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Dynamics of hadro-quarkonium system is formulated, based on the channel coupling of a light hadron

ðhÞ and heavy quarkonium ðQ �QÞ to intermediate open-flavor heavy-light mesons (Q �q, �Qq). The resulting

effective interaction is defined by overlap integrals of meson wave functions and ðhq �qÞ coupling, where h
is �, �, !, �, without fitting parameters. Equations for hadro-quarkonium amplitudes and resonance

positions are written explicitly, and numerically calculated for the special case of ��ðnSÞ (n ¼ 1, 2, 3). It

is also shown that the recently observed by Belle two peaks Zbð10610Þ and Zbð10650Þ are in agreement

with the proposed theory. It is demonstrated, that theory predicts peaks at the BB�, B�B� thresholds in all

available ��ðnSÞ channels. Analytic nature of these peaks is investigated, and shown to be due to a

common multichannel resonance poles close to the BB�, B�B� thresholds. The general mechanism of

these hadro-quarkonium resonances does not assume any molecular or four-quark (tetraquark) dynamics.
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I. INTRODUCTION

It was found in experiment [1–4] that resonances may
appear in the system of a hadron and heavy quarkonium,
which may be called hadro-quarkonium, see [5] for a
review. On theoretical side, the prevalent approaches asso-
ciate hadro-quarkonia with molecular or four-quark ð4qÞ
states [6–16]. In the first case, hadro-quarkonia are weakly
bound states of two heavy-light mesons of the closest
threshold with interaction tuned to produce loosely bound
or virtual states, and in the 4q states thresholds cannot be
easily connected with 4q. However, it will be argued that
channel coupling (CC) near thresholds may play the domi-
nant role in hadro-quarkonium dynamics, as was shown for
heavy quarkonia in our previous papers [17,18].1 It was
shown there that strong CC, calculated basically without
fitting parameters, shifts the 23P1 (c �c) pole exactly to the
D �D� threshold. In this way, the Xð3872Þ phenomenon was
explained using only one parameter M!, which was fixed
in previous studies [24–27] and universal input: the string
tension �, the current (pole) quark masses, and the strong
coupling �sðqÞ. Recently M! was found from the first
principles in QCD [28]. It was shown there, that M! can
be calculated as the matrix element of the operator �r,
where � is the string tension and r is the length of the
string. The decay width of c ð3770Þ is reproduced in this
way and corresponds toM! � 0:8 GeV. Our starting point

is the first principle derivation of the CC interaction of
standard heavy quarkonia with open flavor channels, using
strong decay theory [28]. Similarly, in the phenomenon of
Xð3872Þ, the systems !J=c and �J=c may take part with
the thresholds near those of (D �D� þ H:c:) states. In the
same way, additional pions in the decay vertex appear with
the only extra factor in the denominator f� ¼ 93 MeV. As
will be shown below, the strong interaction of pions with
YðnSÞ mesons produces charged Z-type resonances.
Recently in a series of papers [24,25], the CC methods
have been successfully applied to the transitions in sys-
tems, containing heavy quarkonia and pions, or � meson
and in this way the main features of experimental pionic
spectra in reactions X0 ! X�� were explained together
with kaonic and �-meson final states [26,27]. Below, we
extend the formalism of channel coupling (CC) developed
in [17,18] to the case of a hadron h ¼ �;�;�; �;!; . . .
interacting with the Q �Q state.
We study the interaction and possible poles of hadro-

quarkonium amplitudes in the formalism of [17]. We as-
sume that the most important interaction in hadro-
quarkonium is due to intermediate states of heavy-light
mesons ðQ �qÞð �QqÞ (e.g. DD;DD�; D�D�; DsDs; . . . in case
of hadro-charmonium). Therefore, one should sum up the
whole series of bubbles, consisting of hadro-quarkonia and
heavy-light mesons, as shown in Fig. 1. To find poles in
amplitudes, one can start and finish with any state, since
poles belong to all channels, i.e. hðQ �QÞ and ðQ �qÞð �QqÞ. We
shall formally study the amplitudes for the transition of two
heavy-light mesons again into the same or other pair of
heavy-light mesons.
It is important to stress that in our mechanism of hadro-

quarkonium resonances there is no direct interaction
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1Similar in spirit, but different technically, the so-called re-

scattering model was developed and applied, in particular, to di-
pion transitions in bottomonia in [19–23]
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neither in the hadron-quarkonium channel, nor in the
channel of two heavy-light mesons. The only interaction,
which generates resonance poles, is the CC interaction,
transforming hadro-quarkonium system into double heavy-
light system. Therefore hadro-quarkonium resonances,
predicted in our theory, are a clear example of CC reso-
nances, introduced and calculated earlier in [29]. We show
below that direct molecular resonances of BB� (if any) are
displaced and split in hadro-quarkonium in different hadro-
quarkonium channels.

To find the poles, we can use the so-called Weinberg
eigenvalue method (WEM), discussed in detail in [17]. It
allows us to define not only poles, but also resonance wave
functions and was successfully applied in [17] to charmo-
nia states and, in particular, to Xð3872Þ, in a situation of
strongly coupled channels. It was shown in [17,18] that
Xð3872Þ is due to bare n ¼ 23P1 resonance, shifted exactly

to the D0D�0 threshold by CC and the detailed experimen-
tal form was reproduced in [17,18] with a tiny cusp at the
DþD� threshold and no other bumps. No connection to
�J=c and !J=c channels was taken into account in
[17,18], assuming the corresponding partial widths to be
generally small, and here we establish formalism for these
channels, and�J=c , which allows to find out, whether the
CC interaction in these cases is strong enough to produce
poles. The situation with the !J=c channel is especially
interesting since it contains the resonance of its own,
Yð3940Þ [1], but in addition the decay Xð3872Þ ! !J=c ,
found in [30], (see [31] for a recent review) suggests that
the whole CC system for Xð3872Þ should contain channels
23P1ðc �cÞ, DD�, !J=c and �J=c . The CC analysis of this

system in another framework (resonance-spectrum
method) [32], was done recently in [33].

A special case of hadro-quarkonium is the pion-
quarkonium system, where the CC interaction vertex is
proportional to 1=f� and numerically large, which might
support the appearance of �ðQ �QÞ resonances. Below we
shall study specifically the case of �� transitions in the
�ðnSÞ states, where these resonances appear in the final
states �ðn0SÞ��.

The plan of the paper is as follows. In Sec. II, some basic
equations of WEM in the hadro-quarkonium case are
written, and in Sec. III those are exploited to write down
exact equation for the possible poles in the general case of
three sectors. In Sec. IV, the special case of the pion-
quarkonium system is treated in detail and (��ðnSÞ) are
found for n ¼ 1, 2, 3. In Sec. V, results of calculations are

given, and Sec. VI contains conclusions, comparison of
molecular and CC dynamics and outlook. Two appendices
are devoted to detailed derivation of decay transition kernel
and the form of wave functions.

II. DYNAMICS OF STRONG CHANNEL
COUPLING FOR HADRO-QUARKONIUM

We consider two strongly interacting sectors: sector I
with a heavy quarkonium state ðQ �QÞ plus hadron h ¼ �,
!, �, �,� etc., and sector II, consisting of two heavy-light
mesons ðQ �qÞð �QqÞ; in case of hadro-charmonium, it could
be D �D, D �D�, D� �D�, D �D1, Ds

�Ds etc.
It is important that we neglect interaction between any

white objects, considering the limit of largeNc. This means
that in our treatment there is no direct interaction between
hadron and heavy quarkonium, as well as between heavy-
light mesons. Justification of this approximation can be
found in the fact known from NN interaction, that the main
part of long-range forces between white objects comes
from the exchange of one pion or a pair of correlated pions,
which in case of a deutron yields a small binding energy.
However, heavy quarks in heavy-light mesons do not con-
tribute in this process and hence one-pion exchange in the
system of two heavy-light mesons should be much smaller,
that in the NN system. This is also supported by the fact
that �N, �N and ��, �� interactions are relatively
weaker, that the NN interaction. Therefore from our point
of view in the molecular models of exotic charmonia one
should take into account that much stronger attraction near
the threshold occurs due to CC interaction between sectors
I and II. One more support of this comes from our recent
study of Xð3872Þ dynamics in [17,18], where we have
shown that CC alone strongly shifts 23P1 c �c level by
�60 MeV to the D0D�0 threshold at 3872 MeV.
As was shown in [17], to study dynamics of CC in our

case, one can reduce problem to the one-channel case,
where another channel enters via the CC interaction Vaba

and a, b refer to sectors I, II, respectively. If one is
interested only in the possibility of bound states or reso-
nances due to CC, one can start with any channel, and we
shall work mostly in channel II and consider the ampli-
tudes shown in Fig. 1 which are generated by the interac-
tion V212. This interaction in the formalism developed in
[17] can be written in momentum space as the amplitude of
the loop diagram, shown in Fig. 2, with hadron ðhÞ and
quarkonium ðQ �QÞ in the n-th state

FIG. 2 (color online). The diagram of the hadron interaction

VðhÞ
n2n3;n

0
2
n0
3
.

FIG. 1 (color online). The chain of transitions of hadro-
quarkonia (hþQ �Q) and pair of heavy-light mesons ðQ �qÞ�
ð �QqÞ. h denotes light hadrons (h ¼ �;�; . . . ).
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VðhÞ
n2n3;n

0
2
n0
3
ðp;p0; EÞ ¼ X

n

Z d3k

ð2�Þ3

�
JðhÞnn2n3ðp;kÞJðhÞnn0

2
n0
3
ðp0;�kÞ

2!hðkÞðE� EnðkÞ �!hðkÞÞ ;
(1)

with EnðpÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þM2

n

p
, where Mn is the position of the

n-th bare quarkonium ðQ �QÞ state. Indices n2n3, n02n03 de-

note in- and out- quantum states of heavy-light masons, the

hadron energy is !hðkÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þm2

h

q
, and the overlap

matrix elements JðhÞnn2n3ðp;kÞ define the probability ampli-
tude for the transition of two heavy-light mesons ðQ �qÞn2 ,ð �QqÞn3 with quantum numbers n2, n3 to quarkonium n-th

state ðQ �QÞn plus hadron h. One can derive JðhÞnn2n3 as a
matrix element of a hadron emission operator between
wave functions of quarkonium and two heavy-light mesons

JðhÞnn2n3ðp;kÞ ¼
1ffiffiffiffiffiffi
Nc

p
Z

�yðhÞ123�
ðnÞ
Q �Q

ðu� vÞeiprþikxc n2ðu� xÞ

� c n3ðx� vÞd3xd3ðu� vÞ

¼ 1ffiffiffiffiffiffi
Nc

p
Z d3q

ð2�Þ3 �y
ðhÞ
123�

ðnÞ
Q �Q

�
cp� k

2
þ q

�

� c ðn2Þ
Q �q ðqÞc ðn3Þ

�Qq
ðq� kÞ; (2)

where Nc is the number of colors, r ¼ cðu� vÞ, c ¼
!Q

!Qþ!q
. We point that the w.f �ðnÞ

Q �Q
, c ðn2Þ

Q �q , c
ðn3Þ
�Qq

in (8) are

no longer full wave function (w.f.) of mesons, but the radial

part RðnÞ
Q �Q

, Rðn2Þ
Q �q , R

ðn3Þ
�Qq

divided by
ffiffiffiffiffiffiffi
4�

p
, while the angular

part of the w.f. is accounted for in the factor �yðhÞ123. This

transition kernel �yðhÞ123 contains a coupling constant gh of

hadron with quark pair ðq �qÞ, entering the hadron string-
breaking ðhq �qÞ Lagrangian for light vector mesons

L h ¼
Z

�c ghêc
eikxd4xffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2!hV3

p ; (3)

and another part, which comes from the Dirac trace of �
matrices corresponding to the vertices in state ðQ �QÞn and
ðQ �qÞn2 , ð �QqÞn3 . In Eq. (3) V3 is the normalization volume

and ê ¼ ��e�.

To obtain the full vertex �yðhÞ123 in (2), one can use either

the (4� 4) form given in [24,25] or else the (2� 2) form
for wave functions and vertices, introduced in [17],

Appendix B. Exact expressions for �yðhÞ123 are given in

Appendix A for the convenience of the reader. In this
way for the n1 state of quarkonia and vector hadron, one
can write similarly to (B3)

�y ðhÞ
123 ¼ trf�ðn1Þ

red �
ðn2Þ
red ðe�Þgh�ðn3Þ

red g (4)

and

�ðnÞ
redðDÞ ¼ 1ffiffiffi

2
p ;

�ðnÞ
redðD�Þ ¼ �kffiffiffi

2
p ;

�ðnÞ
redð1��ðQ �QÞÞ ¼ �iffiffiffi

2
p ;

(5)

where �i are the Pauli matrices. Therefore, in the case
1��ðQ �QÞ þ h ! D �D�, one obtains

�y ðhÞ
123 ¼ ighej	ijk (6)

where e is the polarization vector of hadron and 	ijk is the

Levi-Civita symbol.
For Nambu-Goldstone bosons (�, K, �) the transition

kernel was obtained in a different way in [24]. Indeed,
pions accompany string breaking, yielding a coefficient
M!

f�
�5 instead of gh in (3), where M! is calculated via

string tension � in [28], M! ¼ 0:8 GeV. This is used in
Sec. IV below; details are given in Appendices A and B.
To define possible resonance position and wave function

it is convenient to use the Weinberg Eigenvalue Method,
which was extended to the case of coupled channel prob-
lem in [17]. The corresponding equation for eigenfunction

c ð
Þðr; EÞ and eigenvalue �
ðEÞ can be written as

H0c
ð
Þðr; EÞ þ 1

�
ðEÞ
Z

V212ðr; r0; EÞc ð
Þðr0; EÞd3r0

¼ Ec ð
Þðr; EÞ; (7)

where H0 is the one-channel Hamiltonian in sector II with
the neglected in the first approximation a direct interaction
between two color singlet mesons. The boundary condi-
tions are

c ð
Þðr ! 1; EÞ � expðikrÞ
r

; c ð
Þð0; EÞ ¼ const;

where k is the c.m. momentum of mesons defined by the

condition E ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þMn2

q
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þMn3

q
. Index 
 labels

the discrete eigenvalues and eigenvectors. In the momen-
tum space, one can write

c ð
Þ
n2n3ðp;EÞ¼� 1

�
ðEÞ
X
n02n

0
3

Z d3p0

ð2�Þ3G
ð0Þ
n2n3ðpÞVðhÞ

n2n3;n
0
2
n0
3
ðp;p0;EÞ

�c ð
Þ
n02n

0
3
ðp0Þ

Gð0Þ
n2n3ðp;EÞ¼

1

En2ðpÞþEn3ðpÞ�E
: (8)

At this point, one realizes that Eq. (8) can be seriously
simplified using the structure of the overlap integrals in (2).
Indeed, it was shown in [24,25] that wave functions of
heavy-light mesons D, D� (B, B�) can be represented by
the Gaussian functions with accuracy of the order of a few
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percent. In this case, the integral in (2) factorizes (see
Eq. (21) in [25])

JðhÞnn2n3ðp;kÞ �
1ffiffiffiffiffiffi
Nc

p ’ðhÞ
n2n3ðkÞ�ðhÞ

nn2n3ðpÞ: (9)

Moreover, it appears that ’ðhÞ
n2n3ðkÞ are almost identical for

the first two states of heavy-light mesons (e.g. B, B�) and
are very close for the next two states (e.g. Bs, B

�
s), hence we

simplify ’ðhÞ
n2n3 to ’ðhÞ.

As one can see in (1), the integral on the right-hand side
(rhs) also factorizes, when (9) is used, and one can write

VðhÞ
n2n3;n

0
2
n0
3
ðp;p0; EÞ ¼ �X

n

1

Nc

�ðhÞ
nn2n3ðpÞ�ðhÞ

nn0
2
n0
3
ðp0ÞKnðEÞ;

(10)

where notation is used

KnðEÞ ¼
Z d3k

ð2�Þ3
’ðhÞðkÞ’ðhÞð�kÞ

2!hðkÞðEnðkÞ þ!hðkÞ � EÞ : (11)

Insertion of (10) in (8) immediately yields

c ð
Þ
n2n3ðp; EÞ ¼

1

Nc

Gð0Þ
n2n3ðp; EÞ
�
ðEÞ

X
n

KnðEÞ�ðhÞ
nn2n3ðpÞ

� X
n0
2
n0
3

Z d3p0

ð2�Þ3 �
ðhÞ
nn0

2
n0
3
ðp0Þc ð
Þ

n0
2
n0
3
ðp0; EÞ; (12)

which finally leads to a system of algebraic equations

�ð
Þ
n0 ðEÞ ¼

1

�
ðEÞ
X
n

�n0nðEÞKnðEÞ�ð
Þ
n ðEÞ;

�ð
Þ
n ðEÞ � X

n2n3

Z d3p

ð2�Þ3 �
ðhÞ
nn2n3ðpÞc ð
Þ

n2n3ðp; EÞ;
(13)

where we have defined in (13)

�nn0 ðEÞ ¼ 1

Nc

X
n2n3

Z d3p

ð2�Þ3 G
ð0Þ
n2n3ðp; EÞ�ðhÞ

nn2n3ðpÞ�ðhÞ
n0n2n3

ðpÞ:

(14)

So, we obtain

det½�
ðEÞnn0 � KnðEÞ�nn0 ðEÞ� ¼ 0 (15)

and one can look for poles Ep, setting �
ðE ¼ EpÞ ¼ 1.

Equivalently, one can define amplitude in the sector I,
hþ ðQ �QÞ, in which case the interaction ‘‘potential’’ V121

assumes the form

VðhÞ
nn0 ðk;k0; EÞ ¼ X

n2n3

Z d3p

ð2�Þ3
JðhÞnn2n3ðp;kÞJðhÞn0n2n3

ðp;k0Þ
E�H

ðn2n3Þ
0 ðpÞ

(16)

and the WEM equation in sector I is

c ð
Þ
n ðk; EÞ ¼ �

Z d3k0

ð2�Þ32!ðk0ÞG
ð0Þ
n ðk; EÞ

� VðhÞ
nn0 ðk;k0; EÞ
�
ðEÞ c ð
Þ

n0 ðk0; EÞ: (17)

One can see from (16) that VðhÞ
121 is attractive and real for E

below the D �DðD �D�Þ threshold, and Gð0Þ
n is

Gð0Þ
n ðk; EÞ ¼ 1

H0ðkÞ � E
¼ 1

EnðkÞ þ!hðkÞ � E
: (18)

The total Green’s function in sector I has the form (see [17]
for discussion and details)

GðIÞð1; 2;EÞ ¼ X



c ð
Þ
n ð1; EÞcþð
Þ

n ð2; EÞ
1� �
ðEÞ (19)

and near the resonance �
ðEÞ has the form

�
ðEÞ ¼ 1þ �0



�
E0 � i�

2

��
E� E0 þ i�

2

�
þ . . . (20)

where Ep was replaced by E0 � i�
2 . Finally, one can define

the t-matrix

t ¼ V̂ � V̂GV̂; (21)

which in the WEM can be written as

tðk;k0; EÞ ¼ �X



�
ðEÞa
ðk; EÞa
ðk0; EÞ
1� �
ðEÞ (22)

where

a
ðk; EÞ ¼ ðH0ðkÞ � EÞc ð
Þ
n ðk; EÞ: (23)

III. A GENERAL CASE OF THREE COUPLED
SECTORS

Until now, only the connection of given channel hþ
ðQ �QÞn to ðQ �qÞð �QqÞ was considered. A more interesting
situation can occur when one adds also excited channels of
ðQ �QÞn0 . An example of the physical situation of this kind is
given by the 23P1ðc �cÞ state connected to !J=c via the
DD� channel. Hence, in this case one has to consider three
sectors: as before sectors I and II refer to hðQ �QÞn and
ðQ �qÞð �QqÞ, respectively, and sector III refers to ðQ �QÞn0
states. One again writes the equation for the wave function
in sector II as in Eq. (8), but the interaction Vn2n3;n

0
2
n0
3
now

consists of two terms:

Vn2n3;n
0
2
n0
3
ðp;p0; EÞ ¼ VðhÞ

n2n3;n
0
2
n0
3
ðp;p0; EÞ

þ VðQ �QÞ
n2n3;n

0
2
n0
3
ðp;p0; EÞ (24)

where we add to the potential VðhÞ in Eq. (1) another kernel,
VðQ �QÞ of the following form (cf Eq. (26) of [17]):
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VðQ �QÞ
n2n3;n

0
2
n0
3
ðp;p0; EÞ ¼ X

n

Jþnn2n3ðpÞJnn02n03ðp0Þ
E�Mn

: (25)

Here, JðpÞ is obtained from JðhÞðp;kÞ putting k ¼ 0 and

replacing �yðhÞ123 by M! �y123, where �y123 is given in [17] for

different states, and M! is a fixed parameter for all
charmonia and bottomonia states used in [17–26],
M! ¼ 0:8 GeV, in actual calculations one reduces the
fully relativistic vertex M! �y123 to the two-component
spinor form, convenient for nonrelativistic form of partic-
ipating wave-functions M! �y123 ¼ � �yred123, and � ¼ 1:4, see
appendix C of [17] for details.

The resulting equation for �
ðEÞ has the same form as in
(13), but now�n and Kn are columns and � is a matrix in n
and n0 indices. Fixing n0 and denoting a single channel
n2n3 ¼ n02n03 � 1, one arrives at the equation

det
1� 1

�

�11K1 � �12

�
ðMn0�EÞ
� 1

�

�21K1 1� �22

�
ðMn0�EÞ

0
@

1
A ¼ 0; (26)

where

�12 ¼ �21 �
Z d3p

ð2�Þ3 G
ð0Þ
n2n3ðp; EÞ�nn2n3ðpÞJn0n2n3ðpÞ

�22 �
X
n2n3

Z d3p

ð2�Þ3 G
ð0Þ
n2n3ðp; EÞJ2n0n2n3ðpÞ: (27)

The solution of Eq. (26) for �
ðE ¼ EpÞ ¼ 1 gives the

pole positions Ep. In particular, one can derive how the

original ðQ �QÞ pole is shifted due to two effects: 1) CC to
the sector II of two heavy-light states ðQ �qÞð �QqÞ 2) CC due
to the hadro-quarkonium states—sector I.

It is clear in (26) that the resulting �
ðEÞ contains
threshold singularities from sectors II and I and the pole
at Mn in the limit of small CC. In the spirit of calculations
in [18] and using (22), one can define the probability of
transition from sector I to sector II as the absorptive part of
t (22) due to sector II. It yields

�I II �
1
2i�II�
ðEÞ
j1� �
ðEÞj2

; (28)

where�II ¼ �
ðEþ i0Þ � �
ðE� i0Þ is the discontinuity
along the right hand cut.

The total width � of the resonance originating from the
state ðQ �QÞn0 in sector III is obtained from the expansion
(20) for small �, and from the position of the pole Ep in the

equation �
ðEpÞ ¼ 1, where �
 is found from (26), for

arbitrary �. The partial widths of the resonance, originating
from sector III, corresponding to channels in sectors I and
II are proportional to absorptive parts of �
ðEÞ on the cuts,
starting from thresholds of sectors I and II. The concrete
examples of Xð3872Þ connected to !J=c and �J=c states
will be given elsewhere.

IV. PION-QUARKONIUM RESONANCES

As a specific example of the general formalism in
Sec. II, we consider here the pion interaction with heavy
quarkonium. To simplify matters, we shall not use WEM in
this section, writing all expressions in standard form since
we shall not use the notion of resonance wave function for
pion quarkonium. The corresponding interaction term

Vð�Þ
n2n3;n

0
2
n0
3
ðp;p0; EÞ is given in (1), while Jð�Þnn2n3 is defined in

(2). However, now in contrast to the vector hadron case of
(6), one has instead for pion emission the same vertex,
which was derived in [17,24,25]. For DD� or BB�, one has

�y ð�Þ
123� ¼

M!

f�

iikffiffiffi
2

p ; (29)

while for D�D�ðB�B�Þ one obtains

�y ð�Þ
12�3� ¼ �M!

f�

eiklffiffiffi
2

p : (30)

Note that indices i, k, l refer to the polarization states of
initial and two final vector mesons. Also, the shorthand
notation DD� implies 1ffiffi

2
p ðD �D� �D� �DÞI for the isospin I

state. Finally, as in (3) and (6), the factor 1ffiffiffiffiffiffiffiffiffi
2!V3

p is taken into

account in the pion phase space integral over d3k
ð2�Þ3 .

With these s-wave-type kernels (29) and (30) and SHO
wavefunctions in (2), one can write the factorized form for

Jð�Þnn2n3

Jð�Þnn2n3ðp;kÞ ¼
1ffiffiffiffiffiffi
Nc

p ’ð�Þ
n2n3ðkÞ�nn2n3ðpÞ; (31)

where

’ð�Þ
n2n3ðkÞ ¼ e�ðk2=4�2

2Þ;

�nn2n3ðpÞ ¼ �yð�Þ123e
�ððcpÞ2=�nÞInn2n3ðcpÞ (32)

and Inn2n3ðpÞ for SHO functions for heavy-light mesons

with n2 ¼ n3 ¼ 1 (which gives 95% accuracy for B, B�
and D, D� mesons [17,24,25]) is

In11ðpÞ ¼ 2~cnð�Þn�1 ð2n� 1Þ!
ðn� 1Þ! �

�
�ðn� 1Þ; 3

2
; f2

�

� yn�1

ð2 ffiffiffiffi
�

p Þ3
�
2�2

1�
2
2

�n

�
3=2

(33)

where all constants are defined via SHO parameters of
wave functions, participating in the overlap integral (2),
see Appendix B.

We note that ’ð�Þ
n2n3ðkÞ � ’ðkÞ with a good accuracy

does not depend on n2n3, when n2, n3 run over a pair of
indices B, B� (orD,D� etc.), since the corresponding wave
functions are very similar. Therefore, the kernel KnðEÞ in
(18) also does not depend on indices n2n3 and can be
written as
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KnðEÞ ¼
Z d3k

ð2�Þ3
e�ðk2=2�2

2
Þ

2!�ðkÞðEnðkÞ þ!�ðkÞ � EÞ : (34)

Defining as in (14)

�nn0 ðEÞ ¼ 1

Nc

X
n2n3

Z d3p

ð2�Þ3
�nn2n3ðpÞ�n0n2n3ðpÞ
En2ðpÞ þ En3ðpÞ � E

; (35)

one has a system of equations (17), from which one defines
resonance energy [17]

det½1� K̂ðEÞ�̂ðEÞ� ¼ 0; (36)

where ðK̂Þnn0 ¼ Knnn0 and ð�̂Þnn0 ¼ �nn0 .
Note that �nn2n3 depends on polarization states of all

particles, and that of n (index i in (29) and (30)) can be
fixed, while one should sum up in (35) over spin and
isospin projection of particles n2, n3.

At the end of this section we consider the contribution of
pion-quarkonium resonance into production cross sections
of the final state ðQ �QÞn0��. In the zeroth approximation,
the amplitude for the transition ðQ �QÞn ! ðQ �QÞn0�� was
calculated in [24–26].

wð��Þ
nm ðEÞ¼ X

n2n3

d3p

ð2�Þ3
Jð1Þnn2n3ðp;k1ÞJ�ð1Þmn2n3ðp;k2Þ
E�En2n3ðpÞ�!�ðk1Þ þð1$2Þ

�X
n02n

0
3

d3p

ð2�Þ3
Jð2Þ
nn0

2
n0
3
ðp;k1;k2ÞJ�mn0

2
n0
3
ðpÞ

E�En0
2
n0
3
ðpÞ�ð!�ðk1Þþ!�ðk2ÞÞ

� X
n00
2
n00
3

d3p

ð2�Þ3
Jnn00

2
n00
3
ðpÞJ�ð2Þmn00

2
n00
3
ðp;k1;k2Þ

E�En002n
00
3
ðpÞ (37)

Here, Jð1Þnn2n3 � Jð�Þnn2n3ðp;kÞ and

Jð2Þnn2n3ðp;k1;k2Þ � 1ffiffiffiffiffiffi
Nc

p �yð��Þ123 e�ððk1þk2Þ2=4�2
2
Þe�ððcpÞ2=�nÞ

� Inn2n3ðcpÞ; (38)

with

�y ð��Þ
123 ¼ M!��21

f2�

�y123ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2!�ðk1Þ2!�ðk2ÞV2

3

q ; (39)

while Jnn2n3ðpÞ is the pionless overlap integral (2), where

k � 0, and �yðhÞ123 ! �y123 ¼ M!
i
!q

ðqi � pi!q

2ð!qþ!QÞÞ.
Looking at (37), one can realize that it can be written as

wð��Þ
nm ðEÞ ¼ ð1Þwð��Þ

nm ðEÞ � ð2Þwð��Þ
nm ðEÞ (40)

and the first two terms of ð1Þwð��Þ
nm ðEÞ are

ð1Þwð��Þ
nm ¼ ’ðk1Þ�nmðE0Þ’ðk2Þ þ ’ðk2Þ�nmðE00Þ’ðk1Þ;

(41)

where �nm depends on the energy E0 and E00 of the ðQ �QÞ�2

and ðQ �QÞ�1 systems, respectively; for its Lorenz invariant

definition, see below. It is clear that these terms are the first
terms of the whole rescattering series, depicted in Fig. 3,
which can be summed up as follows:

ð1Þwð��Þ
nm ! ð1ÞWnm ¼ ’ðk1Þ

�
�

1

1� K�

�
nm
’ðk2Þ

þ ’ðk2Þ
�
�

1

1� K�

�
nm
’ðk1Þ: (42)

Note that for the transition �ðnÞ ! �ðn0Þ��, �ðE0Þ and
KðE0Þ in the first term in (42) depend on the invariant mass

Mð1Þ
inv of �ðn0Þ�2, while in the last term on the rhs of (42),

�ðE00Þ and KðE00Þ depend on the invariant mass Mð2Þ
inv of

�ðn0Þ�1,

MðiÞ
inv ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

n � 2Mn!i þm2
�

q
; i ¼ 1; 2:

We now turn to the last two terms in (37), which contain
a two-pion vertex, shown in Fig. 4, and take into account
that the dependence on k1, k2 there is contained in the
factor ’ðk1 þ k2Þ, as was shown in [24,25], as well as in
the series shown in Fig. 5 (and the similar one with k1 $
k2). Hence, the total amplitude of (n, m) transition with
emission of two pions can be written as

wð��Þ
nm � Mnm ¼ ’ðk1Þ’ðk2Þanm � ’ðk1 þ k2Þbnm

(43)

where

FIG. 3 (color online). Rescattering series yielding a possible
pole structure in ð�ðn0Þ�Þ. (Contribution to anm.)

FIG. 4 (color online). First order (in �) contributions to the
factor bnm in Eq. (43).

FIG. 5 (color online). Rescattering series including double
pion production vertex. (Contributing to bnm.)
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anm ¼
�
�ðE0Þ 1

1� KðE0Þ�ðE0Þ
�
nm

þ ðE0 ! E00Þnm

bnm ¼
�
�ðE0Þ

�
1

1� KðE0Þ�ðE0Þ þ ðE0 ! E00Þ
��

nm
:

(44)

One can see that (43) satisfies the Adler condition

anmðki ¼ 0Þ ¼ bnmðki ¼ 0Þ; Mnmðk1 ¼ 0Þ ¼ 0;

(45)

and for not very large k1, k2 one can write approximately

M nm � anmð’ðk1Þ’ðk2Þ � ’ðk1 þ k2ÞÞ: (46)

The probability of transition ðQ �QÞn ! ðQ �QÞn0�� is

dwððnÞ ! ðn0Þ��Þ ¼ jMnn0 j2 d
3k1

ð2�Þ3
d3k2

ð2�Þ3
�

2!1!2

� ðEn0 þ!�ðk1Þ
þ!�ðk2Þ � EnÞ (47)

and the di-pion decay width is

�ð��Þ
nn0 ¼

Z
dwððnÞ ! ðn0Þ��Þ ¼

Z
d�jMnn0 j2 (48)

where d� is the phase space factor

d� ¼ 1

32�3

ðM2
n þM2

n0 � q2ÞðMn þMn0 Þ
4M3

n

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�MÞ2 � q2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 � 4m2

�

q
dqd cos� (49)

with the notations

�M ¼ Mn �Mn0

q2 � M2
�� ¼ ðk1 þ k2Þ2 ¼ ð!1 þ!2Þ2 � ðk1 þ k2Þ2:

(50)

Finally, one can also study the process eþe� !
ðQ �QÞn0��, with the amplitude

An0 ðEÞ ¼
X
m;n

cm

�
1

Êþ ŵ� E

�
mn
Mnn0 (51)

where Mnn0 is given in (43) and cm ¼ 4��eQ
ffiffi
6

p
E2 �ðmÞ

Q �Q
ð0Þ so

that the contribution�R of ðQ �QÞn0�� to the hadronic ratio
R is

�Rððn0Þ��Þ ¼ 72�e2Q
E2

��������
X
n;m

�ðnÞ
Q �Q

ð0Þ

�
�

1

Êþ ŵ� E

�
nm
Mmn0

��������
2

d�: (52)

We now turn to an example of possible pionic bottomo-
nium state in the reaction �ð5SÞ ! ð�ðn0Þ�Þ�, which can
proceed through the chains

�ð5SÞ ! X
n2n3

ðB �BÞn2n3� ! X
n0
ð�ðn0Þ�Þ�: (53)

We are interested in possible poles in the JP ¼ 1þ channel
of connected ðB �BÞn2n3 and �ðn0Þ� states, which are given

by the equation

det½nn0 � KnðEÞ�nn0 ðEÞ� ¼ 0: (54)

Neglecting first nondiagonal elements of �nn0 , one has an
equation for E

KnðEÞ�nnðEÞ¼ 1

Nc

X
n2n3

Z d3p

ð2�Þ3
�2
nn2n3ðpÞ

En2ðpÞþEn3ðpÞ�E

�
Z d3k

ð2�Þ3
’2ðkÞ

2!�ðkÞðEnðkÞþ!�ðkÞ�EÞ¼1:

(55)

One can easily recognize in (55) the norm of the kernel of
the integral equation (8).
The analysis of (55) starts with the list of thresholds in

ðB �BÞn2n3 and in �ðn0Þ� channels in Table I. One can see

that the most important combination is �ð3SÞ� $ BB�,
B�B� with the additional contribution of �ð2SÞ�, �ð1SÞ�
andBsB

�
s ,B

�
sB

�
s as a next step. Since the maximal energy of

our systems in the reaction (53) is Mð5SÞ �m� ¼
10:725 GeV, one is mostly interested in the energy region
9:78 GeV 	 E 	 10:72 GeV.

V. RESULTS FOR �ð5SÞ ! �ðn0SÞ��

In this section, we study numerical results for the reac-
tion �ð5SÞ ! �ðn0SÞ��, and we shall be interested
mainly in the possible appearance of resonance-like struc-
tures in the systems �ðn0SÞ�, n0 ¼ 1, 2, 3. The resulting
equations for differential and total probabilities are given

in Eqs. (44) and (46)–(48). The coefficients �yð�Þ123 and pa-

rameters of �ðnSÞ and B, B� wave functions, needed for
the calculation of �nm, are given in Eqs. (29) and (30) and
Appendices A and B.
It was assumed above that the knowledge of wave

functions and channel coupling constant M! (one for all
types of strong decays) can describe all CC phenomena
and, in particular, level shifts due to the CC. However, at
this point one encounters the fundamental difficulty which
was studied in [34] and is not still resolved. The point is
that, assuming a constantCC not depending on participants

TABLE I. List of thresholds (in GeV).

Threshold Eth Threshold Eth

BB� 10.605 �ð1SÞ� 9.60

B�B� 10.650 �ð2SÞ� 10.16

BsB
�
s 10.780 �ð3SÞ� 10.495

B�
sB

�
s 10.830 �ð4SÞ� 10.720

�ð5SÞ� 11.00
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of the decay process, one obtains huge shifts of energy
levels (several hundreds of MeV) due to mixing with
higher states. (To improve the situation, in [18] a cut-off
coefficient � � 0:5 was introduced for contribution of
higher levels.) This calls for a detailed scrutiny of our

matrix elements JðhÞnn2n3ðp;kÞ and basic matrix elements

(without hadron emission) Jnn2n3ðpÞ, entering in the ex-

pressions for energy shifts, see [17] for details. Indeed, in
Eq. (2) one can see that the string in the original hadron n,
placed between points u, v is decaying at point x into two
hadrons, placed between u, x, and x, v, respectively. It is
clear that when the point x is far away from the center of
the string u, v, the string-breaking process does not occur.
Replacing distances between points by typical radii Rn,
Rn2 , Rn3 of states n, n2, n3, one obtains the condition (for

Rn2 � Rn3) R
2
n2 &

1
4R

2
n þ �2 where � is the typical string

width, � � 2� � 0:3 fm [35,36]. The corresponding fac-
tor can be rigorously deduced in the formalism of [28], and
the resulting cutoff strongly decreases the CC between
states with incomparable sizes. This is taken into account
below by assuming different M! for different decay chan-
nels. We take forM! the value 1.0 GeV in case of n ¼ 4, 5.
For n ¼ 1, 2, 3 we take M! ¼ 0:1, 0.2 and 0.3 GeV,
respectively, to take into account decay mismatch between
the sizes of�ðnSÞ and B �B� systems, since Rð1SÞ ¼ 0:2 fm

and Rð2SÞ ¼ 0:4 fm, while RðBÞ � RðB�Þ � 0:5 fm. This
mismatch is not taken into account for simplicity reasons in
the general definition of the overlap integral (2).
In the beginning, we have estimatedKnðEÞ and �nmðEÞ in

(55) for n, m ¼ 1, 2, 3, 4, 5 using parameters of SHO
functions, which were used before in [25,26]; they are
given in the Appendix B. Real and imaginary parts of
�33ðEÞ and K3ðEÞ are given in Fig. 6. The possibility of
peaks, e.g. in the �ðn0SÞ� system, is demonstrated in
Fig. 7, where we plot the quantity ja5n0 j2 for n0 ¼ 1, 2, 3,
respectively (or more exactly the first term of (44)) as

function of the invariant mass Mð1Þ
inv. One can see sharp

peaks near the thresholds BB�, B�B� at 10.6 and
10.65 GeV, respectively. In the total distributions, however,
a more complicated combination of terms enters, as seen
from (44), and one should calculate a symmetrized in

Mð1Þ
inv;M

ð2Þ
inv expression, and moreover take into account

appropriate phase space factor. One can associate these
peaks with poles, situated in the vicinity of these thresholds
(see discussion in Appendix C).
Note that two peaks in Fig. 7 occur from combination

�ðn0SÞ�1. However, in the full decay distribution
dwðð5Þ ! ðn0Þ��Þ the symmetrized sum (44) enters,
which produces an additional mirror reflected pair of peaks

in dw if considered as function of Mð1Þ
inv, q since

FIG. 6 (color online). Real (solid line) and imaginary (dashed line) parts of �33ðEÞ and K3ðEÞ [see Eqs. (34) and (35)]. One can see
cusp structures at the thresholds BB�, B�B� and �ð3SÞ�, correspondingly.

FIG. 7 (color online). Modulus squared of the first term in (44) jann0 j2 as a function of the invariant mass of ð�ðn0SÞ�Þ, computed for
the reaction �ð5SÞ ! �ðn0SÞ��, n0 ¼ 1, 2, 3.
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ðMð1Þ
invÞ2 þ ðMð2Þ

invÞ2 ¼ M2
n þM2

n0 þ 2m2
� � q2: (56)

The full probability distribution (47) contains the sym-
metric sum of two rescattering series for �ðn0SÞ�1 and
�ðn0SÞ�2, respectively. When plotted as a function of

Mð1Þ
inv, it contains both poles of the first series at

Mð1Þ
inv ¼ 10:610 and 10.650 GeV, and also poles from the

second series at the points Mð1Þ
invðMð2Þ

inv ¼ 10:610, 10.650)
defined by Eq. (56). In this way one obtains Fig. 8, where
for the case ðn; n0Þ ¼ ð5; 1Þ and (5, 2) the secondary poles
are out of mass interval, while for the case of (5, 3) the pair

of secondary poles overlap with the proper poles ofMð1Þ
inv. In

an experiment, one can separate points on Dalitz plot

relating to Mð1Þ
inv and Mð2Þ

inv, which results in two plots with

the same pair of peaks.
Recently, experimental data on the reaction �ð5SÞ !

�ðn0SÞ��, n0 ¼ 1, 2, 3 appeared in [37], and the experi-
mental distributions dwðð5Þ ! ðn0Þ��Þ are presented in

Fig. 5 of [37] as functions of minfMð1Þ
inv;M

ð2Þ
invg and

maxfMð1Þ
inv;M

ð2Þ
invg. In order to compare our results with

experimental data, we calculate distribution (47) in terms
of invariant masses of �ðn0SÞ� and �� systems. We use
expressions (46) and (49) and formulas from [24] to ex-
press quantities like !�ðk1Þ; ðk1 þ k2Þ2, etc. via variables
(q, Minv). After integration over q, we obtain the distribu-
tion in terms of Minvð�ðn0SÞ�Þ. The result is presented on
Fig. 8. Comparing experimental data (left and right plots,
glued together for n0 ¼ 3 and left plots for n0 ¼ 1, 2 on
Fig. 5 from [37]) with our theoretical calculations, one can
see a close similarity in the general form and position of
Zbð10610Þ and Zbð10650Þ peaks, which in both cases
appear at BB�, B�B� thresholds for all available n0 ¼ 1,
2, 3. We do not intend to reproduce here all features of
experimental data, which depend strongly on details of
wave function profile, but we study mostly the dynamics
of process. For the better description, we only slightly
changed w.f. of �ðnSÞ, calculated in single-channel ap-

proximation in Appendix B, �new ¼ �þ 0:2. This effect
could appear due to mixing of a given state �ðnSÞ with
�ðn0SÞ and �ðn00DÞ, which is not accounted for in our
rescattering series of Fig. 3. A more detailed quantitative
comparison of our data with experiment [37], and decay
distributions as functions of q � M�� and cos� are now in
progress and will be reported elsewhere.

VI. CONCLUSIONS AND OUTLOOK

Summarizing our results, we shall stress the main fea-
tures of our approach. We have considered the interaction
of a light hadron with heavy quarkonium, arising solely
due to transition to intermediate states of two heavy-light
mesons. No direct interaction between light hadron and
heavy quarkonium or else between two heavy-light mesons
is assumed, therefore our dynamics has nothing to do with
molecular states in the strict sense. Our mechanism is also
distinct from dynamics of ð4qÞ or hybrid states.
At this point, it is important to discuss the suggested

mechanism in more general terms. We have exploited the
Lagrangian, which was derived earlier by one of the au-
thors, see [24] and references therein, and recently given an
explicit form of string breaking plus meson emission
Lagrangian in Ref. [28]. It is important that this
Lagrangian does not contain any extra parameters in addi-
tion to string tension � and f� in case of pions, and the
resulting amplitude for �� emission satisfies the Adler
condition, as shown in [24]. Having this fundamental
instrument, it is tempting to use it in realistic situation,
which was done in [24–28] for bottomonium transitions
and this application was for the most part successful,
namely, angular and mass di-pion distributions do gener-
ally agree with the experiment for all transitions of
�ðn; n0Þ��, n ¼ 2–5, n0 ¼ 1, 2, 3 and as well as produc-
tion of BB, BB�, BsBs etc. There are few disagreements,
e.g. in absolute value of (2, 1) transition, angular depen-
dence for (5, 1). With all this, one should consider
other possible mechanisms, and the limitations of the

FIG. 8 (color online). The distribution d�nn0=dMinv for the transition �ðnSÞ ! �ðn0SÞ�� as a function of the invariant mass of
ð�ðn0SÞ�Þ for n0 ¼ 1, 2, 3.
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exploited formalism. First of all, for small size bottomo-
nium, like �ð1SÞðr ¼ 0:2 fmÞ or J=c ðr ¼ 0:4 fmÞ the
string-breaking process with string radius of 0.3 fm and
the size of hadron of 0.6 fm, should be highly nonlocal and
therefore formalism is subject to strong corrections. This
point is discussed at the beginning of Sec. V, where it was
argued, that for the (5, 1) transition the numerical value of
the string-breaking parameter M! (playing the role of �)
should be strongly reduced. We see this effect as the result
of small overlap of �ð1SÞ and BB�, when real size of the
string is taken into account, but we cannot exclude that
another type of configuration, like that discussed in
Ref. [9], plays a role here. For the decays of �ð5SÞ or
�ð4SÞ into BB�, BB��, the situation is different—the
corresponding sizes are r5 ¼ 1:1 fm, r4 ¼ 0:9 fm,
r3 ¼ 0:7 fm, while rB � rB� ¼ 0:5 fm. Therefore, the
string-breaking Lagrangian with pions used in the paper
is valid (and even more valid for charmonia, where sizes of
states are higher) at least for higher bottomonia states. An
additional tension between sizes of the decaying state and
its product may be created by the emission at the string-
breaking point of one or two mesons, as it happens in the
pionic string-breaking vertices in Eq. (2), where the meson
is emitted at the point x and its size is not taken into
account. However, this is a direct consequence of the chiral
theory formalism, and in the paper of one of the author, in
[38], and later in [28], it was shown that the resulting
Lagrangian has the structure of Eq. (28) of [28] and in
the local limit coincides with the Weinberg Lagrangian.
The nonlocality of this Lagrangian is of the order of
� ¼ 0:2 fm, while chiral theory assumes always the local
limit. Therefore, mesons are assumed to be produced as
local objects, with the corresponding Z factors introduced
in [28] to account for perturbative and nonperturbative
renormalization. Hence, in the transition from the nonlocal
form to the local form, like that in our Eq. (3), one neglects
the nonlocality in the same way as it is done in the
derivation of chiral Lagrangian in the cited above paper,
but in our case it is only the limit of � tending to zero, while
for the total chiral Lagrangian the nonlocality is more
complicated. We have not attempted here the calculation
of Z factors of pions since they enter in the product with the
factor M!, which is also renormalized due to finite string
length and radius, as discussed in text above, and therefore
one can consider the overall renormalization of the
product.

Another point is whether this mechanism is dominant. A
possible competing mechanism is the string decay of the
initial �ðnSÞ state into a pair of higher B mesons, which
subsequently decay into pions andB,B�, e.g. into B1ð5721Þ
or B2ð5747Þ. However, the pionic widths of those are small
and overlap matrix elements with �ðnSÞ are suppressed
due to p-wave structure of these mesons. Therefore, we do
not see other competing mechanisms in our type of ap-
proach, but effectively the string-breaking process can be

highly nonlocal for lowest�ðnSÞ states. Another picture of
hadro-quarkonia can be based on a molecular-type mecha-
nism, similar to one suggested in Ref. [9]. In our opinion,
there is no contradiction, and we have worked out the
generalized mechanism where in addition to the basic
vertices described in the paper the BB�, B�B� (or else
��) interaction is also taken into account. The resulting
equations are the same as in (42) of the paper, but with a
more general form of �nmðEÞ, depending on scattering
lengths of BB�, B�B�. This work is now in progress and
should answer the question how hadron-hadron interaction
modifies results of strong channel coupling.
We have explicitly exploited the transition vertex which

was constructed from the fist principles, for the strong
decay with emission of a light hadron. As a result, all
dynamics are defined by the overlap integrals of all wave
functions involved, i.e. heavy quarkonia and heavy-light
mesons. The latter have been found in [39] from the
relativistic Hamiltonian, containing minimal input: pole
(current) quark masses, string tension and saturated �s

(to two loops). Results of our work given in Figs. 7 and
8, for the case of pion-bottomonium system agree with the
recent experimental data [37], at least qualitatively. More
detailed calculations are still needed to check all results
quantitatively vs experiment, and this program is now
under study. Other systems should be treated as well, e.g.
�hb studied in [37], and the series of Zð4430Þ, Z1ð4050Þ,
Z2ð4250Þ resonances in the ðc �cÞ� system. All formalism
used above for bottomonium can be applied to the char-
monium case without modifications; for the axial vector
charmonium or bottomonium (hb, �b, hc; �c) one can use
transition vertices, given in Appendices A and B, and
symmetry properties of the whole amplitude will be differ-
ent. This work is now in progress.
One should stress at this point that resonances found

above in the �ðn0SÞ� system are specifically multichannel
ones, in the sense that they belong (and appear) in all n0

channels and are given by zeros of det½1� K̂ �̂�.
At this point, it is convenient to compare predictions of

molecular and CC models for the positions of resonances.
As one can see in Fig. 7, our CC model predicts sharp
peaks at �BB�, �B�B� thresholds (possibly due to virtual
multichannel poles) in all �ðn0SÞ� (n0 ¼ 1, 2, 3) channels,

and this effect is due to combined contribution of �̂ and K̂
terms, i.e. pure CC effect. In contrast to that, the pure
molecular picture, when poles in the BB�, B�B� systems
appear due to direct internal interaction (i.e. without
��ðnSÞ channels), the poles appear in all �nnðEÞ terms
near corresponding thresholds. This can be seen simply in

the definition of �̂ðEÞ in (35), where �n�n0 is multiplied by
the free BB�ðB�B�Þ Green’s function. In case of strong
interaction in BB�, B�B� systems, this Green function is
replaced by the exact one and should contain pure molecu-

lar poles i.e. �nmðEÞ ¼ CnCm

E0�E . Insertion of this form into the

det½1� K̂ �̂� ¼ 0 yields the n-th order equation for roots in
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energy, and these n roots are all strongly displaced from the
original places at the thresholds for large K� coupling
(large Cn), and are almost degenerate n poles at thresholds
for small coupling. Both pictures are different from the
experimental data—the same two poles at �BB� and �B�B� in
all ��ðnSÞ and�hbðmPÞ channels. Thus the situation with
the only pole at each threshold is possible and character-
istic for our multichannel CC resonance and is unlikely for
pure molecular states.

Another property is that resonances appear most likely

when thresholds in K̂n and �̂nn for some n are close to each
other, and then this channel n will be the dominant one,

making det½1� K̂ �̂� close to zero. In the case of ��ðn0SÞ,
the dominant channels are those with n0 ¼ 3, 4, as can be
seen from Table I in Sec. IV. Therefore, the visible channel
hðQ �QÞn0 , where a peak is found, is not necessarily the
dominant one as might be in the case of Zð4430Þ with a
peak seen in �þc 0 channel. The dynamical reason, why
proximity of thresholds is favorable for the appearance of a
resonance, is that both Re½KnðEÞ� and Re½�nnðEÞ� are
decreasing fast enough away from thresholds, making their
product maximal for the coinciding thresholds.

In all discussions above, the notion of resonances (or
virtual and real poles) was stressed, and hence the whole
sum of rescattering series as in Figs. 3 and 5, were consid-
ered. But it is possible, that already the first terms of this
series can contribute to enhanced correlations, which look
like bumps in decay distributions. This approach was
considered in two recent papers [40,41], and is especially
important in the case, when high spins and angular mo-
menta are involved. Relation of this approach to our meth-
ods in the present paper seems to be practically important
and the corresponding work is planned for the future.

Recently, several papers appeared [42,43] where
Zbð10610Þ and Zbð10650Þ are considered as molecular
states and treated in the QCD sum rule method [42], while
in [43] these states were originally supported to be �b1 and

�0
b1
shifted to theBB� andB�B� thresholds (as it happens in

Xð3872Þ case). As was argued above in both cases, the
poles produced appear in �nn0 and would be strongly shifted
in the rescattering series of Fig. 1, yielding five peaks at
different masses in �ðnSÞ�, hbðmPÞ�, n ¼ 1, 2, 3 m ¼ 1,
2. In [44], an interesting analysis of �ð5SÞ ! �ð2SÞ��
decay is presented, demonstrating important contribution
of Zbð10610Þ, Zbð10650Þ to the decay distribution in
Mð�þ��Þ and cos� a detailed comparison of these results
with our approach and previous results in [26] is now in
progress.
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APPENDIX A: CALCULATION OF THE
TRANSITION KERNEL �yðhÞ123

We use here, as well as in [17,24,25], the spin-tensor
representation of wave functions and Z factors instead of
technic of Clebsch-Gordan coefficients. We start with the
(4� 4) fully relativistic technic given in [24,25], where
�y123 can be written through the so-called Z factors (we omit
the superscript h for time being, cf. Eq. (A2.24) of [24])

�y 123 ¼ Z123xffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	i¼1;2;3Zi

p ; (A1)

where Z123x and Zi are Z factors for the total process and
for individual hadrons, respectively, participating in the
transition process 1 ! 23 or 1 ! 23h, shown in Fig. 9.
Defining projection factors for quarks and antiquarks ��

k ,

where subscript k refers to light quarks, k ¼ q, or heavy
quarks, k ¼ Q, one can write

Z123x ¼ trð�1�
þ
Q�2�

�
q �x�

þ
q �3�

�
QÞ; (A2)

Zi ¼ trð�i�
þ
k �i�

�
k Þ; (A3)

and

��
k ¼ mk �!k�4 
 ipðkÞ

i �i

2!k

; k ¼ q;Q: (A4)

Note, that the sum over (i) in (A4) is for i ¼ 1, 2, 3, also in

the c.m. system pð1Þ
i ¼ �pð2Þ

i � pi, whilemk is the current
quark mass and!k is the average kinetic energy of quark k
in the hadron.
The operators �i correspond to quantum numbers of a

hadron, and are given in Table II below, while �x refers to
the process under investigation, for the case when no
hadron is emitted, �x ¼ 1, while for the pion emission

�ð�Þ
x ¼ �5 and for vector particles �ðvÞ

x ¼ �i.
In this way, one obtains

ZD;B ¼ 
�!



; Zc ;� ¼

4
3


2
c ;� þ 2

3m
2
c;b


2
c ;�

; (A5)

where
D;B ¼ h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

c;b

q
iD;B,
c ;� ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p2 þm2

c;b

q
ic ;�

are calculated in [24] and given in Appendix A of [14].
Examples of relativistic (4� 4) expressions of �y123 are

given in [24,25], e.g. for ð1��Þn ! BB��ðDD��Þ and

ð1��Þn ! B�B��ðD�D��Þ, �yð�Þ123 are given in (29) and

(30), while for ð1��Þ ! BB�

FIG. 9. Decay matrix vertices.
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�y 123� ¼
imQ

2
2!

�
qið2
þ!Þ � �

!


!þ


�
� iqi

!
: (A6)

We now turn to the case of (2� 2) formalism, intro-
duced in [17], where resulting kernels are denoted as �yred123,

and are computed according to

�y red
123 ¼ trf�ðn1Þ

red �
ðn2Þ
red ð�qÞ�ðn3Þ

red g; (A7)

while for emission of an additional pion in �yð�Þred123 one

should omit the factor ð�qÞ in (A7). In this way, one
obtains �red in Table II and (29) and (30). Note that
normalization of states in (2� 2) formalism is different,
and one should sum up over all polarizations in initial and

final states (the extra factor of 1=
ffiffiffi
2

p
is in (A7) as compared

to (A6), and 1
! ! 1

mþ"nþhUi�hVi ).

APPENDIX B: WAVE FUNCTIONS OF HEAVY
QUARKONIA AND HEAVY-LIGHT MESONS

In Eq. (2) Rðn1Þ
Q �Q

, Rðn2Þ
Q �q and R

ðn3Þ
�Qq

are series of oscillator

wave functions, which are fitted to realistic wave functions.
We obtain them from the solution of the relativistic string
Hamiltonian, described in [39].

In position space, the basic SHO radial wave function is
given by

RSHO
nl ð�; rÞ

¼ �3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðn� 1Þ!

�ðnþ lþ 1=2Þ

s
ð�rÞle��2r2=2Llþ1=2

n�1 ð�2r2Þ
Z 1

0
ðRSHO

nl ð�; rÞÞ2r2dr ¼ 1 (B1)

where � is the SHO wave function parameter and

Llþ1=2
n�1 ð�2r2Þ is an associated Laguerre polynomial. The

realistic radial wave function can be represented as an
expansion in the full set of oscillator radial functions:

RnlðrÞ ¼
Xkmax

k¼1

ckR
SHO
kl ð�; rÞ: (B2)

Effective values of oscillator parameters � and coefficients
ck are obtained minimizing �2 and listed in the Table III.2

In the momentum space, the SHO radial wave function is
given by3

RSHO
nl ð�;pÞ

¼ð�1Þn�1ð2�Þ3=2
�3=2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðn�1Þ!

�ðnþlþ1=2Þ

s �
p

�

�
l
e�p2=2�2

Llþ1=2
n�1

�
p2

�2

�
Z 1

0

�
RSHO
nl ð�;pÞ

�
2p2dp

ð2�Þ3¼1: (B3)

Then using Eq. (A16) from Appendix A of [25], one can
write Inn2n3ðpÞ in (32) from n2 ¼ n3 ¼ 1 as (�1 ¼ �Q �Q,

�2 ¼ �Q �q)

In11ðpÞ ¼ ~cnð�1Þn�12
ð2n� 1Þ!
ðn� 1Þ! �

�
�ðn� 1Þ; 3

2
; f2

�

� yn�1

ð2 ffiffiffiffi
�

p Þ3
�
2�2

1�
2
2

�n

�
3=2

(B4)

where

�n ¼ 2�2
1 þ �2

2; y ¼ 2�2
1 � �2

2

2�2
1 þ �2

2

; f ¼ 2p�1

�n
ffiffiffi
y

p ;

(B5)

~c n ¼
�
2�

�1

�
3=2 ð2 ffiffiffiffi

�
p

=�2Þ3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
22n�3=2ð2n� 1Þ!

q : (B6)

TABLE II. Bilinear operators �c�ic and their (2� 2) forms. We used the following notations c ¼ ðv;wÞt, �ik � �i@
$
k þ �k@

$
i �

2
3�l@

$
lik;!ik � @

$
i@
$
k � 1

3ikð@
$Þ2, and @̂ � @

$
i�i. See details in Appendix B of [17].

JPC 2Sþ1LJ �i (2� 2) form �red

0�þ 1S0 �i�5 ~vcv� ~wcw 1ffiffi
2

p

1�� 3S1 �i �ð~vc�ivþ ~wc�iwÞ 1ffiffi
2

p �i

1þ� 1P1 �i�5@
$
i ~vc@

$
iv� ~wc@

$
iw

ffiffi
3
2

q
ni

0þþ 3P0 1 ið~vcw� ~wcvÞ 1ffiffi
2

p �n

1þþ 3P1 �i�5 �ð~vc�iwþ ~wc�ivÞ
ffiffi
3

p
2 eikl�knl

2þþ 3P2 �i@
$
k þ �k@

$
i � 2

3ik@̂ �ð~vc�ikvþ ~wc�ikwÞ P2ð�;nÞ
2�þ 1D2 ð@$i@

$
k � 1

3ikð@
$Þ2Þ�5 ið~vc!ikw� ~wc!ikvÞ -

2�� 3D2 ð�i@
$
k þ �k@

$
i � 2

3ik@̂Þ�5 �ð~vc�ikwþ ~wc�ikvÞ -

1�� 3D1 �i!ik �ðvc�i!ikvþ ~wc�i!ikwÞ 3
2�iðnink � 1

3ikÞ

2Typos of the sign convection are corrected for the 1S, 2S, 3S
charmonium states of [17]

3Note a typo in the equation for RSHO
nl ð�; pÞ of [17].
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Here, � is the confluent hypergeometric series,

�ð�;�; xÞ ¼ 1þ �

�1!
xþ �ð�þ 1Þ

�ð�þ 1Þ2! x
2 þ . . .

APPENDIX C: ANALYTIC STRUCTURE OF
HADRON-QUARKONIUM RESONANCES

At the end, we study the analytic structure of the reso-
nance denominator in 1

1�K̂ �̂
, which in the one-channel case

is given by Eq. (55). One can write KnðEÞ as the integral

KnðEÞ ¼ 1

4�2

Z 1

m�

d!
kð!Þ’2ðkÞ

Mn þ!� E
; (C1)

where kð!Þ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!2 �m2

�

p
. To display the analytic proper-

ties of KnðEÞ, we shall use the method, exploited in [17],
Appendix E, i.e. we replace the integral in (C1) as 1=2 of
the contour integral over the contour C, circumjacent to the
interval ½m�;1�, as shown in Fig. 10, and take E in the
physical region above the contour C, E ! Eþ i,  > 0.
Deforming the contour, so that it passes above and to the
left of the point E (contour C0 in Fig. 10), using Cauchy’s
theorem, one has the representation

KnðEÞ ¼ i

4�
’2ðkðEÞÞkðEÞ þ FKðEÞ

� iaKðEÞkðEÞ þ bKðEÞ: (C2)

Here, kðEÞ ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðE�MnÞ2 �m2
�

p
, and FKðEÞ is analytic

function in the neighborhood of the threshold EðnÞ
th ¼ Mn þ

m�. Hence Re½KnðEÞ� acquires a negative contribution
from the first term on the rhs of (C2) and behaves as shown
in Fig. 10. This behavior of Re½KnðEÞ� and Im½KnðEÞ�
agrees with that obtained by numerical integration in
Fig. 6.

TABLE III. Effective values � (in GeV) and coefficients ck of the series of oscillator radial wave functions RSHO
kl ð�; rÞ which are

fitted to realistic radial wave functions RnlðrÞ of charmonium, bottomonium, B and D mesons.

State � c1 c2 c3 c4 c5

Bottomonium

1S 1.27 0.977 164 �0:151 779 0.141 319 �0:020 857 0.036 863

2S 0.88 �0:188 23 0.953 901 �0:135 824 0.181 277 �0:001 509

3S 0.76 �0:128 081 �0:145 885 0.936 255 �0:169 962 0.226 281

4S 0.64 �0:019 432 �0:149 876 �0:362 548 0.88 647 0.014 308

5S 0.6 �0:011 183 �0:016 911 �0:182 019 �0:403 138 0.853 936

1P 0.93 0.977 994 �0:165 514 0.122 975 �0:018 631 0.024 364

2P 0.76 �0:092 083 0.971 982 �0:137 347 0.162 174 �0:002 707

1D 0.8 0.979 042 �0:168 619 0.11 132 �0:016 998 0.018 383

2D 0.69 �0:063 135 0.979 871 �0:117 356 0.145 358 0.000 973

Charmonium

1S 0.7 0.97 796 �0:169 169 0.117 682 �0:019 694 0.025 113

2S 0.53 �0:121 144 0.973 054 �0:130 808 0.141 495 0.00 097

3S 0.48 �0:096 897 �0:086 156 0.961 504 �0:155 931 0.178 935

4S 0.43 �0:021 639 �0:128 342 �0:215 657 0.947 215 �0:028 308

5S 0.41 �0:010 701 �0:022 826 �0:157 891 �0:258 875 0.925 921

1P 0.57 0.976 869 �0:184 163 0.105 506 �0:018 941 0.017 215

2P 0.48 �0:063 059 0.981 868 �0:123 012 0.127 035 0.000 588

1D 0.51 0.979 118 �0:178 313 0.095 356 �0:016 095 0.013 123

2D 0.45 �0:044 316 0.986 084 �0:107 408 0.117 002 0.001 907

D meson

1S 0.48 c ¼ 1

B meson

1S 0.49 c ¼ 1

FIG. 10. a) Contours C and C0 in the complex E plane, exibit-
ing analytic properties of the integral (C4); b) Typical behavior
of the Re½KnðEÞ� and Im½KnðEÞ� given by Eq. (C2).
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In a similar way, one can write the form of �nmðEÞ

�nmðEÞ ¼
Z 1

0

pdp2

4�2Nc

�2ðpÞ
ðp2

2 ~M
� zÞ

¼ 2 ~M

4�Nc

fi�pðzÞ�2ðpðzÞÞ þ F� ðzÞg

� ia� ðEÞpðEÞ þ b� ðEÞ; (C3)

where pðzÞ ¼
ffiffiffiffiffiffiffiffiffiffi
2 ~Mz

p
, z ¼ E�Mn2 �Mn3 ,

~M ¼ Mn2
Mn3

Mn2
þMn3

,

and ai, biði ¼ K; �Þ are analytic and positive functions
near the thresholds.

From (C2) and (C3), one can deduce that the product
KnðEÞ�nnðEÞ is a real analytic function in the complex

plane of E with cuts, starting at thresholds EðnÞ
th ¼ Mn þ

m� and En2n3 ¼ Mn2 þMn3 and going to plus infinity.

Thus, the combination ð1� KnðEÞ�nnðEÞÞ is a real analytic
function in the E plane with positive weights in the inte-
grals (C2) and (C3). Hence, the only possibility for the
zeros of ð1� KnðEÞ�nnðEÞÞ is on the real axis below
thresholds, or else on the next sheets, which implies a
standard situation with possibility of bound state or virtual
state poles, or else Breit-Wigner poles in 1

1�KnðEÞ�nnðEÞ .
From (C2) and (C3), one has

1

1� KnðEÞ�nnðEÞ ¼ 1

1� bKb� þ kpaKa� � iðkaKb� þ pa�bKÞ : (C4)

In the simple case, when the thresholds in KnðEÞ and �nnðEÞ coincide, the resonance factor acquires the form
1

1� KnðEÞ�nnðEÞ ¼ 1

A� ikB
(C5)

with B> 0. This form demonstrates the appearance of a virtual (A > 0) or a real (A < 0) pole.
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