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We provide new values for the model parameters of the covariant constituent quark model (with built-in

infrared confinement) in the meson sector by a fit to the leptonic decay constants and a number of

electromagnetic decays. We then evaluate, in a parameter-free way, the form factors of the BðBsÞ ! PðVÞ
transitions in the full kinematical region of momentum transfer. As an application of our results, we

calculate the widths of the nonleptonic Bs decays into D�
s D

þ
s , D

��
s Dþ

s þD�
s D

�þ
s , and D��

s D�þ
s . These

modes give the largest contribution to �� for the Bs � �Bs system. We also treat the nonleptonic decay

Bs ! J=c�. Although this mode is color-suppressed, this decay has important implications for the search

of possible CP-violating new-physics effects in Bs � �Bs mixing.
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I. INTRODUCTION

The study of heavy-flavor physics is important due to the
unique possibility of determining the Cabibbo-Kobayashi-
Maskawa matrix elements. Such studies also provide in-
sights into the origin of flavor and CP violation. Moreover,
one of the main purposes of heavy-flavor experiments is to
look for new physics beyond the standard model (see the
recent review [1]). The subjects to study are heavy hadrons
containing a b- or a c-quark and their weak decays. Note
that the t-quark decays too quickly to form stable hadrons.
Recently, time-dependent measurements of CP violation
in the Bs � �Bs system have become available. In the wake
of these measurements, the decay Bs ! J=c� has at-
tracted much attention from both theorists and experimen-
talists (see, for instance, Refs. [2,3] and references therein).

The main idea in the theoretical studies of heavy-flavor
decays is to separate short-distance (perturbative) QCD
dynamics from long-distance (nonperturbative) hadronic
effects. One uses the so-called naive factorization approach
which is based on the weak effective Hamiltonian describ-
ing quark and lepton transitions in terms of local operators
that are multiplied by Wilson coefficients (for a review, see
Ref. [4]). The Wilson coefficients characterize the short-
distance dynamics and may be reliably evaluated by per-
turbative methods. The calculation of the hadronic matrix
elements of local operators between initial and final states
require nonperturbative methods. One needs to know how
hadrons are constructed from quarks. Technically, any
matrix element of a local operator may be expressed in
terms of a set of scalar functions which are referred to as
form factors. The so-called QCD factorization and the soft-
collinear effective theory yield factorization theorems
which allow for a systematic description of a given process

in terms of products of soft and hard matrix elements (we
refer an interested reader to Refs. [5–7]).
A variety of theoretical approaches have been used to

evaluate the hadronic form factors. The least model-
dependent among these is the light-cone sum rule
(LCSR) approach (see Refs. [8,9]). In the LCSR approach,
one can access the form factors in the large recoil (small
momentum transfer) region which are then extrapolated to
the near-zero recoil region using some model-dependent
pole-type parameterizations. Grinstein and Pirjol have
developed a systematic approach to the rare decay B !
K�‘þ‘� in the low-recoil region using the heavy-quark
effective theory framework [10]. The low-recoil approach
was later studied in detail in Ref. [11].
We mention a few other model approaches for the

calculation of the form factors. They are based on the study
of i) Dyson-Schwinger equations in QCD [12]; ii) the
constituent quark model using dispersion relations [13];
iii) a relativistic quark model developed by Ebert, Faustov,
and Galkin [14]; iv) a QCD relativistic potential model
[15] (see also Ref. [16]); v) a QCD sum rule analysis [17];
and, finally, vi) the covariant constituent quark model
developed by some of us starting with Refs. [18–20]. It is
worth mentioning that the entire physical range of momen-
tum transfer is accessible in the covariant quark model
approach used in Refs. [18–20] and the present paper and
in the calculations of Refs. [12–15,17].
The earlier versions of the covariant constituent

quark model (for short: covariant quark model [21]) in
Refs. [18–20] did not include the confinement of quarks.
The nonconfined version had been applied, among others,
to the description of B and Bc transition form factors using
a small set of model parameters. In the covariant quark
model, meson transitions are described by covariant
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Feynman diagrams with free constituent quark propaga-
tion. The ultraviolet behavior of the loop diagrams is
tempered by appropriately damped vertex functions. A
key role in the consistent formulation of the model is
played by the so-called compositeness condition [22,23],
a corollary of which guarantees the correct charge normal-
ization of charged mesons at zero momentum transfer.
Since the propagation of the constituent quarks is
described by free-particle Green’s functions, one will en-
counter on-shell quark production in the case when the
mass of the bound state exceeds the sum of the constituent
quark masses. Therefore, the applicability of the covariant
quark model in its original version was limited to the cases
wheremH <mq1 þmq2 . This limitation was removed later

on in Ref. [24] by effectively introducing infrared confine-
ment through the introduction of a universal infrared cutoff
parameter in the space of loop integrations. This extended
the applicability of the covariant quark model to all pro-
cesses involving heavy and light hadrons. The viability of
the improved covariant quark model was demonstrated in a
number of applications to mesonic transitions in Ref. [24].
Later on, this approach was successfully applied to a study
of the tetraquark state X(3872) and its strong and radiative
decays (see Refs. [25,26]).

Once the parameters of the covariant quark model have
been determined, the covariant quark model is a very
flexible tool that can be used to calculate any heavy-to-
heavy, heavy-to-light, and light-to-light hadron transition.
While the more model-independent approaches usually
have to rely on a heavy quark mass expansion, the pre-
dictions of the covariant quark model hold for general mass
configurations which are not accessible to the model-
independent approaches. On the other hand, the predictions
of the heavy-quark expansion can be recovered by using
static propagators for the heavy quarks.

In this paper, we use the improved version of the cova-
riant quark model, including infrared confinement to evalu-
ate the form factors of the BðBsÞ ! PðVÞ transitions in the
full kinematical range of momentum transfer. As an appli-
cation of our results, we calculate the widths of several Bs

nonleptonic decays. These are the modes Bs ! D�
s D

þ
s ,

D��
s Dþ

s þD�
s D

�þ
s , and Bs ! D��

s D�þ
s which give the

largest contribution to �� for the Bs � �Bs system. We
also treat the color-suppressed mode Bs ! J=c�. This
decay is important for the search of possible CP-violating
new-physics effects in Bs � �Bs mixing.

Our paper is structured as follows. In Sec. II, we give a
brief sketch of the theoretical framework underlying the
covariant quark model, including a discussion of how
infrared confinement is set up in the loop integrations. In
Sec. III, we discuss in some detail how the model parame-
ters of the covariant quark model are determined through a
least-squares fit to experimental/theoretical data on lep-
tonic decay constants and to eight fundamental mesonic
one- and two-photon decays. Once the model parameters

of the covariant quark model are fixed, the model can be
used to obtain parameter-free predictions for any transition
process involving light or heavy mesons. In Sec. IV, we
calculate the transition form factors of the B and Bs mesons
to light pseudoscalar and vector mesons which are needed
as ingredients for the calculation of the semileptonic, non-
leptonic, and rare decays of the B and Bs mesons. In Sec. V,
we make use of the calculated form factors to calculate

the nonleptonic decays Bs ! Dð�Þ�
s Dð�Þþ

s and Bs ! J=c�
which have recently attracted some attention as explained
above. Finally, in Sec. VI, we summarize our findings.

II. EFFECTIVE LAGRANGIANS,
COMPOSITENESS CONDITION,
AND INFRARED CONFINEMENT

In this section, we give a brief description of the
theoretical framework underlying the formulation of the
covariant quark model. We first define a nonlocal meson-
quark-quark vertex in terms of an effective Lagrangian. We
then introduce the compositeness condition and discuss its
significance. We then, finally, describe how infrared con-
finement is incorporated into the model. This involves a
technical discussion of how the one-loop integrations are
done, which we briefly describe.
The coupling of a meson Hðq1 �q2Þ to its constituent

quarks q1 and �q2 is described by the effective Lagrangian
[27,28]

Lint HqqðxÞ ¼ gHHðxÞ
Z

dx1
Z

dx2FHðx; x1; x2Þ
� �q2ðx2Þ�Hq1ðx1Þ þ H:c: (1)

�H is a Dirac matrix or a string of Dirac matrices which
projects onto the spin quantum number of the meson field
HðxÞ. In the present case, the Dirac structures involved are
�5 for the pseudoscalar meson and �� for the vector

meson. The function FH is related to the scalar part of
the Bethe-Salpeter amplitude and characterizes the finite
size of the meson. To satisfy translational invariance the
scalar function, FH has to fulfill the relation FHðxþ
a; x1 þ a; x2 þ aÞ ¼ FHðx; x1; x2Þ for any four-vector
a. A specific form which satisfies translational invariance
is the form

FHðx; x1; x2Þ ¼ �ðx� w1x1 � w2x2Þ�Hððx1 � x2Þ2Þ; (2)

where�H is the correlation function of the two constituent
quarks with masses mq1 , mq2 , and the mass ratios wi ¼
mqi=ðmq1 þmq2Þ.
The coupling constant gH in Eq. (1) is constrained by the

so-called compositeness condition originally proposed in
Refs. [22,23] and extensively used in Refs. [27,28]. The
compositeness condition requires that the renormalization
constant of the elementary meson field HðxÞ is set to zero:
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ZH ¼ 1� 3g2H
4�2

~�0
Hðm2

HÞ ¼ 0; (3)

where ~�0
H is the derivative of the meson mass operator.

To clarify the physical meaning of the compositeness
condition in Eq. (3), we first want to remind the reader that

the renormalization constant Z1=2
H can also interpreted as

the matrix element between the physical and the corre-
sponding bare state. The condition ZH ¼ 0 implies that the
physical state does not contain the bare state and is appro-
priately described as a bound state. The interaction
Lagrangian of Eq. (1) and the corresponding free parts of
the Lagrangian describe both the constituents (quarks) and
the physical particles (hadrons) which are viewed as the
bound states of the quarks. As a result of the interaction,
the physical particle is dressed, i.e. its mass and wave
function have to be renormalized.

In a more familiar setting, the compositeness condition
ZH ¼ 0 guarantees the correct charge normalization of a
charged particle at zero momentum transfer. This can be
seen by using an identity relating the derivative of the free-
quark propagator (with loop momentum kþ p) with the
electromagnetic �� coupling to the same propagator at

zero momentum transfer. The identity reads

@

@p�

1

mq � 6k� 6p ¼ 1

mq � 6k� 6p��

1

mq � 6k� 6p : (4)

The contribution of the left-hand-side of Eq. (4) is normal-
ized due to the compositeness condition, and, therefore, the
contribution of the right-hand-side is also normalized.
The condition ZH ¼ 0 also effectively excludes the

constituent degrees of freedom from the space of physical
states. It thereby guarantees that there is no double count-
ing for the physical observable under consideration. The
constituents exist only in virtual states. One of the corol-
laries of the compositeness condition is the absence of a
direct interaction of the dressed charged particle with the
electromagnetic field. Taking into account both the tree-
level diagram and the diagrams with self-energy insertions
into the external legs (i.e. the tree-level diagram times
ZH � 1) yields a common factor ZH, which is equal to
zero. We refer the interested reader to our previous papers
[19,27,28] where these points are discussed in more detail.
In the case of pseudoscalar and vector mesons, the

derivative of the meson mass operator appearing in
Eq. (3) can be calculated from the one-loop two-point
function given by

~�0
Pðp2Þ ¼ 1

2p2
p� d

dp�

Z d4k

4�2i
~�2
Pð�k2Þ tr½�5S1ðkþ w1pÞ�5S2ðk� w2pÞ�

¼ 1

2p2

Z d4k

4�2i
~�2
Pð�k2Þfw1 tr½�5S1ðkþ w1pÞ6pS1ðkþ w1pÞ�5S2ðk� w2pÞ�

� w2 tr½�5S1ðkþ w1pÞ�5S2ðk� w2pÞ6pS2ðk� w2pÞ�g;
~�0
Vðp2Þ ¼ 1

3

�
g�� �

p�p�

p2

�
1

2p2
p� d

dp�

Z d4k

4�2i
~�2
Vð�k2Þ tr½��S1ðkþ w1pÞ��S2ðk� w2pÞ�

¼ 1

3

�
g�� �

p�p�

p2

�
1

2p2

Z d4k

4�2i
~�2
Vð�k2Þfw1 tr½��S1ðkþ w1pÞ6pS1ðkþ w1pÞ��S2ðk� w2pÞ�

� w2 tr½��S1ðkþ w1pÞ��S2ðk� w2pÞ6pS2ðk� w2pÞ�g; (5)

where ~�Hð�k2Þ is the Fourier-transform of the vertex
function�Hððx1 � x2Þ2Þ, SiðkÞ is the free-quark propagator
given by

SiðkÞ ¼ 1

mqi � 6k ; (6)

and mqi is the effective constituent quark mass mqi .
For calculational convenience, we will choose a simple

Gaussian form for the vertex function ��Hð�k2Þ. One has
�� Hð�k2Þ ¼ expðk2=�2

HÞ; (7)

where the parameter �H characterizes the size of the
respective bound state meson H. Since k2 turns into �k2E
in Euclidean space, the form (7) has the appropriate fall-off
behavior in the Euclidean region. We emphasize that any

choice for �H is appropriate as long as it falls off suffi-
ciently quickly in the ultraviolet region of Euclidean space
to render the corresponding Feynman diagrams ultraviolet
finite.
The technical details of how the one-loop integrations

such as in Eq. (5) are done can be found in Ref. [24]. Let us
mention that we use the Schwinger representation to write
the local quark propagators as

SðkÞ ¼ ðmþ 6kÞ
Z 1

0
d�e��ðm2�k2Þ: (8)

The loop momentum now appears in the exponent which
allows one to deal very efficiently with tensor loop inte-
grals by converting loop momenta into derivatives via the
identity
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k�i e
2kr ¼ 1

2

@

@ri�
e2kr: (9)

We have written a FORM [29] program that achieves the
necessary commutations of the differential operators in a
very efficient way.

After doing the loop integration, one obtains

� ¼
Z 1

0
dn�Fð�1; . . . ; �nÞ (10)

for a given Feynman diagram �, where F stands for the
whole structure of a given diagram. For the mass operators
of Eq. (5), one has three propagators, and, thus, one has
three Schwinger parameters �i (i ¼ 1, 2, 3). For the tran-
sition form factors to be discussed later on, one has again
three propagators leading again to n ¼ 3.

Next, we briefly describe how infrared confinement is
implemented [24] in the quark loops. First, note that the set
of Schwinger parameters �i can be turned into a simplex
by introducing an additional t integration via the identity

1 ¼
Z 1

0
dt�

�
t�Xn

i¼1

�i

�
; (11)

leading to

�¼
Z 1

0
dttn�1

Z 1

0
dn��

�
1�Xn

i¼1

�i

�
Fðt�1; . . . ; t�nÞ: (12)

There are now altogether n numerical integrations: (n� 1)
�-parameter integrations and the integration over the scale
parameter t. The very large t region corresponds to the
region where the singularities of the diagram with its local
quark propagators start appearing. However, as described
in Ref. [24], if one introduces an infrared cutoff on the
upper limit of the t integration, all singularities vanish
because the integral is now analytic for any value of the

kinematic variables. We cut off the upper integration at
1=	2 and obtain

�c ¼
Z 1=	2

0
dttn�1

Z 1

0
dn��

�
1�Xn

i¼1

�i

�
Fðt�1; . . . ; t�nÞ:

(13)

By introducing the infrared cutoff, one has removed all
potential thresholds in the quark-loop diagram, i.e. the
quarks are never on-shell and are thus effectively confined.
We take the cutoff parameter 	 to be the same in all
physical processes, i.e. the infrared parameter is universal.
The numerical evaluation of the integrals have been done
by a numerical program written in FORTRAN code.

III. MODEL PARAMETERS

Let us first enumerate the number of model parameters
in the covariant quark model. For a given meson Hi, these
are the coupling parameter gHi

, the size parameter �Hi
,

two of the four effective constituent quark masses,
mqjðmu ¼ md;ms;mc;mbÞ, and the universal confinement

parameter 	. For nH mesons, one therefore has 2nH þ 5
model parameters. The compositeness condition provides
nH constraints on the model parameters, which we sym-
bolically write as

fHi
ðgHi

;�Hi
; mqi ; 	Þ ¼ 1: (14)

The constraint (14) can be used, e.g., to eliminate the
coupling parameter gH from the set of parameters. The
remaining parameters are determined by a fit to experimen-
tal data. An obvious choice is to fit the model parameters to
the experimental values of the leptonic decay constants. In
the covariant quark model, the relevant expressions for the
pseudoscalar and vector mesons are given by

NcgP
Z d4k

ð2�Þ4i
~�Pð�k2Þ tr½O�

PS1ðkþ w1pÞ�5S2ðk� w2pÞ� ¼ fPp
�; p2 ¼ m2

P;

NcgV
Z d4k

ð2�Þ4i
~�Vð�k2Þ tr½O�

VS1ðkþ w1pÞ6
VS2ðk� w2pÞ� ¼ mVfV

�
V ; p2 ¼ m2

V; (15)

where Nc ¼ 3 is the number of colors. As before, we have
wi ¼ mqi=ðmq1 þmq2Þ. Further, O

�
P ¼ �� and O

�
V ¼

���5.
The compositeness conditions (14) and the fit to the

leptonic decay constants (15) provide 2nH constraint equa-
tions for 2nH þ 5model parameters. As further constraints
on the parameter space, we have decided to fit the model to
the eight fundamental electromagnetic decays listed in
Table I. We refer the reader to Ref. [24] for the details of
the one-loop calculation of the electromagnetic decays.
The results of the (overconstrained) least-squares fit to
the leptonic decay constants and the electromagnetic decay
widths and the corresponding experimental/theoretical

input values can be found in Tables II and I, respectively.
The agreement between the fit values and input values is
quite satisfactory.
The results of the fit for the values of quark masses mqi ,

the infrared cutoff parameter 	, and the size parameters
�Hi

are given in Eqs. (16)–(18), respectively.

mu ms mc mb 	

0:235 0:424 2:16 5:09 0:181 GeV
(16)

�� �K �D �Ds
�B �Bs

�Bc
��

0:87 1:04 1:47 1:57 1:88 1:95 2:42 0:61 GeV
(17)
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�! �� �J=c �K� �D� �D�
s
�B� �B�

s

0:47 0:88 1:48 0:72 1:16 1:17 1:72 1:71 GeV
(18)

The constituent quark masses and the values of the size
parameter fall into the expected range. The size parameters
show the expected general pattern in that the geometrical
sizes of the mesons / ��1

Hi
shrink as their masses increase.

The present numerical least-squares fit and the values for
the model parameters supersede the results of a similar
analysis given in Ref. [24], which used a different set of
electromegnetic decays in the fit. In the present fit, we have
also updated some of the theoretical/experimental input
values.

IV. TRANSITION FORM FACTORS

Given the fact that all model parameters have been fixed,
the covariant quark model can now be utilized to calculate

any given decay process in a parameter-free way. As a first
application, we calculate the form factors describing the
transitions of heavy BðBsÞ mesons into light mesons, e.g.
B, Bs ! �, K, �, K�, �. These quantities are of great
interest due to their applications in semileptonic, nonlep-
tonic, and rare decays of the B and Bs mesons. They have
been calculated within the LCSR approach in the region of
large recoil (small momentum transfer) and have been
extrapolated to the low recoil region. Our approach allows
one to evaluate the form factors in the full kinematical
range including the near-zero recoil region.
Below, we list the definitions of the dimensionless in-

variant transition form factors together with the covariant
quark model expressions that allow one to calculate them.
We closely follow the notation used in our papers [19].

hP0
½ �q3q2�ðp2Þj �q2O�q1jP½ �q3q1�ðp1Þi

¼ NcgPgP0
Z d4k

ð2�Þ4i
~�Pð�ðkþ w13Þ2Þ ~�P0 ð�ðkþ w23Þ2Þ

� tr½O�S1ðkþ p1Þ�5S3ðkÞ�5S2ðkþ p2Þ�
¼ Fþðq2ÞP� þ F�ðq2Þq�; (19)

hP0
½ �q3q2�ðp2Þj �q2ð���q�Þq1jP½ �q3q1�ðp1Þi

¼ NcgPgP0
Z d4k

ð2�Þ4i
~�Pð�ðkþ w13Þ2Þ ~�P0 ð�ðkþ w23Þ2Þ

� tr½���q�S1ðkþ p1Þ�5S3ðkÞ�5S2ðkþ p2Þ�
¼ i

m1 þm2

ðq2P� � q � Pq�ÞFTðq2Þ; (20)

hVðp2; 
2Þ½ �q3q2�j �q2O�q1jP½ �q3q1�ðp1Þi

¼ NcgPgV
Z d4k

ð2�Þ4i
~�Pð�ðkþ w13Þ2Þ ~�Vð�ðkþ w23Þ2Þ

� tr½O�S1ðkþ p1Þ�5S3ðkÞ6
y2S2ðkþ p2Þ�

¼ 
y�
m1 þm2

ð�g��P � qAðq2Þ þ P�P�Aþðq2Þ
þ q�P�A�ðq2Þ þ i"����P�q�Vðq2ÞÞ; (21)

hVðp2;
2Þ½ �q3q2�j �q2ð���q�ð1þ�5ÞÞq1jP½ �q3q1�ðp1Þi

¼NcgPgV
Z d4k

ð2�Þ4i
~�Pð�ðkþw13Þ2Þ ~�Vð�ðkþw23Þ2Þ

� tr½ð���q�ð1þ�5ÞÞS1ðkþp1Þ�5S3ðkÞ6
y2S2ðkþp2Þ�
¼
y�ð�ðg���q�q�=q2ÞP �qa0ðq2Þ
þðP�P��q�P�P �q=q2Þaþðq2Þþ i"����P�q�gðq2ÞÞ:

(22)

We use P ¼ p1 þ p2 and q ¼ p1 � p2 and the on-shell

conditions 
y2 � p2 ¼ 0, p2
i ¼ m2

i . Since there are three
quark species involved in the transition, we have

TABLE II. Input values for the leptonic decay constants fH (in
MeV) and our least-squares fit values.

fit values Other Ref.

f� 128.7 130:4� 0:2 [30,31]

fK 156.1 156:1� 0:8 [30,31]

fD 205.9 206:7� 8:9 [30,31]

fDs
257.5 257:5� 6:1 [30,31]

fB 191.1 192:8� 9:9 [32]

fBs
234.9 238:8� 9:5 [32]

fBc
489.0 489� 5 [33]

f� 221.1 221� 1 [30]

This work Other Ref.

f! 198.5 198� 2 [30]

f� 228.2 227� 2 [30]

fJ=c 415.0 415� 7 [30]

fK� 213.7 217� 7 [30]

fD� 243.3 245� 20 [34]

fD�
s

272.0 272� 26 [34]

fB� 196.0 196� 44 [34]

fB�
s

229.0 229� 46 [34]

TABLE I. Input values for some basic electromagnetic decay
widths and our least-squares fit values (in keV).

Process Fit Values Data [30]

�0 ! �� 5:06� 10�3 ð7:7� 0:4Þ � 10�3


c ! �� 1.61 1:8� 0:8
�� ! ��� 76.0 67� 7
! ! �0� 672 703� 25
K�� ! K�� 55.1 50� 5
K�0 ! K0� 116 116� 10
D�� ! D�� 1.22 1:5� 0:5
J=c ! 
c� 1.43 1:58� 0:37
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introduced a two-subscript notation wij ¼ mqj=ðmqi þ
mqjÞ (i, j ¼ 1, 2, 3) such that wij þ wji ¼ 1. The form

factors defined in Eq. (22) satisfy the physical requirement
a0ð0Þ ¼ aþð0Þ, which ensures that no kinematic singular-
ity appears in the matrix element at q2 ¼ 0. For reference,
it is useful to relate the above form factors to those used in
Ref. [9]. The relations read

Fþ¼fþ; F�¼�m2
1�m2

2

q2
ðfþ�f0Þ;

FT ¼fT; A0¼m1þm2

m1�m2

A1; Aþ¼A2;

A�¼2m2ðm1þm2Þ
q2

ðA3�A0Þ; V¼V;

a0¼T2; g¼T1; aþ¼T2þ q2

m2
1�m2

2

T3: (23)

The form factors (23) satisfy the constraints

A0ð0Þ ¼ A3ð0Þ
2m2A3ðq2Þ ¼ ðm1 þm2ÞA1ðq2Þ � ðm1 �m2ÞA2ðq2Þ: (24)

In Figs. 1–4, we plot our calculated form factors in the
entire kinematical range 0 � q2 � q2max. For comparison,
we also show the results obtained from the light-cone sum

rules analysis [8]. In Table III, we collect our predictions
for the form factors at the maximum recoil point q2 ¼ 0
and provide a comparison with results obtained within
other approaches. The figures and tables highlight the
wide range of phenomena accessible within our approach.
As was suggested in Ref. [11], one can check how well

the quark-model form factors satisfy the three low-recoil
relations derived in Ref. [10] involving the pairs of form
factors ðT1; VÞ, ðT2; A1Þ, and ðT3; A2Þ. In Fig. 5, we plot the
ratios

R1¼T1ðq2Þ
Vðq2Þ ; R2¼T2ðq2Þ

A1ðq2Þ
; R3¼ q2

m2
B

T3ðq2Þ
A2ðq2Þ

; (25)

which in the heavy-quark symmetry limit and at low recoil,
should all be of the order 1� ð2�s=ð3�Þ lnð�=mbÞ, i.e.
close to 1. Figure 5 shows that, similar to the extrapolated
LCSR form factors, the covariant quark model form factors
satisfy the low-recoil heavy-quark symmetry relations
reasonably well for R1 and R2, but not for R3. Note that
the q2 scale has changed in Fig. 5.
It is interesting to compare the q2 behavior of the B�

�-transition form factors calculated from the three-point
one-loop diagram with the q2 behavior of the vector-
dominance model (VDM). For example, in a monopole
ansatz for the form factor FB�þ ðq2Þ, one would have the
VDM q2 behavior
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FIG. 1 (color online). Our results for the form factors appearing in Eqs. (19) and (20)—Left panel: B� � transition; and right panel:
B� K transition. For comparison, we plot the corresponding LCSR curves from Ref. [8].
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FB�
VDMðq2Þ ¼

FB�þ ð0Þ
m2

B� � q2
;

where the pole mass is given by the mass of the lowest-
lying vector meson state B�. The two curves are plotted in
Fig. 6. One observes a strong rise of the VDM form factor
towards the larger q2 values close to the position of the B�
pole. A similar rise is observed for the quark-model form
factor. It is quite intriguing and gratifying that the quark-
model form factor is able to emulate the pole-type behavior
of the VDM form factor, including even the correct scale
m�

B of the pole-type enhancement.

V. NONLEPTONIC Bs DECAYS

As a second application, we consider the two-body non-

leptonic Bs decays Bs ! Dð�Þ�
s Dð�Þþ

s and Bs ! J=c�,
which have recently attracted some interest. The modes
D�

s D
þ
s , D

��
s Dþ

s þD�
s D

�þ
s , and D��

s D�þ
s give the largest

contribution to �� for the Bs � �Bs system. The mode
J=c� is color-suppressed, but it is interesting for the
search of possible CP-violating new-physics effects in
Bs � �Bs mixing.

It is convenient to express all physical observables in
terms of helicity form factors Hm. This will result in
very compact rate expressions. Furthermore, in the case
of the two-vector meson decays P ! VV, the helicity

representation is quite convenient since one can then easily
calculate the helicity composition of the rate �L, ��, �þ.
The helicity form factors Hm can be expressed in terms

of the invariant form factors of Ref. [9] in the following
way [19]:
(a) Spin S ¼ 0:

Ht ¼ 1ffiffiffiffiffi
q2

p fðm2
1 �m2

2ÞFþ þ q2F�g;

H0 ¼ 2m1jp2jffiffiffiffiffi
q2

p Fþ; (26)

(b) Spin S ¼ 1:

Ht¼ 1

m1þm2

m1jp2j
m2

ffiffiffiffiffi
q2

p fðm2
1�m2

2ÞðAþ�A0Þþq2A�g;

H�¼ 1

m1þm2

f�ðm2
1�m2

2ÞA0�2m1jp2jVg;

H0¼ 1

m1þm2

1

2m2

ffiffiffiffiffi
q2

p f�ðm2
1�m2

2Þðm2
1�m2

2�q2ÞA0

þ4m2
1jp2j2Aþg; (27)

where jp2j ¼ 	1=2ðm2
1; m

2
2; q

2Þ=ð2m1Þ is the momen-
tum of the outgoing particles in the rest frame of the
decaying particle.
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FIG. 2 (color online). Our results for the form factors appearing in Eqs. (21) and (22) for B� � transition. For comparison, we plot
the corresponding LCSR curves from Ref. [8].
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The effective Hamiltonian describing the Bs nonleptonic
decays is given by (see Ref. [4])

H eff¼�GFffiffiffi
2

p VcbV
y
cs

X6
i¼1

CiQi; Q1¼ð �ca1ba2ÞV�Að �sa2ca1ÞV�A;

Q2¼ð �ca1ba1ÞV�A;ð �sa2ca2ÞV�A; Q3¼ð�sa1ba1ÞV�Að �ca2ca2ÞV�A;

Q4¼ð �sa1ba2ÞV�Að �ca2ca1ÞV�A; Q5¼ð �sa1ba1ÞV�Að �ca2ca2ÞVþA;

Q6¼ð �sa1ba2ÞV�Að �ca2ca1ÞVþA; (28)

where the subscript V � A refers to the usual left-chiral
current O�� ¼ ��ð1� �5Þ and V þ A to the usual right-
chiral one O

�
þ ¼ ��ð1þ �5Þ. The ai denote color indices.

We calculate the nonleptonic Bs decay widths by using
naive factorization. In this paper, we consider the following
nonleptonic decays of the Bs meson:

BsðpÞ ! D�
s ðq1ÞDþ

s ðq2Þ; D�
s ðq1ÞD�þ

s ðq2; 
2Þ;
D��

s ðq1; 
1ÞDþ
s ðq2Þ;

D��
s ðq1; 
1ÞD�þ

s ðq2; 
2Þ; and J=c ðq1; 
1Þ�ðq2; 
2Þ:

Thewidths can be conveniently expressed in terms of the
helicity form factors and leptonic decay constants. In the

case of the color-allowed decays Bs ! Dð�Þ�
s Dð�Þþ

s , one has

�ðBs ! D�
s D

þ
s Þ ¼ GF

16�

jq2j
m2

Bs

½	ðsÞ
c �2ðCeff

2 mDs
fDs

H
BsDs
t ðm2

Ds
Þ þ 2Ceff

6 fPSDs
F
BsDs

S ðm2
Ds
ÞÞ2;

�ðBs ! D�
s D

�þ
s Þ ¼ GF

16�

jq2j
m2

Bs

½	ðsÞ
c �2

�
Ceff
2 mDs

fDs
HBsD

�
s

t ðm2
Ds
Þ þ 2Ceff

6

mBs
jq2j

mD�
s

fPSDs
FBsD

�
s

PS ðm2
Ds
Þ
�
2
;

�ðBs ! D��
s Dþ

s Þ ¼ GF

16�

jq2j
m2

Bs

½	ðsÞ
c �2ðCeff

2 mD�
s
fD�

s
H

BsDs

0 ðm2
D�

s
ÞÞ2;

�ðBs ! D��
s D�þ

s Þ ¼ GF

16�

jq2j
m2

Bs

½	ðsÞ
c �2ðCeff

2 mD�
s
fD�

s
Þ2 X

i¼0;�
ðHBsD

�
s

i ðm2
D�

s
ÞÞ2: (29)
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FIG. 3 (color online). Our results for the form factors appearing in Eqs. (21) and (22) for B� K� transition. For comparison we plot
the corresponding LCSR curves from Ref. [8].
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Here, 	ðsÞ
c ¼ GFffiffi

2
p jVcbV

y
csj. The Wilson coefficients appear in

the combinations Ceff
2 ¼ C2 þ �C1 þ C4 þ �C3 and

Ceff
6 ¼ C6 þ �C5, where terms multiplied by the color

factor � ¼ 1=Nc will be dropped in the numerical calcu-
lations according to the 1=Nc expansion. The annihilation

channels that also contribute to the above color-allowed
decays will be neglected since they are color- and form-
factor suppressed.
The width of the color-suppressed Bs ! J=c� decay is

written as
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FIG. 4 (color online). Our results for the form factors appearing in Eqs. (21) and (22) for Bs �� transition. For comparison, we plot
the corresponding LCSR curves from Ref. [8].

TABLE III. q2 ¼ 0 results for the transition form factors in various model approaches.

This work Ref. [8] Ref. [9] Ref. [12] Ref. [17] Ref. [13] Ref. [14] Ref. [18]

FB�þ ð0Þ 0.29 0:258� 0:031 0:25� 0:05 0:24� 0:03 0:24� 0:03 0.29 0.22 0.27

FBKþ ð0Þ 0.42 0:335� 0:042 0:31� 0:04 0:30� 0:06 0:25� 0:03 0.36 � � � 0.36

FB�
T ð0Þ 0.27 0:253� 0:028 0:21� 0:04 0:25� 0:05 � � � 0.28 � � � � � �

FBK
T ð0Þ 0.40 0:359� 0:038 0:27� 0:04 0:32� 0:06 0:14� 0:03 0.35 � � � 0.34

VB�ð0Þ 0.28 0:324� 0:029 0:32� 0:10 0:31� 0:06 � � � 0.31 0.30 � � �
VBK� ð0Þ 0.36 0:412� 0:045 0:39� 0:11 0:37� 0:07 0:47� 0:03 0.44 � � � � � �
VBs�ð0Þ 0.32 0:434� 0:035 � � � � � � � � � � � � � � � � � �
A
B�
1 ð0Þ 0.26 0:240� 0:024 0:24� 0:08 0:24� 0:05 � � � 0.26 0.27 � � �

ABK�
1 ð0Þ 0.33 0:290� 0:036 0:30� 0:08 0:29� 0:06 0:37� 0:03 0.36 � � � � � �

A
Bs�
1 ð0Þ 0.29 0:311� 0:029 � � � � � � � � � � � � � � � � � �

A
B�
2 ð0Þ 0.24 0:221� 0:023 0:21� 0:09 0:25� 0:05 � � � 0.24 0.28 � � �

ABK�
2 ð0Þ 0.32 0:258� 0:035 0:26� 0:08 0:30� 0:06 0:40� 0:03 0.32 � � � � � �

A
Bs�
2 ð0Þ 0.28 0:234� 0:028 � � � � � � � � � � � � � � � � � �

T
B�
1 ð0Þ 0.25 0:268� 0:021 0:28� 0:09 0:26� 0:05 � � � 0.27 � � � � � �

TBK�
1 ð0Þ 0.33 0:332� 0:037 0:33� 0:10 0:30� 0:06 0:19� 0:03 0.39 � � � � � �

TBs�
1 ð0Þ 0.28 0:349� 0:033 � � � � � � � � � � � � � � � � � �
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�ðBs ! J=c�Þ ¼ GF

16�

jq2j
m2

Bs

½	ðsÞ
c �2ðCeff

1 þ Ceff
5 Þ2

� ðmJ=c fJ=c Þ2
X

i¼0;�
ðHBsJ=c

i ðm2
J=c ÞÞ2;

(30)

where we have combined the Wilson coefficients into
Ceff
1 ¼ C1 þ �C2 þ C3 þ �C4 and Ceff

5 ¼ C5 þ �C6.

For the Cabbibo-Kobayashi-Maskawa–matrix elements,
we use the values from Ref. [30]:

jVudj jVusj jVubj jVcdj jVcsj jVcbj
0:974 0:225 0:00389 0:230 0:975 0:0406

: (31)

For the values of the Wilson coefficients, we take [35]

C1 C2 C3 C4 C5 C6

�0:257 1:009 �0:005 �0:078 0:000 0:001
; (32)

evaluated to next-to-next-to leading logarithmic accuracy

in the MS (naı̈ve dimensional regularization) renormaliza-
tion scheme at the scale � ¼ 4:8 GeV [36].

We also need the values of the Bs ��-transition form
factors evaluated at q2 ¼ m2

J=c . They are given in Table IV,

wherewe compare our results with corresponding results of
Ref. [3]. The agreement for the form factors A1ðm2

J=c Þ and
A2ðm2

J=c Þ is satisfactory. Our value for the form factor

Vðm2
J=c Þ is somewhat smaller than the one found in Ref. [3].

In Table V, we give our results for the branching ratios.
One can see that there is good agreement with the available
experimental data.
We finally give our results on the helicity fractions in the

two decays Bs ! D��
s D�þ

s and Bs ! J=c�. The helicity
fractions of the nonleptonic Bs ! VV rates are defined as

�̂L ¼ jH0j2
jH0j2 þ jHþj2 þ jH�j2

;

�̂� ¼ jH�j2
jH0j2 þ jHþj2 þ jH�j2

;

�̂? ¼ 1

2

jHþ �H�j2
jH0j2 þ jHþj2 þ jH�j2

: (33)

Note that we have normalized the partial helicity rates to

the total rate, such that one has �̂L þ �̂� þ �̂þ ¼ 1. For

Bs ! D��
s D�þ

s , we find ^ð�L; �̂�; �̂þÞ ¼ ð0:549, 0.366,
0.0847), and for Bs ! J=c�, we
find (0.420, 0.552, 0.0272). The hierarchy of partial

helicity rates �̂L > �̂� > �̂þ seen in the decay Bs !
D��

s D�þ
s is expected for tree-level-dominated nonleptonic

decays using simple on-shell quark model arguments. One
finds that, at the leading order of m1 ¼ mB, the partial rate
�� is helicity-suppressed by the factor 4q2=m2

1 with q2 ¼
m2

D�þ
s
, and the partial rate �þ is further chirality suppressed

by the factor m2
2=m

2
1 with m2 ¼ mD�þ

s
in addition to the

helicity suppression [37–39]. Using the qualitative sup-
pression factors, one finds (0.583, 0.361, 0.056) for the
helicity fractions in the decay Bs ! D��

s D�þ
s , which is

remarkably close to the results of the full calculation.
For the process Bs ! J=c� with a larger q2 value of
q2 ¼ m2

J=c , the helicity suppression is no longer in effect
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FIG. 6 (color online). Comparison of the B� �-form factors
obtained from the covariant quark model and from a VDM-
monopole ansatz.
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since now 4q2=m2
1 ¼ 1:332. One now obtains (0.420,

0.560, 0.020) for the helicity fractions which again is
remarkably close to the results of the full calculation.
One has an inversion of the hierarchy for the longitudinal
and transverse-minus rates for Bs ! J=c� in as much as

one now has �̂L < �̂�. Experimental numbers on the par-
tial helicity rates exist only for the decay Bs ! J=c�

given by �̂L ¼ 0:541� 0:017 and �̂? ¼ 0:241� 0:023
[30]. Our calculated longitudinal rate can be seen to be
off by several standard deviations. In order to be able to

compare with the experimental transverse rate �̂?, one
needs to use �? / jA?j2 ¼ jHþ �H�j2=2. For Bs !
D��

s D�þ
s , we find �̂? ¼ 0:0493, and for Bs ! J=c�, we

predict �̂? ¼ 0:167. Again, we are off the experimental
result by several standard deviations.

VI. SUMMARY

Wehave given a brief sketch of the theoretical framework
underlying the covariant quark model, including a discus-
sion of how infrared confinement is incorporated in the
model. We have discussed in some detail how the model
parameters of the covariant quark model are determined
through a least-squares fit to experimental/theoretical data
on the leptonic decay constants and eight fundamental
mesonic one- and two-photon decays. Once the model
parameters of the covariant quark model are fixed, the
model can be used to obtain parameter-free predictions
for any transition process involving light or heavy mesons.
In the present paper, we have calculated the transition

form factors of the heavy-B and -Bs mesons to light
pseudoscalar and vector mesons, which are needed as
ingredients for the calculation of the semileptonic, non-
leptonic, and rare decays of the B and Bs mesons. Our form
factor results hold in the full kinematical range of momen-
tum transfer. We have provided a detailed discussion of
how the covariant-quark-model form factors compare with
the corresponding LCSR form factors.
We have finally made use of the calculated form factors

to calculate the nonleptonic decays Bs ! Dð�Þ�
s Dð�Þþ

s and
Bs ! J=c�, which have been widely discussed recently
in the context of Bs � �Bs mixing and CP violation. We
have also presented results on the helicity composition for
the decays Bs ! VV. Further application of our form
factor results are envisaged, such as the calculation of the

penguin-dominated decay Bs ! Kð�Þ �Kð�Þ.
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