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Topological parameters in gravity
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We present the Hamiltonian analysis of the theory of gravity based on a Lagrangian density containing
the Hilbert-Palatini term along with three topological densities, Nieh-Yan, Pontryagin and Euler. The
addition of these topological terms modifies the symplectic structure nontrivially. The resulting canonical
theory develops a dependence on three parameters which are coefficients of these terms. In the time gauge,
we obtain a real SU(2) gauge theoretic description with a set of seven first-class constraints corresponding
to three SU(2) rotations, three spatial diffeomorphisms and one to evolution in a timelike direction. The
inverse of the coefficient of the Nieh-Yan term, identified as the Barbero-Immirzi parameter, acts as the

coupling constant of the gauge theory.
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L. INTRODUCTION

Addition of total divergence terms to the Lagrangian
density does not change the classical dynamics described
by it; the Euler-Lagrange equations of motion are unal-
tered. In the Hamiltonian formulation, these total diver-
gences reflect themselves as canonical transformations,
resulting in the change of the phase space. This changes
the symplectic structure and Hamiltonian of the system, yet
Hamilton’s equations of motion remain equivalent to the
Euler-Lagrange equations of the Lagrangian formulation.

While the classical dynamics is not sensitive to the total
divergence terms in the Lagrangian density, the quantum
theory may depend on these. The canonical transformation
of classical Hamiltonian formulation are implemented in
the quantum theory through unitary operators on the phase
space and the states. However, there are special situations
where we find topological obstructions in such a unitary
implementation. In such cases, these total divergences do
affect the quantum dynamics. Therefore, to have nontrivial
implications in the quantum theory, the total divergence
terms have to be topological densities. This is a necessary
requirement, but not sufficient.

There are several known examples of topological terms
which have serious import in the quantum theory. A well-
known case is the Sine-Gordon quantum mechanical
model [1] where an appropriate effective topological
term can be added to the Lagrangian density to reflect
the nonperturbative properties of the quantum theory. In
this model, we have a periodic potential with infinitely
many degenerate classical ground states. With each of
these, we associate a perturbative vacuum state labeled
by an integer n related to the winding number of homotopy
maps S' — §' characterized by the homotopy group
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IT,(S") which is the set of integers Z. The physical quan-
tum vacuum state, so called 6 vacuum, is nonperturbative
in nature and is given by a linear superposition of these
perturbative vacua with weights given by phases exp(inf)
where angular variable 6, properly normalized, is the
coefficient of the effective topological density term in the
Lagrangian density. The physical quantities in the quantum
theory depend on this parameter. For example, the quantum
vacuum energy, besides the usual zero-point energy, has a
contribution due to quantum tunnelling processes between
various perturbative vacua, which depends on 6.

In field theory, we have an example of such a topological
parameter 6 in the theory of strong interactions, namely,
QCD. Here also, we have infinitely many degenerate classical
ground states labeled by integers n associated with the wind-
ing numbers of homotopy maps S° — S° characterized by
the homotopy group I1;[SU(3)] = Z. The quantum vacuum
(6 vacuum) is a linear superposition of the perturbative vacua
associated with these classical ground states. The associated
effective topological term in the Lagrangian density is the
Pontryagin density of SU(3) gauge theory with coefficient 6.
This leads to #-dependent CP-violating contributions to
various physical quantities. However, there are stringent
phenomenological constraints on the value of . For example,
from possible CP-violating contribution to the electric-
dipole moment of the neutron, this parameter is constrained
by experimental results to be less than 107 !° radians.

In gravity theory in 3 + 1 dimensions, there are three
possible topological terms that can be added to the
Lagrangian density. Two of these, the Nieh-Yan and
Pontryagin densities, are P and T odd, and the third,
Euler density, is P and T even. Associated with these are
three topological parameters. In order to understand their
possible import in the quantum theory, it is important to set
up a classical Hamiltonian formulation of the theory con-
taining all these terms in the action. In Ref. [2], such an
analysis has been presented for a theory based on
Lagrangian density containing the standard Hilbert-
Palatini term and the Nieh-Yan density [3]. The resulting

© 2012 American Physical Society


http://dx.doi.org/10.1103/PhysRevD.85.024026

ROMESH K. KAUL AND SANDIPAN SENGUPTA

theory, in time gauge, has been shown to correspond to the
well-known canonical gauge theoretic formulation of grav-
ity based on Sen-Ashtekar-Barbero-Immirzi real SU(2)
gauge fields [4]. Here, the inverse of the coefficient of
the Nieh-Yan term is identified with the Barbero-Immirzi
parameter . Thus, the analysis of Ref. [2] has provided a
clear topological interpretation for vy, realizing a sugges-
tion made earlier in Ref. [5] that this parameter should have
a topological origin. Additional discussion of the Nieh-Yan
term as reflecting the properties of the large gauge trans-
formations of gravity theory can be found in Ref. [6].
The framework of Ref. [2] involving Nieh-Yan density
supersedes the earlier formulation of Holst [7]. Detailed
Hamiltonian analysis of the theory with the Holst term for
pure gravity is provided in Ref. [8], and that including spin
1/2 fermions in Ref. [9]. This discussion has also been
extended to supergravity theories [10]. Since the Holst term
is not topological, inclusion of matter necessitates matter-
dependent modification of the Holst term so that original
equations of motion stay unaltered. On the other hand, the
analysis containing the Nieh-Yan density [2], besides ex-
plaining the topological origin of the Barbero-Immirzi pa-
rameter, provides a universal prescription for inclusion of
arbitrary matter without any need for further modifications of
the topological Nieh-Yan term which is given in terms of the
geometric quantities only. As elucidations of these facts, this
analysis has been extended to the theory including Dirac
fermions in Ref. [2] and to supergravity theories in Ref. [11].
In a quantum framework, the implications of a topologi-
cal term in the Lagrangian can also be understood through
a rescaling of the wave functional by a topologically non-
trivial phase factor. This procedure has been used for QCD
[12] where, as mentioned above, the properties of the
nonperturbative 6 vacuum are effectively represented by
a SU(3) Pontryagin density term in the Lagrangian. The
rescaling of the wave functional is provided by the expo-
nential of SU(3) Chern-Simons three-form with i@ as its
coefficient. This framework can be extended to the gravity
theory where we have a corresponding wave functional
scaling associated with the Nieh-Yan density. However, for
the pure gravity (without any matter couplings), the stan-
dard Dirac quantization, where the second-class con-
straints are implemented before quantization, is not
appropriate. This is so because second-class constraints
of pure gravity imply vanishing of the torsion, which
results in making the rescaling trivial. Instead, as discussed
in Ref. [13], the Gupta-Bleuler and coherent-state-
quantization methods are well-suited for the purpose.
These methods are quite general and can be used for
gravity theory with or without matter. However, for matter
couplings leading to nonvanishing torsion, e.g. Dirac fer-
mions, the Dirac quantization, as has been discussed earlier
in Ref. [14], can also be adopted for this purpose.
Hamiltonian analysis of the first-order (anti-) self-dual
Lagrangian density for gravity including the Pontryagin
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density of complex SU(2) (anti-) self-dual gauge fields was
first reported by Montesinos in [15]. In the time gauge, the
Sen-Ashtekar complex SU(2) connection stays unchanged,
but its conjugate momentum field gets modified by the
presence of the Pontryagin term. Recently, in Ref. [16],
this analysis was also done for gravity theories containing
Holst, Nieh-Yan, Euler and Pontryagin terms. This study
concludes that, in the time gauge, real SU(2) gauge theo-
retical formulation is possible only if the Pontryagin and
Euler terms are absent; the Pontryagin density can be
added consistently only in the complex SU(2) gauge for-
mulation leading to a canonical analysis in accordance
with results of Montesinos [15].

In the following, we present a classical Hamiltonian analy-
sis for the theory of gravity based on the Hilbert-Palatini
Lagrangian supplemented with all the three possible topo-
logical terms in (1 + 3) dimensions, namely, Nieh-Yan,
Pontryagin and Euler classes. Unlike Ref. [16], in view of
results of Ref. [2] and the remarks already made above, we
shall not add the Holst term, which is not a topological
density. We demonstrate that, in the time gauge, we do
have a real SU(2) gauge theory with its coupling given by
the inverse of the coefficient of the Nieh-Yan term. The
canonical theory also depends on two additional arbitrary
parameters, the coefficients of the Pontryagin and Euler
terms in the Lagrangian density. These parameters are not
subjected to any restrictions. A formulation of the theory
presented involves the standard Sen-Ashtekar-Barbero-
Immirzi real SU(2) connections A’,, which depend only on
the coefficient of the Nieh-Yan term, as the canonical fields.
Associated conjugate momentum fields, instead of being
densitized triads of the standard canonical theory, are modi-
fied and depend on the coefficients of the Nieh-Yan,
Pontryagin and Euler terms. There are second-class con-
straints in the description, essentially reflecting the fact that
the extrinsic curvature is not independent. Correspondingly,
for this constrained Hamiltonian system, the Dirac brackets
analysis is developed. Dirac brackets of the phase variables
do not exhibit the same algebraic structure as those of the
standard canonical theory of gauge fields A, and densitized
triads EY; the new variables are not related to them by a
canonical transformation. However, it is possible to construct
another set of phase variables which are canonical transforms
of the standard variables (AL, E?). In this framework, both
new gauge fields and their conjugate momentum fields are
modified and develop dependences on all three topological
parameters. The canonical formulation described in terms of
these new phase variables is presented in detail.

II. TOPOLOGICAL COUPLING CONSTANTS
IN GRAVITY

We set up the standard theory of pure (i.e., no matter
couplings) gravity in terms of the 24 SO(1, 3) gauge con-
nections w?; and 16 tetrad fields e/, as the independent fields
described by Hilbert-Palatini (HP) Lagrangian density:
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Lyp = 5¢207 Ry, (o), (0

where
e = det(el), 1= gefien = el e —efe)) ,
RuM(@) = a0, + w[MIKwV]KJ 2
and e/ is the inverse of the tetrad field, e}'el, = 6%,

el el =81,
w€r J

Modifications of the gravity Lagrangian density by
terms which are quadratic in curvature and particularly
also include torsion, without altering the field equations,
have a long history, see for example Ref. [17].

In (1 + 3) dimensions, there are three possible topologi-
cal terms that can be added to the HP Lagrangian density
(1). These are

(1) Nieh-Yan class: [3]

INY =e€ ;LJVR,LLVI‘I((U) + eﬂyaﬁD#(w)eIVDa(w)elﬁ’ (3)
where the dual in the internal space is defined as
XU = % VKLY,

and the SO(1,3) covariant derivative is D, (w)el, =
del +w,! el

This topological density involves torsion. It can be ex-
plicitly written as a total divergence as

INY = a[u[eﬂyaﬂe{/Da(w)elﬁ]- (4‘)

In the Euclidean theory, as discussed in Ref. [18], this
topological density, properly normalized, characterizes
the winding numbers given by three integers associated
with the homotopy groups II5[SO(5)] =7 and
I[S0@4)] = (Z, 2).

(i1) Pontryagin class:

I = fwaﬁRWu(w)Raﬁ”(w)- (5)
This is the same topological density as in the case of QCD
except that the gauge group here is SO(1, 3) instead of

SU(3). Again, it is a total divergence, given in terms of the
SO(1, 3) Chern-Simons three-form:

Ip = 48M|:6"”“Ba),,”(6aw3” + %waIKwBKJ)]. (6)

For the Euclidean theory, this topological density, properly
normalized, characterizes the winding numbers given by
two integers corresponding to the homotopy group
I[S0@4)] = (Z, 2).

(ii1) Euler class:
Iy = fﬂyaBRﬂyu(w)ﬁaB”(w) (7)

which again is a total divergence which can be explicitly
written as

IE = 48M[Eﬂyaﬁd)vl‘l<aawﬂlj + %(UCUK(I)BK])]. (8)
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For the Euclidean theory, the integral of this topological
density, properly normalized, over a compact four-
manifold is an alternating sum of Betti numbers by — b; +
b, — b3, characterizing the manifold.

Now, we may construct the most general Lagrangian
density by adding these topological terms (3), (5), and (7),
with the coefficients n, 6 and ¢, respectively, to the
Hilbert-Palatini Lagrangian density (1). Since all the topo-
logical terms are total divergences, the classical equations
of motion are independent of the parameters 7, 6 and ¢.
However, the Hamiltonian formulation and the symplectic
structure do see these parameters. To emphasize, although
classical dynamics remain independent of them, quantum
theory may depend on them.

All these topological terms in the action are functionals
of local geometric quantities, yet they represent only the
topological properties of the four-manifolds. These do not
change under continuous deformations of the four-
manifold geometry.

Notice that, while the Nieh-Yan (/yy) and Pontryagin
(Ip) densities are P- and T-violating, the Euler density (/)
is not. So in a quantum theory of gravity including these
terms, besides Newton’s coupling constant, we can have
three additional dimensionless coupling constants, two P-
and T-violating (0, #) and one P- and T-preserving (¢).

III. HAMILTONIAN FORMULATION OF
GRAVITY WITH NIEH-YAN, PONTRYAGIN
AND EULER DENSITIES

Here, we shall carry out the Hamiltonian analysis for the
most general Lagrangian density containing all three topo-
logical terms besides the Hilbert-Palatini term:

1 n 4 ¢
£ = 56 ZVRI_LVIJ((()) + EINY + ZIP + ZIE, (9)
where the Nieh-Yan (Iyy), Pontryagin (Ip) and Euler (/)
densities are given by Egs. (3), (5), and (7), respectively.

We shall use the following parametrization for tetrad

fields':

el =NM!+NVI el=VI. MVI=0 MM =-1,

(10)

with N and N“ as the lapse and shift fields. The inverse
tetrads are

M NM
g=— e =Vit—t MVi=o,
(1)
ViVE =8h ViV =8+ MM,

The internal space metric is n'/ = dia(—1, 1,1, 1). The
three-space metric is g,, = VIV, with g = det(g,,)

'This parametrization differs from the one used earlier in
Ref. [2]. To obtain the present parametrization, replace eN by
N? in the earlier parametrization.
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which leads to e = det(eit) = N./q. The inverse three-
space metric is g = Ve¢VP ¢%q,. = 8¢ Two useful
identities are

el = —\aMy Vi

2Ne?
eXih =

1J ﬁ

In this parametrization we have, instead of the 16 tetrad

components e’,, the following 16 fields: 9 V{ (M'V{ = 0),

3 M! (M'"M; = —1) and 4 lapse and shift vector fields N,

N¢. From these, instead of the variables Vj and M, we
define a convenient set of 12 variables as

Ef =2e3=e(epe] — ejef) = —[aM V7,

(12)

Et[azh]t KL _,_eN[aE;)}t_

Xi=—M;/M", (13)
which further imply
2e2§§-‘ = —\/c_1M[,~V;?] = —Eixj (14)

Now, using the parametrization as in Eqgs. (10) and (11)
for the tetrads, and the second identity in Eq. (12), we
expand the various terms to write

1
5¢ R (w) + EINY

1
— 340,07 + 199,VE — NH — N°H, — 50i'Guy

(15)

where we have dropped the total space derivative terms.
Here, 14 = ne®*D,(w)V, with €%¢ = €9b¢ and, for

any internal-space antisymmetric  tensor, X;’]) =
Xy + nXpy = Xpy + F e X¥E. Further,
H= 2 a3 kLRI ()
\/6_1
= fz @31 pKLRY () — MID ()14,

H, = eSIPRY (0) = ¢S RMY (w) — VID, ()2,

Gy = —2D ()21} = —2D (0Ne2 (]} — 1V,
(16)

where we have used the following identities:

27
M'D (o) = =

\/67

VIDy(0)th = neS?R 1V (w),
—29D,(w){eXf]

K2R, (),

thV]]a =

Next, notice that, dropping the total-space derivative
terms and using the Bianchi identity, €**D (w)R,.;; = 0,
we can write
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0 ¢ (1
ZIP 4IE—eUaa)n , (17)

where e{; are given by

(1+n?ef, = e{(0 + nP)Ryes(w) + (p — nO)Ryers(w)).
(18)

Thus, collecting terms from Egs. (15) and (17), full
Lagrangian density (9) assumes the following form:

L=7%0,0"" +148,Vl = NH—N"H, — 10/ G,;, (19)

with
miy = eX[j + e, (20)
In this Lagrangian density, the fields a)(") " and m§, form

canonical pairs. Then, H, H, and G;; of Egs. (16) can be
expressed in terms of these fields as

Gy = —2D (&) 7" = 18,V ., 1)
H, = 75,R7" (0) — VID, ()1} 22
« = TR (@) «Dp(@)t], (22)
H = \/a(ﬂ_a(n) I((n))(ﬂ_b(n) e%,n))"IKLRab”(w)
— M'D, (), (23)

where we have used the relations D,(w)ef, =0 and
D, (w)é}, = 0 which result from the Bianchi identity
€D (0)Rpe1(w) = 0 and also used e?,R " (w) =0
and &%R,,"(w) =0 which follow from the fact that
2q(02 + ¢2)Rablf = eabc{(e + 774’)671 - ((;b - 770)51‘/}
Now, in order to unravel the SU(2) gauge theoretic
framework for the Hamiltonian formulation, from the 24
SO(1,3) gauge fields w,’, we define, in addition to
6 field variables w!”, the following suitable set of 18 field

variables:

Al = w(a")Oi =

0% + ndY Ki = Y. (24)

The fields A/, transform as the connection and the extrinsic
curvature K/, as adjoint representations under the SU(2)
gauge transformations. In terms of these, it is straight
forward to check that

0, a)(n) I = 27rgia,w£ﬁ>°" + w;?ja,wfj’)”

= E¢9,AL + F%9,KL, (25)
with
fi 2 a2
a = _577'01'7] = _%(77&' — n7g;)
= — 204, k) + L et (26)
i n 0i ) 7 Xk

1 N
+ n){_ €FEY x +226,(A, K)},

27)

024026-4



TOPOLOGICAL PARAMETERS IN GRAVITY
where ef; and &%, = ée’/k . as defined in Eq. (18), and
a(n) —

ey = &g, — med. are written as functions of the gauge
field A, and the extrinsic curvature K’ using

. . 2 .. .
R, (w) = D[a(A)K;] - e*KIK],
Rop(@) = = Leiiepe (a) + Y Leitp, (KL
2
n =1\,
(s,

with the SU(2) field strength and covariant derivative,
respectively, as

1o
F,(A) = apAj, nel-/kAJaA’I;,
(29)

: R
D, (AKi = 9,K} + p ek ALKE.

Now, using Eq. (25), the Lagrangian density (19) can be
written as

L=FE9,AL+Fi9,K,+199,V]

(30)
Thus, we have the canonically conjugate pairs (A%, Ef‘),
(K%, F¢) and (V1, 19). We may write G,;, H, and H of

Egs. (21)—(23) in terms of these fields. For example, from
Eq. (21):

G =1e;3 Gy = D (A)ES + € (KLEE —19VE),  (31)

boost —
Gi - GOi

— D (A) B+ F) + efkag;Kn +

N, 1,
—)Eg +—Fﬁ}
7 7

e ik N~y 25
=—D,(A)F} + eUkKi,Kn + —)E;j + —F;j}
n n

- tfl() Vi]a

1 .. 1
€ Ve~ Vi =GP (32)
Where the covariant derivatives are D,(A)E? =0 ,E?+
el AL ED and D,(A)FP =0 Fb+n‘1 €FALF? . Next,
for the generators of spatial dlffeomorphlsms H,
from (22):

1
_NH_NaHa —Ew{JG”.

PHYSICAL REVIEW D 85, 024026 (2012)
H, = EYFi, (A) + F”D[a(A)K — KD, (A)F?

+ 1D (A)V ]— ViD, (A + thog, VY,

= V8a,1h — ;(G?‘ + nGroK,
= EPog, ALy — AL, EY + FYop Ky — Kio, FY
+ 1001,V — Viout! + 1601,V — Vadtg
1 C 1 .
+ ;G?"A; Y (G + nGYoKG, (33)

where we have used —V{Dy(w)t]=—V',17 + 1791, V}; +
bV, wl/ =~ Similarly, we can express H of Eq. (23) in
terms of these fields.

Now, notice that all the fields (AL, E9), (K, F¢) and
(VL 14) in the Lagrangian density (30) are not independent.
Of these, the fields V! and ¢ are given in terms of others as
VI = vl and ¢ = 7¢ with

1
VE
where E!, is the inverse of E¢, i
and E = det(E) = qil(MO) 2a
4 = nett D (v

= €?[nD,(A)vi — Eiijivlg + K;;v(c)], (35)

78 = —ne*Dy(w)v? = —ne(9,v? + K;}v{)

E,  v)=- (34)

. 1 .
v, = \/—EEZXir

ie., E’E”—B” ELE} = &}

In addition, the fields F¢, which are conjugate to the
extrinsic curvature K’, are also not independent; these
are given in terms of other fields by Eq. (27).

In the Lagrangian density (30), there are no velocity terms
associated with SO(1, 3) gauge fields w!’, shift vector field
N, and lapse field N. Hence these fields are Lagrange multi-
pliers. Associated with these are as many constraints: G;; =
0, H, = 0, and H = 0 where the weak equality = is in the
sense of Dirac theory of constrained Hamiltonian systems.
Here, from the form of G}** = % €;xGj inEq. (31),itis clear
that these generate SU(2) rotations on various fields. The
boost transformations are generated by GY**t = G, spatial
diffeomorphisms by H,, and H = 0 is the Hamiltonian
constraint. This, thus, can already be viewed, without fixing
the boost degrees of freedom and without solving the second-
class constraints (34) and (35), as a SU(2) gauge theoretic
framework. Here, besides the three SU(2) generators G,
we have 7 constraints, GE’OOS‘, H, and H. We may, however,
fix the boost gauge invariance by choosing a time gauge.
Then, we are left with only the SU(2) gauge invariance
besides the diffeomorphism H, and Hamiltonian H con-
straints. This we do in the next section.

IV. TIME GAUGE

We work in the time (boost) gauge by choosing the
gauge condition y; = 0 which then implies for the tetrad
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components €) = V? = (. Correspondingly, the boost gen-
erators (32) are also set equal to zero strongly, GY°°t = 0.In
this gauge, the Lagrangian density (30) takes the simple
form

L =E%9,AL + Fi9,KL + 199, Vi — H,  (36)
with the Hamiltonian density as
1 S
H=NH+NH, + 5%l G+ (Vi —vi)
‘ [ 1
i =+ i —2(n+ Daanl o)
n

where all the fields involved are not independent. In par-
ticular, the fields V, ¢ and I3 ¢ depend on other fields. This
fact is reflected in JH above through terms with Lagrange
multiplier fields &4, ¢! and A}. Now, in this time gauge,
expressions for G, H, and H are
G = 0D (A)E] + € (KLF{ — 11V,
H, = EVFi,(A) + F! D, (A)K}; — KiDy(A)F?
+1 D (A)V); = ViDy(A)1) — 7 ' GP'K,
= EYor ALy — ALy EL + FY o Ky — Koo, FY
+ t?a[aV;;] —Vidytt + n71GPYAL — KL),
JVE .
H= %e’ka?Ef{F’;b(A) —(1+ nz)[D[a(A)K’b‘]
—n e KIK T+ Kitd — nd (VEGRUE]),  (38)

where D, (A) is the SU(2) gauge covariant derivative. In the
last line, we have used the time-gauge identity t§ = 7§ =
NVEGPES. Also E¢ are functions of £¢, A}, and Ki:

) 2
E¢ = E“E, A K) = B¢ + ;éﬁﬁ”)(A, K). (39

Associated with the Lagrange multiplier fields a)ij , N?
and N in Eq. (37), we have the constraints:

Gt =0, H, =0, H=0. (40)

In addition, corresponding to Lagrange multiplier fields &¢
and ¢!, we have more constraints:

Vi —vi(E) =0, 1 — 1A K, E) =0, 401
where, from Eqs. (34) and (35), in the time gauge:
i = 1 Ei
Vo =—F=Lg
VE

¢ = 1€ Dy (w)vl = e [nD,(A)vi — €7 KjvE]  (42)

Similarly, from the last term in Eq. (37), there are the
additional constraints:

N 1
= F - 2(n " _)gg,.(A, K)=0. (43
n
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Here ¢f; and &, of Eq. (18), with the help of Egs. (28), are
written as functions of the gauge fields A!, extrinsic cur-
vature K’ and the topological parameters 6, ¢ besides 7 as
follows:

n*(1+ n?)ef;(A, K)
= —e"{n(¢ — nO)F}.(A) —29[(1 — n*)¢p —2n6]
X Dy(A)Ki—[n(3— 70+ (30> — 1)l K KL},
n*(1+ n?)eég;(A, K)
= —e"{n(0 + nd)F} (A) —29[(1 - 7n*)0 + 21 ¢]
X D, (AK. —[Bn* = 1)0 — n(3—n*)ple" K| KL}

(44)
From these we can construct for egl(") = eg. + ned. and
~a(n) _ 5 .
€y = €p — meg;:

a 1 i .
e = =L erlsry. - @ - oK,

) [( 2 1)+ 2770]6[ijij}
n bref

~a 1 [ i
g = ;eabc{gF;?C(A) — (0 + n¢)Dy(AK],

B [(772 - l)s - 2n¢]eiij£K§}, (45)

The x{ constraints (43) are of particular interest. To
study their effect, we note that (A, Ej?) and (K, F j? ) are
canonically conjugate pairs. They have accordingly the
standard Poisson brackets. From these, using the relation
(39) expressing E¢ in terms of £¢, A%, and K., as indicated
in the Appendix, the following Poisson brackets can be
calculated with respect to phase variables (A}, E%) and (K,
Ff):

[AL(0, E2(0)] = [AL(x), EL)] = 816569 (x, y),
[Ki(x), EXO)] =0, [ES(x), E2(3)] = 0.
These then imply the Poisson bracket relations:
[x¢ (), A ()]1=0,  [x¢(x), K} ()] = — 8846 (x, ),
D¢ (), E20)]=0,  [x{(x), x2(»)]=0.

Using these, we notice that the Poisson brackets of the
Hamiltonian constraint A and x{ are nonzero. Requiring
[x%(x), H(y)] = 0 leads us to the secondary constraints as

1+ 7? , ;
i (o Jome DA EES )+ EE E K =0

(46)

which can be rewritten as

1+772
e (2

)eabc{nDb(A)vg — €Kt} ~ 0.
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Next, since from Eqs. (41) and (42),
e’{nD,(A)vi — €*Kj vk}, this implies ¢ = 0. Thus,
we have the constraints:

ad ~ a —
1; T =

e {nD, (A — € K] vk} = 0.

These can be solved for the extrinsic curvature K’ and
recast as the following secondary constraints:

Yl =Kl — k(A E)=0,

K (A, E) = gefka{;D,,(A)Ez - %E’; eed{EXD (A)E!,
+ELD.(A)EX — §*ETD (A)E™}. 47)

These are additional constraints and have the important
property that these form second-class pairs with the con-
straints y¢ of Eq. (43):

[x4(x), ()] = — 8487869 (x, y).

To implement these second-class constraints, y¢ and !,
we need to go over from Poisson brackets to the corre-
sponding Dirac brackets and then impose the constraints
strongly, % = 0 (which also implies #¢ = 0) and ¢ = 0,
in accordance with Dirac theory of constrained Hamiltonian
systems. As outlined in the Appendix, the Dirac brackets of
fields Al, and E¢ turn out to be the same as their Poisson
brackets; these are displayed in Eqs. (A20). On the other
hand, those for (AL, E¢; K., F¢) are different—these have
been listed in Eqs. (A22) and (A23).

Finally, after implementing these second-class con-
straints, we have the Lagrangian density in the time
gauge as

(48)

L =FE%9,AL + F¢o9,Ki — H, (49)
with the Hamiltonian density
H = NH + N°H, + Le* o] Gt (50)

and a set of seven first-class constraints:
G =D, (A)ES + e* K, F§ =0,
H, = EVFL,(A) + F! D, (A)K} — KDy (A)F?

a
— n_lG?tK(i =0,

JE

iy 1+n?
H E%e’/kE?Eﬁ?Fkh(A) —<

S NEEE KK

1
+=0,(VEG™E®) =0, (51)
n

with E¢ in the last equation given by E¢ = E%(E, A, K) =
E¢ + 25" (A, K). The fields (4}, E¢, K, F¥) have non-
trivial Dirac brackets as listed in Eqs. (A22) and (A23).

The second-class constraints x¢ and ! are now set
strongly equal to zero:
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K} = ki(A E)
=2 €M ELD,(A)E} — S& Es e {ELD(A)E,
+ ELD.(A)EX — 8*ETD (A)E™},
Fe = 2<n + %)égi(A, K). (52)

In writing the Hamiltonian constraint A in Egs. (51) from
Egs. (38), we have used the identity

’ 1
\/Ee’/kEf?E]C.I:Db(A)K’C‘ - ;ek’"”KZ’Kg‘:I = —0,(VEE{G™),
(33)

which holds due to the time-gauge relation EEYG! =
€'’ E! K! with the constraints K}, = «i,(A, E) imposed
strongly.

To evaluate the effect of generators (51) on various
fields, we need to use the Dirac brackets instead of the
Poisson brackets. For example, for the SU(2) gauge gen-
erators, using the results listed in the Appendix, we obtain

(G (). B (0)]p = €7 E{ 80 (x,y),

(G (x), AL ()]p = —1(879, + 1~ €MA) 63 (x, ), oY
reflecting the fact that GI** are generators of SU(2) trans-
formations: A/, transform as the SU(2) connection and
fields Ef as adjoint representations. Besides, the fields
F ¢ K! and E¢ also behave as adjoint representations under
SU(2) rotations:

(G (x), FY()]p = €FFi8D(x, y),
[G'(x), Ki(0)]p = €*KESO)(x, y), (55)
[G'(x), E4(y)]p = € Ef8D) (x, y).

Similar discussion is valid for the spatial diffeomor-
phism generators H,. The Dirac brackets of H, with
various fields yield the Lie derivatives of these fields,
respectively, modulo SU(2) gauge transformations.

As stated earlier and demonstrated in the Appendix,
Dirac brackets for the fields (A%, E¢; Ki, F%) are different
from their Poisson brackets [see Eqs. (A21)—(A23)]. This
is so because the transition from Poisson brackets to Dirac
brackets, except for some special cases, in general, does
not preserve canonical structure of the algebra [19]. When
the second-class constraints are imposed strongly, the al-
gebraic structure of the Dirac brackets of phase variables
(AL, E%) of the final theory is different from those of the
phase variables (A}, E¢) of the standard canonical theory.
Thus, the variables (A%, £¢) are not related to (A}, E%)
through a canonical transformation. However, it is possible
to construct a set of new phase space field variables whose
Dirac bracket algebra has the same structure as that of the
standard canonical variables (A, E9).
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In fact, in general, for theories with second-class
constraints as is the case here, instead of the ordinary
canonical transformations, what is relevant are the
Gitman D-transformations, which preserve the form invari-
ance of Dirac brackets and equations of motion [20]. Thus,
in the present context also, new phase variables can be
constructed through these D-transformations. These trans-
formations change both the gauge fields as well as their
conjugate momentum fields. This procedure finally leads
to the phase variables:

= 1 n)a i - | n)i
Ef)= 3 D), Ajw)= ¥ —Ci"(x), (56
n=0"" n=0""

where
DY) = E¢(v),  CV(x) =Ai)  (57)

and other D™ and C' are recursively constructed using
Dirac brackets as follows:

DIy = f &2 ()K)(2), D" ()]p
2 a n)a
Y [d%éé’l’) (@A} (), D™ ().
Cl Vi) = f BzF ()KL (2), CA(x)]p

-2 [, e,

n=0123... (58)
In particular,
DIV (x) = Fé(x) — ég’;)“(A K;x),

(59)

it = - [t PSS

The new variables (A, E!®) are functions of the phase
variables (A%, E¢; Ki, F?) of the theory described above
and can be checked to satisfy the Dirac bracket relations:

[AL(x), EP(0)]p = /8569 (x, ),
[Al(x), A} ()]p = 0, (60)
[El*(x), E? ()] = 0.

As is expected under D-transformations, these relations
reflect the fact that the algebraic structure of Dirac brackets
for the fields (A}, E¢) as represented by Eq. (A20) has
been preserved. After the second-class constraints, x¢
and ¢, are implemented, (A, E!%) are related to the
phase variables (A}, E¢) through an ordinary canonical
transformation.

We have not presented many details of the construction
of these new phase variables above. Instead, in the next
section, we shall present, through an equivalent procedure,
an elaborate construction of the new phase variables in the
theory where second-class constraints are already imposed
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strongly. This will be done by a direct canonical trans-
formation of the phase variables (A}, E¢) of the standard
canonical theory. The new canonical variables so obtained
will be shown to be equal to the fields A/ and E!* above,
when the second-class constraints x¢ and ¢, are imposed.

V. CANONICAL TRANSFORMATIONS AND
NEW PHASE VARIABLES

Adding the Nieh-Yan term to Hilbert-Palatini
Lagrangian density, in the time gauge, leads to a change
of phase variables [2], from the Arnowitt-Deser-Misner
variables (k',, E%) to new variables (A}, E¢). This change
is just a canonical transformation. Further inclusion of the
Pontryagin and Euler densities results in a theory which
can also be described in terms of canonically transformed
phase variables. In the following, we shall develop such a
description explicitly.

We start with the standard canonical theory constructed
from the Lagrangian density containing the Hilbert-
Palatini term and the Nieh-Yan density as in Eq. (9) with
6 =0 and ¢ = 0. This is described, after partial gauge
fixing (the time gauge), where the second-class constraints
are imposed, in terms the SU(2) gauge fields A, and their
conjugates, densitized triads E¢, by the Lagrangian density

L, =E¢9AL — H,
H =l w!G + N°H, + NH,
G*(A, E) = mD,(A)EY,

H,(A, E) = EPFi,(A) — 7~ 'Ki,G™",
E . 1+
H(A, E) = ;/—;e’ka?Ej?I:F’;b(A) ~ n" ek’””K’fKZ]

1
+—9,(VEG'EY), (61)
n

where the extrinsic curvature «’(A, E) is given in terms
of Al and E¢ through Eq. (A7). Canonical pairs of the
phase varlables (AL, E9) obey the standard Poisson bracket
relations:

[Ai (x)’ Eb(y)] = 615[(/71 5(3)()(’ )’),

[AL(x), A} (»)] =0, (62)
[E¢(x), E2(y)] = 0.

Next, we add the Pontryagin and Euler densities (6) and
(8), which are total divergences, %IP + %IE = 0d,J", to L,
above. The resulting Lagrangian density, ignoring the spa-
tial derivative part, is

L,=Ef9AL+9,J — H. (63)

Inclusion of the time derivative term here is equivalent to a
canonical transformation on the phase space which can be
constructed using J*. For this purpose, we first express J' as
a function of the phase variables A!, and E¢:
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J'TA, k(A E)]

0 o ) T 1
_~ _abc AlFl — ljkAl AIAk}__ 0+ abc
n € { al pe 3776 aApAc 7]2( no)e
X {K;F;,C +A;[D[b(A)KlC] — ;E”kA;)KILf]}
1 . )
11— )0+ 2m B il Dy (A) !
) 1

2 o
3 ABn? —1)0 — n(3 — n?) pre® € F ki i) ik
n
(64)

The generating functional for the canonical transformation
is

J (A E) = f PIAR), AR, EQ)),  (65)

which has functional dependence on both gauge
fields A}, and their conjugates E¢. Following the standard
procedure, J generates the canonical transformations,
(Al(x), E¢(x)) = (AL(x), E%(x)), where the new phase
variables are given in terms of Poisson bracket series as
follows:

AL = 440 + [T, AL W) + 5, [T.17, AL + 5
X L7171, ALCOTI] +
£100 = EAG) + [, E{0] + [T, 17, EXN + 5

VA NANAHEI] | R
= e7E¢(x)e™7. (66)

Alternately, these relations may be represented as

. 1 ; 1
AL =3 —C), E@W =3 D), (67)

n=0""" n=0"
with
CO = Ai(x), DYV(x)=Ed(x),
C0=[7.c” VW) D) =17, D" W)
n=123,... (68)

The various terms can be evaluated recursively through the
following formulae:

Ci(x) = [ P2(D (AL ), € V()]
— V' [EN(z), €V (D),
D) = [ P(DVP ()AL (2), D" V()]

M [E(2), D (x)),
n=123..., (69)
where, using J from Eqgs. (64) and (65),
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! u
=17 401 = =2 [ gl 2

DV (x)=[J, E*(x)]= 2e<">“(x;x). (70)

Here, eol) (k;x) = e;(k;x) + mé§,(k;x), and the argu-
ment « is to indicate that these functions are given by
Eq. (44) with K replaced by «i(A, E) = AL + fi(E)
where f%(E) are as in Eq. (A7).

By repeated use of the Jacobi identity, it can be checked
that the functions C") and D" of Egs. (68) satisfy the
Poisson bracket relations:

n

> i l),[c””( ), ¢ =0,

n

ZH( DJ”W)D“”@H—O (71)

n

Zl'( l),[c(”’( 0.0V "PEl=0,  n=123...

The Poisson bracket relations (62) imply, by construc-
tion, the same Poisson brackets for the new variables (66):

[AL(x), E2(y)] = 658189 (x, y),

[ALx), AL(»] =0, (72)
[£4(x), E2(0] =0,

where the Poisson brackets are evaluated with respect to
the phase variables (A}, E9). This can be readily checked
by using the identities (71).

For a general analytic function P(A, E) of the phase
variables A/, and E¢, the following relation holds:

P(A,E) = e P(A E)e 7
= P, E) + [, P4, B + 5 [7.17, P4, E)]

+ [T 1707 PAEN + .. (73)

Further J of (64) and (65) written as a functional
of (Al, E¢) and (AL, £%) is form-invariant:

J (A6 =JTAE). (74)

The converse relations expressing A, and E¢ in terms of
the transformed variables are
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ALW) = A0 = 17, ALW] + [ 7,17, AGl] - 5;

X [T T [T, AL + ...
=e T AlL(x)e’,

Ef) = £ ~ 17, €001+ 9,17, [7, €01 = 5,

>< [jy[j:[j’g?(x)]]] + tee
= e TE%4x)e’, (75)
where 7 is written as a functional of .54; and &¢ [refer to
Eq. (74)], and Poisson brackets are evaluated with respect

to these new variables.
Next, we evaluate the following:

00

Z F,

n=0

/ PxE(x)9, Al(x) =

n

1 e
(n) = 3. Da (n—1)i
=Y e [ dxpac "o
1=0
It is straightforward to check

FO = f dxE¢(x)d,Al(x), FV=09,G949,7,

(76)

1
F __'atG“H), n=234,...,

where

n

G(”)E[J’G‘"’”]—sz( =)

n=123..., GO= f dPxE(x)CV (). (77)

To obtain this result, the following helpful identities may
be used:

n—1
l)!fd3x(D(n Dag i _ ol 1)15D(1)a 0,

zl'(n—l
n=234.., (78)

which can be derived recursively by taking Poisson brack-
ets with 7.

Further, using the expression for V" from Eq. (70)
and Eqgs. (A9) and (A10), the following relation can be
obtained:

E{)C (x) = (1 + n?)ei*a, [eb,(x; x) E)(x)EL(x)],

which in turn implies G = [ d3xE§‘(x)CE,1)i(x) =0, and
hence all the G of Egs. (77) are zero, thus leading to the
result

fd3xD(Z)u(x)C(n+l I)I(X),
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f €9 ()9, Al (x) = f PES(x)9,AL(x) + 0,7, (79)

Since the generating functional (J, as given by
Egs. (64) and (65), is invariant under small SU(2)

gauge transformations and spatial diffeomorphisms
generated, respectively, by G!'(A, E) and H,(A E)
of Egs. (61),

[J,G*(A,E)] =0, [7, H,(A E)] = 0.

Consequently, G** and H, written in terms of the phase
variables (A}, E?) and (A, £9) are form-invariant:

G A, €) = eTGP(A, E)e™T = G(A, E),

(80)
H,(A,& =e/H, (A E)e ™V = H,(AE).

On the other hand, for the Hamiltonian constraint we have

H(AE) = efj(ﬂl,S)H(sz 5)63(54,8)

=H(JZL5)—[«7’H(“IZL’5)]+%

X717, H(A, €1 - 5;
X[T[TLT HA O+ @D

where the Poisson brackets are with respect to phase
variables (Af, £9).

This detailed discussion finally allows us to write the
theory based on the Lagrangian density (63) in terms
of the new phase variables as

Ly=E%9, Al -,

A o . 82
H=1e*w!GP(A,E)+NH,(A,E)+NH(A,E), (82)
where
GP*(A, &) =D, (A)E],

H (A, 6)=E Fi,(A)—n7'G(A,EKi(A,E), (83)

I-AI(./’ZLé') = e*](ﬂl,S)H(ﬂ’ 5)6‘7(;2\,5)‘

The new variables (A, &¢) obtained here are related to
the variables (A/, E'®) of Egs. (56)—(60) of Sec. IV derived
by the Gitman D-transformations. When the second-class
constraints x¢ and ¢! there are implemented, (AL, E!%)
collapse to (Al £9):

Ai(x=0.¢=0)=

This is so because each of the terms in Eqs. (56) and (67)
coincide:

Al Ef(xy=04=0)=E&% (84)

024026-10



TOPOLOGICAL PARAMETERS IN GRAVITY
Ci"(x =04 =0 =",
D"™(x =0, = 0) = D"

(85)

This completes our discussion of the canonical trans-
formation to new variables (A%, £¢) obtained by adding
the Pontryagin and Euler densities to the standard canoni-
cal theory of gravity described in terms of the phase
variables (A!,, E%).

VI. SUMMARY AND CONCLUDING REMARKS

We have developed the canonical Hamiltonian formu-
lation of gravity theory with all the three topological
terms of the Lagrangian density (9) as an SU(2) gauge
theory with a Barbero-Immirzi parameter y = 1! as its
coupling constant. In time gauge, the theory containing
only the Nieh-Yan topological term (6 = 0, ¢ = 0) de-
veloped earlier in Ref. [2], is described by real SU(2)
gauge fields, Al = 0% + n@Y and densitized triads E¢
as their conjugate momentum fields. This coincides with
the standard SU(2) gauge theoretical canonical formula-
tion of the theory of gravity [4]. When the Pontryagin
and Euler terms are also included, there is a formulation
of the theory which retains the gauge fields A/, (indepen-
dent of the topological parameters 6 and ¢) as the
canonical fields, but their conjugate momentum fields
are modified from E¢ to Ef = E¢ — 27 '¢8.(A K) +
2ed.(A, K) developing dependence on 6 and ¢. Further,
for the case with # =0 and ¢ =0, the momentum
conjugate to extrinsic curvature K', is zero. Here, in the
most general case, it is nonzero, represented by F ¢ which
depends on other fields through the x¢ constraints (43).
In addition, it also depends on the topological parameters
0 and ¢. Associated with )¢, we have a set of secondary
constraints i, of Eq. (47) which expresses the fact that
extrinsic curvature K is not an independent field. These
constraints, (x¢, ), form second-class pairs which are
implemented by going over to the Dirac brackets from
Poisson brackets. The theory is described by seven
first-class constraints: the SU(2) gauge constraints G,
spatial diffeomorphism constraints H, and Hamiltonian
constraint H as listed in Egs. (51). In this formulation,
however, the Dirac brackets for the phase variables Al (x)
and l:??(x) do not possess the same algebraic structure as
those for the canonical variables Al (x) and E¢(x) of the
standard theory. Even after the second-class constraints,
X =0, ¢, =0, are imposed, there is no canonical
transformation that relates the set (A%, EY) to (AL, E9).
However, it is possible to construct another Hamiltonian
formulation in terms of new canonical variables
(AL, &%) which indeed are related to the standard vari-
ables (A}, E¢) through a canonical transformation.
Here, both the gauge fields as well as their conjugate
momentum fields, as represented in Eqs. (66), are
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changed, and these depend on all the topological parame-
ters, m, 6 and ¢.

From this classical Hamiltonian formulation de-
scribed in terms of (A%, £?), we can go over to the
quantum theory by replacing the Poisson brackets by
commutators of corresponding operators in the usual
fashion. We already have some evidence that Barbero-
Immirzi parameter 7~ ! is relevant in the quantum
theory. For example, it appears in the spectrum of area
and volume operators [21] and also in the black hole
entropy [22]. How other parameters, 6 and ¢, will be
reflected in the quantum theory is an open question
requiring deeper study.

The analysis presented in the present article is for pure
gravity without matter couplings. Inclusion of matter, such
as fermions, spin 1/2 or spin 3/2 (supergravity), may be
achieved through standard minimal couplings. All the
topological densities in the Lagrangian are described in
terms of geometric quantities only. Their presence does not
change the classical equations of motion even with matter.
A Hamiltonian formulation, in the time gauge, can again be
set up in terms of a real SU(2) gauge theory with ! as its
coupling constant.
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APPENDIX: POISSON AND
DIRAC BRACKETS

In the time-gauge Lagrangian density (49), the fields
(AL, E%) and (K., F%) are canonical pairs which have the
standard Poisson bracket relations:

[AL(r, 3, E2(1, 5)] = 8i8569(%, ),

L . .. (A1)
[Ki(t, %), F2(2,5)] = 878569)(%, ),

and all other brackets amongst these fields are zero. Thus,
the Poisson bracket for any two arbitrary fields P and Q is
given by

[P(x), 0(y)] = f d3z< 5P(x) 50(y)  SP(x) 5Q(y))

SAL(z) SE*(z) SE(z) SAL(2)
5 [ 6P(x) 60(y) SP(x) 50(y)
* f d Z(aK;(z) 8F(z) 6F¢(2) aK;;(z))'
(A2)

From these, using E¢=FEd(E A, K)=E¢+2n~1e0" x
(A,K), we have the Poisson bracket relations
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[AL(x), E2(0)] = [AL(), E5(0)] = 876569 (x, y),

PHYSICAL REVIEW D 85, 024026 (2012)

[Ki(x), EL(y)] = 0. (A3)

Using the expressions for ef.(A, K) and &¢,(A, K) as functions of A}, and K}, as in Eqgs. (44), the following relations are

obtained:

(B9, EY0)] = 2 B0, 20y ()] = = 5 erefonl - (e ’7¢)efka5}a<3><x, W)
n 77 n

.. — ;2
[F2(), E2(y)] = %[ﬁ?w, ) = =5 el + ng)l - (“ m7)0 + 1)t s0 ),

n

K (Ad)

(227 (2), E2 ()] = [ (), E2(y)] = = eahc{aagf - (M)Eik.mg}5<a>(x, 9,
’ n n

.. — 32 .
(1 + P, E20)] = (1 + n2)[28 (), E)] = iea’w{(e — DY — (“ )0+ 219 it 00, ),

where the SU(2) gauge covariant derivative is DY =
879, + 1~ 'e™ Ak, These Poisson bracket relations imply
for Ef EY(E, A K) = E¢ + 217—153,” (A K)
[E¢(x), EY()] = 0. (AS)
Now, using these Poisson bracket relations along with
Egs. (A3) yields
(i (x), E2(y)] = [AL(x), E2(y)] = 848:6°(x,y),  (A6)
where «(E, A) is given by Eq. (47) and can be rewritten
explicitly as

k4(A, E) = Al + fu(E),
fa (E) A eljkEj a Eb
2EEk ed(E o EX + Eko Bl — 6*EL 9 EL)
= —nE{;ebcd<v;',acug - %5’7v,’76€v2), (A7)
with v, = Ei /\/E. 1t is straightforward to check that f

satisfy the identity

ec{y,Ei — 9,(InvE)EL. — n’lei-fkf{;E’j} =0.
Equivalently, this relation can also be written as

9,E¢ — n et fLES

= D (A)E¢ — n~'eUkkLES = 0.

(A8)

These relations can be used to calculate the variation 8 f7,
to be

n

8fi =81 8Eb — 0o (A,, 1 SED) +g(acﬂabcil)5E;’, (A9)

with

Sl = —(ELfi + E f) += (E fL+ELfL)

1 _ o
— S EVEY(ESfL+ EffD)

1 .
+ o (EQELE; + EJELE])f!
+ (E El, —

2 e (3 L}~ . EYEYES,

ELE, + 8" ELE})EG, 1

A, = (e EPEy —Lem EnEL + 1M BN ELEY.

(A10)

Notice that S, and A, " are, respectively, symmetric
and antisymmetric under the interchange of the pair of
indices (a, i) and (b, [):

Szl — Sba’ A hcil — _‘Abadi (All)

a

These properties, immediately, lead to the relation

811 (x)
SE7(y)

_ 8
SEX(X)

(A12)

Next, using x%(x) = F¢(x) — 2(H’”é‘gl(x) from

Eq. (43), Egs. (A1) also imply the following:
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2
L), B2 (y)] = 2(‘ )

2L g 0, £ 0] = = el 6 + a0l - (“_"2)"+2’7¢)eika§}a<3><x,y>,
n? n

2(1 + 7]2)

[x¢ (), F7 ()] = [e6,(0), F2(y)]

_ izfabc{[(l _ 772)0 + 27]¢)ch] + ((37)2 — 1)0 - 77(3 - 7]2)9{))61'ij]€<}6(3)()€’ _))),
n n
[x4(x), A)(»)] — [x¢(x), Kj(y)] = — 818769 (x, y),
(1 + H)[x¢ ), eo,(y)] = (1 + n?)[F{(x), ef;()] (A13)
= el 1o 20000 + (7= )6 . G - S e L)

(1 + pH)x¢(x), 25,1 = (1 + p)Ff(x), &,(7)]

eMKELSO(x, )

(Bn* — 1) — n(3 - n2)¢)

= el - o+ 2m)07 + (
n n

[, 270 = L2, 67001 = 2 eovefio + ot = (1 m)0+ ) ene]50, ),
n n

which further imply

i), 201 =0, [xf(), kyMI=0,  [x{(), x2()]=0. (Al4)
For s}, = K, — ki,(A, E) as given by Egs. (47), using Egs. (A3) and (A7), we have the following useful relations:
. . . OkK!
[0, E20)] = [ (), E)] = —88806%(x,y), [, 4] = — L (), AL)] = 2o,
SE(y) (A15)

[ (x), E,0)] = [k (x), Ey(0)] = ELE[ & (v y), [0, EQ)] = —[x}(x), EG)] = EEL8(x, y).

The Poisson bracket relations among x¢ and ¢, obtained by using the properties listed above, can be summarized as

D XM= 0 D0, vh0)] = —888/6@ 06y, [wi), ¥()] =0, (A16)
where the last equation follows from the relation

8FH0)  8filx) _

[0 b)) = [AGCO, PR+ L7500, A0 = s = S
! J

(A17)

Here, the Poisson brackets involving fi(E) are calculated by using their expressions as functions of E', as given by
Eq. (A7). The identity (A17) further implies the following Poisson bracket relations:

[sz(x) Kd(y)] + [D[a(A)Kb](x) A (Y)] =0, [sz(x) D[L(A)Kd](y):l + [D[a(A)Kb](x) F ()’)] =0,
n[D[a(A)Kh](x): D[c(A)Kd](y)] + [ng(x)y fjmnKZ()’)] + [elkIK];(x)Kb(x), ch()’)] =0, (A18)
(DL (Al (), € k)] + [k () (), DL (AT ()] = 0

To implement the second-class constraints y¢ = 0 and ¢ = 0, we need to go over to the corresponding Dirac brackets
and then put y¢ = O and ¢¢ = 0 strongly. From the Poisson bracket relations of these constraints (A16), the Dirac bracket
of any two fields C and D can be constructed to be:

[C. D]y = [C. D] = [C xIl¢. D] + [C. ¢]lx. D]. (A19)

Using the Poisson bracket relations listed above, it is straightforward to check that the Dirac brackets amongst A, and E¢
are the same as their Poisson brackets:

024026-13
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[E¢(), EX0)]p = [E(x), EX(3)] = 0,

PHYSICAL REVIEW D 85, 024026 (2012)

[AL(x), A, (0 ]p = [AL(x), AL (»)] = 0,

‘ ‘ ‘ (A20)
[AL(x), EY()]p = [AL(x), E2(y)] = 858%8°(x, y).
Also we note that
(K300, B0 = k50, BT = [ 0, 5] = [AL(0), E5 )] = 8516°(x, ),
40,40V = [0 44005 = D640, 4100 = 7500 4100 = S5 (a2)

[Kix), Ky(0)Ip = [k (x), ky(0)]p = [k (), k()] = [ALG), fH0)] + [fix), A ()] =0,

where in the last terms of second and third equations, the Poisson brackets are to be evaluated using Eq. (A7) which express
fL(E) as functions of E,.
The Dirac brackets of (A, E“) and (E” Eb ) are not same as their Poisson brackets:

. 2.
[AL(), B2 ()] = [A’ (x), EL(y) — §"><y>]D = 8086°(xy) ~ Z4i(v) 2" (k)]
R . 4 . -
[E¢(x), EY(0)]p = ?[eoﬁ")(K;x), 2" (k1y)]
46° + ) (A22)
T € ercdebel ([Fi,(x), €k (y)kh(y)] + [ il (x) k4(x), F(v)])
_A0* + 4%
= T
Here, the argument « in e{};(x) and Egi(K)_is to indicate that these are as in Eqgs. (44) with K’ replaced by «/, which in turn
are given by Eqgs. (A7) as functions of Aj, and EY{. Further, here in the second equation, we have used

[E¢(x), 25" (k3 )] + [, (k3 x), E2(y)] = 0.

e“ed b/ [ D (A) iy (x), Dy (A) k()]

Also,
A R 2(1 + 7?)
4, 2200 = 2 s, 2t (01 = 2 1 (), 2 o)),
. 2(1 7%) 2(1 + 1?)
[E7 00, FY )] = = B0, 2,001 = = B0, 2 ()]
. . 4(1 + n?)? 4(1 + 77 2)2 _
[F{ (), F2(0)]p = ——5——[&§,(x0), &§,(0)]p = ——5——1[&6;(x; ), (k3 )] (A23)
4(1 + n?)? i ) .
= 72(02 + ¢2)eaCdebef[D[c(A)Kil](x): D[e(A)Kh()’)]y
) N 2(1 + 7 2) 2(1 + 20+ 77) 2)
[Ki(x), FY(0)]p = ———[Ki (), &,(0)]p = [ (x), &;(rc5 )]
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