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In this paper, we discuss a formulation of relativistic quantum mechanics that uses model Euclidean

Green functions or their generating functional as input. This formalism has a close relation to quantum

field theory, but as a theory of linear operators on a Hilbert space, it has the advantages of quantum

mechanics. One interesting feature of this approach is that matrix elements of operators in normalizable

states on the physical Hilbert space can be calculated directly using the Euclidean Green functions without

performing an analytic continuation. The formalism is summarized in this paper. We discuss the

motivation, advantages, and difficulties in using this formalism. We discuss how to compute bound

states, scattering cross sections, and finite Poincaré transformations without using analytic continuation. A

toy model is used to demonstrate how matrix elements of e��H in normalizable states can be used to

construct sharp-momentum transition-matrix elements.
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I. MOTIVATION

In this paper, we investigate a framework for construct-
ing relativistic quantum mechanical models of few-degree-
of-freedom systems that are inspired by an underlying
quantum field theory. Our interest is in few-body physics
at the few GeV energy scale. Poincaré invariance is an
important symmetry at this scale since the energies are
comparable to the mass scale of the hadrons. Most models
of systems at these energies are motivated by quantum field
theory, but their connection with quantum mechanical
models of a finite number of degrees of freedom is not
straightforward. The advantage of a quantum mechanical
model of a finite number of degrees of freedom is that the
theory is linear and it can be in-principle solved, even for
strongly interacting systems, with mathematically con-
trolled errors. Bound systems of particles present no spe-
cial problems; they are just point-spectrum eigenstates of
the mass operator (rest energy). The construction of a
unitary multichannel scattering operator, S, can be per-
formed using the same methods that are used in nonrela-
tivistic models.

One approach that has been successfully used to formu-
late realistic Poincaré invariant quantum mechanical mod-
els of few-hadron systems is Poincaré invariant quantum
mechanics [1]. In this approach, a dynamical unitary rep-
resentation of the Poincaré group is constructed on a few-
particle Hilbert space. This approach has been successfully
applied to treat a number of few-hadron or few-quark
problems. The virtue of this approach is that it is possible
to construct quantum mechanical models with a finite
number of degrees of freedom that have a unitary repre-
sentation of the Poincaré group, satisfy a spectral condi-
tion, and for fixed numbers of particles, satisfy cluster
separability. These are essentially all of the axioms of
quantum field theory, except microscopic locality, which
cannot be tested experimentally and requires an infinite

number of degrees of freedom. One of the disadvantages of
this approach is that the models do not have a straightfor-
ward relation to a Lagrangian field theory. This makes it
difficult to use a field theory like QCD to improve or
constrain the models.
Because of the difficulties discussed in the previous

paragraph it is desirable to explore alternate formulations
of relativistic quantum mechanics that have a more direct
relation to Lagrangian field theory while preserving the
structure of the underlying quantum theory. The alternative
that we pursue in this paper is to formulate models that are
motivated by the standard reconstruction of a quantum
theory from the field theory. The Euclidean formulation
of quantum field theory is convenient for this purpose
because (1) it has a direct relation to the action or
Lagrangian through either formal path integrals or the
Dyson expansion and (2) it is possible to use the
Euclidean Green functions or their generating functional
to directly construct the physical Hilbert space using the
Euclidean reconstruction theorem. In this paper, we argue
that by using this framework it is possible to compute all
interesting quantum mechanical observables without ex-
plicit analytic continuation.
The proposed models are constructed by restricting the

number of degrees of freedom. In passing to a few-body
model all of the axioms of field theory cannot be preserved.
One of the attractive features of the Euclidean reconstruc-
tion theorem is that locality is an independent requirement
that can be relaxed without violating the other axioms [2].
A feature of this approach is that the dynamics is intro-
duced directly by the model Euclidean Green functions or
generating functional, rather than in a model Hamiltonian
or Lagrangian. One of the challenges of this approach
is to find a robust framework for modeling Euclidean
Green functions or generating functionals with the
required properties. An advantage is that standard
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Euclidean field-theoretic methods can be used to motivate
the structure of the models.

The construction of the physical Hilbert space of the
field theory from a Euclidean generating functional is
discussed in the next section. The generating functional
for a scalar field is used to illustrate the basic construction.
The construction of the Poincaré Lie algebra is discussed in
the third section. The resulting generators are self-adjoint
operators on the physical Hilbert space. The construction
of one-particle states and the computation of finite
Poincaré transformations on these states is discussed in
Sec. IV. The one-particle states are used to construct scat-
tering states in Sec. V. The computation of finite Poincaré
transformations on the scattering states is also discussed in
this section. Everything discussed in Secs. II, III, IV, and V
uses only Euclidean generating functionals and Euclidean
test functions. Section VI discusses how the results of
Secs. II, III, IV, and V are expressed in terms of
Euclidean Green functions. This is more practical for for-
mulating models. Models of a finite number of degrees of
freedom are discussed in Sec. VII by considering the
structure of models of relativistic nucleon-nucleon scatter-
ing. A numerical test of the proposed method to compute
scattering observables from matrix elements of e��H in
normalizable states is given in Sec. VIII using an exactly
solvable nonrelativistic model. The results suggest that
these methods can be used to compute cross sections at
the few GeVenergy scale. Our conclusions and the outlook
for this approach are discussed in the last section.

II. QUANTUM MECHANICS—HILBERT
SPACE REPRESENTATION

To illustrate the construction of the model quantum
theory we assume that we are given an Euclidean generat-
ing functional Z½f� associated with a scalar field. For the
purpose of illustration we assume that Z½f� has all of the
properties that are expected of the generating functional
of a scalar field theory. These properties include
Euclidean invariance, reflection positivity, reality, and
cluster separability.

The generating functional relates the Lagrangian of the
field theory to the Hilbert space formulation of the theory.
In Lagrangian field theory the generating functional is
formally the functional Fourier transform of an Euclidean
path-integral measure with action A½��

Z½f� ¼
R
D½��e�A½��þi�ðfÞR
D½�0�e�A½�0� ¼ X

n

ðiÞn
n!

Snðf; � � � ; fÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
n times

¼ exp

�X
n

ðiÞn
n!

Scnðf; � � � ; fÞ|fflfflfflfflfflffl{zfflfflfflfflfflffl}
n times

�
(2.1)

where f ¼ fð�;xÞ is a Schwartz test function in the
Euclidean space-time variables, Sn is the n-point
Euclidean Green function, and Scn is the connected

n-point Euclidean Green function. In this approach the
generating functional Z½f� is the dynamical input that
replaces the Lagrangian or Hamiltonian. A connection
with an underlying Lagrangian or path integral is not
required and will not be generally assumed, however, this
connection provides an important source of phenomenol-
ogy, which is a primary motivation for developing this
formalism.
In what follows, Euclidean space-time coordinates are

denoted by x ¼ ð�;xÞ. Euclidean invariance of the gener-
ating functional means that

Z½fE;a� ¼ Z½f�; (2.2)

for

fE;aðxÞ :¼ f½E�1ðx� aÞ�; (2.3)

where E is an Oð4Þ rotation and a is an Euclidean space-
time displacement.
The construction of the physical Hilbert space from

Euclidean Green functions was given by Osterwalder and
Schrader [2,3]. A simpler construction in terms of the
generating functional was given by Fröhlich [4]. We use
Fröhlich’s approach to illustrate the construction using the
generating functional for a ‘‘scalar field.’’ To construct the
physical Hilbert space, Osterwalder and Schrader select a
Euclidean time axis and restrict the space of test functions,
fð�;xÞ, to real-valued Schwartz functions of four
Euclidean space-time variables that vanish for negative
Euclidean times;

S þ ¼ ffð�;xÞ 2 Sjfð�;xÞ ¼ 0� < 0g: (2.4)

We call elements of Sþ positive-time test functions. In
what follows, all test functions will be assumed to be
positive-time test functions unless stated otherwise.
Osterwalder and Schrader introduced the Euclidean

time-reflection operator � defined by

�fð�;xÞ ¼ fð��;xÞ: (2.5)

The generating functional, Z½f�, is reflection positive if for
any finite sequence of real positive-time test functions,
ff1 � � � fng 2 Sþ, the n� n matrix,

Mij :¼ Z½fi ��fj� � 0; (2.6)

is non-negative. This condition is not automatic. It holds
for generating functionals for free fields and for some
lattice truncations of interacting theories. In general it is
a requirement on physically acceptable models. One of the
challenges in implementing this formalism is to find a
robust class of reflection positive generating functionals.
In what follows, we assume this condition is satisfied; in
applications it may only be satisfied approximately or
when restricted to a subspace.
In Fröhlich’s construction, a dense set of normalizable

vectors in the physical Hilbert space is represented by
complex wave-functionals of the form
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Bð�Þ ¼ Xnb
j¼1

bje
i�ðfjÞ (2.7)

where bi are complex numbers and fjð�;xÞ are real

positive-time test functions. The argument � can be
thought of as an abstract integration variable. This inter-
pretation is motivated by the path-integral representation
of the generating functional, (2.1).

The physical scalar product of two such wave-
functionals, Bð�Þ, and

Cð�Þ ¼ Xnc
k¼1

cke
i�ðgkÞ (2.8)

is given directly in terms of the generating functional by

hBjCi :¼ Xnb;nc
j;k

b�jckZ½gk ��fj�: (2.9)

Reflection positivity, (2.6), is equivalent to the statement
that vectors have positive length

hBjBi � 0: (2.10)

The physical Hilbert space is obtained by identifying wave
functionals whose difference has zero norm and completed
by adding convergent sequences of wave functionals.

The inner product (2.9) is the physical quantum-
mechanical scalar product, even though the input only
involves the Euclidean generating functional and
positive-time Euclidean test functions. No analytic con-
tinuation is used. An explicit illustration of this relation-
ship in given in Sec. VI for free scalar particles in Eq. (6.4)
and free spin 1=2 particles in Eq. (6.6).

While the computation of the exact generating func-
tional is equivalent to solving the field theory, models of
generating functionals are easily constructed. For example,
consider the representation of the generating functional in
terms of connected Euclidean Green functions. If we use
the linked cluster theorem to isolate the contribution to the
generating functional from the connected n-point Green
function [see (2.1)],

Zc
n½f� :¼ eððinÞ=n!ÞScnðf;���;fÞ; (2.11)

then the full generating functional is the product

Z½f� ¼ Y
n

Zc
n½f�: (2.12)

It follows that the matrix that gives the quantum mechani-
cal scalar product, (2.6), has the decomposition

Mij :¼Z½fi��fj�¼
Y
n

Zc
n½fi��fj�¼

Y
n

Mn
ij; (2.13)

which is an infinite Schur product of the matrices Mn
ij. A

sufficient condition for positivity ofMij is that eachM
n
ij in

the Schur product is positive (this is because the Schur
product can be expressed as the restriction of the tensor
product of positive operators to the diagonal subspace).

Thus, one strategy for constructing models is to use the
representation (2.13) to build models starting with the free
field two-point function. Zc

2½f� is reflection positive if it is
the generating functional for a free field. Including a
reflection positive Zc

4½f� in the Schur product (2.13) would
give a generating functional for an interacting many-body
theory with two-body interactions, where the dynamical
input is a model connected Euclidean 4-point function,

Zmodel½f� ¼ Zc
2½f�Zc

4½f�: (2.14)

Reflection positivity of M4
ij means that

Zc
4½fi � �fj� ¼ eði4=4!ÞSc4ðfi��fj;fi��fj;fi��fj;fi��fjÞ (2.15)

is a positive matrix for any finite sequence of positive-time
test functions. The model can be extended by including
additional factors, Zc

n½f�.

III. RELATIVISTIC INVARIANCE

Poincaré invariance of a quantum theory implies the
existence of a unitary representation of the Poincaré group
on the physical Hilbert space [5]. Equivalently, there
should be a set of ten infinitesimal generators of the
Poincaré group represented by self-adjoint operators sat-
isfying the Poincaré commutation relations.
The relation between the complex orthogonal group and

the complex Lorentz group is relevant for constructing
Poincaré generators. To understand the connection be-
tween Oð4Þ and the Lorentz group, consider the matrices

X¼ tþz x� iy
xþ iy t�z

� �
X¼ i�þz x� iy

xþ iy i��z

� �
: (3.1)

A simple calculation shows that detðXÞ ¼ t2 � x2 and
detðXÞ ¼ �ð�2 þ x2Þ, which are (� ) the Minkowski and
Euclidean invariant ðdistancesÞ2, respectively. Both deter-
minants are preserved under the linear transformations

X!X0 ¼AXBt X!X0 ¼AXBt detðAÞ¼detðBÞ¼1;

(3.2)

where A and B are complexmatrices with unit determinant.
In general, the pair (A, B) defines a complex Lorentz or
complex Oð4Þ transformation. Both (A, B) and (� A,�B)
correspond to the same linear transformation of the coor-
dinates. In general, the transformed coordinates may be-
come complex, but the determinant remains real and
unchanged. If B ¼ A�, then the transformation X0 ¼
AXBt is a real Lorentz transformation; if A, B 2 SUð2Þ,
then the transformation X0 ¼ AXBt is a real Oð4Þ
transformation.
When A, B 2 SUð2Þ, the transformation X0 ¼ AXBt is a

six-parameter subgroup of the complex Lorentz group.
While this represents a real Euclidean transformation on
the Euclidean Hilbert space (without the Euclidean time-
reversal �), it defines a complex ten-parameter subgroup
of the Lorentz group on the physical Hilbert space. It is
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possible to extract the ten Poincaré generators on the
physical Hilbert space by considering the infinitesimal
forms of these complex Lorentz transformations.

In order to get a unitary representation of the real
Poincaré group on the physical Hilbert space, the gener-
ators must be self-adjoint. It turns out that the � in the
physical scalar product breaks Euclidean invariance in just
the right way to ensure that all of the Poincaré generators
are self-adjoint.

We begin by defining real Euclidean transformations on
wave functionals by

½TðE;aÞB�ð�Þ¼Xnb
j¼1

bje
i�ðfj;E;aÞ fj;E;aðxÞ :¼fj½E�1ðx�aÞ�:

(3.3)

These transformations leave the generating functional in-
variant, Z½f� ¼ Z½fE;a�. In general they will not preserve

the positive-time constraint.
Before we use these transformations to construct

Poincaré generators on the physical Hilbert space, it is
useful to note that the wave functionals can also be con-
sidered as multiplication operators. For example, the op-
erator Bð�Þ acting on the wave functional Cð�Þ is the wave
functional Dð�Þ defined by

Dð�Þ :¼ Bð�ÞCð�Þ ¼ Xnb
j¼1

Xnc
k¼1

bjcke
i�ðfjþgkÞ: (3.4)

These algebraic properties will be used when we formulate
the scattering asymptotic conditions.

Next we consider the real Euclidean transformations,
TðE; aÞ, as complex Poincaré transformations on the physi-
cal Hilbert space. It is useful to treat pure rotations, space
translations, Euclidean time translations, and Euclidean
rotations in planes containing the time axis separately.
The Euclidean time-reversal� operator does not commute
with the last two transformations.

We define action of the Poincaré generators on the wave
functionals considered as operators by:

½P; Bð�Þ� ¼ �i
@

@a
fT½I; ð0; aÞ�BT½I; ð0;�aÞ�gð�Þja¼0

:¼ �i
Xnb
j¼1

bj
@

@a
e
i�ðfj;I;ð0;aÞÞ
ja¼0

; (3.5)

½J � n̂;Bð�Þ�¼�i
@

@�
fT½Rðn̂;�Þ;0�BT½Rðn̂;��Þ;0�gð�Þj�¼0

:¼�i
Xnb
j¼1

bj
@

@�
e
i�ðfj;ðRðn̂;�Þ;0ÞÞ
j�¼0

(3.6)

where Rðn̂; �Þ is an ordinary rotation about the n̂ axis by an
angle �. For the Hamiltonian, we require that �> 0 in
T½I; ð�; aÞ� to preserve the positive-time support condition:

½H;Bð�Þ� ¼ � @

@�
fT½I; ð�; 0Þ�BT½I; ð��; 0Þ�gð�Þj�¼0

:¼ �Xnb
j¼1

bj
@

@�
e
i�ðfj;I;ð�;0ÞÞ
j�¼0

: (3.7)

For the boost generators, we first restrict the support of the
test functions fj in the wave functionals to a cone sym-

metric about the positive Euclidean time axis that makes an
angle 0 � �< �=2 with the Euclidean time axis

S �;þ :¼
�
f 2 Sþjfð�;xÞ ¼ 0; tan�1

�
�

jxj
�
� �

�
: (3.8)

This ensures that the support condition is preserved for
sufficiently small rotations. On these wave functionals, we
consider the Euclidean rotation TðReðn̂; �Þ; 0Þ in the n̂� �
plane through angle � < �=2� �:

fj;�;n̂ð�;xÞ :¼ fjð�0;x0Þ ff 2 S�;þ; (3.9)

with

�0 ¼�cosð�Þ�xn̂ sinð�Þ x0̂n¼xn̂cosð�Þþ�sinð�Þ: (3.10)
The restrictions on the parameters � and � ensure that
initial and final vectors are in the physical Hilbert
space. On these vectors, the rotationless boost generator
is defined by

½K � n̂;Bð�Þ�¼� @

@�
fT½Reðn̂;�Þ;0�BT½Reðn̂;��Þ;0�gð�Þj�¼0

:¼�Xnb
j¼1

bj
@

@�
e
i�½fj;ðReðn̂;�Þ;0Þ�
j�¼0

; (3.11)

where Reðn̂; �Þ is the Euclidean space-time rotation (3.10).
Note the absence of the i in the expressions for H and K.
This is compensated for by the � that appears in the
physical scalar product.
Direct calculations show that the ten operators H, P, J,

K satisfy the Poincaré commutation relations and are
formally Hermitian on the physical Hilbert space. Self-
adjointness of H, P, J follows because these operators are
generators of either one-parameter unitary groups or a
contractive Hermitian semigroup. The contractive nature
of time Euclidean time evolution is proved using reflection
positivity and positivity properties of the generating func-
tional [6]. This also ensures that Hamiltonian satisfies the
spectral condition:

H � 0: (3.12)

Self-adjointness of K can be established by verifying that
rotations in Euclidean space-time planes define local sym-
metric semigroups on the model Hilbert space [7–9].
Matrix elements of the Poincaré generators in normal-

izable states can be expressed directly in terms of the
generating functional

hBjHjCi¼� @

@�

�XNb

j¼1

XNc

k¼1

b�jckZ½gk;I;ð�;0Þ��fj�
�
; (3.13)
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hBjPjCi¼�i
@

@a

�Xnb
j¼1

Xnc
k¼1

b�jckZ½gk;I;ð0;aÞ ��fj�
�
; (3.14)

hBjn̂ �JjCi¼�i
@

@�

�Xbb
j¼1

Xnc
k¼1

c�jdkZ½gk;Rðn̂;�Þ;0��fj�
�
;

(3.15)

hBjn̂�KjCi¼� @

@�

�Xbb
j¼1

Xnc
k¼1

c�jdkZ½gk;Reðn̂;�Þ;0��fj�
�
:

(3.16)

The formal Hermiticity of the generators defined above can
be deduced from these expressions. For example,

hBjHyjCi ¼ hCjHjBi�

¼ � @

@�

�XNb

j¼1

XNc

k¼1

b�jckZ½�fk;I;ð�;0Þ þ�gj�
�

¼ � @

@�

�XNb

j¼1

XNc

k¼1

b�jckZ½�fk þ�gj;I;ð�;0Þ�
�

¼ � @

@�

�XNb

j¼1

XNc

k¼1

b�jckZ½��fk þ gj;I;ð�;0Þ�
�

¼
�XNb

j¼1

XNc

k¼1

b�jckZ½�gj;I;ð�;0Þ � fk�
�
¼ hBjHjCi;

(3.17)

where we have used reality, Z�½f� ¼ Z½�f�, Euclidean
invariance, and properties of �. Hermiticity of the rota-
tionless boost generators follows using the same argument.
The Euclidean time-reversal operator, �, plays the role of
the missing factor of i when integrating by parts.

The commutation relations can be verified by explicit
computation, however they also follow as a direct conse-
quence of the relation between complex Oð4Þ and the
complex Lorentz group.

Matrix elements of e��H can also be directly computed
in terms of the generating functional:

hBje��HjCi ¼ XNb

j¼1

XNc

k¼1

b�jckZ½gk;Ið�;0Þ ��fj�: (3.18)

These matrix elements will be used to compute scattering
cross sections. They only involve elementary quadratures.

Matrix elements of the mass Casimir operator can be
expressed in terms of the Poincaré generators

M2 ¼ H2 � P2 (3.19)

hBjM2jCi :¼
�
@2

@�2
þ @2

@a2

�XNb

j¼1

XNc

k¼1

b�jckZ½gk;Ið�;aÞ��fj�j�¼a¼0
:

(3.20)

Finally, we note that the real Euclidean transformations,
TðE; aÞ, can be formally expressed in terms of the Poincaré
generators on the physical Hilbert space by

T½I; ð�;aÞ� ¼ e��Hþia�P T½Rðn̂; c Þ; 0� ¼ eiJ�n̂c

T½Reðn̂; c Þ; 0� ¼ eK�n̂c : (3.21)

Thus, Euclidean time evolution and rotations in Euclidean
space-time planes look like imaginary time evolution and
Lorentz transformation with imaginary rapidities.
The operators defined in (3.5), (3.6), (3.7), and (3.11) are

self-adjoint operators on the physical Hilbert space that
satisfy the Poincaré commutation relations. Formally they
can be exponentiated to give a unitary representation of the
Poincaré group on the physical Hilbert space, but, as we
will see in the next two sections, this exponentiation is
never needed.
The expressions for the matrix elements of all of the

Poincaré generators in normalizable states (3.13), (3.14),
(3.15), and (3.16) are directly expressed in terms of the
Euclidean generating functional and Euclidean test func-
tions. Analytic continuation is not used.

IV. PARTICLES

Given the dense set of wave functionals of the form (2.7)
and the physical scalar product (2.9), the Gram-Schmidt
method can be formally used to construct a complete
orthonormal set of wave functionals Bnð�Þ:

hBnjBmi ¼ �mn: (4.1)

Since the orthonormal wave functionals are complete,
normalizable one-particle states are linear combinations
of these orthonormal wave functionals with square sum-
mable coefficients:

�	ð�Þ ¼ X
n

bnBnð�Þ X
n

jbnj2 <1 (4.2)

that are eigenstates of the mass-square Casimir operator
(3.19) of the Poincaré group with eigenvalue 	2 in the point
spectrum:X

n

hBmjM2jBnibn¼
X
n

hBmjðH2�P2ÞjBnibn¼	2�mnbn:

(4.3)

These normalizable states are infinitely degenerate be-
cause there is an associated wave packet in the particle’s
momentum and spin. For suitable wave packets, these
normalizable eigenstates can be decomposed into simulta-
neous eigenstates of mass and linear momentum using
translations and Fourier transforms:

�	;pð�Þ ¼
Z da

ð2�Þ3=2 e
�ip�a½Tð0; aÞ�	�ð�Þ: (4.4)

These wave functionals can be given a plane-wave
normalization
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h�	;p0 j�	;pi ¼ �ðp0 � pÞ: (4.5)

The simultaneous eigenstates of mass and linear momen-
tum can be further decomposed into eigenstates of spin,
and z-component of spin using

�	;j;p;
ð�Þ ¼ Xj
�¼�j

Z
SðU2Þ

dR½TðR; 0Þ�	;R�1p�ð�ÞDj�

�ðRÞ;

(4.6)

where the integral is over SUð2Þ and dR is the SUð2Þ Haar
measure. This projection gives the canonical spin. This is
the spin measured in the rest frame when the particle is
transformed to the rest frame by a rotationless Lorentz
transformation. Different projections can be used to get
states of different helicities or light-front spins. The inte-
gral in Eq. (4.6) vanishes if there are no states of mass 	
and spin j.

The normalization of the states can be chosen so that

h�	;j0;p0;
0 j�	;j;p;
i ¼ �ðp0 � pÞ�j0j�
0
: (4.7)

The state j�	;j;p;
i is a single-particle state if 	 is in the

discrete spectrum of M.
Since we started from a linear combination of wave

functionals, the single-particle state is formally repre-
sented by a single-particle wave functional

�	;j;p;
ð�Þ: (4.8)

In general it is not trivial to compute finite Poincaré
transformations in terms of the generators, however, if
the one-particle state is a nondegenerate state (i.e. the
theory has no other particles with the same mass and
spin) then this state necessarily transforms irreducibly
with respect to the dynamical unitary representation of
the Poincaré group introduced in the previous section. It
follows that

hBjUð�; aÞj�	;j;p;
i

¼ hBjc 	;p0;
0 i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
!	ðp0Þ
!	ðpÞ

s
e�i!	ðp0Þa0þip0�aDj


0


�
�
��1

c

�
p0

	

�
��c

�
p

	

��
; (4.9)

where

ðp0Þj¼�j
0!	ðpÞþ�j

kp
k !	ðpÞ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
	2þp2

q
(4.10)

and �cðp	Þ is a rotationless Lorentz boost that transforms to

a frame where a particle of mass 	 is at rest to one where it
has linear momentum p.

Normalizable single-particle states have the form

�	;j;fð�Þ ¼
Z

dp
Xj


¼�j

fð
;pÞ�	;j0;p0;
0 ð�Þ (4.11)

h�	;j;gj�	;j;fi ¼
Z

dp
Xj


¼�j

g�ð
;pÞfð
;pÞ; (4.12)

where the integral is over the 3-momentum, p. In this
formalism there is no distinction between elementary par-
ticles and bound states. They describe particles because
they have discrete mass eigenvalues.
What is interesting is that it is possible to construct the

Hilbert space Poincaré generators, find single-particle
states, and perform finite Poincaré transformations on
single-particle states using only the Euclidean generating
functional and positive-time test functions without per-
forming any analytic continuation.

V. SCATTERING THEORY

In a quantum theory, scattering states are solutions of the
Schrödinger equation that evolve into asymptotically sepa-
rated noninteracting single-particle states or bound states.
In quantum field theory, there is no free dynamics on the
physical Hilbert space, so with the exception of one-
particle states, there are no states of noninteracting parti-
cles on the physical Hilbert space. However, because of
cluster properties, there are states that look like states of
asymptotically separated particles. These states evolve like
systems of free particles until the particles get close enough
to interact.
One natural framework to formulate scattering asymp-

totic conditions that is applicable in both quantum me-
chanics and quantum field theory is the two-Hilbert space
formulation of scattering [10]. In this framework, a sepa-
rate many-particle Hilbert space of noninteracting particles
is introduced. This space is used to label the states of the
asymptotically stable particles. There is a mapping from
this asymptotic space to the physical Hilbert space that
adds the correct description of the internal structure of the
particles on the physical Hilbert space when the particles
are asymptotically separated.
In the asymptotic Hilbert space, composite particles are

treated like elementary particles with a given mass, spin,
and momentum distribution. The internal structure of the
composite particle is contained in the mapping to the
physical Hilbert space. In field theories, all particles have
internal structure due to their self-interactions. In the non-
relativistic case, the mapping from the asymptotic Hilbert
space to the physical Hilbert space has the formY

i

jð	i; jiÞpi; 
ii; (5.1)

where the product is a symmetrized tensor product of
possibly composite particle states with a given momentum
and spin. Normalizable states in the physical Hilbert space
are obtained when this mapping is integrated over square
integrable functions of the momenta and magnetic quan-
tum numbers of each asymptotically stable particle. In this
way, composite particles are treated as elementary particles
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with mass 	i and spin ji in the asymptotic Hilbert space,
while the mapping adds the internal structure of the asymp-
totically separated bound states in the physical Hilbert
space.

In quantum field theory there are two standard ap-
proaches to scattering. The most practical is the LSZ treat-
ment of scattering, which formulates the scattering
asymptotic conditions using interpolating fields that create
states from the vacuum that have the same quantum num-
bers as single-particle states. It has the advantage that the
asymptotic conditions can be formulated without solving
the one-body problem. The price for this advantage is that
weak limits must be used to calculate scattering matrix
elements. The second approach is Haag-Ruelle scattering
[11,12] which uses nonlocal fields that create only one-
particle states from the vacuum. Haag-Ruelle scattering is
the natural generalization of standard quantum mechanical
scattering in the field theory setting and it has a natural
two-Hilbert space formulation [13,14]. Haag-Ruelle scat-
tering states are defined by strong limits, just like in the
nonrelativistic case. Haag-Ruelle scattering is not com-
monly used in applications because it requires the solution
of the one-body problem on the physical Hilbert space as
input. In this paper, the one-body solutions discussed in the
previous section are used to formulate the Haag-Ruelle
asymptotic conditions.

We begin with a summary of the two-Hilbert space
formulation of Haag-Ruelle scattering in Minkowski field
theory. For simplicity, we consider a scalar field theory
with a single-particle state of mass 	. To construct the
mapping from the asymptotic Hilbert space to the physical

Hilbert space, the Fourier transform of the field, ~�ðpÞ, is
multiplied by a smooth function �ðp2Þ of the square of the
Minkowski four-momentum that is one when p2 ¼ �	2

(the mass of the asymptotic particle) and identically van-
ishes when �p2 is in the rest of spectrum of M2.

The product of the Fourier transform of the field and the

smooth invariant function, ~��ðpÞ :¼ �ðp2Þ ~�ðpÞ, is then

Fourier transformed back to configuration space. The re-
sulting field ��ðxÞ is covariant, but no longer local. It has

the property that when it is applied to the physical vacuum
it creates only the single-particle eigenstate of the mass
operator with mass 	. Because of the multiplication by
�ðp2Þ,��ðxÞ is a well-behaved operator-valued function of
time when it is smeared over a test function in three space
variables.

The part of ��ðxÞ that asymptotically looks like a cre-

ation operator is extracted by taking the linear combination

of � and _� below:

Aðf; tÞ :¼ �i
Z

��ðxÞ@
$
0fðxÞdx; (5.2)

where fðxÞ is a smooth, mass 	, positive-energy solution of
the Klein-Gordon equation. Here, smooth means that the
Fourier transform of the t ¼ 0 solution is a smooth

function with compact support in the three-momentum.
Haag and Ruelle show that the N-particle scattering states
in the physical Hilbert space exist and are given by the
strong limits

j��ðf1; � � � fNÞi ¼ lim
t!�1AðfN; tÞ � � �Aðf1; tÞj0i: (5.3)

Next we express the limit (5.3) in a two-Hilbert space
framework that can also be used in the wave functional
representation of the physical Hilbert space. First we write
Aðf; tÞ defined in (5.2) by expressing the time derivative of
the field using the commutator with the Hamiltonian and
the time derivative of the Klein-Gordon solution by an
energy factor:

Aðf; tÞj0i ¼ � i

ð2�Þ3=2
Z

dxdpeiHtfi½H;��ð0;xÞ�

� i!	ðpÞ��ð0;xÞge�iHtj0ie�i!	ðpÞtþip�x ~fðpÞ;
(5.4)

where ~fðpÞ is a test function in the three momentum.
Integrating over x gives a partial Fourier transform of the
field so (5.2) becomes

Aðf; tÞj0i ¼ eiHt
Z
f½H;��ð0;pÞ�

�!	ðpÞ��ð0;pÞgj0i~fðpÞe�i!	ðpÞtdp: (5.5)

The time-dependence is in the quantities eiHt and e�i!	ðpÞt,
where the second factor gives the time dependence of the
positive-energy solution the Klein-Gordan equation. This
is expressed as an operator that acts on the wave packet
~fðpÞ of a free particle of mass 	. It follows that (5.2) can be
interpreted as a mapping from a dense subset of the Hilbert
space of square integrable functions, fðpÞ, to the physical
Hilbert space

Aðf; tÞj0i ¼ eiHtA1e
�iH0tjfi; (5.6)

where H0 ¼ !	ðpÞ is the energy of the asymptotic particle
and

A1ðpÞ :¼ f½H;��ð0;pÞ� �!	ðpÞ��ð0;pÞg: (5.7)

By repeating this analysis N-times the products that appear
in the Haag-Ruelle formula,

Y
Aðf1; tÞ � � �AðfN; tÞj0i; (5.8)

can be expressed as mappings from an N-particle subspace
of the Fock space of non-interacting particles of mass 	 to
the physical Hilbert space:
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Y
Aðf1; tÞ � � �AðfN; tÞj0i

¼ eiHt
Z

ANðp1; � � � ;pNÞe�i½P !	ðpiÞ�tf1ðp1Þ � � �
� fNðpNÞdp1 � � �dpN ¼ (5.9)

eiHt
Z

ANðp1; � � � ;pNÞe�iH0tf1ðp1Þ � � � fNðpNÞdp1 � � � dpN;

(5.10)

where

ANðp1; � � � ;pNÞ :¼
Y

A1ðpiÞj0i: (5.11)

Equation (5.9) has the form

eiHtANe
�iH0tjfi; (5.12)

where H0 ¼
P

!	ðpiÞ is the Hamiltonian for N non-
interacting particles of mass 	.

In this notation the Haag-Ruelle theorem, (5.3), has the
two-Hilbert space form:

lim
t!�1jjj��ðfÞi � eiHtANe

�iH0tjfijj ¼ 0: (5.13)

Following what is done in standard quantum mechanical
multichannel scattering theory, wave operators are defined
by

�N�jfi :¼ lim
t!�1e

iHtANe
�iH0tjfi ¼ j��ðfÞi: (5.14)

In the field theory case [12], these wave operators satisfy
relativistic intertwining relations

Uð�; aÞ�N� ¼ �N�½	Uið�; aÞ� (5.15)

that relate the dynamical representation of the Poincaré
group with the tensor product of n single-particle irreduc-
ible representations on the n-particle sector of the asymp-
totic Fock space.

The scattering states can be expressed using the repre-
sentation of the physical Hilbert space in terms of wave
functionals in section II. The relevant observation is that

~��ðpÞj0i (5.16)

is a single-particle state of linear momentum p and mass 	.
The wave functionals (2.7) of Sec. II are vectors in the
physical Hilbert space, even though they are expressed in
terms of Euclidean test functions and the Euclidean gen-
erating functional. The wave functional,

�	;j0;p0;
0 ð�Þ; (5.17)

defined in the previous section, creates a single-particle
state of linear momentum p and mass 	.

Thus, if we make the replacements

~��ðpÞ ! �	;j0;p0;
0 ð�Þ; (5.18)

in the two-Hilbert space Haag-Ruelle injection operator,
AN (5.11), then it becomes the wave functional

ANðp1; 
1; � � �pN;
NÞð�Þ
:¼ Yf½H;�	i;j

0
i;p

0
i;


0
i
� �!	i

ðpiÞ�	i;j
0
i;p

0
i;


0
i
gð�Þ; (5.19)

where this functional allows for the possibility of scattering
of composite particles with arbitrary spin.
The proof of the Haag-Ruelle theorem does not apply to

models, however; for models the existence of channel
wave operators can be established directly by a general-
ization of Cook’s method [15], which gives the following
sufficient condition for the existence of N-particle wave
operators:Z 1

0
jjðHAN � ANH0Þe�iH0tjfijj<1; (5.20)

while the Lorentz invariance, (5.19), follows if

lim
t!1kðKAN � ANK0Þe�iH0tjfik ¼ 0: (5.21)

Expression (5.19) leads to the following formal expres-
sion for S-matrix elements between normalizable states:

Sfi¼h�þj��i¼ lim
t!1

Z
f�1ðp1;
1Þ���f�MðpM;
MÞei

P
!	i

ðpiÞt

�hAy
Mðp1;
1;��� ;pM;
MÞje�2iHtj

�ANðp0
1;


0
1;��� ;p0

N;

0
NÞi

�ei
P

!	i
ðp0

iÞtf01ðp0
1;


0
1Þ���

f0Nðp0
N;


0
NÞ
Y
ij

dpidp
0
j; (5.22)

where the scalar product is expressed in terms of the
Euclidean generating functional. This expression has the
form

Sfi ¼ lim
t!1hBðtÞje

�2iHtjCðtÞi: (5.23)

While Eq. (5.23) involves operators that are defined in the
wave functional representation, the real-time evolution
operator, e�2iHt, is difficult to calculate in this
representation.
Fortunately, this quantity can be replaced by a more

easily computable quantity using the Kato-Birman invari-
ance principle [13,14,16,17] which identifies the limits

��jfi :¼ lim
t!�1e

iHtANe
�iH0tjfi

¼ lim
t!�1e

igðHÞtANe
�igðH0Þtjfi (5.24)

for gðxÞ in a suitable class of admissible functions, pro-
vided both limits exist. The content of this result is that in
the large-time limit the surviving terms correspond to
situations where both exponents oscillate in phase, which
requires that both the dynamical and asymptotic energies
are the same. Replacing H and H0 by functions of H,
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respectively, H0 does not change this result provided the
function is increasing, with suitable smoothness. A useful
choice for gðxÞ that is in the class of admissible functions is

gðxÞ ¼ �e��x � > 0: (5.25)

For this choice, the expressions for the wave operator
becomes

��jfi :¼ lim
n!�1e

�ine��H
ANe

ine��H0 jfi; (5.26)

where the time parameter t has been replaced by a dimen-
sionless integer n.

This means that the expression (5.23) for the S matrix
elements can be replaced by

Sfi¼h�þj��i¼ lim
n!1

Z
f�1ðp1;
1Þ���f�kðpM;
MÞ

�e�ine
��ð
P

!	i
ðpi Þ

�hAy
Mðp1;
1;��� ;pM;
MÞ

�je2ine��H jANðp0
1;


0
1;��� ;p0

N;

0
NÞi

�e�ine
i
P

!	i
ðp0
i
Þ
f01ðp0

1;

0
1Þ���

f0Mðp0
M;


0
MÞ

Y
ij

dpidp
0
j: (5.27)

The virtue of this expression is that for large fixed
n, e2inx can be uniformly approximated by a polynomial
for x 2 ½0; 1�

je2inx � Pn;ðxÞj<  8x 2 ½0; 1�: (5.28)

Because the spectrum of e��H is in the interval ½0; 1� and
the approximation is uniform, the operator satisfies the
same inequality

jjje2ine��H � Pn;ðe��HÞjjj< ; (5.29)

where the norm on the left is the uniform or operator norm
and Pn;ðxÞ and  are the polynomial and error that appear

in Eq. (5.28).
Using the polynomial approximation in (5.27) gives

Sfi ¼ lim
n!1

X
m

dmðnÞhBðnÞje��mHjCðnÞi; (5.30)

where dmðnÞ are the coefficients of the polynomial in (5.29)
. This is useful because matrix elements of powers of
e�m�H between wave functionals BðnÞ½�� and CðnÞ½��
can be expressed directly in terms of the generating func-
tional using (3.18).

While time-dependent methods are not traditionally
used in scattering calculations, they have been used suc-
cessfully in nonrelativistic few-body calculations [18]. The
advantage of the above formalism is that the entire calcu-
lation can be performed using only Euclidean methods.

In order to calculate sharp-momentum transition-matrix
elements it is necessary to use narrow wave packets. If the

transition matrix is sufficiently smooth as a function of
momentum, it will factor out of the S-matrix element,
allowing one to define scattering observables that do not
depend on the details of the wave packet. This is an
assumption in the standard formulation relating time-
dependent and time-independent scattering [19]. For sharp
initial and final wave packets, the on-shell transition-
matrix elements can be approximated by:

hp1; 
1; � � �pN;
NjTjp1; 
1;p2; 
2i


 hBjSjCi � hBjCi
�2�ihBj�4ðpf � piÞjCi

: (5.31)

After the wave packets are fixed the limit n ! 1 in
(5.27) can be investigated. For a large enough n, the term in
the limit, (5.27), which has the form

hBðnÞje�2ine��H jCðnÞi; (5.32)

will be a good approximation to hBjSjCi in (5.31).

For this value of n, e�2ine��H
can then be uniformly

approximated by a polynomial in e��H which can be
evaluated using Euclidean methods

hBðnÞje�2ine��H jCðnÞi
X
m

dmðnÞhBðnÞje�m�HjCðnÞi:

(5.33)

Combining these three approximations gives an approxi-
mation to sharp-momentum transition-matrix elements us-
ing matrix elements of e�n�H in normalizable states as
input.
Once the scattering states are known, their Poincaré

transformation properties are determined by Eq. (5.15)
and the transformation properties (4.9) of the single-
particle states.
It is useful to summarize the steps needed to calculate

transition-matrix elements.

(1) Solve the one-body problem. These are eigenstates
of the mass-square operator with discrete eigenval-
ues: �ð�Þ.

(2) Use translational and rotational covariance to con-
struct �	;j;p;
ð�Þ.

(3) Choose a sufficiently narrow set of single
asymptotic-particle wave packets fðpi; 
iÞ. The
width must be sufficiently narrow to factor the
transition-matrix elements out of the S-matrix
elements.

(4) Use the one-body solutions to construct the two-
Hilbert space mappings

AnðfÞ :¼
Y
i

Z
f½H;�	;j;pi;
i

� �!	ðpiÞ�	;j;pi;
i
g

� fðpi; 
iÞdpie
ine

��ð
P

!	 ðpi Þ
: (5.34)

(5) Pick a large enough n.
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(6) Make a polynomial approximation to e2inx for
x 2 ½0; 1�

e2inx 
 P2n;ðxÞ: (5.35)

(7) Calculate

Sfi ¼ hAnðf0ÞjP2n;ðe��HÞjAnðf0Þi (5.36)

(8) Approximate hp1; 
1; � � �pm;
mjTjp1; 
1;p2; 
2i
using (5.31).

The result can be expressed directly in terms of the
Euclidean generating functional using (3.18).

The discussion above assumes that the starting point is an
Euclidean generating functional. For models, the require-
ment that all of these approximations converge are model
assumptions that restrict properties of the model generating
functional or Green functions. These are reasonable re-
quirements, since the model Green functions are modeled
after the field-theoretic Green functions, which are ex-
pected to have these properties.

The usual difficulties of realizing the Poincaré symmetry
are replaced by the requirement of finding reflection positive
Euclidean invariant Green functions or generating function-
als. It is interesting that if the Green function is given
perturbatively, the perturbative Green function defines a
different model. The scattering matrix constructed in this
model will not be perturbative, and may even be unitary.

For the simple kinds of two-body models discussed
in Sec. VII it is easy to see that the generalized Cook
condition (5.20) translates into regularity properties
of the connected four-point function. This is because
jjðHA2 � A2H0Þe�iH0tjfijj is linear in the four-point
Euclidean Green function and vanishes when the Green
function is replaced by the free four-point Euclidean Green
function. What controls the convergence of the integral in
(5.20) is the difference between the full and free four-point
Euclidean Green functions, which is the connected
Euclidean four-point function.

Finally, we note that even though the calculation of the
scattering observables are based on Euclidean quantities,
the mechanism that leads to the convergence of the wave
operators is in-phase oscillations, not an exponential fall-
off. The scattering states involve strong limits and replace
interpolating operators by operators that create single-
particle states out of the vacuum. The factor � that appears
in the application of the invariance principle serves as a
parameter the sets the energy scale of the reaction.

As a result, these calculations are not subject to some of
the difficulties encountered in scattering calculations based
on a Euclidean lattice discretization [20], however, it is
necessary to be able to accurately compute matrix elements
of e��H, which cannot be done easily on a lattice.

VI. GREEN FUNCTION REPRESENTATION

While the Euclidean generating functionals provide a
concise and elegant description of the theory as well as a
consistent treatment of the few- and many-body problems,
the direct Green-function approach of Osterwalder and
Schrader may be more appropriate for constructing phe-
nomenological few-body models.
In the Green-function approach, the representation of

the physical Hilbert space in terms of Euclidean wave
functionals is replaced by sequences of positive-time sup-
port functions of the form:

Bð�Þ ! hxjfi :¼

f0

f1ðx11Þ
f2ðx21; x22Þ

..

.

0
BBBBBB@

1
CCCCCCA; (6.1)

with an inner product that is expressed in terms of multi-
point Euclidean Green functions:

hgjfi :¼X
mn

Z
dx1 ���dxmdyn ���dy1g�mð�x1 ����xmÞ

�Smþnðx1;��� ;xm;yn ��� ;y1Þfnðy1;��� ;ynÞ: (6.2)

In the Green-function representation, the support of
fnðy1; � � � ; ynÞ is for 0< y01 < y02 < � � � . Note that the

order of the support of the Euclidean times is identical to
the order of the fields in the corresponding Minkowski-
Wightman function. Reflection positivity is the condition

hfjfi � 0 (6.3)

and hgjfi is the physical quantummechanical scalar product.
The relation between the Euclidean and Minkowski

scalar products is illustrated for the case of a free
Euclidean two-point function, one for spin zero and one
for spin 1=2:

hfjfi ¼
Z

fðxÞS2ð�x; yÞfðyÞd4xd4y

¼ 1

ð2�Þ4
Z

d4xd4yd4pfðxÞ e
ip�ð�x�yÞ

p2 þm2
fðyÞ

¼ 1

ð2�Þ4
Z

d4xd4yd4pfðxÞ

� e�ip0�ðx0þy0Þþi ~p�ð~x�~yÞ

ðp0 þ i!mð ~pÞÞðp0 � i!mð ~pÞÞ
fðyÞ

¼
Z

d3p
jgð ~pÞj2
2!mð ~pÞ

� 0; (6.4)

where

gð ~pÞ :¼ 1

ð2�Þ3=2
Z

d4yfðyÞe�!mð ~pÞy0�i ~p�~y: (6.5)

For spin 1=2:
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hfjfi¼
Z
fðxÞ�0S2ð�x;yÞfðyÞd4xd4y

¼ 1

ð2�Þ4
Z
d4xd4yd4pfðxÞeip�ð�x�yÞ�0m�p ��e

p2þm2
fðyÞ

¼
Z
gyð ~pÞ�þðpÞ

ð2�Þ3 gð ~pÞd
3p; (6.6)

where

�þðpÞ :¼ !mð ~pÞ þ �0 ~� � ~p�m�0

2!mð ~pÞ : (6.7)

We see clearly that in both cases the Euclidean integrals
with the Euclidean time-reversal are identical to the corre-
sponding Minkowski scalar products. The equality shows
that analytic continuation is not required to compute the
physical scalar product in the Euclidean representation.

In the Green-function representation, the formulas for
the Poincaré generators are replaced by

hxjHjfi :¼
�
0;

@

@x011
f1ðx11Þ;

�
@

@x021
þ @

@x022

�
f2ðx21;x22Þ;���

�
(6.8)

hxjPjfi :¼
�
0;�i

@

@~x11
f1ðx11Þ;�i

�
@

@~x21
þ @

@~x22

�

�f2ðx21;x22Þ;���
�

(6.9)

hxjJjfi :¼
�
0;�i~x11� @

@~x11
f1ðx11Þ;

� i

�
~x21� @

@~x21
þ ~x22� @

@~x22

�
f2ðx21;x22Þ;���

�
(6.10)

hxjKjfi :¼
�
0;

�
~x11

@

@x011
� x011

@

@~x11

�
f1ðx11Þ;�

~x21
@

@x021
� x021

@

@~x21
þ ~x22

@

@x022
� x022

@

@~x22

�

� f2ðx21; x22Þ; � � �
�
: (6.11)

For particles with spin, these expression are modified as
follows:

J :

�
�i~x11 � @

@~x11

�
!

�
�i~x11 � @

@~x11
þ ~�

�
(6.12)

K :

�
~x11

@

@x011
� x011

@

@~x11

�
!

�
~x11

@

@x011
� x011

@

@~x11
þ ~B

�
;

(6.13)

where

~� ¼ i ~r�Sðeð�i=2Þ ~�� ~�; eði=2Þ ~�t� ~�Þaa0 (6.14)

and

~B ¼ ~r�Sðeð�i=2Þ ~�� ~�; eð�i=2Þ ~�t� ~�Þaa0 : (6.15)

Here, SðR1; R2Þ is a finite-dimensional representation of
SUð2Þ � SUð2Þ associated with the type of field. It is
constructed by expressing the finite-dimensional represen-
tation of the Lorentz group Sð�Þ in terms of SLð2; CÞ
matrices SðA; A�Þ and subsequently replacing A and A�
by independent unitary matrices, A and B.
For the case of fermions, the Euclidean time-reversal

operator also includes a factor �0 for each final particle.
The formulas summarized in this section are discussed

in more detail in [21].

VII. FEW-BODY MODELS

A typical application where relativistic few-body meth-
ods are used is elastic nucleon-nucleon scattering. This is
normally treated using the inhomogeneous Bethe-Salpeter
equation. We outline the formulation of this problem in the
Euclidean quantum mechanical representation.
We consider a model Green function of the form

�S!
0 0 0 ������
0 S2ð�x11;x12Þ 0
0 0 S4ð�x21;�x22;x23;x24Þ 0

..

.
0 0 . .

.

0
BBBB@

1
CCCCA:

(7.1)

For this model we assume that only S2 and S4 are nonzero.
Furthermore, we assume that S2 and S4 are related by
cluster properties:

S4 ¼ S2S2 þ Sc ¼ S0 þ Sc: (7.2)

The Euclidean Bethe-Salpeter kernel is defined by

S�1
4 � S�1

0 ¼ �K: (7.3)

The structure of S2 is determined by covariance up to an
unknown Lehmann weight. If the weight is a delta function
in the mass then this is a free-field Euclidean Green func-
tion. In this case, the one-body solutions that are needed to
formulate the scattering problem are trivial. If the
Lehmann weight also includes some continuous spectrum,
then it is necessary to solve a one-body problem to for-
mulate the scattering asymptotic condition. To do this we
take an orthonormal set of positive-time test functions and
use the Gram-Schmidt method to construct an orthonormal
set

hfnjfmi¼
Z
dxdyf�nð�xÞ�0S2ðx�yÞfmðyÞ¼�mn: (7.4)

Because the invariant Minkowski Green function is defined
with a Dirac conjugate field rather than a Hilbert space
adjoint, the �0 needs to be eliminated from S2 to get the
continuation to the Wightman function that serves as the
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kernel of the Hilbert space scalar product. This is achieved
by including �0 as the spinor part of the � operator.

In this basis, one-body solutions have the form

j	i ¼ X
n

cnjfni; (7.5)

where cn and 	 are determined solving the eigenvalue
problem for discrete 	2:

	2cn¼
X
m

�
@2

@�2
þ @2

@a2

�
ðfn�0�S2fm;I;ð�;aÞÞ�¼a¼0cm: (7.6)

In this case, the Euclidean two-point Green function has
the form

S2ðx�yÞ :¼ 1

ð2�Þ4
Z
d4p�ðmÞdmm�p ��e

p2þm2
eip�ðx�yÞ; (7.7)

where

i�0e ¼ � ¼ �0 ¼ ��0; �i
e ¼ �i; (7.8)

and

�ðmÞ ¼ �m�ðm� 	Þ þ �cðmÞ: (7.9)

The matrix elements have the form

ðf;��0S2fÞ¼ 1

ð2�Þ4
Z
d4xd4yd4pdmfðxÞeip�ð�x�yÞ�0

�m�p ��e

p2þm2
�ðmÞfðyÞ

¼
Z
gyðp;mÞ�þðp;mÞ

ð2�Þ3 �ðmÞgð ~p;mÞdpdm;

(7.10)

where

�þðpÞ :¼ !mðpÞ þ �0 ~� � p�m�0

2!mðpÞ (7.11)

is the positive-energy Dirac projector and

gðp; mÞ :¼
Z

d4xe�!mðpÞx0�ip�xfðxÞ: (7.12)

Single-particle eigenstates of mass, linear momentum,
and spin are constructed from the mass eigenstates (7.6)

c 	ðxÞ ¼
X
n

cnfnðxÞ (7.13)

using

c 	;j;p;
ðxÞ¼
X
n

cn
1

ð2�Þ3=2
Z X

�

fnð�;R�1x�aÞ

�e�iR�1p�xdaDj�

�ðRÞdR: (7.14)

The Haag-Ruelle operators Aðp; 
Þ are

Aðp; 
Þ½x� ¼ 1

ð2�Þ3=2
Z

dp

�
� @

@�
�!	ðpÞ

�
� c 	;j;p;
½�� �;x� ~a�j�¼a¼0

: (7.15)

The scattering asymptotic states of interest are two-body
states. S-matrix elements in normalizable states can be
computed using the methods discussed in Sec. V. Equation
(5.33) is replaced by:

hgjSjfi ¼ lim
n!1

X
m

dmðnÞ
Z
gðp0

1; 

0
1Þgðp0

2; 

0
2Þeine

��½!	ðp01Þþ!	ðp02Þ�

� Ayðp0
1; 


0
1Þ½�x02�Ayðp0

2; 

0
2Þ½�x01��0

1�
0
2

� S4ðx02; x02; x1; x2ÞAðp1; 
1Þ½x1 � 2m��
� Aðp2; 
2Þ½x2 � 2m��eine��½!	 ðp01Þþ!	ðp02Þ�

� gðp2; 
2Þgðp1; 
1Þdp1dp2dp
0
1dp

0
2dx1

� dx2dx
0
1dx

0
2: (7.16)

Here, the reflection positivity is limited to requiring that
�0
1�

0
2�S4 is non-negative on products of positive-time test

functions.
This illustrates how the approximations discussed above

can be implemented in a few-body setting. We note that
even if S4 is calculated perturbatively, the resulting ap-
proximate Smatrix will be formally unitary. This is similar
to what is observed in nonrelativistic scattering theory
when the K-matrix is treated perturbatively.

VIII. SCATTERING TEST

The scattering computations outlined above and in
Sec. Vare based on the convergence of a sequence of three
approximations that are performed in a prescribed order.
While they should in principle converge for suitable model
Green functions, that does not imply that the approxima-
tions can be sufficiently well-controlled to give converged
predictions for reactions at the few GeV energy scale of
interest. Since to the best of our knowledge this approach
to scattering, i.e. computing sharp-momentum transition-
matrix elements using matrix elements of e�n�H in normal-
izable states as input, has not even been tested in non-
relativistic models, we discuss the implementation of this
method in an exactly solvable nonrelativistic model. This
has the advantage that all of the approximations can be
compared to exact results, and the accuracy of the proposed
method can be precisely determined. We consider a non-
relativistic Hamiltonian with a separable potential that has
the range and strength of a nucleon-nucleon interaction.
The range is fixed by the pion mass while the strength is
adjusted to bind two nucleons with the deuteron binding
energy.
The interaction is taken as a Yamaguchi interaction, with

Hamiltonian

P. KOPP AND W.N. POLYZOU PHYSICAL REVIEW D 85, 016004 (2012)

016004-12



H¼k2=m�jgi	hgj hkjgi¼gðkÞ¼ 1

m2
�þk2

: (8.1)

The transition-matrix elements are

hkjtjk0i ¼ gðkÞ�
�
k02

mn

þ i0þ
�
gðk0Þ; (8.2)

with

�

�
k02

mn

þ i0þ
�
¼ � 	

1þ mn	�
2

m�

1
ðim�þk0Þ2

; (8.3)

where mn ¼ :94 GeV, m� ¼ :14 GeV, eb ¼ �2:24 MeV
and the coupling constant is determined from these pa-
rameters by

	 ¼ m�

mn�
2
ðm� þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�mneb

p Þ2: (8.4)

To test the approximations we calculate sharp-momentum
transition-matrix elements using matrix elements of e��H

evaluated between normalizable states using the methods
outlined in section five. While the eigenstates of this model
can be computed exactly, we had to use the spectral ex-
pansion of the Hamiltonian to compute matrix elements of
e��H. While this is a complicated construction in the
nonrelativistic case, it is replaced by a quadrature (3.18)
in the Euclidean case.

The first approximation is to extract sharp-momentum
transition-matrix elements using sufficiently narrow wave
packets in Eq. (5.31). For this model, exact expressions are
available for both the S operator and the transition matrix.
For our test problem we choose Gaussian wave packets in
the relative momenta of the form

�ðkÞ ¼ Ne��ðk�k0Þ2 ¼ Ne�ðk�k0Þ2=k2w ; (8.5)

where N is a normalization constant and k0 is the on-shell
momentum. We do not choose a particular direction be-
cause the interaction is pure s-wave, and the on-shell
transition-matrix elements at a given energy are given by
a single complex number.

Sharp on-shell transition-matrix elements computed ex-
actly and approximately from S-matrix elements using
(5.31) are compared as a function of the width, kw of the
wave packets. The wave packet widths were determined by
the requirement that the approximate transition-matrix
elements agree with the exact transition-matrix elements
to an accuracy of less that 0.1%. The results are shown in
Table I as a function of the relative momentum. The first
column of Table I shows the on-shell momentum k0 (center
of the Gaussian). The second column shows the value of �
used to get the error shown in the fourth column. All of the
errors in column four round up to 0:1%. The third column
lists kw :¼ 1=

ffiffiffiffi
�

p
for each value of k0 and the last column

is the dimensionless ratio kw=k0. The values of � in the
third column are used in all of the calculations in this
section.

The last column of Table I suggests that a 0.1% error will
generally be obtained if this width is less than 3% of the
on-shell momentum. This property holds over a wide range
of momenta in this model. This is a simple model transition
operator; one may anticipate narrower wave packets are
needed for more realistic models. This approximation can
be improved by decreasing the width of the wave packet; it
is the largest source of error in the calculations. In any
realistic calculation the wave packet width does not have to
be smaller than the experimental momentum resolution.
The second step is to approximate S-matrix elements in

these Gaussian wave packets using Eq. (5.27). It is impor-
tant to first pick the wave packets because the n value
needed for convergence depends on the width of the
wave packet. The approximate quantities are

hc 0jSnjc i :¼
Z

dkdk0c 0ðkÞe�ine��k2=mhkje2ine��H jk0i

� e�ine��k02=m
c ðk0Þ: (8.6)

In Tables II, III, IV, V, VI, VII, and VIII these quantities are
computed using the spectral expansion for H. In these
calculations the bound-state contribution is not included
because it vanishes in the large n limit. Tables II, III, IV, V,
VI, VII, and VIII show the real and imaginary parts of
matrix elements hc 0jðSn � IÞjc i for different values of n
for k0 ¼ 50, 100, 200, 500, 1000, 1500, 2000 MeV. The
exact value is given at the bottom of each table. Table IX
shows the values of �, the product k0 � � and the n-values
used in our final calculations. Table IX suggests that �

TABLE I.

k0 � kw % error kw=k0

[GeV] ½GeV�2� [GeV]

0.05 325 000 0.001 754 12 0.1 0.035

0.1 105 000 0.003 086 07 0.1 0.030

0.2 260 00 0.006 201 74 0.1 0.031

0.3 105 00 0.009 759 0.1 0.032

0.4 5100 0.014 002 8 0.1 0.035

0.5 3000 0.018 257 4 0.1 0.036

0.6 2000 0.022 360 7 0.1 0.037

0.7 1350 0.027 216 6 0.1 0.038

0.8 1000 0.031 622 8 0.1 0.039

0.9 750 0.036 514 8 0.1 0.040

1.0 600 0.040 824 8 0.1 0.040

1.1 475 0.045 883 1 0.1 0.041

1.2 400 0.05 0.1 0.041

1.3 330 0.055 048 2 0.1 0.042

1.4 290 0.058 722 0.1 0.041

1.5 250 0.063 245 6 0.1 0.042

1.6 210 0.069 006 6 0.1 0.043

1.7 190 0.072 547 6 0.1 0.042

1.8 170 0.076 696 5 0.1 0.042

1.9 150 0.081 649 7 0.1 0.042

2.0 135 0.086 066 3 0.1 0.043
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TABLE II. k0 ¼ 50 ½MeV�, � ¼ 325 000 ½GeV�2�.
n Reh�jðSn � IÞj�i Imh�jðSn � IÞj�i
50 �7:629 765 133 153 50e� 1 �1:524 069 781 782 14e� 1
100 �1:331 131 444 911 04eþ 0 �2:755 468 061 556 77e� 1
150 �1:673 244 981 844 21eþ 0 �3:503 921 865 179 49e� 1
200 �1:833 914 491 918 83eþ 0 �3:861 365 900 659 81e� 1
250 �1:892 737 790 936 41eþ 0 �3:993 890 772 831 71e� 1
300 �1:909 518 078 844 85eþ 0 �4:032 284 251 497 03e� 1
350 �1:913 249 263 229 36eþ 0 �4:040 938 264 457 85e� 1
400 �1:913 895 453 115 71eþ 0 �4:042 459 692 698 04e� 1
450 �1:913 982 654 910 04eþ 0 �4:042 667 415 750 48e� 1
500 �1:913 991 777 085 80eþ 0 �4:042 689 442 149 80e� 1
550 �1:913 992 494 524 70eþ 0 �4:042 691 311 677 55e� 1
600 �1:913 992 530 568 43eþ 0 �4:042 691 440 476 22e� 1
650 �1:913 992 529 760 74eþ 0 �4:042 691 458 936 13e� 1
ex �1:913 992 530 608 72eþ 0 �4:042 691 477 144 00e� 1

TABLE IV. k0 ¼ 200 ½MeV�, � ¼ 260 00 ½GeV�2�.
n Reh�jðSn � IÞj�i Imh�jðSn � IÞj�i
50 �2:084 084 818 349 32e� 1 4:565 507 682 653 80e� 1
100 �3:119 456 961 980 71e� 1 6:852 792 761 480 59e� 1
150 �3:386 233 943 924 03e� 1 7:446 413 330 324 90e� 1
200 �3:421 271 007 845 75e� 1 7:524 758 592 364 54e� 1
250 �3:423 592 084 992 66e� 1 7:529 977 225 044 23e� 1
300 �3:423 668 212 591 22e� 1 7:530 150 874 949 57e� 1
350 �3:423 669 565 713 44e� 1 7:530 153 826 454 61e� 1
400 �3:423 669 639 364 15e� 1 7:530 154 005 081 40e� 1
450 �3:423 669 651 220 21e� 1 7:530 154 046 977 48e� 1
500 �3:423 669 652 473 55e� 1 7:530 154 053 895 74e� 1
550 �3:423 669 626 677 00e� 1 7:530 154 006 089 40e� 1
600 �3:423 669 383 580 08e� 1 7:530 153 488 126 48e� 1
650 �3:423 668 844 137 59e� 1 7:530 152 476 199 97e� 1
ex �3:423 669 674 777 07e� 1 7:530 154 104 570 76e� 1

TABLE VII. k0 ¼ 1:5 ½GeV�, � ¼ 250 ½GeV�2�.
n Reh�jðSn � IÞj�i Imh�jðSn � IÞj�i
50 �1:402 423 568 874 77e� 5 4:661 759 826 217 13e� 3
100 �1:544 309 952 017 38e� 5 5:522 350 094 127 64e� 3
150 �1:546 791 817 264 03e� 5 5:551 124 457 760 45e� 3
200 �1:546 792 819 584 47e� 5 5:551 306 636 957 27e� 3
250 �1:546 792 803 908 13e� 5 5:551 306 889 687 18e� 3
300 �1:546 792 803 908 13e� 5 5:551 306 889 783 69e� 3
350 �1:546 792 803 941 43e� 5 5:551 306 889 783 74e� 3
400 �1:546 792 803 885 92e� 5 5:551 306 889 783 77e� 3
ex �1:546 792 802 421 91e� 5 5:551 306 883 868 30e� 3

TABLE VIII. k0 ¼ 2:0 ½GeV�, � ¼ 135 ½GeV�2�.
n Reh�jðSn � IÞj�i Imh�jðSn � IÞj�i
50 �2:600 943 164 732 25e� 6 1:941 207 501 717 91e� 3
100 �2:829 168 598 950 10e� 6 2:355 535 854 044 49e� 3
150 �2:831 716 246 709 53e� 6 2:374 713 838 018 20e� 3
200 �2:831 659 462 576 57e� 6 2:374 924 609 979 90e� 3
250 �2:831 659 053 126 32e� 6 2:374 925 271 868 58e� 3
300 �2:831 659 052 571 21e� 6 2:374 925 272 624 32e� 3
350 �2:831 659 051 905 08e� 6 2:374 925 272 624 93e� 3
400 �2:831 659 052 349 17e� 6 2:374 925 272 625 40e� 3
ex �2:831 659 052 278 43e� 6 2:374 925 272 597 01e� 3

TABLE III. k0 ¼ 100 ½MeV�, � ¼ 105 000 ½GeV�2�.
n Reh�jðSn � IÞj�i Imh�jðSn � IÞj�i
50 �8:733 951 866 645 14e� 1 4:956 163 372 137 44e� 1
100 �1:345 766 152 275 20eþ 0 7:591 994 945 026 60e� 1
150 �1:490 911 267 600 62eþ 0 8:397 008 692 139 05e� 1
200 �1:515 665 336 048 46eþ 0 8:533 520 708 523 17e� 1
250 �1:517 999 025 476 69eþ 0 8:546 316 816 150 40e� 1
300 �1:518 119 434 314 98eþ 0 8:546 975 546 530 43e� 1
350 �1:518 122 783 096 20eþ 0 8:546 993 763 342 19e� 1
400 �1:518 122 884 800 17eþ 0 8:546 994 233 347 68e� 1
450 �1:518 122 905 965 51eþ 0 8:546 994 354 794 09e� 1
500 �1:518 122 909 554 24eþ 0 8:546 994 381 020 00e� 1
550 �1:518 122 909 682 27eþ 0 8:546 994 386 399 71e� 1
600 �1:518 122 888 578 71eþ 0 8:546 994 276 767 78e� 1
650 �1:518 122 759 381 23eþ 0 8:546 993 563 346 23e� 1
ex �1:518 122 913 159 71eþ 0 8:546 994 383 290 52e� 1

TABLE V. k0 ¼ 500 ½MeV�, � ¼ 3000 ½GeV�2�.
n Reh�jðSn � IÞj�i Imh�jðSn � IÞj�i
50 �5:933 303 855 802 71e� 3 9:657 389 638 548 34e� 2
100 �7:126 816 923 496 37e� 3 1:184 155 042 256 73e� 1
150 �7:181 295 659 094 53e� 3 1:194 915 699 490 89e� 1
200 �7:181 797 067 984 05e� 3 1:195 024 231 900 14e� 1
250 �7:181 797 946 418 38e� 3 1:195 024 444 699 71e� 1
300 �7:181 797 946 708 70e� 3 1:195 024 444 777 83e� 1
350 �7:181 797 946 710 48e� 3 1:195 024 444 777 84e� 1
400 �7:181 797 946 710 81e� 3 1:195 024 444 777 84e� 1
ex �7:181 797 970 160 73e� 3 1:195 024 447 952 75e� 1

TABLE VI. k0 ¼ 1 ½GeV�, � ¼ 600 ½GeV�2�.
n Reh�jðSn � IÞj�i Imh�jðSn � IÞj�i
50 �1:470 248 207 328 11e� 4 1:559 225 578 162 23e� 2
100 �1:627 261 886 498 75e� 4 1:797 138 689 301 01e� 2
150 �1:629 677 141 252 73e� 4 1:802 195 912 824 50e� 2
200 �1:629 681 139 349 03e� 4 1:802 209 789 167 75e� 2
250 �1:629 681 139 826 42e� 4 1:802 209 794 037 00e� 2
300 �1:629 681 139 826 42e� 4 1:802 209 794 037 21e� 2
350 �1:629 681 139 827 53e� 4 1:802 209 794 037 20e� 2
400 �1:629 681 139 829 75e� 4 1:802 209 794 037 18e� 2
ex �1:629 681 139 827 42e� 4 1:802 209 794 038 58e� 2
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should be chosen so k0 � � is of order unity. Except for the
k0 ¼ 50 MeV case, n ¼ 250 or more gives errors for the
n-limits that are smaller than the errors made in the facto-
rization approximation, (5.31).

The n dependence of the real and imaginary part of
matrix elements of hc 0jðS� IÞjc i, computed using
(5.27), are plotted as a function of n for different values
of k0 in Figs. 1–10. Figures 11 and 12 show how fast the
neglected bound-state contribution to the spectral expan-
sion falls off with n for k0 ¼ 1 GeV.
The third approximation is the polynomial approxima-

tion to ei2ne
��H

. In this application we use the freedom to
shift the zero of the energy of the free and interacting
Hamiltonians by a constant (the binding energy) so the
spectrum of e��H is strictly between zero and one. Then it
is only necessary to find a polynomial approximation to
einx for x 2 ½0; 1�.
The polynomial approximation is made using the

Chebyshev expansion:

fðyÞ 
 PNðyÞ :¼ 1

2
c0T0ðyÞ þ

XN
k¼1

ckTkðyÞ (8.7)

TABLE IX. Parameters.

k0½GeV� �½GeV�1� k0� � n

0.05 80.0 4.0 630

0.1 40.0 4.0 450

0.2 10.0 2.0 470

0.3 5.0 1.5 330

0.4 4.0 1.6 235

0.5 3.0 1.5 205

0.6 2.5 1.5 225

0.7 1.6 1.2 200

0.8 1.4 1.12 200

0.9 1.05 .945 190

1.0 1.0 1.0 200

1.1 0.95 1.045 200

1.2 0.9 1.08 200

1.3 0.85 1.105 200

1.4 0.7 0.98 200

1.5 0.63 0.945 200

1.6 0.57 0.912 200

1.7 0.5 0.85 200

1.8 0.45 0.81 200

1.9 0.42 0.798 200

2.0 0.4 0.8 200

TABLE X. Polynomial convergence.

x n deg Poly error%

0.1 200 150 7:939eþ 00
0.1 200 200 3:276eþ 00
0.1 200 250 1:925e� 11
0.1 200 300 4:903e� 13
0.1 630 580 3:573eþ 00
0.1 630 630 2:069eþ 00
0.1 630 680 5:015e� 08
0.1 630 700 7:456e� 11
0.5 200 150 1:973e� 13
0.5 200 200 1:627e� 13
0.5 200 250 3:266e� 13
0.5 630 580 1:430e� 14
0.5 630 630 3:460e� 13
0.5 630 680 9:330e� 13
0.9 200 150 7:939eþ 00
0.9 200 200 3:276eþ 00
0.9 200 250 1:950e� 11
0.9 200 300 9:828e� 13
0.9 630 580 3:573eþ 00
0.9 630 630 2:069eþ 00
0.9 630 680 5:015e� 08
0.9 630 700 7:230e� 11
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FIG. 1 (color online). Reðh�jðS� 1Þj�iÞ vs n50 ½MeV�� ¼
325 000 ½GeV�2�.
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FIG. 2 (color online). Imðh�jðS� 1Þj�iÞ vs n50 ½MeV�� ¼
325 000 ½GeV�2�.
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FIG. 3 (color online). Reðh�jðS� 1Þj�iÞ vs n100 ½MeV�� ¼
105 000 ½GeV�2�.
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FIG. 4 (color online). Imðh�jðS� 1Þj�iÞ vs n100 ½MeV�� ¼
105 000 ½GeV�2�.
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FIG. 5 (color online). Reðh�jðS� 1Þj�iÞ vs n200 ½MeV�� ¼
260 00 ½GeV�2�.
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FIG. 6 (color online). Imðh�jðS� 1Þj�iÞ vs n200 ½MeV�� ¼
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2k�1
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�
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�
: (8.8)

The Chebyshev expansion is designed for functions on the
interval ½�1; 1�. To make full use of the information in this
approximation we approximate e�2inx¼fð2x�1Þ by the
polynomial approximation tofðyÞ. This gives the polynomial

fð2e��H0 �1Þ
1

2
c0T0ð2e��H0 �1ÞþXN

k¼1

ckTkð2e��H0 �1Þ

¼PNðe��H0 Þ; (8.9)

where H0 ¼ H þ eb. It follows that

je2inx � PNðxÞj< 2
nNþ1

ðN þ 1Þ!
jjje2ine��H0 � PNðe��H0 Þjjj< 2

nNþ1

ðN þ 1Þ! :
(8.10)

Chebyshev polynomials are known to be good approxima-
tions to the best uniform polynomial approximation [22].
Table X shows polynomial approximations to einx for differ-
ent values of x 2 ½0; 1�, and n. The errors are between 10�11

and 10�13 for the degree of the polynomial only slightly
above n.
Table X suggests that a polynomial with degree

10%–20% larger than n is needed for convergence to one
part in 1012 (10�10%).
All three approximations are combined to get the ap-

proximations to the on-shell transition operator for incident
momenta between 50 MeV and 2 GeV. These results are
displayed in Table XI. The errors are all better than 0:1%.
The only significant source of error is the approximate
factorization of the sharp-momentum matrix element
from the S matrix elements. This can be made as small
as desired by choosing sufficiently narrow wave packets,
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although there is no need to improve accuracy to better
than experimental resolution.

These tests suggest that this method can be applied to
compute scattering observables at the few GeV scale.

IX. SUMMARYAND CONCLUSION

In this paper we introduced a formulation of relativistic
quantum mechanics that uses model Euclidean Green
functions or generating functionals as dynamical input.
The motivation for this approach is to formulate few-
body models at the few GeV scale. The models are quan-
tum mechanical which means that they are formulated in
terms of linear operators on a model Hilbert space. They
can be treated using standard quantum mechanical meth-
ods. The advantage of this framework over some conven-
tional treatments of relativistic quantum mechanics is that
there is a formal relation to Euclidean Lagrangian field
theory. Specifically, the quantum theory discussed in this
paper becomes the quantum formulation of the field theory
when the model Green functions are replaced by the Green
functions of the field theory. A second advantage of this
formalism is that all calculations can be performed in
the Euclidean domain, without using analytic continuation,
however, the quantities computed are ordinary Minkowski
scalar products of normalizable vectors.

The structure of the physical Hilbert space was dis-
cussed in Sec. I in terms of an Euclidean generating func-
tional for a scalar field theory. Methods to model
generating functionals in terms of connected Euclidean
Green functions were also discussed. Representations in

terms of Euclidean Green functions were given in Sec. VI.
Examples illustrating the equivalence of the Hilbert space
inner product expressed in terms of Euclidean Green func-
tions and the standard Minkowski inner product were given
in Eqs. (6.4) and (6.5).
The Poincaré Lie algebra is realized by interpreting the

real Euclidean group as a complex subgroup of the com-
plex Lorentz group on the physical Hilbert space. Self-
adjoint generators that satisfy the Poincaré commutation
relations are extracted by considering infinitesimal
Euclidean transformations which become infinitesimal
complex Lorentz transformations on the physical Hilbert
space. Expressions for the generators were given both in
terms of the generating functional in Sec. III and directly in
terms of the Green functions in Sec. VI.
In Sec. IV, the generators introduced in Secs. III and VI

are used to construct a mass operator whose point eigen-
states correspond to particles. The translation and rotation
operators introduced in Secs. III and VI are used to con-
struct operators that create single-particle states of a given
sharp-momentum and spin out of normalizable mass ei-
genstates. These states necessarily transform irreducibly
under the Poincaré group if they are nondegenerate.
The operators that create single-particle states are used

to construct two-Hilbert space injection operators that
define the scattering asymptotic conditions in the Haag-
Ruelle formulation of scattering. The existence of the
strong limits that define the wave operators can be checked
using a generalization of the standard Cook condition [15]
used in nonrelativistic quantum mechanics. The two-
Hilbert space wave operators are computed using
time-dependent methods with the Kato-Birman invariance
principle to reduce the computation to the evaluation ma-
trix elements of polynomials in e��H. The feasibility of
this method for computing scattering observables was
established using an exactly solvable nonrelativistic test
model. This model demonstrated that it is possible to
perform accurate calculations over a wide range of ener-
gies using this method. Guidelines for choosing the ‘‘time’’
n, temperature �, and the degree of the polynomial were
established in the context of this model. Both the ’’time’’
limit and polynomial approximations were shown to be
accurate to about ten significant figures. Even though the
input to the scattering theory involves Euclidean quantities,
scattering emerges because the scattering states asymptoti-
cally oscillate in phase with free-particle states as the
‘‘time-parameter’’, n, gets large. The limits do not involve
the exponential falloff that is used in lattice calculations. In
addition, the use of one-body solutions in the formulation
of the scattering asymptotic condition implies that the time
limits are strong limits. These two properties imply that
calculations can be performed at relativistic energies with-
out the complications that arise in alternative formulations
of scattering involving Euclidean quantities [20]. Since
the output of these calculations are wave operators, the

TABLE XI. Final calculation.

k0 Real T Im T % error

0.05 2:184 99e� 1 �1:031 60eþ 0 0.0982

0.1 �2:303 37e� 1 �4:093 25e� 1 0.0956

0.2 �1:015 12e� 1 �4:614 20e� 2 0.0981

0.3 �3:469 73e� 2 �6:972 09e� 3 0.0966

0.4 �1:390 07e� 2 �1:449 74e� 3 0.0997

0.5 �6:442 55e� 3 �3:864 59e� 4 0.0986

0.6 �3:340 91e� 3 �1:244 34e� 4 0.0952

0.7 �1:888 47e� 3 �4:634 89e� 5 0.0977

0.8 �1:141 88e� 3 �1:936 05e� 5 0.0965

0.9 �7:286 09e� 4 �8:866 53e� 6 0.0982

1.0 �4:857 08e� 4 �4:377 69e� 6 0.0967

1.1 �3:357 31e� 4 �2:300 67e� 6 0.0987

1.2 �2:392 35e� 4 �1:274 39e� 6 0.0968

1.3 �1:749 47e� 4 �7:382 85e� 7 0.0985

1.4 �1:308 18e� 4 �4:445 60e� 7 0.0955

1.5 �9:973 46e� 5 �2:768 49e� 7 0.0956

1.6 �7:733 90e� 5 �1:775 73e� 7 0.0992

1.7 �6:087 94e� 5 �1:169 09e� 7 0.0964

1.8 �4:856 72e� 5 �7:878 02e� 8 0.0956

1.9 �3:921 10e� 5 �5:420 37e� 8 0.0967

2.0 �3:200 00e� 5 �3:800 04e� 8 0.0966
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relativistic intertwining properties provide a mechanism
for performing finite Poincaré transformations on all scat-
tering states.

The framework presented in this paper is preliminary. A
practical implementation that can be used to treat realistic
systems clearly requires more development. For applica-
tions to realistic systems it is apparent that model Green
functions or generating functionals will need a significant
amount of phenomenological input. In this regard, this
framework is no different than realistic nonrelativistic
nuclear models or quasipotential models, where the inter-
actions or kernels for realistic systems require significant
phenomenological input. In this framework the phenome-
nological input is needed to construct few-point connected
Green functions, rather than potentials or quasipotential
kernels. The use of models of Green functions avoids the
difficulties encountered in calculating the Green functions
from a field theory. Formal representations of the Green
functions [23] may be useful in making such models.

This approach has a number of potential advantages.
Cluster properties, which provide a key relation between
few- and many-body models is much easier to implement
than it is in direct interaction formulations of relativistic
quantum mechanics or quasipotential models. The ability
to calculate scattering observables directly from Euclidean
Green functions is also useful. Treating reactions that do
not conserve particle number presents no special problems
in this formalism.

However, there is no free lunch. The requirements of
reflection positivity, Euclidean invariance, along with
some additional technical requirements (ergodicity and
analyticity) are essentially all of the axioms of quantum
field theory for generating functionals. The difficulties in
finding nontrivial theories satisfying these axioms are well
known. This problem is not special to this framework; it is
a problem in all implementations of field theory. In the
context of this formalism, since Euclidean invariance and
cluster properties are easy to realize, one might anticipate
that it will be difficult to find a robust class of models that
satisfy full reflection positivity. This is an important ques-
tion for future research. While reflection positivity of free-
field generating functionals is easy to establish, reflection
positivity is not stable with respect to small Euclidean
invariant perturbations [21]. Reflection positivity provides
the quantum mechanical scalar product and ensures the
spectral condition. This suggests that in models, one may
have to deal with violations of the spectral condition or
negative norm states. For few-body problems, one works
on a subspace of the Hilbert space of the full theory that is
relevant for a given energy scale. One might anticipate that
good models will satisfy reflection positivity on this sub-
space. This possibility requires additional investigation.

In the absence of the positive Euclidean-time-support
restriction on the test functions, the group of Euclidean
motions in the inner product (2.9) with the Euclidean

time-reversal still has a representation of a complex sub-
group of the Poincaré group that acts on a space with an
indefinite metric. This suggests the possibility that for
some models there may be invariant subspaces with posi-
tive norm [24] and positive energy that are distinct from the
ones created using the positive-time test functions. These
possibilities, may provide an alternative to full reflection
positivity, also require additional investigation.
While the model formally becomes the field theory in

the limit that the model generating functional becomes the
full generating functional, truncations that eliminate
higher-order connected Green functions from the exact
generating functional are not mathematical approxima-
tions. In practice, the construction of model generating
functionals involve some fitting to data and the model
generating functionals only include contributions from a
finite set of connected Green functions. To obtain a quan-
titative relation between these quantities to the correspond-
ing field-theoretic quantities, it is necessary to first replace
the field-theoretic generating functional by an effective
generating functional that only has contributions from the
connected Green functions that appear in the model. There
is an additional freedom due to the fact that the model is
only expected to be valid on a finite-energy interval.
Finally, these is an additional freedom associated with
‘‘field redefinitions.’’ A formal development of these con-
nections is beyond the scope of this paper.
While this framework is strongly motivated by the struc-

ture of the a field theory, most of the properties of a given
model can be tested without appealing to properties of the
field theory. For example, the existence and invariance of
scattering matrix elements can be checked using (5.20) and
(5.21), while existence and self-adjointness of Poincaré gen-
erators can checked by verifying that rotations in Euclidean
space-time planes are local symmetric semigroups [7–9].
Another important open question that requires more

investigation is the implementation of this strategy in
QCD, where the consistency of reflection positivity with
confinement and gauge invariance introduces additional
constraints on the models. Some formulations of Lattice
QCD satisfy reflection positivity in the presence of these
constraints, which provides some hope that these con-
straints are also compatible in models. For the type of
calculations discussed, i.e one-particle states and scattering
states, it is sufficient that reflection positivity holds on
gauge-invariant subspaces, since one-particle states are
gauge invariant and the two-Hilbert space injection opera-
tor has range in the subspace of gauge-invariant states. This
limited form of reflection positivity is all that is needed to
implement the computational strategy discussed in this
paper.
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[9] J. Fröhlich, K. Osterwalder, and E. Seiler, Ann. Math. 118,

461 (1983).
[10] F. Coester, Helv. Phys. Acta 38, 7 (1965).
[11] R. Haag, Phys. Rev. 112, 669 (1958).
[12] D. Ruelle, Helv. Phys. Acta 35, 147 (1962).
[13] M. Reed and B. Simon,Methods of Modern Mathematical

Physics, Scattering Theory Vol. III (Academic Press, New
York, 1979).
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[18] H. Kröger, Phys. Rep. 210, 45 (1992).
[19] W. Brenig and R. Haag, Fortschr. Phys. 7, 183 (1959).
[20] L. Maiani and M. Testa, Phys. Lett. B 245, 585

(1990).
[21] V. Wessels and W. Polyzou, Few-Body Syst. 35, 51

(2004).
[22] E. Zeidler, Oxford User’s Guide to Mathematics (Oxford

University Press, Oxford, 2004).
[23] N. Nakanishi, Graph Theory and Feynman Integrals

(Gordon and Breach, New York, 1971).
[24] N. N. Bogoliubov, A. A. Logunov, A. I. Oksak, and I. T.

Todorov, General Principles of Quantum Field Theory
(Kluwer, Dordrecht, 1990), see Chap. 10.

P. KOPP AND W.N. POLYZOU PHYSICAL REVIEW D 85, 016004 (2012)

016004-20

http://dx.doi.org/10.1007/BF01645738
http://dx.doi.org/10.1007/BF01645738
http://dx.doi.org/10.1007/BF01608978
http://dx.doi.org/10.1007/BF01608978
http://dx.doi.org/10.2307/1968551
http://dx.doi.org/10.1016/0022-1236(81)90007-0
http://dx.doi.org/10.1007/BF01208260
http://dx.doi.org/10.1007/BF01208260
http://dx.doi.org/10.2307/2006979
http://dx.doi.org/10.2307/2006979
http://dx.doi.org/10.1103/PhysRev.112.669
http://dx.doi.org/10.1512/iumj.1976.25.25035
http://dx.doi.org/10.1512/iumj.1976.25.25035
http://dx.doi.org/10.1016/0370-1573(92)90114-F
http://dx.doi.org/10.1002/prop.19590070402
http://dx.doi.org/10.1016/0370-2693(90)90695-3
http://dx.doi.org/10.1016/0370-2693(90)90695-3
http://dx.doi.org/10.1007/s00601-004-0059-x
http://dx.doi.org/10.1007/s00601-004-0059-x

