved due to the trace cyclic property. To define
the order of an expression in this case, the natural pre-
scription is to consider all possible ways to write it and
select the one with highest leading order as the true
order of the expression. For instance, using the property
[Dy, Q] = 0 from Eq. (2.20),

Tr(QXoX) = Tr((2X)pX) = —Tr(QXX,)
= —Tr(XoQX) = Tr(— QXX — [Xo, Q]X)
= —%ﬂTI‘(QXO()X) + 0(D3)
- % BTr(QX3) + O(D?). (224)

So this term is of second order in the derivative expansion.
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B. Symbols at zero temperature

A convenient technique to compute the diagonal matrix
elements of a pseudodifferential operator, (x| f(D, X)|x), is
the method of symbols [37,38].

Let us discuss the zero temperature case first. The
Euclidean space-time is R?~! X R. We introduce momen-
tum basis |p),

(xlp)=er,  (plp")=Q@2m)i5(p—p'), |p)=e'P*0),
(2.25)

and the method of symbols goes as follows:

d
o, 0k = [ (;iTP;C,e‘i”"<x|f(D, X)lp)

d
= [hatle vt x)e 0

[E2 s +ip 0 @26)
= x ip, : :
@m)’ !

We have used the relations e '7*D ,e'’* = D, + ip, and

e P¥Xe'P¥ = X because X is multiplicative (i.e., it contains
no derivatives) and the fact that the map Y— e~ 7 Ye'P¥ is a
similarity transformation. In Eq. (2.26), |0) is the state with
wave function equal to unity, (x|0) = 1.

Because of the property 9, |0) = 0, the quantity
(x|f(D + ip, X)|0) is just the symbol of the pseudodifferen-
tial operator f (D, X) [38]. A very important point is that the
operator [ ot 5 f(D + ip, X) contains D,, only in the form

[D,. ]. As a consequence, this operator is automatically
gauge covariant and also multiplicative with respect to x.
As said, a multiplicative operator is equivalent to a function
of x. Specifically, (x| f(£)|0) = f(x){(x|0) = f(x). So {x]|0)
can be left implicit in Eq. (2.26), and one can just write

d
GlA(D, X)) = f d—pd f(D + ip, X). 2.27)
(2m)
The variable p,, represents the momentum carried by the
quantum field ¢ running in the loop.

To obtain a covariant derivative expansion, one simply
expands the right-hand side of Eq. (2.27) in powers of D ,.
Because of gauge invariance, it is guaranteed that if all D,
are brought to the right, for example, using D,Y =
[D,, Y]+ YD, at the end, all terms with D, not in the
form [D,,, ] must vanish after momentum integration. So
gauge invariance of the final result will hold, but it is not
manifest without momentum integration.

C. Covariant symbols at zero temperature

The matrix element (x| f(D, X)|x) is a gauge covariant
quantity, and its covariant derivative expansion can be
obtained by expansion in powers of D, in Eq. (2.27).
However, gauge covariance of the right-hand side holds
only after momentum integration: the symbol itself is not
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covariant. Pletnev and Banin devised a method to trans-
form the symbol into a covariant one [39,42], as follows:

al _
ok = [ SoalDX) @)
with the covariant symbol
- N o, ad
f(D, X) — eza De lpr(D, X)esze id D, aZ — ,
apM
9D = D3? = D, d}. (2.29)

That is, a further similarity transformation is applied which
changes nothing; the new factor e " is equivalent to 1
since no p, lies at its right. On the other hand, the new
factor e’?"? is also equivalent to 1 by integration by parts.
Being a similarity transformation, it can be applied to each
block in f, i.e., D, — D, and X — X with

D,=e
etapD(D’u + ipﬂ)e—la”D’

X = eia”De—ipxXeipxe—iéf’D — eia”DXe—ial’D

ioPD  —i j —igP
i De lpr,u,elpxe io? D

(2.30)

These new operators are directly gauge covariant and
multiplicative (with respect to x) without momentum in-
tegration. Using a derivative expansion, they read

=ip Z Foaudh ook,
. n= l( n+ 1)‘ : # 1
© (2.31)
X = Z{)Hi"xal_._anagl b
n=

As can be seen, the covariant symbol is closely related to the
Fock-Schwinger gauge approach. The map ¥ — Y is an
algebra homomorphism that applies pseudodifferential op-
erators into operators, which are covariant and multiplica-
tive (with respect to x). They are derivative operators with
respect to p,,. Let us stress that in applications of Eq. (2.28),
a constant function equal to 1 is understood at the right so
that 951 =0.?

D. Symbols at finite temperature

Let us now turn to the finite temperature case. For
ordinary symbols one can proceed as before by introducing
a momentum space basis |p) = |p,, p), where the zeroth
component takes values on the Matsubara frequencies:
po = 27nT in the bosonic case, pg = (2n + 1)7T in the
fermionic case with n € Z. Thus,

?Actually, the quantity f'(x, p) = f(D, X)1 is what enters in
the computation of (x| f(D, X)|x). This is an ordinary function of
x and p and so closer to the ordinary symbols except that it is
covariant.
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(x|p)=e'r*,
(plp") = B8, 2m*~16(p—p), (2.32)
|p) =e'P¥|0).

The method of symbols works as before with the following
result:

P X =T f D ip X)) 2.33)

Let us remark that |0) is the state (x|0) = 1, regardless of
whether the quantum field in the loop is bosonic or fermi-
onic. The statistics of the quantum field is contained in the
Matsubara frequencies po- Once again the operator

Ty, [ e (277)(, P f(D + ip, X) is actually multiplicative and
(x]]0) can be omitted

dd l
(x|f(D, X)|x) = Tzf(z e lf(D—i-zp,X) (2.34)

Also, (x| f(D, X)|x) is still gauge covariant.

In previous works we have discussed the effect of the
finite temperature, i.e., the replacement of an integral over
po on R to a sum of p, over Matsubara frequencies. As in
the zero temperature case, after integration over p, the
operator D appears only in the form [D, ]. The reason is
obvious; if one replaces D by D + ia, a being a constant
c-number, the replacement has no effect owing to the
integration over p on R¢~!. However, the same argument
fails for D, (the zeroth component of the gauge covariant
derivative) since p is a discrete variable at finite tempera-
ture. Still, due to the sum over the Matsubara frequencies,
the expression must be periodic in the variable D, with
period 277iT. This not only permits a dependence on [ D, |
but also on e AP0 = ) i.e., on the Polyakov loop.

Let us discuss how to use the ordinary symbols to obtain
the diagonal matrix elements at finite temperature [33]. The
main issue is the gauge invariance. In the method of symbols,
Eq. (2.34), gauge invariance of (x| f(D, X)|x) is manifest only
after the integral on p and the sum on p, are carried out. In
f(D + ip, X), D can be dealt with as in the zero temperature
case to yield [ D, ] after integration on p. This produces an
expression of the type f,(Dy + ipo, [D, ], X). As described
in [28,33], a method suitable to deal with D, to obtain a
derivative expansion is to move D, to the left (using the
identity YD, = DyY — [D,, Y]). In this way, one ends up
with expressions of the type f»>(Dy + ipg;[Dy, |, [D, ], X),
where D, + ip, is only at the left rather than all over the
expression. Summing now over the Matsubara frequencies
produces a dependence on e AP0 = () and finally a cova-
riant expression of the type f3(£), [D,,, ], X) with all () at
the left. This is the form in Eq. (2.19) and in Eq. (2.22).

E. Covariant symbols at finite temperature

The method described at the end of the previous section
is rather cumbersome. So, a method of covariant symbols
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at finite temperature would be advisable, namely, a method
providing manifestly multiplicative and gauge invariant
terms. The problem is that the method of Pletnev and
Banin does not directly apply at finite temperature since
Po is a discrete variable and 9] is not defined. Presently, we
show how to extend the method to the finite temperature
case.

One idea is to change the sum over Matsubara frequen-
cies by appropriate integrals on the complex plane [22]. In
this way, the derivative with respect to p, is defined. The
method works, but we can obtain the final result in a
simpler manner.

Let w, be the Matsubara frequencies, bosonic
(w,, = 2n7T) or fermionic (w,, = (2n + 1)@ T). Then let

hu(po) = D 27T 8(py — w,,). (2.35)

(There is a bosonic version and a fermionic version of this
function.)
Using the function h,;, we can write Eq. (2.33) as

d
G- [ %hM<po><x|f<D+ ip,X)10). (2.36)

Now, we can proceed to make a further similarity trans-
formation as at zero temperature (and valid by the same
reasons) that reads

(lf (D, X)lx)

d? - . o
= [ﬁofle’a DhM(p())f(D +ip, X)e io Dlo)

d’p 07D —i9"D £(1y ¥
Sl by (po)e 2D, 0

This can be simplified by working out the h,(p,) term

(2.37)

io?D —idoPD

1 1
e Po€ _PO"'ZDO_EIFOza,p"' -F

g 10i007 +

(2.38)

hence

e "Phy(po)e™ P = hy(po + iDg) + 0(37).  (2.39)

The point is that due to the integration on p, all af? at the
left (no p lies at the left of the af ) can be set to zero, and so

d
.0k = | éT’;dumM(po +iD)f(D.R)[0). (2.40)

The expression Eq. (2.40) is of great interest. D and X
are the same covariant symbols as at zero temperature and
so they are Lorentz covariant (if the original pseudodiffer-
ential operator is f). They are also multiplicative with
respect to x-space and manifestly gauge covariant. On
the other hand, the D, dependence at the left is also multi-
plicative: under the shift Dy — D, + 2rinT the expres-
sion is unchanged due to periodicity of /), (even without
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integral over p,). Therefore, the dependence is really on
the periodic variable e #P» = (). That is, one can also
write”

d
Gl k= [ (;’;)’m(po — iTlogQ)f(D,X). (2.41)

This expression is already of the form required: gauge
covariant and with € at the left and suitable to take the
expansions in Eq. (2.19) or Eq. (2.22).

For convenience, let us introduce the auxiliary multi-
plicative operator (a matrix in internal space)

O(x) = iT logQ(x).

This is many-valued but, in practice, it appears in periodic
functions so that the result is always a one-valued function
of . Q is Hermitian up to many-valuation () being
unitary. Equation (2.41) takes the form

d’p

0,01 = [ 5o

It is possible to define the quantity Q as the operator Q
placed at the left of all other operators, that is, labeled to
indicate “‘at position zero.” There can be no confusion with
our previous convention of a label indicating a temporal
covariant derivative since [ Dy, Q] = 0 due to [Dy, 1] = 0.
The point is that Q is a c-number: it can be put in any
order in an expression with the same result. Hence, we can
shift the variable p, by an amount Q. This allows us to
write

(2.42)

—0)f(D,X). (243)

<x|f(D X)|x> TZ_[(Z )d lf(D X)l Po—Pot Qo

—TZ f P L P Dy +iQy, Dy X). (2.44)

(The last equality holds because p, does not appear in
DO lpo, Dl,OI'X)

In Eq. (2.43), one can carry out the momentum deriva-
tives 9%, implied by D, and X. The derivatives 9/ can be
taken to the right or to the left by parts. The temporal
derivative 9§ can only be taken to the right if the form of
hy(po — Dy) is to be preserved. Taking all of the 94, to the
right has the virtue of leaving an ordinary function f'(x, p),
which is temperature independent, and manifestly Lorentz
and gauge covariant,

d
LD, X)) = j é%dhmpo —O)ff(x p). (245)

Equations (2.43) or (2.45) solve the problem of using
gauge covariant symbols at finite temperature. In addition,
the breaking of Lorentz covariance is minimal. The zero
temperature limit is recovered by setting /,, to unity.

*Once again, in Eq. (2.41), a constant function equal to 1 is
implicit at the right so that 5,1 = 0.
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F. Polyakov loop and real-time thermal field theory

Mathematically, the imaginary time formalism is the
simplest approach to quantum field theory at finite tem-
perature. The real time approach (in its various versions) is
more involved but better suited for time-dependent observ-
ables [22].

In that approach, the frequency is a continuous variable
rather than discrete. In the expressions derived for the
covariant symbols at finite temperature, the sum over
Matsubara frequencies can be traded by integrals by means
of well-known relations Egs. (2.3.22-24) of [22]). Starting
from Eq. (2.44), we find

d—l
Gl o0k = [ (" (dP0+ dpy

2@ \J 27 Je. 2P0

j (po))f<Do+on,D,,X> (2.46)

Here,
_ 1
n(po) = T
(= for bosons or fermions, respectively). The first fre-
quency integral is along the p, real axis, whereas the
contours C+ enclose only the singularities of f as a func-
tion of pg, in the half planes Imp, >0 and Imp, <O,
respectively. Undoing the shift po — py, + Q, gives

(x| f(D, X)|x)

(2.47)

d'p ([dpo f dpo 1
Q) ! c, 2m +Q e BP0 —
de 1

dpo 7_1) F(D, X).

c. 2 +QelPro
(C+ are as before for the new f since Q, is real.)

This expression is not yet in the form of the real-time
formalism, but it is closer to it. Upon Wick rotation, factors
of the type n(p,) should appear in the propagators through
the thermal occupation numbers, while the integral over
the real axis should come from the zero temperature part
of the thermal propagators [22].

The connection with the real time formalism is, of course,
of great interest and worth studying. We do not pursue this
subject any further in the present work, but in view of
Eq. (2.48) one can conjecture that the fields in the form
f(D, X), including time covariant derivatives, will follow
the pattern of ordinary local external fields as treated in the
real-time formalism. On the other hand, the occupation
number will pick up a Polyakov loop following the pre-
scription e#P0 — Q) ePBPo. This automatically produces the
correct coupling of the chemical potential, eé## by means of
the prescription Ay(x) — Ag(x) — w (since —A, essentially
represents a local and possibly non-Abelian chemical
potential).

The meaning of ()(x) in the real-time context needs to be
elucidated. If the configuration of the external fields is
stationary, essentially the imaginary time formula already
gives the result. In this case, ((x) = e A% with A, (x)

(2.48)
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Hermitian. A, is the same variable in the Euclidean and
Minkowski versions; however, in the Minkowski case this
variable is taken along the real axis of its complex plane,
while in the Euclidean version it is preferable to work with
the variable extended to the imaginary axis. The imaginary
time integration in the definition of () is not rotated to real-
time because it comes from the factor e A in the partition
function and so from an evolution in imaginary time
from 1, to ty—iB (Kubo-Martin-Schwinger condition
[43]). Therefore, it takes the same form in any finite tem-
perature formulation.

Let us consider now the more general case of nonstationary
configurations. In the closed-path approach [44,45], one starts
with a thermal mixed state at time ¢ = f,,. This implies that the
system is stationary for ¢ < z,. Measurements are taken at
later times, where time-dependent sources also may act. By
assumption of thermal equilibrium, either the Hamiltonian is
stationary for ¢ < 1 or it is so after application of a suitable
gauge transformation. Then, for r < #,, Ay(x) is well-defined
modulo stationary gauge transformations and this defines
Q(x) = e PYW  which also transforms covariantly.
Further gauge transformations, for instance, carrying A, to
zero, exist but they are not stationary and so they would
introduce a time dependence in the other components of the
gauge connection (and possibly on other gauge covariant
fields). Therefore, such transformations are not allowed for
t <ty and () is well-defined. Because the external fields
configuration is not required to be stationary for ¢ > #,, one
can choose a continuous gauge in which A, (x) takes the same
value at all times. (Because any Ay (x, 1) can be brought to zero
by means of a suitable gauge transformation, any configura-
tion Ay (x, ) can be transformed into any other.) This shows
that {)(x) is also present in the real-time approach and this is
the quantity that will appear with e#? in the propagators.

III. HEAT KERNEL AT FINITE TEMPERATURE

A. Diagonal coefficients
1. Expansions of the heat kernel

Let K = D> + X be the Klein-Gordon operator as in
Eq. (2.1). The heat kernel is the solution of the associated
heat equations 9.G(7) = KG(7), G(0) =1, 7 =0 with
solution G(7) = exp(7K).” From the heat kernel one can
recover the propagator K~ ! and the effective action TrlogK.

The diagonal matrix elements of the heat kernel (at zero
or at finite temperature) can be expanded, classifying the
terms by their mass dimension

1
(x]e™®|x) = W;Tﬂa"(x; 7). 3.1)

SFor the Klein-Gordon operator, the parameter 7 has dimen-
sions of inverse mass squared, nevertheless, it is called the Fock-
Schwinger proper time [46] since in the heat kernel equation it
plays the role of time with corresponding Hamiltonian iK acting
in the Hilbert space spanned by |x).

PHYSICAL REVIEW D 85, 045019 (2012)

Each a,, has dimension 2n and depends on the temperature.
The expansion is asymptotic. At zero temperature this is
equivalent to an expansion in powers of 7 and is just the
standard heat kernel expansion. In general, the a, depend
also on 7 and 7. The order of the term is defined by the mass
dimension carried by the external fields. Hence, by dimen-
sional counting, the coefficient can only depend on the
combination 772. A remarkable property of the heat kernel
coefficients is that they do not depend explicitly on the
space-time dimension. This property is preserved at finite
temperature.

At zero temperature the index n takes nonnegative inte-
ger values.® However, at finite temperature n can also take
(positive) half-integer values. This follows from breaking of
Lorentz invariance down to rotational invariance; at finite
temperature an odd number of time derivatives is not for-
bidden. The expansion at finite temperature has been com-
puted in [27,28] through dimension six. So for instance,’

1
ap==E&p aip=0, a;=§X, a3/2:§§l(X0+Eii)-

(3.2)
The electric field E;(x) is defined as Fy;(x), hence
E;; = —F;jp. On the other hand, the &, are dimensionless

functions of the Polyakov loop defined as sums over the
(bosonic or fermionic) Matsubara frequencies,

&= (mn) (=2 " PTY H,(V27(py + Q))e 7m0
Po

=2-n/2 Z Hn(k/VZTTz)e_kz/(‘”Tz)(iQ)k,

kEZ

n=0,1,2,.... (3.3)

QO was introduced in Eq. (2.42). H, refers to the n-th
Hermite polynomial (with normalization H,(x) = 2x).
The = refers to bosonic or fermionic case, respectively.
The two forms of &, in Eq. (3.3) are related by Poisson
summation formula. The &, are one-valued functions of ()
and of 772. They are real (Hermitian) for even n and
imaginary (antiHermitian) for odd ». In addition, they are
even or odd under 0} — Q™! for even or odd n, respec-
tively. In the zero temperature limit

&0 =2""2H,(0),
so odd orders vanish in this limit.
It will be also convenient to define the following auxil-
iary combinations:

E=¢&, L=671&
E3=&+38,, E4=£,+6&, 134,

(3.4)

(3.5)

“There are half-integer orders in the presence of boundaries.
We only consider boundaryless manifolds throughout.

"Regarding conventions, let us note that what is called here K
and X corresponds to —K and —M in [27,28]. The functions &,
are similar to the ¢, in [27,28] except that they involve the
Hermite polynomials.
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They vanish at zero temperature. (However, the £, do not
vanish at finite temperature for {} = 1 for even orders.)

The derivative expansion of the heat kernel (at zero or
finite temperature) takes the form

1

(x|e™®|x) = W;TﬂAn()ﬁ 7), (3.6)
where the coefficient A, contains 2n derivatives, as well as
the Polyakov loop (placed at the left) and any number of X.
By dimensional counting, besides the derivatives, A, (x; 7)
depends on 7X and 772% and ). This is an asymptotic
expansion. Once again, at zero temperature the index n
takes only nonnegative integer values, whereas at finite
temperature half-integer values are allowed. The derivative
expansion coefficients A, are also independent of the
space-time dimension at zero or finite temperature.

The expansion at zero temperature has been considered
in [35] to four derivatives (and six derivatives for the traced

coefficients). For instance,
AO = Il’ Al = 712,2X/.L,u, + 272]2,1,2X,121,' (37)

The coefficients 1y, I,,, and I, are functions of the
labeled operators X in the first case, X;, X, in the second,
and X, X,, and X3 in third case. In general, these coef-
ficients are defined as follows [35]:

dz
aNTINT2 .
Irl,rQ,...,r _,/;‘27” N Nz n B

where

r;=012,.., (3.8)

N;i=(z—7X)"! (3.9

and I is a positively oriented simple closed path enclosing
all the X,.® Explicitly
dr,-fl eTX i

_ l n
ity = 720 Z (r; —1) ax;~ ' I = x)"

(3.10)
The functions /, ,, . are analytical on the X; even at
coincident points (as follows from Eq. (3.8); the singular-

ities at X; = X; are removable) and satisfy recurrence
relations. Instances at lower orders are
eTX]
lI,=—— r=012...
(r—1)!
1 e‘er + eTXZ 2 eTX] _ eTXZ (311)
Ly =— — .
PR X X P X -X,)

2. Derivative expansion at finite temperature

The coefficients A, at finite temperature are not yet
known. They can be computed from scratch by using the
tools previously described. To this end we use an integral
representation of the heat kernel

8This T is not to be confused with the effective action func-
tional introduced in Eq. (2.2).

PHYSICAL REVIEW D 85, 045019 (2012)

oK — f dz T

r2miz— D> =X’

where the path I' is positively oriented and encloses the

eigenvalues of K (the concrete realization of this require-
ment will be clear below).

Applying the method developed in Sec. IIE for

covariant symbols at finite temperature and, in particular,

Eq. (2.43), we can write

B

Using the explicit expressions of the covariant symbols
of D, and X in Eq. (2.31), it is simple to carry out an
expansion with terms classified by the number of covariant
derivatives they have (regardless of the number of X or Q).
Speciﬁcally,9 removing the zeroth-order contributions in
D, and X,

(3.12)

(3.13)

D!, =D,—ip,=0D?, X' =X-X=0(D), (3.14)

=
we can write

(=D~ %) =(N" ~ i{p, D}~ DP — K"

=Y N((i{p,.D,}+D"?+X)N)", (3.15)

n=0
where we have introduced the quantity
N=G+p*—X)L

Let us spell out the details for A; /, (i.e., one derivative).

Picking up the terms with precisely one derivative in
Eq. (3.13) gives (using Eq. (3.15) and Eq. (2.31))

(3.16)

, dip o
(xle™|x)y )0 = ,/277'1 ami hy(po — Q)e™NiX, 0pN.

(3.17)
Further, applying the identity
(0.N) = —2p,N? (3.18)
yields
(xIeTK|x>1/2—f2mf(27T)d hy(po— Q)
X e™(=2i)p,NX, N> (3.19)

Next, let us apply the shift z — z — p? so that
T ddp —7p? .
etz = [ (o ~ Qe (=20,

X [ dz e"NX,N?,
r 2

? Alternatively one can use the formulas of Appendix C for the
covariant symbols of K and (z — K) L.

(3.20)
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where

:(Z_

Now the z and p integrals are independent. For the z integral, the definition of 7,

dz
L eTINX N = 725X,

PHYSICAL REVIEW D 85, 045019 (2012)

)7 (3.21)
.r, in Eq. (3.8) applies as

S (3.22)
For the p integral, the definition of £, in Eq. (3.3) applies as
[ &b b= 01 2000, = =208, [Pty = Qe Tepo =07 323)
(2m)d MO Iz 0 (47r7)d=D/2 M0 0 “po (47r)d/? I )
Therefore,
<X|€TK|x>l/2 = WT?’/ZéYIILZXO (324)
or, according to Eq. (3.6),
Ay = 7€, X. (3.25)

In what follows, we use units 7 = 1. 7 can be easily restored by dimensional considerations.
Using the method just described and the formulas in Appendix B for the momentum integrals, we find to three derivatives

Ay = 1€, Al/z :11,2§1X0,

1 2
Az = Illz‘leO,u,Xp,+ 15€ ,LLO/L+ Iz%fl(XO/m"’X

Ay = L &oXu, + 211560X,

X, +13E:X00 + 21115 + 11 22) X0 X,

)+ 2L 3 =614+ 115, — 211,2,3)$]X0XM/L

,U«MO

+ 212,1,3§I(X,LLXO/¢ + X, X0 + 21,5 + 12,2,2)§I(X0,U,X,U, + XXy + X, X0) + (411515 + 211500 + 410515

+ 4Ly 15 + 200 + 20001281 X0X,

X, + 41y, 15 + 20151 22)E (X, X0 X, + X,

X, Xo) + 1,4€3X000

+ Blyyg + 1123)E3X0X00 + By g + 2155 + 113208 X00Xo + (611114 + 411105 + 211130

+ 211513 + 11222 €3 X0X0Xo-

Important remark: For notational convenience we have
written &, or &, at the right of the I, , ., but actually
these operators are at the left of the expression. So Ay =
Eol1, Arjp = &1112X0, Ay = &olpp X, + -0 0, ete.

We have also computed the term with four derivatives
A,, but this term is too long to be quoted here (about 90
terms). The four derivative term is given below for the
traced heat kernel coefficients.

The heat kernel (and in fact (x|f(K)|x) for any f(z))
is symmetric under left-right transposition of operators (or
Hermitian if K is Hermitian and f(z) is real). At
zero temperature (putting &, — 0 and &, — 1) the sym-
metry is manifest. For instance, the term [,,X,, +
2I,,,X, X, is symmetric. The symmetry is not manifest
at finite temperature because it is hidden after having
chosen to put the Polyakov loop to the left. In addition,
transposition and subsequent move of the Polyakov loop to
the left in a term A,, produces new terms of higher order.
For instance, to first order in the derivative expansion,

(éoly + &11,X0)T — (&) + &112X,)
= (1}, &) = &1, + 1 )Xy + O(D?).

From Eq. (2.20), [I}, é0] = i%2[Do, I;]. Use of 4% =
lfl, [Do, 11] = Il,IXO’ and 11‘2 + 12,1 = 11‘1 ShOWS that
the symmetry holds to the order considered.

(3.27)

(3.26)

The I, , arenot linearly independent, so although the
coefficients in A,, are well-defined functions of the labeled
operators, X;, their expression in terms of the 7, . is not
unique.

The heat kernel does not depend on the prescription
adopted regarding the position of the Polyakov loop (our
choice throughout has been to put it at the left), but the
value of each A,, will be different for different prescriptions.

The Polyakov loop comes out automatically in the
expressions and, as noted in the Introduction, its presence
is required to accommodate the chemical potential.
Nevertheless, it is also a nuisance and so the possibility
suggests itself to dispose of the Polyakov loop dependence
just by setting ) = 1 in the formulas by hand. We call this
the quenched approximation. If this is done, the £, become
ordinary functions of the temperature (rather than opera-
tors) for even n and zero for odd n. Unfortunately, the
result of quenching will depend on the prescription
adopted (regarding the position of the Polyakov loop)
and, in particular, the left-right symmetry can be lost. In
fact, the expressions are fully consistent only when the full
Polyakov loop dependence is retained. For the traced heat
kernel, and so for the effective action, setting () to unity by
hand is also dangerous. Because of the cyclic property, the
same expression can be written in several equivalent but
different ways. Consequently, the result obtained by setting
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Q) =1 by hand will yield different results in each case.
This point is further discussed in Sec. [V C4.

B. Traced heat kernel coefficients

It is also of interest to compute the trace of the heat
kernel, which also produces shorter expressions.
Specifically, (remember that we have set 7 = 1)

1
Tr(eX) =[ddxtr<x|eK|x>=W;[ddxtr3n(x). (3.28)
The choice B, = A,, is of course correct, but some sim-
plification in the form of the coefficients B,, can be achieved
by using integration by parts and the cyclic property of the
trace. When using this freedom, the functions £, should be
moved to the left by using the identity in Eq. (2.20).

1
0 0
BB) =1, &0, B(1 ) = _511,2,1§OX,LX,L,

PHYSICAL REVIEW D 85, 045019 (2012)

Note that the A,, can be recovered from the B,, using the
identity
8 Tr(eX)

6X(x)

This equality holds separately at each order in the deriva-
tive expansion.

For convenience, we separate in B,-terms with a con-
tribution at zero temperature from those which vanish in
that limit

(x|eXlx) = (3.29)

B, = BY + B, (3.30)

The Bﬁ?) vanish for half-integer n and are of the form
£0(Byl7—o), while B} |7y = 0."°
The results are as follows:

1 1
0
B(z) = 2155500 Xu X0 Fuy T 512060 F uoFuw + 133060X 00 X0y + 4131 3060X X X0 + 515222060Xu X, X, X,

2
+ @131310 — 12220 60X, X, X, X,

1 _
BE)T)=0, 3(1?2=0, BgT)=4—111,2,1§2X0X0y

2
(3.31)

1 1 - 1 1 - - - 1-
3(3?2 = <_611‘2‘0 _—12,1,0)§1XﬂF0M + (—11,2,2 _—11,3,1)(§1X0MXM + &1 X p0X 61X, X0 _Efsxooxo)

6 6 6

3 3

1 1 - - _ 1-
H 502251131 leOXMXM+f]X,LXoX,L+§1XMXMX0_§§3XOX0X0,

11 1 17

(1) 1 z 1 1 1 - _
By = _613,0,0§2F0MF0M + %13,2,0 =133 _514,2,0 En XX T %11,3,0 _512,2,0 - %13,1,0 EXouFou

2

9 2 2

1

7 1 1 - 7
1 5l320 = 51330 51420 )€2X0, Xopu + %13,2,0 5

1 - 1 1
330~ 514,2,0 &2XuXoo + _513,3,0 —51420

2

_ _ _ 1- 7 1 1
X (EQXO/,LX}LO + & X0 Xop T E2X 00X 0 —§f4XooXoo) + (EIZ’ 1,30 ~ 121,40 +§Iz,3,2,0 +EI3’ 12,0~ 203130 14, 1,2,0)

11 1 13 1

11 17

X ézxoxoxp,,u + (%11,1,3,0 _ﬁll,z,z,o _%11,3,1,0 _glz, 1,20 _%12,2,1,0 _%13, 1,1,0)52X0XMF0,L

<11 5 11 1 1
+

— 0t —=T1200— D310 —=T120—<la210—
36 1,1,3,0 36 1,2,2,0 36 1,3,1,0 3 2,1,2,0 9 2,2,1,0

7

17 1

= 7
—I X XoFo, +{=1 -1 +=1
36 3,1,1,0)52 w0l op <9 2130 721,40 7342320

_ _ 1 1 7
+§I3,1,2,0 =203, 30— 14,1,2,0)(52X0XMX0;L +&,X, XoXo,) + (ﬁlz,l,z.,o —DLi40t50300 +§I3,1,2,0 —213,30

3

_ 1 - - 1-
- 14,1,2,0)§2X,LXMX00 + (‘12,1,4,0 +312,3,2,0 —2I3, 30— 14,1,2,0)<§2X0XMX,L0 + & X, XoX 40 _§§4X0X0X00>

9

5 1 2 _
+ (Elz,z,z,z,o 512102613101 513,2, 12,0~ 214,1,2,1,0)§2X0X0XMXM

5 7 2 _ - _
+ (Elz,z,z,z,o +<l31210 2031310 +§13,2,1,2,0 - 214,1,2,1,0)(§2X0XMX0X,L +&:X0 X, X, Xo+ 62X, Xo X0 X,

9

_ _ 5 1 .
+EX, XX, Xo+ X, X, XoX,) + (‘ﬁlz,z,z,z,o 131310~ 513,2,1,2,0 +14, 1,o>§4X0X0X0X0-

(3.32)

'Note that the definition B\ = &0(B,,|7—o) would be ambiguous since B, |- can be written in different ways, which are equivalent

inside the trace but not in &y(B,|7—0).
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Once again we note that the &, and &, are actually at the
left of the 1, _, .

Further rearrangement of the expressions is possible to
bring them to a more systematic form. For instance, re-
ordering of covariant derivatives is possible using the
Bianchi identity Y, = Y,, + [F,,, Y], as well as cyclic
permutations or integration by parts. However, such extra
work does not seem to yield a simpler expression. These
expressions for B,, have not been obtained directly from A,
but from Trlog(z — K) in Chan’s form, which are intro-
duced below.

IV. CHAN’S FORM OF THE
EFFECTIVE ACTION

Up to now we have considered Euclidean space-times
with the topologies R? or R¢~! X S! appropriate to study
field theories at zero or finite temperature. The latter case
leads to the Matsubara frequencies and to the weight
function &,,(pg) introduced in Eq. (2.35). At zero tempera-
ture the weight function is just equal to unity.

As it turns out, the formalism can be carried out
equally well without assuming any particular properties
of the weight function 4(p) in the momentum integra-
tion; A(p) can even depend on all components p,. For
the purpose of deriving general expressions no simplifi-
cation is obtained by imposing constraints on h(p),
therefore, from now on we will assume a completely
general weight function A(p). We call h-space the setting
leading to such a weight A(p) in the momentum inte-
grals. In the next subsection we show that this approach
does not lead to inconsistencies.

A. h-spaces

We devote this subsection to studing the consistency of
the approach with generic h(p), specifically regarding
gauge invariance and cyclic property.

Generalizing the method of symbols, we define

d
Gl 0k, = [ (;’T’;dh@)f(ml’p, X), @1

Tr, f(D, X) = / dhx tr(xl£(D, X)),

d‘xd’p
em?
h(p) is a c-number function, therefore the cyclic property

works as usual, that is, Tr,(7,f>) = Tr,(F>f1)."" As a
consequence, the following property holds

——h(p)tef(D + ip, X). (4.2)

""When h(p) = 1, a good convergence of f1,(D + ip, X) for
large p L is assumed. Here, we assume that this convergence is
not spoiled by A(p).
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o Trh (eK)
8X(x)

= (xleX]x). (4.3)

To extend the method of covariant symbols for generic
h(p) we define

(S Y7

l
AT

n=0"""

h(p +iD)= I, h(p))D,, D, -+ D

B
4.4)
Then,

d
xlf (D, X)|x), Z'I(SJTp)dh(p)e"Da"eiDa”f(D_Hp’ X)e D’

d
_ [ (jﬂl)’d h(p+iD)f(D,X). 4.5)

Let us consider now the issue of gauge invariance of
(x|f(D, X)|x),,. To study this, it is convenient to write the
right-hand side of Eq. (4.1) more explicitly as

dd

A0l = [ 51

h(p)x|f(D + ip, X)|0). (4.6)

Now, any operator O constructed with D, and X(x)
necessarily transforms gauge covariantly, i.e., as
U~'OU. Gauge covariance can be lost by taking matrix
elements with the state |0), which is not covariant: In
general, (x|®|0) does not transform into U !(x) X
(x|®©|0)U(x). However, the correct transformation is guar-
anteed provided O is a multiplicative operator because, in
this case, (x]0|0) = O(x){x]|0) = O(x)— U~ ' (x) O(x)U(x).
Therefore, gauge covariance of (x|f(D, X)|x), is ensured
provided the operator

d
fr= [ (;lwlidh(p)f(D +ip, X) 4.7)

is multiplicative (matrix elements (x||0) have not be
taken here). The same requirement holds for the operator
h(p + iD) in Eq. (4.5), namely, it must be multiplicative.
(The covariant symbol f(D, X) is already gauge covariant
and multiplicative.)

An operator O to multiplicative provided it
commutes with c-number functions of x. This
requirement can be recast in the form (the k,, are constant
c-numbers)

e Qe = . 4.8)

Because of the property e ’kxD el = D, + ik,, we can
see that ' or h(p + iD) will commute w1th eikx 1f
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h(p = k) = h(p). (4.9)

If this condition is imposed for all k, the function A(p)
must be a constant. This corresponds to the zero tem-
perature case. In this case, the quantum fields belong to
the vector space V,; of arbitrary functions of x in R? (we
disregard internal degrees of freedom here). At finite
temperature, the quantum fields are required to be peri-
odic or antiperiodic and the external fields periodic. This
implies that one is working now in a subspace V of V,
(namely, that of periodic or antiperiodic functions). The
operators (external fields) acting on that space can carry
only momenta of the type k = (k, ®,) in order to leave
V invariant. Therefore, one needs to consider only this
set of momenta when checking the relation h(p — k) =
h(p) for h(p) = hy(py) (and the relation is of course
fulfilled by hy(py).) At the same time, the restriction
in k is directly related with the compactification
R? — RI1 x S,

Let us generalize these ideas for other i(p). There should
be a vector space V of space-time functions for the quantum
fields, a set A of allowed operators leaving V invariant, and
a set K of allowed momenta. The operators in A are those
having only momenta k in K in their decomposition in
Fourier modes. Because combinations of operators in A
should also stay in A, we must demand that if &k, k, € K,
k; = k, € K (i.e., the set K is closed under linear combi-
nation with integer coefficients, in particular 0 € K). On
the other hand, V is composed of those functions with
Fourier modes of the type g + k, for some fixed ¢ and k €
K. Ideally, such K would come from some suitable com-
pactification of R?. Finally, there will be gauge invariance
provided h(p — k) = h(p) for all p and all k in K.

In practice, the only obvious setting carrying out
the above program is for space-times of the type R" X
S X +--x 8" 0 =<n = d. This corresponds to modes k,
which are an integer linear combination of d — n fixed
linearly independent vectors plus an arbitrary vector in the
n supplementary directions. In this case h(p + iD) is a
function of the d — n “Polyakov loops™ in the d — n
compactified directions.

At present, it is not clear whether there exist other useful
realizations of h-spaces. In any case, the formalism can be
developed without special assumptions on A(p). In what
follows, we simply assume that the quantum fields lie in
the appropriate space V (the h-space) and the allowed
external fields as well as the allowed gauge transformations
leave V invariant.

B. X-form and N-form of the expressions
1. Diagonal matrix elements of the propagator

Let the propagator be

Go) = ——.

— (4.10)
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As is well known, one can obtain generic functions of K
from the propagator,

F(K) = [F szii F(2G(2), @.11)

where I' encloses counterclockwise the spectrum
of K. (f(z) is assumed to have the required good
properties.)

The diagonal matrix elements of the propagator
in the h-space can be computed using the method of
symbols or covariant symbols and the derivative expan-
sion, as already explained for the heat kernel. To second-
order one finds

(xIG()lx),

d'p . :
=f(27T)dh(p+zD)<N—ZszNXMNZ —4p,p,NX,,N°

+NX,,N*>—8p,p,NX,NX,N>

—4p, p,NX,N>X,N? +2NX ,NX,N*+ 0(D3)).

(4.12)

Here,
N=(G+p*—X)L (4.13)
The expression through third-order is given in

Appendix C, using labeled operators.

We refer to the form in Eq. (4.12) as the X-form of the
expression because the X appear with derivatives and the
N carry no derivative. By means of the relation X, =
N7'N,N"!, and derivatives of it, one can eliminate
completely the X and write the same expression using
only N and covariant derivatives of it. For a generic
initial expression, negative powers of N will be present
after elimination of X. When this is not the case, we say
that the expression admits an N-form. As it turns out, the
covariant symbol of the propagator admits an N-form
(see Appendix €).' As a consequence, the diagonal
matrix element of the propagator also admits an
N-form. One virtue of the N-form is that usually the
expressions are much more compact. A drawback is that
the functions /,, _, do not directly apply for expressions
written in N-form.

For the diagonal matrix elements of the propagator,
through third-order in the derivative expansion and in
N-form, one finds

2We do not have a proof of this to all orders (but have little
doubt that it is so). It has been verified through fourth- order in
the derivative expansion.

045019-13



E.J. MORAL-GAMEZ AND L.L. SALCEDO PHYSICAL REVIEW D 85, 045019 (2012)

d? . . .
<x|G(Z)|x>hzf#h(p—i_lD)(N_Q’lP,U«NMN_4pl~4«pVN,U«NVN_4p,U«pVN,U«VN2+NMILN_ZIPMNMVNVN

N2 — N, ,.,N?

4. : .
__lp,uN glpu, vy 3lp,MNVV,MN

-2ip,N,,N,N—2ip,N,N,,N—2ip,N,,N,N 3 wov

-2ip,NF,,N,N—=ip,NF,,,N*+8ip,p,paN,N,.N*+8ip,p,psN, ,NNN+16ip,p,p,N,,N,N*

+8ip,uPvPalNuyaN> +8ip,p,puN, N,NN+ O(D?)).

The corresponding expression for the fourth-order terms is
given in Appendix C. In these expressions there are no
ambiguities related to integration by parts in p,, or z and so
the formulas are essentially unique. The only remaining
freedom is to reorder the covariant derivatives.

2. Trace of the propagator

In order to obtain the trace of a generic function of K,
one can use

Tr . f(K) = / d—z.f(z) Tr, G(2). (4.15)
r2mi

The expression of Tr,G(z) can be obtained by starting
from (x|G(z)|x);, [Eq. (4.14)] and using integration by parts
and the trace cyclic property to obtain a simpler form.
Because of the presence of the factor h(p + iD), the
integration by parts (with respect to the covariant deriva-
tive) and the cyclic property do not act in the usual way for
the expression in parenthesis. Instead one can use the
identity

(4.14)
[
dd
B )dA(p)h(p + iD)B(p)
dp
= (;1 ¥ h(p + iD)e'" P+ A(p)B(p). (4.16)

Here, A(p) and B(p) are arbitrary operators which may
depend on p,, (but not on 97,). D, s [D,, ] acting only on
A(p). On the other hand, 9}, acts on the p,, dependence in
A(p) and B(p). This identity is proven in Appendix D. Of
course, if one is working modulo O(D"*') and AB =
O(D"), the operator ¢'”"24 can be dropped and the cyclic
property works as usual.
However, the expression for Tr,G(z) is more easily
obtained from the relation
Tr,G(z) = diz Tr, log(z — K), 4.17)
using the compact expression for Tr,log(z — K) to be

given in Eq. (4.23). An explicit calculation to third order
gives

d?xd?p . . . .
Tr,G(z) = / ) tr[h(p + iD)(N —4p,p,NN,N, — 6ip,N,N,N, + ip,F,,NNN, + ip,F,,NN,N

2.
+ glpMFWN,,NN +

- 2ip,NN,,N, = 2ip,NN,,N, +44ip,p,p,NN,N,N, + O(D4))].

Also the matrix elements of the propagator can be recov-
ered from the logarithm by using

x|G(z)|x), = Tr, log(z — K), (4.19)

5X( )

but in this case the relation Eq. (4.16) is needed to extract
the factor 6X(x) in 8Tr;, log(z — K).

C. The effective action in Chan’s form

As follows from Egs. (4.15) and (4.18), for a generic
function of K, Tr,f(K) requires an integral over p, and
another over z. Nevertheless, the parametric integration
over z can be obviated in the special case of the logarithm.
Tr;, logK is just the effective action.

8. .
gtpﬂp,,paNNNMN,,a + 10ip,p,poa NNN, N, +

26 .
?lp,u,pupaNNp,NNva

(4.18)

|
1. Tr,log(z — K)

As it turns out (verified through four derivatives) the
diagonal matrix elements of the propagator can be written as

p [+ D)‘””(Z)w(p)a ]

@m?
(4.20)

Here, M(z) is a multiplicative operator that admits an
N-form, and C(z) is traceless (a sum of commutators).
Therefore,

Trj,log(z — K) =f d—g.log(z —{)

o

(xIG(@)lxy, =

JVI(Z)

[h( +iD) ] (4.21)
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The term with C(z) has dropped from the expression.
Next we integrate by parts in [, this transforms
log(z — ¢{) into 1/(z — {). The integrand is assumed to
be well-behaved at infinity (in particular, the branch cut
of the logarithm is no longer present). Hence, we can
switch from the contour I' that includes the spectrum of
K and excludes the pole at { = z to a contour excluding
the spectrum of K and including the pole at { = z. This
produces

PHYSICAL REVIEW D 85, 045019 (2012)

d‘xd?p
(2m)

Tr, log(z — K) = tr[h(p + iD)M(2)]

(4.22)

Now Tr, log(z — K) is written in Chan’s form, namely,
in N-form and without parametric integration on /. Note
that the dependence on z is inessential as z can be absorbed
in X.

Explicitly,

1. 1. 2. 2,
M(Z): _10gN+p;LpVN,uNV__lp,uNNVF,u,V __lp,uNVNF,uV_glpﬂpvpaN/.wNNa +_lp,upvpaN;U/NaN

3 3

1
_ZN#M

17

2 H 12 9

9 3 9

9 9 9

3
10
+?p,u,p1/papﬂN,u,NVNaNﬂ + O(DS)

(The isolated term — logN = log(N ") is still considered
to be in N-form.)

The form of M(z) is not unique, due to the cyclic
property and integration by parts with respect to the co-
variant derivative.

That Chan’s form exists is not trivial in the sense that it
holds for the logarithm but not for generic functions of K.
Chan’s form was introduced in [40]. Extended to six
derivatives in [47], to curved space-time in [36], and to
fermions in [48]. It is quite remarkable that it also exists in
h-spaces (in particular, at finite temperature). Even more
so, since we are not allowed to use two important tools of
the original derivation by Chan [40], namely, momentum

dz 1 dz
T K — T =
Tn€ [‘27Tie rhz—K r2mi
dz . d‘xd?p .
=— | — ——— t[a(p + iD)M(2)].
r277ie [ (2m)4 ilh(p +iD) M)

3

1 1 1 7 28
NVV+_N NVF/.LV +_N2F/J,VF,U.V+_p,u,pVNp,VNaaN+_p/LpVNaaN,LLVN+_p,u,p1/N,uanaN

9 9

4 11 11 11
__p,upVNzN,uaFva__p,upVNN,uafNFva+_p,u.pVN/.LaN2Fva__p,u.pVNaNN,qua__p,u,pVNN,u,NaFva

9 9

4 13 2 5 2
__p,u,pVNNaN;LFva__p,upVN,uNNaFva__p,upVN,uNaNFVa+_p,upVNaN,uNFVa_gp,upVN3Fp,aFva

9

8
+ _pp,pupap,BN,u,NVaN,BN - 4py,p1/papBN,u,VNNaBN - 4p,up1/papBN,u,VNa,BN2

(4.23)

average and integration by parts with respect to p,,. This is
forbidden due to the presence of the function 4(p), which is
arbitrary. It is noteworthy that, unlike the original Chan’s
formula, our expression does not depend on the space-time
dimension. This property is also shared by the heat kernel.
Another difference with Chan’s result is that the p, are
contracted only with covariant derivative indices and not
with other p,.

2. Traced heat kernel

To obtain the traced heat kernel, Eq. (3.28), from the
effective action, Egs. (4.22) and (4.23), one can use

0 d
et T loglz — K) = = [ % e T logtz — &)
Jz r 27

(4.24)

Now the shift z — z — p? implies N — (z — X)~! in M(z) and e — e%e~7". Hence, M(z) becomes p-independent and
the integral over momenta reduces to obtaining the following A-dependent operators,

d'p o
<P;L1 U P,uﬂ>h = (4m)?/? ]Wh(P + iD)e pZPm P,

The B, in Sec. III B are obtained in this way.

(4.25)

3. Reduction to Chan’s form

In what follows, we explain how Eq. (4.23) is obtained. First, let us see how Chan’s derivation [40] can be adapted to the

present case. Using Eq. (4.1),
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d
(el log(z = Kby, = [ (j;)’d h(p)log(z — (D, + i, — X)

d
_ f éTP)d h(p)[log(N™") + log(1 = (2ip,D,, + D2)N) + C]

d o0
- [ d'p ) logv )~ 3 L (@ip, D, + DNy + ]
n=1

(2m)?

(4.26)

where C denotes commutator terms, which will vanish upon use of the cyclic property of the trace. To second-order in the

derivative expansion

d‘xd?
Tr log(z — K) = (2’;) P 4[h(p)(log(N"1) = 2ip,D,N — DLN + 2p,p,D,ND,N + O(D))]. 4.27)
Using the relations
1
oy log(N~1) =2p,N, Eaﬁia’; log(N"!) =6,,N —2p,p,N?, (4.28)
the trace can be written as
ddxddp -1 . P —1 1 P AP -1
Tr, log(z — K) = P tr| 2(p)(log(N~') — iD, 0}, log(N™") — EDMD,,G#(?,, log(N™1)
— 2pMp,,DMD,,N2 +2p,p,D,ND,N + 0(D3))]
[ e P Qog(N) + p,puNN, + O(DY)]
- (27T)d rialp)e og p;LpV wiVy
d?xd?p . . 3
= — t[h(p + iD)(log(N™") + p,p,N,N, + O(D))]. (4.29)
(2m)
f
This expression has the desired Chan’s form. M (z) = P A(z)e P (4.32)

In order to obtain the expression of M(z) to four deriva-
tives itis not practical to apply the previous method since itis
not sufficiently systematic. A possibility would be to simply
write down all possible terms that could appear in M (z) to
fourth-order with free coefficients and expand everything in
powers of D, including h(p + iD) — h(p)e """, using
the cyclic property to match the terms in Eq. (4.26).
Assuming that the p,, can be only contracted with covariant
derivatives (but not with other p,,) the number of terms is
finite (since N ~!is not allowed). However, the number of
possible terms is too large (and it is easy to miss some of
them when trying to write down all of terms).

The method that we have followed is partially construc-
tive and partially guessing. Let

AQ)=logV" )~ %((zipﬂuﬂ FD2INY+C, (4.30)
n=1

where C are suitable commutator terms to be fixed. From
previous formulas,

d?xd?p
(2m)!
_ d?xd?p
(2m)!

Try,log(z — K) =

tlh(p) A(2)]

tr[A(p + iD)eP? A(z)e P"].

(4.31)

Hence, we have to choose C, if possible, in such a way that
the operator

is multiplicative and in N-form. To see how this condition
reflects on A (z), let us define two first-order variations,
namely,

(4.33)

where da,, is an arbitrary constant c-number (common to
both variations). Clearly, the condition that M (z) is multi-
plicative (and so with the covariant derivative operators in
the form [D,,, ]) is that

SpM(z) = 0. (4.34)

Using Eq. (4.32), this requirement translates into the fol-
lowing condition on A(z):

(6p — 8,)A(2) =0. (4.35)

In turn, this is just the condition requiring that A (z) must
depend only on the combination D, + ip, . This property
is manifest in the symbol log(z — (D, + ip,)* — X) but is
not automatically preserved by the derivative expansion
with formal use of the cyclic property (which is needed to
have an N-form). So we have to choose the freedom
implied by the cyclic property (i.e., the commutator terms
C(z)) to fulfill Eq. (4.35).

What we have done is to expand A (z) in Eq. (4.30) but
allow all possible cyclic permutations for each term with
free coefficients (this is the guess). Such coefficients
are then partially fixed by the condition of reproducing
log(z — (D, + ip,)* — X), modulo the cyclic property,

op:D,—D, +ida,, 0, p,—p,+tda,
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and by the condition in Eq. (4.35). This condition is easily
implemented by means of the rules

(6p—96,)D,=ida,, (6p—38,)p,=—0da,,

4.36
(5D—BP)N=23aupMN2. (4.36)

The corresponding M(z) obtained from Eq. (4.32) is mul-
tiplicative. It can be written in a manifestly multiplicative
form by moving the D, to the right, forming covariant
derivatives. The remaining freedom in the coefficients is
used to obtain a simple form for M(z). The guess chosen,
works at least to four derivatives and very likely also to all
orders. We conjecture that Chan’s form for general i(p)
can be extended to curved space-times as well.

4. Quenched approximation

The Polyakov loop in the formulas, or more generally
the explicit iD, in h(p + iD), is needed for consistency,
but it is also a nuisance. Here, we study the effect of setting
this explicit iD, to zero by hand in an expression. We call
this the quenched version of the expression. The quenched
results will be incorrect in general, but one can still con-
sider whether this approximation can be done consistently.

For any operator, the same derivation leading to Eq. (4.5)
can be repeated putting the explicit iD,, to the right,

d
o )l = [ (ZT’;dh(p + iD)f(D, %)

d
_ f (Zﬂ’)’ _F(D, X)h(p +iD).  (437)

After quenching, by setting iD,, to zero, the two expres-
sions yield two different (incorrect) results. In fact, for a
Hermitian operator like eX, the unquenched matrix ele-
ment respects hermiticity, but the two quenched expres-
sions do not (rather they are hermitian conjugate of each
other). On the other hand, inside the trace the two
quenched expressions do coincide (with each other but
not with the exact one containing 4(p + iD))"?

d‘xd?p
Qm)?

d .. jd
_ d(;:)f ulf(D, X)h(p)]

This relation provides a concrete choice of quenched ver-
sion of the trace of an operator f(D, X). In general, this will
not coincide with first computing Tr,(f(D, X)) and then
quenching since the latter does not commute with the
cyclic property or integration by parts.

Next, we study whether the quenched version of the
traced heat kernel (as defined from Eq. (4.38) using eX)

Tr ), (f(D, X)) = t{h(p)f(D, X)]

(4.38)

BInside the trace and the integral over Py h(p), 7(D,X)=
h(p)e"’Pf(D+ip,X)=h(p—iD)f(D+ip,X)=f(D+ip,X)hX
(p—iD)=f(D,X)h(p).

PHYSICAL REVIEW D 85, 045019 (2012)

satisfies a consistency condition like that in Egs. (3.28) and
(3.29), namely,

8Try ,(eX)

(xleX )y, = X0

, Trh,q(eK)=fddxtr(xlele)h,q.
4.39)

These kind of conditions, and similar ones for the effective
action, can be derived from the corresponding relation for
the propagator (which of course holds in the unquenched
case t00),

I

As a matter of fact, Eq. (4.40) is correct just because the
expressions admit an N-form and so depend on z and X in
the form z — X. (Note that z — X appears only in N and any
given block N, . ~can be transformed into N by integra-
tion by parts. So one needs to consider only the X and z
variations on each block N at a time. The two variations
give the same result thanks to the trace.)

The quenched version of the effective action as defined
in Eq. (4.38) using logK does not admit a Chan’s form.
This can be seen from Eq. (4.14). (Note that Eq. (4.18) has
already applied the cyclic property and the integrand
shown there is not unique.) After applying the quenching
prescription in Eq. (4.14), one finds that the term N, ,N
cannot be expressed as a derivative with respect to z
modulo commutator terms.

We stress once more that, in general, setting iD,, = 0in
a traced quantity, written in different ways related by the
cyclic property, yields different results. This follows from
Eq. (4.16). At finite temperature this is also clear from
Eq. (2.20): when using the cyclic property, commutation
with () produces time derivatives which are missed if () is
set to unity by hand. Also, relevant contributions can be
missed by quenching. For instance, the first contribution to
the induced charge density, obtained by taking a variation
with respect to the potential Ay(x) in the effective action,
comes from the Polyakov loop. Other contributions com-
ing from F,,(x) contain more derivatives.

All this implies that the quenched approximation is
rather dangerous and may produce uncontrolled results.
Therefore, quenching should either be avoided altogether
or, at least, a careful evaluation of the contribution coming
from the terms neglected should be done.

8 Try, qG(z) d

5X(x) d_z TrhyqG(Z).

(4.40)

V. SUMMARY AND CONCLUSIONS

We have developed a new technique to deal with diago-
nal matrix elements of generic pseudodifferential opera-
tors. The method applies at finite temperature or, more
generally, to h-spaces, i.e., spaces with weighted integrals
over the momentum of the loop. The approach is based on
extending the method of covariant symbols to such spaces.
This allows us to carry out a manifestly gauge covariant
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and Lorentz covariant calculation throughout. We conjec-
ture that the approach can be extended to curved space-
time as well. In this case, the Polyakov loop of the
Levi-Civita connection is expected to appear in parallel
with the gauge connection.

The new technique is appropriate to carry out covariant
derivative expansions, so we have applied it to the heat
kernel and to the effective action in Chan’s form. For the
heat kernel, we present results for the diagonal matrix
elements to three derivatives (the fourth-order terms have
also been obtained but are too bulky to be included). For
the trace of the heat kernel we present results to four
derivatives. We also present, to four derivatives, the ex-
pression of the effective action of a generic bosonic Klein-
Gordon operator in Chan’s form (i.e., prior to momentum
integration) valid in k-spaces.

We have briefly touched the connection with the real-
time formulation of field theory at finite temperature.
That formulation is appropriate to treat time dependent
aspects, or even problems related to nonequilibrium phys-
ics. Such connection, not made in this work, is clearly worth
pursuing.

In this regard, we emphasize that the use of generic
weights h(p) in this work is not intended as a device to
describe time-dependent situations or a connection to the
real-time formalism.'* We merely observed that although
hy(po) is an even function of pg, all the Chan-like for-
mulas can be written equally well for any A(p) without
assuming any parity property or, more generally, any spe-
cial dependence on p,. We find this formal property
remarkable. However, as shown in Eq. (4.9), the condition
of gauge invariance does introduce a requirement of peri-
odicity, which in practice we only know how to fulfill for
Euclidean space-times with the topology of a (possibly
degenerated) torus. It could be that the formal property is
just a mathematical nicety or it could signal a deeper
property of the formalism. This is not known at present.

As emphasized in Sec. II, the derivative expansion im-
plies a resummation of the dimensional (or large mass)
expansion and, in this sense, we go considerably further
than the standard approach for the heat kernel. The deriva-
tive expansion has the virtue of being gauge covariant at
each order separately. In addition, higher order terms are
increasingly ultraviolet convergent. So, for instance, anom-
aly saturating effective actions can be computed in closed
form using this technique [34,38]. The derivative expan-
sion in field theory is one of the few systematic tools to go
beyond the perturbative regime [8,18,50] and provides
guidance in modeling of effective Lagrangians in exact

“Nevertheless, the possibility of transforming Eq. (2.44) into
Eq. (2.48) suggests that the use of weights h(p) defined on
complex paths could have a bearing on this subject. Successful
use of complex weights along complex paths in hadronic physics
can be seen, for instance, in the spectral quark model introduced
in [49].
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renormalization group approaches [52]. The applicability
of this technique extends to external field configurations,
which are slowly varying on space-time. In the case of
external gauge fields, these have to be weak since they
enter in the covariant derivative to preserve gauge invari-
ance. The range of validity of the derivative expansion as
compared to exact calculations in concrete profiles have
been tested, most recently, in [53]. As expected, the trun-
cated expansion works better for quantum fields with short
wavelengths, although even outside this regime it does a
good job in some of the cases studied [53]. In general, the
derivative expansion is expected to be asymptotic, like the
semiclassical expansion in quantum mechanics with which
it is closely related. Therefore, a naive summation of
higher orders would not provide a convergent result. To
carry out the expansion to fourth-order is rather standard as
the number of terms quickly increases beyond that order
[35,47]. In addition, in four space-time dimensions, the
calculation to four derivatives accounts for the ultraviolet
divergent contributions. These are the ones leading to
power counting renormalizable Lagrangian terms.

Matrix elements of operators acting in the one-particle
Hilbert space, (y|A|x), correspond to propagation along
single lines from x to y in the Feynman graphs (in position
space). General Feynman diagrams can be constructed
joining these lines with the vertices of the theory under
consideration. In the present work, we have only studied
diagonal matrix elements {(x|A|x). This is appropriate to
produce local Lagrangians, under the derivative expansion.
However, such restriction is certainly a limitation. For
instance, as noted in Sec. Il A, we can compute in this
way the expectation value of the induced current (J,, (x)).
By the same token, sum rules of the type (T(D"J(x)) X
(D™J(x))) can be also obtained from the local calculation.
On the other hand, the correlation between two currents in
two different points (7J,(x)J,(y)) is not directly acces-
sible. Therefore, an extension of the techniques discussed
here to nondiagonal matrix elements would be of interest.

Upon completion of this work, we have learned that an
equation equivalent to our Eq. (2.40) has been found
independently in [53], in their study of CP violation in
the standard model at finite temperature.
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APPENDIX A: COMMUTATOR EXPANSION

If an expansion can be defined by means of a book-
keeping parameter the corresponding coefficients are well
defined as f(A) = Y, ¢, A" and c¢,, does not depend on how
the expression is manipulated. Unfortunately, this is not
the case for expansions based on counting the number of
commutators. For instance, consider operators f = f(A, B)
given by linear combinations of products of the basic
operators A and B. No particular algebraic property is
assumed for A and B (other than the associative property).
Let us grade the terms of the commutator expansion of f by
the number of [A, ] they carry. This is ambiguous. For
instance

B2A = AB?> — [A, B]B — B[A, B]. (A1)

The expression as a whole is of zeroth-order (this is the
leading order). However, the concrete zeroth-, first- and
second-order components are different in the left- and the
right-hand sides of the equation.

To remedy this situation, the ambiguity can be removed
by choosing a canonical form. A concrete choice comes
from imposing the following prescriptions: (i) In the
canonical form the expression is written as a linear combi-
nation of products of blocks of the type, A or [A, "B with
n=0,1,2 ... (that is, B, [A, B],[A, [A, B]],...); (ii) The
blocks A are placed at the left. Further, the As at the left
count as order zero and each block [A, ]"B counts as order
n. The right-hand side of Eq. (A1) is written in canonical
form: the zeroth-order is AB?, the first-order is —[A, B]B —
B[A, B], and higher orders vanish.

Let us now show that, by using labeled operators, the
canonical form just defined, as well as the corresponding
grading of terms, can be derived from a bookkeeping
parameter. This is achieved by counting powers of A in

F=FfAB) = fi=f(A4 + XA —A)B). (A2

Here, A, represents A placed at the left (position 1 with
respect to the blocks [A, ]"B). For instance,

B’A— B*(A, + AM(A — A)))
= AB? + A(B*A — AB?)

— AB2 — A([A, BIB + B[A, B)). (A3)

To proof Eq. (A2) in general, first note that A; — A, is
just [A, ] placed at position i. For example, (A, — A3)B> =
A,B> — A;B> = BAB — B’A = B[A, B]. Then, if ablock A
is located at position 7, one can write

A— Al = An - Al
= (An _An—l) + (An—l _An—2) t+eet (AZ _Al)-
(A4)

Therefore, A — A; is a sum of commutators and A in Eq. (A2)
just counts the number of commutators [A, .
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This counting is unambiguous and extends trivially to
the case of more operators, f(A, B, C, ...), if terms are still
graded by the number of [A, ]. It is worth noticing that
things are more complicated for traced expressions due to
the cyclic property of the trace. (For instance, position 1"’
becomes ambiguous.)

At the end of Sec. IIT A 2, it was noted that choosing to
put the Polyakov loop at the left or at the right and then
setting it to unity gives different results and breaks hermi-
ticity of the heat kernel at finite temperature. This can be
seen in the heat kernel coefficient A, in Eq. (3.26) since &,
is not zero for ) = 1. More generally, consider Eq. (2.43)
with Q — 0. The covariant symbol K does not break the
symmetry, but the momentum derivatives can only be
taken to the right due to the presence of h(py) and this
breaks the symmetry. Repeating the calculation with
hy(po) placed at the right gives a different result, namely,
the transposed of the previous one. The same conclusion
can be obtained from ordinary symbols. This can be illus-
trated with a simple example. Consider the operator
(Dy + X)~!'. We consider the two expansions with D,
moved to the left or to the right,

1 1
Dy+X Do, +X+Dy— Dy,
=Ny = N.(Dy = Do )N, + -+, (AS)
here N, = (Do, + X)~! and Dy, is Dy at the left. If we
set now Dy ; — 0 in N, the result is

N — N(Dy — Dy )N + O(N?)

= N + [Dy, NIN + O(N?), (A6)
N=X1
A similar calculation with Dy z — 0 in Ny gives
N — N(Dy — Dy g)N + O(N?)
= N — N[Dy, N] + O(N?). (A7)

So the two prescriptions differ by [Dy, N*] + O(N?). On
the other hand, inside the trace, the two prescriptions do
yield the same result as stated in Eq. (4.38).

APPENDIX B: MOMENTUM INTEGRALS
AT FINITE TEMPERATURE

Let
d’p
<pl‘«1p,u2 a .pﬂ’n>: (4WT)d/2[(2ﬂ)d

_ 2
Xe Py P, Pu,

n

hy(po— Q)

(BI)

These integrals are needed to obtain the heat kernel expan-
sion coefficients at finite temperature. They are not nor-
malized to unity. In particular,

(1 = & (B2)
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The basic result comes from distinguishing spatial from temporal degrees of freedom,

_ d
<Pi1Pi2 e 'Piz,,Pgl = (4777)(d 1)/2[

—7p? dp() —7p? om
Qm)d 1 e ? pPiPi, " 'Piz,,(47T7')1/2 /ﬁhM(pO — Qe o pg

_ 1 1
(27_),1 Lilp...lp, (l.\/?)m gDm'

represents the symmetric sum of the (2n — 1)!! products of n Kronecker deltas (each term with

(B3)

Here the symbol 6;,;, ;,
weight one). For example,

Ojjki = 00y + 0y 0j; + 010 (B4)
Besides, we have introduced the auxiliary functions

d
@ = (dar)1/2im "’/ZlﬁhM(po — Q)e ipr, m=0,1,2,.... (B5)

These are related to the functions &, of Eq. (3.3) through the relations

m 1!
Pm = Z l'”+m2(n_m)/2cinn§n’ fn = Z (_i)n+m2_(n_m)/zcnm¢m’ (B6)
n=0 m=0
where
m n
XM = Z CizmHn(x)’ Hn(x) = z CpmX™. (B7)
n=0 m=0

As matrices ¢/ = ¢~ !7.

In order to compute the heat kernel to four covariant derivatives, we need (p,, p,, - - * p,,) for 0 = n = 4. Using the
previous formulas one obtains

1

i - 1 -
(1) = &os <P#> = W‘S#Ogl’ <PMPV> = 5(5;“/50 - §5M05y0§2),

1
<p/.LprCl> A7 3/2 ((6 8(10 + 6,1La81/0 + 61/016,11,0)51 /.L06V06(10§3)

(B8)
1
<p,u.p1/papﬁ> = m(auvaﬁfo - 5(5;1.1/55!06,80 + 8;1,5!81}06,30 + 6/1,,[%61/06&0 + 51/&5;/.05,80 + 5vﬁ5uo5ao
| _
+ 8ap6,00,0)&2 + 15#051/0%055054),
The formulas in this Appendix plus the first Eq. (3.3) written as
d
£, = () iy [Py — Qe P, (V2Tpo), (B9)

hold if the function &, (p,) is replaced everywhere by a more general weight function, /(p,). No special property of
hy(po) has been used.

APPENDIX C: FORMULAS

Covariant symbol of K through fourth-order in the derivative expansion,

_ _ 1 2. 1 1,
K=X-p,p, tiX,on+ p,F,o5 — zxwa” ay + 31p,LF,,lma’,38ﬁ ng#Wa gzxwaaﬁa’;a{’,
1 1 1 1
_ _ D 5
ZpMFm,LBa’;aZag ZFWMa’,,’aZ + ZFWFmaZag + ﬁX,m,,gafua’;aZag + 0(D). (CI)
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Diagonal matrix elements of the propagator through third-order in the derivative expansion, in X-form

dip . .
WG, = f G P D) = 239, X, = 4113, Xy + 112X

. 8.
- (811,1,3 + 411,2,2)pp.pVX/J,XV + 211,1,2X,LX,L - 2111,1,2P,LFWXV - 5111,3P,/,PVPaF;Lm

3PP uPaFue = 312D Fop + 81l apupupaX e = (=241, = 811 2)P, o PaX o
— (=241 14 — 161,55 = 81132) PPy PaX X — (=481 1,14 — 3211153 — 16113,

1601215 = 802220 PP XXX = 315D = 3113 Xons = 3 113, Koy

+ (=41 15 — 2100 uX W Xy — 4ily 1 3p, X, X, — 4l 150, XX,

+i(—41 15 — 21 02)puX X, + (=411 3 — 21152)p X, X, + i(—41 5 — 21 00) P u X0 X,
+ (=811 115 — 4100 — 41 212)p X X, X, + (=811 115 — 411220, X, X, X,
+ (=815 — 4111220, X, X, X, + O(D*)). (C2)

Covariant symbol of G(z) in N-form, through third-order,

_ 1
G(e) = N+ iN,a}, = 2ipuN,N + NyuN = 5N, 9400 + 2p,N,N,o% + pN, N,

+ puN,,No} + p,NF,,No» — 4p,p,N,N,N — 4p,p,N,,N* + iN,,N,o"
1

) 1.
3 Nob + iN, F,,Nob — —iN

wtpy 6 mra

I,
+ —iIN

P AP ap
3 Nupr ahaban

, 1 , 1 , 1
Na,,—i-gle,MNa,,—i- tNW,,NGIquglNFMW

. . . . 4.
- 2ipyN,N,,N —2ip,N,,N,N = 2ip,N,,N,N = 2ip, N, ,N,N — —ip,N N?

3

nry

N2+ ip,N,N,q05d%

4. , 4. 2 A 2.
= 5 IPuN N —gtpﬂN N —2lpMNFM,,N,,N—§lpMNFVW

3 vy 2

1 1
DN Na @bl + ip N, Nadldh. & 2 ipuN uaNoLal + 3ip N, oNOLL

1 2
+ 31N yauNOLOL + ipNFy No900 +SipuNFyuoNOLOL + ipuN,FyNOLoL
—4ip,p,N,N,Nud% — 2ip,p,N N, No& — 2ip,p,N,No,No& — 4ip, p,N,,NN, o0

. . . 4
—4ip, PNy NoNot = 2ip,p,N,oN,NIb — 2ip, p,No,N,Nb — glpﬂp,,NwaNzaﬁ

—ii N, ., N*d% —ii N, ,N?db — 2i NF_,N,Ndbh —‘—‘i NF,,,N*d%
3 p;LpV noy a 3 p/.LpV auy a p,u,pv matty a 3 p,upV ura a
- 2ipMp,,N#F,,aN28§ — 2ip#p,,NMNF,,aN8§ +8ipupyPaN,N, NN
+8ipupyPaNuNyoN* + 8ip PPN, NNoN + 16ip,p,poN,,NoN*

+ 8ipMp,,panaN3 + O(DY). (C3)

Fourth-order of the diagonal matrix element of G(z) in N-form,

045019-21



E.J. MORAL-GAMEZ AND L.L. SALCEDO PHYSICAL REVIEW D 85, 045019 (2012)

1

d , 2 2 2
<x|G(z)|x>h,4=fﬁh(p+zD)<N NosN + SN NN + 5N, NN + 2N NN + 2N N2

1

1 2 2 1
2 2 2 2
3V N + 3N N> + SNy NN + 2N, F iy NN + N Fypyy N2+ 5NF Fy N

_4p,up1/N,uNVNaaN_4p,uva,u,N1/a/NaN_4p,u,pVN/.LNaVNaN_4'py,p1/N,uNaaNVN

8 8 8
- gp,upVN/LNvaaNz - gpMpVNp,NavaNz - gp,upVN/LNaaVNz - 4p,upVN,uVNNaaN

- SP,uPVN,uVNaNaN - 8p/.LpVN,u,1/NaaN2 _4p,upVN,LL01NVNOZN_ 4p,u,puN,u,aNaNVN
- 4p,upVN,uanaN2 _4p,u,pVNMaN0(I/N2 _4p/LpVNLYMNVNaN_ 4pMpI/Na,uNLYNVN
- 4p/.LpVNa;LNvaN2 _4p/.LpVNa/.LNaVN2 _4pMpVNozaN,u,NVN_ 4p/.LpVNaaN,LLVN2

8 16 , 8 16 ,
_gp,u.pVNlLvaNNaN_?pp,pVN,u.VaNaN _gp,upVN,u.aVNNaN_?p,u,pVNp,aVNaN

8 16 8 16
_gp,upVN/.LaaNNVN_?p#pllN,ull/ll/NVN2 _gp,u,pVNa,quNaN_?p,u,pVNa;LVNaNz

8 16 8 16 ,
_gp,upI/NO(/.LaNNVN_?p/.LPVNOI,U,D(N N? 3p,u,pVNaa,uNN N— 3 p,upVNaap,NVN

- ZP,MPVN,uvaaN3 - szpVN,u,onaN3 - ZP/LPVN,(LOZ(ZVN3 - zp/LpVNa;LVaN3 - 2p,upVNonaVN3
- zp/.LpVNaa,qu3 _4p/.LpVNF/.LaNVNaN_4p,upVNF,uaNaNVN_4p,upVNF,uanaN2

4
PuPyNF oo NN,.N

8 16
_4p,upVNF;LaNaVN2_EPMPVNFMVQNNaN_?p#pVNF;LVaNaNz_3

8
_gpMpVNFa;LozNVNz_p/LpVNF,uonaN3_p;LpVNFoz,uvozNB_4p,u.pVNp,FvaNNozN

4 2
gp,uvay,NFavaN

_ZP,MPVNFMaFVaN3 + 16P/Lp1/pap,BN,uNVNaN,BN+ 16pMprap,3N,uNVNa,BN2

+ 16p,up1/papBN,quaNN,BN+32p,up1/papBN,quaN,BN2 + 16p,u,p1/papﬁN,uNV0zﬁN3

+ 16p,u,p1/papﬂN,u,VNNaNBN+ 16p,u,p1/papﬂN,u,VNNaBN2 + 32p,u,pvpap,BN,u,VNaNNBN
+ 64p,upl/papBN,uVNozN,BN2 + 48p/,LpraPBN,MVNDZBN3 + 16p,u,p1/papBN,uVaN2N,BN

8
_8p,uPVN,uFV0zNaN2_gp,upVN;LFavozAﬂ_4p;LPVN,uNFvaNaN_

+ 32p,upvpapBN,uvaNNBN2 + 48p,u,pvpapBN,uvaNBN3 + 16p,u,pvpap,BN/.Lva,8N4)' (C4)

APPENDIX D: THE CYCLIC PROPERTY IN &-SPACES

In order to prove Eq. (4 16), we can assume without loss of generality that A(p) = Aa(p) and B(p) = Bb(p),
where the operators A and B do not depend on p > and a(p) and b(p) are c-numbers (i.e., they commute with everything
except h),

(;’ L A(p + iD)B(p) = j 5By + iDBa(pb(p) = ] L Ai(ple P Batp)bip)
d
= (;l I;d h(p)Ae™"P Ba(p)b(p) = @) “p 19" Ae~19"P Ba(p)b(p)
dip 7
= i h(p + iD)e’PsA B a(p)b(p) = f(z v, h(p + iD)e”’ D1 A(p)B(p).  (D1)
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