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Perturbed Kerr black holes emit gravitational radiation, which (for the practical purposes of

gravitational-wave astronomy) consists of a superposition of damped sinusoids termed quasinormal

modes. The frequencies and time constants of the modes depend only on the mass and spin of the black

hole—a consequence of the no-hair theorem. It has been proposed that a measurement of two or more

quasinormal modes could be used to confirm that the source is a black hole and to test if general relativity

continues to hold in ultrastrong gravitational fields. In this paper, we propose a practical approach to

testing general relativity with quasinormal modes. We will also argue that the relative amplitudes of the

various quasinormal modes encode important information about the origin of the perturbation that caused

them. This helps in inferring the nature of the perturbation from an observation of the emitted quasinormal

modes. In particular, we will show that the relative amplitudes of the different quasinormal modes emitted

in the process of the merger of a pair of nonspinning black holes can be used to measure the component

masses of the progenitor binary.
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I. INTRODUCTION

The black-hole no-hair theorem states that a charged,
stationary, and axially symmetric black hole with an event
horizon of spherical topology can be described by the
Kerr-Newman geometry [1,2], where it is characterized
by just three quantities—its mass, spin, and electric charge
[3–7]. Astrophysical black holes are believed not to have
any charge and so are described by the Kerr geometry [1],
characterized by just their mass and spin angular momen-
tum. An important consequence of the no-hair theorem
concerns the behavior of Kerr black holes when subjected
to an external perturbation. There is strong evidence that
black holes are stable against such perturbations [8–14]
(see, however, Ref. [15]). Perturbed black holes regain
their axisymmetric configuration by emitting gravitational
radiation. The radiation observed by a detector takes the
form

hðtÞ ¼ X
‘;m;n

A‘mne
�t=�‘mn cosð!‘mntþ�‘mnÞ; (1)

and it consists of a superposition of quasinormal modes
(QNMs) with characteristic mode frequencies !‘mn and
time constants �‘mn. Here, ‘ ¼ 2; . . . , and m ¼ �‘; . . . ; ‘,
are the spheroidal harmonic indices and n is an index
corresponding to the overtones of each mode. The ampli-
tudes A‘mn depend on the relative orientation of the detec-
tor and the black hole as well as the nature of the perturbing
agent and �‘mn are constants defining the initial phase of
the various modes.1 One of the goals of this paper is to

determine the amplitudes of the most significant modes
excited during the merger of a pair of black holes.
The mode frequencies and time constants of a black hole

of mass M are given by the general expressions

!‘mn ¼ F‘mnðjÞ
M

; �‘mn ¼ MG‘mnðjÞ; (2)

where F‘mnðjÞ andG‘mnðjÞ are functions of the dimension-
less black-hole spin magnitude, or Kerr parameter, j. All
mode frequencies and time constants then depend only on
the massM and the spin magnitude j of the black hole and
no other parameter—a consequence of the no-hair theo-
rem. Several authors have noted that this aspect of the no-
hair theorem could be used to test if massive compact
objects at galactic cores are actually rotating black holes
described by the Kerr metric of general relativity [17–19];
alternatively, it could be used as a strong field test of
general relativity itself [17].
The key idea behind the proposed tests is the following:

If one can reliably decompose the observed gravitational
radiation from a ringing black hole into a superposition of
different modes, then the frequencies and time constants of
each of the modes could be used to infer the mass and spin
of the black hole. If the object is truly a black hole, then
the masses and spins obtained from the different modes
should all be consistent within the measurement errors.
Inconsistencies in the values of the masses and spins
inferred from different modes would be an indication of
the failure of general relativity (GR) or that the radiation
was emitted from an object that is not a black hole. If a
merging binary does not lead to a black hole, then the
inspiral phase may not result in a superposition of QNMs
that can be characterized by just two parameters. Such
signatures could be inferred by a model-independent

1For a recent review on black-hole quasinormal modes, see
Ref. [16].
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analysis of the data, e.g., a time-frequency transform, or by
assessing the posterior probability for alternative models.

In this paper, we estimate the relative amplitudes A‘mn of
the various modes by fitting a superposition of QNMs to
the radiation emitted by a merging black-hole binary ob-
tained from numerical-relativity simulations. These simu-
lations involve the ‘‘simple’’ case of initially nonspinning
black holes in quasicircular orbits and different mass ratios
of the binary, in the range 1:1 to 1:11. Analytical fits of the
amplitudes so obtained are extrapolated to mass ratios of
up to 25, so as to study a variety of different systems. The
validity of our extrapolation can only be confirmed by
future numerical simulations of binary black holes with
such large mass ratios.

From the analytical fits, we construct a model waveform
and calculate the signal-to-noise ratios (SNRs) in different
modes during the merger of supermassive black-hole bi-
naries of total mass in the range �106–108M� observed
with the Laser Interferometer Space Antenna (LISA)2 [20]
and of intermediate-mass black-hole binaries of total mass
in the range �100� 103M� observed with the Einstein
Telescope (ET) [21] and advanced configuration of the
Laser Interferometer Gravitational-Wave Observatory
(aLIGO) [22–25]. The response of a gravitational-wave
detector is, of course, not separately sensitive to the differ-
ent modes but to only their superposition. However, it
should be possible to measure the relative strengths of
the different modes by fitting a generic model to the
observed data. We will pursue this latter approach in a
forthcoming publication and restrict ourselves to a theo-
retical study of the relative importance of different modes.

We find that over most of the parameter space explored,
the modes with indices ð‘;m; nÞ ¼ ð2; 2; 0Þ; ð3; 3; 0Þ;
ð2; 1; 0Þ, and (4, 4, 0) have SNRs for the ringdown phase
larger than 500 in LISA provided the source is within a
redshift of z ¼ 1 and larger than 50 in ET provided the
source is within a distance of 1 Gpc. For aLIGO, the SNRs
in (2, 2, 0) and (3, 3, 0) modes are larger than 10 in a
significant region of the parameter space. However, other
subdominant modes will not be visible in aLIGO when the
source is at a distance of 1 Gpc or greater. In all cases,
black-hole ringdown signals that result from equal-mass
binaries can have far larger SNRs. The distance reach of
LISA and ET to ringdown signals is large enough that one
can expect a few events per year with quite a large ( * 100)
SNR [26,27]. One can, therefore, expect that future obser-
vations of black-hole mergers will provide an excellent
opportunity to test GR using several different QNMs.

We will present a specific implementation of the test of
the no-hair theorem and discuss a minimal and a maximal

set of parameters that could be used to carry out such a test.
The chief result of this paper is that the relative amplitudes
of the modes depend on the mass ratio q of the progenitor
binary and that by measuring the relative amplitudes, in
addition to the frequency and time constant, it should be
possible to measure the component masses of the binary
that led to the QNMs.
The rest of this paper is organized as follows. Section II

is devoted to a discussion of the numerical-relativity simu-
lations used in this work, focusing on their accuracy, so as
to give an idea of how reliable are our estimates of the
relative amplitudes of different modes. The waveform
model used in this study is given in Sec. III, stating the
conventions and assumptions made in constructing the
model. Section IV constructs the amplitudes of the various
modes in the ringdown signal using numerical simulations
of Sec. II. Section IV also deals with different options for
identifying the ringdown phase, the method that was ac-
tually followed, the connection between the mode ampli-
tudes, and the mass ratio of the binary from which the
black hole results and how this information was included in
the signal model. In Sec. V, we discuss the detectability of
the various modes with aLIGO, ET, and LISA, and possible
astrophysical information we can glean from such obser-
vations. Secs. VI and VII present the results from a covari-
ance matrix analysis of how well we are able to measure
the parameters of the ringing black hole and the progenitor
binary. In Sec. VIII, we propose a practical test of the no-
hair theorem, making several remarks on which modes and
parameters we could use for such a test. We make con-
cluding remarks and outlook for further work in Sec. IX.
We use a system of units in which the Newton’s constant
and the speed of light are both set to unity, c ¼ G ¼ 1.

II. NUMERICAL SIMULATIONS OF
MERGER AND RINGDOWN SIGNALS

In this section, we shall briefly discuss how the numeri-
cal simulations were performed. We used the BAM code
[28,29]. The code starts with black-hole-binary puncture
initial data [30,31] generated using a pseudospectral ellip-
tic solver [32], and evolves them with the � variant of the
moving-puncture [33–35] version of the Baumgarte-
Shapiro-Shibata-Nakamura [36,37] formulation of the
3þ 1 Einstein evolution equations. We estimate initial
momenta for low-eccentricity inspiral using the post-
Newtonian methods outlined in [38,39]. Spatial finite-
difference derivatives are sixth-order accurate in the bulk
[29], Kreiss-Oliger dissipation terms converge at fifth or-
der, and a fourth-order Runge-Kutta algorithm is used for
the time evolution. Time interpolation in the Berger-
Oliger-like adaptive mesh-refinement algorithm converges
at second-order accuracy. In the limit of infinite resolution,
the code is thus expected to converge with second-order
accuracy. However, in the regime of currently feasible
simulations, the spatial finite differencing error dominates

2Recently, the National Aeronautics and Space Administration
in the United States opted out of the LISA mission. However,
European Space Agency is pursuing an alternative that is similar
in scope to LISA and we believe studying what science LISA
could deliver is still very relevant.
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by far. Artificial dissipation has no measurable effect on the
phase accuracy of the waves. For well-resolved simula-
tions, we thus find sixth-order accuracy, as expected.

The gravitational waves emitted by the binary are calcu-
lated from the Newman-Penrose scalar �4, extracted at a
distance DL from the source. The details of our implemen-
tation of this procedure are given in Ref. [28]. Here, we
recall those details that are important to this paper. The
quantity DL�4 is decomposed into spin-weighted
spherical harmonics, and related to the gravitational
wave strain as

DL�4 ¼ DLð €hþ � i €h�Þ (3)

¼ X
‘;m

�4;‘m�2Y
‘mð�;�Þ: (4)

To calculate the radiated power, or luminosity, we

require _h, which can be obtained by one time integra-
tion of the spherical-harmonic coefficients �4;‘m. In

principle, we need to fix only one constant of integra-

tion to obtain _h from �4, but in practice the integration
is contaminated by numerical noise, see e.g., [40–42].
As part of our analysis of the data, we produced both h

and _h, by (a) fixing the integration constants to ensure
that h oscillates around zero, and rings down to zero,
(b) removing low- and high-frequency noise via fast
Fourier transforms, and (c) removing further spurious
noise effects by subtracting low-order polynomial fits
through the strain.

We use results from simulations of nonspinning binaries
with mass ratios q ¼ f1; 2; 3; 4g that were previously pre-
sented in Refs. [39,43] and an additional simulation of a
q ¼ 11 binary that was carried out as a part of this study.

Detailed error analyses for the first four simulations
were presented in Refs. [39,43], although those works
focused on the inspiral phase, while here we focus on the
ringdown phase. We find that for the q ¼ f1; 2; 3; 4g simu-
lations, the error in the amplitude of the ringdown signal is
dominated by the error due to wave extraction at a finite
distance from the source. The wave extraction was per-
formed at Rex ¼ 70M for the data used in this paper. Waves
were extracted at larger radii (80M and 90M), but the
numerical resolution was lower at these radii and numeri-
cal errors began to dominate the uncertainty of the ring-
down waveform in the subdominant modes. We also found
that the ratio of the waveform luminosities was remarkably
robust with respect to the wave-extraction radius, and for
these the errors are even lower; a similar effect was found
in Ref. [44], where the amplitude ratios between harmonics
also played a major role in the study.

The new q ¼ 11 simulation included only two orbits of
inspiral before merger, and was produced primarily to
calculate the ringdown signal. The sizes of the mesh-
refinement levels were varied to optimize both memory
usage and numerical accuracy of the wave extraction,

which was now performed at Rex ¼ 100M. Three simula-
tions were performed to validate the accuracy of the re-
sults; the resolutions at the wave-extraction sphere were
f0:533; 0:427; 0:356g=M, and the finest resolution at each
black aim to capture the inspiral gravitational wave phase
with high accuracy; our focus was on the accuracy of the
ringdown. Here, the amplitude accuracy of all the modes
we consider in this paper was within 0.5%, and this uncer-
tainty was dominated by the error due to extraction at a
finite distance from the source.
The spin of the final black hole is 0:25� 0:01, and

ð0:3� 0:01Þ% of the energy of the system is radiated
during the last two orbits and merger and ringdown. The
final black hole recoils by 55� 5 km=s. The large uncer-
tainty in the recoil is due mostly to having the waveform
from only a small number of orbits before merger, which
makes it difficult to remove the oscillatory inspiral recoil
from the results, as was done in Ref. [39]. Our results for
this system are consistent with previous simulations of
q ¼ 10 binaries [45–47].

III. ANTENNA RESPONSE TO A
RINGDOWN SIGNAL

Quasinormal modes are transients that live for a very
short duration in the detector band: In the case of
intermediate-mass black holes (BHs) that could be ob-
served in ET, the time constant is at best about 60 ms
(for a BH of mass 103M� and spin j ¼ 0:7), while for
supermassive black holes that could be observed in LISA
the longest time constant is about 100 min (for a BH of
mass 108M� and spin j ¼ 0:7) (see Table IV).
Consequently, it is not necessary to consider the motion
of LISA or ET during the observation of a quasinormal
mode, at least not in the current evaluation of what science
one might extract from their observation.
Let us consider the response of an interferometric de-

tector to a ringdown signal. We assume that the radiation is
incident from a direction ð�;’Þ with respect to, say, a
geocentric coordinate system. Let ðeRx ; eRy ; eRz Þ be a set of

orthonormal vectors representing a coordinate frame in
which the ringdown modes take the transverse-traceless
form; that is, the metric perturbation hij due to the ring-

down modes can be written in this frame as

hij ¼ hþe
ij
þ þ h�e

ij
�; (5)

where hþ and h� are the plus and cross polarizations,
whose explicit expressions for a ringdown signal will be
given below, and eþ;� are the polarization tensors given by

eþ ¼ eRx � eRx � eRy � eRy ; (6)

e� ¼ eRx � eRy þ eRy � eRx : (7)

The response hAðtÞ of an interferometer, labeled by A,
can be written as
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hAðtÞ ¼ FAþð�;’; c ÞhþðtÞ þ FA�ð�;’; c Þh�ðtÞ: (8)

Here, c is the polarization angle,

cosc ¼ e� � eRx ; (9)

and FAþ;�ð�;’; c Þ are the antenna pattern functions of the

detector given by

FAþ ¼ DA
ije

ij
þ; FA� ¼ DA

ije
ij
�; (10)

where DA is the detector tensor. If eA1;2 are unit vectors (not

necessarily orthogonal to each other) along the two arms of
an interferometer, then the detector tensor is given by

D A ¼ eA1 � eA1 � eA2 � eA2 : (11)

For our purposes, it is most useful to express the radia-
tion from a source in the source frame, in terms of its
expansion in spin-weighted spherical harmonics of weight
�2, namely �2Y‘m:

hþ � ih� ¼ X1
‘¼2

X‘
m¼�‘

h‘m�2Y
‘mð�; �Þ: (12)

Here, ð�; �Þ refer to the colatitude and the azimuth angle at
which the radiation is emitted from the source; � is also the
angle between the line of sight and the orbital (spin)
angular momentum of the binary (black hole). The com-
plex coefficients h‘m in the expansion are referred to as ‘m
modes. Explicit expressions for the first few modes in the
post-Newtonian approximation for the inspiral phase of a
binary’s evolution can be found in Kidder [48]. It is useful
to write the modes explicitly in terms of their real and
imaginary parts:

h‘m ¼ A‘me
�i�‘m ¼ h‘mþ � ih‘m� : (13)

This helps in extracting the amplitude and phase of each
mode in terms of its plus and cross modes obtained in
numerical simulations:

A‘m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðh‘mþ Þ2 þ ðh‘m� Þ2

q
; �‘m ¼ tan�1

�
�h‘m�
h‘mþ

�
:

(14)

Noting that �2Y‘mð�; �Þ¼�2 Y
‘mð�; 0Þeim�, we can rear-

range the sums in Eq. (12) using Eq. (14) to get [40]

hþ ¼ X
‘;m>0

A‘mY
‘mþ cosð�‘m �m�Þ; (15)

h� ¼ � X
‘;m>0

A‘mY
‘m� sinð�‘m �m�Þ; (16)

where we have dropped the ‘‘memory-effect’’ m ¼ 0
terms, for which the amplitude is low (see, e.g., a recent
numerical study [49]). Note that while these modes are
nonoscillatory during inspiral, they do exhibit ringdown,
which has been studied in some detail with numerical
codes in axial symmetry, where they are the only nonzero

modes (see, e.g., [50]). In the above expressions, the an-
gular functions Y‘mþ;�ð�Þ are the following combinations of

the spin-weighted spherical harmonics:

Y‘mþ ð�Þ ��2 Y
‘mð�; 0Þ þ ð�1Þ‘�2Y

‘�mð�; 0Þ;
Y‘m� ð�Þ ��2 Y

‘mð�; 0Þ � ð�1Þ‘�2Y
‘�mð�; 0Þ: (17)

For the inspiral phase of a binary when the two compact
bodies are widely separated, post-Newtonian approxima-
tion gives the amplitudes A‘mðtÞ and phases �‘mðtÞ as
expansions in v=c, where v is the velocity of the bodies
(see, e.g., [48]). Numerical-relativity simulations can be
used to extract them when the post-Newtonian approxima-
tion breaks down. In the case of perturbed black holes,
which a binary will result in, black-hole perturbation the-
ory predicts that the modes are damped sinusoids with their
amplitudes and phases given by

A‘m ¼ �‘mM

DL

e�t=�‘m ; �‘mðtÞ ¼ !‘mt; (18)

where M is the mass of the black hole and DL is its
luminosity distance from Earth. Time constants �‘m and
frequencies !‘m can be computed from black-hole pertur-
bation theory (see, e.g., Ref. [18] for a recent comprehen-
sive listing of frequencies and time constants). However,
the amplitudes �‘m depend on the nature of the perturba-
tion and are not analytically accessible in the case of black
holes that form from the coalescence of a binary. We shall
‘‘measure’’ them later in this paper using results of our
numerical simulations.
Using the above equations, the output of the numerical

simulations for the plus and cross polarizations corre-
sponds to the following expressions:

hþðtÞ¼
X

‘;m>0

�‘mM

DL

Y‘mþ ð�Þe�t=�‘m cosð!‘mt�m�Þ;

h�ðtÞ¼
X

‘;m>0

�‘mM

DL

Y‘m� ð�Þe�t=�‘m sinð!‘mt�m�Þ:
(19)

We have dropped the overtone index n from all the relevant
quantities (amplitudes, frequencies, and time constants) of
quasinormal modes, as we are assuming that higher (i.e.,
n > 0) overtones, quickly become negligible in amplitude,
compared to the fundamental n ¼ 0 overtone. Only the
fundamental n ¼ 0 overtone of the various modes is con-
sidered in this paper.
The amplitudes A‘m of the various modes depend on the

nature of the perturbation. For ringdowns resulting from
the merger of two nonspinning black holes, A‘m depend
on the mass M of the final black hole and mass ratio
q ¼ m1=m2ðq 	 1Þ of the progenitor binary.
In the next section, we will estimate the amplitude of

dominant modes by fitting the late time signal from a
numerical-relativity simulation to a superposition of ring-
down modes. For binaries with nonspinning black holes
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considered in this paper, we find that modes with ð‘;mÞ ¼
ð2; 2Þ; ð2; 1Þ; ð3; 3Þ, and (4, 4) are the ones that are excited
with amplitudes large enough to be interesting. For these

modes, the angular functions Yþ;�
‘m ð�Þ are given by

Y22þ ð�Þ ¼
ffiffiffiffiffiffiffi
5

4�

s
ð1þ cos2�Þ

2
; Y22� ð�Þ ¼

ffiffiffiffiffiffiffi
5

4�

s
cos�;

(20)

Y21þ ð�Þ ¼
ffiffiffiffiffiffiffi
5

4�

s
sin�; Y21� ð�Þ ¼

ffiffiffiffiffiffiffi
5

4�

s
cos� sin�; (21)

Y33þ ð�Þ ¼ �
ffiffiffiffiffiffiffi
21

8�

s
ð1þ cos2�Þ

2
sin�;

Y33� ð�Þ ¼ �
ffiffiffiffiffiffiffi
21

8�

s
cos� sin�;

(22)

Y44þ ð�Þ ¼
ffiffiffiffiffiffiffiffiffi
63

16�

s
ð1þ cos2�Þ

2
sin2�;

Y44� ð�Þ ¼
ffiffiffiffiffiffiffiffiffi
63

16�

s
cos�sin2�:

(23)

In the case of binaries comprising of black holes with
generic spins, the relative amplitudes of the various modes
will also depend on the magnitude and direction of the spin
vectors of the progenitor black holes. A detailed study of
the dependence of the relative amplitudes of the various
modes on the initial spin configurations and mass ratio of
the progenitor binary is necessary to assess how accurately
one might be able to use quasinormal modes to measure a
progenitor binary’s parameters. For this, a more exhaustive
set of simulations covering the full parameter space of
binary black holes is required and will be taken up in the
future.

We conclude this section by noting that using the ex-
pression for the two polarizations in Eq. (19) the detector
response given in Eq. (8) can be written as

hAðtÞ ¼ X
‘;m>0

B‘me
�t=�‘m cosð!‘mtþ �‘mÞ; (24)

where the superscript A is an index denoting the detector in
question (which is relevant when we have a network of
detectors), B‘m (�‘m) is the following combination of the
amplitudes A‘m (respectively, phases m�), antenna pattern
functions FAþ and FA�, and the inclination angle �::

B‘m ¼ �‘mM

DL

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðFAþY‘mþ Þ2 þ ðFA�Y‘m� Þ2

q
; (25)

�‘m ¼ �‘m þm�þ tan�1

�
FA�Y‘m�
FAþY‘mþ

�
: (26)

Note that, for the sake of clarity, we have dropped the index
A on B‘m and �‘m. Here, �‘m are arbitrary constant phases

of each quasinormal mode.3 The effective amplitudes B‘m

are proportional to the intrinsic amplitudes �‘m of the
modes and vary inversely with the luminosity distance.
Their magnitude also depends on the various angles
ð�; ’; c ; �Þ describing the position of the source on the
sky and its orientation relative to the detector through the
antenna pattern functions Fþ and F� and spherical-
harmonic functions Y‘mþ and Y‘m� . The constant phases
�‘m also depend on the angles and the fiducial azimuth
angle �.
The above form of the response is more helpful in

understanding which, or which combination, of the pa-
rameters can be measured and how many detectors are
required in solving the inverse problem, namely, to fully
reconstruct the incident gravitational wave and the parame-
ters of the source that emitted the radiation. We shall use
the above form of the waveform to compute the signal-to-
noise ratios and the covariance matrix.

IV. AMPLITUDES OF MODES EXCITED
DURING THE RINGDOWN PHASE OFA

BLACK-HOLE BINARY

In this section, we will use numerical simulations to
evaluate the amplitude of the various modes excited as a
function of the mass ratio q. We will examine how the
amplitude of the dominant 22 mode varies as a function
of q. Of particular interest would be the growth of 21, 33,
and 44 modes relative to the 22 mode as the binary system
becomes more asymmetric. We will provide simple ana-
lytical fits to the amplitudes of all the different modes and
discuss how the inclination angle of the black hole’s final
spin will affect the amplitude of the ringdown signal. Our
analysis is complementary to previous studies of the mode
structure of unequal-mass nonspinning binaries, for ex-
ample, [40,53].

A. Evolution of the luminosity

An important question that arises in the study of QNMs
excited during the merger of a black-hole binary is the
determination of the most dominant modes in the infinite
mode sum in Eq. (1) for this particular kind of perturber.
This analysis is necessary to construct a good model of the
waveform to use in the analysis.
Figure 1 plots the luminosity in gravitational waves,

L‘m ¼ D2
L½ð _h‘mþ Þ2 þ ð _h‘m� Þ2
, in the first four most domi-

nant modes as a function of the dimensionless time t=M,
where M is the initial total mass of the binary. The lumi-
nosities are plotted for four values of the mass ratio q ¼ 2,
3, 4, and 11. We have left out the plot corresponding to the
equal-mass case q ¼ 1, as in this case the modes with odd

3Specifically, the ‘ ¼ m modes have a nearly consistent rota-
tional phasing, while the ‘ � m modes seem to have somewhat
distinct associated dynamics, with differentiated amplitude and
phasing relationships during the merger process [52].
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values of l orm are not excited and hence not as interesting
as when the masses are unequal. The luminosity peaks just
before the two black holes collide but different modes peak
at different times. The 21 and 33 modes peak after the 22
mode reaches its maximum. However, the 44 mode shows
the opposite behavior. For a more thorough investigation
on the different multipolar contributions to the total radi-
ated energy, see Ref. [52].

Although the 33 mode is absent when q ¼ 1, it is al-
ready more dominant than the 44 mode when q ¼ 2 and
remains the most dominant after the 22 mode, throughout
the inspiral and merger phase and for all mass ratios
(except, of course, when q ¼ 1). The 44 mode remains
more dominant than the 21 mode for the most part, but the
trend reverses after merger. This is because the 21 mode
reaches its peak luminosity a little after the 44 mode. For
q ¼ 2, when the 22 mode reaches its peak, the luminosity
in the 33 mode is an order-of-magnitude smaller than
the dominant 22 mode; luminosities in 21 and 44 modes
are 50 times smaller than the 22 mode.

In addition to the luminosities, we have also plotted their
ratios r‘m ¼ L‘m=L22 with respect to the 22 mode. It is
clear that for more symmetric systems (i.e., q * 1) higher

modes are hardly excited. For instance, when q ¼ 2 the
luminosity of the 21 and 44 modes remains below � few
percent of the 22 mode, while the 33 mode is always less
than�5% of the 22 mode. As the mass ratio increases, the
higher-order modes are excited with greater amplitudes.
The different mode amplitudes become comparable to the
22 mode and to one another as the mass ratio increases. In
the next two subsections, we will give a more quantitative
evaluation of the relative mode amplitudes in the ringdown
part of the signal.

B. Identifying the ringdown phase

An important task of our study is the identification of the
point when the signal is purely a superposition of various
quasinormal modes. This is necessary in order that the
proposed tests of general relativity are not corrupted due
to the presence of extraneous signals. By assuming that the
ringdown phase occurs sooner than it actually does, we are
in danger of corrupting the waveform. Equally, by identi-
fying the ringdown phase to be much later than it actually
is, we will significantly weaken the tests since the signal
amplitude falls off exponentially from the beginning of the
ringdown phase. A proper identification of the beginning of
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FIG. 1 (color online). This plot shows the relative luminosities, or radiated power, in modes ð2; 2Þ, ð3; 3Þ, (4, 4), and ð2; 1Þ. Llm

represent the luminosities (in units c ¼ G ¼ 1 in which luminosity is dimensionless) and rlm denote the ratios rlm ¼ Llm=L22. The
different panels correspond to systems with different mass ratios as indicated in the panel. Note that as the mass ratio increases, the
luminosity in each mode decreases but the amplitudes of all higher-order modes, relative to the (2, 2) mode, increase. We have
omitted—both in the figure and in this work—the next most dominant modes, (5, 5), (3, 2), (4, 3), (6, 6), and (5, 4), as they are
generally less than 1% as luminous as the (2, 2) mode (see, however, Pan et al. [51]).
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the ringdown phase is needed to correctly extract the
amplitude of the quasinormal modes and to compute the
signal-to-noise ratio and other quantities.

To this end, we shall use the evolution of the frequency
of the various modes h‘m. As a binary evolves, the fre-
quency of each mode h‘m increases, the rate of increase
itself being greater as the two black holes get closer. When
the two black holes merge, a common horizon forms and
the frequency of each mode stabilizes, finally reaching the
quasinormal mode value as predicted by black-hole per-
turbation theory. We shall identify the beginning of the
ringdown phase to be (approximately) the epoch when the
frequency of the various modes begin to stabilize.

We can compute the frequency of each mode from the
evolution of its phase given by the second of the equations
in Eq. (14). Once the phase is known, it is straightforward
to write down the (dimensionless) frequency f‘m ¼
M!‘m ¼ d�‘mðtÞ=dðt=MÞ. The ringdown phase can be
assumed to begin when f‘m computed from our numerical
simulations are close to those obtained from black-hole
perturbation theory. We will first take a look at the pre-
dictions from black-hole perturbation theory and then
compare those predictions to the results obtained from
our numerical simulations and plotted in Fig. 2.

There has been a lot of work on the computation of the
frequencies and time constants of various modes of a
perturbed Kerr black hole. Berti et al. [18] have found
simple fits, as a function of the spin parameter j, to the
dimensionless mode frequencies4 f‘m ¼ M!‘m and qual-
ity factors 2Q‘m ¼ �‘m!‘m. The fitting functions for the
22, 21, 33, and 44 modes are given by [18]

f22 ¼ 1:5251� 1:1568ð1� jÞ0:1292;
Q22 ¼ 0:7000þ 1:4187ð1� jÞ�0:4990;

(27)

f21 ¼ 0:6000� 0:2339ð1� jÞ0:4175;
Q21 ¼ �0:3000þ 2:3561ð1� jÞ�0:2277;

(28)

f33 ¼ 1:8956� 1:3043ð1� jÞ0:1818;
Q33 ¼ 0:9000þ 2:3430ð1� jÞ�0:4810;

(29)
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FIG. 2 (color online). Evolution of the first few dimensionless mode frequencies f‘m ¼ M!‘m as a function of the dimensionless
time t=M, for different values of the mass ratio q of the progenitor binary. Also shown in arbitrary units is the luminosity in the 22
mode. All mode frequencies, especially f22 and f33, stop evolving and stabilize soon after the binary merges to form a single black
hole. The waveform is assumed to contain a superposition of only quasinormal modes a duration 10M after the luminosity in 22 mode
reaches its peak.

4Note that we only consider here the least-damped n ¼ 0
overtone for each mode and have therefore dropped the overtone
index from mode frequencies, quality factors, and time
constants.
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f44 ¼ 2:3000� 1:5056ð1� jÞ0:2244;
Q44 ¼ 1:1929þ 3:1191ð1� jÞ�0:4825:

(30)

These fits are quite robust and they differ from the actual
values obtained for the frequencies and quality factors by
no more than 3% [18]. Table I lists frequencies f22, f21,
f33, and f44, for several different values of the spin pa-
rameter j. The chosen values of j correspond to the final
spins of black holes that result in our numerical simulations
of binaries with different mass ratios q. Values in columns
labeled Fit are those obtained using Eqs. (27)–(30) and
those in columns labeled NR are those obtained from our
numerical-relativity simulations as follows.

Figure 2 plots the frequencies f‘m for the 22, 21, 33, and
44 modes as (black) dash-dotted, (blue) dash-dotted-
dotted, (green) dashed, and (red) dotted curves. As ex-
pected, the frequency of each mode increases, quite rapidly
towards the end, but stabilizes to a constant value—the
quasinormal mode frequency of the final black hole. The
plots also show the (arbitrarily scaled) luminosity in the 22
mode as a (black) solid curve. The epoch at which the
luminosity reaches its peak (indicated by a solid vertical
line) has been set to be t=M ¼ 0. We see that the onset of
the ringdown phase occurs significantly after the luminos-
ity reaches its peak. For simplicity, we have chosen the
beginning of the ringdown phase to be a duration t ¼ 10M
after the system reaches its peak luminosity, indicated by a
dashed vertical line in Fig. 2. In reality, for the ‘ ¼ m
modes, it is 4M–5M earlier than for the (2, 1) mode. The
luminosity curves, Fig. 1, exhibit a similar behavior. See
also [52].

Most modes seem to stabilize at the onset of the ring-
down phase. For q & 4, the frequency of 22 and 33 modes
stabilizes, but it is less so with 21 and 44 modes. In our
q ¼ 11 simulations, all mode frequencies seem to oscillate

around a mean value, 22 and 21 more than 33 and 44. From
Fig. 1, we see that after reaching the peak luminosity the
amplitudes of 21 and 33 modes relative to the 22 mode
(thick lines) are constant. This justifies why we might fit a
q-dependent function to the relative amplitudes of various
modes (see Sec. IVC and Fig. 3) that is valid throughout
the ringdown phase. The same cannot be said about the
44 mode.
Under columns labeled NR, Table I gives frequencies

f22, f21, f33, and f44 at the onset of the ringdown mode
(i.e., an epoch t ¼ 10M after the luminosity of the 22 mode
reaches its peak) obtained from our numerical-relativity
simulations. Modes with odd ‘ orm are not excited when a
binary comprising a pair of equal-mass black holes merges,
which is the reason why these entries are missing from the
Table. The mode frequencies at 10M after peak luminosity
agree with the fits obtained from black-hole perturbation
theory to within 5%. Hence, we believe that our method is
quite robust in identifying the ringdown phase.

C. Relative amplitudes in the ringdown phase

Our goal here is to estimate the amplitudes of the various
modes in the ringdown phase. The transition from the
inspiral to the ringdown phase is very smooth and it is
not easy to pick a unique instant after which the transition
occurs. Amplitudes of the various modes in the ringdown
phase are given in Table II at three different epochs:
(i) at the epoch when the luminosity of the 22 mode

reaches its peak,
(ii) a duration 10M after the 22 mode reaches its peak

luminosity, and

TABLE I. Dimensionless frequencies f‘m for various modes
for different values of the black-hole spin j that results from the
merger of a binary of mass ratio q. We assume that the ringdown
phase begins when the frequencies of various modes stop in-
creasing and stabilize to a constant value. For each mode
frequency, the column labeled ‘‘Fit’’ gives the values computed
using Eqs. (27)–(30) and that labeled ‘‘NR’’ shows values at the
‘‘beginning’’ of the ringdown mode, a duration 10M after the
gravitational-wave luminosity in the 22 mode reaches its peak
(dashed vertical line in Fig. 2).

q j f22 f21 f33 f44

Fit NR Fit NR Fit NR Fit NR

1 0.69 0.53 0.51 0.46 � � � 0.84 � � � 1.14 1.08

2 0.62 0.50 0.49 0.44 0.42 0.80 0.78 1.09 1.05

3 0.54 0.48 0.47 0.43 0.41 0.76 0.74 1.03 1.01

4 0.47 0.46 0.45 0.42 0.43 0.73 0.72 0.99 0.97

11 0.25 0.41 0.39 0.39 0.41 0.66 0.64 0.89 0.85
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FIG. 3. This plot shows the amplitudes as a function of the
mass ratio for different modes at the peak of the luminosity of
the 22 mode (circles), an epoch 10M and 15M after the peak
(respectively, squares and triangles). We have plotted the abso-
lute amplitude �22 of the 22 mode and ratio of the subdominant
mode amplitudes �‘m=�22 relative to 22 (cf. Table II). The solid
lines are the best fits [cf. Eqs. (31)–(34)] to the amplitudes at
10M after the peak luminosity.

KAMARETSOS et al. PHYSICAL REVIEW D 85, 024018 (2012)

024018-8



(iii) a duration 15M after the 22 mode reaches its peak
luminosity.

The Table lists the absolute amplitude �22 of the 22 mode
and relative amplitudes �‘m=�22 of the rest of the modes.
These amplitudes are plotted in Fig. 3.

First, let us note that although, as expected, the absolute
amplitude of the 22 mode depends on the epoch that we
identify as the start of the ringdown phase, the amplitudes
of the subdominant modes relative to the 22 mode are not
too sensitive to that identification. This is especially true
for the 33 and 44 modes whose peak luminosity is at the
same epoch as that of the 22 mode [thin (green) dashed and
(red) dotted curves in Fig. 1], but less so for the 21 mode
[thick (blue) dash-dotted-dotted curve in Fig. 1, bottom-
right panel of Fig. 3], whose peak luminosity occurs sig-
nificantly after that of the 22 mode. As mentioned before,
for concreteness we shall take the starting point of the
ringdownmode as an epoch 10M after the 22 mode reaches
its peak luminosity (the dashed vertical line in Fig. 2). All
discussions in the remainder of this paper are based on this
identification. A duration of 10M corresponds to between 1
and 2 gravitational-wave cycles of the merger signal.

As the mass ratio of the progenitor binary increases, the
amplitude of the 22 mode rapidly decreases but the sub-
dominant modes approach each other in power (see Fig. 1)
and their amplitudes increase (cf. Table II and Fig. 3). For a
mass ratio of q ¼ 4, the 33 and 21 modes have amplitudes
1=4 that of 22 while at q ¼ 11 they are 40% of the 22
mode. Of course, the overall luminosity decreases as
the mass ratio increases and one expects no radiation in
the limit q ! 1. Indeed, the emitted energy during the
‘‘merger’’ phase goes roughly as the square of the
symmetric mass ratio 	 ¼ m1m2=M

2 of the progenitor
binary [40].

Let us note that the values in Table II do not all refer to
the same final black-hole spin. All our black holes are
initially nonspinning and the final spin is simply the resid-
ual angular momentum of the progenitor binary. The final
spin, therefore, depends on the mass ratio, and is greatest
when the two black holes are of the same mass. In princi-

ple, it should be possible, but in practice very difficult, to
produce numerical data for different mass ratios all with
the same final spin. To do so, we require an accurate
mapping between the mass ratio and initial black-hole
spins, and the spin of the final black hole. For example,
configurations that lead to a nonspinning Schwarzschild
black hole are suggested in Ref. [54] and more generic
cases are considered in Refs. [55–58]. However, fine-
tuning the spin of the final black hole requires that the
component black holes are also spinning, and in this paper
we consider only binaries with nonspinning components.

D. Fitting functions for relative amplitudes

For the purpose of computing the signal-to-noise ratio
and the covariance matrix, it is convenient to have analyti-
cal expressions for the relative amplitudes of the various
modes. Our fits are meant to capture the dependence of the
amplitudes on the mass ratio in the range we have consid-
ered in this paper. They are not meant to explore the
complex dynamics of a ringing black hole and are not
necessarily valid outside the region we have explored.
We have seen that the amplitudes inferred from the

simulations depend on how we identify the beginning of
the ringdown phase. As mentioned before, in our calcula-
tions we have assumed that the ringdown phase begins an
epoch 10M after the 22 mode reaches its peak luminosity.
We find that the amplitude of the 22 mode at this epoch as a
function of the mass ratio is well fitted by

�22ðqÞ ¼ 0:25e�q=7:5: (31)

The solid curve in the top-left panel in Fig. 3 shows that this
is a good fit to the data points (filled squares). Dash-dotted-
dotted and dotted lines in the same panel show the fits that
describe�22ðqÞ at the peak of the luminosity and 15M after
the peak, respectively. In all cases, the data is pretty well
approximated by an exponentially falling function.
The relative amplitudes of the subdominant 21, 33, and

44 modes are well fitted by the following functions:

�21ðqÞ ¼ 0:13�22ðqÞðq� 1Þ1=2; (32)

TABLE II. For different mass ratios (column 1), we list the final spin j of the black hole (column 2), amplitudes of different modes at
three different epochs: (i) when the 22 mode reaches its peak luminosity (columns 3–6), an epoch 10M (columns 7–10), and 15M after
the 22 mode reaches its peak luminosity. We list the absolute value of the amplitude for the 22 mode and the ratio of amplitudes of the
rest of the modes to the 22 mode. The beginning of ringdown, taken as the point when the instantaneous frequency of each mode begins
to stabilize, is typically found to be �1� 2 cycles after the peak luminosity. For concreteness, we take the beginning of the ringdown
mode to be 10M after the peak luminosity.

q j At peak luminosity At 10M after peak At 15M after peak

�22 �33=�22 �44=�22 �21=�22 �22 �33=�22 �44=�22 �21=�22 �22 �33=�22 �44=�22 �21=�22

1 0.69 0.365 0.000 0.052 0.000 0.217 0.000 0.043 0.000 0.152 0.000 0.038 0.000

2 0.62 0.321 0.149 0.050 0.114 0.194 0.161 0.030 0.121 0.132 0.156 0.020 0.135

3 0.54 0.266 0.216 0.070 0.178 0.158 0.247 0.052 0.195 0.108 0.244 0.044 0.212

4 0.47 0.225 0.259 0.087 0.203 0.140 0.267 0.069 0.234 0.095 0.264 0.057 0.262

11 0.25 0.100 0.349 0.156 0.312 0.063 0.377 0.154 0.407 0.048 0.347 0.137 0.478
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�33ðqÞ ¼ 0:18�22ðqÞðq� 1Þ1=3; (33)

�44ðqÞ ¼ 0:024�22ðqÞq3=4: (34)

They are plotted as solid curves in the relevant panels of
Fig. 3. The fits are motivated by the fact that when q ¼ 1
only modes with even values of ‘ and m are excited, while
those with odd ‘ or m are absent. Note that the relative
amplitudes grow as a binary becomes more asymmetric
and so higher-order modes should be more easily detect-
able if the mass ratio is large. In absolute terms, of course,
all modes are exponentially damped as a function of q.

In this work, we estimated the relative amplitudes of
different modes at a single epoch. It might be more reliable
to estimate their average over a small duration, for instance
between 10M–15M. This could diminish any ‘‘numerical
noise’’ present and extract more accurate fits but we did not
explore this alternative approach in this work.

V. VISIBILITY OF RINGDOWN MODES

In this section, we will study the SNR obtained by
various detectors for the ringdown phase of the coales-
cence of a black-hole binary. We will begin by defining the
matched filter SNR, followed by the noise power spectral
densities of aLIGO, ET, and LISA and the choice of signal
parameters used in the study. We will then discuss the
visibility of the different modes, focusing on the distance
reach of the various detectors.

A. Matched filter SNR

The matched filter SNR 
 obtained while searching for a
signal of known shape buried in Gaussian background is
given by (see, e.g., [59])


2 ¼ 4
Z 1

0

jHðfÞj2
ShðfÞ df; (35)

where ShðfÞ is the detector noise power spectral density
andHðfÞ is the Fourier transform of the signal assumed (in
this work) to be a superposition of the 22, 21, and 33
modes. In the time domain, our waveform is given by
Eq. (24) where the sum is over ð‘;mÞ ¼ ð2; 2Þ;
ð2; 1Þ; ð3; 3Þ and we have ignored all higher-order modes
including the (4, 4) mode. The coefficients �‘m required
to compute the waveform are assumed to be as in
Eqs. (31)–(33).

The ringdown signal is a superposition of different
modes and its visibility depends not only on the relative
amplitudes but also on the relative phases of the different
modes. To this end, it is useful to define the SNR of a
mode as


2
‘m ¼ 4

Z 1

0

jH‘mðfÞj2
ShðfÞ df; (36)

with the caveat that the total SNR 
2 is not the quadrature
sum of 
2

‘m since there are also interference terms that

can be negative.

B. Sensitivity curves

In our study, we will consider the performance of three
detectors: the aLIGO, ET, and LISA. A fit to the aLIGO
noise spectral density tuned to detect binary neutron stars
is5

ShðfÞ ¼ 10�49

�
1016�4ðf�7:9Þ2 þ 0:08x�4:69

þ 123:35
1� 0:23x2 þ 0:0764x4

1þ 0:17x2

�
Hz�1; (37)

where x ¼ f=215 Hz. In the case of ET, we consider the
sensitivity curve designated ET-B [60] whose noise power
spectral density is given by ShðfÞ ¼ 10�50hnðfÞ2 Hz�1,

hnðfÞ ¼ 2:39� 10�27x�15:64 þ 0:349x�2:145

þ 1:76x�0:12 þ 0:409x1:10; (38)

where x ¼ f=100 Hz. We take LISA noise spectral density
to be the one that was used by the LISA Parameter
Estimation Taskforce in Ref. [61], which also corresponds
to the noise curve from the second round of the Mock LISA
Data Challenge [62,63].

C. Choice of various parameters

The SNR depends on a number of source parameters as
well as the location of the source on the sky. We have
limited our investigations to studying the SNR and covari-
ance matrix as a function of the black hole’s (observed)
mass M and the mass ratio q of the progenitor binary, for
fixed values of the distance to the black hole and various
angles. In the case of LISA, the black hole is assumed to be
at a redshift of z ¼ 1, which corresponds (in our cosmo-
logical model) to a luminosity distance of DL ’ 6:73 Gpc.
In the case of aLIGO and ET, we set DL ¼ 1Gpc. In all
cases, the angles are fixed to be � ¼ c ¼ � ¼ ’ ¼ �=3.
The black-hole mass is varied over the range

½100; 103
M� in the case of aLIGO, ½10; 103
M� in the
case of ET, and ½3� 106; 108
M� in the case of LISA.
These choices are dictated by the frequency sensitivity of
the instruments, which further dictates the range of black
hole masses whose ringdown radiation they are most sen-
sitive to.
Our choice of parameters is summarized in Table III. We

reiterate that our masses are observed masses, which
means that the intrinsic mass of the black hole is smaller
by a factor 1þ z ’ 1:2, for aLIGO and ET, and by a factor
of 1þ z ¼ 2 in the case of LISA. Although the signal
visibility simply scales as the inverse of the distance, the

5The fit was provided by C. Capano, Syracuse University.
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fact that the mass is blueshifted means that we cannot
easily scale our results to another (say, a greater) distance
for the same intrinsic masses. Such a scaling will be valid if
at the same time the intrinsic masses are also scaled up/
down by the appropriate redshift factor.

D. Visibility of different modes

It is instructive to plot the SNR integrand d
2=df ¼
jHðfÞj2=ShðfÞ as it depicts how the different modes become
important for systems with different masses. Figure 4 plots
this quantity for two systems as seen in LISA. The left panel
corresponds to a black hole of total massM ¼ 5� 106M�
and the right panel to M ¼ 107M�. The mass ratio q is
q ¼ 10 in both cases and the angles are as in Table III.

The various mode frequencies F‘m ¼ !‘m=ð2�Þ of the
two systems are F22 ’ 2:74 mHz, F21 ’ 2:54 mHz, and
F33 ’ 4:26 mHz for the lighter black hole and F22 ’
1:37 mHz F21 ’ 1:27 mHz, and F33 ’ 2:13 mHz for the
heavier black hole. Let us first note that the 22 mode of the
lighter black hole and 33 mode of the heavier black hole
are close to the region where LISA has best sensitivity.
This will be relevant in the discussion that follows.

The intrinsic amplitudes of the 21 and 33 modes are a
little more than a third of the 22 mode for q ¼ 10.
However, since the SNR integrand depends on the signal
power weighted down by the noise power, for a given
black-hole mass the SNR integrand could be as large as,
or even dominated by, modes different from the 22 mode.
This does not happen for the 21 mode since the frequencies

of the 22 and 21 modes are very close to each other and so
the 21 mode is always far smaller than the 22 mode. For a
black-hole mass of 107M�, the 33 mode is as strong as the
22 mode and for masses even larger, the 33 mode over-
whelms the 22 mode. The total SNR for the 5� 106M�
black hole is 
 ¼ 1670, with the different modes contrib-
uting 
22 ¼ 1500, 
21 ¼ 625, and 
33 ¼ 950. The SNR is
clearly dominated by the 22 mode.
In the case of the heavier black hole, the total SNR is


 ¼ 2520, with the different modes contributing 
22 ¼
1940, 
21 ¼ 920, 
33 ¼ 1860. In this case, the 33 mode
is as strong as the 33 mode but the 21 mode, as expected, is
subdominant.

E. Exploring black-hole demographics
with ET and LISA

Figures 5 and 6 plot the SNR in the ringdown signal
(plots titled ‘‘SNR in all modes’’) and contribution from
the 22, 21, and 33 modes (plots titled accordingly) as a
function of the black-hole mass M and mass ratio q of the
progenitor binary for aLIGO, ET, and LISA; M and q are
varied over the range as in Table III. Most of the contribu-
tion to the SNR comes from the 22 mode followed by
33 and 21. Let us recall that SNRs from different modes do
not add in quadrature.
In the case of aLIGO, the 22 and 33 modes will be

visible in a significant fraction of the parameter space
explored provided the source is within a distance of
1 Gpc. The 21 mode will not be visible in aLIGO at this
distance except perhaps for the heaviest systems explored.
In the case of ET, assuming a SNR threshold of 10 for

detection, the signal is visible to a redshift of z� 0:8 in
most of the parameter space explored. Black holes of total
mass M> 400M� that form from the coalescence of
binaries whose mass ratio is less than 4 will be visible at
redshifts z� 2� 3:5
In the case of LISA, ringdowns produce a very large

SNR. Even assuming a SNR threshold of 40, LISA should
see the formation of supermassive black holes in the range

TABLE III. This Table lists the values of the various parame-
ters used in our study. In all cases, the angles are all set to be
� ¼ ’ ¼ c ¼ � ¼ � ¼ �=3.

Detector DL=Gpc M=M� q

aLIGO 1.00 ½100; 103
 2–10

ET 1.00 ½10; 103
 2–10

LISA 6.73 ½3� 106; 108
 2–25
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FIG. 4 (color online). The signal-to-noise ratio integrand for LISA for a quasinormal mode signal that is composed of 22, 21, and 33
modes—the three most dominant ones. The source is assumed to be at a redshift of z ¼ 1 and the various angles are as in Table III. The
left panel corresponds to a black hole of massM ¼ 5� 106M� and the right panel to a black hole of massM ¼ 107M�. In both cases,
the mass ratio of the progenitor binary is taken to be q ¼ 10.
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½106; 108
M� up to a redshift of at least z� 6 but if the
progenitor black holes have mass ratio q < 10 they should
be visible from the earliest moments of their formation in
the Universe.

Our results unambiguously demonstrate that ET and
LISA can together probe black-hole demographics, ET

exploring the lower end of the mass spectrum of seed black
holes and LISA the higher end of that spectrum. The two
detectors together cover a large mass range from�102M�,
all the way to �108M�. (Although, out of the range of
masses explored, note that ET could observe heavier black
holes of mass 104M� and LISA could explore lighter black

FIG. 5 (color online). SNR in Advanced LIGO (top set of four panels) and Einstein Telescope (bottom set of four panels) as a
function of the black hole’s mass M and progenitor binary’s mass ratio q for different modes. Most of the contribution to the SNR
comes from the 22 mode but other modes too have significant contributions, 33 being more important than 21. The source is assumed
to be at a distance of 1 Gpc and various angles are as in Table III.
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holes of mass 105M�.) The distance reach will be different
depending on the mass ratio of the progenitor binary and
the total mass of the black hole. Even so, LISA and ETwill
make it possible to explore the formation of black holes
and trace their merger histories and possibly help under-
stand the role of black holes as seeds of galaxies and large-
scale structure in the Universe.

VI. WHAT CAN A RINGDOWN
SIGNAL MEASURE?

By measuring the ringdown signal and resolving it into
different modes, we should be able to learn a great deal
about the merger dynamics and test general relativity. For
instance, by determining the total mass of the binary from
the inspiral phase and comparing it to the mass of the black
hole obtained from the ringdown phase we can measure,
quite precisely, how much mass is converted into radiation
in the process of merger. LISA can typically measure the
total mass of a binary from its inspiral phase to a fraction of
a percent. We shall see in this section that the ringdown
modes can determine a black hole’s mass to a percent or
tenth of a percent depending on the mass ratio. Therefore,
the inspiral and ringdown phases together can shed light on
how much mass is lost in the process of merger and how
that depends on the mass ratio of the binary and, not probed

in this study but expected to depend on, the spin magni-
tudes and orientations of progenitor black holes.
When black holes merge, some of the orbital angular

momentum goes into the final black hole. Therefore, the
final black hole will spin in a direction different from either
of the progenitor black holes. Independent measurements
of the orbital angular momentum from the inspiral phase
and black-hole spin from the ringdown phase could unravel
the spin-orbit dynamics of black-hole merger. While this is
an exciting possibility, in this paper we have focused only
on binaries with nonspinning components. For such sys-
tems, the relative amplitudes of the different modes depend
on only the mass ratio of the progenitor binary. For binaries
with spinning black holes, it is hard to guess how many
more parameters might be required to characterize the
relative amplitudes and hence their measurability. We
will address this question in a forthcoming publication. We
shall show in this section that one can exploit this fact to
determine the mass ratio of the progenitor binary from the
measurement of the ringdown mode alone. Consistency of
the mass ratios from the inspiral and ringdown phases
could offer further tests of general relativity.
In this section, we will explore what measurements

might be possible by using ringdown signals alone
and what we might learn by combining the information
obtained from the inspiral phase of the signal with that

FIG. 6 (color online). Same as Fig. 5 but for LISA and the source is assumed to be at a redshift of z ¼ 1. Also, the mass ratio is
allowed to vary over a larger range from 2 to 25 instead of 2 to 10. The ‘‘steps’’ that can be seen around 40� 106M� and 80� 106M�
are mostly due to the LISA noise curve.
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obtained from the ringdown phase. To this end, we shall
assume that the signals are loud and compute the covari-
ance matrix to get an estimate of the measurement uncer-
tainties in the various parameters of a ringdown signal
hAðtÞ. The covariance matrix CA

km is the inverse of the

Fisher matrix FA
km given by [64–66]

FA
km ¼

�
@hA

@�k
;
@hA

@�m

�
; �k ¼ fM; j; q; . . .g; (39)

where for any two functions gðtÞ and hðtÞ the angular
bracket hg; hi denotes their scalar product defined by

hg; hi ¼ 4<
Z 1

0
GðfÞH�ðfÞ df

ShðfÞ : (40)

Here, as before, A is an index denoting the detector in
question, ShðfÞ is the one-sided noise power spectral den-
sity of the detector, GðfÞ and HðfÞ are the Fourier trans-
forms of the time-domain functions gðtÞ and hðtÞ,
respectively, and a � denotes the complex conjugate of
the quantity in question. The above integrals are often
performed numerically and it is essential then to appropri-
ately choose the lower and upper limits in the integral so
that outside this limit the integral has negligible contribu-
tion. Note that the detector noise power spectral density
rises steeply outside a certain frequency range often assur-
ing the convergence of these integrals. If a network of
detectors is used to estimate the parameters, then the
Fisher matrix for the network is simply the sum of the
Fisher matrices for the individual detectors:

Fkm ¼ X
A

FA
km; (41)

where the sum is over all the detectors in the network.

A. The full parameter set

In the case of a binary consisting of nonspinning black
holes on a quasicircular orbit, the effective amplitudes B‘m

in Eq. (24) of the quasinormal modes of the final black
hole, depend on a set of eight parameters6 ðM; j; q;
DL; �; ’; c ; �Þ: the mass M and spin magnitude j of the
black hole, the mass ratio q of the progenitor binary, the
position vector ðDL; �; ’Þ of the black hole with respect to
Earth, the polarization angle c , and the inclination � of the
black hole’s spin angular momentum with respect to the
line of sight. The phases �‘m are given by Eq. (26) and they
depend on the angles ð�;’; c ; �; �;�‘mÞ, where ð�; �Þ are
the spherical polar coordinates giving the direction in
which the black-hole quasinormal mode is emitted in a
frame fixed to the black hole and �‘m are the initial phases

of different quasinormal modes. Thus, if we consider a
superposition of three quasinormal modes then there will
be 12 parameters, including �22, �33, and �21. The am-
plitudes B‘m depend on eight of these parameters (excep-
tions are�,�22,�33, and�21) and phases �‘m also depend
on a (different) set of eight parameters (exceptions are
DL, M, q, and j).

B. Measurements with a network of detectors

Measuring all the parameters of a ringdown signal will
require simultaneous observation of the signal in two or
more detectors. Let us first take a look at the configurations
of LISA, ET, and advanced ground-based detectors.
ETand LISA both have a triangular topology and consist

of three V-shaped interferometers, with an opening angle
of 60 degrees, rotated relative to each other by 120 degrees.
The three interferometers are completely equivalent, in
terms of sensitivity, to two L-shaped interferometers [67],
with arms that are only three-quarters in length of the arms
in the triangle. Thus, for the purpose of detection and
measurement, we can consider ET and LISA to be a net-
work of two collocated detectors. At least three advanced
ground-based detectors (two LIGO detectors and Virgo)
would be operating by 2015, with the possibility of the
Japanese Large Cryogenic Gravitational Telescope joining
the network soon after. Thus, there will be a global network
of ground-based detectors that will be operating for a
number of years from around 2015.
Of all the parameters, the direction to the source ð�; ’Þ is

the most critical and difficult to measure from the ring-
down modes alone. However, since the ringdown modes
we study are preceded by the inspiral phase of a binary
coalescence, we can expect the direction to the source to
have been measured to some degree of accuracy. In the
case of LISA, the inspiral phase of supermassive black
holes could last for several months to years in the detector
band. The modulation of the signal caused by LISA’s
motion relative to the source over the observation period
will be good enough to measure the sky position (see, for
instance, Ref. [68]). ET, together with a network of other
detectors, advanced or 3rd-generation detectors present at
the time, should be able to triangulate the source. This is
also true with the network of advanced detectors. Thus, we
shall assume that the parameters ð�;’Þ are known, leaving
10 parameters to be measured from the ringdown phase.
However, for very massive systems (depending on the
detector in question), only the ringdown phase might be
visible and for such systems it will not be possible to infer
the location of the source without a network of detectors.
Such events will not be very useful for testing GR.
As expected, the relative contributions of the inspiral

and ringdown phases depend on the total mass of the
system: For lighter masses, the ringdown phase makes little
impact on parameter estimation; for heavier systems, just
the opposite is true. For systems with intermediate masses,

6Recall that the final spin of the black hole is determined by
the mass ratio of the progenitor binary and so it is not necessary
to treat both q and j as independent. However, such a treatment
allows us to check if the final black-hole spin is consistent with
the mass ratio as predicted by numerical-relativity simulations,
which would indeed be another test of general relativity.

KAMARETSOS et al. PHYSICAL REVIEW D 85, 024018 (2012)

024018-14



the contributions could be roughly equal. Such systems
will be golden binaries with the best ability to test GR.

A single detector can measure the mass M and spin j of
the black hole by simply inverting the QNM frequencies
and damping times. Additionally, each detector in a net-
work would also measure three independent amplitudes
BA
22, B

A
21, and BA

33 and three independent phases �A
22, �

A
21,

and �A
33—a set of 12 additional measurements from two

detectors. Of course, the amplitudes and phases (as well as
the time constants and mode frequencies) are all expressed
in terms of the 10 physical parameters and will not be
treated as independent. The counting argument given here
shows that a set of two or more detectors allows enough
measurements to fully reconstruct the ringdown signal.

Therefore, one can, in principle, measure all the ten
parameters of a QNM composed of three modes, using a
network of two or more detectors. We have not, however,
explored the problem in its full generality as the Fisher
matrix that includes both intrinsic and extrinsic parameters
happens to be highly ill conditioned. In such cases, the
Fisher matrix is not the right approach for computing the
errors incurred. We will, in the near future, investigate
this problem by other means, for instance using Bayesian
inference. For now, our goal is to see how well a subset of
interesting parameters can be measured if, as mentioned
earlier, we know some of the parameters from the inspiral
phase.

For the sake of simplicity, we shall assume that the phase
of the different quasinormal modes at the beginning of the
ringdown are all the same and equal to zero: �22 ¼ �21 ¼
�33 ¼ 0. In this work, we have dropped them from further
consideration so that we can focus our effort on the main
goal of the paper, which is to show that one can infer the
mass ratio of the progenitor binary by measuring two or
more quasinormal mode amplitudes. We shall, therefore,
assume that the ringdown signal depends on the parameters
ðM; j; q;DL; �; c ; �Þ, seven parameters in all. A single
detector can measure the mass and spin of the black hole
from the different mode frequencies and damping times, as
well as three amplitudes and three phases. Consequently, in
the case of a simplified signal model, where we have
dropped the constant phases and the location of the black
hole from the list of parameters, we do not need a network
of detectors to resolve the signal parameters.

VII. UNDERSTANDING MASS LOSS, SPIN
REORIENTATION, AND MASS RATIO

FROM RINGDOWN SIGNALS

We have computed the covariance matrix Ckm [cf.
Eq. (39)] of ringdown signals as a function of the black-
hole mass M and the mass ratio q of the progenitor binary.
In computing the covariance matrix, we used, as described
in the previous section, a signal model with seven parame-
ters: �k ¼ fM; j; q;DL; �; c ; �g. The full covariance
matrix contains 7 variances Ckk and 21 covariances

Cmk ¼ Ckm; k � m. The full set of results is too large as
our covariance matrix contains 28 independent elements at
each point in the ðM;qÞ plane. To save space, we have
chosen a subset of these for further discussion.
We will discuss the error in the estimation�k ¼

ffiffiffiffiffiffiffiffi
Ckk

p
of

5 of the 7 parameters, �k ¼ fM; j; q;DL; �g, and also in-
clude in our discussion the covariance between the lumi-
nosity distance DL and the inclination � of the black hole’s
spin axis with the line of sight. Also, it is instructive
to deal with the correlation coefficient defined as ckm �
Ckm=ð�k�mÞ, instead of the covariances themselves.
Correlation coefficients are bound to the range ½�1; 1

and capture how variation in one parameter might be offset
by varying another. A correlation coefficient of 0 for a pair
of parameters indicates that they are completely indepen-
dent of each other and have ‘‘orthogonally’’ different ef-
fects on the waveform. For instance, the amplitude A and
phase ’ of a simple sinusoid function sðtÞ ¼ A sin½!ðt�
t0Þ þ ’
 will have a correlation coefficient of 0, while the
phase and time offset t0 are perfectly anticorrelated and so
have a correlation coefficient of�1: A change in the phase
cannot be mimicked by a change in the amplitude but it is
completely replicated by a change in the time offset.
Consequently, the amplitude is completely independent
of the phase and time offset, while only one of phase or
time offset can be considered to be an independent pa-
rameter.7 When covariances are close to �1, the parame-
ters concerned will have large uncertainties and this, as we
shall see below, is a major source of error for the parame-
ters8 ðDL; �Þ.
Figures 7 and 8 plot fractional errors (i.e., ��k

=�k) in-

curred in the measurement of the parameters ðM;q; j; DLÞ
and the absolute error in the parameter cos�. We have also
plotted the correlation coefficient cDL�, labeled in the figure

as CovðD; �Þ. Figure 7 corresponds to ET’s observation of
stellar- and intermediate-mass black holes in the range
½10; 1000
M� and the mass ratio q of the progenitor binary
in the range [2,10]. Figure 8 corresponds to LISA’s obser-
vation of supermassive black holes of massM in the range
½3� 106; 108
M� andmass ratioq in the range [2,26]. In the
case of aLIGO, in most of the parameter space and for all
parameters (except the total mass), the fractional errors are
larger than 50% and so they are not shown. Advanced LIGO
will determine the total mass of an intermediate-mass black
hole that forms from the merger of two nearly equal-mass
black holes within 1 Gpc to within a few percents and this
could be very interesting for some of the tests of general
relativity to be discussed below.
Let us recall that our results for mass ratios greater than

11 are based on the extrapolation of analytical fits to
numerical simulations of binary black-hole mergers that

7In fact, the Fisher matrix for the parameter set ðA;’; t0Þ will,
as can easily be verified, be singular.

8This important point was noted recently by Nissanke et al.
[69].
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are only available up to a mass ratio of q ¼ 11. In the next
few sections, we will discuss our results in the context of
the science questions they can address.

A. Mass ratio and component masses
of the progenitor binary

A key result of our study is that one can measure the
mass ratio of a progenitor binary by observing the ring-
down signals emitted by the black hole that forms from the
merger. While the different mode frequencies and time
constants all depend only on the mass of the black hole

and its spin magnitude, their relative amplitudes depend on
the mass ratio. As we have argued before, under certain
circumstances it should be possible to measure the relative
amplitudes of the different modes, thereby measure the
mass ratio of the progenitor binary, and hence deduce its
component masses.
The top-right panels of Figs. 7 and 8 show the fractional

accuracy with which the mass ratio can be determined
assuming that the signal is composed of three ringdown
modes, namely, (2,2), (3,3), and (2,1). ETwill not measure
the mass ratio very well in most of the parameter space.
However, for equal-mass mergers, ET should constrain the

FIG. 7 (color online). Dimensionless fractional errors �k=�k in various parameters as a function of the black-hole mass and
progenitor binary’s mass ratio. The black hole is assumed to form at a luminosity distance of DL ¼ 1 Gpc and the various angles are
assumed to be as in Table III. The bottom-right panel plots the correlation coefficient between the luminosity distance and the
orientation � of the black hole’s spin with respect to the line of sight. The general trend for the errors is to increase with increasing mass
ratio and decreasing mass, except for DL for which there appears to be an ‘‘island’’ around q ¼ 6. We have used the ET-B sensitivity
curve in computing the covariance matrix.
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mass ratio to within 5%. Remarkably, LISAwill be able to
measure the mass ratio to better than 10% over 60% of the
parameter space studied and black holes that result from
the merger of equal-mass black holes enable the determi-
nation of q to better than 1%.

Since the mass ratio of a binary is easily determined
from the inspiral phase, its measurement also from the
ringdown phase offers newer tests of general relativity.

B. Mass loss to gravitational radiation

In the process of inspiral and merger, a binary black hole
emits a significant fraction (a few percent) of its mass as
gravitational radiation. The total mass of a binary can be
measured very accurately from the inspiral radiation it

emits. Estimates9 range from a fraction of a percent (for
an equal-mass binary black hole of total mass 200 M� at a
distance of 1 Gpc) in the case of Einstein Telescope [70] to
50 ppm (for an equal-mass binary black hole of total mass

FIG. 8 (color online). As in Fig. 7, but for supermassive black holes observed in LISA at a redshift of z ¼ 1. Note also that the mass
ratio q in this case is allowed to vary from 2 to 25.

9Note that most of the literature quotes error in the measure-
ment of the chirp mass M � M	3=5, where M is the total mass
and 	 is the symmetric mass ratio of the binary. To estimate the
error in the total mass, we have used the error propagation
formula�

�M

M

�
2 ¼

�
�M

M

�
2 þ 9

25

�
�	

	

�
2 � 6

5
cM;	

�
�M

M

��
�	

	

�
;

where cM;	 is the correlation coefficient of the parameters lnM
and ln	.
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2� 106M� at a distance of 3 Gpc) in the case of LISA [26].
For most binaries observed with ET and LISA, the total
mass before merger can be measured with an error that is
much smaller than the fraction of mass that is expected to
be lost in gravitational radiation during merger.

What we see from the top-left panels of Figs. 7 and 8 is
that the mass of the final black hole that results from a
merger can also be measured very accurately. ET cannot
measure masses of stellar-mass black holes very well but if
intermediate-mass black holes (and binaries composed of
such black holes) exist, then ETwill measure their masses
to better than 1%, assuming the source is at 1 Gpc, over
a significant range of the parameter space (q & 6 and
M> 400M�) we explored. A black hole that results
from the merger of two black holes each of mass
roughly about 500M� could be measured to an accuracy
of better than one-half a percent.

LISA is able to measure the mass of a supermassive
black hole that it observes at a redshift of z ¼ 1 with an
accuracy of better than 1% all over the parameter space
that we explored. Masses of supermassive black holes that
form from the merger of two roughly equal-mass (q & 10)
black holes could be measured to an accuracy of 0.1%.
This means that from the ringdown signal alone, we should
be able to measure masses of supermassive black holes
even at a redshift of z ¼ 5 to better than 1%.

It would, therefore, be very interesting to compare the
observed mass loss with the predictions of analytical and
numerical relativity and verify if the mass loss is in accord
with their predictions. Such comparisons will put general
relativity to new kinds of tests in the dissipative regime of
the theory. Let us recall that the luminosity of a binary
black hole, close to merger, could be as large as 1050 J s�1,
which is arguably the largest luminosity any physical
system could have. It would be very interesting to test
the theory when the luminosity is as large as this.

These phenomenal accuracies with which masses can be
measured raise the question if it is prudent to treat the mass
of a binary to be constant in the course of its inspiral and
merger. It might be possible to deduce the rate of mass loss
by treating in our computation of the waveforms the mass
of the system to be a function of time.

C. Exploring naked singularities

The magnitude and orientation of the spin of the final
black hole that results from the merger of a black-hole
binary depend on a number of parameters of the progenitor
binary: magnitudes and orientations of the spins of the
two component black holes relative to the orbital angular
momentum and the mass ratio of the progenitor binary. A
spinning black-hole binary has a rather large parameter
space, six parameters more than a nonspinning system.
Limited studies have been carried out in assessing how
well one might be able to measure black-hole spins from
the inspiral phase of the merger of a black-hole binary

[71,72]. Numerical-relativity simulations of the merger of
spinning black holes are still in their early stages. In the
coming years, we are likely to learn a great deal about spin
dynamics of a binary before and after merger. While these
are important problems to be addressed in the future, we
recall that in this paper we have only studied binaries
comprising of initially nonspinning black holes.
Figures 7 and 8, middle-left panels, show how accu-

rately one might be able to measure the spin magnitude j in
ET and LISA, respectively. The accuracy here is not as
good as in the case of the black-hole mass. ET can deduce
the final spin to within 10% over 40% of the parameter
space and to better than 5% in 20% of the parameter space,
for black holes that form within 1 Gpc. LISA, on the other
hand, can measure spin magnitudes to better than 5% over
50% of the parameter space and to better than 1% over
20% of the parameter space for black holes that form
within a redshift of z ¼ 1. Spins of black holes that form
from the merger of nearly equal-mass black holes can be
measured to 0.5%. Thus, LISA should be able to reliably
measure spin magnitudes that are only a few percent larger
than 1. Measuring spin magnitudes to such a high accuracy
will be useful in testing whether a merging binary results in
a black hole or a naked singularity [17].

D. Spin orientations and the luminosity distance

The measurement accuracy of spin orientation, given by
cos�, is shown in the bottom-left panels of Figs. 7 and 8.
cos� can be measured to within 10% in about one-third of
the parameter space in the case of ETand to better than 5%
in about one-half of the parameter space in the case of
LISA. The dynamics of spins before and after merger
could be relevant in understanding the x-shaped radio
galaxies [73].
The spin orientation of a black hole is very strongly

correlated with the luminosity distance. We see from the
bottom-right panels that the correlation coefficient is close
to either þ1 or �1 in most of the parameter space. The
transition from negative to positive correlation betweenDL

and cos� occurs when mass ratio q ’ 6. The significance of
this number is not clear to us at the moment. This corre-
lation completely destroys the accuracy with which the
luminosity distance can be measured. For instance, we
see that in the case of ET �DL

=DL is in the range 5–10%,

although the SNR in this region of the parameter space is
�300. The parameter cos� in this region is also determined
rather poorly, at about 25%.
These numbers are better in the case of LISA: For 50%

of the parameter space, LISA can measure the distance to
within 10% but black holes that result from the merger of
roughly equal-mass systems might allow the luminosity
distance to be determined to 1% or less. Using the inspiral
phase alone, but with the help of subdominant signal
harmonics, luminosity distance can be measured to a frac-
tion of a percent in the case of LISA. Thus, it would be very
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interesting to see how similar are the distances obtained
from these different phases of the merger dynamics.

VIII. PARAMETRIZATION FOR TESTING
THE NO-HAIR THEOREM

In this section, we will consider a practical implementa-
tion of testing general relativity using quasinormal modes.
To test general relativity with quasinormal modes, it is not
necessary to consider all the physical parameters but only
those that are necessary to fully characterize the shape of
the signal. The ringdown signal composed of a superposi-
tion of n quasinormal modes can be written as

hðtÞ ¼ X
‘;m

A‘me
�t=�‘m cosð!‘mtþ �‘mÞ; (42)

where there are n each of the amplitudes A‘m, time con-
stants �‘m, frequencies!‘m, and phases �‘m. The signal is,
therefore, characterized by a set of 4n parameters in total.

A. Maximal set

The most exhaustive test of the no-hair theorem would
be to treat all 4n parameters to be independent. Of the 4n
parameters, only the 2n mode frequencies and time con-
stants would facilitate the test, the others should be re-
tained in order to fully capture the covariances and
variances in the 2n test parameters. The consistency among
every mode frequency and time constant makes the test
more stringent but the presence of a large number of
parameters (when n is greater than 2) weakens the test.
The reason for the latter is that a model with too many
parameters will/should be penalized for its flexibility by
any carefully formulated test. In a covariance matrix for-
mulation of the test, this will be reflected by large variances
in �‘m and !‘m (which are our test parameters) and in a
Bayesian model selection a model with a larger number of
parameters will suffer from having a large evidence.

How would the test work in practice? For each measured
test parameter (and the associated error in its measure-
ment), one could draw a curve (or a band including the
error) in the ðM; jÞ plane, by using their expressions in
general relativity in terms of the mass and spin of the black
hole. If the curves/bands fail to intersect at a single point/
region in the ðM; jÞ plane, then that would invalidate
general relativity or, alternatively, indicate that the object
is not a black hole. The maximal set could be weak due to
the large variances of the various parameters but strong
because many different bands have to pass through the
same region.

Let us illustrate how the test works with some examples.
Let us suppose our signal model consists of a superposition
of ð‘;mÞ ¼ ð2; 2Þ; ð2; 1Þ; ð3; 3Þ; ð4; 4Þ modes. In this case,
the maximal set contains 16 parameters, of which 8 mode
frequencies and time constants are the test parameters. Let
us denote by !̂‘m and �̂‘m the values of the mode frequen-
cies and time constants measured by projecting the data

onto a superposition of quasinormal modes as in Eq. (42).
For each measured parameter, we can construct an equa-
tion in ðM; jÞ using the relation between the parameter and
ðM; jÞ given in Eqs. (27)–(30):

!̂22 ¼ 1

M
½1:5251� 1:1568ð1� jÞ0:1292
;

�̂22 ¼ 2

!22

½0:7000þ 1:4187ð1� jÞ�0:4990
;
(43)

and similar equations for other modes. (Note that we have
used f22 ¼ M!22 and 2Q‘m ¼ �‘m!‘m in rewriting these
equations as dimensionful quantities.) Measurement errors
can be folded into the analysis by using

!̂22 � �!22
¼ 1

M
½1:5251� 1:1568ð1� jÞ0:1292
;

�̂22 � ��22 ¼
2

!22

½0:7000þ 1:4187ð1� jÞ�0:4990
;
(44)

with similar equations for other modes.
For a 5� 106M� black hole, the mode frequencies

and time constants for three different spin values j ¼
0:1; 0:7; 0:9; 0:99, are given in Table IV. If the ringdown
signal is consistent with the formation of a black hole with
spin magnitude, say, j ¼ 0:7 (j ¼ 0:99), then the mode
frequencies and time constants would be precisely as in the
2nd (respectively, 4th) row of Table IV, modulo the errors
in their measurement. Therefore, curves defined by
!‘mðM; jÞ ¼ !̂‘m and �‘mðM; jÞ ¼ �̂‘m will all meet at a
single point in the ðM; jÞ plane as in the upper two panels of
Fig. 9, the point of intersection giving the mass and spin
magnitude of the black hole. The left panel corresponds to
the formation of a black hole of spin magnitude
j ¼ 0:7 and the right panel to j ¼ 0:99, in both cases
M ¼ 5� 106M�. If, however, one of the mode frequen-
cies, say !33 is different from the general relativistic value
by 10%, then the corresponding curves would fail to meet
as shown in the lower two panels of Fig. 9.
If general relativity is true, then some of the curves lie

almost one on top of the other (e.g.,!22 ¼ const: is almost
identical to !21 ¼ const: in the j ¼ 0:7 case and �22 ¼
const: is identical to �33 ¼ const: both in the j ¼ 0:7 and
j ¼ 0:99 cases) but even a slight departure from general
relativity will lead to big departures as demonstrated by the
lower panels of the same figure. In any measurement, the

TABLE IV. The frequencies F‘m ¼ !‘m=ð2�Þ (in mHz) and
time constants �‘m (in s) of first four dominant modes for a 5�
106M� black hole of different spin magnitudes j.

j F22 F21 F33 F44 �22 �21 �33 �44

0.10 2.48 2.43 3.98 5.36 282 277 269 266

0.70 3.46 2.96 5.48 7.44 303 301 295 290

0.90 4.30 3.30 6.70 9.06 383 355 379 375

0.99 5.73 3.66 8.60 11.4 823 559 828 837
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parameters are subject to statistical and systematic errors
that must be folded into the analysis which wewill be taken
up in a forthcoming study.

Do we need to treat all time constants and mode fre-
quencies to be independent in a test of the no-hair theorem?
We shall argue below that it is not necessary to treat all 4n
parameters to be independent; in fact, we shall see that the
parametrization is not unique, offering a lot of flexibility in
testing GR.

B. Minimal set

The minimal, or the simplest, model would consist of the
smallest number of parameters needed to check the con-
sistency between the modes as predicted by the no-hair
theorem, yet large enough to capture all the variances and
covariances between the parameters of interest. Since the
mode frequencies and time constants are all determined in
GR by the massM and spin magnitude j of the black hole,
the smallest number of parameters required to test GR
would be three: these could be any three time constants
or two time constants and one mode frequency, and so on.
It would then be necessary to express the other mode
frequencies and time constants in terms of any two of the

three parameters that were taken to be independent. Two of
the three independent parameters could be used to solve for
ðM; jÞ. One could then see if the measured value of the
third parameter is consistent with its predicted value based
on the values of M and j. Let us note that without a prior
knowledge of the amplitudes A‘m and phases �‘m it will
not be possible to measure the chosen time constants and
mode frequencies as they would induce covariances that
cannot be neglected in estimating the errors incurred in their
measurement. Thus, we (tentatively) conclude that the
minimal set required for a signalmodelwith nmodeswould
be 2nþ 3. However, the three test parameters can be chosen
in any way one wishes but choosing only three assures that
the error in their measurement is the smallest. In this sense,
the minimal set could be a very stringent test of GR.
In reality, of course, the amplitudes of different modes

are determined by the physical parameters
ðM; j; q;DL; �; ’; c ; �Þ (cf. the discussion at the beginning
of this section). We can assume the parameters
ðq;DL; �; ’Þ to be known from the inspiral phase and
ðM; jÞ to be determined by the time constants and/or
mode frequencies of the ringdown signal. This leaves the
two angles ðc ; �Þ. Thus, when n is greater than 2, it is
not necessary to consider all mode amplitudes to be
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FIG. 9 (color online). Curves of constant mode frequencies and time constants in the ðM; jÞ plane obtained with Eq. (43) for the (2,2)
mode and similar equations for other modes. Top panels correspond to the case when all measured values are exactly as predicted by
black-hole perturbation theory. The bottom panels correspond to the case where the (3,3) and (2,1) mode frequencies and time
constants differ from the GR value by 10%, but the (2,2) mode frequency and time constant are as in GR. An interesting thing to note is
that for a large range of values of the black-hole spin, the curves of constant �22 and �33 almost overlap, providing the opportunity for a
more accurate test of the no-hair theorem. (See the text for details.)
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independent but just two of them. Thus, the minimal set of
parameters to be considered for testing the no-hair theorem
is nþ 5 (n phases, �‘m, the 3 test parameters, and the two
angles c and �).

IX. CONCLUSIONS AND FUTURE WORK

In this paper, we have explored what information can be
extracted from a black hole’s ringdown signal, wherein the
perturbation is caused by the tidal deformation produced
during the merger of two nonspinning black holes. To this
end, we used numerical simulations of the late inspiral and
ringdown to estimate the relative amplitudes of the various
modes excited. The simulations consisted of initially non-
spinning black holes in quasicircular orbits for several
mass ratios, ranging from 1:1 to 1:11.

We find that several modes have large enough
luminosity—or signal-to-noise ratio—to be detectable in
LISA and ET. Specifically, in order of decreasing power,
modes (2,2), (3,3), (2,1), (3,2), (4,4), (5,5), (4,3), (6,6),
(5,4), and (4,2) for LISA and the first four to five modes
for ET, have significant luminosities. Note that not all of
these can necessarily be resolved, but it probably is the case
for the first three (see below). In the analysis though, we
decided to include only (2,2), (3,3), and (2,1), mainly
because the available data were most accurate for those
modes.

We argued that the ringdown signal depends on the mass
ratio of the progenitor binary and that this can be measured,
with an error that is estimated from a Fishermatrix analysis.
We showed how the luminosities change with the mass
ratio. Indeed, by constructing fits to the mode amplitudes
in terms of themass ratio, wewere able to include this effect
in the analysis and estimate the errors involved in the
measurement of various parameters. An important issue
was to determine the epoch when the ringdown phase starts,
so as to evaluate the relative amplitudes at that point. This
was taken to be the point where each mode’s frequency
stops having an upward trend. The epoch at which the peak
luminosity is reached is slightly different for different
modes, but the mode amplitudes were all measured at a
time 10M after the peak luminosity of the 22 mode.

We computed the measurement errors of a number of
other parameters for ringdowns observed in LISA and ET.
These include the black-hole mass, its spin, luminosity
distance, and inclination angle and how these vary with
the final BH mass and the binary mass ratio. If we do not
consider initial BH spins, the inclination angle can be
measured solely by observing the three most dominant
modes of the ringdown waveform, assuming that these
can be resolved.

Together, LISA and ET will be able to provide
ample evidence for the distribution of supermassive,
intermediate-mass, and stellar-mass black holes, for a large
part of the known Universe. For most of the parameter
space, the reach of LISA for ringdowns is z� 6, while for

ET at least z� 0:8. Also, by being able to measure the
mass ratio, hints on the merger history and formation of
black holes of a large range of masses could be inferred by
studying ringdown signals.
A practical implementation for testing the no-hair theo-

rem and deciding the nature of the compact object that
results from the merger was presented, illustrating several
key components. We started by providing a general frame-
work, which is based on the number of parameters neces-
sary to apply the test. Specifically, using nmodes, a generic
test will use the 2n frequencies and time constants. This
test is implemented by plotting the !‘m and �‘m curves on
the mass-spin plane of the final black hole, where all the
curves should intersect inside the same region if the object
is a black hole. A key point was that some of the curves are
special, as they almost overlap and can be thus used to
check for small deviations from general relativity.
Future work should extend the study to include numeri-

cal simulations of initially spinning black holes, as this
corresponds to a more realistic scenario. Additionally,
there is effort to produce more accurate numerical simula-
tions so that less dominant modes could be studied when
the mass ratio is large.
The current study has not investigated the question of

decomposition of modes of a ringdown signal in real data.
The SNRs of different modes, especially in the case of
LISA, suggest that it should be possible to resolve the
modes and carry out the proposed tests of general relativity.
However, a more in-depth investigation needs to be done,
for instance by using a Bayesian model selection to dis-
criminate between different models. Given some prior
information, the relative probability of two different multi-
mode ringdown waveforms—injected in Gaussian and sta-
tionary noisy data—could be computed.
Finally, a Fisher-matrix-based parameter-estimation ap-

proach (such as the one presented in this work) may not be
robust or accurate enough, especially when the parameter
space is large and the signal-to-noise ratios are small [74].
For this reason, future studies should also involve parameter
estimation in the context of the aforementioned Bayesian
analysis, as well as a Bayesian approach to a test of the no-
hair theorem. In the latter case, the posterior joint proba-
bilities of two different models, given the ‘‘initial data,’’
could be compared. The first hypothesis would be that the
observed object is a black hole, while the second that either
GR is incorrect or the merged object is not a black hole.
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U. Sperhake, Classical Quantum Gravity 25, 105006
(2008).
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