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Holographic zero sound at finite temperature
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We use gauge-gravity duality to study the temperature dependence of the zero sound mode and the
fundamental matter diffusion mode in the strongly coupled N = 4 SU(N,) supersymmetric Yang-Mills
theory with Ny N” = 2 hypermultiplets in the N, > 1, N, > N, limit, which is holographically realized
via the D3/D7 brane system. In the high density limit u > T, three regimes can be identified in the
behavior of these modes, analogous to the collisionless quantum, collisionless thermal, and hydrodynamic
regimes of a Landau Fermi liquid. The transitions between the three regimes are characterized by the
parameters T/u and (T/u)?, respectively, and in each of these regimes the modes have a distinctively
different temperature and momentum dependence. The collisionless-hydrodynamic transition occurs
when the zero sound poles of the density-density correlator in the complex frequency plane collide on
the imaginary axis to produce a hydrodynamic diffusion pole. We observe that the properties characteristic
of a Landau Fermi-liquid zero sound mode are present in the D3/D7 system despite the atypical T°/ u?
temperature scaling of the specific heat and an apparent lack of a directly identifiable Fermi surface.
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L. INTRODUCTION

The AdS/CFT correspondence [1-4] and, more gener-
ally, gauge-gravity duality have been used extensively for
studies of the thermodynamics and transport properties of
strongly interacting quantum field theories at finite tem-
perature and density. Applications of the correspondence to
real-world physics initially concentrated on QCD and, in
particular, the quark-gluon plasma [5,6], but in recent years
there has been a surge of interest in using these tools to
study the physics of condensed matter systems (see, e.g.,
[7-9] for an introduction to the field).

In this paper we investigate the behavior of the collective
modes of the N = 4 SU(N,) supersymmetric Yang-Mills
theory coupled to Ny N° = 2 fundamental hypermultiplets
at infinitely large *t Hooft coupling A = g%,,N, in the limit
N.> 1, N, > Ny, at finite temperature 7 and finite den-
sity of the fundamental matter d. The holographic dual of
this theory is provided by embedding Ny D7-branes in the
gravitational background created by N, D3-branes and
treating the D7-branes as probes [10]. Although a seem-
ingly elaborate construction, this is one of the simplest
known finite-density field theories for which an explicit
dual is known, and it has some interesting properties.

At strictly zero temperature and zero hypermultiplet
mass, the theory supports a collective excitation which
appears as a pole in the density-density correlator [11].
Such an excitation, found in [11] using the dual gravity
methods and thus referred to here as the “holographic zero
sound,” is reminiscent of the zero sound mode predicted
to exist by Landau in a class of Fermi-liquid systems [12]
(see also [13-17]) and subsequently observed in liquid
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helium-3 [18,19]. In Landau Fermi liquids (LFLs), the
zero sound mode arises due to (nonthermal) interactions
between the constituent fermions which result in oscilla-
tions of the Fermi surface. The holographic zero sound
mode in the D3/D7 system at zero temperature has a
speed equal to that of the ordinary (first) sound and an
attentuation proportional to the square of the momentum.
This is identical to what one finds in the Fermi-liquid
models where the interaction strength (parametrized by
the Fermi-liquid coefficient F,) approaches infinity [16].
At the same time, the heat capacity of the D3/D7 system
is proportional to T® at low temperatures whereas in
normal Fermi liquids it is proportional to 7.

Similar investigations have been made in other string-
theoretic constructions—in [20] it was shown that the
holographic zero sound mode persists at 7 = 0 when the
hypermultiplet is given a finite mass, in [21] a similar mode
was found in the T = 0 D4/D8/D8 theory at finite density,
in [22] a “zero sound” mode was reported to exist in the
(1 + 1)-dimensional theory on the D3/D3 intersection and
in [23] a low temperature zero sound mode was found in
the theory on the (2 + 1)-dimensional D3/D7 brane inter-
section. In the D4/D8/D8 case—where the only funda-
mental matter present is fermions—the heat capacity is
proportional to 7 as expected for a Landau Fermi liquid.
However, the imaginary part of the zero sound mode in this
case has an unconventional ¢°> dependence, which is at
odds with the predictions of LFL theory. Holographic zero
sound modes have also been discovered in theories con-
sisting of probe Dirac-Born-Infeld (DBI) actions em-
bedded in Lifshitz (i.e., nonrelativistic) spacetimes
[24,25]. Such modes have a density-dependent speed,
and their properties depend upon the critical exponent of
the spacetime. In addition to these, the field theory dual to
(3 + 1)-dimensional Einstein-Maxwell gravity with a
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cosmological constant was found to support a long-lived
sound mode at zero temperature [26].

A natural question to ask is what happens to the holo-
graphic zero sound mode when the temperature is turned
on. In [27], it was argued that at any infinitesimal tempera-
ture the zero sound mode of the D3/D7 theory is no longer
dominant and instead density transport occurs mainly via
diffusion. In this paper we show that this is not the case—at
low temperatures, the holographic zero sound mode still
dominates the density-density correlator with a dispersion
relation very similar to that at 7 = 0. Furthermore, we
show (numerically) that the real part of this mode is
independent of temperature whereas its imaginary part
receives corrections proportional to 72. At a sufficiently
high temperature, there is a crossover to a hydrodynamic
regime where the diffusion mode of [27] dominates (such
crossovers are common, see [28—33] for other holographic
examples of this). This behavior is familiar as it is the same
as that predicted by Landau’s theory of Fermi liquids, to
which we now turn to help clarify these results and to
identify the relevant scales involved.

In Landau’s theory of Fermi liquids, one assumes that
the ground state is a degenerate system of interacting
fermionic quasiparticles. The theory describes small fluc-
tuations around this ground state due to quasiparticle-
quasihole excitations and/or collective excitations, and
remains valid as long as these fluctuations are sufficiently
small. The applicability conditions of Landau Fermi-liquid
theory are given by the inequalities

T <K pu, w <K W, (D)
where u ~ d'/3 is the chemical potential. The first inequal-
ity guarantees that we are considering a degenerate (i.e.,
quantum) liquid, while the second ensures that the excita-
tions are sufficiently macroscopic, i.e., their wavelengths
are much larger than the characteristic interparticle dis-
tance (this condition also implies that the quasiparticles
remain sufficiently close to the Fermi surface w ~ |e T
u| << w). The results of the Landau theory can be viewed
as the leading order term in an expansion in powers of
o/ [13,16].

In Fermi liquids, the zero sound mode is a longitudinal,
gapless, collective excitation corresponding to oscillations
of the Fermi surface around its equilibrium shape at zero
temperature. Its dispersion relation w(q) = vyq — il
contains a nonzero damping due to the mode’s decay into
quasiparticle-quasihole pairs. It is often more convenient to
work with real frequency and complex wave vector
g(w) = w/vg + il'y. The damping rate is conveniently
characterized by considering the argument of ¢, argqg(w) =
Img/Req, as a function of the frequency.

The zero sound mode persists at small, nonzero tem-
peratures as well, but its properties are altered by the
thermal collisions of the quasiparticles. Such collisions
have a characteristic frequency v ~ 1/7, where 7 is the
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mean time between quasiparticle collisions. One distin-
guishes three regimes: the hydrodynamic regime, charac-
terized by w < v; the collisionless thermal (classical)
regime, with @ > v, w < T; and the collisionless quan-
tum regime, w > v, w > T. The zero-temperature zero
sound mode persists essentially unaltered in the collision-
less quantum regime, where thermal excitations are too
weak and infrequent to influence it. As the temperature is
increased, however, thermal excitations change the attenu-
ation of the zero sound mode giving it nontrivial tempera-
ture dependence. In the hydrodynamic regime, thermal
excitations destroy the zero sound mode completely.
However, these excitations support the ordinary hydrody-
namic sound mode with viscous damping, and the thermal
diffusion mode.

In the collisionless regime, the frequency » can be
computed from kinetic theory applied to Fermi liquids
[13,14,16]:

272 4 2
po_TL T )
ep(l + e @/T)

where e, ~ u. The decay rate of the zero sound mode in
the collisionless regime is I'; ~ v [16]. In the quantum
collisionless regime one has then I',~ w?/u and
argg(w) ~ o/, whereas in the thermal collisionless re-
gime I'y ~ 7%/ and argg(w) ~ (T/p)* n/w. Finally, in
the hydrodynamic regime, the conditions w < v and
o <T lead to w/u < (T/w)?* [the “quantum” limit
o > T, w <K v lies outside of the LFL applicability range
(1)]. The attenuation of hydrodynamic (first) sound is
determined by the viscosity and is proportional to w?/T?
[13,14,16].

The dimensionless variables which are most convenient
for identifying the three regimes are w/u and g/u. In
these variables, regions I, I, and III corresponding to the
hydrodynamic, collisionless thermal, and collisionless
quantum regimes, respectively, are separated by the scales
(T/w)? and T/w. Alternatively, in the language of the
“traditional” hydrodynamic variables w/T and ¢/T, the
relevant scales are T/u, 1, and u/T (see Table 1 and
Fig. 1).

The sound attenuation constants in various regimes are
shown in Table IT and Fig. 2. The temperature dependence
of the sound attenuation coefficient Iy is shown in Fig. 3.
We shall use this information as a suggestive guide in our

TABLE I. Relative scales in a Landau Fermi liquid.
w/p, q/pn w/T, q/T
variables variables
3 3 2] T)2 ) T
Hydrodynamic regime "< (”) Ty
Collisionless thermal regime P xexl IT«ox]
I oo
Collisionless quantum regime Twex1 ekt
v p
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FIG. 1 (color online). Relative scales in the hydrodynamic,

collisionless thermal and collisionless quantum regimes of a
Landau Fermi liquid.

investigation of the holographic zero sound at finite
temperature.

In the massless D3/D7 system at low temperature, the
chemical potential is proportional to the cubic root of the
volume density d of the U(1) “baryon” chargel [11]

T
= (1 + (7)), ®

where « can be expressed using the Euler beta function,
a = B(1/3,7/6)/2 =~ 1.402. We shall study the D3/D7
theory in the limit 7 < d'/3, @ < d'/? formally corre-
sponding to the applicability regime (1) of Landau Fermi-
liquid theory. The appropriate dimensionless variables are

=_ 4
q 43

w = “)
A priori, we do not expect to find agreement with the LFL
results outlined above since the D3/D7 system appears to
be microscopically rather different, with no obviously
detectable Fermi surface or long-lived quasiparticles in
its vicinity. Nevertheless, we do find that the behavior of
the zero sound mode at finite temperature is qualitatively
similar to the one predicted (and observed) in a Landau
Fermi liquid:

(i) The three regimes (hydrodynamic, collisionless ther-
mal, and collisionless quantum) are readily identified
by analyzing the behavior of the lowest quasinormal
frequencies and the spectral function of the charge
density correlator. The collisionless-hydrodynamic
thermal transition occurs at @d>/> ~ 1 and is most
spectacularly manifested in the motion of the zero
sound poles in the complex frequency plane: as the
temperature is increased, the two poles (correspond-
ing to zero sound propagation with velocities +uv;
and —uv; in the field theory) recede into the complex
plane, approximately tracing a circle, until they

'An explicit expression for the charge density operator involv-
ing fundamental fermions and complex scalars of the N = 2
hypermultiplet is given in Appendix A of [34].
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TABLE II. Sound attenuation coefficients in a Landau Fermi
liquid.

r, r, argq
Hydrodynamic regime (&)? % £ Tazﬂ )P
Collisionless thermal regime %2 %2 (%)2 £
Collisionless quantum regime z o’ @

“ “ w

collide on the imaginary axis and form two poles
with zero real part; one of these new poles recedes
even deeper into the complex plane while the other
approaches the origin. The latter pole is the charge
density diffusion mode (with the diffusion constant
computed in [27,35]) characteristic of the hydrody-
namic regime. Such behavior was previously ob-
served in [31] and also in a (2 + 1)-dimensional
holographic field theory in [23], where it was cor-
rectly identified as the collisionless-hydrodynamic
transition involving the zero sound mode. A similar
transition between propagating and diffusive modes
has been seen in a model of a holographic supercon-
ductor [33]. The second transition, between the col-
lisionless thermal and the collisionless quantum
regimes, is observed at od? ~ 1.

As our investigation is limited to the current-current
correlators, we are not able to follow the emergence
of first sound in the hydrodynamic regime; this
should appear as a pole in the energy-momentum
tensor correlators of the field theory which are de-
coupled from the current-current correlators in the
probe brane limit. Accordingly, we do not expect the
details of the collisionless-hydrodynamic thermal
transition described above to survive beyond the
probe brane approximation: it seems more likely
that the acoustic poles, rather than colliding on the

arg(q/p)
A |

> w/u

FIG. 2 (color online). A sketch of the dependence of the sound
mode damping on frequency in the hydrodynamic (I), collision-
less thermal (II), and collisionless quantum (III) regimes of a
Landau Fermi liquid. First sound propagates in region I while the
zero sound mode exists in regions II and III.
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FIG. 3 (color online). The temperature dependence of the
sound attenuation coefficient I'; in various regimes of a
Landau Fermi liquid. Top panel: A sketch of the dependence
in the hydrodynamic (I), collisionless thermal (II), and collision-
less quantum (III) regimes. Bottom panel: Temperature depen-
dence of the acoustic attenuation in liquid *He at P = 32 kPa
measured at both 15.4 MHz (O) and 45.5 MHz ((J). The lines
through the data correspond to logl', ~ 21logT and logl', ~
—21logT in the collisionless thermal and hydrodynamic regimes,
respectively, in agreement with Table II.

imaginary axis as the temperature is raised, will
recede deeper into the complex plane, reflecting
the behavior of the attenuation curve in Fig. 3, and
then come back close to the real axis again as the
hydrodynamic sound poles.

(i1) The D3/D7 zero sound attenuation coefficients ex-
hibit the momentum, temperature, and density de-
pendence typical of a Landau Fermi liquid as shown
in Table II. We find that the dependence of the
acoustic damping upon frequency and temperature
is qualitatively the same as shown in Figs. 2 and 3 in
regions II and III.
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(iii) These results remain valid in the case of a non-

vanishing hypermultiplet mass (within the region
of thermodynamic stability of the theory).
The structure of the paper is as follows. In Sec. II,
we give a brief description of the gravitational dual
of the D3/D7 field theory and the relevant, known
properties of its Green’s functions and spectral
functions. In Sec. III we present our numerical
results for the density-density spectral function
(and the dominant pole of the corresponding
Green’s function) when T < d'/3. We identify
the three regimes similar to those of a Landau
Fermi liquid, and describe in detail the behavior
of the collective modes as the temperature of the
system is varied. We summarize our results and
discuss how they may generalize to other holo-
graphic finite-density systems in Sec. IV. Some
details relevant for the case of a massive hyper-
multiplet are relegated to appendixes: Appendix A
contains the action and equations of motion for the
fluctuations, and Appendix B provides a derivation
of the zero sound attenuation constant at zero
temperature.

II. THE D3/D7 SYSTEM

The specific field theory whose elementary excitations at
finite temperature and density we wish to investigate is
(3 + 1)-dimensional N =4 SU(N,) supersymmetric
Yang-Mills theory coupled to N; N =2 fundamental
hypermultiplets with a global U(N,) flavor symmetry. It
arises as the low-energy theory on the world volume
of a set of N, D3-branes and Ny D7-branes intersecting
along (3 + 1) dimensions. Taking N, — oo with both A =
g¥mN. and N, /N, fixed, and subsequently taking A — oo
and Ny/N, — 0, we obtain a classical gravitational dual to
this field theory [10,36]:

S = Sadjoint + Sfundamental’

= Sadjoint = N¢Tpy fdgf\/— det(g,p + Fap)  (5)

where S, gjoine 18 the ten-dimensional supergravity action
and Tpy; is the tension of a D7-brane. In this probe brane
limit, the metric is fixed and it iS Sgypdamentas Which contains
the dynamical information. For a zero-temperature field
theory, the contribution of the fundamental matter is the
DBI action of Ny probe D7-branes extended along an
AdSs X S$? section of the (fixed) AdSs X S background
spacetime generated by the D3-branes. In Eq. (5), g.
denotes the induced world volume metric on the D7-brane
and F, is the field strength of a world volume U(1) C
U(Ny) gauge field.

When the field theory is at a nonzero temperature, the
background spacetime is that of an AdS-Schwarzschild
black brane (with a horizon at r = ry) times a five-sphere:
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2 4
> I (1 _TH\ ;2 =
dslo_ﬁl: (1 F)dl‘ +dx ]

4N_1 p2
+ (1 - Z—’j) 11:—2dr2 + RAds%. (6)
The D7-brane wraps an asymptotically AdSs X S° section
of the metric, with the horizon radius of the background
related to the temperature of the field theory via
T = ry/mR>.

In terms of the dimensionless radial coordinate
u = r%/r?, the metric (6) can be written as

(7 TR)? s o R
= —fd? + d¥?) +
(= fdr* + dx?) 4 f

+ R*(d6? + sin*0ds3, + cos*0dss;),  (7)

2 2
dsy, du

where f(u) = 1 — u?. In these coordinates, the horizon
is located at u =1 and the boundary at # =0. In
equilibrium, the D7-brane embedding can be charac-
terized by a single embedding coordinate 6(u) (which
determines which S® section of the background S° it
wraps). The gauge field on the brane is dual to a
global flavor current in the field theory and thus turn-
ing on the time component of a U(l) C U(N,) gauge
field A,(u) on the brane corresponds to introducing a
finite density d of the U(1) “baryon” charge in the
field theory. In this case, it corresponds to a net
density of fundamental fermions and scalars.

The equations of motion for the background fields are
obtained from the DBI action

Nrl 1 cos> 6

_ NIy 4
Sfundamental - D) f dud’x 3
0 u

3
x \/ 1+ 42 f0% — 4 A2, (8)

Tn
where N = N;Tp;Vy is a normalization constant deter-
mined by the gauge-gravity duality dictionary [34] and
primes denote derivatives with respect to u. One of the
equations of motion derived from the action (8) reduces to

_rpd |1+ 4P f ()6 (u)? ©
2\ cos®O(u) + d?u’

Aj(u) =

where d = dR%/r}, = d/(#T)> is a dimensionless pa-
rameter of the field theory related to the net number density
of “quarks™ n, in the field theory 2 via

25/2nq

d=—=—"1_.
VAN/N.T*

(10)

2See footnote 1. Note that our normalization of d is different
from the one used in [34]: in [34], d ~ n,, whereas in our case
d ~ n,/\AN.N.
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For a given density d, there is a corresponding dimension-
less chemical potential given by

_d 1+ 4f(u)u?6' (u)?

cos®O(u) + d*u’’

(1)

which is related to the field theory chemical potential eyt
by i = u/7wT = 2/A)(wer/T). In the massless case,
the integral in Eq. (11) can be computed exactly [11]: it
reduces to (3) in the low temperature limit. The important
scaling [not entirely obvious from Eq. (11) and generically
accompanied by mass and temperature corrections [11,37]]
to emphasize is

AP 1V
;~a~dn (12)

The equation of motion for the embedding coordinate is

d (f(u)cos30(u)0’(u)) N 3c0s?6(u) sinf(u)y/G(u) 0
a\ o m |
(13)

where

1+ 4u®f(u)6' (u)?

G(u) = cos®d .
@) ) cos®0(u) + uld>

Equation (13) has no known generic analytic solution and
must be solved numerically.® Near the boundary, the solu-
tion has the form

o) = it

where 7 is related to the bare mass* of the fundamental
matter in units of temperature via [39]

(14)

m=—=—2 (15)

To study the temperature dependence of the theory at
finite density, it will be more convenient to use the field
theory mass normalized with respect to density rather
than temperature:

_ m 2m M,

m=—=7=—=—72.

d] /3 \/X dl /3
Note that 6(«) = 0 for a massless hypermultiplet, and

thus the dual description greatly simplifies in this case;
there is only one nontrivial background field A,(«) which
has the simple equation of motion

(16)

* A method to approximate the solution in the low temperature
limit has been proposed in [38].

“The explicit field theory “quark™ mass operator is given in
Appendix A of [34].
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/ rud 2.3\—1/2
Afw) = = 2= (L + )2 (17)

The thermodynamics of the system can be determined
by computing the on-shell action. In the massless case, the
specific heat schematically has the following temperature
dependence [11]:

cy ~NZT? + -+ + AN;N.T®/d +---,  (18)

where the first term comes from the adjoint N' = 4 super-
symmetric Yang-Mills degrees of freedom. The pressure P,
the entropy density s, and the energy density & can be
computed from the thermodynamic potential Q(u, T)
given explicitly in [11]: the entropy density is finite in
the T — 0 limit, s ~ x>, and the equation of state is & =
3P forall T and u (and thus the speed of first sound is v, =
1/+/3). In certain regimes, the system becomes thermody-
namically unstable: there appears to be an instability at low
density d < d. =~ 0.003 15 [32,34], and at high density
and large mass m > 1, d > 1 [38]. In addition, when
d # 0 and m # 0 there is a lower limit on the possible
value of u, below which there is a phase transition to a
Minkowski embedding with d = 0 [37,40-43]. The values
of the parameters considered in this paper are outside of
these regimes.

To determine the field theory excitations, one considers
fluctuations of the background bulk fields

0(u) — 0(u) + d(u, z, 1),
Au) = A(u) + a,(u, 7, 1), (19)
Ai(u) = a;(u, z, 1),

i=x, y, z, where we have chosen the fluctuations to
depend on time, the radial coordinate and one of the spatial
coordinates (z) only (the latter is possible due to the iso-
tropy of the theory). Introducing Fourier components for
the embedding fluctuation

dwd . .
b, 1) = f (;“T)?e—lw”%(u, 0.q).  (20)

and similarly for a,,(u, z, 1), and expanding the DBI action
(8) to quadratic order in fluctuations, one finds the resulting
action and the corresponding equations of motion. The
transverse modes d,, d, decouple from the longitudinal
modes d,, d,, and (;:S In the following, we shall focus on the
longitudinal modes as they are the ones that encode the fate
of zero sound at finite temperature.

For a nonzero hypermultiplet mass, the equations of
motion lead to a pair of coupled differential equations for
the embedding fluctuation (u, @, §) and the gauge-
invariant combination (cf. [44])

Z(”) E)) 5_1) = ((_)dz(u, d)’ Q) + th(l/l, (1_), ZI)» (21)

PHYSICAL REVIEW D 85, 026004 (2012)

where the dimensionless variables @ and § were intro-
duced in Eq. (4). The equations of motion and the action
for the longitudinal fluctuations are given in Appendix A.

In the zero mass limit, the equations for these two modes
decouple and the gauge-invariant combination (21) obeys
the equation of motion

d [ fwz' ]+ ez
dul Jeu)(@* - f9)d  4ugfw)

where g(u) = (1 + d*u?)~". In this limit, the longitudinal
part of the on-shell action is

(22)

dodq fZ(u, —&, —§)Z'(u, @, g) |us
2m)? JE(@* — 3 fg) .
(23)

(2 _—
Slong - Nr%-]

In this massless case, we obtain the longitudinal retarded
Green’s functions from the gravitational fields via the usual
procedure [45]

> Z'(e @,7q)

(24)

Gle(@,q) = —lim2NTy —

— 7 e a.q)
where the —@? factor comes from the definition (21), and
Z(u, @, g) is the solution obeying ingoing boundary con-
ditions at the horizon: Z(u, @, §) ~ (1 — u)? as u— 1,
where y = —i@d 173 /4. Poles of the retarded Green’s func-
tion are determined by the values of @(g) for which the
solution obeying the ingoing condition at the horizon
vanishes at the boundary [44,45]. The density-density cor-
relation function follows trivially from the conservation of
current GX (@, §) = g°G% /@ and has the same poles
as the longitudinal Green’s function (24). The spectral
functions of these operators are then obtained by taking
the imaginary part:

X--(@, @) = —2Im[G% .(@, 7)),
th(d)’ Q) = =2 Im[G§,1,((D, C_])l (25)

with x,, = G*x../®*. At zero temperature and density,
the form of the longitudinal spectral function is known
analytically [46]:

NN,
X0, q) = i—w(w2 —¢)0(0’ — ¢’)sgnw,  (26)

where O is the Heaviside step function.

In the m # 0O case, the coupled equations of motion for
bulk fluctuations imply that the dual field theory operators
mix and the method to determine the retarded Green’s
functions is more involved (see Appendix A for details).

At zero mass, high densities w, g <K d'3 and strictly
zero temperature, the dominant pole of the correlators Gf, i

and G&. . has the dispersion relation [11,47]
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_La . Th
~5Torg?

This corresponds to a collective excitation of the system—
the holographic zero sound mode. Its speed is equal to that
of hydrodynamic sound, and it has an imaginary part = ¢.
In the hydrodynamic limit w, ¢ < T the dominant pole is a
purely imaginary pole with the Fickian diffusion dispersion
relation

7+ 0@). 27)

& = —iDg* + 0(F), (28)
where the diffusion constant is given by [27,35]
- _dP o —= 1314
D(d)=7 1+sz1|:2 33 —d] (29)

Between these two extreme temperature limits, the poles of
the Green’s functions are not known analytically.

These results were generalized to the case of a massive
hypermultiplet in [20,35]. The zero sound mode (27) per-
sists when the hypermultiplet has a finite mass m, although
the dispersion relation is altered to

_ 1/ 1—m?\l/2_
=k

3\ —m?/3
r 2)4/3
- <)(f)<6) ((11 mz/)3)2‘72+0<6?3>, (30)

where m = /25 =M o/ - The real part of the disper-
sion relation (30) was obtained in [20] and the attenuation
is derived in Appendix B. In the hydrodynamic limit, there
is again a diffusion pole (28) whose diffusion constant can
be derived via an Einstein relation [35]

G(u)3/2

de + cos? [ U oS 0 H ()

4f(u)u?0'(u) 9 )
[“”QMmmmM[GW”M

sinf(u) Af(u)u*0' (u)*\ o .
" o) (3 T 6w )ﬁ Sma(u)):l’

D(d) =

3D

where G(u) and H(u) are defined in Appendix A.

At finite hypermultiplet mass, the D3/D7 system has
nontrivial bound states analogous to mesons [36]. These
bound states are visible as peaks of the spectral function.
When d = 0, such modes exist only for large enough
values of /i1 « M, /T [39,46,48-50]. When d # 0, it seems
that necessary conditions for their existence are large
values of /7 and small enough values of ¢/T and d'/3/T
[31,32,51-53]. This is outside of the regime of our current
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interest. A full numerical analysis of the quasinormal
modes of the theory when 7' = 0 is given in [54].

III. THE HIGH DENSITY REGIMES OF D3/D7
FUNDAMENTAL MATTER

In this section, we explore the behavior of the collective
modes of the D3/D7 system in the low temperature regime
d> 1 (T < w). Anticipating behavior similar to that
observed in a Landau Fermi liquid, we expect the system
to exhibit the three regimes shown in Fig. 1, and indeed we
do find them. We investigate this by computing numeri-
cally the spectral functions and the poles of the Green’s
functions using the approach of [31,45]. This approach
provides a numerical consistency check (invariance under
radial translations) which we used to ensure our results
were accurate. We always plot the normalized spectral
functions such as x (@, §)/2N;N . T*®*: dividing by &*
has the advantage of reducing the high frequency asymp-
totics (26) to a constant.

A. The collisionless quantum regime

The collisionless quantum regime corresponds to @ and

g being in the interval
d VP <agxl, (32)
see Eq. (12), Fig. 1, and Table I. We start by fixing a large
value of d, for example, d = 10°, and computing the
longitudinal spectral function at a fixed momentum g in
the interval (32), e.g., ¢ = 0.4. An isolated peak corre-
sponding to the holographic zero sound mode in this low
temperature regime is clearly visible in Fig. 4. Thus the
zero sound mode persists at low but nonzero temperatures,
contrary to the assertion in [27] that an infinitesimal

temperature in the field theory will lead to diffusive
transport.

200000 ¢
150000 -
IS
= 100000 [
N
><
50000
0 e e e s — R T n T 1
0 1 2 3 4 5

gl

FIG. 4. The holographic zero sound peak in the collisionless
quantum regime. The longitudinal spectral function is shown at
m=0,d=10° and g = 0.4.
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FIG. 5 (color online). The dispersion relation of the dominant pole at i = 0, d = 10°. Dots show numerical results at low 7 and the
solid lines are the analytic result (27) at T = 0. The lower two graphs zoom in to the low g regions of the upper two.

By varying g (while keeping d 13 fixed), we can deter-
mine the dispersion relation of this collective mode at low
temperature. Figure 5 shows the real and imaginary parts of
the zero sound dispersion relation @ = @(g) at m = 0,
d = 10°. Our numerical results are shown as dots and the
solid lines correspond to the zero-temperature dispersion
relation (27). We observe that in the collisionless quantum
regime (32) the real part of the zero sound dispersion
relation shows no noticeable deviation from the zero-
temperature result (27). The imaginary part shows a close
agreement with the zero-temperature result over the pa-
rameter range (32). Visible deviations from the zero-
temperature result are apparent at very small (g = 0.02 ~
d~'?) and very large (g = 0.7) momenta close to the
boundaries of the interval (32). Note that although the
imaginary part appears to be tending to a constant at small
g, this is only true up until the crossover to the hydro-
dynamic regime occurs, after which we obtain a diffusive
mode. This crossover will be discussed in detail later in this
section. At large momentum, the system is entering the low
temperature, low density regime AP <1< a, q (i.e.,
w, g > d'3 > T), where the zero sound mode becomes
very short lived as the corresponding pole recedes deep
into the complex plane. As shown in Fig. 6, the zero sound
peak in the spectral function gradually disappears in this
regime, and the spectral function approaches the d = 0,
T = 0 result (26).

At finite hypermultiplet mass, the results are qualita-
tively similar.” The longitudinal spectral functions show a
lone peak® (similar to the one shown in Fig. 4) for values of
@ in the range (32). As shown in Fig. 7, the real part of the
dispersion relation is essentially identical to the zero-
temperature result (30), and the imaginary part deviates
from the zero-temperature dependence given in (30) only
at the boundaries of the interval (32).

It is interesting to note that the zero sound mode exists
for all (numerically accessible) values of m, including
those for which m =« Mq/ T < 1. Thus the high density
and low temperature interval in which the 7 = 0 zero
sound mode persists is the same as in the massless case
[given by the inequality (32)], i.e., we do not have to take
the limit M, /T — oo which would be the genuine zero-
temperature limit of the entire system.

Technically, the massive case is more complicated as it
involves solving a pair of coupled differential equations, with
coefficients that depend upon the numerically computed embed-
ding function. Because of numerical instability, we were not able
to obtain accurate results for d > 10° and masses outside the
interval 0.002 < m < 1.68 (at d = 10°). We believe this limi-
tation demonstrates the lack of our numerical skills rather than
an effect of any physical significance.

®Peaks corresponding to “meson” bound states may exist for
higher values of @. We have not investigated this issue.
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FIG. 6 (color online). The longitudinal spectral function at m = 0, d = 10°. Moving from left to right corresponds to increasing
momentum: g = 0.4 (black), 0.6 (blue), 1.0 (red), 1.5 (green), 2.0 (orange), 3.0 (purple).
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FIG. 7 (color online). The holographic zero sound dispersion relation for m = 0.76, d = 10°. Dots show numerical results at low T
and the solid lines show the analytic result (27) at 7 = 0. The lower two graphs zoom in to the low g regions of the upper two.

B. The collisionless thermal regime

Having established the existence of a holographic zero
sound mode at finite temperature, we now investigate the
dependence of its velocity and attenuation on temperature,
density, momentum, and mass. The collisionless thermal
regime corresponds to excitations with @ and g in the
interval

d P < e g<d!'? (33)
As discussed in Sec. IIT A, the imaginary part of the

dispersion relation @ = @(g) for the zero sound shows
significant deviations from the zero temperature ~g>

behavior in the region § < d -1, Investigating this further,
one can see that in the interval d > < g <d ' the
imaginary part Im® is essentially independent of g. This
is the characteristic behavior of the sound attenuation
coefficient of a Landau Fermi liquid in the collisionless
thermal regime (see Table II). To determine the tempera-
ture dependence of the attenuation in this regime, in Fig. 8
we plot the logarithm of the ratio Ima(7)/Im@(0) versus
the logarithm of d~'/* ~T/u at fixed g = 0.01. In the
collisionless quantum regime, the attenuation is essentially
temperature independent, whereas in the collisionless
thermal regime it scales as ~T2. The transition occurs at
Gg~d ~13 Thisis fully compatible with LFL behavior (see
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FIG. 8 (color online). The imaginary part of the holographic
zero sound dispersion relation at low temperatures showing the
transition between the collisionless quantum (left) and collision-
less thermal (right) regimes. The points are the numerical data,
the dashed line denotes § = d~'/°> ~ T/, and the solid line is
the best-fit straight line for the 7/ = g = 0.01 points showing
the ~T? scaling of the attenuation in the collisionless thermal
regime. The region corresponding to the hydrodynamic regime
at even higher temperature 7/ > /g = 0.1 is not shown in the
figure.

Table II and Fig. 3). Figure 8 should be compared to the
transition between regions II and III in Fig. 3.

At nonzero hypermultiplet mass the results are quali-
tatively the same and the plots for m = 0.76, 1.68 are
similar to Fig. 8. We do not show these plots for
conciseness.

Another comparison with Landau Fermi-liquid theory
can be made by plotting the attenuation as a function of
(real) frequency. As shown in Fig. 2 and Table II, in
the frequency dependence of the acoustic attenuation,
the transition from the collisionless thermal regime
to the collisionless quantum regime is characterized by

arg(q)
0.10
0.08F +
0.06
0.04

0.02 -

1
!
1
1
1
1
!
1
1
1
1
!
1
1
1
1
!
1
1
1
1
!
1
1
1 L L L

.05 0.10 0.15 0.20

gl
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a change of scaling from arg(q) = 1/w to arg(qg) « w at
@ ~ T/ . We can study this region in the D3/D7 system
by fixing the temperature (at e.g. d = 10*) and tracing the
Green’s function’s pole in the complex momentum plane
while varying the real frequency @. The results are shown
in Fig. 9 for the massless case. In the collisionless quan-
tum regime, the points follow a straight line with gra-
dient 1. In the collisionless thermal regime, for a region
where there is a power law dependence arg(g) « @, the
best-fit value of « turns out to be a = —0.95, which is
sufficiently close to the LFL value of —1. Figure 9 can be
compared to regions II and III in Fig. 2. As we approach
the hydrodynamic regime, the power law dependence is
lost as expected. We are not able to explore the acoustic
mode in region I due to limitations of the probe brane
approximation, as explained in the introduction. The best-
fit gradients are the same for nonzero masses m = 0.76,
1.68 and so they are not shown here for brevity.

C. The collisionless-hydrodynamic crossover

As the temperature is increased further, the zero sound
mode becomes less stable, and the system enters the hydro-
dynamic regime characterized by

0=a §<d?. (34)

The zero sound peak in the spectral function broadens and
moves to the origin (see Fig. 10). The real and imaginary
parts of the collective mode’s dispersion relation as func-
tions of temperature are shown in Fig. 11 for massless and
massive hypermultiplets. The real part decreases with in-
creasing temperature until it becomes exactly zero at T =
T.r0ss» and the mode ceases to propagate. The magnitude of
the imaginary part increases until 7 = T, then de-
creases again. For T > T, the mode is purely diffusive,
approaching at high temperatures the known analytic result
(28) for the hydrodynamic charge density diffusion mode.
The transition occurs at § ~ d ~2/3 as we will shortly show.

Log(arg(q))

L L L L !

-54 =52

FIG. 9 (color online). The frequency dependence of the D3/D7 acoustic mode when /i = 0, d = 10* in the collisionless regimes.
The dots and crosses are our numerical results, the dashed line is @ = #T/ d\3 ~ T/w, and the solid line shows the best-fit
straight line with gradient @ = —0.95. The points on the left of the left-hand plot correspond to the rightmost points on the right-

hand plot.
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The longitudinal spectral functions for 77 = 0, g = 0.01. Moving from the top left corner to the bottom right

corner: each subsequent figure zooms into the area of detail in the previous one (note the different scales on the vertical axes). In each
figure, moving from the tallest peak to the smallest peak corresponds to raising the temperature: d = 103 (black), 10* (blue), 10® (red),

500 (green), 100 (orange), and 10 (purple).

The dynamics of this collisionless-hydrodynamic tran-
sition are best exhibited by the motion of the relevant poles
in the complex frequency plane (see Fig. 12). As the
temperature is raised, the two zero sound poles (corre-
sponding to Re® = *v,g) move deeper into the complex
plane, approximately along the circle |@| = g/~/3, until
they collide on the imaginary axis and form two purely
imaginary poles. (For the parameters used in Fig. 12, this
happens at d = d,,, = 519, i.e., in the region § ~ d—?3)
One of these new poles recedes quickly into the complex
plane as the temperature is raised further, while the other
approaches the real axis and becomes the hydrodynamic
diffusion mode (28) at high temperatures. This explains the
temperature dependence of the collective mode dispersion
relation in Fig. 11 and the behavior of the density-density

spectral function in Fig. 10. At nonzero hypermultiplet
mass, the transition is qualitatively similar, although
the transition temperature decreases slightly with in-
creasing mass (dg =~ 520, 530 for m = 0.76, 1.68,
respectively).

The phenomenon in which two poles on the imaginary
axis collide and generate two propagating modes persists at
lower densities as well [in fact, it was first observed in
Fig. 3(c) of [31] for d = 2 which is the highest value of d
studied in that paper], although in the low density regime
the pole collision occurs deep in the complex plane and the
propagating mode is short lived. The pole merger has also
been recently observed and correctly identified as the
hydrodynamic-collisionless transition involving the zero
sound in a (2 + 1)-dimensional theory in [23].
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The temperature dependence of the real and imaginary parts of the dominant collective mode’s dispersion

relation at ¢ = 0.01 and m = 0; 0.76; 1.68. Dots show the numerical results at low 7', the crosses show the T = 0 zero sound results
(27) and (30), and the solid lines show the analytic diffusion result (28).

In Landau Fermi-liquid theory, the collisionless-
hydrodynamic transition occurs when w7~ 1 and
Gl ~ 1, where 7 and [y, are the mean free time and
mean free path, respectively, of the quasiparticles in the
vicinity of the Fermi surface supporting the collective
mode. Defining the collisionless-hydrodynamic transition
in the D3/D7 holographic model as the event in which the
two poles in Fig. 12 merge, we can cast the corresponding
parameters in the familiar language of the Landau theory
by introducing an effective 7= 1/|wss| and Ly, =
1/Geross» and computing their temperature dependence.
Assuming a simple power dependence of the form

T

lmfp ~ T X dﬁl/S(W)a, (35)

we expect a plot of 102(Geross) OF 102(|@crossl) versus
1og(c?§r/o35s) to yield a straight line of gradient «. These plots
are shown in Fig. 13 for the massless case. The numerical
results are clearly consistent with a simple power law
dependence. The slope of the best-fit straight line is —2.0
in each case, which leads to the result

Lty ~ 7~ d"PT72 ~ uT72, (36)

mfp

as in a Landau Fermi liquid [16]; recall Table I. For
nonzero masses m = (0.76, 1.68, the best-fit slopes are
unchanged and so we do not show the results for
brevity.
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FIG. 12 (color online). The positions of the dominant poles of
the density-density correlator in the complex frequency plane at
m =10, g =0.01 as the temperature is changed. The low tem-
perature limit corresponds to the points farthest from the imagi-
nary axis. As the temperature is increased, the points move
inward toward the imaginary axis where they collide to form
two poles that move up and down the imaginary axis, respec-
tively. See Supplemental Material at [62] for an animated version
of this figure and the corresponding animations for m = 0.76,
1.68.

IV. SUMMARY AND DISCUSSION

In this paper, we have investigated the properties of the
holographic zero sound mode and the fundamental matter
diffusion mode in the D3/D7 system at finite temperature
and high density. Similar to the case of an ordinary Landau
Fermi liquid, three regimes corresponding to different
powers of the parameter 7/u << 1 can be identified,
with the modes having a distinctively different temperature
and momentum dependence in each regime. In the colli-
sionless quantum regime, the zero sound attenuation is
essentially temperature independent and proportional to
the square of the momentum, whereas in the collisionless
thermal regime, the attenuation is momentum independent
and scales as the square of the temperature (see Table II,
Figs. 2 and 3 and the corresponding D3/D7 results in
Figs. 8 and 9). The crossover transition between the two
regimes is clearly visible in Figs. 8 and 9. In the hydro-
dynamic regime of a Landau Fermi liquid, the acoustic
attenuation is proportional to the square of the momentum
and scales as ~1/T?. Restricted by the probe brane ap-
proximation, we are unable to study the acoustic
collisionless-hydrodynamic crossover transition in the
D3/D7 theory directly.” However, we do observe this tran-
sition in the density-density correlator as the motion of the
lowest-lying poles in the complex frequency plane leads
from the zero sound-dominated regime to the diffusion-

’See [55] for some recent work on going beyond the probe
approximation.
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dominated one as the parameter 7'/ w is increased (Fig. 12).
The transition occurs at w, g~ T?/u, as if it were
supported by Landau Fermi-liquid quasiparticles with a
lifetime ~1/T2. These results do not qualitatively change
as the mass of the fundamental matter in the field theory is
varied, at least in the range 0 = /m = 1.68 which we have
studied numerically.

The main conclusion of our study is that the holographic
zero sound of the D3/D7 system at finite temperature
behaves exactly as the usual Landau zero sound. This is
rather difficult to reconcile, at least within the standard
Landau Fermi-liquid paradigm, with two other properties
of the system: the atypical temperature dependence of the
specific heat (¢y « T°/d instead of ¢y o Td?/?) and the
apparent absence of a singularity when |g| = 2¢f at zero
frequency in the density-density correlator at zero tempera-
ture. One may add to these apparent discrepancies a finite
zero-temperature limit of the entropy density [11].
Resolution of the above mentioned puzzles may involve
modifications of the gravitational background considered,
possibly in the spirit of [56]. On the other hand, the absence
of the singularity in the zero frequency density-density
correlator at 2ky may have a simpler explanationgz assum-
ing the validity of the Luttinger theorem, n, ~ k3., and
therefore g ~ 2kp ~ n(]/3 ~ d'3)\V6, since d ~ nq/\/x.
This means that the corresponding g is large, § ~ A'/®,
and is not visible in the correlators in the probe brane limit.
It is also possible that the ~T° behavior of the specific heat
is a genuine property of the considered microscopic model
in the approximation described by the probe brane limit,
there is no Fermi surface, and we are dealing with a new
type of quantum liquid. This point of view, initially advo-
cated in [I1], is not in contradiction with the findings
presented in our paper.

There are other examples of theories with a dual holo-
graphic description which support a sound mode at 7 = 0.
It would be interesting to determine whether the results
presented here hold (qualitatively) in those cases also. The
first class of such theories are probe brane theories [21-25].
Of particular interest are the D4/D8/D8 theory, whose
sound mode has a different dispersion relation from
Landau Fermi-liquid theory at 7 = 0, and the D3/D3
theory which is (1 + 1) dimensional and hence to which
Landau Fermi-liquid theory does not apply. A qualitatively
different holographic theory is the AdS, Einstein-Maxwell
theory at finite density [26,57-61]. In this theory, nontrivial
density-dependent physics is possible via the strong cou-
pling of the charge density to the energy density of the field
theory. This is in contrast to probe theories, where the DBI
coupling between the charge density gives rise to interest-
ing density-dependent physics, despite the fact that the
coupling of this sector to the overall energy density is

8We are indebted to Andrei Parnachev and Pavel Kovtun for
valuable discussions on this issue.
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FIG. 13 (color online).

suppressed via the probe limit. These are very different
mechanisms and hence it would be very interesting to see if
the low temperature sound mode in the Einstein-Maxwell
theory behaves similarly to the corresponding sound mode
in the D3/D7 theory.

Finally, it would be very interesting to generalize the
recent approach to zero sound proposed in [47] to nonzero
temperatures.
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APPENDIX A: FLUCTUATIONS AT NONZERO
HYPERMULTIPLET MASS

When the hypermultiplet has a nonzero mass, the bulk
fluctuations of the embedding scalar and the longitudinal
gauge field components are coupled and their solutions are
no longer independent. In the field theory, this corresponds
to mixing of the dual operators. An appropriate systematic
formalism which we follow was introduced in [31]. It will
be convenient to work with the gauge-invariant variables

QD(M, Cr)) = rﬂ(i(uy d)):

_ (AD)
E(u, @) = —il@a.(u, @) + ga,(u, )]

Note that the definition of E differs from the massless
case (21) by a factor of —i. The coupled system of

equations of motion for the variables E and ¢ is

[HW)E (u, @) + 4igf(u)u>0"(u)A(u) @' (u, @) + 3ig tanfA(u)G(u) ¢ (u, (D)])

E( d)) +
4uf(u)\/G(u VG (u)
and

f(u)cos*o

i<—
du\y\[G(u)D(u, ®)
300820 sin@f(u)A(u)/G(u) .

cos3OuA(u)6' (u)d?>

gou, &) =0, (A2)

[(&° = @ f()Bw)¢'(u, @) — 4igf (w)u’6')Au)E' (u, &) — 3tand0' (u)G(u)(@> — G (u) ¢ (u, 6))])

igE(u, ®)

cos30d* (@2 — g2 f(u)B(u))

o(u, ®)

D(u, @) GE (. &) - JG(u)
300526s1n0f(u)6”(u)\/G(u (0> — 3*f(u) o (1, &) +
uD(u, @)

9coshsin?0A(u)*G(u)d? _
- QD(M, (())

3(3cos’6 —2 cosﬁ)\/G(u

4u” f(u)VG(u)
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where the coefficients are given by

Au) = Aif:),

Hu) =1+ 4f(u)u*6'(u)?,

B(u) =1 — 4uA(u)?,

and primes denote derivatives with respect to u.

G(u) =1+ 4u>f(u)6' (u)?
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— 4u3A(u)?,

D(u, @) = @*H(u) — *f(u)G(u),

The relevant part of the off-shell action quadratic in longitudinal fluctuations is

O — _py dodq [ cos’0f(u)H(u) SV
g = = ”f a (277)2{ G a
_cos’0f(u)(@* — @fWBW) ,
¢'(u, —0)¢'(u, ®) +

u\/G(u)D(u, @)

600320 sin@ f ()0 (u)\JG(u) (&> — g*f(u))
uD(u, @)

where N = N;Tp;Vg. The equations of motion and the
action are written in the form that allow one to apply the
recipes of [31] directly. To obtain the retarded Green’s
functions, we solve the coupled system of equations (A2)
and (A3) with incoming wave boundary conditions at the
horizon and combine with the appropriate factors from the
action (A4) as described in [31].

APPENDIX B: HOLOGRAPHIC ZERO SOUND
ATTENUATION AT FINITE HYPERMULTIPLET
MASS AND ZERO TEMPERATURE

In this Appendix we derive the formula for the zero
sound attenuation at finite hypermultiplet mass following
the approach of Ref. [20]. Note that our notation is differ-
ent from that used there. At zero temperature and nonzero
mass, it will be convenient to use the coordinate system in
which the background metric takes the form

2
dsty = 13 (~dP* + d)
R2
+ = (dp* + pzds?qB + dR? + R*d¢?),
r

where 2 = p? + R?2. The background DBI action is given
by

Suna = ~N [ dpatip1 + RGP — al(p)”
0

where R is the embedding coordinate of the D7-branes.
The background gauge field and embedding coordinate are
determined by two conserved charges ¢ and d via

6

_R2 2 2\—(1/3) p 1
Adp) = ?d(d =) :B[p6 + d’R"? — ¢?R"? 8
1

6’

6

1

3
R? _ p 1
’R(p)=?c(d2—c2) (1/3)3[ PR 2RE g

6c0s?0 sinf f(u)A(u)\/G(u) . _

8cos®Of (u)*u?6' (w)A(u) ._ -,
igE

VG(u)D(u, @)

(1, =)' (u, &)

@) —

ige(u, —®)E'(u, @)

o(u, —@)¢'(u, @) + nonderivative terms},

D(u, @)

(A4)

where d is the density of fundamental matter and B is the
incomplete beta function. The mass and chemical potential
are given by the asymptotic values

R(p — ) = Lpp,

V2

Alp — o) = ryfi,
and are related to the constants d and ¢ via

m ., _ - - _
e =Ry B -/, d=ryal - i)

where

R* Il 17\-3
(5ol
7 ( 6 " L6"3
The equations of motion for the fluctuations of the embed-
ding scalar 6R and the fluctuations of the gauge-invariant

combination 8 A = R?wa, + R*qa, are coupled.’ In the
near-horizon limit p — 0, the solutions take the form

S A = Ape™i/p, S8R = Bpe™iQr, (B1)

where ) = R?w+/1 — ¢?/d? and the upper sign in the
exponent corresponds to the ingoing boundary condition.
In the small frequency limit (2 /p < 1), the solutions (B1)
can be expanded as

SA = *xiQA+ Ap +

SR = +iQB+ Bp + -

(B2)

Alternatively, taking first the small frequency limit of
the equations of motion, we obtain the following solutions
near the boundary:

They are given by Eqs. (A.11) of [20] with the replacements
E—8A, ¢8R, r— p, d— dR®, ¢— cR®, L — R, and
R— R.
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8A = C,+ 0(1/p?), SR = Cy+ 0(1/p?),
whereas near the horizon the corresponding solutions are
SA = (30 + Iila + b~2C2 +a,Cip + a,Cyp, (B3)

60R =Cy+ b,C; +b,Cy +a,Cip + @, Cyhp,

where the coefficients are given by

¢+ (- Aw? B cdq®
ar = RX(d? — 02)3/2 ar = R — 02)3/2’
. _TOIEIGE = d)g? + 38 = o)
1 FQ@ = A ’
ZquzI‘(%)F(%) . cd
_ = O s aGZ=———7:-,
TOTO@ - T R - )P
; d> 5, — 2ch(%)F(%)

2= RS(d® — 232
- TOreGL - )
2 R“F(%)(dz _ 62)4/3‘

- R4F(%)(d2 _ c2)4/3’
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The poles of the retarded Green’s function correspond to
the quasinormal modes of the system—these are the solu-
tions which obey ingoing boundary conditions near the
horizon and vanish near the boundary. Such solutions exist
when it is possible to match the expansion (B2) (with the
upper sign) onto the expansion (B3) with C, = C, = 0.
Performing this matching order by order in p, we find that
the coefficients C; and C, obey the equation

iQal - b1 iQd2 - b2 Cl 0
- - = . (B4
lel] - b1 lez - bz C2 0
A nontrivial solution exists provided that

iQa; — biQa, — b
|l a 1182dy 2 -0 (BS)

iQa, — b,iQa, — b,

By substituting an expansion of the form w = ¢y + ¢;q +
czq2 + - -+, we find that the above determinant vanishes
when w is given by the dispersion relation (30). Note that
this method finds only the lowest energy quasinormal
modes, as it involves taking the small @ limit.
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