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Semiclassical correlators of three states with large S° charges in string theory in AdSs X S°
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We consider semiclassical computation of 3-point correlation functions of (Bogomol’nyi-Prasad-
Sommerfeld [BPS] or non-BPS) string states represented by vertex operators carrying large charges in S°.
We argue that the AdSs part of the construction of relevant semiclassical solution involves two basic
ingredients: (i) configuration of three glued geodesics in AdS, suggested by Klose and McLoughlin in
[arXiv:1106.0495.] and (ii) a particular Schwarz-Christoffel map of the 3-geodesic solution in cylindrical
(7, o) domain into the complex plane with three marked points. This map is constructed using the
expression for the AdS, string stress tensor which is uniquely determined by the 3 scaling dimensions A;
as noted by Janik and Wereszczynski in [arXiv:1109.6262] (our solution, however, is different from
theirs). We also find the S° part of the solution and thus the full expression for the semiclassical part of
the 3-point correlator for several examples: extremal and nonextremal correlators of BPS states and a
particular correlator of “small” circular spinning strings in $® C §°. We demonstrate that for the BPS
correlators the results agree with the large charge limit of the corresponding supergravity and free gauge

theory expressions.
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L. INTRODUCTION

One of the central problems in solving conformal planar
N = 4 super Yang-Mills theory being guided by gauge-
string duality is to compute 3-point correlation functions
of conformal primary operators at any value of gauge
coupling. Recently, some progress was achieved in under-
standing correlators of certain operators with large
quantum numbers at strong coupling using semiclassical
string theory approach (see, e.g., [1-6] and references
therein). The form of a 3-point function of scalar primary
operators is fixed by conformal invariance to be G =
Cla |~ *|dy|~*1|ds |~ where @,;; = a; — d; are differ-
ences of 4-coordinates and @y = A, + A3 — A, etc. are
determined by the three conformal dimensions A;. The
coefficient C is a function of A; and other quantum
numbers of the operators and also depends on ‘t Hooft
coupling A or string tension *Z/—z . On the string theory side
G is defined as a correlator of the corresponding vertex
operators. For A > 1 and when all three sets of quantum
numbers are semiclassically large (i.e., of order V) one
may expect C to be given by a semiclassical approxima-
tion to the string path integral, thus scaling as e VM where
A is a function of the semiclassical parameters d; = %,
etc. The semiclassical trajectory should solve the string
equations with “sources” prescribed by the vertex opera-
tors. Finding such a solution in general appears to be
nontrivial.

It is natural to start with a correlator of three 1/2
Bogomol’nyi-Prasad-Sommerfeld (BPS) operators with
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large charges and dimensions, A; = J; > 1." In this case
the 3-point correlator does not nontrivially depend on A,
with C being a particular function of the quantum numbers
only [7]. One may then try to reproduce the expected large
charge limit of C using semiclassical string theory argu-
ments. As the semiclassical limit of the 2-point correlator
of BPS operators is determined by a Euclidean continu-
ation of a massless geodesic in AdSs X S° [1,8-10] one
may expect that in this case the relevant semiclassical
trajectory should be given by an intersection of the three
geodesics [5] (with an intersection point being in the bulk
of AdSs in the nonextremal case of A} # A, + Aj3))

At the same time, the nonrenormalization of the 3-point
function of the BPS operators implies that it is given simply
by the supergravity expression and thus its large charge
asymptotics can be captured [11] just by a stationary point
approximation of the supergravity integral of the product of
the corresponding wave functions over AdSs X S°. This
integral may be viewed as a localization of the string path
integral where the string is shrunk to a point and one
integrates over the 0-mode (center-of-mass point) only.

Below we will use this supergravity picture as a guide to
arrive at a consistent semiclassical string theory evaluation
of the BPS correlator. Our result for the semiclassical
trajectory will agree with the 3-geodesic intersection in
[5] in its AdSs part (but its S part will be different from
that suggested in [5]). Another important ingredient of our
construction will be an analog of the Schwarz-Christoffel
map used in the light-cone interacting string diagrams in

"Below we shall only consider the leading order in the large
charge limit and thus will ignore possible difference between the
dimensions A; and the charges J;.
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flat space [12] with A; (or J; in the BPS case) playing the
role of light-cone momenta p; determining string lengths.
It will be used to construct the semiclassical solution by
first mapping the complex plane with 3 marked points
corresponding to the three vertex operator insertions to a
domain in the 7 + io plane (which generalizes the usual
cylinder in the 2-point function case) and then choosing
the simplest ““pointlike’ solution which is linear in 7. An
important difference compared to the flat space case
(where p* is conserved) will be “nonconservation” of
A; for nonextremal correlators.” To construct the corre-
sponding map for arbitrary values of A; we will start with a
generic expression for the AdSs string stress tensor having
prescribed singularities at the punctures; its form is
uniquely determined by A; as was pointed out in [6].

For non-BPS operators with large quantum numbers in
S3 only, i.e., describing semiclassical strings ‘“‘extended”
only in S°, one may expect that the AdSs part of the
semiclassical trajectory should be the same as in the case
of the BPS correlator with generic nonextremal choice of
the dimensions A;. Given that in the conformal gauge the
AdSs and S° parts of the string equations for the semiclas-
sical trajectory decouple, looking only at the AdSs part of
the semiclassical trajectory one should not be able to see the
difference between the cases of a non-BPS correlator (with
nontrivial parts of vertex operators depending only on §°
coordinates) and a BPS one with the same dimensions A;.

This is the point of view we shall try to justify in this
paper. At the same time, the picture suggested recently in
[6] is different: it was argued there that for generic A; the
semiclassical solution should be extended in AdS,, becom-
ing approximately pointlike as in [5] only for sufficiently

small d; = %. This proposal, however, raises few ques-

tions. The BPS case should be a special limit of a non-BPS
case but as the AdSs part of the solution depends only on
A; there is no way to tell the difference between the two.
Also, there is no natural “‘scale” to compare d; to, so the
notion of correspondence with the BPS case only ‘“‘for
sufficiently small” d; seems artificial, given that the BPS
states can carry arbitrarily large charges/dimensions.3

%In the extremal correlator case the map will be same as in the
flat space—describing one cylinder becoming two joined cylin-
ders with the sum of the two lengths matching the length of the
original cylinder.

SA technical reason for this “smallness” condition in [6]
appears to be as follows. The string solution in [6] is constructed
from a nonlinear generalized sinh-Gordon equation 99 ¥ =

TT sinhy where T ig an effective two-dimensional stress tensor
that scales as d% = L. Thus for small d; the solution approx-
imates to ¥ = 0 solution which indeed corresponds to a pointlike
string. At the same time, ¥ = 0 solution exists even for an
arbitrarily large d;. This is, in fact, the choice that we will
advocate here. More general solutions that appear to represent
surfaces extended in AdSs appear to represent states that carry
extra hidden AdSs charges and thus are more general than the
states with only S° charges.
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We shall start in Sec. II with a discussion of the super-
gravity representation for the protected 3-point function of
BPS states given by an integral of a product of the three
bulk-to-boundary propagators and three ‘“‘spherical har-
monic” factors over a point of AdSs X 3. We will show
that in the limit when the dimensions A; are large this
integral is saturated by a stationary point. In the AdSs part
this point is the same as found in [5]. We will show that for
a nonextremal correlator the stationary point for the S° part
of the integral can be found in a similar way by using an
analytic continuation trick relating the S° problem to an
effective AdSs; one. We will also prove that the resulting
expression for the large charge limit of the correlator
agrees, as expected, with the one found on the free gauge
theory side.

In Sec. III we shall consider the AdSs X S° string-theory
representation for the 2-point and 3-point functions in
terms of correlators of the corresponding marginal vertex
operators following [2,11]. In Sec. III A we shall clarify the
issue of cancellation of volumes of residual world sheet
and anti-de Sitter (AdS) target space conformal transfor-
mations leading to finite expressions for the 2-point and
3-point functions. In Sec. III B we shall review the semi-
classical approximation for the 2-point function of BPS
operators with large charges.

In Sec. IV we shall study the semiclassical approxima-
tion for the string theory representation of extremal (A, =
A, + Aj) correlator of the 3 BPS operators with large
charges and show that the corresponding semiclassical
trajectory can be interpreted as an intersection of 3
Euclidean AdSs geodesics as suggested in [5]. We will
demonstrate that this interpretation applies provided one
first maps the complex plane with 3 punctures into a
cylindrical domain by the same Schwarz-Christoffel map
as in the flat-space light-cone interacting string picture.
This map encodes the positions of insertions of the vertex
operators on the complex plane.

In Sec. V we will generalize to the nonextremal 3-point
correlator case. Our discussion of the AdS part of the
solution in Sec. VA will be completely general, i.e., appli-
cable to all (BPS or non-BPS) states with large quantum
numbers only in $°. We will show that the AdS solution is
still given by the 3 appropriately glued geodesics but the
transformation to the complex plane is now given by a
more general Schwarz-Christoffel map (which corresponds
to the case of “‘nonconservation” of string lengths or p* in
the corresponding flat space case). The precise form of the
Schwarz-Christoffel map is dictated by the AdS stress
tensor. In Sec. VB we will specify to the case of nonex-
tremal BPS correlator. Guided by the supergravity discus-
sion in Sec. II we will find the corresponding semiclassical
trajectory in S° using an analytic continuation to AdSs and
finally show that we get the same expected semiclassical
expression for the correlator as in the supergravity
approximation.
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In Sec. VI we will consider a particular example of a
3-point correlation function of non-BPS operators repre-
senting ‘““small” circular strings with two equal spins in
§3 C $°. In the case when all the three operators represent
states in the same S of $° we will find a contradiction
between the angular momentum conservation condition
and the nonlinear on-shell (i.e., marginality) condition
A? = 4N ; suggesting that this correlator should vanish
as in the corresponding flat space case.

We will conclude in Sec. VII with some comments on a
comparison of our approach (of Sec. VA) to the construc-
tion of generic AdS solution with that of Ref. [6]. The
solution constructed in [6] is more general than ours, but it
is not clear if it is actually necessary to describe the
correlators of states with nontrivial charges in S° only.
As we will argue, the relevant AdSs solution should be
the “pointlike”” one of Sec. VA that should universally
apply to both the BPS and non-BPS cases.

In Appendix A we will elaborate on the issue of cancel-
lation of the Mobius group volume factor and the volume
of the residual AdSs symmetry group transformations in
the 2-point and 3-point correlators of string vertex opera-
tors. In Appendix B we will give details of the Schwarz-
Christoffel map constructed in Sec. V.

I1. SEMICLASSICAL 3-POINT
FUNCTIONS IN SUPERGRAVITY

In this paper we will study 3-point functions of “heavy”
scalar operators whose dimensions A;, i = 1, 2, 3 scale as
A; ~ /A for large "t Hooft coupling A. We will be interested

only in the leading semiclassical contribution of order eV,
i.e., will be ignoring subleading corrections. For this reason
it will be possible to ignore detailed structure of the corre-
sponding vertex operators or wave functions.

In this section we will consider the calculation of such
3-point function in supergravity. By semiclassical approxi-
mation here we shall assume the limit of large dimensions
or charges in which the AdSs X S° integral will be satu-
rated by a stationary point approximation. While the full
calculation will be valid for BPS states only, the AdS5 part
of it will formally apply also to the case of operators
representing semiclassical string states that do not carry
other AdS; quantum numbers except the energy: they will
be described by an effective AdSs action with a local cubic
interaction.

In supergravity description the 3-point function is given
by a simple Witten diagram consisting of three bulk-to-
boundary propagators as in Fig. 1 [7,13]. The contribution
of this diagram splits into the product of the AdSs factor
and the §° factor:*

“As already mentioned, as we are interesting in the leading
semiclassical (large dimension/charge) limit of the correlator it
is sufficient to ignore details of factors in the integrands that do
not scale as powers of A; or J;.
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a;

FIG. 1. Witten diagram for 3-point function in supergravity.
G - GAdS(C_l)l’ 6_1)2, 6_1)3)GSS (I’ll, I’l2, n3), (21)
where’
Lo d*xdz . . . .
Gnas(@nn ) = [ K@M K@K G
(2.2)
and
Ggs(ny, ny, n3) ~ [ dQU UL U (2.3)

Here we consider Euclidean AdSs in the Poincaré coordi-
nates with the metric

1
ds? = —2(dz2 +dx?), ¥=x"=(xpx;,X%X3), (2.4)
Z

and
Z

K@) =———
@) = zra-ar

(2.5)

In the integral over S° in (2.3) the functions U, (i = 1,2, 3)
specify the three states under consideration. In general,
they can be written as

6

dYxi=1,

p=1

6
U=n-X=> n,X, (2.6)
p=1

where the complex 6-vectors n; are constrained to satisfy

n;-n; =0, n;-n; =2. 2.7)

Note that for the BPS states we must have A; = J; for large
charges J;.

On general grounds of SO(2,4) X SO(6) invariance we
should expect that G in (2.1) should have the following
structure (a; = A, + Ay — A}, etc.)

C
G=" > las| 3 > las| 3 > |la
ld, — ar|*|a, — as|*|a, — as|™

. (2.8)

where the coefficient C should be a function of the scalar
products n; - n; (i.e., C = C(n; - ny, ny - n3,n3 - n;)) and
also of the quantum numbers A; = J,.

Exact exspressions for 3-point integrals like this one or its
analog in S (cf. Sec. IID) were computed in [14].

026001-3



E.I. BUCHBINDER AND A.A. TSEYTLIN

A. 2-point function
It is useful to review first the case of the 2-point function
(see Appendix 2 in [11]). It is given by the same expres-
sions as in (2.1), (2.2), and (2.3), with A; = 0, A; = A, =
A, Jy, =J,=1J and U, = U7 (i.e., ny = nj). The AdSs
contribution is then

d*xdz

5 K (@)K @)1~

Gaas(dy, dz) N[ (2.9)
In the limit of large A this integral is saturated by the
stationary point of the effective “action”

Z Z

—Angg = Al +Aln——-—"7———.
AdS n nz2+(f—52)2

—_—— 2.10
2+ (F—a)? (2.10)

Without loss of generality we can choose d;, d, to lie
along the x, (Euclidean time) axis, d; = (a;, 0,0, 0) and
seta; = 0, a, = a > 0. Then we can choose solution with
Xp=xy=x3=0, ie,, ¥ = (x5, 0,0,0), so that the only
nontrivial equations are obtained by varying (2.10) with
respect to x, and z (for notational simplicity we will ignore
the subscript “0”, i.e., set x, = x)

x x—a
2+ 2+Gx—a)?
Z-x Z2-(x—a? _
2+ 2+Gx—a)?

Oy

0. (2.11)

The solution of these equations found in [10,11] is given by
a half circle in the (x, z) half plane:

22 =x(a — x) (2.12)

or, equivalently,

a x=gtanhr+g. (2.13)

7 2coshr’ 2
This line is a geodesic is AdS, C AdSs connecting the
boundary points x = 0 and x = a. Evaluating (2.9) on this
solution gives

1 0
Grss =35 [ dar0 0, @1
a —o00
where Q(7) is the “one-loop” determinant of small fluc-
tuation operator around the solution (2.13). This integral
over 7 gives an order 1 correction that we ignore here.
The integral over S is

Gy ~ f A0, X)X,k (2.15)

We can always choose the coordinates on S° so that

n,X, = cosie'?, n,X, =cose '?.  (2.16)
Then the integral over ¢ implies charge conservation
J; = J, and for large J; the integral over ¢ is saturated
by ¢ = 0. Then G¢ ~ 1. Combining the AdSs (2.14) and

§3 (2.15) parts together gives
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1
Gla;, =0,a, = a) ~—+

o 2.17)

up to terms of order unity. We have thus obtained the
2-point function which is canonically normalized up to
terms that are subleading for A > 1.

B. AdS; contribution to 3-point function

In a similar way, in the limit of large A;’s the integral
(2.2) can be evaluated by extremizing the “‘action”

<
Zz + ()-C) - &2)2

(2.18)

_AAdS = A] In 3 + Az In
Z

+ (¥ — a)?

z
+A IHT.
T2+ (3 - as)?

Again, without loss of generality we can choose the 3
points to lie along the x, axis, i.e., d; = (a;, 0,0, 0), and
set a; = 0, 0 < a, < as. Then it follows from (2.18) that
the equations for x;, x,, x5 are satisfied by x; = x, = x3 =
0 and the remaining nontrivial equations for x = x; and z
take the form

X X — dy X — aj

A =0,
12452 2zz+(x—a2)2 312+(x—a3)2
Azz—x2+AZ2—(x—a2)2 zz—(x—a3)2:O
L2452 2zz—i-()c—az)2 3z2+(x—a3)2
(2.19)

The solution to Eqgs. (2.19) was found in [5] and is given by
an isolated ““interaction” point

ajayas(aya; + asas)

X: = s
" @apdd + ajaszal + ayaslas — ay)?
_Najaaz(a; + ay + az)(az — ay)aza;, 220
Zint_aa2+ 2+ (_)2’ ()
1d2a; T ayazdy T araszlds — dp
where
a1=A2+A3—A1, a2=A1+A3—A2,
a3 = Al + Az - A3. (221)

Note that if the correlator is extremal, i.e., A} = A, + Aj,
then a; = 0 and the extremum (2.20) lies on the boundary
(z = 0). This leads to a divergence of the “action” (2.18).
In this case the correlator should be defined as a limit of
nonextremal one, i.e., by starting with A} = A, + A; + €
and taking a; = € — 0 at the very end.

Evaluating (2.18) on the solution (2.20) leads to the
following semiclassical approximation to the AdS part of
the 3-point correlator (2.2) [5]

Cads
Gaasla; =0, ay, a3) ~ a _a, — @
a, ds (‘12 ‘13)

, (2.22)
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af'ay?ay (a) + ay +az)Mtete :|1/2
(@) + a)) M (a; + az)® N (ay + az)® "

(2.23)

Cads =|:

The resulting dependence on space-time points d; is con-
sistent with conformal invariance, implying that in general

> > > _ CAdS
Onasl@n 82 &) = 7 e — & la, — al

(2.24)

Note also that in the extremal limit av; — 0 the expression
in Eq. (2.23) is finite and gives Cpgg = 1.

C. S5 contribution to 3-point function

In the extremal case A; = A, + Az we may choose

(2.25)

n, = n3 = nj,

and then the semiclassical evaluation of the integral over S°
in (2.3) is similar to that for the 2-point function and
produces the contribution Cgs ~ 1.

In the nonextremal case it is useful first to consider a
particular example and then present a generalization to the
case of arbitrary complex 6-vectors n; subject to (2.7) in
the next subsection. Namely, let us choose n; as

n, = (1,40,0,0,0), n, = (1,—4,0,0,0,0),

ny =(1,0,4,0,0,0), (2.26)
corresponding to
U1=X1 +iX2, U2:X1_iX2, U3=X1+iX3. (227)

Let us parametrize the metric on S° as
ds®> = d6* + sin’0d g3 + cos*0(cos> yde? + sin® Py dp3).
(2.28)

The choice of U;’s in (2.27) effectively allows to reduce the
problem to S i.e., (below ¢, = @)

0=0, QDZZO, §D3=0,
X, + iX, = cosye’®, X, — iX, = cosgpe ¥,
X3 = sini. (2.29)

It is useful to consider the following analytic continuation:

iy — .
(2.30)

iX, — X, iX; — X, io— &,

We will see that the extremum is real in these “rotated”

coordinates. The effective action for $° integral (2.3) then
becomes

— Ags = (J; + Jp) In(coshh) + (J;, — J,) @

+ J; In(coshif coshé@ + sinhif). (2.31)

Varying it with respect to ¢ and ¢ gives
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J;(sinhe cosh@ + coshir) —0
coshi cosh@ + sinhys

J3 coshg sinh

cosh¢ cosh@ + sinhis

(J, + J,) tanh +

il

I —J, + = 0. (2.32)

One can write the solution to these two equations in the
following form:

(Jy = )U + 1, = J5)
(i =) =y + )Ty

5 1 2 _ 2
tanh i, = < —13 (1 = Jo) .
2 JiJ»

tanh ¢ int —

(2.33)
Evaluating U;,U,,U; on this solution gives
Ul _ Xl + Xz _ (:82 + B%)\/E )
VB2B3(B1 + B2 + B3)
U2 _ Xl _ Xz _ (,81 + 53)\/,8_2 )
VB1B3(B1 + B2+ B3)
Uy =X, + Xy = LBt BVBs (2.34)

2JB.B:(By + By + B3

where ; are given by similar expressions as «; in (2.21)
Br=JytJ3—Jy Br=J1tJ3—Jy
53 = J] + JZ - .13. (235)

Then the stationary-point value of the S° integral (2.3) is
found to be

GSS = CSS
NL[(B' + BB+ By)P B (By + 33>’32+B3]%.

250 BY Y B (Byt ot )P AR
(2.36)

Combining it with the AdSs part Eq. (2.23) and using that
A, =1J; (ie., a; = B;) we find that the S° contribution
almost completely cancels the contribution from AdSs: up
to subleading terms we find for the 3-point coefficient C
in (2.8)°

1
ﬁ.
It is useful to rederive this result in a different way that
explains why this near-cancellation between the AdSs
and S° parts happens. When we perform the analytic
continuation (2.30) we effectively turn §* C S° into the
Euclidean AdS, defined by X? — X3 — X3 = 1. In this
AdS, space we may introduce the Poincaré coordinates
(r, y) as

C= CAdscss = (237)

®The asymmetry of this expression in J; has, of course, to do
with our particular choice of U; in (2.27).
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XZZX,

1
Xy = (147 +),
2r r

~ 1
r

Then the U; in (2.27) and (2.30) become

(e - e alErem)
! 2\rP+(y+1)?) "’ 2 2\rr+(y—-1?%) ’

U= ()"
3_<r2+y2) '

These expressions look the same—up to 1 factors and
inverse powers—as the bulk-to-boundary propagators
(2.5) in AdS, where the boundary points are chosen as
—1, 1, 0. This implies that in evaluating integral over the
sphere (2.3) in the stationary-point approximation we can
immediately borrow the AdSs result (2.22), (2.23), and
(2.24) in which we should substitute’

(2.39)

a——1, ay—1, a3—0, a;——p; (2.40)
Here a; — — B; is due to the negative powers in (2.39).
This is the very reason why the above cancellation be-
tween the AdSs and $3 contributions takes place. Taking
into account the factors 3 5 in U; and U, in (2.39) we get
2” Si= Jz, the factor |a1 - a2|'83|a1 - Cl3|'32|02 - a3|B‘
gives 273, Combining these together we end up again with
(2.36) and (2.37).

Let us note that in the special case when one of the
dimensions vanish, A; = J; =0, the 3-point function
(2.8) and (2.37) reduces to the 2-point one (2.17) if
Al = Az.

D. Generic nonextremal 3-point function

Let us now generalize the analytic continuation to trick
used at the end of the previous section to compute the
semiclassical expression for (2.1) for a more general choice
of 6-vectors in (2.6) and (2.7) which allows to restore the
full expression for the coefficient C.

Let us start with the Euclidean AdS5 space and introduce

6 embedding coordinates Y, (p = (—1,m,4);m =0, 1, 2,
3) related to the Poincaré coordinates in (2.4) as
1
Yo =(1+2+8),  v,=",
2z z
1
Yy=—(-1+22+ 3, (2.41)
2z
Y,Y)=Y?,-Y,Y, —YY, =L (2.42)

"The semiclassical solution on % (2.33) is exactly the same as
its AdS counterpart (2.20) with the following replacements:
a, — 1, ay — _1, o — _[))2, an — _ﬁl’ a3 — _B3. This
can be easily verified using Eqs. (2.38) and (2.34).
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Then it is easy to check that the inverse of the bulk-to-

boundary propagator K(b)® in (2.5) can be written as a
linear combination of ¥,

N=(+5b%—-2b1-b)=1+b)a,
(2.43)

[K(B)]™'=(N,Y),

=>h,n (2.44)
P

This shows that we can equivalently parametrize the bulk-

to-boundary propagator K (l;) in terms of the vector 7. In

particular, for b= 0, we have N=(1,0,0,0,0,1),

[K(0)]* = (Y_, + Y4)~2. Analytically continuing to S°

Y—l :Xs, Ym:iXm, Y4 ZX4, Xpo: 1, (245)

and introducing a complex 6-vector n = (A,, ifi,,, ifi4) sat-
isfying (2.7) as

( 2b l—b)
=1, —i — 5, i
1+b 1+ b
n-n"=n-n=2,

n-n=(#n) =0,
(2.46)

we get

[K(B)]™ =

and thus find a map between the semiclassical > problem
in (2.1) and (2.3) and an equivalent AdSs problem.

Now let us consider three generic states in S° of the form
(2.6) and (2.7). Each vector n;, i = 1, 2, 3 contains 2 X
6 — 3 = 9 independent real parameters’ so that overall the
three states are characterized by 3 X 9 = 27 real parame-
ters. In addition, we are allowed to act on n; with SO(6)
transformations preserving (2.7). We can use this SO(6)
freedom to restrict the number of independent real para-
meters to 27 — dimSO(6) = 12 = 4 - 3. Hence, we can
always choose each of the three vectors n; in the form

=NY)=0+b)n-X, (2.47)

(2.46), i.e., parametrized by a real 4-vector l;,-. Then

Gys(ny, ny,n3) = <l—[ n;- X)’ >

i=1

3
]‘[ 1+57)" ’k(l_[[K(b )] f> (2.48)

Since here —J; appear in place of A; in (2.2) that means
that we get the same semiclassical trajectory as in the

8Since the AdSs space discussed in this subsection will play an
aux111ary role, we will denote the boundary points by b; rather
than by d;.

°The modull space of a single geodesic can be viewed as eight-
dimensional Grassmanian SO(6)/[SO(4) X SO(2)] (see, e.g.,
[15]): in addition to the real SO(6) invariance of the two
constraints (2.7), they are also invariant under a multiplication
of n by a phase.
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original AdSs case with «; — B; in (2.35) but the total
contribution should appear in the opposite power. We then
find

3

Ggs(ny, ny, n3) = l_[(l + b3) 7 Gpas(by, by, b3)a——y,
k=1

3 *2 L

= | (1 + b))/ Cois(B)Iby — bylP

-1

X |by — bslP2|by — byl A1, (2.49)
Observing that for n; defined as in (2.46) we have
2by — by)>
ny by — b) (2.50)

A+ + 5
we can then rewrite (2.49) in terms of n; as

ny -+ ny\Bs/2
Gys(ny, ny, n3) = CX&g(Bi)( 12 2)

ny * njy ﬁl/z(l’ll . n3)ﬁz/2
X . (251
(=) (M @51)

Finally, using (2.1), we get the following expression for
the coefficient C in the full semiclassical AdSs X §°
correlator (2.8)

C = (i) - )Py - i) P22 (7, - 7i3)P1/2,

(2.52)

1
—n,
V2
where B; = a; due to the BPS condition A; = J; [cf.

(2.21) and (2.35)]. For the special choice of n; in (2.26)
this gives C = 557y, i.e., reproduces (2.37).

in-in=0, a-nt=1 (2.53)

E. Agreement with BPS 3-point correlator
in free gauge theory

Since the 3-point function of 1/2 BPS operators is
protected, (2.37) must be the same as the large charge limit
of the corresponding expression in free super Yang-Mills
theory. The scalar 1/2 BPS operators in N = 4 supersym-
metric gauge theory can be written in terms of the 6-scalars
P as (see, e.g., [16])

0 ;7)) = (i - D) =i, .. .70, w(® .. DY), (2.54)

where the complex 6-vector 7i satisfies the same constraints
as in (2.53). These operators have canonically normalized
2-point function.'® In order to compute the 3-point func-
tion of the operators (2.54) in free gauge theory we need to
contract the fields in the three operators. Each contraction
of the fields in the operators i and j will give rise to a factor

"%There is an additional factor of qlz(%)]/ 2 in the normaliza-
¢

tion of the operators in (2.54) which we ignore here but such
factors will cancel against similar factors in the propagators in
computing 3-point functions up to terms subleading for large J;.
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(2; - 7i;). The number of contractions among the three
operators is as follows [7]. We have to contract 85/2 fields
between the first and the second operators, B8,/2 fields
between the first and the third operators, and /2 indices
between the second and the third operators. Ignoring sub-
leading corrections in the limit of large J; we then get the
following expression for the 3-point function coefficient in
(2.8) in free supersymmetric Yang-Mills theory

Coperym = (7iy - ig)P3/2 (i) - 113)P2/2 (i, - 113)P1/2, (2.55)

which is indeed the same as (2.52) found in the super-
gravity approach.
For the choice of the vectors 7; in (2.55) this gives

1 1

Ciree = 2B B2 )

(2.57)

which agrees with (2.37).

IIL. 2-POINT AND 3-POINT FUNCTIONS AS
CORRELATORS OF VERTEX OPERATORS IN
AdS; X S5 STRING THEORY

In the rest of this paper we will consider the semiclassical
computation of 3-point functions in AdSs X S° string the-
ory. Let us first review some basic points about the structure
of these correlators (see also the discussion in [2]).

A. General remarks on the structure
of correlation functions
Consider the tree-level 2-point function of string vertex

operators labeled by points d; and d, of the boundary of
AdS;s"!

G(ay, dy) = (V(a)V(ap))
1 - .
~a, [ DXe AXIV(a,)V(a,). (3.1
Here V(a,) and V(a,) are integrated vertex operators
V@) = [@EveE) 1e) - ax, @) 62

where (z, x,,) are the Poincaré coordinates in AdSs and X,
parametrize S°. The general structure of V is (ignoring
fermion dependence)

V(z(&), x™(&;) — a}; X (&) = [K(a,, ENPu(E), (3.3)

where A is the target space dimension of the operator,
K(ad;) is the same as in (2.5), and v depends on the
remaining quantum numbers (spins, etc.). In (3.1) the in-
tegral is over all the AdSs X S° string sigma model fields
with the conformal-gauge action

"For simplicity we shall consider only scalar operators and
ignore fermion field dependence. Both the world sheet and the
target space will be assumed to be Euclidean.
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Mm——ffa

0zdz + X0 X
=\/__[d2§(4z < 5 a x+LSs + fermions).
77 z
(3.4

As we are considering a tree-level approximation in closed
string theory & parametrizes a complex plane and (),

_ f &\ d*&rd?E5
|§1 §2|2|§2 - §3|2|§3 - §1|2’

is the volume of the SL(2, C) Mobius group, which repre-
sents the residual gauge transformations (global conformal
diffeomorphisms). Assuming that vertex operators are
marginal, i.e., A is an appropriate function of spins and
other quantum numbers, the world sheet conformal invari-
ance implies that the integral over & and &, in (3.1) should
factor out as

(3.5)

’é,d*é,
Q : (3.6)
> )la - &l
i.e., we should get
. 1~ . . 9)
G(a,, a,) = (TCG(aI’ ds), Q.= 07"2’” (3.7)

where (). represents the volume of the subgroup of
SL(2, C) that preserves two points &;, &,. As this subgroup
is noncompact, (), diverges. In flat space this implies the
vanishing of the 2-point function. In the case of string
theory in AdS,,;, however, the action has noncompact
global invariance group SO(1, d + 1). Assuming that ver-
tex operators represent conformal primary fields, the path
integral produces a divergent factor of volume of residual
transformations of SO(1, d + 1) that preserve two fixed
boundary points d;, d,. This factor cancels against the
world-sheet factor (), producing a finite result for the
2-point function. This point was discussed in [17-20] in
the context of string theory in AdS; based on the corre-
sponding Wess-Zumino-Witten model but it applies in
general to strings in AdS;, [2].

We shall explain this in detail in Appendix A. In par-
ticular, in the context of the semiclassical expansion we are
interested in here, the (divergent) volume of residual
SO(1, d + 1) transformations will appear from an integral
over the collective coordinates of a classical solution one is
expanding around.

Similarly, in the case of the 3-point function

G(a,, dy, az) = (V(a,)V(a,)V(as)) (3.8)

the integral over the operator insertion points &; will fac-
torize producing a factor that will cancel (), (3.5) in the
denominator. In the case when 3 target space points a; are
fixed the remaining symmetry subgroup of SO(1,d + 1) is
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compact SO(d —
finite.

1) and thus the resulting correlator is

B. Review of semiclassical
computation of 2-point function

Let us now review the semiclassical computation of the
2-point function of vertex operators with large charges
considering for simplicity the example of Berenstein-
Maldacena-Nastase states [21] or chiral primary operators;
other examples can be found in [2,22]. The corresponding
vertex operators can be written as

V,(a) = fdz‘fl[ﬁ:r(xl +iX,))"V,
(612) = /d §2[W:|A(X| - in)jV. 3.9

Here V_; = V; and 'V stands for 2-derivative and fermi-
onic terms that are not relevant for determining the
stationary point solution. The marginality condition im-
plies A = J.

We shall assume that d; = (a;, 0,0, 0); then, jumping
ahead, one can argue that the semiclassical trajectory will
belong to AdS,, i.e., we can set X = (x, 0, 0, 0). Also, if we
set [as in (2.16)] X, + iX, = cosire’®, then on the semi-
classical trajectory =0, i.e., we may replace (X, =
iX,)’ by e*/¢,

In the limit of large A, J, the 2-point function is gov-
erned by the semiclassical trajectory with singularities
prescribed by the vertex operators. It can be found from
the “effective” action'?

A= AO - anJ(al) - an,J(az)

- \/_X [d2§[12(az5z + dxdx) + 340590]

—A]f[yw £)1n

w

+8%¢— &)ln (3.10)

o)
22+ (x — ay)?

—Uffﬂ¥@—50—¥@—§m¢+un<mn

where A is the classical string action (3.4) where we set to
zero all irrelevant fields. The dots stand for In"V terms
subleading at large A = J. The semiclassical expression
for the 2-point function can then be written as (see also
Appendix A; here we assume that collective coordinate
contribution is absorbed into G)

mfd2§ld2§26(&i;§i):

G(ay, ap) = G~ e A

(3.12)

">We use the notation 0 = 1(9, — id,), d = 1(a, + ia,).
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To find the stationary point trajectory [2,8,9,22] we may
start with the Euclidean version of the corresponding clas-
sical solution on the cylinder (7, o) which carries the same
charges as the vertex operators and then transform this
solution to the complex ¢ plane by the conformal map

eT+ia' — f — fl .

&= &6

In this construction all the information about the singular-
ities at &; is encoded in the conformal map (3.13).

In the present case of the Berenstein-Maldacena-Nastase

states the relevant classical solution is the (analytically

continued) geodesic connecting the points x = a; and x =
a, in AdS, (for concreteness we shall assume a, > a;)

(3.13)

a,—a; a, —a, a,+a A
- . x= tanh(xc7) + k=",
S eoshxry YT kTS k=
(3.14)

J
¢ = —iwT, w=——=. (3.15)

One can explicitly check that (3.13), (3.14), and (3.15)
indeed solve the equations following from (3.11). The
equation for ¢ reads

90 = T 826 — £) — S2(é —
I 2\5[5 (= &) -0 (e - &)l (3.16)
The solution to this equation is
J
ip = \/—X(lnlf — &l = In[é = &), G.17)

which is precisely w7 if we use the map (3.13).

Let us point out a subtlety which will be important later
when we consider 3-point functions. In two dimensions
solutions to the Laplace equation with prescribed singular-
ities like (3.16), in general, do not go to zero at infinity.
That means there may be an additional unwanted singu-
larity at ¢ = oo. Indeed, if the charges of the vertex opera-
tors in (3.9) were different, J; # J,, instead of (3.16) we
would have

- i

00p = —=[J,8%(& — &) — J,8%(& — 3.18

@ Zﬁ[l (€ — &) — Lo (E—&)] 3.18)
with the solution being

1
i¢=ﬁ(h In[¢ = &1 = JInl¢ = &) (3.19)
Then ¢ would have a logarithmic singularity not only at
& =&, & but also at ¢ = o0, One interpretation of this
could be that we have an additional vertex operator in-
serted at ¢ = oo whose charge is J, — J; so that the total
charge remains zero. The condition that the solution is
nonsingular at infinity (i.e., is properly defined on a
2-sphere) is precisely J; = J,. It can be derived by inte-
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grating both sides of (3.18) over the complex plane (i.e.,
2-sphere that has no boundary). A heuristic way to arrive at
same condition is by looking at the right-hand side (r.h.s.)
of (3.18) and demanding that it does not have a delta-
function source at large ¢: for that one can ignore &, and
&, compared to ¢ in the delta-functions in (3.18) and
require that the coefficient in front of the resulting 8%(&)
[namely, J; — J,] is zero.

The equations for x and z are substantially more com-
plicated and without knowing the relation to the classical
solution (3.14) and (3.15) it would seem hard to solve them.
The equation for x is

a(g) + a(‘z—f) - 23? I:Zz f(; flal)z 8¢ — &)

AN TP fz)]- (3.20)

2+ (x—ay)?

—+

When we substitute (3.14), (3.15), and (3.13) into (3.20) we
find that both sides of it become equal to

27A
W[b‘z(f — &) — 6%£ - &))

@ —a (3.21)
2

The equation for z can also be shown to be satisfied in a
similar way (see [2] for details). As before, let us point out
that Eq. (3.21) is nonsingular when ¢ — o0 meaning that
our solution does not have an unwanted singularity at

infinity. This is achieved because
X a X — a

iy o— = _ 3.22
Pra—al |y Zre-al ey O

for the geodesic (3.14). Let us also note that these combi-
nations are constants along (3.14) so (3.22) turns out to be
satisfied for any £.

Evaluating the action (3.11) on this solution we get

1

(ap — al)ZA

e A~

&) — &|A =PI, (3.23)

In computing the action we subtracted the divergences of
the form In|& — &;| with & — &; corresponding to self-
contractions in the vertex operators.'® In addition, G in
(3.12) contains a factor of |£; — &|* coming from the
expectation value of the 2-derivative terms Vin(3.9). Asa
result, taking into account the marginality condition A = J
we recover the factor (), (3.6) as required by two-
dimensional conformal invariance; it cancels out as ex-
plained in the previous subsection and Appendix A. Thus
for A = J ~ /A > 1 we finish with

1

|&1 _Elz|2A

G(dy, a,) = (3.24)

13They should automatically go away if the vertex operators are
defined with an appropriate ‘“normal ordering”, i.e., as proper
marginal operators.
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up to possible subleading corrections depending on proper
normalization of the vertex operators.

Let us note that while written in the & coordinates the
solution (3.14) looks rather complicated, the map (3.13)
“trivializes” it. This point will be important in the subse-
quent discussion of the semiclassical 3-point functions.

IV. SEMICLASSICAL COMPUTATION OF
EXTREMAL 3-POINT FUNCTION

We shall study a semiclassical computation of the
3-point functions with the extremal case when A} = A, +
A5. Here we shall explicitly consider the correlator of BPS
states but the general discussion of the AdSs contribution
given below would formally apply also to the case of non-
BPS operators with nontrivial charges in S and having
A=A, +A;.

In the extremal case we may assume that all three BPS
operators carry charges in the same SO(2) subgroup of

A= AAdS + ASS,

AAdS = \/?X /dzfé(azéz + aX(;X) - [dzfl:Al52(§ - f])ll’l

+ 8,8%(¢ — &) Inp——

Ag = g f PEdpip — i f PESE — &) — LOE — &) — 1:8%E — £)]e.

We shall first find the solution in S° and then consider the
AdSs part.

A. Solution in S°

The equation of motion for the angle ¢
- i

00 = — —=[J,8%(& — &) — 1,8%(& —
¢ 2\/X[ 16%(€ = &1) 20°(§ — &)

— J38%(¢ — &)]
is solved by

(4.4)

o— —Jixul Inlé = &1 = Lo Inlé — & — Jynlé — &)
4.5)

Like in the case of the 2-point function [cf. (3.14), (3.15),
(3.16), and (3.17)] let us introduce a new coordinate 7 such
that"®

“This choice is always allowed as the general dependence of
the correlator (3.8) on 4; is fixed by conformal invariance to be as
in (2.8). )

1 general, one may start with ¢ = — 7’-1 (7 — #) but the
constant # can be absorbed into the shift of the origin of 7 or
constant shift of ¢. In what follows we shall set 7= 0 to
simplify the formulae.

2+ (x—ay)? T A38%(¢ — &)ln
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SO(6) symmetry of S°. Starting with the operators like in
(3.9) with A; = |J;] and &; = (a;,0,0,0)"* and being in-
terested only in the leading semiclassical contribution we
may choose them in the form

Vi) = [ i e Ve @

where we set to 0 all “irrelevant” coordinates that vanish
on the semiclassical trajectory. We shall also choose «; as
a; = 0 < a, < aj. The integral over the zero mode of ¢
then imposes charge conservation, i.e., we may consider
Glay, ay, a3) =V, (a)V_,,(ar)V_, (a3)),

Jl = J2 + J3, Ai = Ji' (42)
In the semiclassical limit (J; ~ VA > 1) of the correlation

function (4.2) is controlled by the extremum of the follow-
ing action [cf. (3.10)]

. S
2+ (x—a))?

z
2+ (x— a3)2:|’

(4.3)

Jy
\/X)
i.e., define the following map from the complex plane &
with three marked points to a complex domain (7, o)

Q= —iw|T, w| = 4.6)

- &§— &
é’ — er+10’ — ) (47)
(& — &)1(€ — &)1/
Here the points &, &5, &3 are mapped to either 7 = —oo or

7 = +o00. Note that since J; = J, + J; we do not have an
additional singularity at ¢ = oo. This is, in fact, a familiar
Schwarz-Christoffel map from a plane with 3 punctures
into the ““light-cone” three closed strings interacting dia-
gram in flat space [12] (with one cylinder at 7 = —o0
becoming two joined cylinders at 7 = o). Here the role
of conserved components of the light-cone momenta p;” or
lengths of the three strings in the light-cone gauge is played
by J;, i.e., by the components of the angular momentum
along S' C §°.

To simplify the discussion we may first replace the
cylinders by strips by cutting each cylinder along the 7
direction and view it as two copies of an infinite strip
(imposing periodicity on functions of o at the end). For
example, an infinite strip of width 77 is mapped by (3.13) to
the upper half plane with two marked points &, &, lying on
the real axis. In general, conformal transformations from
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the upper half plane with marked points to the interior of a
polygon are known as Schwarz-Christoffel maps with (4.7)
being a simple example. Let us review how the complex
domain parametrized by (7, o) can be found in the case of
(4.7). Let us assume for concreteness that the points &; on
the real axis are ordered as & < &3 < &, and start moving
from & > &, in the direction of decreasing &. Once we
cross &, and start moving towards &3 we pick up a phase
e™2/71 meaning that ¢ has jumped by 77J,/J;. This means
that we cannot reach &; unless o > 7J,/J;. This, in turn,
means that we have a cut along the 7 direction starting at
the some point (7, Ty With oy = 7J,/J;. The points
&, and &5 lie on the opposite sides of the cut [see Fig. 2].
The point (7;,., 0;,) may be interpreted as the interaction
point, where one incoming string splits into the two out-
going strings. It can be found as the critical point of the
map (4.7):

% _o,

¢

Using J; = J, +J; we obtain a linear equation for
& = &, solved by

(4.8)

L& = E)E + (6 — &€
£ = 2(&1 2)§3 3(&1 362 (4.9)
L& — &) + (€ — &)
Substituting it back into (4.7) we get
. (&) — &) (& — &))"/ Ji
Tin + L0y =In +In s
L & &) JE
(4.10)
so that for the above choice of &; we have oy, = 7J,/J;.

Note that the value of 7, is unphysical and one can shift it,
e.g., to zero by reintroducing a constant shift of 7 in (4.7).

The discussion in the previous paragraph and Fig. 2
applied to open strings and has an advantage that it is
easier to visualize. The case of closed strings can be
described by doubling trick, to take two copies of the
domain in Fig. 2 and perform appropriate identifications
to ensure periodicity in o. The resulting domain will

1II

1I

T

FIG. 2. The (7, o) domain which is mapped to the upper half
plane with three marked points by the Schwarz-Christoffel map
(4.7). Regions I, I, IIT can be identified with the three interacting
strings. The length of the strings is set by the angular momenta J;
that satisfy J; = J, + J;.

PHYSICAL REVIEW D 85, 026001 (2012)

be mapped to the complex plane with three marked points
using (4.7).

Explicitly, the 3 regions of the (7, o) domain in Fig. 2
representing 3 interacting strings are

I. 7€ (—0,0],
Tge [0, O-int]’

oc€[0, 7], IL7E[0, +),

L 7€[0,+x), oc€[oy, 7] (@.11)
Doubling the o intervals we can find the angular momenta

of the corresponding closed strings as

Here \/_ is the string tension and factor of 2 is due to the
doubhng of the o interval. We thus have again o, =
] 2 / J 1.

Finally, computing the S° part of the action in (4.4) on
the solution (4.5) we find

1
Ags (€, &p, &3) = \/—X(Jlfz In|é; — &l + J1J31nlé) — &

= JoJ31n|&, — &),

where we omitted logarithmic
gences In|é — &, ..

(4.13)

“self-contraction” diver-

B. Solution in AdS;

Let us now consider the solution of the equations of
motion for z and x following from (4.4):

X — dy .
+ Azm 8 (€ - &)
X — ajz .
+ A3m52(§ 53)],
4.14)

3 o 2. - i}
a( Z)+a( Z) (0292 + dxdn)
Z Z N

(x— az)

\/—I:Al Ty 252({5 §1)+A2m52(f_fz)

2 —(x—ay)
A%ﬁ52(§_§3)]- 4.15)
As was discussed in the previous section below Eqgs. (3.17)
and (3.21), the solution to these equations, in addition to
the singularities at &;, &,, &3, might also have a singularity
at £ = co. We can demand its absence by studying how the
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right-hand sides of (4.12) and (4.13) behave at large §.16
This suggests that one should impose the two equations
analogous to Eq. (3.22)

BEI N S
! 22+ x2 Eg 222 +(x— a2)2 g
AT =0 1#
ZH(x—a3)” [eg A g
2= (x—a)? 22— (x—a3)? _
PP (@) |, 2 (—as)? lems, !
(4.16)

These equations will be indeed satisfied on the solution we
are going to construct.

Let us now show that the solution to Egs. (4.14), (4.15),
and (4.16) can be obtained by combining the conformal
map (4.7) from the complex plane with 3 marked points to
the 3-cylinder double of Fig. 2 with the construction of
intersection of 3 geodesics in AdS, in [5]. See Fig. 3. The 7
parameter of the three intersecting geodesics will be re-
lated to &; by a map similar to (4.7)

£- &
(€ = E)M/N(E = &N/

Note that this map is well-defined (no additional singular-
ity at & = o) only if A; = A, + A;."” For BPS states
(4.17) is actually equivalent to (4.7) due to the marginality
conditions A; = J;.

We will construct the full solution everywhere in the
domain in Fig. 2 following the idea of [5], i.e., we will
define the independent solutions in regions I, II, III in
(4.11) and “‘glue” them together at the interaction point
that will correspond (7, o) = (7jn, Oin). Near each singu-
larity the solution has to approach a geodesic of the type
(3.14); in the BPS case (and more generally, for a string
state that does not carry AdSs charges except energy) it is
natural to propose that the solution in each region should,
in fact, be a piece of a geodesic with appropriate target
space boundary conditions.

First, let us make sure that the three intersecting geo-
desics are compatible with Egs. (4.16). This compatibility
follows from the fact, discussed in the previous section,
that each term in Eqgs. (4.16) is a constant along the
geodesic that originated at a; (i.e., corresponding to &,;).
Thus we can evaluate all the terms in (4.16) at the same
point &;,.. But then these equations can be viewed as the
conditions for the intersection point in the target space
(zint = 2(&ino), Xine = x(&ine)).  With  this  interpretation,

Z — eT+i0' —

4.17)

1°1f in the formal limit of large ¢ the right-hand sides of (4.12)
and (4.13) remain singular the solution is expected to be singular
at ¢ = oo. This may be effectively attributed to the presence of
an additional vertex operator at infinity.

"In the nonextremal case we will have to use a different
Schwarz-Christoffel map discussed in the next section.

PHYSICAL REVIEW D 85, 026001 (2012)
int

x=0 X=a, X=a;

FIG. 3. Three geodesics in AdS, meeting at the interaction
point.

these are the same equations as the ones in (2.19) that
extremize the action (2.18) appearing in the supergravity
integral in Sec. IIB. The solution to these equations is
given in (2.20). Like in Sec. II we will have to assume
that A; = A, + A3 + €, i.e., to go slightly off extremality
to lift the interaction point (2.20) from the boundary and
take € — 0 in the final expressions. Note that Egs. (4.16)
are not the same as (2.19). The former are the functional
equations rather than algebraic. However, they reduce to
the algebraic equations on our geodesic ansatz.

Explicitly, the solutions in regions I, IL, III are expected
to be

I: 22 = x(b; — x), II: 22 = (a, — x)(x — b,),

III: 22 = (a3 — x)(x — by). (4.18)
Each geodesic is a half circle in the (z, x) plane connecting
one of the boundary points a; with some other boundary

points b;. The values of b;
b — (ay + az)asa; by — ajaa;
=0 2= )
(@) + az)a; — azas

219243 (4.19)

aa, + azasy

b=
() + ay)as — asa,

can be found [5] by demanding that these three geodesics
meet at the point (x;,., Zi,) given in (2.20) [see Fig. 3].
Parametrizing each geodesic by 7 asin (2.13) and (3.14) we
can thus write the proposed solution in the (7, o) domain
explicitly as

_ by
2cosh(k;7 + 71)’

ITE(—OO, Tiho€[0,7] £

b b
x = 71 tanh(k;7 + 71) + ?1,

a, — b,
I = e TE
TE[T;m,*FOO),O'E[O,U'i,,,]' < 2 COSh(KQT + 7.2) 4
a, — b a +b
x =2 tanh(ky7 + 7)) + ——2 7 =
as — bs
111  to)o€lo ]t = ,
TE[va+ ), oE[ int> ] z 2COSh(K3’T + 7.3)
as — b3 + b3

x= tanh(xs7 + 73) + ‘“T (4.20)
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The parameters «; are to be fixed by matching against the
singularities prescribed by the vertex operators. The pa-
rameters 7; are introduced to make sure that the three
segments of the solution intersect at the interaction point
7= T, which we can always choose to be at zero.
Demanding that these three geodesics meet at (2.20) for
T =T = 0 gives
1 aj(@ya; + azas)’

71 == In R
"2 (as — e ayas(a + an + as)

1 i aajas(a) + ay + as)
T, = < 1n y
2 ay(asaz — (a) + az)ay)?

1 a%alaz(al + a, + a';)
T3 = = In - 5 -
2 az(aay — (a) + ay)as)

421)

Here we defined the solution using open string picture of
Fig. 2. To get the closed string solution we are simply to
double the o range (the solution is obviously periodic as it
does not depend on o).

Finally, to get a candidate solution of (4.14) and (4.15)
we need to apply to (4.21) the transformation (4.17) to map
it to the complex ¢ plane with three marked points. Note
that as in the case of the 2-point function in Sec. III B, all
the information about the points &; is hidden in this
Schwarz-Christoffel map. To verify that the resulting
z(€), x(€) do solve (4.14) and (4.15) we may do this
separately for the three regions in (4.21). In region I we
have 7 € (—o0,0] and ¢ cannot reach the points &,, &,
ie., 82(& — &) = 8%(é — &) = 0. Then comparing the

= Apgs — Aoads
_ 2

VA
— A
A BB T A
Cl2 2

/
AAdS

aa3(a) + ap + as)

a(ay + a3)?

Summing up (4.24) and (4.25) to get A,yg and adding also
the S° part of the action in (4.13) we obtain for the leading
semiclassical term in the 3-point function (4.2)

1
G(a, :OraZraS):Q_M'/-d2§1d2§2d2§SG(ai;§k), (4.26)

C

~ pArisTAG —
e $ =
g as’ay*(as — ap)™

e_A(§1:§2:§3),

4.27)

where C is the same as in the supergravity expression in
(2.23) [with «; defined in (2.21)]

_ [ a'ay’ai’ () + ap + az) et ]1/2
(a) + a)® " (a; + az) (@ + az)@"
(4.28)

2 a’Z(CY] + a3)2 2
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rhs. of Eq. (4.14) 17—37132(5 — &) to its left-hand side
1
(Lh.s.) %587 = 27;%82(5 — £&,) we conclude that k; =
%. Regions II, III can be analyzed in a similar way
implying that Eq. (4.14) is satisfied provided
A

Ky K3 \/X K.
One can also verify Eq. (4.15) as in the 2-point function
case [see (3.20) and (3.21)].
Finally, let us compute the stationary-point value of the
AdSs part of the action in (4.3). The string part of the action
may be written as

(4.22)

VA (. ;
Aoads = — j‘dzf—z(azaz + dx0x)
™ 4

7

=2 [@eari, (4.23)
w I

where 7 is given by (4.17). Integrating by parts and sub-
tracting trivial divergences we get
1
A = —(A A, In|é — &+ A AsIn|é, — &
0AdS \/X( 1AxInlg; — & 1A31nlg; — &

— M)Az In[é, — &)).

The term in (4.3) involving vertex operators is straightfor-
ward to evaluate using the expressions for 7, 7,, 73 in
(4.21):

(4.24)

(A1 Ay Infé — &+ AjAsInlé) — &3] — A AzIn|é, — &) + A ln% + AzlnM
3T

as

Ay ajas(a) +ay +az) Ay ajan(a) +ap + as)

I I

as(a; + ay)?
(4.25)

In the extremal case under consideration @ = A, + Az —
A, = 0 so that finds that C = 1. The residual action

A(fl’ &, &) is
1

A(fl, &, 53) == \/X

1
_ ﬁml% — JiJ3)In|é; — &

(AIAZ - ]1J2)1n|§1 - §2|

1
+ ﬁ(Az% — LJ3)Inlé, — &5, (4.29)

which vanishes due to the marginality condition A; = J,.
As in the 2-point function case in Sec. III B, G in (4.27)
contains also an additional subleading contribution

|1 — &1721€ — &1721é, — é17% coming  from  the
2-derivative factors in 'V in the vertex operators (4.1); after
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the integration over &, &,, &5 cancels against the Mobius
group volume factor in (4.26) as discussed in Sec. IIT A and
Appendix A.

The final answer for the extremal (a; = 0) 3-point
function (4.2) and (4.27) has thus the expected “factor-
ized” form (here we restore the a; dependence)

1

(a1 — a))®(a; — az)*(az — ay)™
I
= . 430
(a1 = a5 a; — 4P 30

G(ay, ay, 03) =

V. SEMICLASSICAL COMPUTATION OF
NONEXTREMAL 3-POINT FUNCTION

Let us now consider the case of generic A;. Here we
shall start first with construction of semiclassical solution
in the AdS part. Our discussion in Sec. VA will apply to the
case of generic non-BPS string states that carry large
charges in S° only so that the relevant part of the AdS
dependence of the vertex operators is the same as in (3.3)
and (4.1),i.e., K*. Then the semiclassical trajectory will be
given again by 3 intersecting geodesics but the Schwarz-
Christoffel map will be more complicated than (4.17) as A,
is no longer equal to A, + A;. In considering the S°
contribution in Sec. V B we shall specify to a nonextremal
(Jy # J, + J3) case of 3 BPS operators. The final semi-
classical result for the 3-point correlator will match, of
course, the supergravity expression in (2.8) and (2.37).

A. Solution in AdS

The equations which we need to solve to find semiclas-
sical trajectory in AdS are still the same as in (4.14) and
(4.15). One may expect that the solution may still be given
by 3 intersecting geodesics in (4.20) assuming the Schwarz-
Christoffel map from a (7, o) domain to the £ plane and the
corresponding regions I, II, III are properly defined. The
expectation that the solution should still be a function of one
variable 7 is supported by the following reasoning. For
semiclassical string states that do not carry large charges
in AdS the corresponding AdSs solution should be the same
as for pointlike BPS states whose correlation function is
reproduced by the supergravity expression. The difference
between the BPS and non-BPS cases should be visible only
in the S° part of the semiclassical solution.

To construct the relevant Schwarz-Christoffel map let us
start with the conserved and traceless (i.e., holomorphic)
stress tensor of the AdS part of the classical string sigma
model in conformal gauge

1O =Tee = 5[0+ @22 5
If we assume that the required semiclassical solution is
given by (4.20) with some choice of regions I, II, III then
computing 7 in (5.1) gives
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T(£) = KZ(;’—;)Z,

where to make 7'(¢) globally defined we have to set k; in
(4.20) to be equal. Thus to find the map from the ¢ plane
with 3 punctures to a (7, o) domain we need to know the
exact form of T(&).

The key observation is that the structure of 7 can be
fixed uniquely [1] by using (i) its expected behavior near
each marked point and (ii) the conformal transformation
law

T(& &), &0, &) = ET(E 60 &1 EN.

The behavior near each marked point is determined by the
2-point function solution (3.14) where 7 is given by the
conformal map (3.13). Substituting this solution into (5.1)
gives

(5.2)

K| = Ky = K3 = K,

(5.3)

A2 (E - &P
AN (E— & (E— &)
where we used the conformal map (3.13). This means that

near each marked point &€ = ¢; (i = 1, 2, 3) the stress-
energy tensor has to behave as

k2(97)? =

[T(‘f)]Z—point =

(5.4)

d? 1 _ ﬁ
T(E— &)= a4 m, d; = Nee (5.5
Using (5.3) then allows one to restore the exact form of T
di(& — E)E — &)
T(&) = 1
O de— ey - e - &)
(& — E)E — &)
4(€ = ENE - E)P(E— &)
di(é, — &)(& — &) 5.6)

THE-ENE - ENE - EF

Comparing Eqgs. (5.6) and (5.2) we conclude that the re-
quired map is given by’

T-Fiu'I%fdeTf),
ie. Tzéfdfm-i'%/dg\/?{?). (5.7)

Equation (5.7) with T given by (5.6) defines a new
Schwarz-Christoffel map (with explicit form given in
Appendix B) that generalizes (4.17) to the generic case
of A, not necessarily equal to A, + A;." Indeed, in
the extremal case d; = d, + d; the stress tensor (5.6)
simplifies to

"8We implicitly assume that an arbitrary integration constant
can be absorbed into a shift of the origin of 7 + io.

!9 As already mentioned above, we always choose A to be the
largest of the three dimensions.
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(5)_1[ dy(& — &) d3(&, — &3)
(=&~ &) (E—&)E— &)

20

2
] (5.8)
so that (5.7) implies that

T+¢a:%wgmf—§n— dyIn(¢ — £3)].
(5.9

This is equivalent to the map (4.5) used in the previous
section if we set

dy)In(¢§ — &) —

Kk =d, (5.10)

as we shall assume below. In another special case consid-
ered in [6] when

§i=00, &H=1, &H=—1, dy=d; (S.11)
the stress tensor (5.6) simplifies to
d2(§2 _ qZ) d2 _ 4d2
r=SCa ) 220700 (50
A& 17 &
and thus the map (5.7) takes the form?!
d 1
T+ ioc=1In(é+ fz—qz)—i-—z(l —§+1
e —\/l—qxlfz—q) (5.13)
f AN = gNE -

The discussion in (5.6) and (5.7) is valid for arbitrary A,
A, A;. However, the geometry of the complex domain in
the (7, o) coordinates depends on the relation between the
A;’s. Let us now consider in more detail the case when
A, > A, + Aj as then it is easier to understand the struc-
ture of the map (5.7). It is convenient again to view the
closed string picture with ¢ running over a complex plane
as a “double” of the open string picture with & belonging
to the upper half plane and ¢; lying on the real axis. Then
(5.7) maps the upper half plane to the interior of a polygon
on the complex 7 + io plane and which, in general, is
different from the one in Fig. 2. The critical points of the
map (5.7) are determined like in (4.8) from the equation
a(%g"") = 0 (i.e., from zeroes of T(£)). An important dif-
ference as compared to the extremal case is that now this
equation for & = &, is quadratic rather than linear. The
resulting rwo solutions are given in (B4) and (BS5). Note
that for A; > A, + A5 the solutions in (B4) and (B5) are
real for &; lying along the real axis. Finding 7 and o on
these two solutions®® we get the same value for 7= 7,
(which can be shifted to 7 = 0), i.e.,

2Owe ignore again an integration constant that can be chosen to
set, e.g., T = O.
21Note that in the extremal limit (when ¢ — 0) this expression
reduces to (5.9) up to an irrelevant divergent constant ~ Ing.
2In the special case of (5.13) we get &;,; = *=¢ and thus (7 +

4 & ] a _
(0)iy = Inépy + 1n7§ H))(ém +Z ;, e, (r+io)l)= Ix
Iné 4d2 + 1’7sz, (7 + la’)mt = —1 i 4d +im(1 — Z—?)
I
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1 2
Tt = it = 0. (5.14)
while for o = oy, we get two different values
A A
1 2 2 3
oll) = i o = (1 -~ AI)W' (5.15)

It is then straightforward to draw the complex domain in
(1, o) coordinates which is mapped to the upper half plane
using (5.7) [see Fig. 4]. The left and right ends of the three
strips there are supposed to run to infinity. The vertical size
of the @) ()

“removed” region is given by o — O]
A—Ar— A,
A,

mnt

77, 1.e., it vanishes in the extremal case when we

get back to the diagram in Fig. 2. The behavior near the
interaction points in Fig. 4 can be understood by an appli-
cation of the Schwarz-Christoffel theorem (see, for ex-
ample, [23]) according to which a general map from the
upper half plane to the interior of a polygon is given by

£ = [aee = n) e = m)P g = )
(5.16)

Here & parametrizes the upper half plane, &' parametrizes
the interior of a polygon, 7y, ... n, are the points along the
real axis which are mapped to the vertices of the polygon
and 76y, ... w6, are the angles at the corresponding ver-
tices. Expressing 7 in (5.6) in terms of the critical points

D and €2 of the map (5.7) [see (B4) and (B5)] we find

nt nt

(£ ED(E - D
M7=y =yt

Comparing with (5.7) with (5.16) we conclude that in our
case m; = &£;,i = 1,2,3with §; = 0and 7,5 = £\? with
6, = 3 i.e., the angles at the interaction points are 32 as,

indeed, shown on Fig. 4. Note that in the extremal case the

(5.17)

points fl(rln) and 'fl(fzn) coincide and near this point /T behaves
as & — & In the corresponding angle is 277 in agreement
with Fig. 2.

Comparing Figs. 2 and 4 one may be formally interpret
the latter as corresponding to a ““generalized” light-cone
interacting string diagram where p* momentum, i.e.,
length of the string, is not conserved: the removed region
in Fig. 4 may stand for an external state (carrying away the
deficit of momentum or A; — A, — A3 in the present
context).

Clearly, Fig. 4 applies to the case when A; > A, + Aj.
In the opposite case (5.7) is not defined as a map from the
upper half plane. The reason is that for &; lying along the
real axis the critical points are always complex with non-
zero imaginary part [see (B4) and (B5)], i.e., in this case we
cannot view the resulting closed string world sheet as two
copies of a polygon with proper identifications along o.
Then we have to interpret (5.7) as a map from the full
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I

II

T

FIG. 4. The polygon on the complex plane 7+ io whose
interior is mapped to the upper half plane using the Schwarz-
Christoffel map (5.7). Regions I, II, III correspond to three
interacting strings.

complex plane and the resulting (7, o) domain and the
individual regions I, II, III are harder to visualize.?

The proposed solution to Egs. (4.14) and (4.15) is thus
given by the expressions in (4.20) where regions I, II, III
should now be defined (for A| > A, + Aj) as in Fig. 4. For
example, let us consider Eq. (4.14). In each of the three
regions only one marked point &; is contributing. Just like
in the previous section, near each marked point the Lh.s.
and the r.h.s. of (4.14) are equal to each other

4 _ 2d.;
7,(887' = +l52(§ — fi):
|ai - bil

+ 5.18
|ai - bil ( )

where the choice of the sign depends whether the point &;
is mapped to 7 = o0 or 7 = —oo. For concreteness, we
choose the convention that £, is mapped to —o0 and &5, &3
are mapped to +o0. Equation (5.18) follows from the fact
that according to (5.2) and (5.7) near each puncture k07 =
VT has a simple pole ~(& — &;)~! with residue *d,.

The calculation of the corresponding semiclassical value
of the AdS part of the action in (4.4) is the same as in the
previous section [see (4.24) and (4.25)] and we will simply
state the result (restoring the dependence on a;)

COAdS

“A(S(f §> §§)
e N
(a2 a l) (‘13 a 1) (a3 ‘12)

e Aass =

(5.19)
where, Caqs 18 the same as C in (4.28), i.e.,

aj'ay’ ey’ (o) +ay +as)n ety ]1/2
(a) +a))® 2 (a; +az)* " (ay +az)@ ]

(5.20)

Coads = [

ZNote that in the case of the three BPS operators one always
has A} = A, + A3, Ay = A+ Ay, A3 = A, + A, (this is ob-
vious at weak coupling and holds in general due to nonrenorm-
alization). Thus, Fig. 4 does not apply to the (nonextremal)
3-point function of the three BPS operators. Nevertheless, since
the geometry of the domain in the (7, o) coordinates is simpler
for A; > A, + A; it is convenient to formally perform the
analysis in this case, treating the opposite case by analytic
continuation. The general map (5.7) and the final results are
indeed valid for arbitrary A;’s.
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and AAdS

Anss(r 6289 =5 [ 818,56~ £) - 2,86~ &)

—A38%(¢ — E)I(€ &), (5.21)

When one substitutes here 7 computed using (5.7) and (B1)
one finds 3 types of terms: (i) divergent “‘self-contraction”
terms that should be subtracted; (ii) In|¢; — &;| terms that
will cancel against similar S° terms after use of marginality
condition as in (4.29); (iii) &;-independent terms ~A; InA ;
which contribute an extra factor Cl,q to the structure
constant in the 3-point function, i.e., Cags = CoagsClygs-
To compute C/,,q using (B1) and (B3) one is to take into
account the choice of 7;,, = 0 which means that 7 is to be
shifted by the following constant

dy —d, —

d
=—— —(nld} + (d, = ds)* = 2d}(d3 + &3)]
1

+1In[|&, — &M1& — &ll& — &I

>

(5.22)

Then the additional contribution coming from (5.21) is
found to be

InCl s = WA= 2 n(4d3) + d3In(4d3) + d5 In(4d3)
+2d,dy In[(d, + dy — d3)(d, + dy + d3)]
+2d,dy In[(d, + dy — dy)(d, + dy + d3)]
— 2dyrdyIn[(d, + d, — d3)(d, + d5 — d,)]
+4(d, — dy — d3)*In(d} + di + d

—2did5 — 2d3d3 — 2d3d%)] (5.23)
As we shall see in the next subsection, in the BPS case this
additional contribution cancels against a similar contribu-
tion coming from S° [like in the supergravity approach in
Sec. I C and in the extremal case in (4.29)]. The reason for
this cancellation can be traced to the marginality condition
that “links” the AdSs and S5 contribution.*

B. Solution in S° for nonextremal BPS correlator

The S contribution depends on a particular choice of the
vertex operators. In this section we will consider the case of
all three operators being BPS and choose them so that they
represent a nonextremal correlator.

Like in Secs. I1 C and II D we may first consider a special
case and then generalize. Namely, let us start with the same
S3 wave functions as in (2.6), (2.26), and (2.27)

*Such cancellation may happen also in more general context,
as it is linked with cancellation of In|¢; — £;| terms that should
have only “subleading” (i.e., not proportional to +/A) coeffi-
cients in order to ensure consistency with two-dimensional
conformal invariance (and, in particular, cancellation of
Mobius volume factor).
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vi(&) = (X, +iXy)'n, vy(&r) = Xy —
v3(&3) = (X + iX3).

iX,)",
(5.24)

Introducing the angles ¢ and ¢ as in (2.29) we arrive at the
following S° part of the effective action including the
relevant (large charge) parts of the vertex operators

Ay = g fd2§(6¢51// + cos? Y dpdp)
—Jk[ffy@—fomwmwdﬂ
—szlﬂfa%f——fghmam¢e*W)

—J; [d2§82(§ — &3)In(cos iy cosp + isingy),
(5.25)

where the first term (S part of string action) we ignored all
the fields that vanish on the semiclassical trajectory. The
analysis in Sec. II suggests that it is useful to perform the
analytic continuation (2.30), i.e.,

iX,— X, iX;—Xs ip— . (5.26)
Then from (5.25) we obtain the following equations of
motion

iLe.iog— @,

200 — sinh2id@de
=i%{hmM&$@—§o+th&¥@—§g

tanhi cosh@ + 1
(P e - )]
cosh@ + tanhys

d(cos i d @) + d(cos> o)

N %[]152(5 — &) — 8¢ - &)

+h——39ﬁ—T¥@—§9}

= (5.27)
cosh® + tanhy

As in the discussion of the AdS case we have to impose the
condition that there is no additional singularity at & = oo.
This gives us Egs. (2.32) whose solution is given in (2.33).
The problem then is how to construct the local solutions in
regions I, II, III and glue them at the point (2.33) at 7 = 0.
Since we are considering BPS operators the local solutions
must be again geodesics. Naively, one might think that the
relevant solutions should be simply (as in (4.6)) given by
@ =k,  =0and ¢ = k7, = 0 but these cannot be
glued at (2.33). The right choice of (complexified) geo-
desics in regions I, I, III is more complicated. Fortunately,
as we discussed at the end of Sec. II C, we can reduce the
problem of finding them to an equivalent one in AdS,
and thus simply borrow the results from the previous
subsection!
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Explicitly, the analytic continuation (5.26) maps the
sphere X? + X3 + X3 = 1 into the Euclidean AdS, space
X? — X3 — X% = 1. Introducing there the Poincaré coor-
dinates (r, y) (2.38) so that the original S angles (¢, ) are
given by

rr+(y+1)?
A1

r2+y2—1

2ip — A
’
2r

sinh(iy) = (5.28)

we get for the vertex operator factors in (5.24)
1 ( r ) Ji 1 ( r ) I
vi=—N\5——"") . == |5
P2\ (y+1)? 22\ P+ (y—1)?

( r >*J3
n=——— .
3 2 +y2

These may be formally interpreted as vertex operators in
AdS, inserted at the boundary points a; = —1, a, =1,
as = 0 and carrying effective dimensions —J;, —J,, —J3.
The corresponding semiclassical solution can thus be found
from (4.18), (4.19), and (4.20) where one is to replace
(z, x) — (r, y) and also to interchange the points a; and a3
(as we assumed in (4.18) that a; = 0). Its explicit S? form
can then be written using (5.28), i.e., this solution is com-
plex in terms of the original coordinates. The fact that the $°
intersection point is complex was already found in (2.33).%°
The action on this solution was already found in (5.19),
(5.20), and (5.21) so we should just substitute the above
data [we should also remember to include the factor
2717/ coming from Egs. (5.29)]. As a result, we obtain

(5.29)

e Ay = CS5e*ASs(§1,§z,§3)’ (5.30)

’ 21’ Bﬁ‘ 2(,81 +B,+ 183)51‘*'32-*-3%

(5.31)

Astgntne) =3 [0~ ) + 1,8~ &)

+1,8%(€ - &),

where 3; were defined in (2.35).

Combining this with the AdS contribution in (5.19),
(5.20), and (5. 21) and using marglnahty condition A; =
J; we find that A ads cancels against A 5. This 1mphes in
partlcular that C), ;s in (5.23) indeed cancels out.”® Since

= 3; we find also that C,4g cancels against the square

root factor in (5.31), i.e., we are left with the same 3-point
coefficient

(5.32)

*This solution is thus different from the S° part of the
geodesic solution discussed in [5].

Let us stress that this cancellation is not due to the relation
between S? and AdS, which appeared because of the analytic
continuation (5.26) but is due to the simple marginality condition
for the BPS operators.
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1
25
as found in the supergravity and free gauge theory compu-
tations in Sec. II.

The discussion of the more general case of nonextremal
correlators considered in Sec. II D is of course straightfor-
ward using again the analytic continuation to AdSs.?’

The resulting string theory expression is again the same
as in (2.52).

C=Cps Cg= (5.33)

VI. AN EXAMPLE OF SEMICLASSICAL 3-POINT
FUNCTION OF NON-BPS OPERATORS

In this section we will study an example of 3-point
function of non-BPS states that correspond to small circu-
lar strings in §3.%® If we parametrize the 5-sphere as in
(2.28), i.e.,

X, +iX, =cosfcosie,

X5 + lX6 = Sin0€i¢3,

X5+ iX, = cosfsinie’s2,
(6.1)

then the classical solution representing a small circular
string rotating on S* of radius 0 < a < 1 inside S° with
two equal angular momenta has the following simple
“chiral” form (AdS time is r = k7) [25]

X, + iX, = ae'"" ), X5 + iX, = ae'™?),

X5+ iXg =1 — 242,

Jo=Ju=J=+Xa®  E=+Ax=2yJAJ. (63)

The AdS energy E of this solution has exactly the same
form as in flat space (with /A — 1) where the string
solution described by 4 Cartesian coordinates is given
by*® x; + ix, = ae'"T), x3 + ix, = a9,

Since a can be taken to be small, it is natural to expect
that the S° part of the vertex operator representing such
state should have similar structure to its flat space counter-
part in R, X R* (in ““momentum” representation)

6.2)

f LéeEo(x, + in)P 00 + i),  (64)
ie., [cf. (3.9)]
V@) = [ | v
(&) = [0(X, + iX)V[A(X; + iX,)V. 6.5)

27As was used above, one is take into account that under the
analytic continuation from S° to AdSs one is to invert the sign of
the string action so that the semiclassical solution remains the
same with a; — 3;.

2 Attempts to discuss more apparently subtle examples with
“large” circular strings wrapping big circle of S® were made in
[5,24].

*This configuration belongs to S* C R* and thus can be
directly embedded into S°.
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The semiclassical approximation to the 2-point function of
such operators is governed [22] by the geodesic in
AdS (3.14) combined with the Euclidean continuation
(7 — —i7) of the classical solution (6.2), i.e.,

i, =71+t io,

cosf = \/Ea,

i, =7T—i0,

T
U= 1 ¢3 =0, (6.6)

with

A=E=2VAJ

being the marginality condition. This solution should be
mapped to the complex ¢ plane with two marked points by
the same map as in (3.13), i.e.,

7+ io =1In(§ — &) —In(§ — &).

Let us now consider computing a correlation function of
the 3 operators like (6.5) in semiclassical approximation

assuming J; ~+/A> 1 and A; = 2\/\/}J,~ ~JA>1

choosing their S° parts in the following particular form:
vi(€) = [0(X; + iXy)} 1 [0(X5 + iXy)],
vy (&) = [0(X) — iXy)}2[a(X; — iXy)]~,
v3(€3) = [0(X; — iXy)}3[a(X; — X))~

Note that with this choice all the three operators corre-
spond to strings spinning in the same S>. In this case, as in
flat space, the integrals over the zero modes of ¢ and ¢,
appear to impose angular momentum conservation
constraint

(6.7)

(6.8)

(6.9)

J1 = J2 + J3. (610)

Then the corresponding correlator in flat space will vanish
if restricted to R, X R* as (6.10) with the mass shell
condition (6.7) will be inconsistent with the energy con-
servation E; = E, + E3. To get a nonzero correlator we
will need enlarge phase space introducing nonzero mo-
mentum components in other directions, so that the flat-
space marginality conditions become E? — p? = 4a’"1J;.

Let us see what happens in the AdSs X S° case were
there is no a priori conservation condition for A;. The
AdSs part of the semiclassical solution should be exactly
as in the nonextremal case discussed in Sec. VA. As for the
§3 part of the solution, we will argue that it given by (6.6)
with

r+io=In(E— &) —j—fln(f— &) —j—jln(f— £). (6.11)

The form of this map is suggested to be the same as in the
extremal BPS case (4.7) since J; are conserved and since
the angles are linear in 7 and o as in the flat space case.
The stationary-point equations of motion for ¢5, 6,
happen to be nonsingular and are solved by the same
relations cosf = 2a, i = T, 93 = 0 asin (6.6) together
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with the conditions that ¢; is holomorphic and ¢, is
antiholomorphic. The equation for ¢, reads

VAa?

T
=J18%(& — &) — L& (¢ — &)
— J36%(€ — &3) — 9((0 Inigy) ™!
X [J18%(€ = &) — 1,8%(€ — &) — J36°(£ — &)
(6.12)

and the equation for ¢, is obtained from (6.12) by replac-
ing ¢; — ¢,, 9 — 4. Since on the solution (6.6) with
(6.11) one has (8%(¢ — &;)) ' lnig,, = 0, we find that
Eq. (6.12) is indeed solved by (6.6) and (6.12) provided

Jl = \/Xaz.

The S° part of the string stress tensor on this solution is
found to be

(6.13)

T4 (£) = cos?Ocos® i (d¢,)?

_ 1 [ Jr(é1— &)
VAL LE=ED(E— &)

J3(é1— &3) ]2
(E—&NE—E&)]
(6.14)

Conformal gauge condition requires that the full AdS;5 X
§3 stress-energy tensor should vanish. This means that
(6.14) has to cancel the AdS5 contribution (5.6) with d% =

&+ d}d = %): this relation follows from the angular

momentum conservation (6.10) and the marginality condi-
tion (6.7). However, it is easy to see that this cancellation
(cf. (5.8)) and thus the agreement between the AdSs; map
(5.9) and the S° map (6.11) is impossible: it requires d; =
d, + dy in addition to d7 = d3 + d3 implying d; = 0. This
suggest that in this case semiclassical solution does not
exist which we interpret as an indication that this correlator
should vanish as in flat space.

The clash between the angular momentum conservation
and the nonlinear (non-BPS) marginality condition can be
avoided by considering analogs of nonextremal BPS
correlators discussed in the previous sections. There the
three operators carry charges from different planes so that
the charge conservation applies only “pairwise”. Semi-
classical computation of such correlators remains an inter-
esting open problem.

VII. CONCLUDING REMARKS

In this section we would make some comments on
comparison of our approach with that of Ref. [6]. The
authors of [6] suggested a construction of the AdS part of
the semiclassical solution corresponding to a correlator of
3 operators that carry large charges in S° only by using the
Pohlmeyer reduction (see, e.g., [26]) to find the relevant
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AdS, solution.?® They defined the reduced theory variable
¥ by

920z + 0xIx _ [= N
— = VTT cosh?y,

<

(7.1)

where T is the stress tensor (5.6) corresponding to the case
of the three generic dimensions A;*' so that it satisfies a
generalized sinh-Gordon equation

93 7 = \TT sinh¥. (72)
Given a solution for ¥, to find the original Poincaré coor-
dinates z, x one is to solve an additional linear problem (see
[6] for details).

In this framework, the solution which we suggested in
Sec. VA (that should apply to generic non-BPS operators
with charges only in $°) is simply ¥ = 0. In [6] this case
was excluded as corresponding to the geodesic related to
the 2-point function and it was assumed that the 3-point
correlator should be described by a nontrivial solution
y # 0 of (7.2). However, ¥ = 0 does not necessarily cor-
respond just to the 2-point function since there is an addi-
tional data associated to the 3-point function case.

Indeed, the 3-point function problem is defined on a
plane with three punctures rather than two. Using the
Schwarz-Christoffel transformation defined by the stress
tensor we can map the plane with three marked points to a
complex domain in the (7, o) plane. Part of nontriviality of
the solution is thus hidden in the Schwarz-Christoffel map,
i.e., in details of the (7, o) domain. While the solution
suggested in Sec. VA (which generalizes the 3-geodesic
configuration of [5] in the BPS case) in each of the three (7,
o) regions corresponds simply to the ¥ = 0 one as in the
2-point function case, the gluing condition, i.e., the precise
definition of the three regions depends on the Schwarz-
Christoffel map and, hence, on the stress tensor.

We believe that for given generic values of dimensions
A; the AdS part of the semiclassical solution controlling
the 3-point function should be the same in the case of non-
BPS operators as in the (nonextremal) case of BPS opera-
tors: as the corresponding vertex operators are assumed to
carry only S° charges, the distinction between the two
cases should be visible only in the S° part of the semiclas-
sical solution. At the same time, as we demonstrated in this
paper, the expected value of the BPS correlator is correctly
reproduced by the “pointlike” 3-geodesic solution (4.20).

Reference [6] claimed that the relevant AdS solution
should be described by a nontrivial ¥ # 0 and that the case
of the BPS correlator should be recovered only in the case

when d; = % are small. This formally follows from (7.2)
since in view of (5.6) the coefficient V7T in (7.2) is small

*OThe boundary points &; for the 3 operators were assumed to
lie on a line.

31As was mentioned earlier, in [6] the insertion points and
dimensions were chosen as in (5.11).
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for small d; and thus the solution of (7.2) should be well
approximated by ¥ = 0 one. However, the BPS states can,
of course, carry any large charges and thus have d; > 1 so
we believe that the relevant solution of (7.2) should be just
9 = 0 for any values of d,.

There are, obviously, many open problems. It remains to
find a nontrivial example of non-BPS correlator with $§°
charges, i.e., to construct the S° part of the corresponding
solution. One should also address the same question for
correlators with nontrivial charges in AdSs, generalizing
the approach in [6] (for very recent work in this direction
see [27]).
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APPENDIX A: WORLD SHEET AND TARGET
SPACE CONFORMAL SYMMETRY FACTORS IN
STRING CORRELATION FUNCTIONS IN ADS

Here we shall explain in detail the remarks made in
Sec. III A about the symmetry group factors in the 2-point
and 3-point correlation functions in string theory in AdS
space. For concreteness, we will present the discussion in the
framework of semiclassical expansion used in this paper.

Let us start with evaluating the factor (). in (3.7) which
is the volume of the subgroup of the Mobius group®”

_aé+b

_ =
Erd a,b,c,deC,

& ad — bc =1, (A1)
preserving two points on a complex plane. We shall choose
these points to be 0 and oo, so that the transformations

preserving them will have

b=0, c=0, a=d ' =re?. (A2)

They thus consist of dilatations with parameter r = |a| and
U(1) rotations with parameter #. The of this subgroup is
then given by

Pz d
Q;=fd%ﬂd¥md—w=: —ﬁzzwf—?(Aa
r

|lal?

and thus diverges logarithmically.*

Let us now return to the semiclassical evaluation of the
2-point function in Sec. III B where (3.1) and (3.23) [cor-
rected by extra *“‘canonical dimension™ |&, — &,|™* factor]
implies that

*The corresponding volume can be written as
[d?ad*bd*cd*d5*(ad — be — 1).

33The same conclusion follows also from the definition of (..
as a ratio %—”24 in (3.7).
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1

G(ay, a;) ~ Q! FNES (A4)

This may seem to vanish as (), is divergent. However, we
did not yet take into account that the semiclassical solution
(3.14) is not unique: it is defined up to AdS target space
SO(1, 5) transformations (acting as the Euclidean confor-
mal group at the boundary) that preserve the points a,,
d,.>* This degeneracy requires introduction of the corre-
sponding collective over which one has to integrate.

Let us count the parameters of these residual symmetry
transformations, setting e.g., a, = 0 in (3.14). First, we
have SO(3) rotations in the (x;, x,, x3) plane. Second, all
translations are broken because they shift the origin and
this cannot be undone by either boosts or special conformal
transformations since they all preserve the origin. Now let
us act on d; = (ay, 0,0, 0) with a dilatation (with parame-
ter p) and a special conformal transformation (with
parameters b,,):

Im parln + bmpza%
a™ = .
! 1 + 2pbya; + p*b*a?

(A5)

If all b,, are nonzero the components a}, ai, aj will be
shifted from zero. However, they can be moved back to
their original values by boosts in the (xg, x1), (x(, x,) and
(xg, x3) planes. Thus, we get 4 equations for 8 parameters
(b,,, p, and 3 boosts) leaving 4 independent parameters.
Together with 3 SO(3) rotations this gives 7 residual
symmetries. Note that this number is just the difference
between the dimension of SO(1,5) and the number
of the conditions set by fixing 2 points on the boundary,
ie,15—2X4=17.

Thus the semiclassical calculation of [2] and Sec. IIT B
should include the integral over the corresponding 7 col-
lective coordinates. The precise form of the integral de-
pends on the location of the two boundary points but its
value does not, so we may make a convenient choice of
d, = 0, @, = co. Then the unbroken subgroup consists of
dilatations and all SO(4) rotations (translations are broken
because they do not preserve the origin and special con-
formal transformations are broken because they do not
preserve infinity). Since SO(4) has finite volume, the non-
trivial factor comes only from the integral over the dila-
tions. The subgroup of dilatations can be embedded into
SO(1, 5) as diagonal 6-matrices

diag (p, p, 1, 1, 1, 1), (A6)

pp =1

The group-invariant volume of the corresponding trans-
formations is then

d
Q1 = [ dpdpd(pp — 1) = [ L@

**Similar SO(6) degeneracy can be ignored as the correspond-
ing group has finite volume.
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This integral is logarithmically divergent like ). in (A3)
and thus we may set Q4 Q. ! = 1 implying a finite ex-
pression for the 2-point function in AdSs X S°.

The same argument applies, in fact, to the generic
AdS, . case, e.g., to strings in AdS, X M, AdS; X M or
AdS, X M. The number of the corresponding collective
coordinates is given by the dimension of the subgroup of
SO(1, d + 1) preserving two boundary points which is

_dd—1)
e

If we choose the two points to be at 0 and oo then the
unbroken subgroup is the product of SO(d) and dilatations.
The dimensions of these two groups are precisely the two
terms in the r.h.s. of (A8). The integral over the collective
coordinates is again the integral over SO(d) (which gives a
finite number) times the one-dimensional integral (A7)
over the dilatations. It again cancels the diverging ().
factor in the 2-point function (3.7).

Let us mention that the divergent integral (A7) may also be
interpreted as 8(A, — A;) — 8(0), like in the Liouville
theory [28] and in string theory on AdS; [19]. This argument
is not using semiclassical and requires a certain analytic
continuation. Let us start with the general expression (3.1)
and single out the integral over the dilatations by setting

(A9)

dim[SO(1, d + 1)] — 2d + 1. (A8)

xm — px/m’

where 7z’ and x"™ are fixed under the dilatations. As the string
action (3.4) and v in (3.3) will not depend on p, we will get

Ry ——
p p2Z/2 + (pxlm _ a}in)2

L=y )
pZZIZ + (pxlm _ agﬂ)Z e

where %‘0 is the group-invariant measure. To decouple the

7= p7,

(A10)

integral over p we may again choose the locations of the
operators at d; = o and d, = 0. Then we will get
the factor in (A10)

A d
Qdﬂ=f7PpAz—Al =fdne(Az—Al>n, p=e,

Analytically continuing 7 — in as in [28] we may interpret
this factor as 6(A, — A,), implying that the 2-point function

(Al1)
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vanishes unless A, = A; when the singular factor

(Qgn) A,=a, gets cancelled against (). as discussed above.
In the case of the 3-point function (3.8) when 3 target
space points a; are fixed the remaining symmetry subgroup
of SO(1,d + 1) is compact SO(d — 1) and thus the result-
ing correlator is finite. Indeed, let us choose 2 out of 3 fixed
boundary points to be at @, = 0 and d, = co. The third
point a5 breaks dilatations and the only surviving symme-
try is the SO(d — 1) subgroup of SO(d) that preserves ds.
The same applies of course to higher-point correlators.

APPENDIX B: EXPLICIT FORM OF THE
SCHWARZ-CHRISTOFFEL MAP FOR
NONEXTREMAL CORRELATORS

Here we present explicit form of the Schwarz-
Christoffel transformation found by doing the integral in
Eq. (5.7). In our convention the operator with dimension
A, = A, + As is inserted at 7 = —oo and the other two
operators are inserted at 7 = +oo. We find [up to an
integration constant which we can adjust to satisfy (5.14)]

rtio—In S &1 =& d21 §—& d31 §— &
EnéiM, EnénM, A
(B1)
where &;; = &, — £,
M, =2d,Q — (d5 — d3)éx(€ — €))
+ dil(é = E)é13 — (€ — E)én)
M, =2d,Q — (d — d})€15(€ — &)
+ d3[(€ = &3)én — (€ — €)éx),
My =2d30 — (df — d3)é5,(§ — &)
+ d3[(€ = €)éxn — (€ — E)éx] (B2)

and

O=[diénE(E—E)E— &) T d3énEn(E—E)(E— &)
+diE3én(E— E)E— D]V (B3)

The parameters of the critical point of the map determining
the interaction point on the diagram in Fig. 4, are deter-
mined from a quadratic equation that has two solutions

(1)
fint

(2) —
fint

_ diénénlé + &) + BéEREn(E + &) + BiEnéin(é + E) — PVPéEnén (B4)
2diéné s + diériény + diE13603)
diénés(éy + &) + d3énén(E) + &) + d3énéy (& + &) + P1/2§23§12
2d3é €1 + d3én épy + d 513523)

where in the last relation we used that d; = % and the definitions of «; in (2.21).
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