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Fermionic Casimir densities in a conical space with a circular boundary and magnetic flux
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The vacuum expectation value (VEV) of the energy-momentum tensor for a massive fermionic field is
investigated in a (2 + 1)-dimensional conical spacetime in the presence of a circular boundary and an
infinitely thin magnetic flux located at the cone apex. The MIT bag boundary condition is assumed on the
circle. At the cone apex we consider a special case of boundary conditions for irregular modes, when
the MIT bag boundary condition is imposed at a finite radius, which is then taken to zero. The presence of
the magnetic flux leads to the Aharonov-Bohm-like effect on the VEV of the energy-momentum tensor.
For both exterior and interior regions, the VEV is decomposed into boundary-free and boundary-induced
parts. Both these parts are even periodic functions of the magnetic flux with the period equal to the flux
quantum. The boundary-free part in the radial stress is equal to the energy density. Near the circle, the
boundary-induced part in the VEV dominates and for a massless field the vacuum energy density is

negative inside the circle and positive in the exterior region. Various special cases are considered.
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L. INTRODUCTION

Topological defects created after symmetry-breaking
phase transitions play an important role in many fields of
physics (for a review see [1]). They appear in different
condensed matter systems including superfluids, supercon-
ductors, and liquid crystals. Moreover, the topological
defects provide an important link between particle physics
and cosmology. In particular, the cosmic strings are candi-
dates to produce a number of interesting physical effects,
such as the generation of gravitational waves, gamma ray
bursts, and high-energy cosmic rays. In the simplest theo-
retical model, the geometry of a cosmic string outside its
core is described by the planar angle deficit. Though this
geometry is flat, the corresponding nontrivial topology
leads to a number of interesting physical effects. In par-
ticular, the properties of the quantum vacuum are changed
due to the modification of the zero-point fluctuations
spectrum of quantum fields. Explicit calculations for
the vacuum polarization by the cosmic string have been
developed for different fields and in various spatial dimen-
sions (see, for instance, [2—16]). The combined effects of
the cosmic string topology and a coaxial cylindrical bound-
ary on the polarization of the vacuum were studied in
Refs. [17-20] for scalar, electromagnetic, and fermionic
fields.

In Refs. [21,22] we have investigated the vacuum ex-
pectation value (VEV) of the fermionic current and the
fermionic condensate induced by the vortex configuration
of a gauge field in a (2 + 1)-dimensional conical space
with a circular boundary. Continuing in this line of
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investigation, in the present paper we study the VEV of
the energy-momentum tensor for a massive fermionic field
with the MIT bag boundary condition. The imposition of
the boundary condition induces shifts in the expectation
values of physical characteristics of the vacuum state. This
is the well-known Casimir effect [23]. The expectation
value of the energy-momentum tensor is among the most
important characteristics of the vacuum. In addition to
describing the physical structure of a quantum field at a
given point, it acts as the source of gravity in the quasi-
classical Einstein equations and plays an important role in
modelling self-consistent dynamics involving the gravita-
tional field. In considering the expectation value of the
energy-momentum tensor we shall assume the presence
of a magnetic flux. The interaction of a magnetic flux tube
with a fermionic field gives rise to a number of interesting
phenomena, such as the Aharonov-Bohm effect, parity
anomalies, formation of a condensate, and generation of
exotic quantum numbers. For background Minkowski
spacetime, the combined effects of the magnetic flux and
boundaries on the vacuum energy have been studied in
Refs. [24,25].

Field theories in 2 + 1 dimensions provide simple
models in particle physics. Related theories also arise
in the long-wavelength description of certain planar
condensed matter systems, including models of high-
temperature superconductivity. They exhibit a number of
interesting effects, such as parity violation, flavor symme-
try breaking, and fractionalization of quantum numbers
(see Refs. [26-33]). An important aspect is the possibility
of giving a topological mass to the gauge bosons without
breaking gauge invariance. An interesting application of
Dirac theory in 2 + 1 dimensions recently appeared in
nanophysics. The long-wavelength description of the elec-
tronic states in a graphene sheet can be formulated in terms
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of the Dirac-like theory of massless spinors in (2 + 1)-
dimensional spacetime with the Fermi velocity playing
the role of the speed of light (for a review see Ref. [34]).
One-loop quantum effects induced by the nontrivial topol-
ogy of graphene-made cylindrical and toroidal nanotubes
have been recently considered in Ref. [35]. The vacuum
polarization in graphene with a topological defect is
investigated in Ref. [36] within the framework of a long-
wavelength continuum model.

The outline of the paper is as follows. In the next sec-
tion we consider the geometry of a boundary-free conical
space with an infinitesimally thin magnetic flux placed
at the apex of the cone. At the cone apex, a special case
of boundary conditions is considered, when the MIT bag
boundary condition is imposed at a finite radius, which is
then taken to zero. The renormalized VEV of the energy-
momentum tensor is evaluated. Integral representations are
provided for the energy density and vacuum stresses. In
Sec. III, we consider the VEV of the energy-momentum
tensor in the region inside a circular boundary with the
MIT bag boundary condition. The VEV is decomposed
into boundary-free and boundary-induced parts. A rapidly
convergent integral representation for the latter is obtained.
A similar investigation for the region outside a circular
boundary is presented in Sec. IV. The case with half-integer
values of the ratio of the magnetic flux to the flux quantum
requires a special consideration. The corresponding analy-
sis is presented in Sec. V. Finally, Sec. VI contains a
summary of the work.

II. ENERGY-MOMENTUM TENSOR IN A
BOUNDARY-FREE CONICAL SPACE

In the presence of the external electromagnetic field
with the vector potential A,, the dynamics of a massive
spinor field i is governed by the Dirac equation

iyM(V, +ieA,)y —mip =0, 2.1
with y# = effl )'y(”) being the Dirac matrices. Here y@ are
the flat spacetime gamma matrices and e(‘; ) is the basis
tetrad. The covariant derivative operator is given by the

relation

1
V,=0d,+ Z'y(“)y(b)e(”a)e(h)y;#, (2.2)

where ‘“;”” means the standard covariant derivative for
vector fields. As a background geometry, we consider a
(2 + 1)-dimensional conical spacetime with the line
element

ds> = guvdxtdx” = dr? — dr* — r*d¢?, 2.3)
with =0 and 0= ¢ = ¢y. In (2 + 1)-dimensional
spacetime there are two inequivalent irreducible represen-
tations of the Clifford algebra. In what follows we choose
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the flat space Dirac matrices in the form y© = g5, y(V) =
ioy, y® = io,, where o, are Pauli matrices. In the second
representation the gamma matrices can be taken as y© =
—o5, YW =—io,, y? = —io,. The corresponding
results for the second representation are obtained by
changing the sign of the mass, m — —m.

We assume the presence of a circular boundary with
radius a on which the field obeys the MIT bag boundary
condition

(1 +in, y*)¢l,—, = 0, (2.4)

where n, is the outward-directed normal (with respect
to the region under consideration) to the boundary. We
have n,, = 8, and n,, = — &, for the interior and exterior
regions, respectively. As it will be shown below, the VEV
is decomposed into the boundary-free and boundary-
induced parts. In this section, we shall be concerned with
the VEV of the energy-momentum tensor operator for a
spinor field in the boundary-free conical space. We assume
the magnetic field configuration corresponding to an
infinitely thin magnetic flux located at the apex of the
cone. In the cylindrical coordinates of Eq. (2.3), the corre-
sponding vector potential has the components A, =
(0,0,A) for r>0. The z-component is related to the
magnetic flux @ by the formula A = —d/ g,

For the evaluation of the VEV of the energy-momentum
tensor we use the mode-sum formula

OI7,,10) = £ S0 0y, Vs

— (Ve 5 0y, o' (0] (2.5)

where {57, ¢} is a complete set of positive- and
negative-energy solutions to the Dirac equation, ¢ =
Ty is the Dirac adjoint and the dagger denotes
Hermitian conjugation. Here o stands for a set of quantum
numbers specifying the solutions (see below). The theory
of von Neumann deficiency indices leads to a one-
parameter family of allowed boundary conditions in the
background of an Aharonov-Bohm gauge field [37]. Here
we consider a special case of boundary conditions at
the cone apex, when the MIT bag boundary condition is
imposed at a finite radius, which is then taken to zero. The
VEVs for other boundary conditions are evaluated in a
similar way. The contribution of the regular modes is the
same for all boundary conditions and the results differ
by the parts related to the irregular modes.

The mode functions in the boundary-free conical space
are specified by the set o = (v, j) with 0 =< y < oo and
j= *1/2,+3/2,.... The -corresponding normalized
negative-energy eigenspinors are given by the expres-
sion [21]

045016-2



FERMIONIC CASIMIR DENSITIES IN A CONICAL ...

E + m\1/2 vee Ry (yr)
1,0(7) = (,y ) e*iqjdH»iEt E+m ,le+fj Yr ,
0)yj 2¢OE Jﬁj(,yr)ezqd)/Q

(2.6)

where E = 4/y? + m? and J,(x) is the Bessel function.
In Eq. (2.6) we have defined

Bj=aqlj+al—¢€/2 q =21/ ¢y, (2.7)
with
a=c¢eAlqg=—ed/2m, (2.8)
and
1 j> -«
€ = {_1’ LT 2.9)

The expression for the positive-energy eigenspinor is
(+) —
vioT

a'llp(y;)*, where the asterisk means complex conjugate.
Here we assume that the parameter « is not a half-
integer. The special case of half-integer a will be
considered separately in Sec. V.

Substituting the eigenspinors (2.6) into the mode-
sum (2.5), for the VEV of the energy-momentum tensor
in the boundary-free geometry, (0|77},|0) = (T},),, one
finds

found from Eq. (2.6) by using the relation

oy — _ 9 * — 2
@)= =2 5 [ arl(E = misj, o rn)
+(E+ m)T3 ()

o 3
T =L e [“ar X1 )
J

(2.10)
— Ty (¥ (v7))

2
_ 49 © LY

X Jg (yrW g e (1),

where Y ; means the summation over j = *1 /2, *£3/2, ...

and the prime means the derivative with respect to the
argument of the function. By using the relation

ﬁ.
J};j(Z) = _fj.lﬁj+5j(Z) + EJ'7JJB]_(Z), (211)

the VEVs of the energy density and radial stress may be
written in the form

(T = —Ao(r) + m{g i), (T = Ag(r) — (T3,

(2.12)

with (i /), being the fermionic condensate (see Ref. [22])
and
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4q © Y 2
Ao =S [T ay 1 0m + ) @13

From these expressions the trace relation (T¥), = m(iJ i)y
is explicitly seen. Another relation between the separate
components is a consequence of the covariant conservation
equation for the energy-momentum tensor. For the geome-
try at hand the latter is reduced to a single equation:
0,(KT 1) = (T3,

If we present the parameter « related to the magnetic
flux as

lagl < 1/2, (2.14)

a = ay + n,

with n, being an integer number, it can be seen that the
VEVs do not depend on n,. Hence, we conclude that the
VEV of the energy-momentum tensor depends on « alone.
The VEV is an even function of this parameter (note that
the same is the case for the fermionic condensate, whereas
the VEV of the fermionic current is an odd function of «y).

The expressions (2.10) are divergent and need to be
regularized. We introduce a cutoff function e with
the cutoff parameter s > (. At the end of calculations the
limit s — 0 is taken. First we consider the azimuthal stress.
From Eq. (2.10), the corresponding regularized VEV can
be written in the form

(TDoms = g 2285 + )25 = ey

— o2
00 'ye sy )
X dy ——=J3 (yr). 2.15
ﬂ) ym ﬁj(')’) ( )
By using the relation
1 2 o0 24 0,2

== [ dte”tm) 2.16

\/'y2 + m? ﬁ ,[0 ( )

and changing the order of integrations, the y-integral is
performed explicitly (see Ref. [38]) with the result

q em'ls
(T30, req = Py \/T_’]TZ(ZBJ +€,)(2B; — €rd,)
J

% /1/(2@ d meﬂnz/@y%ﬂy
0 V1 —2ys '
2.17)

where 15 (x) is the modified Bessel function. By using the

properties of the modified Bessel function, Eq. (2.17) can
also be written in the form

2

ge™’ 1/(2s) y1/2€—m2/(2y)—r2y
= __a.r A —
2022 .[0 Y T2

X Mg, (r7y) + g 4, (r7y)]
7

<T22>O,reg =
(2.18)

In order to find the representation for regularized VEVs
of the energy density and radial stress we need to consider
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the expression for Ay(r) in Eq. (2.13) regularized with the
cutoff function e~*?". The regularized expression can be
presented in the form

Zaf dy Yo i
\/'y + m?

X[ (yr) + 75 4 (yn)])

AO,reg(r) =

(2.19)

The parts with separate terms in the square brackets are
evaluated in a way similar to that we used for Eq. (2.15). As
a result we find

1/(2Y)
AOreg(r) (2 )3/2281‘ [

X [1g,(rPy) + 1 +c,(7y)]

1/2 —m?/(2y)=ry
JT = 2ys
(2.20)

From here, in the combination with Eq. (2.12), for the
regularized radial stress we obtain the expression

qemzs 1/(2v)d yl/ze*mz/(z)')*’zy
2(277')3/2 f Y J1—2ys
X Z[Iﬁj(” y) + Iﬁj+ej(r2y)]~
j

< 1>0 reg

(2.21)

For the energy density and the azimuthal stress we have

<T8>O,reg = _(2 + rar)<T11>0,reg + m<l_p¢>0,reg’
<T%>O,reg = (1 + rar)<T11>0,reg'

Note that by the second relation we explicitly checked the
covariant continuity equation for the regularized VEVs.

As the fermionic condensate has been considered in
Ref. [22], in accordance with Eq. (2.22) we need to con-
sider the radial stress only. The corresponding regularized
VEV is expressed in terms of the series

](Q: «, Z) = Zlﬁ/(z)
J

If we present the parameter « in the form (2.14), the
independence of the series on n, is easily seen:
I(g, a,z) = I(q, ay, 7). For the second series appearing
in the expressions for the regularized VEVs we have

Dlp e (2) = I,
J

(2.22)

(2.23)

—ayp, 2). (2.24)

With the notation (2.23), the regularized VEV of the
radial stress is written in the form

_gem™ [1/<2s>d
202m)3% Jo Y

X Y I(g, jag r*y).

=1

yU/2g=m2 /@) =Py

V1 —2ys

<T11 >O,reg

(2.25)

For 2p < g <2p + 2, with p being an integer, we use the
representation [21]
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-I (qr o, Z) = % + J(CI» @, Z)’ (226)

with the notation
1 00
L
mJo

2 )4
+= Z(— Dl cos[27l(ay — 1/2q)]e?cosCml/a),
=1

e MW f (g, ap, y)

J(g a0,2)= cosh(gqy) — cos(g )

(2.27)
The function in the integrand is defined by the expression

f(g, aq,y) = coslqm(1/2 = ag)Jcosh[(gay + q/2—1/2)y]

—cos[qgm(1/2+ ay)]
X cosh[(qgag—q/2—1/2)y]. (2.28)
In the case g = 2p, the term
e_Z
— (=112 — sin(gmay), (2.29)
q

should be added to the right-hand side of Eq. (2.27).
For 1 = g <2, the last term on the right-hand side of
Eq. (2.27) is absent.

Substituting Eq. (2.26) into the right-hand side of
Eq. (2.25), we can see that the only divergent contribution
comes from the term e?/q. This contribution does not
depend on the opening angle of the cone and on the
magnetic flux. It coincides with the corresponding quantity
in the Minkowski spacetime, in the absence of the mag-
netic flux. Subtracting the Minkowskian part and taking
the limit s — O, after the explicit integration over y, we
get the expression for the renormalized radial stress,
(T} )o.cen- The corresponding expressions for the energy
density and the azimuthal stress are found from Eq. (2.22),
by using the expression for (i i) e, from Ref. [22]. In this
way, one finds the following formula (no summation over 7)

m3

(THoen = — i(—l)lcos(wl/q) cos(2mla)

=1
X Fl(‘v)(Zmrsl) - i
27
3 (g e, 29)F (2mr cosh(y)
dy == ,
[ 4 cosh(2gy) — cos(gr)

(2.30)

where p is an integer defined by 2p = ¢ <2p + 2, and
s; = sin(7l/q). (2.31)

In Eq. (2.30), we have defined the functions
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S S 87M
Fo'w) = F{(w) = - (u + 1),
» (2.32)
F(S) — €
2 (u) pE

Note that for the function in the integrand one has

Z f(g, 6y, 2y) = —2sinh(y) Z cos[gm(1/2+ dary)]

6==*1 6=*1

X sinh[g(1 =28 ay)y]. (2.33)

As can be seen, the radial stress is equal to the energy density:
<T(()) >0,ren = <T11 >O,ren-

For a massless field the corresponding energy density
is directly obtained from Eq. (2.30)

o _ 1 (—1)
(T§0,ren —m[z 3 cos(ml/q) cos(Qmlay)

=1 l

5 fg ja 2)

_ i /oo d j==1 1 ]
27 Jo ycosh(2qy) — cos(g) cosh’y |
(2.34)
For the radial and azimuthal stresses one has
1
<T1l >O,ren == E(T%>O,ren = <T(())>O,ren' (235)

Of course, in the massless case the energy-momentum
tensor is traceless. In Fig. 1 we plot the renormalized
energy density for a massless field as a function of the
parameter « for separate values of the parameter ¢
(numbers near the curves).

For a massive field, the expression in the right-hand side
of Eq. (2.34) gives the leading term in the corresponding
asymptotic expansion for small distances from the string,

mr < 1. At distances larger than the Compton
0.04 ¢ 1
P00t ]
S
Q/\Q
=~
v 1
~ 0.00
2
-0.02 | 3 1
04 -02 00 02 04
@
FIG. 1. Energy density for a massless fermionic field as a

function of the parameter «, for separate values of the parameter
g (numbers near the curves). The vacuum stresses are related to
the energy density by Eq. (2.35).
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wavelength of the spinor particle, mr > 1, the VEVs are
suppressed by the factor e 2" for 1 = g < 2 and by the
factor e~27sin(7/4) for ¢ > 2. In the latter case the domi-
nant contribution comes from the first term in the right-
hand side of Eq. (2.30):

2

(T ren = — m—cot(ﬂ'/q)cos(ZwaO)
’ 27r
X ¢~ 2mrsin(7/q) 1/[2mr81n(7T/CI)], l ’
-1, i=2
(2.36)
for mr > 1.

For integer ¢ and for the parameter « given by the
special value

a=1/2¢g—-1/2,

the expression (2.30) for the VEVs take the form (no
summation)

(2.37)

(Torn = oo i cos’(ml/g)F{ Qmrsy). (239)
7T =1

Note that, in this case, the renormalized VEV vanishes in
a conical space with ¢ = 2. For ¢ = 3 the energy density
is positive.

The energy density diverges on the string as 1/7* and, as
a result, the integrated energy diverges as well. We can
evaluate the total vacuum energy in the region ry = r < 0
by using the energy density given above: Ej,-, =
b0 [ " drr{T{)oen- Performing the radial integration, we
find

1 P
EO,rer = 4—[2

q (9]
e d
277_/;) Y

For a massless field we have a simple relation Ey,~, =
org{T)o renl,—r,» Which could also be directly obtained
from Eq. (2.34).

In the special case when the magnetic flux is absent
we have ay =0 and the general formula simplifies to
(no summation over i)

—2mrys;

cos(ﬁl/q) cos2mlag)e

> f(g,jao2y)

=1

e —2mrcoshy :|

cosh(2gy) — cos(gm) cosh’y
(2.39)

<T;‘>o,ren=m;3[2< 1>lcos<wz/q>F<Y><2mrsz>+—cos("2”)

=1

xfwd
0

In this case, the VEV is only a consequence of the conical
structure of the space. For odd values of the parameter ¢

F ES) (2mrcoshy)sinh(gy)sinhy
cosh(2gy) —cos(gr)

]. (2.40)
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the second term in the square brackets vanishes and for
the VEV we have the simple formula (no summation
over i)

3 p
(Tosen == D(=1)' cos(l/q)F @mrsy). 2.41)
=1

Another special case corresponds to the magnetic flux in
background of Minkowski spacetime. In this case, taking
q = 1, from the general formulas we find

m3

(TiYoren = "= sin(mrere) j * dytanh(y)
T 0

X sinh(2agy)F\¥(2mrcosh(y)),  (2.42)

and the corresponding energy density is positive for
(oN) * O

An alternative expression for the VEV of the energy-
momentum tensor is obtained by using the formula [21]

2 00
Tg, 0, ) = [ d21.(x) + A(g, ag, %)
0

4 4 sinh(z7) K, (x)
7T_q 0 e e2mlztilgao=1/2D/q 4 1|

(2.43)

with K,(x) being the modified Bessel function. In
Eq. (2.43), A(g, ag, x) = O for |ay — 1/2¢] = 1/2, and

2
Alg, ap, x) = p sin[7(lgag — 1/2] — q/2)1K g0y —1/21—g/2(%),
(2.44)

for 1/2 <|ay — 1/2q| < 1. Substituting the representa-
tion (2.43) into the expressions for the regularized VEVs,
we see that the part with the first term on the right-hand
side of Eq. (2.43) does not depend on the opening angle
of the cone and on the magnetic flux. This term coincides
with the corresponding result in Minkowski bulk when the
magnetic flux is absent. Hence, it should be subtracted in
the renormalization procedure. In the remaining part the
limit s — 0 can be taken directly.

In a same way, we can consider a more general problem
where the spinor field obeys quasiperiodic boundary
condition along the azimuthal direction

Y, ¢+ o) = ™Y (1,1, $),

with a constant parameter y, | x| = 1/2. For this problem,
the exponential factor in the expression for the mode
functions (2.6) has the form e 4 TX)+iEf The corre-
sponding expression for the mode functions is obtained
from that given above with the parameter « defined by

(2.46)

(2.45)

a=y—ed/2m7

For the case of a field with periodicity condition (2.45), the
expressions of the renormalized VEVs for the energy
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density and stresses are given by the previous formulas
where now the parameter « is defined as in Eq. (2.46).

In general, the fermionic modes in the background of
the magnetic vortex are divided into two classes, regular
and irregular (square integrable) ones. For given ¢ and «,
the irregular mode corresponds to the value of j for
which ¢|j + «| < 1/2. If we present the parameter « in
the form (2.14), then the irregular mode is present if
|yl > (1 — 1/g)/2. This mode corresponds to j = —nj —
sgn(ag)/2. Note that, in a conical space, under the condi-
tion |agl = (1 —1/g)/2, there are no square integrable
irregular modes. As we have already mentioned, there is
a one-parameter family of allowed boundary conditions
for irregular modes. These modes are parameterized by
the angle 6, 0 = 0 <27 (see Ref. [37]). For |ay| < 1/2,
the boundary condition, used in deriving mode functions
(2.6), corresponds to 6§ = 377/2. If « is a half-integer, the
irregular mode corresponds to j = —« and for the corre-
sponding boundary condition one has § = 0. Note that in
both cases there are no bound states.

III. ENERGY-MOMENTUM TENSOR
INSIDE A CIRCULAR BOUNDARY

We turn to the investigation of the effect of a circular
boundary on the VEV of the energy-momentum tensor for
a spinor field. We assume that on the circle the field obeys
the MIT bag boundary condition (2.4). First we consider
the region inside the boundary. In this region the negative-
energy eigenspinors are given by the expression [21]

e,ye’iq‘f’/z

l/jfy;) =§00€_iqj¢+iEt WJBJ+€f(yr) , (31)
1521 (1)

with the same notations as in Eq. (2.6). From the boundary
condition at r = a it follows that the allowed values of y
are solutions of the equation

veiJg 1o (ya)
J/s/-(ya) - FB7e =
m + vy + m?
For a given B;, Eq. (3.2) has an infinite number of solutions

which we denote by ya = YB,15 [ =1,2,.... The normal-
ization coefficient in Eq. (3.1) is given by the expression

0. (3.2)

) _ ’)’Tﬁ,(ﬂl) m+E

, 33
o 2¢0a E ( )
with the notation
y
Tg,(y) = 720 )[y2 + (1 — €;B8)(n + 4y* + u?)
B
2 -1
Y ] , (3.4)
W

and u = ma.
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Substituting the mode functions (3.1) into Eq. (2.5)
with 3, = 3,37, for the VEVs of the separate com-

ponents we find

(T9) = — Z Z YT, (ya(E = m)Jg . (y7)
+(E+ Wt)J2 .(W)],
(T}) = — Z Z s = To, (vl (v g, (v7)

- Jﬁj+5j()’r)f,/_;,(7")],
© 3
q Y
=133y

2B+ €;
#Jﬂj(yr)fﬁjﬂj(?””),

with y = VB, /a. Here we assume that a cutoff function

X (3.5)

is introduced without explicitly writing it. The specific
form of this function is not important for the discussion
below.

For the summation of the series over / in Eq. (3.5) we
use the summation formula (see Refs. [39,40])

1 00

— f dx

T Jo

X [e™Brmiflxem LG (x) + B f(xe LY (),
(3.6)

Zf(Yﬁ,,z)Tﬁ(Yﬁ,,l) = foo dxf(x) —
I=1 0

where
K(+) (X)

L)
() =
(+)(x)

(3.7

and the asterisk means complex conjugate. In Eq. (3.7),
for a given function F(x), we use the notation

PHYSICAL REVIEW D 85, 045016 (2012)

FH(x) = {XF/(X) (Vv —x*—€;B)F(x), x<p,
XF(x0) + (u+ > — % — €, B)F(x), x=p.
(3.8)

Note that for x < pu one has FM*(x) = F(P)(x). By
using the properties of the modified Bessel functions, the
function Lg)(x) can be presented in the form

Wg)ﬁj+f (x) + i1 — u2/x?

LY (x) = , 3.9
Bj (x) U‘gj) boe (x) (3.9)
with the notations defined by
Wha(x) = x{1,(0)K,(x) = 1,(1)K ,(x)]
* /*L[IU(X)KV(X) - IV('X)KU'(X)])
Ul (x) = 2[13(x) + L)) + 21, (0)1,(x). (3.10)

The function W,(,})(x) will appear in the expressions for
the VEV in the exterior region (see Sec. IV).

Applying to the series over [ in Eq. (3.5) the summation
formula, it can be seen that the terms in the VEVs corre-
sponding to the first integral in the right-hand side of
Eq. (3.6) coincide with the corresponding VEVs in a
boundary-free conical space. As a result, after the applica-
tion of formula (3.6), the VEV of the energy-momentum
tensor is presented in the decomposed form

<T]l<> = <T]l;>0,ren + <T]l;>br (3] 1)
with (T'}), being the part induced by the circular boundary.
For the functions f(x) corresponding to Eq. (3.5), in the
second term on the right-hand side of Eq. (3.6), the part of
the integral over the region (0, w) vanishes. As a result, the
boundary-induced contributions in the interior region are
given by the expressions

i

Tohn = wz[ (é)ﬁ [ 1 10 + B (01501 1) B (W )
(+) ,
N —_ 49 w0 X WB Bi+e; (ax) Iﬁ (’"x)lﬂ +e; (rx) — IB.(VX)IﬁjJrEj(rx)
(T, zﬂzg [ o= Vg, (@)

For points away from the circular boundary and the cone
apex, the boundary-induced contributions, given by
Eq. (3.12), are finite and the renormalization is reduced
to that for the boundary-free geometry. The latter we have
discussed in the previous section.

,6’ B,+E (ax) I,B (I"X)IB +e; (rx)

l)f dx
N o—— Ufé{)b’ te, (ax)

(3.12)

Under the change o — —a, j— —j, we have B; —
Bj + €, B; + €; — B;. From here it follows that, under

this change, the functions W,g)ﬁ, Te; (ax) and Ug) Bite, (ax)
are odd and even functions, respectively. Now, from
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Eq. (3.12) we see that the boundary-induced parts in the
components of the energy-momentum tensor are even
functions of «. They are periodic functions of the parame-
ter a with the period equal to 1. Consequently, if we
present this parameter in the form (2.14) with n, being
an integer, then the VEV of the energy-momentum tensor
depends on « alone. Note that, by using the recurrence
relations for the modified Bessel function, the radial stress
can also be written in the form

3ypy(H)

(T, = _Lwa xx—zwﬁf’ﬁﬁf,-(ax)
1/b 277.2 ; m /x2 — m2

I e (rx) = I (rx)

U(ﬁ[)ﬁ Te; (ax)

— (T2, (3.13)

Now, it is easy to explicitly check that the trace relation
(T, = m{i ), is satisfied.

In the case of a massless field the expressions for the
boundary-induced parts in the VEVs take the form

T = =55 > [T anevg, oo
X [12.(xr/a) — 1 (xr/a)]
Ty = 5 S2ep 1) [T v o0
X IBj(xr/a)Iﬁj+Ej (xr/a), (3.14)
where we have defined
Vil = BB )
and for the radial stress we have (T]), = —(T0)y, — (T3)y.

Let us consider asymptotic behavior of the VEV for
the energy-momentum tensor near the cone apex and
near the boundary. In the limit » — 0 we use the expansion
for the modified Bessel functions for small values of the
argument. Writing the parameter « in the form (2.14), it
is seen that the dominant contribution comes from the
term with j = —ny — 1/2 for a, > 0 and from the term
j= —ng+1/2 for ay<0. The leading terms in the
expansions over r/a are given by the expressions

<T8>b _ 235—32 gr/a)an—l 00 x2qa,/x2 — ,uj
wm? T2(q, + 1/2) UL 12 )
[Wl(]+-)l—1/2q 1)~ /]
(ThHy =~ — za 32 (r/a);q“_l
2%ag? (2g, + DI2(g, + 1/2)
x/wdx 202 Wk () (3.16)
Y e U;IH)-%—I/Z,qa—l/z(x)’
where

PHYSICAL REVIEW D 85, 045016 (2012)
qdo = q(1/2 = |ay)). (3.17)

For the azimuthal stress one has (T3), = 2q,(T}),. For
ay = 0 the dominant contribution comes from the terms
Jj = —ng*1/2 and the corresponding asymptotics are
obtained from Eq. (3.16) taking ¢, = ¢/2 with an
additional factor 2. As it is seen from Eq. (3.16), the
boundary-induced VEVs vanish on the cone apex for
|agl <(1—1/g)/2 and diverge when |ay| > (1 — 1/g)/2.
In particular, the VEVs diverge for a magnetic flux in
background of Minkowski spacetime.

For points near the boundary, the dominant contribution
to the VEVs come from large values of j. Introducing
in Eq. (3.12) a new integration variable x = B;y, we
use the uniform asymptotic expansions for the modified
Bessel functions [41]. From these expansions it follows
that to the leading order one has

Bin(2)
I (Bj2) = Ip, 1 (Bj2) ~ B2 [e; — 1(2)],
’n (3.18)
2B
I (B]Z) + IB +e,(Bj2) ~ 7B, [1/t(z) — €;],
and
3
Kﬁj(BjZ)]ﬁj(,BjZ) - Kﬁﬁq(ﬁﬂ)’ﬁﬁg(ﬁﬂ) -~ EJZIB(Z_Z),
J
(3.19)
with the standard notations #(z) = 1/4/1 + 22,
1+z2+1 3.20
n(z) =v1+ 2 n(1+m> (3.20)

With the help of these expressions, for the leading terms in
the asymptotic expansions over the distance from the
boundary one gets

o . /8+m
(Tod 167Ta(a - ¥ (3.21)
1/8 — .
<T2>b <T1>b / 8

167ala — r)*’

As it is seen, near the boundary the energy density is
negative, whereas the signs of the stresses depend on the
mass.

Now let us consider the limiting case when r is fixed
and the radius of the circle is large. For a massive field,
assuming ma >> 1, we see that the dominant contribution
to the VEVs (3.12) comes from the region near the lower
limit of the integration. To the leading order we have
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FIG. 2. Boundary-induced parts in the VEV of the energy density (full curves) and azimuthal stress (dashed curves) as functions of
the radial coordinate for separate values of the parameter g (numbers near the curves). The left and right panels are plotted for oy = 0

and ay = 0.4, respectively.

qm e —2ma
T = = a3 S )+ 5 )
qm e 2ma
Ty =1¢ Trma) 3/22(26 Bj+1)
X [IBj(rm)IBjJrej(rm) - Iﬁj(rm)l’ﬁﬁej(rm)],
_ gmPemma (2e;B;+1)?

(T~ — TNCETEE j J r;]n Ig (rm)Ig . (rm).

(3.22)

In this case the boundary-induced VEVs are exponentially
suppressed. For a massless field and for large values of the
circle radius, the corresponding behavior is obtained from
Eq. (3.16) taking . = 0. In this case the decay of the VEVs
is of power-law (no summation): (%), ~ 1/a>@=+1,

0.4 e

0.3

T

T

0.2

0.1F

a’<T)>

0.0
01 3

-02F

204
@y

202 00 02 04

In Fig. 2 we display the boundary-induced parts in the
VEV of the energy density (full curves) and azimuthal
stress (dashed curves) as functions of the radial coordinate
for separate values of the parameter ¢ (numbers near the
curves). The left and right panels are plotted for oy = 0
and ag = 0.4, respectively. In the second case, for g = 5,
10 there are no irregular modes and the VEVs are finite on
the apex.

The VEVs of the vacuum energy density and the azimu-
thal stress for a massless field are plotted in Fig. 3 as
functions of the parameter « for a fixed value of the radial
coordinate corresponding to r/a = 0.5. The numbers near
the curves are the values of the parameter g.

Various special cases of the general formula (3.12) can be
considered. In the absence of the magnetic flux one has
a = 0 and the contributions of the negative and positive
values of j to the VEVs coincide. The corresponding formulas
are obtained from Eq. (3.12) making the replacements

04} 1
02} 1
N/\
V
S

202 00 02 04
@y

204

FIG. 3. Energy density (left panel) and the azimuthal stress (right panel) for a massless fermionic field as functions of the parameter
aq for r/a = 0.5. The numbers near the curves correspond to the values of the parameter q.
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B;j—aqj—1/2,

22 3

i=1/2,3/2,...

PHYSICAL REVIEW D 85, 045016 (2012)

B;+te—qjt1/2 (3.23)

In the case ¢ = 1, we obtain the VEVs induced by the magnetic flux and a circular boundary in the Minkowski spacetime.

And finally, in the simplest case @ = 0 and ¢ = 1 one has (T¥)q .,

by a circular boundary in the Minkowski bulk

a3 & (o = 42
@y =-5 ¥ [Tt

X
M Ur(zl)n +1 (.X )

= 0, and the expressions (3.12) give the VEVs induced

XA (xr/a) = 2,y (xr/a)IW,) (6) + (/O (xer/a) + 12 (xr/a)]},

1), (xr/a)l,(xr/a)

’

(3.24)

(Th, = _a’? i f°° dxx3Wr(z,+n)+1(x) L(xr/a)l, 4 (xr/a) —
S Uy )
@2y = " S en 1) [ ax W, () 1, Ger/a)l, 1 (xr/a)
e =0 w VX — v (%)
" ,LL n,n+1

where the functions W,(l "), (x)and Un '+1(x) are defined by
Eq. (3.9).

IV. VEV OUTSIDE A CIRCULAR BOUNDARY

In this section we consider the region outside a circular
boundary with radius a. The corresponding negative-
energy mode functions, obeying the boundary condition
(2.4), are given by the expression [21]

yejg*iqrﬁ/i

L —rr—88.8.+e.\ YA, YT
l,[lg,;)(X):C()e_qud)-hEl( E+m gﬁ,,Bj+e_,(jy Y )), (41)
85,5, (70 Y11

with the function
gl/,p(x’ )’) = Y(;)(X)Jp(y) - j(lfi)(x)Yp(y):

and with Y, (x) being the Neumann function. The barred
notation is defined by the relation

4.2)

(E —m)gh pve,(Ya yr) +

F)@) = —€j2Fp . () = (Vz2 +ut M)Fﬁj(z)’ (4.3)

with F = J, Y and, as before, u = ma. For the normal-
ization coefficient in Eq. (4.1) one has

2Ey

7(# E+m) 4.4)

¢ = [T, (va) + Vg P(ya)] .

The positive-energy eigenspinors are obtained by making

use of the relation tpy,,) =0, zﬁ . Note that in the ex-
terior region the conical smgularlty is excluded by the
boundary and all modes described by eigenspinors (4.1)
are regular.

Substituting the mode functions into the mode-sum
formula, the VEVs for separate components of the
energy-momentum tensor are written in the form

(E+m)gp, 5 (va, yr)

i

@)= =3 [ an

Ty = q [ Y3 85,p,+¢, (Y Y1) + 85 5 (va, yr)
"E J(B,_)z('ya) + Yfgi)z('ya)
y (231‘ + fj)’}’z/E
T (ya) + Y P (ya)

Ty (va) + ¥ P(ya)

T 4

q o0
T3y = d
<2> 4wr§ﬁ)

As before, we assume the presence of a cutoff function which makes the expression on the right-hand sides of Eq. (4.5)

finite. Similar to the interior region, the VEVs outside a circular boundary may be written in the decomposed form (3.11).
In order to find an explicit expression for the boundary-induced part, we note that the boundary-free part is given by

Eq. (2.10). For the evaluation of the difference between the total VEV and the boundary-free part, we use the identities

—(T3),

88,8,(ya, ¥r)8p, g +e (va, yr). (4.5)
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g5(xy) 1 Ty (x) 2
s _ J H ,
TP + 7500 hi - 2,—21,2%7%) eV
gﬁ-,/\(xr Y)gﬂ-,)H—e-(xx y) 1 B )( ) (l) (l)
: =L - : 4.6
Jrw + P M) 2 2, 7 iy T O e O) o

with A = B;, B; + €;, and with HY(x) being the Hankel function.
In this way, for the boundary-induced parts we find the expressions

ya)
(Toh = —Z > f dw _( 1) ( )[( —mHy’,  (yr) + (E + m)Hg>(yr)]

j =12
| b )(7 R 2 >
=35 [“ar Eg T )[HB 2 )+ HY(y0)] — (T3,
j =12

(—)
s, (va)

==L 308+ ¢) f v H( T TR ) 47

J

In the complex plane vy, the integrand of the term with / = 1 (/ = 2) decays exponentially in the limit Im(y) — oo
[Im(y) — —oo] for r > a. By using these properties, we rotate the integration contour in the complex plane y by the angle
ar/2 for the term with / = 1 and by the angle — /2 for the term with [ = 2. The integrals over the segments (0, im) and
(0, —im) of the imaginary axis cancel each other. Introducing the modified Bessel functions, the boundary-induced parts
are presented in the form

N _
(Toh = 2772 Z f (K)—(){ mlK3 . (xr) + K3 (er)] + (K3, (xr) = K3, (en)IWp g (an)),
B ,8 +E
o K% (xr)— K2 (xr) W, . (ax)
_ _ 4 3 Bite B; BjBjte; 2
(Ti = ﬁzfm dx x> —m? Ul (ax) ~
J B ,Bjte;
(xr)Kpg 1 (xr) Wﬂfﬁ +e (ax)
T2), = — +1fd K, ite (i 4.8
Tih = =g LB+ D | o e e Y
B ﬁ +e;
Here we have introduced the notation
U () = AK3(x) + K2(0] + 20K, (0K, (x), 4.9)

and the notation WB Bi+e; (x) is defined by Eq. (3.10). By taking into account that under the change ¢« — —a«, j — —j, one
has B8, — B, + €, B ;T e ; — B, we conclude that WB ) e, (x) and U Bi+e, (x) are odd and even functions under this
change. Now from Eq. (4.8) it follows that the boundary- “induced parts are even ' functions of . T hey are periodic with the
period equal to 1.

For a massless field the expressions for the boundary-induced parts in the VEVs simplify to

(T = — 55— z f dx? Vi, | (K} (xr/a) = K} .. (xr/a)]
(T3, = —WZ(Zﬁjej + l)f0 dxng()B e (X)K,B (xr/a)KB te; (xr/a), (4.10)
J
with the notation
I,(x)K,(x) = I.(x)K,(x)
(K) v g o
Vo, = 4.11
o) = K2(x) + K% (x) (4.11)
For the radial stress one has (T}), = —(T0), — (T3)p. In particular, for the 01rcle in the M1nk0wsk1 bulk the corresponding

formulas are obtained from Eq. (3.24) by the interchange =K, replacing W n . +1(x) —-wt R +1(x)

n,
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Now we turn to the investigation of the VEVs in the
asymptotic regions for the parameters. First we consider
the limit a — 0 for a fixed value of r. By using the
asymptotic formulas for the modified Bessel functions
for small arguments, we can see that the dominant contri-
bution comes from the term with j = 1/2 for —1/2 <
ay < 0 and from the term j = 1/2 for 0 < ay < 1/2. For
a massive field to the leading order we get (no summation
over i)

244 o 201277,
with the notations

Zo(x) = (1 = mP2/xDK2 (),

Z,(x) =K, (0 =K (0 = 2o, 43

29,4
Z,(x) = Tan—l/z(x)K L1200,

and ¢, is defined by Eq. (3.17). We see that the boundary-
induced part vanishes in the limit a — 0 for |ay| < 1/2.
For a massless field the leading term in the corresponding
asymptotic expansion for the azimuthal stress is given by
the expression

g (a/2r)**1 q, (g, + DT (2q, +3/2)

a7’ ¢ —1/4 T(q, +3/21%q, +1/2)°
(4.14)

<T%>b =

For the energy density and the radial stress one has the
relations

o t1
o +3/2

—(T5)

m. (415)

(Tow=— (TP, (THy=

For a massless field the boundary-induced VEVs are sup-
pressed with an additional factor a/r with respect to the
case of a massive field.

0.015

0.010 ¢

0.005 ¢

0.000

a<Tl>,

—-0.005 ¢

-0.010 ¢

—00]5 L
14 1.6 1.8 2.0 22

rla
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Let us consider the limit of large distances from the
circle. For a massive field, assuming mr > 1, we see
that the dominant contribution to the integrals in
Eq. (4.8) comes from the lower limit of the integration.
In the leading order we obtain

q m3 e*Zmr 1

<T0> = - )
RN e ; Ugg +c (am)

J

gmiemr . (2Bj€;+ DWi o . (am)

<T%>b == 8ﬁ(mr)5/2 -

’

(K
UB,',),B./"'f'(am)

J

(4.16)

and for the radial stress one has (T} ), = —(T3),/(2mr). As
we could expect, in this limit the VEVs are exponentially
suppressed. The radial stress contains an additional sup-
pression factor (mr)~!. For a massless field the the leading
terms for r >> a are given by Eqgs. (4.14) and (4.15).

It remains to consider the behavior of the VEVs near the
boundary. In this region the dominant contribution comes
from large values of || and, in the way similar to that for
the interior region, we find

0 1/8—pu NPy N 1/84+ 1
{Tody 167a(r—a)* {2 a—r<T1>b 167a(r—a)*
4.17)

Comparing with Eq. (3.21), we see that for a massless field
the energy density and the azimuthal stress have opposite
signs for the exterior and interior regions, whereas the
radial stress has the same sign.

The boundary-induced parts in the exterior region are
displayed in Fig. 4 as functions of the radial coordinate.
The full and dashed curves are for the energy density and
the azimuthal stress, respectively, and the numbers near the
curves correspond to the values of g. The left and right
panels are plotted for oy = 0 and «, = 0.4, respectively.

In Fig. 5 we plot the VEVs of the vacuum energy density
and the azimuthal stress for a massless field versus « for

0.03

0.02

0.01

0.00

3_ i
a’<T;>,

-0.01

-0.02

-0.03 —t——
1.

rla

FIG. 4. The same as in Fig. 2 for the region outside a circular boundary.
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FIG. 5. The same as in Fig. 3 for the region outside a circular boundary with r/a = 2.

r/a = 2. The numbers near the curves correspond to the
values of the parameter g.

The results given above can be applied to graphitic cones
within the framework of long-wavelength Dirac-like
model for electronic states in graphene (for a review see
[34]). Graphene-made structures have attracted much at-
tention recently due to the experimental observation of a
number of novel electronic properties. The electronic band
structure of graphene close to the Dirac points shows a
conical dispersion E(k) = vy|k|, where k is the momen-
tum measured relative to the Dirac points and v, =~ 108
cm/s represents the Fermi velocity which plays the role of a
speed of light. The low-energy excitations can be described
by a pair of two-component spinors, ¢ ;, J = 1, 2, corre-
sponding to the two inequivalent Fermi points of the
Brillouin zone. The components of the spinor ¢ ; corre-
spond to two triangular sublattices of the honeycomb
lattice of graphene. For a flat graphene sheet, in the ab-
sence of interactions that mix the inequivalent Fermi
points, the electronic states attached to these points will
be independent. The Dirac equation for the corresponding
spinors has the form

(ivy'yDy + iy'D; — m)ipr; = 0, (4.18)
where [ = 1,2, and D, =V, + ieA, with e = —|e| for
electrons. The mass (gap) term in (4.18) is essential in
many physical application. This gap can be generated by
a number of mechanisms. In particular, they include the
breaking of symmetry between two sublattices by intro-
ducing a staggered onsite energy [42] and the deformations
of bonds in the graphene lattice [43]. Another approach is
to attach a graphene monolayer to a substrate, the interac-
tion with which breaks the sublattice symmetry [44].
Graphitic cones are obtained from the graphene sheet if
one or more sectors with the angle /6 are removed. The
opening angle of the cone is related to the number of
sectors removed, N, by the formula 27(1 — N,/6), with
N.=1,2,...,5 (for the electronic properties of graphitic

cones see, e.g., [45] and references therein). All these
angles have been observed in experiments [46]. For even
values of N, the periodicity conditions do not mix the
spinors | and ¢,. The corresponding expressions for
the Casimir densities for finite radius graphitic nanocones
are obtained from the formulas given above with additional
factor 2 which takes into account the presence of two
inequivalent Fermi points. In standard units, the factor
hvp appears as well. For odd values of N, the periodicity
condition mixes the spinors corresponding to inequivalent
Fermi points. In this case it is convenient to combine two
spinors ¢ and i, in a single bispinor. The evaluation for
the corresponding Casimir densities can be done in a way
similar to that described before.

V. HALF-INTEGER VALUES
OF THE PARAMETER «

In this section we consider the VEV of the energy-
momentum tensor for half-integer values of the parameter
«. In this case the mode with j = —a must be considered
separately.

A. Boundary-free part

For half-integer values of «, in the boundary-free ge-
ometry the eigenspinors with j # —a are still given by
Eq. (2.6). For the mode function corresponding to the
special mode with j = —a one has [21]

—iq$/2

lﬁH (x)= ( Etm )l/zeiqawim Y sin(yr = o)
©)y.—a ThorE €9/2cos(yr — y,)

(5.1)

where, as before, E = 4/ 72 + m? and we have defined

vo = arccos[v(E — m)/2E].

As has been noted above, for half-integer values of « the
mode with j = —a corresponds to the irregular mode. The

(5.2)
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contribution of the modes with j # —a to the VEV of the
energy-momentum tensor remains the same as before.
Special consideration is needed for the mode with j =
—a only. For the contribution of this mode to the VEVs
of the energy density and the radial stress we have the
expressions

(T~ = 2y0))

(=-a) _
Ty~

2/E), (5.3)

and the contribution to the azimuthal stress vanishes. As
we have done in Sec. II, for the regularization of the
expressions (5.3) we introduce the cutoff function eV,
After the integration we find the following expressions

o 2
Ty =~ e LR 2 /2) + Ky (s /2)]
’ r
+4K,(2mr) —4K,2mr) + o(s)},
. 2 b
(T =— g’lzesm-ﬂ[zq)(smz /2) = K, (sm?/2)]+ o(s).
’ a-r

(5.4)

In order to obtain the total VEV we should add the
regularized part corresponding to the modes with
Jj # —a. For half-integer values of «, for the series in
the contribution of these modes one has

Z I,Bj(x) = Z Iﬁj+ej(x)

JF—a jF—a

= Z[an—l/Z(x) + an+1/2(x):|' (55)

n=1

As aresult, for this part in the regularized VEV of the radial
stress one finds

2
nG#—a) _ qe"” 1/
<T1 >O,reg - (277_)3/2 f dy

yl/2g=m*/(2y)=rly

V1 —2ys

X Z[anfl/Z(rzy) + an+1/z(’”2)7)]-

n=1

(5.6)

The corresponding parts in the energy density and the
azimuthal stress are given by the relations

(T = =@+ ra, XTHGE )+ mp )y,
T @ = (1 ra XTH (5.7)
where
2 2 2
_ . gme™S (/2 y—l/ze—m [2y—r*y
<‘p¢>(()]£g ) = _73/2[ dyf
(2m) 0 V1 = 2ys
XY Ugu1207%) + L1 p(FP9)] - (5.8)

n=1
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The fermionic condensate has been considered in
Ref. [22], and here we need to consider the radial stress
only. After the summation over n by using the formula
given in Sec. II, we find the following representation

2 /2y
2p—m /2y

2
(Tt =

S [l/st yl/
e emt )y T

2
+ —g;resmz/z[l(o(smzﬂ) —

P S :

+—e™ S[Zcos(ﬂ'l/q)ng (2mrs;)
7T =1

q /00 sinh(y)sinh(2gy)

+ =
7 Jo ycosh(qu)—cos(qw)

K1(Sm2/2)]

F'¥(2mrcoshy) ] (5.9)

where 2p = g <2p + 2. Note that the second term in the
right-hand side of this formula does not contribute to the
azimuthal stress. Comparing with (5.4), we see that in
the total regularized VEV this part is cancelled by the
part coming from the irregular mode. As a result, for the
total regularized VEV one finds the expression

m2s 1/2s 1/2 ,—m?/2y
<T11>O reg 67 dyL
: )32 Jo JI = 2ys

+ _3 om ‘[Z cos(ml/q)F\Y @mrs,)

e

X F(ls)(2mrcoshy)j| + o(s).

sinh(y) sinh(2¢gy)
cosh(qu) — cos(gr)

(5.10)

The first term in the right-hand side of this expression
corresponds to the contribution coming from the
Minkowski spacetime part. It is subtracted in the renor-
malization procedure and for the renormalized VEV of the
radial stress in a boundary-free conical space one finds

WL
(T ren = ;I: Z cos(wl/q)F\Y 2mrs;)

q foo sinh(y)sinh(2qy)
+=] dy
wJo 7~ cosh(2qy)—cos(gm)

F ﬁs) (2mrcoshy)].

(5.11)

Combining the results (5.4), (5.7), and (5.10), for the
renormalized VEVs of the energy density and the azimu-
thal stress we obtain the expressions

<T(())>O,ren = <T11>0,ren - [K (2mr) Ko(2mr)],

2 2

<T22>O,ren = 3 {Z COS(’)TZ/Q)F(Q)(ZMFSZ)

e

X F gs) Qmr cosh(y))},

sinh(y) sinh(2¢gy)
cosh(qu) — cos(gm)

(5.12)
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where the function F, ) (x) is defined by Eq. (2.32). As we
see, for half-integer Values of &, when an irregular mode is
present, the energy density and the radial stress differ. In
the case of a massless field the radial stress is expressed as

p
<T11>0,rcn = : I:ZCOS(WI/Q)

8arr? 3
sinh(y) sinh(2¢gy) 1 ]
cosh(2qy) — cos(qr) cosh’y

5
e
(5.13)

and for the energy density and the azimuthal stress one has

<T(())>O,ren = <T11 >0,ren = _<T22>O,ren/2- (514)
Of course, in this case the renormalized VEV is traceless.

B. Region inside a circular boundary

Now we consider the region inside a circle with radius a.
The contribution of the modes with j # —a« is given by
Eq. (3.12) where now the summation goes over j # —a.
For the evaluation of the contribution coming from the
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mode with j = —a, we note that the negative-energy
eigenspinor for this mode has the form [21]

iq¢/2
(.X) elqap+ikt y?:"+m Sln(‘yr - 70) . (5.15)
\/— e'19/2 cos(yr = )

where 7y, is defined by Eq. (5.2). From boundary condition
(2.4) it follows that the eigenvalues of 7y are solutions of the
equation

msin(ya) + ycos(ya) = 0. (5.16)

We denote the positive roots of this equation by y; = ya,

[ =1,2,.... From the normalization condition, for the
coefficient in Eq. (5.15) one has
E+m
by = [1 —sin(2ya)/(2ya)] ™. (5.17)

Using Eq. (5.15), for the contributions of the mode under
consideration to the energy density and the radial stress we
find

T =
T0)j=—a 27m r &

Z yi + w? + uly;sinQRy,;r/a) — pcos(2y,r/a)]
yi + w21 = sin(2y)/2y)]

TH. =
( 1>’_ “« 27m2

where u = ma and the presence of a cutoff function is
assumed. The contribution to the azimuthal stress vanishes:
(T3) = 0. For the summation of the series in

Eq. g_lcé) we use the Abel-Plana-type formula [40,47]
- wf(y1) mf(0)/2 | [
=— + | d
N ey e LG
f dz f(z’i 2{( o (519)

i Vilvi+ u

1 —sin(2y,)/(2y)’

x2 — m? + m[xsinh(2xr) + mcosh(2xr)]

5

(5.18)

For the functions f(z) corresponding to Eq. (5.18) one has
f(0) = 0. The second term on the right-hand side of
Eq. (5.19) gives the part corresponding to the boundary-
free geometry. As a result, the VEVs are presented in the
decomposed form (no summation)

(T jm— o = (T + (T o (5.20)
where the boundary-induced parts are given by the expres-
sions

.X2/ /x2_m2

__ 1 ("
(T j=—a= _%[m dx

Note that
<T8>b,j=—a =

where

(T jma PP = (5.22)

N mz(%ez‘”‘ +1)

_ g [ m— xsinh(2xr) — mcosh(2xr)
<¢¢>b,j=*a - E [m X M(mehx + 1)
(5.23)

T 62D

1 _ 41 [*
s <T1>b,j=—a _7T2}",/m dx
[

is the corresponding part in the fermionic condensate. The
contribution of the modes j # — a remains the same and is
obtained from the corresponding expressions given above
for non-half-integer values of a by the direct substitution
a=1/2.

Expression (5.21) for the boundary-induced part is sim-
plified for a massless field

T jm—a = Ty jm—a =

q

— . 5.24
48a%r ( )
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Unlike the fermionic condensate, the boundary-induced
VEVs diverge at the circle center. Note that for a massless
field these VEVs are finite on the boundary. Adding the
part corresponding to the regular modes, for the total VEVs
in the massless case we get

q
Ty = s
<()>b 48 2

AR I
2r R Zl 0 dxx an*l/Z,anrl/Z(x)
=

X [Ién—l/z(x”/a) - I§n+1/2(xr/a)],
2¢° &

_ * n
(T3 = 2y Z_l n o dxxvqn—l/2,qn+l/2(x)
X an—1/2(xr/a)1qn+1/2(xr/a)y (5.25)
and for the radial stress one has (T}), = —(T9), — (T)y.

The boundary-free parts in this case are given by
Egs. (5.13) and (5.14).

In the region outside a circular boundary there are no
irregular modes and the VEV of the energy-momentum
tensor is a continuous function of the parameter « at half-
integer values. The corresponding expression is obtained
taking the limit aog — 1/2 in the expressions for the VEV's
given above for oy # 1/2.

VI. CONCLUSION

We have investigated the VEV of the energy-momentum
tensor for a massive fermionic field in a (2 + 1)-
dimensional conical spacetime with a circular boundary
on which the field obeys the MIT bag boundary condition.
In addition, we have assumed the presence of magnetic flux
located at the cone apex. A special case of boundary
conditions at the apex is considered when the MIT bag
boundary condition is imposed at a finite radius, which is
then taken to zero. In the presence of a circular boundary,
the VEV of the energy-momentum tensor is decomposed
into the boundary-free and boundary-induced parts.

First we consider the geometry of a conical space with-
out boundaries. The corresponding VEV is evaluated by
making use of mode-sum formula (2.5) with the eigenspi-
nors given by Eq. (2.6). For the regularization of the mode
sums we have introduced an exponential cutoff function.
The application of the formula (2.26) allowed us to explic-
itly extract from the VEVs the parts corresponding to the
Minkowski spacetime in the absence of the magnetic flux.
The renormalization is reduced to the subtraction of this
part. The renormalizaed VEVs in the boundary-free ge-
ometry are given by Eq. (2.30). These VEVs are even and
periodic functions of the parameter «, related to the mag-
netic flux by Eq. (2.8). The corresponding radial stress is
equal to the energy density. For a massless field the renor-
malized VEV of the energy density is expressed as
Eq. (2.34), and the azimuthal stress is obtained from the
zero-trace condition. In the special case of integer ¢ and for
the parameter « given by Eq. (2.37), the general formula is
reduced to Eq. (2.38). In this case, the renormalized VEV
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vanishes in a conical space with ¢ = 2. Various other
special cases are considered. In particular, for the magnetic
flux in background of Minkowski spacetime one has the
expressions (2.42). In this case the corresponding energy
density is positive.

The effects induced by a circular boundary, concentric
with the cone apex, are considered in Sec. III. In the in-
terior region the eigenvalues for y are quantized by the
boundary condition and they are solutions of Eq. (3.2). The
mode sums for the separate components of the energy-
momentum tensor are given by Eq. (3.5) and contain the
summation over these eigenvalues. The application of the
Abel-Plana-type summation formula allows us to extract
from the VEVs the parts corresponding to the boundary-
free geometry and to present the boundary-induced parts in
terms of rapidly convergent integrals suitable for numerical
evaluation. The corresponding expressions are given by
Eq. (3.12). The boundary-induced parts are even and peri-
odic functions of the parameter a with the period equal
to 1. Note that for the boundary-induced part the energy
density is not equal to the radial stress. For a massless field
the general formulas are reduced to Eq. (3.14) for the
energy density and the azimuthal stress. The expression
for the radial stress is obtained by using the tracelessness of
the energy-momentum tensor. At the cone apex the
boundary-induced VEVs vanish for |ag| < (1 —1/¢q)/2
and they diverge when |ay| > (1 — 1/g)/2. In particular,
the VEVs are divergent for a magnetic flux in background
of Minkowski spacetime. Near the boundary, the
boundary-induced parts in the VEVs dominate. The lead-
ing terms in the asymptotic expansions over the distance
from the boundary are given by Eq. (3.21). The energy
density is negative near the boundary, whereas the stresses
may change the sign with dependence of the field mass.

The vacuum energy-momentum tensor in the region out-
side a circular boundary is considered in Sec. I'V. After the
subtraction of the boundary-free parts and by making use of
complex rotation, we present the boundary-induced parts in
the form (4.8) and (4.10), for massive and massless fields,
respectively. As in the interior region, they are even and
periodic functions of the parameter « with the period equal
to 1. For small values of the circle radius when the radial
distance is fixed, the boundary-induced VEVs for a massive
field behave as (a/r)*?« with ¢, defined by Eq. (3.17). For a
massless field the leading terms vanish and the behavior of
the VEVs is like (a/r)?%="1. At large distances from the
circle, the boundary-induced VEVs are exponentially sup-
pressed for a massive field and they decay as power-law for
a massless field. For points near the boundary the VEVs
diverge. The leading terms in the expansions over the
distance from the boundary are given by Eq. (4.17).

In the case of half-integer values of the parameter «, a
special consideration is needed for the mode with j = —a.
In the boundary-free geometry the corresponding mode
functions are given by Eq. (5.1). The contribution of the
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special mode to the azimuthal stress vanishes. The renor-
malized expressions are given by Eq. (5.11) for the radial
stress and by Eq. (5.12) for the energy density and azimu-
thal stress. Note that, in the case under consideration the
radial stress, in general, is not equal to the energy density.
This equality takes place for a massless field only [see
Egs. (5.13) and (5.14)]. In the presence of circular bound-
ary and for half-integer values of «, the mode function for
the special mode j = —a is given by Eq. (5.15). The
corresponding eigenvalues for vy are roots of Eq. (5.16).
Similar to the boundary-free case, the contribution of the
special mode to the VEV of the azimuthal stress vanishes.
The expressions for the energy density and radial stress,
Eq. (5.18), are given in terms of series over the eigenvalues
of . For the summation of these series we use the sum-
mation formula (5.19). This allows us to separate the
boundary-free part. The boundary-induced parts for the
contributions of the special mode are given by
Egs. (5.21) and (5.24) for massive and massless fields,
respectively. The total VEVs are obtained adding the parts
coming from the modes with j # —a. The latter are
obtained from the formulas given before, putting directly
half-integer values for «. In particular, for a massless field
we have the expressions (5.25).

From the point of view of the physics in the region
outside the conical defect core, the geometry considered
in the present paper can be viewed as a simplified model
for the nontrivial core. This model presents a framework
in which the influence of the finite core effects on
physical processes in the vicinity of the conical defect
can be investigated. The corresponding results may shed
light upon features of finite core effects in more realistic
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models, including those used for defects in crystals and
superfluid helium. In addition, the problem considered
here is of interest as an example with combined topo-
logical and boundary-induced quantum effects, in which
the physical characteristics can be found in closed ana-
lytic form.

Nanocones of carbon appear as a natural environment
for applications of the calculations presented in this paper.
Like graphene, carbon nanocones, have long-wavelength
free electrons which are described effectively as Dirac
fermions. Localized defects like the apex and the boundary
of the cone act as scatterers producing standing-wave
patterns in the electron density. The interaction between
these defects is given by (T%) as computed in section III.
From this, the force between the scatterers can be esti-
mated. More importantly, our work sets the background for
the study of adsorbed atoms in the nanocone surface, a
subject of very high interest nowadays [48] since they are
good candidates for gas storage. Adsorbed atoms become
additional defects acting, again, as electron scatterers.
Therefore, the fermionic Casimir effect with the inclusion
of extra point defects gives the interaction between the
adsorbed atoms and the apex or the boundary and among
themselves [49]. This will be the subject of a forthcoming
publication.
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