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We investigate a squashing deformation of 3D N = 2 supersymmetric theories on three-sphere, which
have four supercharges. The deformation preserves SU(2); X U(1), isometry and all four supersymme-
tries. We compute the partition function and find nontrivial dependence on the squashing parameter. We
also consider the large N limit of a certain class of quiver gauge theories which have free energy of order
N32_ and show that the free energy on the squashed sphere differs from that on round sphere by a certain

factor depending only on the squashing parameter.
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I. INTRODUCTION

Recently, exactly calculable quantities in gauge theories
in various dimensions attract great interest. They provide
strong evidences for the duality among field theories and
the gauge-gravity correspondence. They are also useful to
study relations among theories in different dimensions.

In the case of three-dimensional theories, the supercon-
formal index [1-3] and S? partition function [4-6] are such
calculable quantities. The S* partition function was first
computed for superconformal theories without anomalous
dimensions in [4] by using localization. It was later extended
to theories with 2N = 2 superconformal theories [5,6]. It is
used to check dualities among 3D field theories [7-13] and
gauge-gravity correspondence [14—18]. The superconfor-
mal index is also used to check these dualities [13,19-22].

The superconformal index depends on chemical poten-
tials associated with global symmetries of the theory.
Similarly, the S* partition function is a function of the
deformation parameters of the theory. Studying the depen-
dence of the partition function on deformation parameters
is important because the more deformation that parameters
provide, the finer the information of the theory. The parti-
tion function is given in the integral form [4]

Z= / doge™ (@0 7170 (), (1)

where o is the expectation value of the adjoint scalar
fields in vector multiplets, which parametrizes the flat
directions. The integral is performed over the Cartan alge-
bra of the gauge group. In the most general form of the
partition function, it depends on the Weyl weight of chiral
multiplets, real mass parameters, Fayet-Iliopoulos (FI)
parameters, Chern-Simons levels, and a squashing parame-
ter of the S3. FI parameters and Chern-Simons levels enter
in the partition function through the classical action
S9cy). The real mass parameters enter through the
one-loop determinant of chiral multiplets, and can be
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introduced as expectation values of scalar fields in external
vector multiplets coupling to flavor currents. The partition
function for general Weyl weight assignments is computed
in [5,6]. In 3D N = 2 superconformal field theories the
Weyl weight A of a chiral multiplet is the same as the
superconformal R charge of the chiral multiplet. Theories
we consider in this paper are not always conformal. When
we consider nonconformal N = 2 supersymmetric theo-
ries on S, the Weyl weight should be regarded as a
parameter appearing in the supersymmetry transformation
laws of chiral multiplets.

The squashing parameter was first introduced in [23].
They consider two kinds of squashed S3. The first one is
the squashed sphere with the metric,

ds* = rz[(/ﬂ)2 +(u?)* + %(MS){I- 2)

ua =1,2,3) are the left-invariant differentials on

S3 ~ SU(2) defined by
2u'T, =g 'dg, g € SUQ). 3)

We use anti-Hermitian SU(2) generators T,(a = 1,2, 3)
satisfying the commutation relations,
(T4, Tp] = —€aeTe €123 = L 4)

We define symmetries SU(2); and SU(2)y, as left and right
SU(2) actions, respectively;

8 8188k gL € SUQ),, gr €E SUQ)R. (5)

The parameter v in the metric (2) is the squashing
parameter.' For later convenience we also define u by

vi=1+u’ (6)

The round sphere corresponds to v = 1 and u = 0. The
differentials u“ are invariant under SU(2);, while they are
transformed as a triplet under SU(2)g. Therefore, when

'"The parameters_v and r used in this paper are related to ones
in[231by € = r, £ = r/v, and f = rv. u is related to s in [24]
by u = is.
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v # 1, the metric (2) breaks SU(2) to its U(1) subgroup,
which is denoted by U(1),.

N =2 superconformal theories on round S* have
eight supersymmetries, and the squashing breaks them.
Reference [23] shows that it is possible to recover 1/4 of
them (two supersymmetries) by turning on a Wilson line for
the R symmetry. It is important that the recovered super-
symmetries are SU(2), singlets. They computed the S*
partition function for such theories with the expectation
that they may obtain a result depending on the squashing
parameter in a nontrivial way. The result was rather disap-
pointing. It was turned out that the partition function is
identical to that on the round sphere up to some variable
changes.

Having obtained this result, the authors of [23] moved on
to study another model in which both SU(2); and SU(2)g
are broken. This squashed sphere is often called ““ellipsoid.”
They again turn on an R-symmetry Wilson line to recover
1/4 supersymmetry, and compute the partition function.
This time they obtained the 1-loop partition function,

[Taca sp(xo(a(0y)))
[l l-[pE'R, Sb(xA,(P((To))) '

with the parameter b depending on the squashing parameter
of the ellipsoid in a certain way. The numerator is the
contribution of vector multiplets, and « runs over all roots
of the gauge algebra. The denominator contains the contri-
bution of chiral multiplets. 7 labels chiral multiplets, and R ;
and A; are the gauge representation and the Weyl weight,
respectively, of a chiral multiplet /. p runs over weights in
the representation R;. s,(x) is the double sine function
defined by

Zl-loop —

(N

x> pb+gb ' +9—ix 1
sy =T] — é —, Q0=b+— (8
pg—oPbTagb™ +5+ix b
x, and x are defined by
Q iQ
xo(a(oy)) = \/;VCY(O'O) - o
©)
iQ

_ |9 _Q.
xa(p(og)) = J;FP(UO) > (1 - A4).

To understand the independence of the partition function
on the squashing parameter of the SU(2); X U(1), sym-
metric squashing in [23], let us consider which modes of
fields contribute to the partition function. Let us focus on a
chiral multiplet. Its contribution to the 1-loop partition
function is given by

DCtDF

Zl—loop — ,
DetDy

(10)

where Dy and Dy are certain differential operators ap-
pearing in the scalar and fermion actions. Their determi-
nants are the products of eigenvalues of the differential
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operators. A complex scalar field on S* can be expanded by
scalar spherical harmonics, which belong to the SU(2); X
SU(2)x representation,

@)(j, i) e @)("’ s} (1

We use subscripts B and F to indicate the statistics of
modes. Roughly speaking, the two summations correspond
to particles and antiparticles. Similarly, a spinor field is
expanded as

(é(]‘ +1/2, j)F) ® (é(j,j + 1/2)F>. (12)

j=0

Because of supersymmetry, the majority of these modes
are paired between bosons and fermions, and their contri-
bution to the partition function (10) cancel each other. If
there exists an SU(2); singlet supercharge, which is ac-
tually the case in the SU(2), X U(1), symmetric squashing
in [23], the cancellation occurs between modes with the
same SU(2), quantum numbers:

(]’])BH(])]_]/Z)F) or (]}])BH(]A]JFI/Z)F (13)

In the first pair in (13) the number of bosonic modes in
(j, j) is larger than that of the fermionic modes in (j, j —
1/2). After the cancellation, only the bosonic modes with
the highest or lowest SU(2); weight survive and contribute
to the 1-loop partition function (10). Similarly, in the
second pair in (13), only the fermionic modes with the
highest or lowest SU(2), weight contribute to the partition
function (10). Thus, even if the SU(2) symmetry is broken
and the degeneracy in each SU(2), multiplet is lost, it does
not affect the structure of the partition function. This is also
the case for vector multiplets.

From the arguments above, we notice that if we can
realize squashing without SU(2), singlet supercharges, we
may obtain the partition function depending on the squash-
ing parameter in a nontrivial way even if the S° is
SU(2); X U(1), symmetric. To study such theories is a
main purpose of this paper. One way to construct such
theories is to compactify 4D theories by S'. Let us consider
a 4D N =1 superconformal theory on S® X R. The
isometry of this background is SU(2); X SU(2)g X R.
The theory has eight supersymmetries, and it is possible
to compactify R to S! with preserving four supersymme-
tries belonging to SU(2); doublets [24]. Through this
compactification, we can relate the S* partition function
to the 4D superconformal index [10,24,25]. It is pointed
out in [25] that if we turn on the SU(2)z Wilson line, we
can reproduce the 1-loop partition function (7) with b # 1
from the 4D superconformal index. The 3D theory ob-
tained by such a compactification is a theory in squashed
S3 with SU(2), X U(1), isometry, and is different from
the theories studied in [23]. We give the supersymmetry
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transformation laws and Lagrangians on the squashed
sphere, and compute the partition function.

Furthermore, we study the free energy of large N gauge
theories. AdS/CFT correspondence relates 3D quiver
gauge theories on round S* to M theory in the background
AdS, X M5 with various compact 7-manifolds M;. The
analysis on the gravity side claims that the free energy is
proportional to N*2, and this has been confirmed on the
gauge theory side for a large class of theories [14,15,18]
when the background is round S3. We extend the analysis
on the gauge theory side to the squashed sphere, and
determine the dependence of free energy on the squashing
parameter.

This paper is organized as follows. In Sec. II, we give the
supersymmetry transformation laws and supersymmetric
Lagrangians without derivations. In Sec. III we compute
the 1-loop partition function and obtain (7) with the
parameters

1+ iu
v

xola(og) = %, (14)

rp(og) —i(1 — A)
” .

s

xa(p(o)) =

In Sec. IV, we explain how we can derive the transforma-
tion laws and Lagrangians given in Sec. II by the dimen-
sional reduction from 4D theory. In Sec. V we study the
free energy of large N quiver gauge theories which are
expected to have M-theory duals. Section VI is devoted to
our conclusions.

Before ending this section, we summarize our conven-
tions and notations. We use the SU(2),-invariant local
frame on the squashed sphere with the vielbein,

7 5 5 T
el =rul, e’ = ru’, e =—ul (15)
v

We use Roman characters k, [, m,n,...,=1,2,3 for 3D
tangent indices, and hatted characters 12, i, mn,... =
i, 2,3 for local indices. Three-dimensional spinors have
two components, and Dirac’s matrices " are 2 X 2 matri-
ces. We use y = o,,, where o, are the Pauli’s matrices,

0@ o (5) () 0

The Levi-Civita tensor is defined by €;53 = 1. We use
spinors without and with bars, which are transformed in
the same way under 3D rotations. Two kinds of spinors
originate from left-handed and right-handed spinors when
we derive the theory from 4D theory by the dimensional
reduction in Sec. I'V.
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II. =2 SUPERSYMMETRY ON THE
SQUASHED SPHERE

A. Transformation laws

N = 2 superconformal theories on round S* have eight
supercharges. If we turn on real mass parameters, half of
the supersymmetries are broken, and we call the unbroken
part N' = 2 supersymmetry. It is possible to squash the S°
in such a way that the N = 2 supersymmetry is preserved.
Killing spinors € and € for the four supersymmetries satisfy
the Killing equations

Dme = _2 Ym +_fn7mn€r
v r
' (17)
Dy = = Y& — [V,
2ur vr

where we define the vector field
fm= eg". (18)

This vector field generates U(1), isometry. Each of the
differential equations in (17) has two linearly independent
solutions which form an SU(2),; doublet. An explicit form
of the solutions are

e=c¢""g e, é=c"g7 g, (19)

where €, and € are arbitrary constant spinors, and 6 is the
angle defined by e = (1 + iu)/v.

Supersymmetry transformation laws for component
fields of vector multiplets are

8A,, = i(ey,A) — i(Ey,A) + uf,,(eX) + uf,,(E),
So=v(eX)+v(E)), bA= —f£;1+)'y,he + De,
sA=F)y.e+Dé,
SD=—(ey" Dy A) + 2%”(6)1) +%(e(1 —iuf)le, X))

~ (@YD, N) 45 (€N~ (€l + iuf o, A,
(20)

where f = f™v,, and F 5?11) are defined by

y 1

57

u . 1
pa T [P €npaDio £ —Dyo. (21)

F

Transformation laws for component fields in a chiral mul-
tiplet with Weyl weight A are
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5¢ =2ey), st = 2(e)

8¢ = —2y"eD,, ¢ + g(l — iuf)éae + 2eF
IAZ (1 - iuf)es,

Sy = —\/Ey’"eDmcﬁT + \/7_(1 +iuf)epto + 2eFt

\/_Al(l + iuf)ept,

\/_(A

—V2D,,(&y"y) -

P+ uprn) - 22 0o,

( (1 + iuf))

SFt = —\/sz(eyle) - @(6(1 — iuf) )
- \?(6(1 — iuf)P)o — 24T (eA). (22)

The commutation relation of the two transformations
S(€, €) and 6(€, €) is

[5(e, &), 8(', &)] = 2L, + 2a(—ia + é) 23)

R is the R charge, and o should be understood as the gauge
transformation with parameter . I’ and « are bilinear of
the transformation parameters,

llm — (E,ym 6/) + (6,}/m€l)
(24)
a—fe(l +iuf)e —76(1 —iuf)é,

and L, is the Lie derivative associated with a vector field
v. It is easily shown by the Killing equations (17) that /" is
a Killing vector and « is a constant on the squashed sphere.
" can be divided into a SU(2), part that is proportional to
[™ and a U(1), part that is proportional to f™:

e (25)
v

The right-hand side in (23) contains generators of SU(2), ,
U(1),, and U(1)g. U(1), does not rotate the supercharges,
and thus is the center of the algebra. Therefore, the
supersymmetry algebra on the squashed sphere is
SUQ2|1)xU(1),, a central extension of SU(2|1). If we
regard the 3D theory as an S' compactification of a 4D
theory, a can be regarded as the parameter of a shift along
the fourth direction. If we substitute (25) into (23), we have
the U(1), transformation with « in the coefficient. This
implies the existence of the nonvanishing graviphoton
background field. From the 4D perspective, a graviphoton
field is, roughly speaking, identified with the nondiagonal
components g,4 of the metric. When the background
graviphoton field is nonvanishing, the compactified
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direction x* is tilted, and shift along x* generates a shift
in 3D proportional to the graviphoton potential field when
it is projected onto 3D. (25) implies that the graviphoton
field in our background is given by

ym =2 pm (26)
v

We will see in Sec. IV that the graviphoton field (26) arises
in the compactification.

B. Actions

The supersymmetric kinetic Lagrangian for the vector
multiplet is

=L+ L,—iuD? (27)

-E vector

where L 4 and L, are bosonic and fermionic terms given
by

L= ulFSFS)
(28)
£A=tr|: AY"D,, /\+2 ——)t(l-i-luf)[a' )t]]
Tr is a positive definite gauge invariant inner product of the
gauge algebra.

The supersymmetric kinetic Lagrangian for chiral
multiplet with Weyl weight A is

Lchu’al -£¢ + £¢ FTF, (29)

where L, and L, are given by
Ly=—-¢'D,D"p + dploop + ¢TD

s —2A¢+¢+21(A D gt g
" —f’”[—kﬁ*oquﬁ — itD, (o)
A —
+28Dgin,0]

» = —(Jy"D, w)+—(w> ( ‘(Av—r’”’)

X (1 + iuf)) —\/_d)*(/\w —2(¢ Db, (30)

Let €; and €, be two independent solutions of the second
equation in (17). The kinetic Lagrangians (27) and (29) can
be obtained from

(El é2)£vect0r =

(€1&) Lepira =

—16(&)8(&x)tr(A A),
—18(€))8(&,)(¢TF).

Because 6(€;) and 6(€,) commute with each other, the
right-hand side of these equations contains the parameters
€, and €&, only through the scalar product (€, €,), and these
equations consistently define the Lagrangians L., and
L pira- These Lagrangians do not depend on the choice of
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two independent Killing spinors €, and &,, and they are
exact with respect to 8(€) for any € satisfying (17).

The supersymmetric completion of the Chern-Simons
term and the FI term are

. . )
Log = trcs[é em”P(AmanAp - éAmAnAP) + (AN

1 ] u
——Do + L0.2 - l—ae”’"mean],
v vr 2v
2i 2ui
‘[:Fl = —trFII:D ——00 + 7fmAm:|,
r vr

(32)

where trcg is a gauge invariant inner product of Lie alge-
bra, which does not have to be positive definite, and trg is a
gauge invariant linear map from the gauge algebra to R.

In addition to these, the F' components of gauge invari-
ant chiral multiplets of weight A = 2 are supersymmetry
invariant up to total derivatives. Such terms, however, do
not affect the partition function.

III. PARTITION FUNCTION

In this section, we compute the partition function of a
theory on the squashed S3. Because of the (&) exactness
of the kinetic Lagrangians L. and L pira, We can send
the coefficients of these Lagrangians to infinity without
changing the partition function. The theory becomes free in
this limit, and we can perform the path integral to obtain
the expression (1) of the partition function.

A. Mode expansion on squashed S3

Let d(g) be a spin s field on the squashed sphere. We
expand it by the spin basis s, sZ> (s,=—s5,—s+1,...,9),

Be) = 3 B, (gls, 5. (33)

S, ==

Because we are using the SU(2);-invariant frame,
s, s.) are transformed as the (0, s) representation of
SUQ2), X SUQ)g. @, (g) for each s, is a scalar function
on S3, and can be expanded by the scalar spherical har-
monics Yf"l,’m (g) as

D (g)= Y P Y0 (34)

2ol
J.m,m

The harmonics Yiﬂ,m belong to the (j, j) representation of

SU(2); X SU(Q2)g. j is the common azimuthal quantum
number for both SU(2); and SU(2)g, and m’ and m are
magnetic quantum numbers for SU(2); and SU(2), re-
spectively. They take values,

J= y%)l) s
m=—j—j+1,....,j—1,j (35)
m=—j—j+1,...,j—1,j
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In the following, we use the ket notation for the harmonics
Y, (9):
m,m

lj,m',m) =Y, (g). (36)
The expansion of the field ®(g) is expressed as
D)= > & limimelss). (37

Jom',m,s

The covariant derivative on round S® with the left-
invariant frame acts on the field ®(g) as

DO = pue2L, + S,), (38)

where L, and S, are SU(2) generators. L, are the SU(2)x
orbital angular momenta acting on the SU(2)g index m of
|j, m', m), and S, are the spin operators acting on |s, s_).
These operators are normalized so as to satisfy the com-
mutation relation (4).

The covariant derivative on the squashed sphere is ob-
tained from D© by replacing the spin connection on the
round sphere, (i = €4 51", by @™, the spin connec-
tion on the squashed sphere. w™" and w(g) are related by

4 1 4 1
w!? = (2 _?),U} = w(l()% + (1 _?)M3,
ss_ Lo 55, (] |
w7 =—p = wg Tt ——1)u’, (39)
v v
1 1
3 R R g __1) 2
w UM ) (U M

Combining (38) and (39), we obtain the following alge-
braic expression for the covariant derivative on the
squashed sphere:

1 1
D = ,LLI(ZLI + _Sl) + ,LL2<2L2 + —S2>
v v
1
The nonvanishing components of the spin j representa-
tion matrices for the L, generators are
Gom',m|Ls|j,m!,m) = im,

. / 1 . / 1 . . 1\2 2
J,m,m+§|L1+,-2|J,m,m—§ =] J+§ —m7,  (41)

i m! ! s 1 : . 1y? 2
J’m’m_ilLI*QlJ’m,m_'_z =1 ,]+§ —m-,

where L+, = L, * iL,. We also introduce SU(2); gen-
erators L;,. The nonvanishing components of L} are
G, m', m|LL|j, m', m) = im'. (42)

In the following subsections, we compute the determi-
nant of certain differential operators appearing in the
Lagrangians. Because the squashed background preserves
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SU(2), and U(1),, the differential operators commute with
operators L},L/,, L}, and Ly + S3. Therefore, we can com-
pute the determinant in each eigenspace defined by

LiLL=—j(j+1), Li=im', Ly+Sy=im. (43)
Because L, and L! act on scalar spherical harmonics,
L!L, = L,L, holds. This restriction generically defines

2s + 1 dimensional vector space spanned by
{jom',m = s)® s, s~ (44)

and the differential operator reduces to a (2s+1) X (2s+ 1)
matrix on this subspace. If m is close to *j and some
m — s, are out of the allowed range in (35), special treat-
ment is needed.

B. Bosons in vector multiplets

Because of the 5(€) exactness of L., We can add
L ecior to the Lagrangian of the theory with an arbitrary
coefficient without changing the partition function. In the
limit in which the coefficient goes to infinity, the path
integral for vector multiplet reduces to the Gaussian inte-
gral around the saddle points. Let us start with the bosonic
part. Saddle points are given by F; = D = 0. This is the
case iff

A,=D=0(, g = 0y, (45)

up to gauge transformations. o is a constant expectation
value of o, and we assume that it is diagonalized by gauge
transformations. At saddle points, the classical values of
the Chern-Simons term and FI term in (32) are

cl 3 cl 2air? 2
Ses(og) = [d x/g LEs (o) = 2 tres (),
(46)
cl 3 l 4mir’
Sti(og) = /d x\/g Liy(og) = trey (o).

We define the fluctuation part of the scalar field,
© =0 — 0y 47)

The path integral of the auxiliary field D gives a constant,
and we ignore its contribution.
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All component fields in the vector multiplet belong to
the adjoint representation of the gauge group G, and have
dim G components. In the following, we focus on one
component in each field that satisfies [oy, D] = a(oy)P.
To obtain the final expression, we need to take the product
over all weights « in the adjoint representation.

To fix the gauge we introduce the gauge fixing function,

f = DsAs, (48)
and add the gauge fixing term,
L gp = 5trf?, (49)

to the Lagrangian. We still have residual gauge symmetry
with constant transformation parameters. This residual
symmetry is fixed by requiring the constant mode of the
scalar field o to be diagonal. The Jacobian factor associ-
ated with this gauge fixing is the Vandermonde determi-
nant,

[Talo0). (50)

a€A

We should include this factor with the result of the path
integral below.

Let us define the four-component field A =
(A3, As, A, ¢)T. In the following we ignore higher order
terms with respect to the fluctuation fields. The quadratic
part of L 4 + Lgp with respect to A is

1
L g+ Lor= F(Dﬂﬂ)T(Dﬂﬂ), (51)

where the differential operator D 4 is defined by

DAl 4 | = Fien | (52)
1-i2 .T(f)»
1) 1-i2

By using (40) with the spin 1 representation matrix
(Su)52 = €ape» We can rewrite the definition of fﬁh_) in
(21) in the algebraic form,

rFy) = 2_”7"“‘0)/43 — Ly _pAiy s+ il A — %2vL3go,
rj:(i;)ii = —2iL; 1 pA; + [2v(1 +il3) — L= u ira(ao)ilAiHQ - I_TWZLH,QQD, (53)
rF = 2iLy A + [2v(1 Ly~ J; u ira(a'g)lei_iQ e
We also rewrite the gauge fixing function (48) as
rf =2vL;A5 + Li_pAj, 5 + Li1pAj_p. (54)

The algebraic form of D 4 is
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2—ira(oy) —l'LI,Q
Dﬂ — _2iL1+i2 21)(1 + lL3) - l—viu ira(Uo)
2l-L1,i2 0
2UL3 L],Q

By restriction to the subspace defined by (43), the operator

(55) becomes the 4 X 4 matrix with each component being

a complex number. Its determinant is

CALG A+ 1) + wPm?]
v

detD 4 (2j + 2imu + ira(oy))

X (2j +2 = 2imu — ira(oy)). (56)

(We use det for the determinant of the matrix defined in the
subspace (43), and Det for the functional determinant of
differential operators.) We need to divide this by the
Jacobian factor associated with the gauge fixing. The alge-
braic form of the gauge transformation of A is

2UL3

5A& = Dé/\ 1 2L1*i2
S8A = ) =- A (57)

S = i[A, o] r{ 2Lyip

—ira(og)
Substituting this into (54), we obtain the Jacobian,
1)

PO G+ 1) + ) (58)

Therefore, the path integral of physical modes in the
restricted vector space with the quantum numbers in (43)
gives’

detD a

det/Dﬂ :W

= (2j + 2imu + ira(oy))

X (2j+2—=2imu—ira(oy)). (59)

The two factors in (59) correspond to the first two irreduc-
ible representations in the decomposition,

GHeO)=0Gj-DeGj+DeGj)  (60)
The last representation corresponds to the gauge degrees of

freedom. By taking the product over quantum numbers j,
m, and m’, we obtain

Det'D 4 = l_[ l_[ (2j + 2imu + ira(oy))> !

PHYSICAL REVIEW D 85, 025015 (2012)

iLl+i2 _2L3
U — M2 4 (55)
2U(1 - lL3) - H%lra(ao) - lJ;m 2L1*i2
Ll+i2 0

Because the four supersymmetries are SU(2) singlets, the
cancellation between bosons and fermions occurs among the
modes with the same SU(2)z quantum numbers. For this
reason, we shift the quantum number j so that the SU(2)z
spins become j. Namely, in the first factorin (61) we replace j
by j + 1,andinthe second factor by j — 1. Correspondingly,
the first two representations in (60) become

G+Lpe(—1)). (62)
After this shift we obtain
Det' D4 =[] [1 @j+2+2imu+ira(c)¥*?
J ml=j
X (2j = 2imu — ira(oy))¥ 1. (63)

Up to now, we have not specified the region of the spin j.
The product with respect to j should be taken over the
region for which the spins in (62) are non-negative. This
means that for the first factor in (63) we take j =
0,1/2, ..., and for the second factor j = 1,3/2,.... By
taking account of this, we obtain

Det'D 4 = (—ira(oy)) l_[ l_[ (2j + 2+ 2imu
J=01ml=j

+ ira(oy))¥*3(2j — 2imu — ira(oy))? 1.
(64)

The factor —ira(oy) is inserted to remove the unwanted
contribution of the second factor with j = 0.

C. Fermions in vector multiplets

The action for the fermion field A at the saddle point
(45) is

I Iml=j—1 L),==-AD)A\ (65)
x T @i+2-2imu—ira(oe)¥*'. (61) :

lml|=j+1 where the differential operator D, is given by

J
i1 _ . 1 .
D, = —ry"D, + 5o ;(1 + iuyy)ra(og) = —2yijL; — 2y5L, — 2uy3Ls — iv — ;(1 + iuys)ra(oy)
—2ul; — iv — HE ra(oy) —2L,_»
= v . 1 . (66)
—2Ly1p 2uLy — iv — HMra(og)

3We ignore constant factor ( — 1/v).
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In the subspace with the quantum numbers (43), this be-
comes a 2 X 2 matrix with the determinant,

detD, = 2j + 1 + ira(oy) + 2imu)

X 2j +1—ira(oy) — 2imu). (67)
The first and the second factors correspond to the two
irreducible representations in

)0 =0j—2)&0 i+ (68)

By taking the product over all possible quantum numbers
and ignoring a constant factor, we obtain

DetD, = l_[ l_[ 2j+ 1 +ira(oy) +2imu)> !
J ml=j—1/2
x [l @j+1-ira(og)—2imu)**. (69)
|m|=j+1/2

PHYSICAL REVIEW D 85, 025015 (2012)

Let us shift j by +1/2 so that the SU(2)g spin of the two
representations become the same

G+3NeG—3) (70)

After the shift, the determinant becomes

00

DetD, = l_[ l_[ (2j + 2 + ira(oy) + 2imu)>*?
J=01m|=j
X (2j — ira(oy) — 2imu)?. (71)

Combining (64) and (71), and the Vandermonde deter-
minant (50), we obtain

DetD —ira(oy) — 2imu
1 loop A 0
= I I I I = I I I I I I 72
Zyeaor (70) = o Det'D 4 a(oy) = wEh T mi=s 2] + 2+ ira(oy) + 2imu’ (72)
If we set
._Ptgq P—q
—rrd —r 4 7
J 7 m 5 (73)
we obtain
71-loop —iu)p + (1 +iuyg +1—i(ra(oy) — i) (ra(a'o) — i)
— rago) = 1) 74
Zyeator (70) = al;[Aplq_[O(l +iu)p + (1 —iu)g + 1 + i(ra(oy) — i) al;[ASb v (74)

This is the same as the numerator in (7) with b and x; in
(14).

D. Bosons in chiral multiplets

We can reduce the path integral with respect to chiral
multiplets to Gaussian integrals by sending the coefficient
of £Chiral to inﬁnity.

Let us compute the contribution of bosonic fields in a
chiral multiplet with Weyl weight A belonging to a gauge
representation R. The path integral of the auxiliary field F
gives constant, and we can neglect it.

Let us assume that ¢ is the eigenmode of o) and oy¢p =
p(oy)¢, where p is a weight in the representation R. At
the saddle point (45), the scalar Lagrangian is

1
Ly=—50"Dyo, (75)
where the differential operator D, is given by

Dy = —r*D,D" — (irp(op) — A + 2)(irp(o) — A)

— 2%l(l'rp(ao) — A+ 1)rD;. (76)

We expand the scalar field with S® spherical harmonics
|j, m’, m). These harmonics are eigenfunctions of the
Laplacian D,,D™ and Dj;

r*D,, D"\ j,m',m)y=(—4j(j+ 1) — 4u’m?)|j, m’, m),

(77)

rDslj, m', m) =2ivm|j, m’, m).

The eigenvalue of the differential operator D in the sub-
space defined by (43) is

Dy = (2j +irp(ogy) — A+ 2+ 2ium)
X (2j — irp(og) + A — 2ium). (78)

By taking the product over all possible quantum numbers,
we obtain the determinant of the differential operator

DetD,, = l_[ l_[ (2j + irp(og) — A + 2 + 2ium)>+!

J=0|m|=j
X (2j — irp(og) + A — 2ium)¥ ™1, (79)
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E. Fermions in chiral multiplets where the differential operator D, is given by

The linearized action of fermion fields ¢ and i at the
saddle point (45) is i i(A—irp(oy))
v

D, =—ry"D,, + (1+iuy®). (81

2v
1 -
Ly= r WDy ), (80) By using (40), we can rewrite this operator in the algebraic
| form
. (A — iroy) )

Dy = —viypLli—no — vi—pLlivn —2vy3l; —iv — (1 + iuys)

—2uLy — iv — TP (4 4 ) —2Ly_» )

_2L1+[2 2‘UL3 —iv — w(l - lu) .

In the vector space with quantum numbers (43), this becomes the 2 X 2 matrix with the determinant,
detD, = (2j+ 1+ A —irp(og) — 2imu)(2j + 1 — A + irp(op) + 2imu). (83)

The two factors correspond to the two representations in the irreducible decomposition,
GN®O0)=3Gj+t)el j—y. (84)

The first and the second factors in (83) correspond to the first and the second irreducible representations in (84). By taking
the product over all possible quantum numbers, we obtain

DetD¢=ﬁ []@i+a-

J=0|m|=j

irp(oy) — 2ium)(2j — A + irp(oy) + 2 + 2ium)>*?, (85)

where we shifted the quantum number j so that SU(2)g spins become .

Combining (79) and (85) we obtain
Deth(/,

2 = M pap =T T
P

pER j=0,1/2,...

After the variable change (73) we obtain

1 loop __

l—[ 2j— A+ 2+ irp(og) + 2ium

Im|=j

in)yg + 1+ i(rp(oy) + iA —

(86)

2j+ A —irp(oy) — 2ium

Z\1o0 l—[ l—[ (I +iup+(1—

pER p.q= 0

This is the contribution of one chiral multiplet belonging to
R with Weyl weight A. By multiplying the contributions
of all chiral multiplets we obtain the denominator in (7)
with b and x,, in (14).

IV. 4D TO 3D
A. 4D theory

As we mentioned in the Introduction, the 3D theory we
investigated can be derived from a 4D theory by dimen-
sional reduction. In this section, we summarize the deriva-
tion of the action and the transformation laws.

(I—iwp+ A +iug+1—i(rp(oy) +iA —i)

) B AR

pER

We first summarize the 4D conventions and notation. We
use Greek characters «, A, u, v, ..., = 1,2, 3,4 for 4D tan-
gent indices, and hatted ones &, A, 4, ?, ..., = 1,2, 3,4 for
4D local indices. We use the Dirac’s matrices,

0 o, (0 —i
“‘(«fm 0)’ 74_<i 0>‘ (88)

We call the upper half of a Dirac spinor, left components
and the lower half, right components. We use unbarred and
barred spinors for left-handed and right-handed spinors.
We start from a 4D theory defined in the background
S3 X R, where S? is a round sphere with radius r. We use
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g©) € SU(2) and x* € R to parametrize S* and R, re-
spectively. The metric is

ds? = Plluly ) + (ufy)? + (a2 + (@) (89)
where M) is the left-invariant 1-form defined by

2uiyTa = 801 4800)- (90)

For later convenience, we define vector fields 7 and
t,(a =1,2,3) by

J
h=(-2) .  t.g0 =2g0T. 91
( ax4)g(0) 8(0) 8(0) on

h is the translation along R, and ¢, are the dual basis to w“.
By definition (z,, u?) = 8%.

This manifold admits four left-handed Killing spinors €;
and four right-handed Killing spinors €;(i = 1,2,3,4).
They have the quantum numbers shown in Table I, and
satisfy the Killing equations,

1 1
D/LGI/ZZ_E’)/,LLﬁel/ZJ DM€3/4:+57,/153/4,
_ 1 _ _ 1 _
DM€1/2=+Z'}/#}’LEI/2, D#63/4=_Z'y#ﬁ63/4.

92)

where i = h*y,,.

Because the background (89) is conformally flat, we can
easily obtain the supersymmetry transformation laws from
those in the flat spacetime by the Weyl transformation. The
transformation laws for vector multiplets are

8A, = i(ey,A) — i(ey, ),

i
oA = 57’“’6F#,, + De,
93)

i _ _
oA = — E'y’“’eFW + De,

6D = —(ey”Dﬂ/i) — (Ey*D ).

Transformation laws for chiral multiplets are

TABLE I.  Quantum numbers of eight Killing spinors in S X
R.

€] €) €3 €y él éz é3 6'4
R 1 1 1 1 -1 -1 -1 -1
Tt 4s 00k i 00
TE 0 0 —i i 0 0 i —i
P T T T S B B B

PHYSICAL REVIEW D 85, 025015 (2012)
Sp="2(ep), Spt=2(e),

A
S =—~2yreD, ¢+ \/EGF—%WD#E‘!”
B _ A
S =—2y"eD, ¢t +2eFt —ﬁV“Duf‘f’T’ (94)
- A—1
SF=—2(eyD, ) —2(e )¢ T ety
51t = By D, i) 20t N -2 D, eyt i

V2

The kinetic Lagrangians for vector and chiral multiplets
can be obtained in the same way as in 3D

(&1&) L0, = —18(€))8(&,)wr(A X),

95)
(€18) Ly = —30(81)8(&)($1F).
The explicit form of these kinetic Lagrangians is
LD, = LU+ £ — Jup?
4D 4D 4D 96
Lihirllz-c(qs)+£(¢)_F+F’ 6)
where
|
LY = us T T
L = —te(Xy*D , ),
A% —2A
L7 = =¢'D,DH¢ + Db — =o'
2(A —1) ' On
— 7h“¢TD#¢,
r
£(4D)——_/-L —A_II-L_
— V241 (Ay) = V2(J V.
fﬁhi) are defined by
Fi =enpaFpa = Fas (©8)

B. Killing spinors and twisted compactification

To obtain 3d theory, we need to compactify the R
direction. This is realized by imposing the condition

0D =9, 99)

on all fields ® in the theory, where O is an operator
containing shift along x* and additional twists. To keep
some of supersymmetries unbroken, we should choose O
which keep the corresponding Killing spinors invariant.
Our choice is

0O = qD—(1/2)R0—2uT§’ (100)

where D = —rd, is the x* translation, and S is the period
of the S! compactification divided by the S* radius r. Ry is

q = e_ﬁ’
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an R symmetry. This is not the R symmetry in the super-
conformal algebra, but one that does not rotate the dynami-
cal scalar components of chiral multiplets;

Ro(¢) = Ro(¢1) =0,

Ry(€) = Ro(¢p) = —1,
This twist preserves four supersymmetries out of eight
corresponding to €, €,, €, and €,. Note that when u #
0, this compactification breaks SU(2)y to U(1),.

The constraint (99) with the operator @ in (100) implies
the following identification of the points:

(g0)e®/7PT5, x* + B) ~ (g0), X

(See Fig. 1). We take the small radius limit 8 — 0, and get
rid of all Kaluza-Klein modes except the lowest one for
each field to obtain 3D theory. This reduction is realized by
imposing the constraint,

(D — 2uTf — 1R = 0

(101)

(102)

(103)

on all fields. By using the vector fields in (91), we can
rewrite this as the differential equation

(_£rh+ut3 - %RO)(I) =0. (104)

The constraint (104) determines the x* dependence of
fields from their values on the x* = 0 slice.
It is convenient to perform the coordinate transformation

_ R 2Lt
(g, x%) = (gye #™3, x), plrt) ==—x* (105

In the new coordinate system, the identification (102) is
simplified as

(g x* + B) ~ (g x%).

The metric in the new coordinate system is

(106)

4 =P (w7 + (2P + 5w |+ w2t + v, aom

where u“ are defined in (3), and the 1-form V is

ru 3
v

(108)

FIG. 1 (color online). Twisted compactification of 8> X R is
shown. Points A and B are identified.
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After the dimensional reduction, we obtain a squashed
sphere (2) with the background graviphoton field V. Note
that this V is the same as (26).

We use the 4D vielbein,

E'=ru', E*=ru? E = v(dx*+ V).

(109)

Eé — #3’

r
v

In general, the components of the 4D spin connection () of
the 4D manifold with the metric,

ds* = EPER = ee + 2(dx* + V)2, (110)
are
v
Djiip = O pr O s =— E(dV)mﬁy
v (111)
Opzn = _E(dv)rhﬁ’ Q335 =0,

where  is the spin connection of the 3D manifold with the
metric ds®> = e™e™. By using the explicit form of the
graviphoton field V, we obtain

u
Q= Qs =Wy g1= - (112)

The components of the vielbein are

El EL\ _ (e uel, EjEL\ (e —18),

E! E3 0 v ) \Ej E o 1
(113)

In the new coordinate system, the vector field appearing
in the constraint (104) is

rh+ uty =r (114)

axt’

By using this and the spin connection in (112), the con-
straint (104) is simplified as

0 Ry\.,

C. Dimensional reduction

(115)

We define 3D fields as the restriction of the correspond-
ing 4D fields on the slice x* = 0. For a 4D left-handed
(right-handed) spinor field, we take two components of the
left-handed (right-handed) part of the 4D field as the 3D
field. For example, for the left-handed spinor field A“?) we
define the corresponding 3D field by

AU, = (A((S)D) )

A 4D gauge field AUP) = AﬁfD ) dxH is decomposed into the

3D gauge field ACD) = AGP gx™ and 3D adjoint scalar
field o by

(116)
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AP i dxt = ABD) + gdx®, (117)

To obtain 3D Lagrangians and transformation laws, we
need to rewrite the 4D covariant derivatives in terms of 3D
ones. By using the explicit form of the vielbein and spin
connection, we obtain

1 1 u
EEfZQ Sid = 5 €@ 1Sk T €3 San
(118)
lE#Q = _is
2 w— K)\ KA ur 12

where S, are 4D spin operators. With these relations and
the constraint (115), we can easily obtain

4D) _ (3D)
DY® = D —

u u Ry | .

— €435 T ;8%(70 + zrcr),

(119)
pUD)

1 (R u

P —;(70 + ira’) - ;Slz-
By using these relations, it is straightforward to obtain 3D
supersymmetry transformation laws and 3D Lagrangians
from 4D ones. (The Chern-Simons term cannot be obtained
from the 4D Lagrangian, and we need to construct it by, for
example, the Noether procedure.) We will not explain them
in detail. We only demonstrate the derivation of the 3D
Killing equations (17). Our compactification preserves the
Killing spinors €;, €,, €, and €,. They satisfy the 4D
Killing equations,

1 _
Dye = ——vyhe D=

5, Yahe 2 y he  (120)

1

2r

For 4 = m, the left-hand side of these equations are re-
written by (119) as

D¢ = pide Sy Sm3aYai€ + 2oy O3

= D% + = y3yae, (121)
ng)é = ng)é - %E,hgf,’)/ﬁﬁé - %‘Smée

= ng)é — %'yé'ymé.

The right-hand side of the equations in (120) are rewritten
as

—%mhe = —ziwm(ya — uy3)e
l u
= oy Yne + Spy i Y3E
%mhé = z%rm(n — uy3)€ (122)
1 _ u _
= —m%ﬁf - m)’m?’gé,

where we used the fact that the vector field /& has the
components:

PHYSICAL REVIEW D 85, 025015 (2012)

u 1)
v'v/)

Combining (121) and (122), we obtain the 3D Killing
equations (17).

h# = (0, 0, (123)

V. LARGE N LIMIT

In this section we investigate the free energy F =
— logZ of large N gauge theories which are expected to
have the M-theory dual. We consider a quiver gauge theory
with gauge group,

G
G =[Juw).. (124)
a=1
In this case the traces in (32) are expressed as linear
combinations of the traces for U(N), gauge groups,

G k G {
Z a Z a
tr cs — _2 tra, trFI _-Ur tra,

a=1 a=1

(125)

where tr, is the trace over the U(N), fundamental repre-
sentation. The coefficients k, and {, are Chern-Simons
levels and FI parameters, respectively. The Chern-Simons
parameters k, must be integers. The normalization of the
FI parameters ¢, is chosen for later convenience.

It is pointed out in [15] that in order to obtain the leading
term of the free energy in the 1/N expansion, we do not
have to perform the integral over o in (1). We only need to
determine the minimum value of the integrand of (1).
Namely, we obtain the free energy by minimizing

F(op) = S (o) — logZz!-teop(oo). (126)

It is convenient to decompose this into three parts: the
classical action F; = S, the 1-loop contribution of vector
and bi-fundamental chiral multiplets F,, and the 1-loop
contribution of fundamental and antifundamental chiral
multiplets F73.

From (46), the classical action F is

ng N

Sel = ZZ(”’lk A2+

a=1li=1

4ar%i

2 Za/\a,t)r (127)

where A,; are diagonal components of the expectation

value of the U(N), adjoint scalar field rescaled by r,
r(o-O)a = dlag{Au]}

F, is the 1-loop contribution of vector multiplets and bi-
fundamental chiral multiplets. It is given by

(128)

SR WA CUWEPWET)
a=1 j#k
£ 3 S A5 s~ A= i1 - 8)),

Iebi-fund j,k
(129)
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where f},(z) = logs,(z) and b is the parameter related to
the squashing parameter by (14). The first line and the
second line are the contribution of vector and bi-
fundamental chiral multiplets, respectively. I runs over
all bi-fundamental chiral multiplets. We use a(I) and #(1)
to represent the U(V) factors at the head and the tail of the
arrow corresponding to the chiral multiplet / in the quiver
diagram. Namely, a chiral multiplet / belongs to the bi-
fundamental representation (N, N,;). Adjoint chiral
multiplets are treated as bi-fundamental chiral multiplets
with A(I) = t(I), and their contribution is also included
in F 2.

The contribution of fundamental and antifundamental
chiral multiplets is denoted by F3, and given by

s zf,,( O = i1 = A7)

I€fund j

+ > Zfb< (= Anpy,; — i1 Az))) (130)

I€anti-fund j

where / € fund and [ € antifund mean that the index /
runs over fundamental and antifundamental chiral multip-
lets, respectively.

In [15] the minimum points are determined numerically
in some models, and the eigenvalue distribution is found to
behave in the large N limit as

Agj = N + iy, (131)
where x; and y,; are real numbers, and « is a certain
constant in the region 0 < @ < 1. Note that x; are common
for all U(N), factors. In [18], the analysis is extended to a
large class of quiver gauge theories, and it is shown that we
can consistently determine the free energy proportional to
N3/2 based on the ansatz (131) if the theory satisfies the
following conditions.
(A) The theory is nonchiral. This means that the number
of bi-fundamental chiral multiplets transforming in
(N, N) of the gauge group U(N), X U(N), is the
same as that in (N, N).
(B) The Weyl weights of chiral multiplets satisfy

d(1-A)-2=0 Va

I€a

(132)

where A; is the Weyl weight of the bi-fundamental
field 1. The sum is taken over all bi-fundamental
fields coupled by U(N),. A U(N), adjoint chiral
multiplet should be included twice. Fundamental
and antifundamental fields should not be included.

(C) The total number of fundamental fields and anti-
fundamental fields should be the same. Note that
this condition is not imposed for each U(N),, factor.
The numbers of fundamental and antifundamental
fields for each U(N), factor may be different. Only
the total numbers matter.
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(D) Chern-Simons levels sum up to zero:

(133)

In [18], it is shown that the free energy of theories
satisfying these condition defined on round S3 is
proportional to N2, We generalize it to theories
in the squashed S3. We follow the prescription proposed
in [18].

The first step to determine the free energy in the large N
limit is to rewrite the summations in (127), (129), and (130)
by integrals. We define the density function p(x) by

| X
plx) = N Z 8(x — x;). (134)
=

By definition, p satisfies the normalization condition

jxmax p(x)dx = 1.

In the large N limit, we can treat p as a continuous function
of x. Similarly, we replace y,; by functions y,(x). The
classical action contribution F'; is rewritten in the continu-
ous form as

(135)

55, i 47
F, = NaZ L dxp<?ka)tg + 7gaAa). (136)
We substitute the continuous form of (131),

A (x) = N + iy, (x), (137)
into (136). Thanks to condition (D), N' 2% terms cancel,
and the leading terms are proportional to N!'™¢. If we

ignore subleading terms, we obtain

Nl+a nG max
F, = T 5 z [x dxpx(—2k,y, + 4mil,). (138)
v a=1 ¢ *min

F, in (129) is rewritten as

Xmax

= —N? dx[ dx pp!
X,

Xmin min

XZfb( (A, —)\’—1))+sz dx[ dx'pp’

X Z fb( (/\h(l) t([) - i(l - AI)),

IE€adj

(139)

where p’ = p(x’) and A/, = A,(x'). The key idea to rewrite
these double integrals to tractable form is that if x # x’ we
can replace the function f, by its asymptotic form

2 2 )
Z b=+ b .
+—
( 7 )s1gn(x),

asym (Z) 2

(140)
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because the real part of eigenvalues A scales as N* in the
large N limit. We call this a “long-range potential.”” The
contribution from x = x’ should be taken separately as a
“short-range potential” proportional to 6(x — x’). In the
large N limit, we can replace the function f;(z) by the sum
of long-range and short-range potentials,

folx +iy) = 7" (x + iy) + 8(x)g,(y), (141)
where the function g,(y) is given by
_T 3 _ T 2 -2
=T~ T2 + b2)y. 142
g,(y) 3 12( )y (142)

See the Appendix for a derivation of (140) and (142).

Let us consider the contribution of the long-range po-
tential in (139). f3”"(z) is a quadratic function of z, and
after substitution of (137) and (139) contains terms of order
N?%2a N2t and N2. To obtain the free energy of order
N3/2_ all these terms should cancel. This is indeed the case.
We can easily show that the contribution of the long-range
potential in F, cancels due to conditions (A) and (B). As a
result, only the short-range potential contributes to F,.
Because the short-range potential contains a § function,
we can perform one of the integrals. After the x’ integral,
F, is given by

F, = N>~ @ [xmax a’xpz[

> gb(% (y, — (1= Az)))

Xinin IEbi-fund
ng 1
~>a(-)] (143)
a=1 v
where we defined
i = Yuw ~ Yin- (144)

By using (132), we can rewrite the second term in the
brackets in (143) as the summation over bi-fundamental

chiral multiplets,
'xlTIﬂX 1
Fr = Uszaj dxp® Y [&;(; == A/)))

I€bi-fund

— (1= Al)gb(_%):l

N> [
_ 2
=— f dxp E

“min I€bi-fund

1
g()’I + A1)()’1 -1+ A1)

(145)

To obtain the second line we used Y ;y; = 0 following
from condition (A).

The continuous form of the contribution of fundamental
and antifundamental fields, (130), is
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Xmax /\ -1 1 - A
F3=N dxp Y fb( o — X [))

“min I€fund v

(—At(,) —i(l — A,))‘

v

+N [ S S,

“min IE€anti-fund

(146)

Order N'"2¢ terms in the long-range potential contribution
cancel by condition (C), and the leading nonvanishing
terms in F3 are of order N!™®, The contribution of the
short-range potential is of order N'~%, and we can neglect
them. The leading terms in F7 are

7TNl+a xmax
Fy =T [ dvp 3 1xl(1 = A = yu)

v Xmin 1Efund

7TN1+a Xmax
+ 3 / dxp Z lxl(1— A, + Yi(r))-

v Xmin IE€anti-fund

(147)

Now we have succeeded in writing all the contributions
to the free energy as a one-dimensional integral. F'; and F;
are proportional to N'*¢, and F, is proportional to N>~ ¢,
To obtain the minimum point, these should balance, and
this requires @ = 1/2. In this case, the free energy is
proportional to N3/2, as is expected from the analysis on
the gravity side of AdS/CFT.

Let us focus on the dependence on the squashing pa-
rameter v. We find that in all terms of order N3/2 the v
dependence is factored out as the factor 1/v?. [For the
contribution of FI terms, this is the case when we adopt
the normalization of FI parameters in (125)]. Therefore,
the free energy obtained by minimizing the x integral is
always 1/v? times as that for round S*:

1
quuashed = ?Fround' (148)
This fact guarantees that the R charge at the IR fixed point
obtained by extremizing Z does not depend on the squash-
ing parameter.

VI. CONCLUSIONS

We investigated N* = 2 supersymmetric theories on the
squashed sphere with SU(2); X U(1), isometry. The theo-
ries have four supercharges, which are transformed by
SU(2); isometry as a pair of doublets. We constructed
supersymmetry transformation laws and Lagrangians by
using a S' compactification of 4D theory. Although the
metric of the squashed sphere is the same as that of the
SU(2); X U(1), symmetric squashing in [23], the super-
symmetry group is different. We computed the partition
function by using localization, and showed that it depends
on the squashing parameter in a nontrivial way.

We also computed the free energy of large N quiver
gauge theories on the squashed S3. We considered a class
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of quiver gauge theories studied in [18], whose partition
function on round S scales as N3/2. We confirmed that the
free energy on squashed S° is proportional to N>/2 as well,
and the v dependence is factored out as the additional
factor 1/v? regardless of the detailed structure of the
theory. It would be an interesting problem to look for the
holographic dual of the gauge theories on the squashed
sphere, and confirm that the same result is reproduced by
the analysis on the gravity side.
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APPENDIX: SEPARATION OF LONG-RANGE
AND SHORT-RANGE POTENTIALS

In this appendix we determine the explicit form of the

long-range and the short-range potentials.
Let x and y be the real and imaginary parts of z. Namely,
z=x+1iy. (A1)

In the region |y| < 1/v, the function f,(z) is given by
[26,27]

2 2 -2
Fol2) = logs,(2) = m(% + ﬂ) + [ Fz, 0)dt

24
2 2 -2
Z b=+ b
= —j7ml—4+ —]+ F(z t)dt, A2
”T<2 ) [C (2 1) (A2)
where the function F(z, 1) is
e—2itz
F ) t =
(z.1) 4t sinhbt sinhy;
. 2 2 -2 .
SER TN
4 212 t\2 24 3
+ %(zﬂ +b72) + O®). (A3)

The function F(z, 1) has poles at t = n7rib and t = narib™!
(n € Z). C are the contours shown in Fig. 2. The first and
the second expressions in (A2) are useful for x > 0 and x <
0, respectively, because when x — + oo the integral in (A2)
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Im
X A X
X X
X | x
Co C:
& - » Re t
x x C7
X X

FIG. 2 (color online). Integration contours C. and C, on the ¢
plane are shown. The crosses are poles of function F(z, 7).

along C_ vanishes, and when X — +oo

the integral along C vanishes. From this fact, we obtain
the asymptotic form

2 b2+ b2

The difference of f,(z) from the asymptotic form is

@ =" (2)= [C F(z,0dt= [CF(iy,t)e_z”xdt, (A5)

where C = C_ for x > 0 and C = C, for x < 0. Because
this almost vanishes when [x| is large, we can approxi-
mately express this difference by using 8(x) as

(@ = £,77(2) ~ 6(x)g, ().

We can determine the function g,(y) by integrating the
right hand side over x;

a0 = [" (1@ @)

= fw(f F(iy, t)e_z”xdt)dx
0o \Jc_
0 ‘
+ [ ([ F(iy, t)efz”xdt)dx.
—o0 C.

Thanks to the small imaginary part of ¢ along the contours

C., these x integrals converge, and we obtain

Fiy, 1) 1 [ F(iy, 1)
Cs

dt — —
t 2i t

(A6)

(A7)

dt

1
gr(y) = bY,

1 F(iy, 1) T T _
=— dt =23 — Z (1% + b2y,
Zifco 37 " 1al 2

t
(A8)
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