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A method is given to compute an approximation to the noise kernel, defined as the symmetrized

connected two-point function of the stress tensor, for the conformally invariant scalar field in any

spacetime conformal to an ultrastatic spacetime for the case in which the field is in a thermal state at

an arbitrary temperature. The most useful applications of the method are flat space where the approxi-

mation is exact and Schwarzschild spacetime where the approximation is better than it is in most other

spacetimes. The two points are assumed to be separated in a timelike or spacelike direction. The method

involves the use of a Gaussian approximation which is of the same type as that used by Page [D.N. Page,

Phys. Rev. D 25, 1499 (1982).] to compute an approximate form of the stress tensor for this field in

Schwarzschild spacetime. All components of the noise kernel have been computed exactly for hot flat

space and one component is explicitly displayed. Several components have also been computed for

Schwarzschild spacetime and again one component is explicitly displayed.
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I. INTRODUCTION

Studies of the fluctuations in the stress tensors of quan-
tum fields are playing an increasingly important role in
investigations of quantum effects in curved spacetimes
[1–8] and semiclassical gravity [9]. In various forms,
they have provided criteria for and tests of the validity of
semiclassical gravity [10–14]. They are relevant for the
generation of cosmological perturbations during inflation
[15–19] as well as the fluctuation and backreaction prob-
lem in black hole dynamics [20,21]. They also provide a
possible pathway for one to connect semiclassical to quan-
tum gravity (see, e.g., Ref. [22]). One important theory in
which this is done systematically from first principles is
stochastic semiclassical gravity [23–28], or stochastic
gravity in short, which takes into account fluctuations of
the gravitational field that are induced by the quantum
matter fields.

In stochastic gravity, the induced fluctuations of the
gravitational field can be computed using the Einstein-
Langevin equation [24,29]

Gð1Þ
ab½gþ h� ¼ 8�ðhT̂ð1Þ

ab½gþ h�i þ �ab½g�Þ: (1.1)

Here, the superscript (1) means that only terms linear in the
metric perturbation hab around the background geometry
gab should be kept, and gab is a solution to the semiclas-
sical Einstein equation [9,12]

Gab½g� ¼ 8�hT̂ab½g�i: (1.2)

Here, h. . .i denotes the quantum expectation value with
respect to a normalized state of the matter field [more

generally, h. . .i ¼ Trð�̂ . . .Þ for a mixed state] and T̂ab is
the stress tensor operator of the field.1 The tensor �ab is a
Gaussian stochastic source with vanishing mean which
accounts for the stress tensor fluctuations and is completely
characterized by its correlation function [27,28]:

h�abðxÞis ¼ 0 h�abðxÞ�c0d0 ðx0Þis ¼ Nabc0d0 ðx; x0Þ; (1.3)

where h. . .is refers to the stochastic average over the real-
izations of the Gaussian source and the noise kernel
Nabc0d0 ðx; x0Þ is given by the symmetrized connected two-
point function of the stress tensor operator for the quantum
matter fields evaluated in the background geometry gab:

Nabc0d0 ¼ 1

2
hft̂abðxÞ; t̂c0d0 ðx0Þgi (1.4)

t̂ abðxÞ � T̂abðxÞ � hT̂abðxÞi: (1.5)

Thus, the noise kernel plays a central role in stochastic
gravity, similarly to the expectation value of the stress
tensor in semiclassical gravity.
One can solve Eq. (1.1) using the retarded Green func-

tion for the operator acting on hab to obtain [11]
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1The stress tensor expectation value in Eqs. (1.1) and (1.2) is
the renormalized one, which is the result of regularizing and
subtracting the divergent terms by introducing appropriate local
counterterms (up to quadratic order in the curvature) in the bare
gravitational action [30]. Any finite contributions from those
counterterms other than the Einstein tensor have been absorbed
in the renormalized expectation value of the stress tensor.
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habðxÞ ¼ hðhÞabðxÞ þ 8�
Z

d4y0
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gðy0Þ

q
GðretÞ

abc0d0 ðx; y0Þ�c0d0 ðy0Þ;
(1.6)

where hðhÞab is a homogeneous solution to Eq. (1.1) which

contains all the information on the initial conditions. The
resulting two-point function depends directly on the noise
kernel:

hhhabðxÞhc0d0 ðx0Þisii:c:
¼ hhðhÞabðxÞhðhÞc0d0 ðx0Þii:c: þ ð8�Þ2

Z
d4y0d4y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðy0ÞgðyÞ

q

�GðretÞ
abe0f0 ðx; y0ÞNe0f0ghðy0; yÞGðretÞ

c0d0ghðx0; yÞ; (1.7)

where h. . .ii:c: denotes the average over the initial condi-
tions weighed by an appropriate distribution characterizing
the initial quantum state of the metric perturbations. It
should be emphasized that although obtained by solving
an equation involving classical stochastic processes, the
result for the stochastic correlation function obtained in
Eq. (1.7) coincides with the result that would be obtained
from a purely quantum field theoretical calculation
where the metric is perturbatively quantized around the
background gab. More precisely, if one considers a large
number N of identical fields, the stochastic correlation
function coincides with the quantum correlation function

hfĥabðxÞ; ĥc0d0 ðx0Þgi to leading order in 1=N [11,31]. The
noise kernel is the crucial ingredient in the contribution to
the metric fluctuations induced by the quantum fluctuations
of the matter fields, which corresponds to the second term
on the right-hand side of Eq. (1.7).

As pointed out by Hu and Roura [20] using the black
hole quantum backreaction and fluctuation problems as
examples, a consistent study of the horizon fluctuations
requires a detailed knowledge of the stress tensor two-point
function and, therefore, the noise kernel. That is because,
in contrast with the averaged energy flux, the existence of a
direct correlation assumed in earlier studies between the
fluctuations of the energy flux crossing the horizon and
those far from it is simply invalid. The need for the noise
kernel of a quantum field near a black hole horizon has
been pronounced earlier in order to study the effect of
Hawking radiation emitted by a black hole on its evolution
as well as the metric fluctuations driven by the quantum
field (the ‘‘backreaction and fluctuation’’ problem [32]).
For example, Sinha, Raval and Hu [33] have outlined a
program for such a study, which is the stochastic gravity
upgrade (via the Einstein-Langevin equation) of those
carried out for the mean field in semiclassical gravity
(through the semiclassical Einstein equation) by York
[34,35] and by York and his collaborators [36]. Note that,
strictly speaking, the retarded propagator and the noise
kernel in Eq. (1.7) should not be computed in the
Schwarzschild background but a slightly corrected one
(still static and spherically symmetric) which takes into

account the backreaction of the quantum matter fields on
the mean geometry via the semiclassical Einstein equation
[34]. However, one can consider an expansion in powers of
1=M2; for the Hartle-Hawking state, the difference be-
tween calculations employing the Schwarzschild back-
ground or the semiclassically corrected one would be of
order 1=M2 or higher. Since our approach—which fits
naturally within the framework of perturbative quantum
gravity regarded as a low-energy effective theory [37]—is
only valid for black holes with a Schwarzschild radius
much larger than the Planck length (M � 1), those cor-
rections of order 1=M2 will be very small.
An expression for the noise kernel for free fields in a

general curved spacetime in terms of the corresponding
Wightman function was obtained a decade ago [25,38,39].
Since then, this general result has been employed to obtain
the noise kernel in Minkowski [26], de Sitter [17,38,40,41]
and anti-de Sitter [40,42] spacetimes, as well as hot flat
space and Schwarzschild spacetime in the coincidence limit
[43]. In this paper, we compute expressions for the noise
kernel in hot flat space and Schwarzschild spacetime using
the same Gaussian approximation for the Wightman func-
tion of the quantum matter field that was used in Ref. [43].
The difference is that there the coincident limit was consid-
ered and certain terms had to be subtracted. Here, we do not
take the coincidence limit and no subtraction of divergent
terms is necessary. In contrast to the stress tensor expecta-
tion value, which is computed in the limit that the points
come together, if one wishes to solve the equations of
stochastic semiclassical gravity it is necessary to have an
expression for the noise kernel when the points are sepa-
rated. This can be seen explicitly in Eqs. (1.3) and (1.7).
Specifically, we calculate an exact expression for the

noise kernel of a conformally invariant scalar field in
Minkowski space in a thermal state at an arbitrary tem-
perature T. We also compute approximate expressions for
the noise kernel in both the optical Schwarzschild and
Schwarzschild spacetimes when the field is in a thermal
state at an arbitrary temperature T. For the latter case when
the temperature is that associated with the black hole, the
field is in the Hartle-Hawking state, which is the relevant
one if one wants to study the metric fluctuations of a black
hole in (possibly unstable) equilibrium. In all cases, the
calculations are done with the points separated (and non-
null related). Because we do not attempt to take the limit in
which the points come together (or are null related) the
results are finite without the need for any subtraction.
To compute the noise kernel, we need an expression for

the Wightman function, Gþðx; x0Þ ¼ h�ðxÞ�ðx0Þi. We be-
gin by working in the Euclidean sector of the optical
Schwarzschild spacetime, which is ultrastatic and confor-
mal to Schwarzschild. We use the same Gaussian approxi-
mation for the Euclidean Green function when the field is
in a thermal state that Page [44] used for his computation of
the stress tensor in Schwarzschild spacetime. As he points
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out, this approximation corresponds to taking the first term
in the DeWitt-Schwinger expansion for the Euclidean
Green function. In most spacetimes, that would not be
sufficient to generate an approximation to the stress tensor
which could be renormalized correctly. However, in the
optical Schwarzschild spacetime (and for any other ultra-
static metric conformal to an Einstein metric in general),
the second and third terms in the DeWitt-Schwinger ex-
pansion vanish identically so that the approximation is
much better than it would usually be. In the flat space limit
this expression is exact.

Having obtained an expression for the Euclidean Green
function, we analytically continue it to the Lorentzian
sector and take the real part of the result to obtain an
expression for the Wightman function when the points
are non-null separated. In the optical Schwarzschild space-
time, by substitution into the equation satisfied by the
Wightman function, we show that it is valid through
O½ðx� x0Þ2� as expected.2 This expression is again exact
in the flat space limit.

For hot flat space, we next compute the necessary de-
rivatives of the Wightman function and substitute into
Eq. (2.3) to obtain an exact expression for the noise kernel.
For the optical Schwarzschild spacetime, we take a differ-
ent approach. We expand the approximate part of the
Wightman function in powers of (x� x0), compute
the derivatives and substitute the results into Eq. (2.3).
The result is valid throughO½ðx� x0Þ�4�, while the leading
terms are O½ðx� x0Þ�8�. Finally, we conformally trans-
form the results to Schwarzschild spacetime to obtain an
expression for the noise kernel that is valid to the same
order there. This is done explicitly for two cases of interest.
One is the case when the point separation is only in the time
direction and the product of the temperature and the point
separation is not assumed to be small. The second is for a
general spacelike or timelike separation of the points when
the product of the point separation and the temperature is
assumed to be small.

All nonzero components of the noise kernel have been
computed in hot flat space for a non-null separation of the
points and the conservation laws given in Eq. (2.6) and the
partial traces given in Eq. (2.7) have been checked. Several
components of the noise kernel have also been computed in
Schwarzschild spacetime, but for the sake of brevity only
one component is explicitly displayed. We have obtained
results for separations along the time direction but without
assuming the product of the temperature and the time

difference to be small, as well as for arbitrary separations
but assuming that the product of the temperature and the
separation is small. As discussed in Sec. IV, various checks
of our results have been made using the partial traces and
conservation laws. Furthermore, the result which is not
restricted to small values of the temperature times the
time difference is shown to agree with previously com-
puted results in two different flat space limits.
In Sec. II, we review the form of the noise kernel for a

conformally invariant scalar field in a general spacetime
and discuss its properties including its change under con-
formal transformations which enables us to obtain the
noise kernel in Schwarzschild spacetime from the result
for the optical spacetime. In Sec. III, we present the
relationship between the Wightman and Euclidean
Green functions, the relevant parts of the formalism for
the DeWitt-Schwinger expansion [45], and its use in
the Gaussian approximation derived by Page [44] for the
Euclidean Green function in the optical Schwarzschild
spacetime. We show that the resulting expression for the
Wightman function for any temperature is valid through
O½ðx� x0Þ2�. In Sec. IV, a method for obtaining the
Wightman function in the Gaussian approximation is
given. The computation of the noise kernel using this
Wightman function is described and one component of
the noise kernel in Schwarzschild spacetime is explicitly
displayed. The flat space limit for this component is dis-
cussed. Section V contains a summary and discussion of
our main results. In the Appendix, we provide two proofs
of the simple rescaling under conformal transformations
of the noise kernel for a conformally invariant scalar field.
Throughout we use units such that ℏ ¼ c ¼ G ¼ kB ¼ 1
and the sign conventions of Misner, Thorne and Wheeler
[46].

II. NOISE KERNEL FOR THE CONFORMALLY
INVARIANT SCALAR FIELD

In this section, we review the general properties of the
noise kernel for the conformally invariant scalar field in an
arbitrary spacetime. The definition of the noise kernel for
any quantized matter field is given in Eq. (1.4).
The classical stress tensor for the conformally invariant

scalar field is

Tab ¼ ra�rb�� 1

2
gabrc�rc�

þ �ðgabh�rarb þGabÞ�2; (2.1)

with � ¼ ðD� 2Þ=4ðD� 1Þ, which becomes � ¼ 1=6 in
D ¼ 4 spacetime dimensions. Note that since the stress
tensor is symmetric, the noise kernel as defined in Eq. (1.4)
is also symmetric under exchange of the indices a and b, or
c0 and d0. To compute the noise kernel one promotes the
field �ðxÞ in Eq. (2.1) to an operator in the Heisenberg
picture while treating gab as a classical background metric.
The result is then substituted into Eq. (1.4).

2The dimensionless quantity which should be much smaller
than 1 so that this expansion provides a valid approximation
corresponds to the square of the geodesic distance, 2� ¼
O½ðx� x0Þ2�, divided by the square of the typical curvature
radius scale. In Schwarzschild spacetime, the latter is charac-
terized near the horizon by the Schwarzschild radius RS ¼ 2M,
but more accurately by the inverse fourth root of the curvature
invariant R����R

���� �M2=r6 far from it.
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Given a Gaussian state for the quantum matter field, one
can express the noise kernel in terms of products of two
Wightman functions by applying Wick’s theorem.3 The
Wightman function is defined as

Gþðx; x0Þ ¼ h�ðxÞ�ðx0Þi: (2.2)

The result for a scalar field with arbitrary mass and curva-
ture coupling in a general spacetime has been obtained in

Refs. [25,39]. For the conformally invariant scalar field in a
general spacetime, the noise kernel is [39]

Nabc0d0 ¼ Ref �Kabc0d0 þ gab �Kc0d0 þ gc0d0 �K
0
ab þ gabgc0d0 �Kg

(2.3)

with4

9 �Kabc0d0 ¼ 4ðG;c0bG;d0a þG;c0aG;d0bÞ þG;c0d0G;ab þGG;abc0d0 � 2ðG;bG;c0ad0 þG;aG;c0bd0 þG;d0G;abc0

þG;c0G;abd0 Þ þ 2ðG;aG;bRc0d0 þG;c0G;d0RabÞ � ðG;abRc0d0 þG;c0d0RabÞGþ 1

2
Rc0d0RabG

2 (2.4a)

36 �K0
ab ¼ 8ð�G;p0bG

p0
; a þG;bG;p0a

p0 þG;aG;p0b
p0 Þ þ 4ðGp0

; G;abp0 �G;p0p
0
G;ab �GG;abp0p

0 Þ
� 2R0ð2G;aG;b �GG;abÞ � 2ðG;p0Gp0

; � 2GG;p0
p0 ÞRab � R0RabG

2 (2.4b)

36 �K ¼ 2G;p0qG
p0q
; þ 4ðG;p0p

0
G;q

q þGG;p
p
q0
q0 Þ � 4ðG;pG;q0

pq0 þGp0
; G;q

q
p0 Þ þ RG;p0Gp0

;

þ R0G;pG
;p � 2ðRG;p0

p0 þ R0G;p
pÞGþ 1

2
RR0G2: (2.4c)

Note that the superscript þ on Gþ has been omitted in the
above equations for notational simplicity. Primes on indices
denote tensor indices at the point x0 and unprimed ones
denote indices at the point x. Rab is the Ricci tensor eval-
uated at the point x, Rc0d0 is the Ricci tensor evaluated at the
point x0, R is the scalar curvature evaluated at the point x,
and R0 is the scalar curvature evaluated at the point x0.

The definition (1.4) of the noise kernel immediately
implies that it is symmetric under interchange of the two
spacetime points and the corresponding pairs of indices so
that

Nabc0d0 ðx; x0Þ ¼ Nc0d0abðx0; xÞ: (2.5)

The noise kernel obeys other important properties as well.
These have been proven in Refs. [24,25], so we just state
them here. The first property, which is clear from (1.4), is
that the following conservation laws must hold:

raNabc0d0 ¼rbNabc0d0 ¼rc0Nabc0d0 ¼rd0Nabc0d0 ¼0: (2.6)

The second property which must be satisfied because the
field is conformally invariant is that the partial traces must
vanish, that is

Na
ac0d0 ¼ Nab

c0
c0 ¼ 0: (2.7)

A third important property is that the noise kernel is
positive semidefinite, namely

Z
d4x

ffiffiffiffiffiffiffiffiffiffiffiffiffi
�gðxÞ

q Z
d4x0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�gðx0Þ

q
fabðxÞNabc0d0 ðx;x0Þfc0d0 ðx0Þ�0;

(2.8)

for any real tensor field fabðxÞ.
Finally, the noise kernel for the conformally invariant

field has a simple scaling behavior under conformal trans-
formations. In the Appendix two proofs are given which
show that under a conformal transformation between
two conformally related D-dimensional spacetimes with
metrics of the form ~gab ¼ �2ðxÞgab and conformally re-
lated states, the noise kernel transforms as

~N abc0d0 ðx; x0Þ ¼ �2�DðxÞ�2�Dðx0ÞNabc0d0 ðx; x0Þ: (2.9)

III. GAUSSIAN APPROXIMATION IN THE
OPTICAL SCHWARZSCHILD SPACETIME

As discussed in the Introduction, wewant to compute the
noise kernel in a background Schwarzschild spacetime for
the conformally invariant scalar field when the points are
separated. For an arbitrary separation, it would be neces-
sary to do this numerically. However, if the separation is
small then it is possible to use approximation methods to
compute the Wightman function analytically and from that
the noise kernel. For a conformally invariant field, a sig-
nificant simplification is possible because the Green func-
tion and the resulting noise kernel can be computed in the
optical Schwarzschild spacetime (which is conformal
to Schwarzschild spacetime) and then conformally

3Gaussian states include for instance the usual vacua, thermal
and coherent states. In general, most states will not be Gaussian
and Wick’s theorem will not apply: it will not be possible to
write the four-point function of the field in terms of two-point
functions and expectation values of the field. That is, for ex-
ample, the case for all eigenstates of the particle number opera-
tors other than the corresponding vacuum.

4Notice that these equations have two slight but crucial dif-
ferences with the equations of Ref. [39]. The sign of the last term
of the equation for Nabc0d0 and also the sign of the term GG;abp0

p0

have been corrected.
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transformed to Schwarzschild spacetime. A similar calcu-
lation was done by Page [44] for the stress tensor expecta-
tion value of a conformally invariant scalar field. He first
calculated the Euclidean Green function for the field in a
thermal state using a Gaussian approximation. Then the
stress tensor was computed and conformally transformed to
Schwarzschild spacetime. We shall use Page’s approxima-
tion for the Euclidean Green function to obtain an approxi-
mation for theWightman Green function and then compute
the noise kernel using that approximation.

A. Gaussian approximation
for the Wightman Green function

In order to use Page’s approximation, we must relate the
Euclidean Green function in a static spacetime to the
Wightman function. To do so, we begin by noting that
the Wightman function can be written in terms of two other

Green functions [47], the Hadamard function Gð1Þðx; x0Þ
and the Pauli-Jordan function Gðx; x0Þ:

Gþðx; x0Þ ¼ 1

2
½Gð1Þðx; x0Þ þ iGðx; x0Þ� (3.1a)

Gð1Þðx; x0Þ � hf�ðxÞ; �ðx0Þgi (3.1b)

iGðx; x0Þ � h½�ðxÞ; �ðx0Þ�i: (3.1c)

As discussed in the Introduction, we restrict our attention
in this paper to spacelike and timelike separations of the
points. In general Gðx; x0Þ ¼ 0 for spacelike separations.
Furthermore, in the optical Schwarzschild spacetime,
Gðx; x0Þ ¼ O½ðx� x0Þ4� for timelike separations of the
points. To see this, consider the general form of the
Hadamard expansion for Gðx; x0Þ which is [48]

Gðx; x0Þ ¼ uðx; x0Þ
4�

�ð��Þ � vðx; x0Þ
8�

	ð��Þ; (3.2)

with �ðx; x0Þ defined to be one-half the square of the proper
distance along the shortest geodesic connecting the two
points. In [49], it was shown that in Schwarzschild space-
time vðx; x0Þ ¼ O½ðx� x0Þ4�. Since the Green function in
the optical spacetime can be obtained from that in
Schwarzschild spacetime by a simple conformal transfor-
mation, the same must be true of the quantity vðx; x0Þ.
Thus, so long as we work only to O½ðx� x0Þ2� and restrict
our attention to points which are either spacelike or time-
like separated, then in the optical Schwarzschild spacetime

Gþðx; x0Þ ¼ 1

2
Gð1Þðx; x0Þ þO½ðx� x0Þ4�: (3.3)

The Hadamard Green function can be computed using
the Euclidean Green function in the following way. First,
define the Euclidean time as


 � it: (3.4)

Then the metric in a static spacetime takes the form

ds2 ¼ g

ð ~xÞd
2 þ gijð ~xÞdxidxj: (3.5)

The Euclidean Green function obeys the equation�
h� 1

6
R

�
GEðx; x0Þ ¼ ��ðx� x0Þffiffiffiffiffiffiffiffiffi

gðxÞp : (3.6)

Because the spacetime is static, GE will be a function of
ð�
Þ2 ¼ ð
� 
0Þ2. It is possible to obtain the Feynman
Green function GFðx; x0Þ by making the following trans-
formation [50]:

ð�
Þ2 ! �ð�tÞ2 þ i�; (3.7)

under which

GEðx; x0Þ ! iGFðx; x0Þ: (3.8)

Writing the Feynman Green function in terms of the
Hadamard and Jordan functions [47],

GFðx; x0Þ ¼ � 1

2
iGð1Þðx; x0Þ

þ 1

2
½	ðt� t0Þ � 	ðt0 � tÞ�Gðx; x0Þ; (3.9)

one finds that Eq. (3.3) becomes

Gþðx; x0Þ ¼ �ImGFðx; x0Þ þO½ðx� x0Þ4�: (3.10)

As mentioned above, Page made use of the DeWitt-
Schwinger expansion to obtain his approximation for the
Euclidean Green function. Before displaying his approxi-
mation, it is useful to discuss two quantities which appear
in that expansion. For a more complete discussion, see
Ref. [45]. The fundamental quantity out of which every-
thing is built is Synge’s world function �ðx; x0Þ, which is
defined to be one-half the square of the proper distance
between the two points x and x0 along the shortest geodesic
connecting them. It satisfies the relationship

�ðx; x0Þ ¼ 1

2
gabðxÞ�;aðx; x0Þ�;bðx; x0Þ; (3.11)

and it is traditional to use the notation

�a � �;a: (3.12)

As shown in Ref. [45], it is possible to expand biscalars,
bivectors, and bitensors in powers of �a in an arbitrary
spacetime about a given point x. Then the coefficients in
that expansion are evaluated at the point x. For example,

�;abðx; x0Þ ¼ gabðxÞ � 1

3
RacbdðxÞ�cðx; x0Þ�dðx; x0Þ þ � � � :

(3.13)

Examination of this expansion shows that to zeroth order in�a

�;abc ¼ 0: (3.14)

The second quantity we shall need is

Uðx; x0Þ � �1=2ðx; x0Þ; (3.15a)

�ðx; x0Þ � � 1ffiffiffiffiffiffiffiffiffiffiffiffiffi�gðxÞp ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�gðx0Þp detð��;ab0 Þ: (3.15b)
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Note that covariant derivatives at the point x0 commute
with covariant derivatives at the point x. Two important
properties of Uðx; x0Þ are

Uðx; xÞ ¼ 1 (3.16a)

ðlnUÞ;a�a ¼ 2� 1

2
h�: (3.16b)

One can also expand U in powers of �a with the result
that [45]

Uðx; x0Þ ¼ 1þ 1

12
Rab�

a�b � 1

24
Rab;c�

a�b�c;

þ 1

1440
ð18Rab;cd þ 5RabRcd

þ 4RpaqbR
qp
cd Þ�a�b�c�d þO½ð�aÞ5�: (3.17)

The above definitions, properties and expansions apply
to arbitrary spacetimes. Given any static metric, one can
always transform it to an ultrastatic one, called the optical
metric, by a conformal transformation. This kind of metric
is of the form

ds2 ¼ �dt2 þ gijð ~xÞdxidxj; (3.18)

with the metric functions gij independent of the time t. In

this case, Synge’s world function is given by

�ðx; x0Þ ¼ 1

2
ð��t2 þ r2Þ; (3.19)

with

�t � t� t0; r �
ffiffiffiffiffiffiffiffiffiffiffi
2ð3Þ�

q
: (3.20)

The quantity ð3Þ� is the part of� that depends on the spatial
coordinates. Note that we use r (with bold roman font) to
denote the quantity in Eq. (3.20) while r (with normal italic
font) denotes the radial coordinate. Some useful properties
of r are

rir ¼
3�i

r
; (3.21a)

r2r ¼
3�i

i � 1

r
; (3.21b)

rirrir ¼
3�i

3�i

23�
¼ 1; (3.21c)

2ðð3Þ�1=2Þ;irir ¼
�
3

r
�r2r

�
ð3Þ�1=2; (3.21d)

where r2 ¼ riri. Note that from Eqs. (3.15b) and (3.19)
one can easily see that for an ultrastatic spacetime the Van-

Vleck determinant ð3Þ� for the spatial metric gij coincides

with the Van-Vleck determinant � for the full spacetime.

(The advantage of using ð3Þ� rather than� is that, although
noncovariant, it is valid for arbitrary time separations, and
one only needs to expand in powers of r.)

The optical Schwarzschild metric

ds2 ¼ �dt2 þ 1

ð1� 2M
r Þ2

dr2 þ r2

1� 2M
r

ðd	2 þ sin2	d�2Þ;

(3.22)

is of the form (3.18) and is conformally related to the
Schwarzschild metric in standard coordinates with a con-
formal factor

�2 ¼
�
1� 2M

r

�
: (3.23)

For this metric, Page [44] used a Gaussian approximation
to obtain an expression for the Euclidean Green function in
a thermal state at the temperature

T ¼ �

2�
: (3.24)

This expression is valid for any temperature; however, if

� ¼ 1

4M
; (3.25)

then the temperature is that of the black hole in the
Schwarzschild spacetime which is conformal to the optical
metric (3.22). In this case the state of the field corresponds
to the Hartle-Hawking state, which is regular on the hori-
zon. Page found that [44]

GEð�
; ~x; ~x0Þ ¼ � sinhð�rÞ
8�2r½coshð�rÞ � cosð��
Þ�Uð�
; ~x; ~x0Þ:

(3.26)

Analytically continuing to the Lorentzian sector using the
prescriptions (3.7) and (3.8), and substituting the result into
Eq. (3.10) gives

Gþð�t; ~x; ~x0Þ ¼ � sinh�r

8�2r½coshð�rÞ � coshð��tÞ�ÞUð�t; ~x; ~x0Þ:
(3.27)

To determine the accuracy of this approximation we can
substitute the above expression into the equation satisfied
by Gþ which is

hGþðx; x0Þ � R

6
Gþðx; x0Þ ¼ 0: (3.28)

The accuracy of the Gaussian approximation in the optical
Schwarzschild metric will be determined by the lowest
order in (x� x0) at which Eq. (3.28) is not satisfied.
Applying the differential operator for the metric (3.22)
and using Eqs. (3.21c) and (3.21d), one finds after some
calculation that�
h� 1

6
R

�
Gþðx; x0Þ ¼ � sinhð�rÞ

r½coshð�rÞ � coshð��tÞ�
�

�
h� 1

6
R

�
Uðx; x0Þ: (3.29)

If Eq. (3.17) is substituted into Eq. (3.29), (3.13), and (3.14)
are used, then one finds
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�
h�R

6

�
Uðx;x0Þ¼Q0þQp�

pþQpq�
p�qþ��� (3.30)

with

Q0¼0; (3.31a)

Qa�
a¼�aGa

b
;b¼0; (3.31b)

Qab�
a�b¼ 1

360
ð9R;abþ9Rab;c

c�24Rac;b
c�12RacRb

c

þ6RcdRcadbþ4RacdeRb
edcþ4RacdeRb

cdeÞ�a�b:

(3.31c)

Here, Gab is the Einstein tensor. For the optical
Schwarzschild metric (3.22), Qab�

a�b ¼ 0. Thus,
Eq. (3.30) is zero to O½ðx� x0Þ2�. Since h is a second
order derivative operator, this means that the Gaussian
approximation for Gþðx; x0Þ, whose leading order behavior
isGþðx; x0Þ � ðx� x0Þ�2, is accurate throughO½ðx� x0Þ2�.
Note that this approximation is valid for arbitrary tempera-
ture since Eq. (3.29) holds for arbitrary values of �.

It is important to emphasize that the order of accuracy
obtained here is for the Schwarzschild optical metric (3.22).
Because the Gaussian approximation is equivalent to the
lowest order term in the DeWitt-Schwinger expansion, it is
only guaranteed to be accurate to leading order in x� x0 in a
general spacetime.

B. Order of validity of the noise kernel

In Sec. II, an expression for the noise kernel is given in
terms of covariant derivatives of the Wightman function.
In each term there is a product of Wightman functions and
varying numbers of covariant derivatives. The accuracy of
the Gaussian approximation for the Wightman function
can be used to estimate the order of accuracy of the noise
kernel. First, recall that the leading order of the Wightman
function goes like ðx� x0Þ�2. Since there is a maximum of
four derivatives acting on a product of Wightman func-
tions, one expects that at leading order the noise kernel
will go like ðx� x0Þ�8. Since the Gaussian approximation

to the Wightman function in the optical Schwarzschild
spacetime is accurate through terms of order ðx� x0Þ2, it is
clear from Eq. (2.4) that our expression for the noise
kernel should be accurate up to and including terms of
order ðx� x0Þ�4.

IV. COMPUTATION OF THE NOISE KERNEL

In this section, we discuss the computation of the noise
kernel in two different but related cases. In both, the field is
in a thermal state at an arbitrary temperature T and the
points are separated in a non-null direction. The first case
considered is flat space where the calculation of the noise
kernel is exact. In the second case, an approximation to the
noise kernel is computed for the optical Schwarzschild
metric (3.22). The result is then conformally transformed
to Schwarzschild spacetime using Eq. (2.9).

A. Hot flat space

In flat space, the functionUðx; x0Þ is exactly equal to one.
Examination of Eq. (3.29) then shows that the expression
for Gþðx; x0Þ in Eq. (3.27) is exact so long as the points are
separated in a non-null direction. This expression can be
substituted into Eqs. (2.3) and (2.4) to obtain an exact
expression for the noise kernel. Here, the quantity r takes
on the following simple form in Cartesian coordinates and
components:

r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2 þ ðy� y0Þ2 þ ðz� z0Þ2

q
: (4.1)

The only subtlety which one must be aware of is that the
point separation must be arbitrary before the derivatives
are computed. Once they are computed, then any point
separation that one desires can be used.
All components of the noise kernel have been calculated

when the points are separated in a non-null direction. Both
conservation and the vanishing of the partial traces have
been checked. Because of the length of many of the com-
ponents, we display just one of them here:

Nttt0t0 ¼ �2sinh2ð�rÞ
192�4r6ðcoshð��tÞ�coshð�rÞÞ2þ

�3 sinhð�rÞ
96�4r5ðcoshð��tÞ�coshð�rÞÞ3 ½1�coshð��tÞcoshð�rÞ�

þ �4

192�4r4ðcoshð��tÞ�coshð�rÞÞ4 ½2�2coshð��tÞcoshð�rÞ�cosh2ð�rÞþcosh2ð��tÞcoshð2�rÞ�

þ �5 sinhð�rÞ
288�4r3ðcoshð��tÞ�coshð�rÞÞ4 ½2coshð��tÞ�coshð2��tÞcoshð�rÞ�coshð��tÞcosh2ð�rÞ�

� �6

576�4r2ðcoshð��tÞ�coshð�rÞÞ6 ½12�6cosh2ð��tÞþcosh4ð��tÞ�12coshð��tÞcoshð�rÞ
þcosh3ð��tÞcoshð�rÞ�18cosh2ð�rÞþ12cosh2ð��tÞcosh2�2cosh4ð��tÞcosh2ð�rÞð�rÞ
þ17coshð��tÞcosh3ð�rÞþ3cosh3ð��tÞcosh3ð�rÞ�cosh4ð�rÞ�6coshð2��tÞcosh4ð�rÞ�coshð��tÞcosh5ð�rÞ�:

(4.2)
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B. Schwarzschild spacetime

The calculation of the noise kernel in the optical
Schwarzschild metric (3.22) proceeds in the same way as
the flat space calculation in Sec. IVA. That is, one simply
substitutes the expression (3.27) for Gþðx; x0Þ, which is
now approximate rather than exact, into Eqs. (2.3) and
(2.4) and computes the various derivatives and curvature
tensors, again with an arbitrary separation of the points.
After the derivatives are computed, the specific separation
of the points which is of interest may be taken. Because the
expression for Gþðx; x0Þ is approximate, one must expand
the result in powers of (x� x0) and, as discussed at the end
of Sec. III, the result should be truncated at order
ðx� x0Þ�4.

The expansion in powers of (x� x0) can be consistently
done for all contributions to the noise kernel and the results
of such an expansion are shown below in Sec. IVB 2.
However, if the separation of the points is only in the
time direction, then it is possible to obtain a result valid
for arbitrary values of � (and, hence, of ��t). This can be
achieved by treating exactly the prefactor in Eq. (3.27),
which contains all the dependence on �, while expanding
the quantity Uðx; x0Þ and its derivatives in powers of (x�
x0). There are two reasons why this works. The first is that,
as can be seen from Eq. (3.29), what is keepingGþðx; x0Þ in
Eq. (3.27) from being exact is the fact that for the optical
Schwarzschild metric hxUðx; x0Þ is not exactly zero but
only vanishes to order ðx� x0Þ2. So, in some sense the
function that multiplies U in Eq. (3.27) can be treated as
exact. Second, although exact analytic expressions for the
function r and its derivatives in terms of simple functions
are not known for an arbitrary splitting of the points, in the
limit that the points are separated only in the time direction
such expressions are known. Therefore, it should be pos-
sible to treat these terms exactly when the final point
separation is in the time direction. It is worth noting that
it is consistent to have a quasilocal expansion in which �t
is in an appropriate sense small (as specified in Footnote 2)
and yet to have �j�tj * 1. The reason is that the scale over
which the geometry varies significantly in the optical
metric is OðMÞ. For the Hartle-Hawking state � ¼
1=ð4MÞ and the validity of the quasilocal expansion would
start to break down for a �t such that �j�tj � 1, but the
Hartle-Hawking state is a very low temperature state for a
macroscopic black hole. Therefore, one can have tempera-
tures which are well below the Planck temperature and still
have ��t � 1. Furthermore, even when �j�tj 	 1 it is
sometimes useful to have the exact dependence on ��t. An
example illustrating this point is the Rindler limit of
Schwarzschild spacetime with the field in the Hartle-
Hawking state, which is discussed in Sec. IVB1.

To compute the noise kernel using the above method, it
is necessary to find expansions for both r and Uðx; x0Þ in
powers of (x� x0). For the former, it is easier to work with
the quantity �ðx; x0Þ which is one-half the square of the

proper distance between x and x0 along the shortest geo-
desic that connects them. The relationship between� and r
is given by Eq. (3.19). Furthermore, since the metric (3.22)
is also spherically symmetric, � can only depend on the
angular quantity

cosðÞ � cos	 cos	0 þ sin	 sin	0 cosð���0Þ; (4.3)

where  is the angle between ~x and ~x0. It turns out to be
convenient to write � in terms of the quantity

� � cos� 1: (4.4)

Then for points that are sufficiently close together one can
use the expansion

�ðx; x0Þ ¼ � 1

2
ðt� t0Þ2 þX

j;k

wjkðrÞ�jðr� r0Þk; (4.5)

with the sums over j and k starting at j ¼ 0 and k ¼ 0,
respectively. For the metric (3.22), Eq. (3.11) has the ex-
plicit form

� ¼ 1

2

�
�
�
@�

@t

�
2 þ

�
1� 2M

r

�
2
�
@�

@r

�
2

� 1

r2

�
1� 2M

r

��
@�

@�

�
2ð2�þ �2Þ

�
: (4.6)

Substituting the expansion (4.5) into Eq. (4.6) and equating

powers of (xa � xa
0
), one finds that

�ðx; x0Þ ¼ � ð�tÞ2
2

þ ð�rÞ2
2f2

� r2�

f
þ ð�rÞ3

�
1

2rf3
� 1

2rf2

�

þ ��r

�
3r

2f
� r

2f2

�
þO½ðx� x0Þ4�; (4.7)

with �r � r� r0 and

f � 1� 2M

r
: (4.8)

Because of the form of Eq. (3.16b), an expansion for
Uðx; x0Þ can be found by writing

lnUðx; x0Þ ¼ X
j;k

ujkðrÞ�jðr� r0Þk: (4.9)

It can be seen from Eqs. (3.19) and (3.15) that for a space-
time with metric (3.22), U is time independent. If Eq. (4.9)
is substituted into Eq. (3.16b), Eqs. (3.16a) and (4.7) are
used, and the result is expanded in powers of (x� x0), then
one finds that

Uðx; x0Þ ¼ 1þ ð�rÞ2
8r2

�
1� 2

3f
� 1

3f2

�

þ �

�
f

4
� 1

3
þ 1

12f

�
þO½ðx� x0Þ3�: (4.10)

Since the leading order of the prefactor multiplying U in
Eq. (3.27) is ðx� x0Þ�2, we need to calculate Uðx; x0Þ
through O½ðx� x0Þ4�. That way we can obtain the
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Wightman function through O½ðx� x0Þ2�, which is consis-
tent with the order to which the Gaussian approximation
was shown to be valid in Sec. III. One can compute
Uðx; x0Þ to the required order by substituting the expan-
sions (4.7) for � and (4.10) for U into Eq. (3.16b). To
obtain a final expression for U valid through O½ðx� x0Þ4�,
it is necessary to have the expansion for � containing
terms through O½ðx� x0Þ6�. [As an illustration, we have
shown the results through quadratic order in Eqs. (4.7) and
(4.10).]

Using Eq. (3.19) an expansion for the quantity r can be
obtained from the expansion for �ðx; x0Þ. This, along with
the expansions for Uðx; x0Þ, can be substituted into
Eq. (3.27) to obtain an expansion for the Wightman func-
tion Gþðx; x0Þ. That in turn can then be substituted into the
expressions (2.4) for the noise kernel and the derivatives
can be computed. As discussed in Sec. III B, one should
keep terms through O½ðx� x0Þ�4� since this is the highest
order for which the Gaussian approximation for the
noise kernel is valid. To obtain the noise kernel for
Schwarzschild spacetime one then uses the conformal
transformation (2.9) with �2ðxÞ ¼ 1� 2M=r. Finally, the
coordinate r0 is written as r0 ¼ r� ðr� r0Þ in order to
expand the resulting expression in powers of (r� r0)
through quartic order.

1. Arbitrary temperature

Following the method described above and using the
exact expression for the �-dependent prefactor in
Eq. (3.27), we have computed several components of the
noise kernel for points split in the time direction when ��t

is not assumed to be small. The result for the Nt
t
t0
t0 com-

ponent is

Nt
t
t0
t0 ¼ 1

1728�4f4

�
�8 ð2cosh2ð��tÞ � coshð��tÞ þ 26Þ

ðcoshð��tÞ � 1Þ4

þ �6

4r2
ð1� fÞ2ð1� 4 coshð��tÞÞ

ðcoshð��tÞ � 1Þ3

þ �4

8r4
ð1� fÞ2ð1� 2fþ 3f2Þ

ðcoshð��tÞ � 1Þ2
�
: (4.11)

There are two ways to take the flat space limit of this
result. One possibility is to take f ! 1 in Eq. (4.11). This
limit reduces to the corresponding expression for the exact
noise kernel in flat space at arbitrary temperature, whose
spatial coincidence limit can be obtained from Eq. (4.2) by
taking the limit r ! 0.

A second possibility for obtaining the flat space limit is
to realize that the geometry of the near-horizon region is
that of Rindler spacetime and in the limit of large
Schwarzschild radius this holds for an arbitrarily large
region. Indeed, if one introduces the new coordinates

� ¼ 4M
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r=2M� 1

p
; T ¼ t

4M
; (4.12)

in the near-horizon region, characterized by
jr=2M� 1j 	 1, the standard Schwarzschild metric re-
duces to

ds2 
 ��2dT2 þ d�2 þ dx2?; (4.13)

where dx2? ¼ 4M2ðd	2 þ sin2	d�2Þ becomes the metric

of a Euclidean plane (say, tangent to 	 ¼ � ¼ 0) when
M ! 1. In the new coordinates, the near-horizon condi-
tion corresponds to � 	 4M. Therefore, in the limit
M ! 1 one recovers the full Minkowski spacetime in
Rindler coordinates. Rewriting Eq. (4.11) in terms of �
and T, and taking the limit M ! 1, we get

NT
T
T0T

0 ¼ 1

4�4

1

½2� sinhð�T=2Þ�8 : (4.14)

This result agrees with the flat space calculation of the
noise kernel in Ref. [26] if one takes into account that our
definition of the noise kernel is four times their definition.
In order to do the comparison, one needs to consider
Eqs. (3.10), (4.9) and (4.12) in Ref. [26] and rewrite their
results in terms of Rindler coordinates by using their
relation to inertial coordinates (x0 ¼ � sinhT, x1 ¼
� coshT); in particular, this implies that for pairs of
points with equal � the Minkowski interval is given by
ðx� x0Þ2 ¼ 4�2sinh2ð�T=2Þ. It also requires transforming
the tensor components accordingly using the Jacobian of
the coordinate transformation.
It should be noted that in order to get the Minkowski

vacuum in this limit, one needs to consider the Hartle-
Hawking state, which is regular on the horizon of the black
hole. In that case � is tied to M as given by Eq. (3.25), so
that ��t ¼ �T. It is, therefore, important to have an ex-
pression valid for arbitrarily large ��t, because this guar-
antees that the exact Rindler result is obtained, rather than
an approximate expansion valid only up to some order for
small �T. (The condition for the validity of the quasilocal
expansion is �=R2

S 
 8ð�=4MÞ2sinh2ð�T=2Þ 	 1, which
is fulfilled for any values of � and �T as M ! 1.)
The two different ways of obtaining the flat space limit

described above provide (partially independent) nontrivial
checks of our result. We have also checked one of the

partial traces which involve the Nt
t
t0
t0 component and

have shown that it vanishes to the appropriate order.
Finally, we have partially checked one of the conservation
conditions by initially considering an arbitrary separation
of the points, computing the relevant derivatives, and then
taking the limit that the separation is only in the time
direction. It was only shown that the conservation condi-
tion is satisfied to the second highest order used in the
computation. In terms of the expansion of Uðx; x0Þ dis-
cussed above this corresponds to order ðx� x0Þ2. We are
confident that the conservation condition is also satisfied to
the highest order used in the computation,O½ðx� x0Þ4�, but
due to the large number of terms involved, we have not
shown this explicitly.
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2. Moderate and low temperature

If one is interested in point separations such that
��t 	 1 and �r 	 1, then it is useful to expand the
Wightman function in powers of (x� x0) before substi-
tuting it into the expressions (2.4). The general expression
(3.26) for Gþðx; x0Þ in the Gaussian approximation can be
expanded as [43]

Gþðx; x0Þ ¼ 1

8�2

�
1

�
þ �2

6
� �4

180
ð2ð�tÞ2 þ �Þ

þO½ðx� x0Þ4�
�
Uðx; x0Þ: (4.15)

Since Uðx; x0Þ ¼ 1þO½ðx� x0Þ2�, the terms within the
square brackets in Eq. (4.15) have been kept through
O½ðx� x0Þ2�, which is consistent with the order to which
the Gaussian approximation was shown to be valid in
Sec. III. We use the same expansion through O½ðx� x0Þ4�
of both Uðx; x0Þ and the conformal factor �2ðx0Þ, de-
scribed in the general discussion on Schwarzschild of
this subsection.

Using this approach, we have computed several compo-
nents of the noise kernel when ��t 	 1 and �r 	 1
through O½ðx� x0Þ�4�. The resulting expressions for an
arbitrary separation of the points are too long to display in
full here. If the points are separated along the time direc-

tion we get the following result for the Nt
t
t0
t0 component:

Nt
t
t0
t0 ¼ 1

4�4f4

�
1

�t8
�ð1�fÞ2
72r2�t6

þð1�fÞ2ð1�2fþ3f2Þ
864r4�t4

�5�2

�
1

18�t6
þ ð1�fÞ2
864r2�t4

�
þ�4 17

270�t4

�
; (4.16)

which agrees with the expansion of Eq. (4.11) through
O½ð��tÞ�4�. If the points are separated along the radial
direction, then we find

Nt
t
t0
t0 ¼ 1

2�4

�
f4

2�r8
�ð1�fÞf3

r�r7
þð1�fÞð89�169fÞf2

144r2�r6

þð1�fÞð1577�292f�441f2Þf
432r3�r5

�ð1�fÞð240199�383185fþ98655f2þ18315f3Þ
25920r4�r4

þ�2

�
f2

36�r6
�ð1�fÞf

36r�r5
þð1�fÞð7�39fÞ

1728r2�r4

�

� �4

270�r4

�
: (4.17)

Note that the limit � ! 0 of Eqs. (4.16) and (4.17) corre-
sponds to the Boulware vacuum and the limit f ! 1 cor-
responds to the flat space limit. The latter coincides
through O½ð��tÞ�4� and O½ð��rÞ�4�, respectively, with
the exact result in Eq. (4.2) for the appropriate splitting
of the points. Moreover, this coincidence is exact for zero
temperature.

As discussed in Sec. II, the noise kernel has two prop-
erties which can be used to check our calculations. One of
these, given in Eq. (2.6), is that the noise kernel should be
separately conserved at the points x and x0. The other,
given in Eq. (2.7), is the vanishing of the partial traces.
Enough components have been computed when �j�tj 	 1
and �r 	 1 that we have been able to check all of the
partial traces and all of the conservation conditions which

involve the component Nt
t
t0
t0 . In each case they are satis-

fied to the order to which our computations are valid:
O½ðx� x0Þ�4� for the partial traces and O½ðx� x0Þ�5� for
the conservation conditions.

V. DISCUSSION

Using Page’s approximation for the Euclidean Green
function of a conformally invariant scalar field in the
optical Schwarzschild spacetime, which is conformal to
the static region of Schwarzschild spacetime, we have
computed an expression for the Wightman function when
the field is in a thermal state at an arbitrary temperature. For
the case that the temperature is equal to ð8�MÞ�1 and one
conformally transforms to Schwarzschild spacetime this
corresponds to the Hartle-Hawking state. This expression
is exact for flat space and is valid through order ðx� x0Þ2 in
the optical Schwarzschild spacetime. From this expression
for the Wightman function, we have calculated the exact
noise kernel in flat space and several components of an
approximate one in Schwarzschild spacetime. The latter is
obtained by conformally transforming the noise kernel in
the optical Schwarzschild spacetime to Schwarzschild
spacetime. We have shown that, unlike for the case of
the stress tensor expectation value, this transformation is
trivial. In both the flat space and Schwarzschild cases, we
have restricted our attention to point separations which are
either spacelike or timelike and we do not consider the limit
in which the points come together.
For Schwarzschild spacetime, we have considered two

separate but related approximations for the noise kernel.
The first one is valid for small separations (compared to the
typical curvature radius scale) and arbitrary temperature.
Note that although the Hartle-Hawking state corresponds
to a specific temperature, given by Eqs. (3.24) and (3.25),
our results also apply to any other temperature since we
have kept � arbitrary in all our expressions. The states for
those other values of the temperature are singular on the
horizon (e.g. the expectation value of the stress tensor
diverges there), but can sometimes be of interest (e.g. the
Boulware vacuum corresponds to the particular case of
T ¼ 0). The second approximation corresponds to the
additional restriction that the separation of the points is
much smaller than the inverse temperature and thus works
for points that are extremely close together and/or tem-
peratures that are very low. We have computed several
components of the noise kernel for both approximations.
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The component Nt
t
t0
t0 is displayed for both flat space

(4.2) and Schwarzschild spacetime. In Schwarzschild
spacetime, it has been computed when the point separation
is only in the time direction and the product of the tem-
perature and the point separation is not assumed to be small
(4.11). It has also been computed for an arbitrary spacelike
or timelike separation of the points when the product of the
temperature and point separation is small. In this case,
because of its length the expression is shown only for a
point separation purely in the time direction (4.16) and for
a point separation purely in the radial direction (4.17).

We have performed several nontrivial checks to verify
our results. In both the hot flat space case and in
Schwarzschild spacetime we have performed checks using
both the conservation and partial trace properties given in
Eqs. (2.6) and (2.7). For hot flat space these properties are
satisfied exactly. For each check in Schwarzschild space-
time, where our expression for the noise kernel is approxi-
mate, we have shown that the relevant quantities vanish up
to the expected order. Furthermore, as an additional check
of the result (4.11) for Schwarzschild spacetime when the
separation is in the time direction and the product of the
temperature and the time separation is not assumed to be
small, we have considered two different ways of obtaining
the flat space limit of our result. First, one can compare
with the hot flat space result (4.2) by taking the limit M !
0. Second, one can compare with Eq. (4.14) for the
Minkowski vacuum in Rindler coordinates by taking the
limit M ! 1 near the horizon.

There are several more or less immediate generaliza-
tions of our work. First, although the noise kernel corre-
sponds to the expectation value of the anticommutator of
the stress tensor, our results are also valid for other order-
ings of the stress tensor operator (in fact for any two-point
function of the stress tensor). That is always true for space-
like separated points because the commutator of any local
operator (such as the stress tensor) vanishes as a conse-
quence of the microcausality condition. Moreover, since
for the conformally invariant scalar field in Schwarzschild
the commutator of the field, iGðx; x0Þ, also vanishes for
timelike separated points up to the order to which we are
working, the previous statement also holds for timelike
separations in our case.5 Second, since the Gaussian ap-
proximation is valid for any ultrastatic spacetime which is
conformal to an Einstein metric (a solution of the Einstein
equation in vacuum, with or without cosmological con-
stant) [44], one can straightforwardly extend our calcula-
tion to all those cases by taking the general expression for
the Wightman function under the Gaussian approximation,

given by Eq. (3.27), and substituting it into the general
expression for the noise kernel given in Eqs. (2.3) and (2.4).
One of the most interesting uses of the noise kernel is to

investigate the effects of quantum fluctuations near the
horizon of the black hole. For instance, there have been
claims in the literature that the size of the horizon could
exhibit fluctuations induced by the vacuum fluctuations of
the matter fields which are much larger than the Planck
scale (even for relatively short time scales of the order of
the Schwarzschild radius, i.e. much shorter than the evapo-
ration time) [51–54]. So far all these studies have been
based on semiqualitative arguments. However, one should
in principle be able to address this issue by computing the
quantum correlation function of the metric perturbations,
including the effects of loops of matter fields, with the
method outlined in the introduction. As a matter of fact,
part of the information on the corresponding induced cur-
vature fluctuations is already directly available from our
results. Indeed, at one loop the correlator of the Ricci
tensor (or, equivalently, the Einstein tensor) is gauge in-
variant6 and it is immediately given by the stress tensor
correlator [17]. Unlike the Riemann tensor, the Ricci tensor
does not entirely characterize the local geometry. In order
to get the full information about the quantum fluctuations
of the geometry at this order, one needs to use Eq. (1.7) or a
related one. In that case, the noise kernel for arbitrary pairs
of points is a crucial ingredient. Strictly speaking it is
important that the noise kernel, although divergent in the
coincidence limit, is a well-defined distribution. Our
result for separate points does not completely characterize
such a distribution since it does not specify the appropriate
integration prescription in the coincidence limit. This can,
nevertheless, be obtained using the method in Appendix C
of Ref. [20] (see also Ref. [19] for cosmological examples).
It is worthwhile to discuss briefly how the present paper

is related to an earlier study of the noise kernel in
Schwarzschild spacetime [43], which also considered a con-
formal scalar field and made use of Page’s Gaussian approxi-
mation. The main interest there was evaluating the noise
kernel in the coincidence limit. In order to get a finite result,
the Hadamard elementary solution was subtracted from the
Wightman function before evaluating the noise kernel. Since
the Hadamard elementary solution coincides with the � ¼ 0
expression for the Gaussian approximation through order
ðx� x0Þ2, which is the order through which the approxima-
tion is valid for the optical Schwarzschild spacetime, their
subtractedWightman function will also be valid through that
order. The fact that they found a nonvanishing trace for their
noise kernel is also compatible with our results because, as
we have reasoned, the noise kernel should only be valid
through order ðx� x0Þ�4 when the Gaussian approximation

5In general, one would need to use the appropriate prescription
when analytically continuing the Euclidean Green function to
obtain the Wightman function for timelike separated points in
the Lorentzian case, and use expressions analogous to Eqs. (3.24)
and (3.25) but without symmetrizing with respect to the two
points. One can see explicitly how this is done in Ref. [17].

6This quantity is gauge invariant because the Ricci tensor of
the Schwarzschild background vanishes, as does its Lie deriva-
tive with respect to an arbitrary vector.
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for the Wightman function is employed (and through order
ðx� x0Þ�2 when using the subtracted Wightman function,
whose leading term is Oð1Þ rather than O½ðx� x0Þ�2�).
Instead, one would need an expression for the noise kernel
accurate through order ðx� x0Þ0 or higher to get a vanishing
trace in the coincidence limit. In contrast, for the reasons
given in the introduction, here we consider the unsubtracted
noise kernel, which is indispensable to obtain the quantum
correlation function for the metric perturbations as the
subtracted one would lead for instance to a vanishing
result—and no fluctuations—for the Minkowski vacuum.
Furthermore, in this way one can still get useful and accurate
information for the terms of order ðx� x0Þ�8 through
ðx� x0Þ�4, which dominate at small separations.
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APPENDIX: NOISE KERNEL AND
CONFORMALTRANSFORMATIONS

In this appendix, we derive the result for the rescaling of
the noise kernel under conformal transformations. We
provide two alternative proofs based, respectively, on the
use of quantum operators and on functional methods.

First, we start by showing how the classical stress tensor
of a conformally invariant scalar field rescales under a
conformal transformation gab ! ~gab ¼ �2ðxÞgab. The
key point is that the classical action of the field, S½�; g�,
remains invariant (up to surface terms) if one rescales ap-

propriately the field:� ! ~� ¼ �ð2�DÞ=2�. Taking that into
account, one easily gets the result from the definition of the
stress tensor as a functional derivative of the classical action:

~T ab ¼ 2~gac~gbdffiffiffiffiffiffiffi�~g
p �S½ ~�; ~g�

�~gcd
¼ 2~gac~gbdffiffiffiffiffiffiffi�~g

p �S½�; g�
�~gcd

¼ �2�D 2gacgbdffiffiffiffiffiffiffi�g
p �S½�; g�

�gcd
¼ �2�DTab: (A1)

1. Proof based on quantum operators

A possible way of proving Eq. (2.9) is by promoting the
classical field � in Eq. (A1) to an operator in the

Heisenberg picture. The operator T̂abðxÞ would be diver-
gent because it involves products of the field operator at the
same point. However, in order to calculate the noise kernel

what one actually needs to consider is t̂abðxÞ ¼ T̂abðxÞ �
hT̂abðxÞi and this object is UV finite, i.e., its matrix ele-

ments h�jt̂abðxÞj�i for two arbitrary states j�i and j�i
(not necessarily orthogonal) are UV finite because Wald’s

axioms [47] guarantee that h�jT̂abðxÞj�i and h�j�i�
hT̂abðxÞi have the same UV divergences and they cancel
out. Therefore, one can proceed as follows. One starts by
introducing a UV regulator (it is useful to consider dimen-
sional regularization since it is compatible with the con-
formal symmetry for scalar and fermionic fields, but this is
not indispensable since we will remove the regulator at the
end without having performed any subtraction of nonin-
variant counterterms). One can next apply the operator
version of Eq. (A1) to the operators t̂abðxÞ appearing in
Eq. (1.4) defining the noise kernel. Since all UV divergen-
ces cancel out, as argued above, we can then safely remove
the regulator and are finally left with Eq. (2.9).

2. Proof based on functional methods

An alternative way of proving Eq. (2.9) is by analyzing
how the closed-time-path (CTP) effective action �½g; g0�
changes under conformal transformations. This effective
action results from treating gab and g0ab as external back-

ground metrics and integrating out the quantum scalar field
within the CTP formalism [55]:

e{�½g;g0� ¼
Z

D’fD’iD’0
i�½’i; ’

0
i�
Z ’f

’i

D�e{Sg½g�þ{S½�;g�

�
Z ’f

’0
i

D�0e�{Sg½g0��{S½�0;g0�; (A2)

where �½’i; ’
0
i� is the density matrix functional for the

initial state of the field7 (in particular one has �½’i; ’
0
i� ¼

�½’i���½’0
i� for a pure initial state with wave functional

�½’i� ¼ h’ij�i in the Schrödinger picture), Sg½g� is the
gravitational action including local counterterms, S½�; g�
is the action for the scalar field, and the two background
metrics are also taken to coincide at the same final time at
which the final configuration of the scalar field for the two
branches are identified and integrated over. The fields ’f

on the one hand and f’i; ’
0
ig on the other, correspond to the

values of the field restricted, respectively, to the final and
initial Cauchy surfaces, and their functional integrals are
over all possible configurations of the field on those sur-
faces. Integrating out the scalar field gives rise to UV
divergences, but they can be dealt with by renormalizing
the cosmological constant and the gravitational coupling
constant as well as introducing local counterterms
quadratic in the curvature in the bare gravitational action
Sg½g�, so that the total CTP effective action is finite. After

functionally differentiating and identifying the two back-

7Under appropriate conditions, it is also possible to consider
asymptotic initial states. For instance, given a static spacetime, a
generalization to the CTP case of the usual {� prescription
involving a small Wick rotation in time selects the ground state
of the Hamiltonian associated with the time-translation invari-
ance as the initial state.
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ground metrics, one gets the renormalized expectation
value of the stress tensor operator together with the con-
tributions from the gravitational action [25,56]:

gacgbd
2ffiffiffiffiffiffiffi�g

p ��½g; g0�
�gcd

��������g0¼g

¼ � 1

8�G
ðGab þ�gabÞ þ hT̂abiren; (A3)

where the contribution from the counterterms quadratic in

the curvature has been absorbed in hT̂abiren. The renormal-
ized gravitational coupling and cosmological constants, G
and �, depend on the renormalization scale, but the ex-
pectation value also depends on it in such a way that the
total expression is renormalization-group invariant since
that is the case for the effective action. The equation that
one obtains by equating the right-hand side of Eq. (A3) to
zero governs the dynamics of the mean field geometry in
semiclassical gravity, including the backreaction effects of
the quantum matter fields.

On the other hand, the noise kernel can be obtained by
functionally differentiating twice the imaginary part of the
CTP effective action:

Nabc0d0 ðx; x0Þ ¼ gaeðxÞgbfðxÞgc0g0 ðx0Þgd0h0 ðx0Þ 4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
gðxÞgðx0Þp

� �2 Im�½g; g0�
�ge0f0 ðxÞ�gg0h0 ðx0Þ

��������g0¼g
: (A4)

It is well known that the imaginary part of the effective
action does not contribute to the equations of motion for
expectation values derived within the CTP formalism, like
Eq. (A3), which are real. Furthermore, one can easily see
from Eq. (A2) that, since it is real, the gravitational action
(whose contribution can be factored out of the path inte-
gral) only contributes to the real part of the effective action.
In particular this means that the counterterms and the
renormalization process have no effect on the noise kernel,
which will be a key observation in order to prove Eq. (2.9).
Indeed, let us start with Eq. (A2) for the conformally

related metric and scalar field, ~gab and ~�, and assume
that we use dimensional regularization:

e{�½~g;~g0�¼e{Sg½~g��{Sg½~g0�
Z
D~’fD~’iD~’0

i ~�½~’i; ~’
0
i�

�
Z ~’f

~’i

D ~�e{S½ ~�;~g�Z ~’f

~’0
i

D ~�0e�{S½ ~�0;~g0�

¼e{ðSg½~g��Sg½g�Þ�{ðSg½~g0��Sg½g0�Þ
Z
D’fD’iD’0

i�½’i;’
0
i�

�
Z ’f

’i

D�

��������
D ~�

D�

��������e{Sg½g�þ{S½�;g�

�
Z ’f

’0
i

D�0
��������
D ~�0

D�0

��������e�{Sg½g0��{S½�0;g0�; (A5)

where we have taken into account in the second equality

the fact that dimensional regularization is compatible with

the invariance of the classical action S½ ~�; ~g� under confor-
mal transformations (since it is invariant in arbitrary
dimensions). We also considered that the initial states of
the scalar field are related by

~�½~’iðxÞ; ~’0
iðx0Þ� ¼ �ðD�2Þ=4

i ðxÞ�ðD�2Þ=4
i ðx0Þ�½’iðxÞ; ’0

iðx0Þ�
¼ �ðD�2Þ=4

i ðxÞ�ðD�2Þ=4
i ðx0Þ�

� ½��1
i ðxÞ~’iðxÞ;��1

i ðxÞ~’0
iðx0Þ�; (A6)

where the conformal factor �2
i is restricted to the initial

Cauchy surface and so are the points fx; x0g in this equation.
(This relation between the initial states is the choice com-
patible with conformal invariance after one takes into

account the relation between ~� and �, and the prefactor
is determined by requiring that the state remains normal-

ized.) The logarithm of the functional Jacobian jD ~�=D�j
is divergent but formally zero in dimensional regulariza-

tion,8 so that we can take jD ~�=D�j ¼ 1 in both path
integrals on the right-hand side of Eq. (A5). Taking all this
into account, we are left with

�½~g; ~g0� ¼ �½g; g0� þ ðSg½~g� � Sg½g�Þ � ðSg½~g0� � Sg½g0�Þ;
(A7)

where the last two pairs of terms on the right-hand side
correspond to the difference between the bare gravitational
actions of the two conformally related metrics in dimen-
sional regularization; note that whereas each bare action is
separately divergent, the difference Sg½~g� � Sg½g� is finite.
When working in dimensional regularization, conformally
invariant fields only exhibit divergences associated with
counterterms quadratic in the curvature. These terms lead
to the standard result for the trace anomaly of the stress
tensor when one takes the functional derivative of Eq. (A7)
with respect to the conformal factor, which can be shown to
be equivalent to the trace of Eq. (A3).
The key aspect for our purposes is that the extra terms on

the right-hand side of Eq. (A7) only change the real part of
the CTP effective action, as already mentioned above, so
that the imaginary part remains invariant under conformal
transformations. Starting with Eq. (A4) for the metric ~gab
and taking into account the invariance of the imaginary
part of the CTP effective action under conformal trans-

8This can be seen by taking Eq. (18) in Ref. [57] and using
dimensional regularization [47] to evaluate the trace of the heat
kernel appearing there. Any possible dependence left on the
conformal factor evaluated at the initial or final Cauchy surfaces
would correspond to a prefactor on the right-hand side of
Eq. (A5), and would not contribute to the noise kernel (or the
expectation value of the stress tensor) at any intermediate time
since it involves functionally differentiating the logarithm of that
expression with respect to the metric at such intermediate times.
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formations, one immediately obtains

~N abc0d0 ðx; x0Þ ¼ �2�DðxÞ�2�Dðx0ÞNabc0d0 ðx; x0Þ; (A8)

in agreement with Eq. (2.9). Note that we have employed
dimensional regularization in our argument for simplicity,
but one would reach the same conclusion if other
regularization schemes had been used. In those cases one
would get in general a contribution to the analog of

Eq. (A7) from the change of the functional measure,
but it would only affect the real part of the effective
action9 and one could still apply exactly the same argument
as before.
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