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We present a renormalizable flavor model with Z4 as flavor symmetry in both the quark and lepton

sectors. The model is constructed with a minimal approach and no right-handed neutrinos are introduced.

In this approach a minimum number of two SU(2) Higgs doublets and one scalar singlet are required in

order to obtain the Nearest Neighbor Interaction form for charged fermions and to generate neutrino

masses radiatively. For the quark sector we follow the charge assignations made by Branco et al. in

reference [G. C. Branco, D. Emmanuel-Costa, and C. Simoes, Phys. Lett. B 690, 62 (2010).]. All fermion

masses and mixing angles in the model are in agreement with current experimental data and only the

inverted hierarchy for the neutrino mass spectrum is allowed. Since neutrinos are Majorana the

contribution to neutrinoless double beta decay is also analyzed.
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I. INTRODUCTION

One of the main problems in the standard model (SM) is
understanding the observed fermion masses and mixing
angles. The fermion masses are determined by the flavor
structure of Yukawa couplings after spontaneous symmetry
breaking (SSB) but this is not restricted by the gauge
symmetry. Another issue with the SM is the existence of
neutrino masses as well as their nature (if they are Dirac or
Majorana). These problems suggest we must go beyond the
SM in an attempt to solve them.

In the quark sector we know the experimental values
of the quark masses and the entries of the Cabibbo-
Kobayashi-Maskawa (CKM) matrix [1]. It is not possible
however to extract the flavor structure of quark mass
matrices from the experimental values and the arbitrariness
to choose the Yukawa matrix structures has lead model
builders to study some particular textures, most specifically
the so-called Nearest Neighbour Interactions (NNI) texture
[2–4] and Fritzsch type texture [5] (which assumes NNI
structure together with hermiticity). The NNI structure
assumes zeros in the (1,1), (1,3), (3,1) and (2,2) entries
as shown below
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Many groups have been used as flavor symmetries, but
discrete symmetries have been very successful describing
masses and mixing matrices. For instance, Branco et al. [2]
showed that the NNI texture can be obtained, for the
quark sector, through the introduction of an abelian flavor

symmetry, and that the minimal realization, in the context
of two SU(2) Higgs doublets, requires the introduction
of the minimal symmetry Z4. The remarkable aspect of
this particular scenario is the fact that it works, including
the lepton sector as we show below, with only two SU(2)
doublet scalar fields, while for nonabelian symmetries,
one usually requires a larger number of them and/or
products of abelian and nonabelian groups (see [6] and
references therein). Note that it was shown in [3] that
we can express the NNI matrix in terms of only four
parameters, and that the Fritzsch type texture [5,7] is
a special case.
In the lepton sector the experimental measured values

are the charged lepton masses, neutrino mass squared
differences and mixing angles [8]. The absolute neutrino
mass scale is not known, nor their nature (if they are
Majorana or Dirac type). The absolute neutrino mass
squared differences and the mixing angles are determined
from neutrino oscillation data, but these do not allow us to
determine the sign of �m2

31ð32Þ. In the case of 3 neutrinos

mixing they could exhibit two possible mass spectrum: the
so-called normal (m1 <m2 <m3) and inverted hierarchies
(m3 <m1 <m2).
The mixing matrix contains the three neutrino mixing

angles and a CP violating phase1 is the mixing matrix
UPMNS. This matrix results from the product of the matrices
that diagonalize charged leptons and neutrinos, and it can
be parametrized in a similar way as the CKM matrix.
In this sector other problems arise because we must

obtain small neutrino masses and big mixing angles.
Furthermore, the recent results on neutrino mixing angles
obtained by the T2K experiment [9–12] and the Double
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1In the case of Dirac neutrinos we have only one CP violating
phase, but if neutrinos are Majorana, there will be three CP
violating phases.

PHYSICAL REVIEW D 85, 036004 (2012)

1550-7998=2012=85(3)=036004(8) 036004-1 � 2012 American Physical Society

http://dx.doi.org/10.1016/j.physletb.2010.05.009
http://dx.doi.org/10.1103/PhysRevD.85.036004


Chooz experiment [13] have found evidence of a nonzero
�13 angle, contrary to the zero value assumed in some
parametrizations, as is the case of the tribimaximal pa-
rametrization [14]. This result has increased the interest of
flavor model builders whom have made some attempts to
explain it [15].

The most popular mechanism to generate neutrino
masses is the see-saw mechanism [16] but this requires
the introduction of right-handed neutrinos, a large number
of scalar fields and/or energy scales. An alternative mecha-
nism that may or may not require right-handed neutrinos is
the radiative neutrino masses generation [17–19].

Renormalizable flavor models [20] provide an option to
avoid the large number of extra fields. In these models
SU(2) scalar doublets, responsible of electroweak symme-
try breaking, transform nontrivially under the flavor
symmetry, and could have interesting phenomenology at
accessible energy scales.

The alternative of generating neutrino masses radia-
tively has been recently explored in references [6,21],
where models are realized in the framework of renorma-
lizable models with one flavor symmetry group and no
right-handed neutrinos. In those models the Q4 group and
the double tetrahedral group are considered as flavor sym-
metries, with a minimal approach, i. e., each model is
constructed with the minimal SU(2) Higgs doublets and
singlet scalar fields required to generate Majorana neutrino
masses and the Fritzsch type texture for quarks and
charged leptons. In both cases allowed mass matrices by
experimental data are obtained and the contribution to
neutrinoless double beta (0���) decay is also presented.

In general, the minimal number of Higgs doublets re-
quired to generate neutrino masses radiatively at one loop
is two. In reference [2] it was shown that it is possible to
obtain the NNI form for the quark mass matrices, in the
context of a two Higgs doublet extension of the SM,
through the introduction of a Z4 symmetry. In this scheme
they reproduce correctly the experimental allowed values
for quark masses and mixing angles. Then, following the
philosophy of references [6,21], we take the charged lepton
sector transforming under the flavor symmetry similarly as
the down quark sector in reference [2] and we introduce the
minimal extra-ingredients to generate Majorana neutrinos
masses radiatively, which agree with experimental data.

This work is organized as follows. In Sec. II we intro-
duce the model and generate neutrino masses. Then, in
Sec. III, a permutation symmetry in the lepton mass matrix
is identified, which renders different textures with equiva-
lent results. In Sec. IV, the analysis to obtain mixing angles
is performed and the contribution to the 0��� decay is
shown. Finally, conclusions are presented.

II. FERMION MASSES

First, we present the model of Branco et al. [2] for quark
sector. It requires two Higgs SU(2) doublets �1 and �2,

with U(1) charges2�1 � Qð�1Þ,�2 � Qð�2Þ. The charge
assignments for quarks fields are:

ðq1; q2Þ ¼ ðq3 þ�1; q3 ��1 þ�2Þ;
ðu1; u2; u3Þ ¼ ðq3 ��1 þ�2; q3 þ�1; q3 þ�2Þ;
ðd1; d2; d3Þ ¼ ðq3 � 2�1 þ�2; q3 ��2; q3 ��1Þ;

(2)

where qi � QðQLiÞ, ui � QðuRiÞ, di � QðdRiÞ, and QLi

denoting the left handed quark doublets and uRi, dRi the
right-handed quark singlets. The U(1) charges of the bi-
linear couplings �QLiuRj and �QLidRj are, respectively,

�2�1 þ 3�2 �2 ��1 þ 2�2

�2 2�1 ��2 �1

��1 þ 2�2 �1 �2

0
@

1
A; (3)

and

�3�1 þ 2�2 ��1 �2�1 þ�2

��1 �1 � 2�2 ��2

�2�1 þ�2 ��2 ��1

0
@

1
A: (4)

Given these expressions we see that promoting the U(1)
to a Z4 symmetry is required forbids some quark
bilinear couplings and guarantees the zero textures for
the NNI structure. Under this symmetry Higgs doublets
must transform as

�j ! �0
j ¼ eð{2�=4Þ�j�j; (5)

with

ð�1; �2Þ ¼ ð1; 2Þ; (6)

and then, from relations in (2), the charge assignments for
quarks are obtained:

ðq1; q2; q3Þ ¼ ð2; 0; 3Þ; (7)

ðu1; u2; u3Þ ¼ ð2; 0; 1Þ; (8)

ðd1; d2; d3Þ ¼ ð3; 1; 2Þ: (9)

With these ingredients, the most general Yukawa couplings
allowed by the Z4 symmetry are given by

�Lq ¼ �1
u
�QL

~�1uR þ �2
u
�QL

~�2uR þ �1
d
�QL�1dR

þ �2
d
�QL�2dR þ H:c:; (10)

where �1;2
u;d are the Yukawa matrices:

�2
u ¼

0 0 0
0 0 bu
0 b0u 0

0
@

1
A; �1

u ¼
0 au 0
a0u 0 0
0 0 cu

0
@

1
A; (11)

2This U(1) symmetry is imposed on the Lagrangian
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�1
d ¼

0 ad 0
a0d 0 0
0 0 cu

0
@

1
A; �2

d ¼
0 0 0
0 0 bd
0 b0d 0

0
@

1
A: (12)

When the Higgs doublets acquire their vacuum expec-
tation values h�1i ¼ v1, h�2i ¼ v2, the NNI mass matri-
ces are generated

Mu ¼
0 auv2 0

a0uv2 0 buv1

0 b0uv1 cuv2

0
@

1
A; (13)

Md ¼
0 adv1 0

a0dv1 0 bdv2

0 b0dv2 cdv1

0
@

1
A: (14)

Now, in the lepton sector we choose the same charge
assignments of the down type quarks for the lepton SU(2)
doublets (LLi) and singlets (lRi):

ð�1; �2; �3Þ ¼ ð2; 0; 3Þ; (15)

ðe1; e2; e3Þ ¼ ð3; 1; 2Þ; (16)

where �i � QðLLiÞ and ei � QðlRiÞ. With these charges,
the general Yukawa couplings allowed by the Z4 symmetry
are:

�Lleptons¼ð�1
l Þij �LLi�1lRjþð�2

l Þij �LLi�2lRjþH:c:; (17)

where we have omitted SU(2) indices, i, j are family
indices and �1

l , �
2
l are given by

�1
l ¼

0 al 0
a0l 0 0
0 0 cl

0
@

1
A; �2

l ¼
0 0 0
0 0 bl
0 b0l 0

0
@

1
A: (18)

After spontaneous gauge symmetry breaking we are left
with the mass matrix

Ml ¼
0 alv1 0

a0lv1 0 blv2

0 b0lv2 clv1

0
@

1
A: (19)

Now, in order to generate neutrino masses radiatively
[6,17,19,21] we need to introduce some scalar singlets
under the SM, h, with hypercharge y ¼ �1, lepton number
L ¼ 2, and appropriate charges under Z4. In order to
identify the Z4 charges of these fields we observe that the
Yukawa couplings of h must be of the form

�LLLh ¼ �ab�ijðLa
LiÞcLb

Ljh
� þ H:c:; (20)

where i, j, are SU(2) indices, �ij is the antisymmetric

tensor, a, b are family indices and � is antisymmetric by
Fermi statistic, �ab ¼ ��ba. Also, in the scalar sector
there will be cubic coupling terms of this scalar singlet
with the Higgs doublets

�L��h ¼ 	���ij�
�
i �

�
j hþ H:c:; (21)

where 	�� ¼ �	��, �, � ¼ 1, 2.

With the charge assignments in (15), the charges of the

bilinear couplings ðLa
LÞcLb

L under U(1) are

0 2 1
2 0 3
1 3 2

0
@

1
A; (22)

while for the bilinear couplings ���� we obtain

2 3
3 0

� �
: (23)

Then, from the allowed options by the Z4 symmetry,3 we
are left with only one scalar singlet, h1, with charge
Qðh1Þ ¼ 1 or Qðh1Þ ¼ �3 (they are equivalent mod(4)).
This is the only option which has the necessary couplings
to construct the loop diagram shown in Fig. 1. With any of
the two possible charges for h1 we obtain the following
couplings terms

�LLLh ¼ �ab
1 �ijðLa

iLÞcLb
Ljh

�
1 þ H:c:; (24)

where

�1 ¼
0 0 �
0 0 0
�� 0 0

0
@

1
A; (25)

and

�L��h ¼ 	���ij�
�
i �

�
j h1 þ H:c:; (26)

¼2	12�
þ
1 �

0
2h1�2	21�

þ
2 �

0
1h1þH:c: (27)

Using these elements, together with the Yukawa coef-
ficients matrix

FIG. 1. Diagram for radiative corrections to neutrino masses
(i, j ¼ 1, 2, i � j, and mdc are the matrix elements of Ml).

3In principle, we could have three scalar singlets hi, i ¼ 1, 2,
3, with charges combination of Qðh1Þ ¼ þ1, �3, Qðh2Þ ¼ þ2,
�2 and Qðh3Þ ¼ þ3, �1, but the only one that provides cou-
plings with �i�j is h1.
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Yl ¼
0 al 0
a0l 0 bl
0 b0l cl

0
@

1
A; (28)

that we obtain from expressions (17)–(19), we can con-
struct loop interactions as those shown on Fig. 1.

First, we diagonalize matrix Ml in expression (19) as4

ULMlU
y
R ¼ diagðme;m
;m�Þ (29)

where UL can be obtained by diagonalizing M2
l ¼ MlM

y
l

as

ULM
2
l U

y
L ¼ diagðm2

e; m
2

;m

2
�Þ; (30)

and then used to solve for UR in Eq. (29). We can write a
matrix for the lepton line on Fig. 1 on the charged lepton
diagonal mass basis as

ULYlURU
y
RM

y
l ULU

y
L�U

y
L ¼ ULYlM

y
l �U

y
L: (31)

Then, we can obtain the interactions involved in the dia-
gram loop by examining the trilinear scalar potential and

the matrix YlM
y
l �. To obtain the total contribution for each

nondiagonal entry of M�, given its symmetry, we need to
add also the contribution of the transpose loop diagram.
The matrix M� obtained in this way is rotated with UL to
obtain the neutrino mass matrix in the charged lepton
diagonal mass basis, M0

�.
The resulting entries in the Majorana neutrino mass

matrix M� are (before rotating with UL, i.e., not yet in
the charged lepton diagonal mass basis)

m�e�e
¼ 2al�

31m�
	12v2Fðm2
�; m

2
hÞ; (32)

m�
�

¼ 0; (33)

m����
¼ 2b0l�

13me
	21v1Fðm2
�; m

2
hÞ; (34)

m�e�

¼ m�
�e

¼ 2bl�
31m��	21v1Fðm2

�; m
2
hÞ; (35)

m�e��
¼m���e ¼2ðal�13me
	12v2þb0l�

31m�
	21v1

þcl�
13m��	12v2ÞFðm2

�;m
2
hÞ; (36)

m�
��
¼ m���


¼ 0; (37)

where Fðm2
�; m

2
hÞ is a scalar loop factor given by

Fðm2
�; m

2
hÞ ¼

1

16�2

1

m2
� �m2

h

log
m2

�

m2
h

; (38)

with m2
� and m2

h denoting the charged Higgs and singlet

field h masses. This gives the texture

M� ¼
A B C
B 0 0
C 0 D

0
@

1
A: (39)

We must say here that in a recent work [22] Fritzsch
et al. excluded a two zero texture5 like this, but there is not
any inconsistency because the neutrino mass matrix that
they refer is already in the basis where charged lepton mass
matrix is diagonal, and at this point our neutrino mass
matrix,M�, is still in the weak basis where charged leptons
have the NNI form.

III. OTHER TEXTURES

Considering al ¼ a0l in our NNI matrix form6 we obtain

a Fritzsch-like texture for the lepton mass matrix

Ml ¼
0 al 0
al 0 bl
0 dl cl

0
@

1
A; (40)

then,

M2
l � MlM

y
l ¼

a2l 0 aldl
0 a2l þ b2l blcl

aldl blcl d2l þ c2l

0
B@

1
CA; (41)

where al, bl, cl, dl are real parameters (we have assumed
the phases to be zero). We observe that any permutation of
columns in matrix (40) will give us the same matrix (41).
The matrices with this property are:

0 0 al

al bl 0

0 cl dl

0
BB@

1
CCA

al 0 0

0 al bl

dl 0 cl

0
BB@

1
CCA

al 0 0

0 bl al

dl cl 0

0
BB@

1
CCA

0 0 al

bl al 0

cl 0 dl

0
BB@

1
CCA

0 al 0

bl 0 al

cl dl 0

0
BB@

1
CCA:

(42)

In order to obtain each matrix we would need to do a
new charge assignment for leptons, permuting also the
charge assignment that we made for singlets lRi only. We
had

QðLLiÞ: ð�1; �2; �3Þ ¼ ð2; 0; 3Þ; (43)

QðlRiÞ: ðe1; e2; e3Þ ¼ ð3; 1; 2Þ; (44)

with Qð�iÞ: ð�1; �2Þ ¼ ð1; 2Þ. Then, for instance, to get
the first matrix in (42) we rearrange the charges in this way:
ðe1; e2; e3Þ ¼ ð3; 2; 1Þ. In this case, the charges for bilinear
couplings are

4In order to perform the diagonalization we base on refer-
ence [3] and set al ¼ a0l

5It is a two zero texture because of the symmetry of the
Majorana neutrino mass matrix.

6This is justified by reference [3] where they show that the
NNI form can be parametrized by four independent parameters
only.
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1 0 �1
3 2 1
0 �1 �2

0
@

1
A: (45)

The Yukawa couplings allowed by the Z4 symmetry
have the same form than in Eq. (17)

�Lleptons ¼ �1
lA
�LL�1lR þ �2

lA
�LL�2lR þ H:c:;

but now

�1
lA ¼

0 0 al
a0l 0 0
0 cl 0

0
@

1
A; �2

lA ¼
0 0 0
0 bl 0
0 0 b0l

0
@

1
A: (46)

To generate neutrino masses, as the lepton doublets
charges remain unchanged, we introduce again only one
scalar singlet h1 with L ¼ 2, Y ¼ �1 and Qðh1Þ ¼ 1.

For couplings ð �LÞcLh and ��h we obtain the same
Lagrangians as in Eqs. (24) and (26) respectively. And
then, the result for neutrino masses is essentially the
same, but replacing indices 
 $ � in Eqs. (32)–(37).

In any case, the most general renormalizable scalar
potential V, compatible with Z4 symmetry and gauge
symmetry, is the same as in reference [2], V1, plus extra
terms including the scalar singlet h1

V ¼ V1 þ V2 þ V3; (47)

where

V1 ¼ 
1j�1j2 þ
2j�2j2 þ 	1j�1j2 þ 	2j�2j2 (48)

þ 	3j�1j2j�2j2 þ 	4�
y
1�2�

y
2�1; (49)

and

V2 ¼ 
3jh1j2 þ 	5jh1j2j�1j2 þ 	6jh1j2j�2j2; (50)

V3 ¼ 	���ij�
�
i �

�
j h1 þ H:c: (51)

Here we have included the trilinear coupling given in
expression (26). As suggested in [2], the inclusion of h1
avoids the global symmetry acquired accidentally by V1, in
particular, the terms in V3 play the alternative role to the
soft-breaking term of the Z4 symmetry that they introduce.

IV. MIXING ANGLES FOR THE LEPTON SECTOR

To make the analysis we rewrite the matrixMl in (19) as

0 Al 0
Al 0 Bl

0 Dl y2l m�

0
@

1
A; (52)

where Al, Bl,Dl and yl are real parameters, andm� is the �
lepton mass.
Diagonalizing M2

l and solving for the three charged

lepton masses one finds

UL¼
0:997544 0:0672274 0:0196681
0:0700398 �0:960886 �0:267942

�0:000885754 �0:268661 0:963234

0
@

1
A; (53)

with the remaining free parameter chosen to be yl ¼ 0:969
(note that there is a range for yl where the fit works, namely
0:0696 � jylj � 0:969), and for the matrix UR

UR ¼
�0:997619 �0:0672224 0:0154319
0:0689614 �0:975912 0:206979
0:00114655 0:20755 0:978224

0
@

1
A: (54)

To find the mixing in the lepton sector, M� is rotated
with UL

M0
� ¼ ULM�U

y
L; (55)

obtaining in this form the neutrino mass matrix in the basis
where the charged lepton mass matrix is diagonal,M0

�.M�

is the Majorana neutrino mass matrix that we found has the
texture

M� ¼
A B C
B 0 0
C 0 D

0
@

1
A: (56)

Theneutrinomixing is then obtainedby diagonalizingM0
�

M0
� ¼ VMDiag

� VT; (57)

with M
Diag
� representing the diagonal neutrino mass matrix

and V the flavor mixing matrix.
Because in this model neutrinos are Majorana fermions,

it is convenient to express V [22,23] as the product V ¼
UPMNSP, where UPMNS is the 3� 3 unitary matrix con-
taining the three flavor mixing angles ð�12; �23; �13Þ
and one CP-violating phase �CP, and P is a diagonal
matrix containing two Majorana CP-violating phases
ð
;�Þ, P � diagðe{
; e{�; 1Þ. We adopt the parametrization

UPMNS ¼
c13c12 c13s12 s13

�c23s12e
�{�CP � s23s13c12 c23c12e

�{�CP � s23s13s12 s23c13

s23s12e
�{�CP � c23s13c12 �s23c12e

�{�CP � c23s13s12 c23c13

0
BB@

1
CCA; (58)

NEUTRINO MASSES GENERATION IN A Z4 MODEL PHYSICAL REVIEW D 85, 036004 (2012)

036004-5



where cij � cos�ij, sij � sin�ij. We assume that CP is
conserved in this sector, thus �CP ¼ 0. With this parame-
trization the neutrino mass matrix can equivalently be
written as

M0
� ¼ UPMNS

	1 0 0
0 	2 0
0 0 	3

0
@

1
AUT

PMNS; (59)

where 	1 ¼ m1e
2{
, 	2 ¼ m2e

2{� and 	3 ¼ m3, being mi,
i ¼ 1, 2, 3 the positive real neutrino masses.

At this point it is convenient to note that we are assuming
Majorana mass matrix elements of OðeVÞ. This can be
obtained, for example, observing that in Eqs. (32)–(37)
the parameters alv2, blv1, b

0
lv1, clv2 must be at the same

scale of the lepton masses ml. Then, if we assume 	12 �
m� � 500 GeV and ��Oð1Þ, with mh � 4� 105 GeV,
this yields to mass matrix entries of OðeVÞ.

To perform the numerical analysis we used the results
from the last global neutrino data analysis [12]

sin2�12 ¼ 0:312þ0:017
�0:015;

sin2�23 ¼ 0:52þ0:06
�0:07 ð0:52� 0:06Þ;

sin2�13 ¼ 0:013þ0:007
�0:005 ð0:016þ0:008

�0:006Þ;
(60)

with �CP ¼ 0 and normal (inverted) hierarchy.
For the mass squared difference of neutrino masses we

used also the parameters from the global fit [12]

�m2
21 ¼ 7:59þ0:020

�0:18 � 10�5 eV2; (61)

�m2
32 ¼ 2:50þ0:09

�0:16 � 10�3 eV2ð�2:40þ0:08
�0:09 � 10�3 eV2Þ:

(62)

Given our lack of information about the absolute mass
scale or neutrinos, we used the following range for the
square mass ratio

NH ðIHÞ: 0:029ð0:030Þ<
��������
�m2

21

�m2
32

��������<0:032ð0:033Þ; (63)

obtained summing in quadrature the relative errors of
�m2

21 and j�m2
32j.

In order to determine if the mass matrices reproduce the
allowed experimental values for mass ratios and mixing
angles, we perform a scan over the complete range of all
three angles.

The angles obtained from our model that give (simulta-
neously) a ratio that falls within its allowed experimental
range are shown on Fig. 2

From the analysis we can conclude that:
(1) We only can have inverted hierarchy (IH),

m3 <m2.
7 From the angles that satisfy the mass

ratio (63) and from the requirement of m3 > 0 in
Eq. (59), our texture give us the values
 ¼ �=2 and
� ¼ 0 for Majorana CP phases. We obtained these
by replacing the angles in the diagonalization con-
dition (59) and solving for the parameters A, B,C,D
in matrix M� in (39).

(2) The angles, for IH, have the bounds

0:297< sin2ð�12Þ< 0:329;

0:46< sin2ð�23Þ< 0:58;

0:01< sin2ð�13Þ< 0:024:

(64)

(3) We can see that the angles have solutions for all the
experimental range. The values on �13 are nonzero
and they agree with the recent results favored by the
T2K experiment[9].

Furthermore, any model beyond the standard model,
which allow for lepton number violation, potentially
contributes to 0��� decay, and since in our model neu-
trinos are Majorana, 0��� can take place. The amplitude
of this decay is proportional to jðM0

�Þð11Þj, i.e. the element

(1,1) of the neutrino mass matrix in the charged lepton
diagonal mass basis, which can be written as [23,24]

ðM0
�Þð11Þ � m�� ¼ e2{
cos2�12cos

2�13m1

þ e2{�sin2�12cos
2�13m2 þ sin2�13m3; (65)

where mj, j ¼ 1, 2, 3, are the real masses of neutrinos and


, � the Majorana phases. For the case of IH, m3 � m1 �
m2, we can rewrite this as

m�� ¼ e2{
cos2�12cos
2�13

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ j�m2
32j � �m2

21

q

þ e2{�sin2�12cos
2�13

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m2

3 þ j�m2
32

q
j þ sin2�13m3:

(66)

FIG. 2 (color online). Angles that repeat the experimental
mass difference ratio for the neutrino sector (Inverted hierarchy).

7As we are using the ratio (63) to select the angles provided by
our model from the allowed experimental ranges, the ratio could
be positive or negative, but those with positive ratio are no
compatible with the well established relation (61).
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In Fig. 3, we show the values for jm��j as a function of

m3, that we obtain using the angles shown in Fig. 2, and in
Fig. 4 we show the 1� 
 experimental allowed range for
IH, together with the small region of points corresponding
to our model.

Note that the free parameter yl obtained in the charged
lepton sector also plays a role in the neutrino sector. Before
we found that in order to fit the charges lepton masses it
was necessary for yl to lie within the range 0:0696 �
jylj< 0:969, but if in addition one requires jm��j in the

allowed experimental range, the region for yl gets reduced
to 0:956 � jylj � 0:969

It is worth mentioning that the Z4 symmetry has also
been implemented as flavor symmetry in reference [25], in
the framework of a SU(5) Grand Unified Theory, to obtain

the NNI mass matrix form for quark and charged lepton
sector. At low energy, below the GUT scale, the model
reduces to the Two Higgs doublet model. In that extension,
quarks charge assignment follows also reference [2], and to
conciliate with the SU(5) GUT group new conditions must
be satisfied by the fermionic SU(5) multiplets, while the
Higgs doublets �1 and �2 preserve the charges of their
respective quintets. The lepton sector follows the assign-
ment for down quark sector. Three right-handed neutrinos
fields are introduced as SU(5) singlets, with no constrained
charges (they are free parameters), and the type-I see-saw
mechanism is used to generate their masses. The effective
neutrino mass matrix in this case, as in ours, does not
exhibit the NNI form, and only two of six possible textures
are found to fit well with experimental data. One of these
two textures, named Texture-IIð12Þ (IH) in [25], has the

same form as we found for neutrino mass matrix in ex-
pression (39), but in our case with radiative mass genera-
tion and without the need of right-handed neutrinos. This
texture also demands the neutrino mass spectrum to have
inverted hierarchy as is exhibited in our case. Moreover,
the jm��j values we predict as a function of m3, for the

mixing angles we found, agree with their predictions
showed in Eq. (67), except that we have a bit lower m3

values than their lower bound.

sin2�13 > 0:010; 0:0042 eV � m3 � 0:011 eV;

0:015 eV< jm��j< 0:022 eV: (67)

V. CONCLUSIONS

We have taken the flavor structure of the quark sector
presented in reference [2], which requires the introduction
of the Z4 symmetry in the context of two Higgs doublet
models, and extended it to construct a renormalizable
flavor model for quark and lepton sectors. Assuming that
the charged leptons transform similarly as down quarks we
obtain the NNI form for the mass matrix and we find the
minimal requirements to generate neutrino masses radia-
tively. We verify that the theoretical values for masses and
mixing angles provided by the model, are in agreement
with the current experimental values, in particular, with the
last results of the T2K experiment [9,10]. The model
exhibits IH for the neutrino mass spectrum and can fall
within the allow region for 0��� decay.
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