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Supersonic velocities in noncommutative acoustic black holes
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In this paper we derive Schwarzschild and Kerr-like noncommutative acoustic black hole metrics in the
(3 + 1)-dimensional noncommutative Abelian Higgs model. We have found that the changing ATy in the

Hawking temperature 7y due to spacetime noncommutativity accounts for supersonic velocities v

g’

whose deviation with respect to the sound speed ¢, is given in the form (v, — ¢,)/c, = ATy/8Ty.
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I. INTRODUCTION

Acoustic black holes possess many of the fundamental
properties of the black holes of general relativity and have
been extensively studied in the literature [1-3]. The con-
nection between black hole physics and the theory of super-
sonic acoustic flow was established in 1981 by Unruh [3]
and has been developed to investigate the Hawking radia-
tion and other phenomena for understanding quantum grav-
ity. Hawking radiation is an important quantum effect of
black hole physics. In 1974, Hawking, combining
Einstein’s general relativity and quantum mechanics, an-
nounced that classically a black hole does not radiate, but
when we consider quantum effects emits thermal radiation
at a temperature proportional to the horizon surface gravity.

Since the Hawking radiation showed by Unruh [3] is a
purely kinematic effect of quantum field theory, we can
study the Hawking radiation process in completely differ-
ent physical systems. For example, acoustic horizons are
regions where a moving fluid exceeds the local sound
speed through a spherical surface and possesses many of
the properties associated with the event horizons of general
relativity. In particular, the acoustic Hawking radiation
when quantized appears as a flux of thermal phonons
emitted from the horizon at a temperature proportional to
the acoustic black hole ‘“‘surface gravity”’—the normal
derivative of the local sound speed combined with the
normal derivative of the normal component of the fluid
velocity at the horizon [1]. Many fluid systems have been
investigated on a variety of analog models of acoustic
black holes, including gravity wave [4], water [5], slow
light [6], optical fiber [7], and electromagnetic waveguide
[8]. The models of superfluid helium II [9], atomic Bose-
Einstein condensates [10,11], and one-dimensional Fermi
degenerate noninteracting gas [12] have been proposed to
create an acoustic black hole geometry in the laboratory.

The purpose of this paper is to investigate the relativistic
version of acoustic black holes from the noncommutative
Abelian Higgs model. Various gravitational black hole
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solutions of noncommutative spacetime have been found
in [13], thermodynamic properties of the noncommutative
black hole were studied in [14], the evaporation of the
noncommutative black hole was studied in [15], quantum
tunneling of noncommutative Kerr black hole was studied
in [16], and quantized entropy was studied in [17].

A relativistic version of acoustic black holes has been
presented in [18,19] (see also [20-22]). Differently from
most cases studied, we consider the acoustic black hole
metrics obtained from a relativistic fluid in a noncommu-
tative spacetime, where we are assuming that the fluid
approximation is valid as long as the energy scale £ ~ k <
1/4/6, where 1/+/60 ~ Mpj,, is the noncommutativity
parameter. The effects of this setup are such that the
fluctuations of the fluids are also affected. The sound
waves inherit spacetime noncommutativity of the fluid
and may lose the Lorentz invariance. As a consequence
the Hawking temperature is directly affected by the space-
time noncommutativity. Analogously to Lorentz-violating
gravitational black holes [23,24], the effective Hawking
temperature of the noncommutativity acoustic black holes
now is not universal for all species of particles. It depends
on the maximal attainable velocity of this species.
Furthermore, the acoustic black hole metric can be identi-
fied with an acoustic Kerr-like black hole. The spacetime
noncommutativity affects the rate of loss of mass of the
black hole. Thus for suitable values of the spacetime non-
commutativity parameter a wider or narrower spectrum of
particle wave function can be scattered with increased
amplitude by the acoustic black hole. This increases or
decreases the superresonance phenomenon previously
studied in [25,26].

The paper is organized as follows. In Sec. II we obtain a
general acoustic black hole metric in the noncommutative
Abelian Higgs model that is revealed to be similar to
Lorentz-violating acoustic black holes [19,27] of the
Lorentz-violating Abelian Higgs model [28]. In Sec. III
we address the issue of group velocity, which shows a
deviation on the maximal attainable particle velocity on
the fluid. The magnitude of the deviation is consistent with
that found in Lorentz-violating models [29,30]. In Sec. IV
we find explicitly Schwarzschild and Kerr-like noncom-
mutative acoustic black holes and address the issue of
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supersonic velocities in terms of the variation of the
Hawking temperature as a response to the spacetime non-
commutativity. Such a response is given as

AT,
—H — 44,8, (1)
Ty

As we shall see this allows us to write the deviation on the
maximal attainable particle velocity as simply given by
('Ug - Cs)/Cs = ATH/STH

II. THE ACOUSTIC METRIC IN
NONCOMMUTATIVE ABELIAN HIGGS MODEL

In this section we make an extension of the Abelian
Higgs model by modifying its scalar and gauge sector with
the Moyal product [31-34]. Thus, the Lagrangian of the
noncommutative Abelian Higgs model in flat space is

L=—1F, , «F*" +(D,) « Dt + m?dt =

~bd e de bl ®
Now we use the Seiberg-Witten map [31], up to the lowest
order in the spacetime noncommutative parameter 6#7,
given by
A — v _ 1
A, =A,+0"A,0,A, —30,A,),
F,,=F,, +6PF,,Fpz+A,05F,,),
b =¢—30""A4,0,¢. 3)

This very useful map leads to the corresponding theory in a
commutative spacetime [32]

L =—1F, Frr(l 4+ 109FF ,5) + (1 — 109PF )

X (1D, 1> + m*|p|* — blpl*)

+30°PF,, [(Dgp) D¢ + (D*$) ' Dg ], “4)
where F,, = d,A, —d,A, and D, = 9,¢ — ieA, .
We are using Planck units, 7 = ¢ = kz = 1. As one knows
the parameter 67 is a constant, real-valued antisymmetric
D X D matrix in D-dimensional spacetime with dimen-

sions of length squared. For a review see [34].
Now, in order to find the noncommutative acoustic black

hole metric, let us use the decomposition ¢ =
Jp(x, 1) exp(iS(x, 1)) in the original Lagrangian to obtain

1 oL
2 FunF?"(1 =26 B) + 04,505

L =—
— 2eA,0"S + A, AF + m*p — 6bp>?
+ 0#7[0,,50,8 — eA,d,S — eA,0,S + €A A, lp
P r5 v
+ ﬁ[ﬁé/ﬁ“ + 0479 ,0,1\/p, (5)

where 6 = (1 + 6 - l§), B=V XA, and O#" = O“HF?Y.
In our calculations we shall consider the case where there is
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no noncommutativity between spatial and temporal coor-
dinates, that is, 8% = 0, but % = g/kg*, Fi® = E'_ and
Fii = glikBk,

By using the Lagrangian (5) we can find the following
equations of motion,

— 0, Fptams —ear) + £ (01 + €790, — en) ] =0

(6)
that is,
o 1Y
- a,[ep(s —eA) + pT(ajS - eAj)]
it

" 8i|:—p§(8iS — eAl) - p? (§ - eA))

L+ 0)os - eA,)] —0, ™
and

(00,0* + ©4r,,
JP

+ 09,8 — eA,) 9,8 — eA,) + Om* — 20bp = 0,

®)

9 i
P 0(3,S — eA,)?

which can also be given as
(00,0“+ 0Ly,
N/
+0(0,5 — eA)(3'S — eA) + O1(;S — eA;)(S — eA))
+07(0,S — eA;)(9,S — eA) + 0m> —20bp=0.  (9)

WP L G(5— eny

For the gauge field A, we obtain the modified Maxwell’s
equations

1
0, F1 + 28,04 FopF P + 20°FF ,pF ")

1
_ 20 _ 2
=079, (u u*p + m>p — bp*)

2
- aﬂ[uﬂ(ﬁf‘ﬁu” — 6"Pur)p]
p 1 14 [¢3 v 14
+ aﬂ[\/—ﬁ(zaﬂ D, 0% — OFPY 0" + 0 Baﬁaﬂ)\/ﬁ]

= 2ep(1 + 0 B)u” + epu(0°"F,, + 0,,F"), (10)

where we have defined u#* = 9*S§ — eA* = (—w, —u').
That is, there exist changes in the Gauss and Ampere
laws

V-[(1 - 26 BYE] - 670,(upwp) + a,.[i 09 jaO)ﬁ]
NG
=2ep(1+ 6-B)w + ep(6 X E) - i, (11

and
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> . . 1 .. -> = .
(VX B)] = ,E/ = 2.610,(F, F**) + 20,4 - B)ET]

> s 1 ..
+20,[(0 - BIFV] + Eguai(uauap +m?p — bp?)
+0"0;(uul p) — 679, (uut p)

p (1 . . .
—0,| =(=0%0d_,0% — 0*By,0/ + 6/F9 aﬂ) ]
“[ﬁ(Z ‘ g s NP

= 2ep(1 + 6B + epw(é X E)
+2ep(0- B — ep(6 - ii)B/ — eplii - B)O/.  (12)

We shall consider plane wave solutions or background
fields satisfying the gauge field equations [33]. This allows
us to write our acoustic black hole metric in terms of a

constant parameter 6 - B with some freedom to choose it
arbitrarily small (or large) depending on the regime where
the spacetime noncommutativity takes place—such a re-
gime is well assumed to happen in the UV regime where a
very small distance around /@ can be probed.

Equation (7) is the continuity equation and Eq. (9) is an
equation describing a hydrodynamical fluid with a term
[(§6M6“ + 0#79,0,),/pl//p called “quantum poten-
tial” (quantum correction term) [1], which can be negli-
gible in the hydrodynamic region. Now we consider
perturbations around the background (p, Sy), which are
solutions of the previous equations of motion, with p =
po T prand S = Sy + 51, so we can rewrite (7) and (9) as

Y 3 it .
- 8,[p0<951 + 78151) - p1(0W0 - TU{))]

it

~ Q)
- Gil:p()(@&’Sl + 3

Sy + %(@” + @”)a,Sl)

it

+ p1<—§v6 — ®—w, + %(@” + @”)vé)] =0, (13)

2
and
— 20wyS, — 20v}9,S, + O (VLS| — wyd,S,)
+ OY(vha,;S, + v}9,S,) — Obp, =0, (14)
where we have defined wy = — S, + eA, and 7, = VS, +

eA (the local velocity field). Thus, the wave equation for
the perturbations S; around the background S, becomes

a[a"S) +a¥9,;8,1+ a,[a"S, +d9;5,]=0, (15)

where
~ 2 . L
a = —0py — E(Hw(z) — 0/'v{wy), (16)
. 1 2T o = e! e/
a’f = _Ep()@]t - E[ 6<0W0 - TUS) + TW(Z)
1 ) .
- 5(@“ + @-/’)wovg], (17)
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. 1 2T (A e (CH
Cl” = — Ep()@” - E[UB(QWO - 71}6) + TW%

- (@ 0w | (18)

a1 =Gpy3" =220 + 0
2 - . it . @]Z‘ )
- Z(ﬁv(’)vé + TWOU(]) + 7U6W0>

21208+ 0o+ 50+ 00 | (19

Notice that one can readily identify the local sound speed
in the fluid and velocity of the flow as ¢2 = bp,/2w} and
v’ = v} /wy in the linearized equation of motion describ-
ing the fluctuations (the sound) in the fluid—see below.
Equation (15) can be seen as the Klein-Gordon equation in
a curved spacetime and can be written as [3]

1
\/?gam/—gg“ 9,81 =0, (20)

being the metric components given in the form

bp gtt : gtj
Jggh = 5 ) IR Ceeee . (2D
cS
gl gl
where
g"'=—0c2—(6— 0/)),
) @jt o @lt } @jt @lj @jl
g/ === [ =St - =S|
) @ir L @lt ] @it @li @il
it — 2 i 00 + = — 1 __ 1
g 205 [9v 2vv > 2v ZU],

. ~ .1 .. . Y © LA © YA
gvl= [98” _E(G)U + @”)]c% — [Hv’v/ + 5 v/ +7v’i|

i [%(@lj + @iy + %(@” + @”)Ujvl]‘ (22)

In terms of the inverse of g#” we have the metric of a
noncommutative acoustic black hole

bpy 8 81
2¢,
guv =] et Coee , (23)

Vi

where
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gn = —[(6 — @i — v? + 20/viv! — @/'v]],

It

@jt L ) @jt @lj @jl
R il L e
it - @lt ) @it @li @il
g = 2 C%-[GU’—TUIU 7— 2 vl — ) v’],
gi; = [0(1 + ¢) — 6v* — O] + v/, (24)

Here /' = 9'/F! = —¢/F"" = VE" and /! = 9'/F! = —¢"F'. Thus, we find the following components:

gn=—[(1-36-B)2—(1+36-Bw*+26-0)(B-v)— (6 XE)- ]

1aﬁ‘2 . . I 7 A A
gtj=_E(HXE)j(CS+1)—[2(1+2(9'B)—(0XE)'U]3+?(0'U)+E(B'U),

1

vl B

- > . - -> - - e 91 ->
g = —5(0><E)l(c§ +1) —[2(1 +29~B)—(0><E)~17]E+?(0-5)+5(B-5),

g, =[0+6-B)1+c)—(+6-Bw>— (6 xE)5]67 +(1+6-Bvivlf
=[(1-20-B)(1+c2)—(1+46-B)w?]—3(6 XE)-v+2B-0)0-0). (25)

This acoustic metric describes a relativistic noncommuta-
tive acoustic black hole, and depends simply on the density
po the local sound speed in the fluid ¢y, the velocity of flow
U, the noncommutativity parameter 6, and gauge field
components E, B. Notice that the sound speed c, is a
function of the electromagnetic field A,. The acoustic
line element can be written as

bp . . o
ds®> = e \;T[gt,dtz + gy dx'dt + g dtdx! + g;;dx'dx’],
b N
= 26:’\‘}7[— F)di® — @) - didt + A(v)dx>
+(1+6-B)®-dv?] (26)
where

Fw)=@1-36-B)c2—(1+36-B)?
— O XE)-5+20-0)B- ), (27)
Av)=0+6-B)1+2—v?)—(6XE) -5 (28)
Ew)=[2(1+206-B)— (6 XE)-3]v
+(1+A)OXE) —(B-0)6—(6-0)B. (29

Now changing the time coordinate as

£(v) - di
dr =dt + >——, (30)
2F ()
we find the acoustic metric in the stationary form
bpy viviT+30 N
ds> = I:—f]: v)dr> + A<7 + 5’1)dx’dxf :I
2¢f ( AF(v)

€19

where
T(w)=1+46-B+ (1 —26-B)c2— (1+46 - B)v?
—20XE)-v+20-0)B-0),
(32)

Si(w)=[(1+ 2@ X E) — (B-0)6" — (6 - 5)B' v’
(33)

III. THE DISPERSION RELATION

The sound waves are usually governed by an effective
Lorentzian spacetime geometry. In order to study the effect
of the spacetime noncommutativity in such a structure we
should investigate the dispersion relation. So let us now
discuss the dispersion relation.

We now derive the dispersion relation from Eq. (15).
Since the field S, is real we use the notation

a5,
w=—,
at

In this case, the Klein-Gordon equation (15) in terms of
momenta and frequency becomes

aw*+ ow +d=0, (35)

S, ~ Re[elior=ikD] k=Vs,. (34)

where
a=01+6-B)1+c?)—(@XE)-5, (36)
o=[2(1+26-B)— (6 XE)- 55k
+( 2+ 1)OXE)-k—(6-0)(B-k)—(B-5)(6-k),
(37)
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d=—{[(1+26-B)k>—(6-k(B-k]c?
—(1+36-B)v*k>*—[(6 X E) - kK|@ - k)
+@6-)B-H@-k)+B-0)6 @K} (38)

Here we choose k' = k&' (i = 1, 2, 3). Thus, the disper-
sion relation can be easily found and reads
—o = Vo’ —dad

w = oy , (39)

where
|
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A= o2 —4ad
= 4k2cX{[(1 + 36 - B)(1 + ¢?)
—(1+46-B)yv? — (0 X E) - 7]
—0,B,(1+c2) + (B-9)0,v, + (6-5)Bv}. (40)

We can simplify our result using the following projections,
6-B= 05B; and 6 X E = 0, or even for a pure magnetic
background, i.e., E = 0, so that

w

(1 +203B3)(w1k) % e kyf(1+303B3)(1 + ) — (1 + 4658,)03

and for # = 0, we recover the result obtained in [18]. In the
nonrelativistic limit ¢? < 1, v} < 1 and for small 6383,
the dispersion relation is simply given by

+ CS‘\/(I + 30383)

1
~ + k= *c |1+ =0:B; k. 42
“ (1 + 63B;) c“( 27 3) “42)

This means the group velocity that measures the maximal
attainable velocity of a particle in the medium is given by

dw

dk

‘Ug:

1
_ cs(l + 50333)’ 43)

or in terms of deviations in relation to the sound speed cq,
the maximal attainable velocity in the medium, then we
have

Ug = Cy 1

¢, = 50333. (44)

This deviation also appears in recent scenarios with
Lorentz-violating parameters [19,27,29,30] with magni-
tude around |B|~ |6;B;] ~107° a bound found in
Bose-Einstein condensation physics [29,30]—see also

Fw,) =

[(1—-36-B)2—(1+36-B)w?— (6 XE)uv, +20,Bv2)]

, (41)

[35]. Notice this implies a supersonic behavior of a particle
with maximal attainable velocity v,.

IV. CANONICAL ACOUSTIC BLACK HOLES

In this section, we shall address the issue of Hawking
temperature. For this we consider an incompressible fluid
with spherical symmetry. In this case the density p is a
position-independent quantity and the continuity equation
implies that v ~ rl—z The sound speed is also a constant.

The relativistic and noncommutative acoustic metric can
be written as a Schwarzschild metric type, up to an irrele-

vant position-independent factor, as follows,
[0+ + F)A]
F,)
N (1 + c2)rX(d9? + sin®>Vd ¢p?)
NG ,

where F(v,) = % In the nonrelativistic limit ¢ < 1

ds? = —j:(vr)dT2 +

(45)

and v? < 1, we have

(46)

V(1 —26-B) =36 x E),v,

2
Now using the relation v, = c; % in the equation above, where 7y, is the event horizon, the radius at which the flow speed

exceeds the sound speed in the fluid, we have

(r

i (1 —36-B)— (1+36-B—20,B)%— (6 x E), 2]

(47)

‘/(1 26 )~ 36 x )15

In this case the Hawking temperature is given by

;o F'(r) _[1+36-B—26,B,+(6XE),/2c,]

H dar

Ty, (48)

V1 -26-B 36 xE),/c,
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where Ty = ¢2/(mrr,) is the Hawking temperature in the
commutative case, and that for 6, = 0, 6-B= 0585, 6 x
E=0 (or E = 0) with small 65B5 is

(1 +363B3)

JT = 20,8,

In the limit # — O the usual (commutative) result is ob-
tained; otherwise one can see from (43) that the Hawking
temperature in terms of group velocity goes like T} =
v8Ty, for 0;B; small enough.

Let us now analyze this result more carefully. The
formula above can be rewritten in terms of variations of
the Hawking temperature with respect to the changing of
medium due to spacetime noncommutativity and “‘strong”
magnetic field component as follows:

Ty= Ty = (1 + 46;B5)Ty. (49)

STH 49,8, (50)

This allows us to write the interesting formula for the group
velocity deviation with respect to the sound speed in terms
of the variation of the Hawking temperature:

ve—e 1

Cs 2

0385 = 14Ty (51)
8 Ty

The noncommutative acoustic metric can also be written
in a Kerr-like form. We now address the issue of rotating
black holes by using the projections above such that we can
rewrite Eq. (26) as

ds2=2bp\;_[ [(1—36.B,)c2 — (1 +30,B,)(v2 + v2)]di2
—2(1+26,B,)v,drdt—2(1+20,B,)v,rdddt

+(1+6.B)[vidr* + r*vid¢* +2v,v4rdrd ]

+[(1+6.B,)(1+c; —v;—v})]

X (dr* + r’d¢?* + dz?)). (52)
However, exploring the original solutions as spherically

symmetric solutions with v, = 0, v, # 0,and v, # 0, one
can show that they can be written in a Kerr-like form:

b
ds2 pO[ N2d +M2 }" + Q2 2d¢ +szz
CS
+ 1+ HZBz)[(l + 0sz)qudT - rd¢]2] -
Jr ,
where we have the Kerr-like components as
vz = (L= 30:B)ct — (1 +30.B.)v;
\/T b
2
M= o (54)

[(1 =36.B,)c? — (1 +360.B)v2]\/f

PHYSICAL REVIEW D 85, 025013 (2012)

,_ (1+6.B)(c; —v})
JF ’
(1+6,B)(1+c2—v?)
ZZ , 55
Nii )
60.B, v2u2
F=0-20.B)1+c)—(1+40.B)v*+——2,
Ccs — vy
(56)

f=0-20B)1+c})—(1+40.B)v*  (57)

and the coordinate transformations we have used are

_l’_
dr— ds + (1 +26.B)v,dr ’
[(1 =36.B,)c? — (1 + 36,B,)v?]
do = dg + -2Vl (58)
v et =)
Now we find the important components
o = —(1 —36.B,)c + (1 +36,B.)(v2 + v(zﬁ)
TT \/‘7
Fei
T (59)

[(1 - 3esz)C? - (1 + 30sz)U%]\/J_c,

where we have made the approximation (1 — 6.B,)? =~
(1 —36,B,) which is valid for 6 B, sufficiently small.
For a planar solution (assuming z = 0) the velocities as-
sume the form v, = 4 and v, = £. After substituting this
into the equations above we are able to find the ergosphere
radius and the horizon via coordinate singularity through

the following equations, g,.(r,) = 0 and g,,(r,) = 0, re-
spectively. The corresponding radii read
A2 + B2)1/2
re = (1 + 36333)¥,
A
Iy = (1 + 30333)u (60)

S

Notice that 36, B, stands for the Lorentz-violating parame-
ter B in our previous results [19,27] for Lorentz-violating
acoustic black holes. Starting from this point all analysis
made in [19,27] applies here. Many interesting studies can
be followed from this point. One of them is the super-
resonance [25,27,36] which is an analog of the superra-
diance phenomenon in gravitational black holes, but a
detailed study on this subject is outside the scope of this
paper. We shall consider this study in a forthcoming
publication.

V. CONCLUSIONS

One of the main results of the present paper is that
supersonic particles can be understood in terms of
ATy/Ty, where Ty is the Hawking temperature. We
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have considered this study in noncommutative acoustic
black holes in a noncommutative Abelian Higgs model.
The Abelian Higgs model is good for describing high
energy physics and the noncommutative Abelian Higgs
model can also describe Lorentz symmetry violation in
particle physics in high energy. Thus our results suggest
that in addition to the expected gravitational mini black
holes formed in high energy experiments one can also
expect the formation of acoustic black holes together.
The model also develops several similarities with re-
spect to Lorentz-violating acoustic black holes studied in
[19,27]. One of the consequences is that the acoustic
Hawking temperature is changed such that it depends
on the group speed, which means that, analogously to
the gravitational case [23,24], the Hawking temperature
is not universal for all species of particles. It depends on
the maximal attainable velocity of the species. In the
context of gravitational black holes this has been previ-

PHYSICAL REVIEW D 85, 025013 (2012)

ously studied and appointed as a sign of possible viola-
tion of the second law of thermodynamics. Furthermore,
the acoustic black hole metric in our model can be
identified with an acoustic Kerr-like black hole. As we
explicitly have shown in [27], using a similar Lorentz-
violating setup, the spacetime noncommutativity should
also affect the rate of loss of mass (energy) of the black
hole. Thus for suitable values of the noncommutative
parameter a wider or lower spectrum of particle wave
function can be scattered with increased amplitude by the
acoustic black hole. The superresonance and its increas-
ing/decreasing phenomenon have been previously studied
in [25-27,36].
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