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We include the �c meson into the �-�0-Gmixing formalism constructed in our previous work, where G

represents the pseudoscalar gluball. The mixing angles in this tetramixing matrix are constrained by

theoretical and experimental implications from relevant hadronic processes. Especially, the angle between

�c and G is found to be about 11� from the measured decay widths of the �c meson. The pseudoscalar

glueball mass mG, the pseudoscalar densities mqq;ss;cc, and the Uð1Þ anomaly matrix elements associated

with the mixed states are solved from the anomalous Ward identities. The solution mG � 1:4 GeV

obtained from the �-�0-G mixing is confirmed, while mqq grows to above the pion mass, and thus

increases perturbative QCD predictions for the branching ratios BrðB ! �0KÞ. We then analyze the

�c-mixing effects on charmonium magnetic dipole transitions, and on the B ! �ð0ÞKS branching ratios

and CP asymmetries, which further improve the consistency between theoretical predictions and data.

A predominant observation is that the �c mixing enhances the perturbative QCD predictions for

BrðB ! �0KÞ by 18%, but does not alter those for BrðB ! �KÞ. The puzzle due to the large

BrðB ! �0KÞ data is then resolved.
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I. INTRODUCTION

It has been known that the gluonic and charm contents of
the light pseudoscalar mesons � and �0 may have a crucial

impact on studies of many hadronic processes, such as �ð0Þ

electromagnetic (EM) transition form factors, �ð0Þ radiative
decays, and charmonium and heavy-flavor decays into �ð0Þ.
For a recent review on the gluonic effects in EM transitions
and in weak decays of charm and beauty hadrons, see [1].
It remains a puzzle that theoretical predictions for the
B ! �0K branching ratios are usually lower than data,
even after taking into account the �-�0 mixing [2,3].
Hence, it has been conjectured that the gluonic content
of the �0 meson plays a role in accommodating the large

branching ratios [4–8]. A gluonic content of the �ð0Þ
meson has been inferred from data of the radiative decays
P ! �V and V ! �P [9,10] and from the charmonium
decays J=c ! VP [11,12]. However, the gluonic contri-

bution to the B ! �ð0Þ transition form factors was pa-
rametrized and tuned to fit data in the QCD factorization
approach [13] and in the soft-collinear effective theory
[14], so no conclusion on its importance could be drawn.
This contribution was calculated explicitly in the pertur-
bative QCD (PQCD) approach [15] using the gluonic

distribution amplitudes of the �ð0Þ meson from [16] and
in QCD sum rules [17], and it was found to be small.

The charm content of the�ð0Þ meson has been introduced
through the �-�0-�c mixing [18,19]. This formalism was
extended to the tetramixing among the �, �, �0, and �c

mesons recently [20], whose parameter set, including the
mixing angles and the hadronic parameters in the light-
front constituent quark model, was determined by a fit to
data of relevant meson transition form factors. An inter-
mediate question is whether this charm content affects the

B ! �ð0ÞK branching ratios [21] and their CP asymmetries
[22], whose measurement might reveal new physics sig-
nals. A potential deviation has been detected between the
mixing-induced CP asymmetries in the tree-dominated
decays B ! J=cKS and in the penguin-dominated decays
B ! �0KS. Whether this deviation can be interpreted as a
signal of new physics depends on how large the tree

pollution in the latter is. Though the �ð0Þ-�c mixing is
small [23,24], there is lack of quantitative estimate of its
effect. It is then worthwhile to examine whether the large
B ! �cK amplitudes are able to compensate for the tiny

mixing, and to give a sizable impact on the B ! �ð0ÞK
decays.
The above subjects demand complete and precise under-

standing of the gluonic and charm contents in the �ð0Þ
meson. We have set up the �-�0-G mixing in our previous
work [25], where G denotes the physical pseudoscalar
glueball. This mixing was implemented into the equations
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of motion from the anomalous Ward identities that connect
the vacuum to �, �0, and G transition matrix elements of
the divergence of axial-vector currents to the pseudoscalar
densities and the Uð1Þ anomaly. Solving these equations,
the pseudoscalar glueball mass mG was expressed in terms
of phenomenological quantities such as the �, �0 masses,
the decay constants, and the mixing angles. With the mix-
ing angles measured from the � ! ��, ��0 decays by
KLOE [9], mG � 1:4 GeV has been deduced, suggesting
that the �ð1405Þ meson is an interesting pseudoscalar
glueball candidate [25–27]. However, the solution for the
pseudoscalar density mqq associated with the �q compo-

nent of the �ð0Þ meson is still as low as its conventional
valuemqq � m� ¼ 0:14 GeV. It has been postulated that a

larger mqq � 0:2 GeV can enhance the B ! �0 transition
form factors, and thus the B ! �0K branching ratios sig-
nificantly [28]. Following this vein, it was pointed out that
the introduction of decay constants, suppressed by the
Okubo-Zweig-Iizuka (OZI) rule [29–31], into the equa-
tions from the anomalous Ward identities can increase
mqq [15].

We are motivated to formulate the tetramixing among
�, �0, G, and �c, and to investigate its impact on char-
monium and B meson decays in this paper. The mixing
with the pion is not considered here under the isospin
symmetry. As a consequence of the mixing, the �c meson
contains a gluonic content that modifies the QCD calcu-
lation of its decay width. The fit to the observed �c decay
width determines the additional mixing angle �Q � 11�

between G and �c. We shall explain that the gluonic
content of the �c meson further improves the calculations
for the decay widths of the charmonium magnetic dipole
transitions J=c , c 0 ! ��c in association with the
‘‘unquenched’’ mechanism proposed in [32,33], and ren-
ders theoretical predictions in better agreement with data.
Together with the other mixing angles fixed in [25], we
construct the tetramixing matrix, which implies the charm
content of the �0 meson consistent with that in [20].
Implementing the tetramixing into the equations from
the anomalous Ward identities, we solve for the pseudo-
scalar glueball mass, the pseudoscalar densities, and the
Uð1Þ anomalies. It is found that the inclusion of the �c

mixing does not alter our prediction for the pseudoscalar
glueball mass, but increases the pseudoscalar density mqq

to above the pion mass, even in the absence of the OZI-
suppressed decay constants.

Moreover, the charm content of the �ð0Þ meson allows

the B ! �ð0ÞK decays via the B ! �cK channel. Simply
adopting the amplitudes evaluated in the PQCD approach
at the next-to-leading-order (NLO) accuracy [34,35], we

estimate the �c mixing effects on the B ! �ð0ÞK decays.
It will be demonstrated that the additional tree contribu-
tion from B ! �cK increases the B ! �0K branching
ratios by about 18%, but does not change the B ! �K
branching ratios. Combining the mechanisms from the

larger mqq and the charm content, the puzzle due to the

large B ! �0K branching ratios is resolved. On the other

hand, the charm content of the �ð0Þ meson has minor
influences on the direct and mixing-induced CP asymme-

tries in the B ! �ð0ÞKS decays. Nevertheless, we do see
the modification toward accommodating the deviation
between the measured mixing-induced CP asymmetries
in the B ! J=cKS and B ! �0KS decays. The �c mixing
effects on the CP asymmetries in the B ! �KS decays
are also negligible.
We set up the �-�0-G-�c tetramixing formalism in

Sec. II, which contains one more mixing angle �Q be-

tween G and �c compared to the �-�0-G mixing. The
angle �Q is then determined, and the resultant gluonic

and charm contents of the �ð0Þ meson are compared with
those obtained in the literature. In Sec. III we solve for
the pseudoscalar glueball mass, the pseudoscalar den-
sities, and the Uð1Þ anomalies appearing in the mixing
formalism, and discuss their phenomenological implica-
tions. The �c mixing effects on charmonium magnetic

dipole transitions and on the B ! �ð0ÞK decays are also
investigated. Section IV contains the summary and com-
ments on other works, that present observations different
from ours.

II. �-�0-G-�c MIXING

In this section we formulate the �-�0-G-�c tetramixing,
determine the involved mixing angles, and implement the
mixing into the equations of motion from the anomalous
Ward identities.

A. Mixing matrix

We combine the Feldmann-Kroll-Stech (FKS) formal-
ism for the �-�0-�c mixing [18,19] and for the �-�0-G
mixing [25], in which the conventional singlet-octet basis

and the quark-flavor basis q �q � ðu �uþ d �dÞ= ffiffiffi
2

p
and s�s

[36], labeled by �q and �s, respectively, were adopted.

We further introduce the unmixed glueball state g and the
unmixed heavy-quark state �Q. Let the matrix U34

ðU14; U12Þ represent a rotation with the 3-4 (1-4, 1-2)
plane fixed. It is natural to first mix those singlet states
�1, g, and �Q, and then mix �1 and �8 to form the

physical states �, �0:

j�i
j�0i
jGi
j�ci

0
BBBBB@

1
CCCCCA ¼ U34ð�ÞU14ð�GÞU12ð�QÞ

j�8i
j�1i
jgi
j�Qi

0
BBBBB@

1
CCCCCA; (1)

with the rotational matrices
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U34ð�Þ ¼

cos� � sin� 0 0

sin� cos� 0 0

0 0 1 0

0 0 0 1

0
BBBBB@

1
CCCCCA;

U14ð�GÞ ¼

1 0 0 0

0 cos�G sin�G 0

0 � sin�G cos�G 0

0 0 0 1

0
BBBBB@

1
CCCCCA;

U12ð�QÞ ¼

1 0 0 0

0 1 0 0

0 0 cos�Q sin�Q

0 0 � sin�Q cos�Q

0
BBBBB@

1
CCCCCA:

(2)

That is, we assume that the octet state �8 does not mix
with the glueball, and that the heavy-flavor state mixes
with the pseudoscalar glueball more dominantly than with
the �1 state.
The octet and singlet states are related to the flavor

states via

j�8i
j�1i
jgi
j�Qi

0
BBBBB@

1
CCCCCA ¼ U34ð�iÞ

j�qi
j�si
jgi
j�Qi

0
BBBBB@

1
CCCCCA; (3)

where �i is the ideal mixing angle with cos�i ¼
ffiffiffiffiffiffiffiffi
1=3

p
and

sin�i ¼
ffiffiffiffiffiffiffiffi
2=3

p
, i.e., �i ¼ 54:7�. The flavor states are then

transformed into the physical states through the mixing
matrix

Uð�;�G;�QÞ ¼ U34ð�ÞU14ð�GÞU12ð�QÞU34ð�iÞ;

¼

c�c�i � s�c�Gs�i �c�s�i � s�c�Gc�i �s�s�Gc�Q �s�s�Gs�Q

s�c�i þ c�c�Gs�i �s�s�i þ c�c�Gc�i c�s�Gc�Q c�s�Gs�Q

�s�Gs�i �s�Gc�i c�Gc�Q c�Gs�Q

0 0 �s�Q c�Q

0
BBBBB@

1
CCCCCA; (4)

with the notations c� � cos� and s� � sin�. Equation (4)
approaches the mixing matrix in [25] in the �Q ! 0 limit,
and the �-�0 mixing matrix [18,19] in the �Q, �G ! 0
limit.

As stated in the Introduction, we have assumed isospin
symmetry, i.e. no mixing with �0, and ignored other pos-
sible admixtures from radial excitations. The decay con-
stants fq, fs, and fc are defined via the matrix elements

h0j �q���5qj�qðPÞi ¼ � iffiffiffi
2

p fqP
�;

h0j�s���5sj�sðPÞi ¼ �ifsP
�;

h0j �c���5cj�QðPÞi ¼ �ifcP
�;

(5)

for the light quark q ¼ u or d. The other decay constants of
the �q, �s, and �Q mesons and of the unmixed glueball,

which are suppressed by the OZI rule, can be introduced in
a similar way [15]:

h0j �q���5qj�sðPÞ; gðPÞ; �QðPÞi ¼ � iffiffiffi
2

p fqs;g;cP�;

h0j�s���5sj�qðPÞ; gðPÞ; �QðPÞi ¼ �ifsq;g;cP
�;

h0j �c���5cj�qðPÞ; �sðPÞ; gðPÞi ¼ �ifcq;s;gP
�:

(6)

The decay constants associated with the �, �0, G, and �c

physical states in the following matrix elements

h0j �q���5qj�ðPÞ;�0ðPÞ;GðPÞ;�cðPÞi ¼� iffiffiffi
2

p fq
�;�0;G;�c

P�;

h0j�s���5sj�ðPÞ;�0ðPÞ;GðPÞ;�cðPÞi ¼�ifs
�;�0;G;�c

P�;

h0j �c���5cj�ðPÞ;�0ðPÞ;GðPÞ;�cðPÞi ¼�ifc�;�0;G;�c
P�;

(7)

are related to those associated with the �q, �s, g, �Q states

through

fq� fs� fc�

fq
�0 fs

�0 fc�0

fqG fsG fcG

fq�c
fs�c

fc�c

0
BBBBBB@

1
CCCCCCA
¼ Uð�;�G;�QÞ

fq fsq fcq

fqs fs fcs

fqg fsg fcg

fqc fsc fc

0
BBBBB@

1
CCCCCA: (8)

We sandwich the equations of motion for the anomalous
Ward identities

@�ð �q���5qÞ ¼ 2imq �q�5qþ �s

4�
G��

~G��;

@�ð�s���5sÞ ¼ 2ims �s�5sþ �s

4�
G��

~G��;

@�ð �c���5cÞ ¼ 2imc �c�5cþ �s

4�
G��

~G��;

(9)

between vacuum and j�i, j�0i, jGi, and j�ci, where mq;s;c

are the quark masses, G�� is the field-strength tensor, and
~G�� is the dual field-strength tensor. Following the proce-
dure in [15], we derive
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Mqsgc ¼ Uyð�;�G;�QÞM2Uð�;�G;�QÞ~J; (10)

in which the matrices are written as

Mqsgc ¼

m2
qq þ

ffiffiffi
2

p
Gq=fq m2

sq þGq=fs m2
cq þGq=fc

m2
qs þ

ffiffiffi
2

p
Gs=fq m2

ss þGs=fs m2
cs þGs=fc

m2
qg þ

ffiffiffi
2

p
Gg=fq m2

sg þGg=fs m2
cg þGg=fc

m2
qc þ

ffiffiffi
2

p
Gc=fq m2

sc þGc=fs m2
cc þGc=fc

0
BBBBBBB@

1
CCCCCCCA
; (11)

M2 ¼

m2
� 0 0 0

0 m2
�0 0 0

0 0 m2
G 0

0 0 0 m2
�c

0
BBBBBB@

1
CCCCCCA
;

~J ¼

1 fsq=fs fcq=fc

fqs =fq 1 fcs=fc

fqg=fq fsg=fs fcg=fc

fqc=fq fsc=fs 1

0
BBBBB@

1
CCCCCA;

(12)

with the �, �0, G, �c meson masses m�;�0;G;�c
, and the

abbreviations for the pseudoscalar densities and the Uð1Þ
anomaly matrix elements

m2
qq;qs;qg;qc �

ffiffiffi
2

p
fq

h0jmu �ui�5uþmd
�di�5dj�q; �s; g; �Qi;

m2
sq;ss;sg;sc � 2

fs
h0jms �si�5sj�q;�s; g; �Qi;

m2
cq;cs;cg;cc � 2

fc
h0jmc �ci�5cj�q; �s; g; �Qi;

Gq;s;g;c � h0j�sG ~G=ð4�Þj�q; �s; g; �Qi: (13)

In the following analysis we neglect all the OZI-
suppressed decay constants defined in Eq. (6) according
to the FKS scheme. Equation (12) then leads to the follow-
ing equations explicitly

M11
qsgc ¼ m2

�ðc�c�i � s�c�Gs�iÞ2
þm2

�0 ðs�c�i þ c�c�Gs�iÞ2 þm2
Gðs�Gs�iÞ2;

(14)

M12
qsgc ¼�m2

�ðc�c�i� s�c�Gs�iÞðc�s�iþ s�c�Gc�iÞ
þm2

�0 ðs�c�iþ c�c�Gs�iÞð�s�s�iþ c�c�Gc�iÞ
þm2

Gðs�GÞ2c�is�i; (15)

M13
qsgc ¼ �m2

�ðc�c�i � s�c�Gs�iÞs�s�Gs�Q

þm2
�0 ðs�c�i þ c�c�Gs�iÞc�s�Gs�Q

�m2
Gc�Gs�Gs�is�Q; (16)

M21
qsgc ¼ M12

qsgc; (17)

M22
qsgc ¼ m2

�ðc�s�i þ s�c�Gc�iÞ2
þm2

�0 ð�s�s�i þ c�c�Gc�iÞ2 þm2
Gðs�Gc�iÞ2;

(18)

M23
qsgc ¼ m2

�ðc�s�i þ s�c�Gc�iÞs�s�Gs�Q

þm2
�0 ð�s�s�i þ c�c�Gc�iÞc�s�Gs�Q

�m2
Gc�Gs�Gc�is�Q; (19)

M31
qsgc ¼ �m2

�ðc�c�i � s�c�Gs�iÞs�s�Gc�Q

þm2
�0 ðs�c�i þ c�c�Gs�iÞc�s�Gc�Q

�m2
Gc�Gs�Gs�ic�Q; (20)

M32
qsgc ¼ m2

�ðc�s�i þ s�c�Gc�iÞs�s�Gc�Q

þm2
�0 ð�s�s�i þ c�c�Gc�iÞc�s�Gc�Q

�m2
Gc�Gs�Gc�ic�Q; (21)

M33
qsgc ¼ m2

�ðs�s�GÞ2c�Qs�Q þm2
�0 ðc�s�GÞ2c�Qs�Q

þm2
Gðc�GÞ2c�Qs�Q �m2

�c
c�Qs�Q; (22)

M41
qsgc ¼ �m2

�ðc�c�i � s�c�Gs�iÞs�s�Gs�Q

þm2
�0 ðs�c�i þ c�c�Gs�iÞc�s�Gs�Q

�m2
Gc�Gs�Gs�is�Q; (23)

M42
qsgc ¼ m2

�ðc�s�i þ s�c�Gc�iÞs�s�Gs�Q

þm2
�0 ð�s�s�i þ c�c�Gc�iÞc�s�Gs�Q

�m2
Gc�Gs�Gc�is�Q; (24)

M43
qsgc ¼ m2

�ðs�s�Gs�QÞ2 þm2
�0 ðc�s�Gs�QÞ2

þm2
Gðc�Gs�QÞ2 þm2

�c
ðc�QÞ2: (25)
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B. Mixing angles

There is already extensive discussion on the determina-
tion of the mixing angle � in the literature, whose value still
varies in a finite range. For example, �17� < �<�11�
has been extracted in [37], assuming the presence of the
gluonic content in the �0 meson. We choose � ¼ �11�,
which corresponds to a sizable gluonic content [37], and is
appropriate for our choice of �G below. The value of �G

varies in a wide range, depending on the parametrization of
the mixing matrix, experimental inputs, and fitting proce-
dures [25]. Even its central value can take a number
between 10� & �G & 30�, such as �G ¼ ð12� 13Þ� in
[10] and �G ¼ ð33� 13Þ� in [12]. We take the value
�G ¼ 12�, which was also considered in [25].

The last angle �Q can be determined by the �c total

width and the �c ! �� decay width. As a c �cð1S0Þ state,
the value of �tot is quite large among the charmonia below
the D �D threshold. During the past few years, the experi-
mental results for the �c total width and the two-photon
decay branching ratios vary drastically. The Particle Data
Group (PDG) 2008 [38] listed �tot ¼ 26:7� 3:0 MeV and
Brð�c ! ��Þ ¼ ð2:4þ1:1�0:9Þ � 10�4, respectively. In con-

trast, the PDG2010 [39] presents �tot ¼ 28:6� 2:2 MeV
and Brð�c ! ��Þ ¼ ð6:3� 2:9Þ � 10�5. The BESIII
Collaboration measured the �c total width recently in
c 0 ! ��c and found �tot ¼ 32:0� 1:2� 1:0 MeV [40].
The interesting tendency is that the total width of �c

becomes broader than the previous measurements. Such a
change favors the scenario that the �c has a glueball
content in association with the c �cð1S0Þ component as

analyzed below. One also notices the much smaller
Brð�c ! ��Þ listed in the PDG2010 than in PDG2008,
which may be caused by the old total width data employed
in the extraction of the two-photon branching ratio. Since
the averaged partial decay widths for �c ! �� are un-
changed in PDG2008 and PDG2010, i.e. �ð�c ! ��Þ ¼
6:7þ0:9

�0:8 keV, it might be more appropriate to adopt the

experimental data for the two-photon partial width instead
of for the branching ratio in the following analysis.

The strong decay of c �cð1S0Þ annihilation via two-gluon

radiation can be related to its two-photon decay. To lowest
order, one has

�ð1S0 ! ggÞ
�ð1S0 ! ��Þ ’ 2�2

s

9e4c�
2
e

¼ 9

8

�
�s

�e

�
2
; (26)

where ec ¼ 2=3 is the charge of the c quark, and �s and �e

are the strong and EM coupling constants, respectively.
With �ð1S0 ! ggÞ ’ �tot ¼ 28:6� 2:2 MeV from

PDG2010 [39] and �ð1S0 ! ��Þ ¼ 6:7þ0:9
�0:8 keV, we ex-

tract �s ’ 0:41–0:49 (�s ’ 0:72–1:2 if one adopts the
branching ratio Brð�c ! ��Þ ¼ ð6:3� 2:9Þ � 10�5 from
PDG2010 [39]), which is much larger than the running
coupling �sðmcÞ ’ 0:24–0:26 [39]. Even with the first-
order QCD correction [41] taken into account:

�ð1S0 ! ggÞ
�ð1S0 ! ��Þ ’ 9

8

�
�s

�e

�
2 ð1þ 4:8 �s

� Þ
ð1� 3:4 �s

� Þ
; (27)

we still have larger values �s ’ 0:28–0:33.
As defined in Eq. (4), the �c meson has the wave

function

j�ci ¼ �s�Qjgi þ c�Qj�Qi: (28)

The strong decay amplitude can be parametrized as

hggjV̂j�ci ¼ �s�QhggjV̂jgi þ c�QhggjV̂j�Qi

¼
�
��s�Q

�s

þ c�Q

�
hggjV̂j�Qi; (29)

where V̂ denotes the potential for annihilating the c �c states
and the glueball into two gluons. Since the glueball does
not pay a price for coupling to the jggi state, we have the
ratio hggjV̂jgi=hggjV̂j�Qi ¼ �=�s given by the empirical

gluon power counting [42]. Therefore, the mixing provides
a correction to the strong decays different from the correc-
tion to the EM coupling �2

e ! ðc�QÞ2�2
e. Consequently,

one has, to the leading QCD correction,

�ð�c ! ggÞ
�ð�c ! ��Þ ¼ 9

8

ð��t�Q þ �sÞ2
�2
e

ð1þ 4:8 �s

� Þ
ð1� 3:4 �s

� Þ
; (30)

with t�Q � tan�Q. Requiring �s ¼ �sðmcÞ ’ 0:25, we

deduce �Q ’ �1:4� or 10.4� (�Q ’ �6:9� or 15.6�, if
Brð�c ! ��Þ ¼ ð6:3� 2:9Þ � 10�5 is adopted). If insert-
ing the recent BESIII value �tot ¼ 32:0� 1:2� 1:0 MeV
[40], we extract �Q ’ �1:7� or 10.8�. It is noted in ad-

vance that the data of the radiative decays J=c , c 0 ! ��c

favor the positive solution as illustrated in Sec. III C. Based
on the above determinations of�Q, we adopt�Q ¼ 11� in

this work for the purpose of estimation.
We should mention a recent calculation of the 1S0

decays into light hadrons and two photons in the frame-
work of nonrelativistic QCD (NRQCD) [43], in which the
Oð�sv

2Þ corrections were found to be crucial for accom-
modating the observed �c ! gg and �� widths. The in-
volved long-distance matrix elements for the �c meson
still suffer large uncertainties, and their values were ob-
tained by data fitting in [43]. Hence, it is a fair comment
that the present data cannot distinguish the NRQCD results
with the Oð�sv

2Þ corrections from the mixing scenario
with a small glueball component in the �c meson.
Meanwhile, it should be realized that the presence of the
glueball component would affect the total and EM decay
widths of the �c meson differently, and thus make an
impact on their ratio at leading order.
With the angles � ¼ �11�, �G ¼ 12� and �Q ¼ 11�,

the mixing matrix in Eq. (4) is explicitly written as
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U ¼

0:720 �0:693 0:039 0:008

0:673 0:711 0:200 0:039

�0:170 �0:120 0:960 0:186

0 0 �0:191 0:982

0
BBBBB@

1
CCCCCA: (31)

Compared to the parametrization for the �-�0-�c mixing
[18,19], the role of the small angle �c ¼ �1� � 0:1� has
been played by our �G�Q. The matrix for the �-�0-�c

mixing is given by [18]

j�i ¼ 0:77j�qi � 0:63j�si � 0:006j�Qi;
j�0i ¼ 0:63j�qi þ 0:77j�si � 0:016j�Qi;
j�ci ¼ 0:015j�qi þ 0:008j�si þ j�Qi;

(32)

in which the charm content in the �ð0Þ meson has a sign
opposite to that in Eq. (31). The fit to the data of �ðJ=c !
��0Þ=�ðJ=c ! ��cÞ [18] actually cannot discriminate
the sign of these coefficients. Another difference appears
in the �q;s components of the �c meson. Since these are

small components, there is no inconsistency between the
results in Eqs. (31) and (32).

The charm contents of the � and �0 mesons have the
same sign in the FKS scheme. This feature differs from the
parametrization for the �-�-�0-�c tetramixing based on
the group decomposition SOð4Þ ¼ SOð3Þ � SOð3Þ [20],

U���0�c
¼

0:9895 0:0552 �0:1119 0:0342

�0:1082 0:8175 �0:5614 �0:0259

0:0590 0:5696 0:8160 0:0452

�0:0395 �0:0065 �0:0478 0:9960

0
BBBBB@

1
CCCCCA;

(33)

where the charm contents of the � and �0 mesons are
opposite in sign. A careful look reveals that these matrix
elements are small due to the destruction of large numbers,
so they are sensitive to experimental inputs. Varying the
inputs slightly, one could get the matrix elements of the
same sign in [20]. The � meson has a pion component
�0:11, while the �0 meson has a smaller pion component
0.06 as indicated in Eq. (33). Therefore, it is appropriate to
compare the charm contents of the �0 meson in Eqs. (31)
and (33), both of which are about 0.04.

III. �c-MIXING EFFECTS

In this section we solve Eq. (10) from the anomalous
Ward identities, and then investigate the phenomenological
impacts from the �c mixing on charmonium magnetic

dipole transitions and on the B ! �ð0ÞK decays.

A. Decay constants

To obtain the decay constants defined in Eq. (8), we need
the inputs of fq, fs, and fc for the flavor eigenstates. The

value of fq is close to the pion decay constant f�, such as

fq ¼ ð1:07� 0:02Þf� extracted in [18]. Our analysis in-

dicates that the variation of fq has almost no influence, so

we simply set it to fq ¼ f� ¼ 131 MeV. The value of fs is

more uncertain, for which the result fs=fq � 1:2–1:3 also

from [18] is employed. Since the ratio fs=fq gives a more

significant effect, we shall examine how our outcomes
depend on its variation. For fc, we adopt the value fc ¼
487:4 MeV [20]. Ignoring the terms suppressed by the OZI
rule, Eq. (8) leads to

fq� fs� fc�

fq
�0 fs

�0 fc�0

fqG fsG fcG

fq�c
fs�c

fc�c

0
BBBBBB@

1
CCCCCCA
¼ U

fq 0 0

0 fs 0

0 0 0

0 0 fc

0
BBBBB@

1
CCCCCA

¼

113 �90:8 3:69

106 93:1 19:0

�26:7 �15:7 91:0

0 0 478

0
BBBBB@

1
CCCCCA: (34)

The larger decay constants fq;s
�ð0Þ are close to those ap-

pearing in the literature [18], and in the perturbative cal-

culations of the B ! �ð0ÞK decays [13,34,44]. It is natural
that fc�c

is almost the same as fc. Those decay constants

fq;s;cG may have phenomenological applications, after the

pseudoscalar glueball is identified. Because of � ¼ �11�,
we have the ratio fc�=f

c
�0 ¼ � tan� ¼ 0:24, which is simi-

lar to �0:006=ð�0:016Þ ¼ 0:38 in [18,19], but has an
opposite sign to �0:0259=0:0452 ¼ �0:57 in [20]. Note
that the sign of fc�0 is still not certain, which was found to

be positive in [21,45], but negative in [18,19]. According to

[46], a positive fc
�ð0Þ would enhance the �

ð0Þ transition form
factor in the light-cone PQCD approach. Nevertheless, the
enhancement will be compensated by varying other pa-
rameters, such as the constituent quark masses, so that the
corresponding data can still be accommodated in their
theoretical framework [46]. Our result fc�0 ¼ 19:0 MeV,

arising from the phenomenological determination, is
approximately equal to 21.9 MeV in [20], and lower than
50–180 MeV computed from QCD low energy theorem
[21]. The similarity to the value in [20] is nontrivial, since
we have constructed the mixing matrix via the angles �,
�G and �Q, which were determined in a different way. It

has been conjectured [47] that the value of fc�0 was over-

estimated in [21]. Hence, we disagree with their specula-
tion that the charm content of the �0 meson alone can
exhaust the large B ! �0K branching ratios.
Our result fc�0 ¼ 19:0 MeV is larger than �ð6:3�

0:6Þ MeV in magnitude in [18], and about 8 times larger
than 2.4 MeV extracted from the data of BrðJ=c !
��0Þ=BrðJ=c ! ��cÞ [24]. As stated above, the data of
BrðJ=c ! ��0Þ=BrðJ=c ! ��cÞ cannot fix the sign of
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fc�0 in [18]. Besides, the smaller value in [18] is attributed

to the tiny �c mixing, which is a consequence of the
anomalous Ward identities in Eq. (9) without the OZI-
suppressed terms. Including the OZI-suppressed terms, a
larger range for fc�0 is expected. The analysis in [18,24],

together with that in [48,49] which also concluded a small
�0-�c mixing, were performed in the �-�0-�c mixing
formalism. That is, only a single channel J=c ! ��Q !
��0 contributes to BrðJ=c ! ��0Þ, which is perhaps too
strong of an assumption. With the more general �-�0-G-�c

tetramixing, an additional channel J=c ! �g ! ��0 ex-
ists. For the purpose of illustration, we regard �ð1405Þ as
the pseudoscalar glueball [25], and assign a finite fraction
of the J=c ! ��ð1405=1475Þ amplitude to J=c !
��ð1405Þ. Employing the data in PDG2010 [39], it is
easy to find that the above two channels, multiplied by
the mixing matrix elements 0.039 and 0.2 in Eq. (31),
respectively, are comparable to each other. If a destructive
interference occurs between the two channels, a larger
�0-�c mixing will be allowed. On the other hand, some
theoretical estimates on fc�0 also implied a small �0-�c

mixing [13,23,47], in which the annihilation of the c �c
pair into two gluons, followed by their combination into

the �0 meson, was considered. Strictly speaking, what they
investigated is the extrinsic charm content of the �0 meson,
while the �0-�c mixing results in the intrinsic charm con-
tent [20]. Therefore, their observation does not contradict
to ours, and supports that the intrinsic charm content
analyzed in this work might be more relevant.

B. Glueball mass, pseudoscalar densities,
and Uð1Þ anomalies

Given the decay constants fq, fs, and fc, we solve

Eq. (10) in order to get an idea of the magnitude of the
pseudoscalar gluball mass, the pseudoscalar densities, and
the Uð1Þ anomaly matrix elements. There are 12 equations
from the 4� 3 matrix equation in Eq. (10). Even having
dropped all the OZI-suppressed decay constants, there are
still too many unknowns listed above. Hence, we intend to
drop the OZI-suppressed pseudoscalar densities, except
m2

cq, m
2
cs and m2

cg, whose values can serve as a check of

their scaling behavior in the large Nc limit [25], Nc being
the number of colors. Then one of Eqs. (20), (21), (23), and
(24), becomes redundant, since both the ratio of Eq. (20)
over Eq. (21), and the ratio of Eq. (23) over Eq. (24) give

�m2
�ðc�c�i � s�c�Gs�iÞs�þm2

�0 ðs�c�i þ c�c�Gs�iÞc��m2
Gc�Gs�i

m2
�ðc�s�i þ s�c�Gc�iÞs�þm2

�0 ð�s�s�i þ c�c�Gc�iÞc��m2
Gc�Gc�i

¼
ffiffiffi
2

p
fs

fq
; (35)

which is identical to the formula derived in [25].
Eventually, we solve for 11 unknowns, which include the
pseudoscalar glueball mass mG, 6 pseudoscalar densities
m2

qq, m
2
ss, m

2
cq, m

2
cs, m

2
cg, and m2

cc, and 4 Uð1Þ anomaly
matrix elements Gq, Gs, Gg, and Gc.

According to Eq. (14),m2
qq is expressed as the difference

between the right-hand side of Eq. (14) and the anomaly
matrix element Gq=fq. Equation (15) implies that Gq is

proportional to fs, so the above difference strongly de-
pends on the ratio fs=fq [15]. Equation (35) shows that the

inclusion of the �c mixing does not affect much the
solution mG � 1:4 GeV [25]. The value of mG is insensi-
tive to the uncertain mixing angle �G also, because of
c�G � 1 for a small�G. Therefore,mG is only sensitive to
the ratio fs=fq, and we shall consider the variation of this

ratio below. The solutions corresponding to fs=fq ¼ 1:2

and 1.3 are collected in Table I. It is seen that only mG and
m2

qq depend on the ratio fs=fq, and other quantities are

relatively stable. The results ofmG,m
2
ss,Gq,Gs, andGg are

similar to those from the �-�0-G mixing formalism [25].
Namely, m2

ss in Table I respects the leading Nc relation
m2

ss ¼ 2m2
K �m2

�, and we do not observe the enhancement
claimed in [50]. Note that a larger pseudoscalar glueball
mass (> 2 GeV) has been postulated in a dynamical
analysis of the mixing in the pseudoscalar channel [51].
However, if their assumption on the meson couplings is
relaxed, a lower mass can be attained. Our solutions re-
spect the hierarchy jm2

ccj 	 jm2
cgj 	 jm2

cq;csj in the large

Nc limit. The values of m2
cc are consistent with the relation

m2
cc � m2

�c
[18], but the magnitude of Gc is a bit smaller

than that in [18].
It has been shown that the B ! �0 transition form

factors and the B ! �0K branching ratios are sensitive to
the pseudoscalar density mqq [28], which defines the nor-

malization of the two-parton twist-3 distribution ampli-
tudes for the �q state. Its value is usually assumed to be

TABLE I. Solutions corresponding to fs=fq ¼ 1:2 and fs=fq ¼ 1:3.

fq fs=fq mG (GeV) m2
qq m2

ss m2
cq m2

cs m2
cg m2

cc ðGeV2Þ Gq Gs Gg Gc ðGeV3Þ
f� 1.2 1.519 0.067 0.443 �0:156 �0:092 �1:197 8.648 0.053 0.031 �0:023 �0:004

f� 1.3 1.376 0.023 0.457 �0:149 �0:081 �1:283 8.631 0.056 0.030 �0:016 �0:003
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the pion mass, mqq � m�, with which the branching ratios

BrðB� ! �0K�Þ � 51� 10�6 and BrðB0 ! �0K0Þ �
50� 10�6 have been obtained in NLO PQCD [34].
These results are still lower than the data BrðB� !
�0K�Þ � ð71:1� 2:6Þ � 10�6 and BrðB0 ! �0K0Þ �
ð66:1� 3:1Þ � 10�6 [52]. It was then demonstrated that
mqq can be increased up to 0.2 GeV by introducing the

OZI-suppressed decay constants fsq and fqs into the equa-

tion for the �-�0 mixing [15]. With the enhanced mqq, it is

likely to explain the large BrðB ! �0KÞ data with larger
B ! �0 transition form factors. Since fsq and fqs are free

parameters, whether mqq can reach 0.2 GeV is not con-

clusive. Table I indicates that the �c mixing, which re-
ceives a phenomenological support as elucidated in
Sec. II B, can enlarge m2

qq for fs=fq ¼ 1:3 by a factor 2,

from m2
qq � 0:012 GeV2 in Eq. (29) of [25] to

0:023 GeV2. Note that the values of the mixing angle �
for Eq. (29) in [25] and for Table I are different. However,
m2

qq does not much depend on the variation of �.

C. Charmonium M1 transitions

There has been a long-standing puzzle from the mag-
netic dipole (M1) transition J=c ! ��c. In contrast to the
success of the nonrelativistic potential models in offering
an overall good description of the charmonium spectrum,
the predicted M1 transitions between the vector and pseu-
doscalar charmonia appear to have significant discrepan-
cies. Namely, the predicted partial decay width
�NRðJ=c ! ��cÞ ’ 2:4–2:9 keV [53,54] is obviously
larger than the experimental data in PDG2010 [39],
BrðJ=c ! ��cÞ ¼ ð1:7� 0:4Þ%, i.e., �ðJ=c ! ��cÞ ¼
ð1:58� 0:37Þ keV. The PDG2010 value is mainly
weighted by the CLEO data BrðJ=c ! ��cÞ ¼ ð1:98�
0:09� 0:30Þ% [55]. Although the CLEO data bring the
experimental and theoretical values closer, the discrepancy
remains nontrivial after taking into account another
channel c 0 ! ��c: the potential models predicted
�NRðc 0 ! ��cÞ ’ 9:6–9:7 keV, i.e., Brðc 0 ! ��cÞ ’
3:2%, while the CLEO measurement gives Brðc 0 !
��cÞ ¼ ð4:32� 0:16� 0:60Þ � 10�3 [55].

Theoretical efforts of studying the charmonium EM M1
transitions in the framework of nonrelativistic multipole
expansions can be found in [56–63]. Recently, a nonrela-
tivistic effective field theory was applied to J=c ! ��c

[62], in which the radiative decay width �ðJ=c ! ��cÞ ¼
ð1:5� 1:0Þ keV up to correction of Oðv2

c=m
2
cÞ was ob-

tained with a rather large uncertainty. This approach be-
comes unreliable in c 0 ! ��c, because the c �c pair cannot
be treated as a weakly bound system anymore. The lattice
QCD calculations of these processes were reported in
[64,65]. In the ‘‘quenched’’ approximation the result for
J=c ! ��c turns out to be in agreement with the potential
models, while that for c 0 ! ��c is much smaller and
compatible with the data within uncertainties. That is, the

quenched lattice QCD does not resolve the puzzle
completely.
A possible resolution arises from the accommodation of

open threshold effects as an unquenched mechanism in the
charmonium M1 transitions [32,33]. Because of the pres-
ence of the open D �D threshold, the transition c 0 ! ��c

would experience more influence from the D �D threshold,
which naturally lowers the partial decay width predicted by
the potential models. In contrast, the open threshold effects
on J=c ! ��c are relatively small, since the mass of J=c
is located rather far away from theD �D threshold. However,
the uncertainties from the unquenched effects are signifi-
cant as shown in [32,33], so there is still room for the
glueball-�c mixing mechanism in the present experimental
and theoretical situations.
Starting with Eq. (28), we express the quenched M1

transition amplitude as

h�cjHemjJ=c ; c 0i
¼ �s�QhgjHemjJ=c ; c 0i þ c�Qh�QjHemjJ=c ; c 0i
’
�
�s�Q

�s

�
þ c�Q

�
h�QjHemjJ=c ; c 0i; (36)

where h�QjHemjJ=c ; c 0i is equivalent to the potential-

model M1 transition amplitude for the J=c , c 0 mesons,
and the gluon counting rule has been implemented in the
second line. One immediately notices that in order to lower
the M1 transition partial width, a positive �Q is favored.

Given �Q ’ 11�, the quenched M1 transition partial

widths are lowered by about 7%. That is, the glueball-�c

mixing does improve the overall consistency between the
potential-model predictions and the data for the charmo-
nium M1 transitions.

D. B0 ! �ð0ÞKS decays

As stated in the Introduction, a potential deviation has
been detected between the mixing-induced CP asymme-
tries in the tree-dominated decays B ! J=cKS and in the
penguin-dominated decays B ! �0KS, which demands a
deeper theoretical understanding. Besides, the branching
ratios of the B ! �0K decays predicted in the PQCD
approach up to NLO are still much lower than the data.
The value of fc�0 obtained in Sec. III A suggests a quanti-

tative reexamination of the tree contribution from B !
�cK to the direct and mixing-induced CP asymmetries

and the branching ratios of the B0 ! �ð0ÞKS decays. The
	CP factor for this study is defined as

	CP ¼ �fe
�2i
 hfjHeffj �B0i

hfjHeffjB0i ; (37)

with the eigenvalue �f ¼ �1 and the weak phase 
. The

direct and mixing-induced CP asymmetries are then de-
rived from
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Adir
CP ¼ j	j2 � 1

1þ j	j2 ; Amix
CP ¼ 2 Im	

1þ j	j2 : (38)

For the B0 ! �0KS decays without the �c mixing, one
has

	CP ¼ �fe
�2i


VubV


usT�0K � VtbV



tsP�0K

V

ubVusT�0K � V


tbVtsP�0K
; (39)

where V’s are the CKM matrix elements, and T and P
represent the tree and penguin amplitudes, respectively.
These decay amplitudes have been evaluated up to NLO
in the PQCD approach [34], which lead to Adir

CP ¼ 0:024
and Amix

CP ¼ 0:667.1 The tree amplitude T�cK has been also

calculated in NLO PQCD [35], which gives the branching

ratio BrðB0 ! �cK
0Þ ¼ 5:5� 10�4. Because the Bmeson

decay constants fB ¼ 0:21 GeV and fB ¼ 0:19 GeV were
adopted in [34,35], respectively, and the �c meson decay
constants f�c

¼ 0:478 GeV were derived in Eq. (34), and

f�c
¼ 0:42 GeV was adopted in [35], we multiply T�cK in

[35] by a factor ð0:21=0:19Þð0:478=0:42Þ ¼ 1:26 for con-
sistency. The increased NLO PQCD prediction BrðB0 !
�cK

0Þ ¼ 8:7� 10�4 then agrees well with the data ð8:7�
1:9Þ � 10�4 [52]. Note that the relative strong phases
among the above amplitudes T�0K, P�0K and T�cK are

known in the PQCD approach, so we do not encounter
the difficulty mentioned in [22], and can derive the modi-
fied CP asymmetries without ambiguity. The inclusion of
the B ! �cK channel into Eq. (39),

	CP ¼ �fe
�i2


VubV


usT�0K � VtbV



tsP�0K þ c�s�Gs�QVcbV



csT�cK

V

ubVusT�0K � V


tbVtsP�0K þ c�s�Gs�QV


cbVcsT�cK

; (40)

yields Adir
CP ¼ 0:023 and Amix

CP ¼ 0:664. It is seen that the�c

mixing causes a negligible effect on the CP asymmetries
with Amix

CP moving slightly toward the central value of the
data, 0:59� 0:07 [52]. The result of Adir

CP is consistent with
the data 0:05� 0:05 [52]. Nevertheless, the �c mixing
brings the branching ratio BrðB0 ! �0K0Þ ¼ 50� 10�6

in NLO PQCD [35] to 59� 10�6, which becomes closer
to the data ð66:1� 3:1Þ � 10�6 [52]. Note that the en-
hancement of the above branching ratio due to the charm
content of the �0 meson is larger than few percents esti-
mated in [66].

Similarly, we investigate the impact of the �c mixing on
the B0 ! �KS decays. Without the charm content of the �
meson, the NLO PQCD analysis gave Adir

CP ¼ �0:128 and

Amix
CP ¼ 0:659 [34]. The �c mixing then modifies the above

values into Adir
CP ¼ �0:123 and Amix

CP ¼ 0:644, namely, with

a negligible effect. The branching ratio BrðB0 ! �K0Þ,
becoming 2:3� 10�6 from 2:1� 10�6, is almost not
changed by the �c mixing. The result is a bit higher than
the data BrðB0 ! �K0Þ ¼ ð1:12þ0:30

�0:28Þ � 10�6 [52].

However, if using � ¼ �11� in the present work, the
destructive interference for the B ! �K decays from the
�-�0 mixing would be stronger, which will lower their
branching ratios.

IV. SUMMARY

In this paper we have extended the �-�0-G mixing
formalism constructed in our previous work to accommo-
date the �c meson in a tetramixing scheme. The additional
mixing angle between G and �c was determined to be
about 11� from the observed widths of the �c meson
decays into light hadrons and ��. This mixing would

have a leading impact on the �c ! gg width instead of
on the �c ! �� one, such that the Oð�sv

2Þ corrections in
NRQCD [43] can be parametrized out. More precise mea-
surement of the�c total decay width and its decays into ��
can provide better constraints on the mixing scheme. Our
tetramixing matrix was found to be consistent with that
constructed from the SOð3Þ � SOð3Þ parametrization with
a fit to data of relevant transition form factors. Contrary to
general opinions in the literature, the present work suggests
an reexamination of effects from the charm content of the

�ð0Þ meson on the B ! �ð0ÞK decays.
We have shown that such a tetramixing scheme does

increase the pseudoscalar density mqq to above the pion

mass, which thus enhances theoretical predictions for the
B ! �0 transition form factors and the B ! �0K branch-
ing ratios [28]. It has been observed that the charm content
of the �0 meson provides 18% enhancement of the B !
�0K branching ratios. The combined mechanisms can push
the predicted values in NLO PQCD to the data easily, so
the puzzle due to the large BrðB ! �0KÞ is resolved. With
this work, we postulate that the charm content of the �0
meson plays a more important role than the gluonic content
in accommodating the large BrðB ! �0KÞ. Nevertheless,
the �c mixing has negligible effects on the direct and

mixing-induced CP asymmetries of the B ! �ð0ÞKS de-
cays, though the mixing-induced CP asymmetries move
slightly toward the central value of the data.
We have also investigated the impact of the tetramixing

on the present theoretical and experimental observations of
charmonium magnetic dipole transitions, and similar im-
provement is also seen: the gluonic content of the �c

meson decreases the decay widths �ðJ=c ; c 0 ! ��cÞ pre-
dicted by the nonrelativistic potential models by 7%. It has
been confirmed that the �c mixing does not modify the
prediction in [25] for the pseudoscalar glueball mass in the
vicinity of 1.4–1.5 GeV. This result makes the �ð1405Þ

1The quoted value of Amix
CP differs from that presented in [34],

since the input of the weak phase 
 has been corrected.
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meson an interesting candidate for the pseudoscalar glue-
ball. However, one should be aware of the complexity of
underlying dynamics, such as the octet-glueball coupling
[51] and intermediate meson rescattering in this mass
region [67], which certainly affect the determination of
the pseudoscalar glueball mass.
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