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Chiral particle decay of heavy-light mesons in a relativistic potential model
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Partial decay widths of the heavy-light mesons, D, Dy, B, and By, emitting one chiral particle (7 or K)
are evaluated in the framework of a relativistic potential model. Decay amplitudes are calculated
by keeping the Lorentz invariance as far as possible and use has been made of the Lorentz-boosted
relativistic wave functions of the heavy-light mesons. One of predictions of our calculation is very narrow
widths of a few keV for yet undiscovered B,(0", 1) mesons corresponding to >5*!L 7= 3P0 and “3P1 ”
assuming their masses to be 5617 and 5682 MeV, respectively, as calculated in our former paper. In the
course of our calculation, new sum rules are discovered on the decay widths in the limit of mgy — oo.

Among these rules, I'(D%,(2317) — D, + 7) = I'(D,,(2460) — D; + 7) and I'(B%,(5615) — B, + 7) =
I'(B,,(5679) — B + ) are predicted to hold with a good accuracy.
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I. INTRODUCTION

We have been trying to explain the mass spectrum of the
heavy-light mesons, including the famous D,(2317) and
D7,(2460), by a relativistic potential model with a linear
potential and the Coulombic potential. In our model be-
sides the current quark mass m, (m,, ~ 10 MeV) the
constant term b is introduced in the scalar potential.
They are independent parameters in general. However, if
we restrict our computation up to the first order in 1/m,
the current quark mass m, and the constant b appear only
in the combination m, + b. Hence we set b = 0 and call
m, in place of m, + b. In this model, we have successfully
reproduced many of the experimental mass spectra of D,
D,, B, and B, with a fairly good accuracy including
radially excited states [1].

To confirm the validity of our relativistic potential
model, we have calculated the semileptonic weak form
factors (Isgur-Wise functions) for the process B —
D™ {7 in Ref. [2] to obtain reasonable results compared
with the experiments. In the present paper [3], we calculate
the decay processes of the heavy-light mesons with one
chiral particle emission. Although the decay rates of these
processes have been examined by Goity and Roberts [4]
and by Di Pierro and Eichten [5] in a relativistic potential
model, we would like to see the effects of using our
relativistic wave functions as well as Lorentz covariant
amplitudes that have been neglected in their papers. The
authors of Refs. [4,5] have used wave functions of the
heavy-light mesons in the rest frame to calculate transition
amplitudes. That is, they have neglected not only the
relativistic effects of the wave functions but also the recoil
effects of the heavy-light mesons. We claim that this recoil
effect is essential to calculate the relativistic transition
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amplitude because the plane wave function of the emitted
particle is replaced by another phase factor, which involves
the heavy quark mass and the velocity of the heavy-light
meson. The plane wave, which, for instance, is used in a
hydrogen atom, is inserted without any criticism, which
may lead to the erroneous conclusion. In the course of our
calculation, new sum rules on the decay widths are dis-
covered, which hold among the different decay processes
in the heavy quark limit, i.e., my — o0. The breaking of the
sum rules is of the order of (M; — My)/mg, which is at
most 10% or so with the initial and final heavy-light meson
masses, M; and Mf

In Sec. I, the wave function of the heavy-light meson in
the moving frame is related to the one in the rest frame by
regarding the heavy quark to be at rest in the heavy-light
meson. Then we derive the basic formula to express the
transition amplitude in terms of the wave functions of the
heavy-light meson in the rest frame. The plane wave of the
emitted particle moving in the z direction, exp(—ikz), used
in other works [4,5] is found to be replaced by another
phase factor, exp(—2im,Vz), with V being the heavy-light
meson velocity in the Breit frame. In the limit of m, — oo,
the heavy quark mass m, coincides with the heavy-light
meson mass and these two phase factors become equal to
each other.

Interaction between light quarks and chiral particles (7
or K) is assumed a la Georgi-Manohar [6]. The matrix
elements of axial-vector currents are dissolved into several
form factors, which are expressed in terms of the radial
wave functions.

In Sec. III, we numerically evaluate the matrix elements
of axial-vector currents. Except for the axial-vector cou-
pling constant, we adopt the parameters of the model
which have been determined in the previous paper to
fit with the experimental mass spectra. The axial-vector
coupling constant is adjusted so that the theoretical
decay widths of D**(2010) coincide with the experimental
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values, whose derivation is still contentious and is dis-
cussed in Sec. V. We predict the decay widths of the various
decay modes, most of which have not yet been experimen-
tally observed. The total widths of some heavy-light me-
sons are experimentally known, which are compared with
our theoretical results. Because D (17), D,(0%), and
D(1") are not allowed kinematically to emit one K meson,
assuming the mixing of 77° and 7 we have the narrow decay
widths of these particles. Likewise, we predict very narrow
decay widths of B,(0") and B,(1"), which are not yet
observed and hence we have used our theoretical values
of their masses, 5615 MeV and 5679 MeV, respectively.

In Sec. IV, new sum rules on the decay widths are
presented in the limit of my — oo. In this limit the spin
of the heavy quark is decoupled from the orbital angular
momentum and the spin of the light quark, and the heavy
quark is no more than a spectator in the decay process. The
radial wave functions of J¥ and (J + 1) coincide with
each other and their masses become degenerate. We say
that these degenerate particles belong to a spin multiplet.
The decay widths of particles in the same multiplet become
equal if we sum over the final states in another multiplet.

Section V is devoted to the conclusions and discussion.
In Appendix A, the matrix elements of the axial-vector
currents are described by the polarization vectors/tensors in
the rest frame of each heavy-light meson. In Appendix B,
the properties of the polarization vectors are given as well
as the explicit forms of the angular-spin part of the wave
function. In Appendix C, the transition amplitudes are
expressed in terms of the radial wave functions and the
spherical Bessel function, f(x) = sinx/x.

II. LORENTZ INVARIANT EVALUATION OF
TRANSITION AMPLITUDES

The wave function of a heavy-light meson with a finite
momentum is defined as

Olgs(F 00, DIP)y = (0lgs(G — X, 0)
X Q;(F — Xg, 0)|PyePXe

= W@ = FiPe T, (1)
J
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where X (= &x + (1 — £)y) denotes the position of the
heavy-light meson and ¢ is a free parameter. If we set
& =0 or 1, then X, coincides with the position of the
heavy quark or light quark, respectively.

We assume chiral interaction of pseudoscalar mesons
(7 and K) with light quarks. In the present paper we only
compute one pseudoscalar particle emission from heavy-
light mesons, and then the relevant interaction Lagrangian
is as follows:

_ &
L= \/—2—]27611'7#7561/'3”(1’[,‘, (2)

where g is a dimensionless coupling constant and f
is the pion decay constant. Here the flavor SU(3) symmetry
is assumed and ¢;;’s represent the octet meson fields,
that is,

713¢3 +7lg¢8 t K*
(d)ij):\/z T _%‘ﬁs"'ﬁﬁbs K°
K- K° — s

3)

The mixing of 77° and 7 is taken into account with a small
parameter € as follows:

()=l &) @

The transition amplitude for a heavy-light meson with a
momentum P into another heavy-light meson with P’ and
one pseudoscalar particle with k is transformed by insert-
ing the number operator of the heavy quark and by neglect-
ing the sea quark effects as follows:

Mp_p = f d*x(P', k| Lin(x)|P) = f d*x(P', k| Lip (x) / Fy0l(»)0()IP)

= [ @ [ 30,10l 04 WI00Ig; W QP

= [d4xfd3y tr[lﬁé(egﬁ()_f _ i;Pl)Oij !ﬁﬁ)(f _ )-;; P)]eikvc—i(P—P’)'Xé

= (2#)464(P — p - k) /d3Z tr[wi(eo)f(z’ P/)Oljlpﬁ(p(?’ P)]e_,'];.z )

= @m)*s*(P - P' — k) f Bzl (E PO P)L (6)
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In Ref. [2] the following approximate relation has been
obtained between the wave function with a finite momen-
tum (P; = yMYV) and the one at rest:

L/’ES};()_C); P) = Go,Gpsthys(xy, yz; M)e'M—maVyz - (7)
and the following relation is derived likewise:
Yap(BP) = GayGpsthys(xr, yzs M)e ™oV, (8)

where G is the boost operator from the rest frame to the
moving frame and ¢ (x; M) is the wave function in the rest
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frame. The Lorentz transformation from the rest frame to
the moving frame produces the time difference between
two constituent quarks, and this time difference is com-
pensated by the free propagation of the heavy quark, which
gives rise to the phase factors in Egs. (7) and (8).

If we evaluate the transition amplitude in the Breit
frame, where the initial heavy-light meson is moving to
the z direction with a velocity V and the final heavy-light
meson is moving in the opposite direction with the same
velocity V, and insert Egs. (7) and (8) into Egs. (5) and (6),
we obtain the following unique expression:

M p_p = 2m)*6*(P — P — k) [d3x tr[(G_l)Tlﬁ;Z(xL, Yo MG 10;G i jo(xy, yz; M)GT | 2imorVs

= (277)454(P —p - k)'y_l [d3xtr[(G

Here two points should be noted. First this is independent
of ¢ as it should be. Next the phase factor e~ "¢V has
appeared in place of the wave function of the emitted
pseudoscalar particle, e~ %%, that is absorbed into the delta
function to preserve the four-momentum conservation in

(07 |jsul17)
JML,M,

Ty MG

= (1 + @)e, 9 (0) + (81 - v){(V) + v2), €D (@) + (v — 1)), EQ (W)}

L0,;G i jo(X; M)GT Je~2imeVz, ©

either Eq. (5) or (6). This is the result of taking into account
the heavy-meson’s recoil effect.

In general the matrix elements of the axial-vector cur-
rent between the various spin states of the heavy-light
mesons have the following tensor structures:

(k =1, 10), (10)

% () + 1), Q@) + (V) — v),ED (W), (11)
24V
7<1L(;’}|4()+> = eV} ve3 € () (12)
24V
%Zeﬂwgvlvzslf(k)(w) (k=4,5), (13)
24V
(1 1jsul1™) N N + ®
i JOT = (&5 e)(v) +vy), Elw) + (e &), — V), E(w) + (&5 - v)e1, E9(w)
+ (e - v)e3, Enlw)  (k=67), (14)
0~ |js, |2+
%\/M—L) 1/,LV 5(8)((1)) + 8]01,8”2 {vl,u,é:A)(w) + v2,u,§£§83)(w)} (15)
24V
(17 1jsul2%)

MM,

+ (v = 1) €D ()},

9 9
+ £l (e5 - 1)) EN (@) + £1,505V5 5" ESNN] + €apysed

= €uupol 8V Ve (V) + 1) 7EXN (@) + (v — 1) EN (W)} + ViV el el EN(w)

Uza/sz vivi{(v, + V), §A6(w)

(16)
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<1 |]5,u|1 >
i M2M1

+ &5 (81 - ) EL (@ + €apyoeterl v]vd{(v) + 1), €0 (@) + (v — vy), 4P (W)},

where the initial and final quantities have subindices 1 and
2, respectively, &;, and g;,, are polarization vector and
tensor, v; and v, are velocity vectors defined by P; =
M,v, and P, = M,v,, which in the Breit frame have
components, v) =v) =1y, vi=—-vi=1yV, and w =
v, * v, = P, - P,/(MM,), which in the Breit frame is
related to V by

1+ V2
1 -V
In our model the 1" mass-eigenstates appearing in
Egs. (13) and (14) are characterized by the quantum num-

ber of j = L +s,, and *P, and ' P, dominant states are
denoted by “*P, % and “p,”, respectively. This is the

w =1+ V?) = (18)
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Ewpa[8182p{(vl + Uz)af(ll)(w) + (v —vy)?” (11)(w)} + vivg{el(e; - ul)g(”)(w)

(17)

reason why we have two kinds of form factors in these
equations, i.e., k = 4,5 and k = 6, 7. There are alsotwo 1~
states with k = 1, 10 in Eq. (10) corresponding to S, and
3D, states, respectively. Each component of the matrix
elements of the axial-vector current in the Breit frame
is written down with the polarization vectors/tensors in
each rest frame of the initial and final mesons in
Appendix A.

In order to obtain explicit forms of the form factors, £4’s,
we need to calculate the matrix elements by inserting the
explicit forms of the wave functions. According to Eq. (9)
the matrix elements of the axial-vector current are eval-
uated in terms of the wave functions in the rest frame of the
heavy-light mesons, ;(F, M), as follows:

M ~ y | [de ! 1trl:yz(uz, i(7i - 7)vy)G Ypy, oy, 0r, 0'3)G( PR )yl]ei‘iz, (19)
2/M M, 47r? 2 —i(i - o),
=, — u;(r)

(7, M) (-i(ﬁ' &)vi(r))yi’ (20)
where g = —2myV, 0; = 0; ® 1,5, and 7i = 7/r. By substitution of the explicit expression for G, the matrix elements of
each component of the axial-vector current are obtained as follows:

(ol ] BT
;”;’5_‘”1 = iy [ @ vy — v 5 i G e, e
; 1 o o _
W) — ot [y utysode + 37 [ Px v Julisi- 9ot e, @2)
1 1 .
<12//\2/|15|l> fd x4ﬂ_ 5 Unlly = tr[yza ylefd® + [d3 122V tr[yz(ﬁ cd) o o)y e
+ [@x eV uistonn (- 310, - wvio,Gi- e (=12 @3)

The angular-spin part of the wave functions, y;({)), are
given in Appendix B.

The form factors, &4’s, are expressed in terms of the
radial wave functions u’s and v’s in Appendix C, where we
have adopted only the terms up to the first order in V. The
formula for the decay width,

ke
Py, k| L, (0)| P2
st2211+12'< ookl Ly (O)1P)

(24)

is also evaluated in terms of £,’s in Appendix C, where kg
is the momentum of the chiral particle in the rest frame of
the parent heavy-light meson.

If the mass difference of the parent heavy-light meson
with strangeness and daughter nonstrange meson is smaller
than the kaon mass, then the parent heavy-light meson with
strangeness decays into a heavy-light meson with strange-
ness and a neutral pion through 77°-7 mixing. The mixing
parameter € has been related to the current quark masses by
Gasser and Leutwyler [7] as follows:

V3
4 my

my —m,

= 1.00 X 1072
~ g+ mgjz 000

€ =

(25)

As aresult, the formula of the decay width is multiplied by
the factor €2(= 1.00 X 10™%), in addition to the factor 2/3
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TABLE 1. Values of the parameters.
a; a (GeV™h) b+ m,(= m,;) MeV/c?) b+ m; MeV/c?) m, (MeV/c?) m;, (MeV/c?) g’
0.259(D) 1.937 86 168 1023 4634 0.608
0.392(B)

[the square of the coefficient of ¢g in the octet meson
matrix (3)].

III. NUMERICAL RESULTS

In the leading order of 1/m, expansion, the radial wave
functions u(r) and v(r) are determined by the following
Dirac equation:

(L Ge) ()
% 1;‘ —-m, —S+V v(r) B v(r) )

(26)

where S and V are confining scalar and Coulombic poten-
tials parametrized by S(r) = b + % and V(r) = %. k is
the eigenvalue of the operator — 3 q(Z - G, + 1). The states
with the total angular momentum j and j + 1 have the
same value of k, and they have the same radial wave
function and the same eigenvalue E. For example,
S-wave states 0~ and 1~ with k = —1 are degenerate.
Taking into account the asymptotic behaviors at infinity
and at the origin, u(r) and v(r) are approximated by the
following forms:

7
u(r) = rvexp{—r?/a* — (b + m,,)r}z aﬁ")r", 27
i=0

7
v(r) = r”exp{—r*/a*> — (b + mq)r}z af.”)r", (28)
i=0

where y = 4/k* — (*¢:)%. The values of the parameters

used in the numerical calculation are listed in Table I,
which are determined so as to reproduce the mass spectra
of the heavy-light mesons in the order of 1/m. (See
Ref. [1].) In the present calculation the constant » and
the light quark mass appear only in the linear combination,
and the values of this combination are given in the table.
Here different values of the strong coupling « are used
for D/D, and B/B; mesons. This parameter set is not a
unique solution, but the results are not so changed even if
we take another set of values given in Ref. [2]. The axial-
vector coupling constant g is determined so that the
calculated decay widths of D**(2010) agree with the ex-
perimental values. The value of g2 is taken as 0.608 with a
27% uncertainty. The errors of prediction are caused by the
uncertainty of our parameters besides g, and only the
central values of the calculated widths are shown in
Tables II, III, IV, and V. kj is the momentum of the emitted

chiral particle in the rest frame of the parent heavy-light
meson. The observed widths in our tables are taken from
Ref. [8], and experimental values depending on model
assumptions are omitted.

The narrow width of D*(17) is due to the smallness of
the Q value. The width of D(2420) is smaller than that of
D;(2430) by an order of magnitude. The values of k of the
former and the latter are assumed to be —2 and 1, respec-
tively, and their angular momenta neglecting the heavy
quark spin denoted as j, are % and %, respectively. By the
parity and the angular momentum conservation, 17" is able
to decay into 1~ and one pseudoscalar particle with an
orbital angular momentum of L = 0 or 2. Since j, of the
daughter meson D*(17) is 4, D;(2420)(k = —2) emits a
pseudoscalar particle with L = 2 only, while D;(2430) X
(k = 1) emits one with L = 0. This is the widely accepted
explanation of the difference of the decay widths of
D;(2420) and D,(2430). As for the time component of
the axial-vector current, this argument is true and the ratio
of the matrix elements is almost 0.001. As a matter of fact,
the space component parallel to the momentum of the
emitted particle in the Breit frame is not so suppressed,
and the ratio of the widths amounts to 10.

D5, D;,(2317), and D,;(2460) are kinematically forbid-
den to emit a strange particle, and their decays proceed
through the 7°- mixing. The mixing parameter € is
assumed to be 0.01, and these decay widths are smaller
than those of the heavy mesons allowed to decay with an
emission of a strange particle by 4 orders of magnitude.

3P,(0%), “3P,”(1%), and 3D, (1%) states of the bottom
meson are not yet established, and their masses are taken
from our paper [1]. The only observed decay width of
B3(5747) is consistent with our prediction.

3P, (0%), 3P, ”(17), and *D, (17) states of the B, meson
are not yet found, and their masses are also taken from our
paper [1]. As is the D, meson, the narrow widths of
3P,(0%) and “3P,”(1%) states of the B, meson are ex-
plained by kinematics. The predicted mass values of these
particles are below the threshold of kaonic decay, and they
decay only through the 7%-n mixing.

IV. NEW SUM RULES ON THE DECAY WIDTHS
IN THE LIMIT OF my — o

In the limit of m,y — oo, the spin of the heavy quark is
decoupled from the orbital angular momentum and the spin
of the light quark, and the radial wave function is solved for
each eigenvalue of k. The states with J¥ and (J + 1)” take
the same value of k, and they belong to the same spin
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TABLE II. Numerical evaluation of the decay widths of excited D mesons. Here “3>P,” and “! P, are mixed states of pure 3P, and
P, states. See Ref. [1] for details.

Initial state (3L ) Final state kr (MeV/c) I'y, MeV) [exp MeV)
D*0 D7~ Not allowed
(3s)) DO 43.1 0.042 <1.3
D** DO7r* 39.5 Input 0.065 + 0.018
(3sy) D=7 382 Input 0.029 = 0.08
D}5(2400)° D= 7™ 414.2 0.99 X 107
D070 419.4 0.50 X 107
CPy) D7 (sum) 2.5 X 102
All 261 + 50
Dj5(2400)* DO 461.3 1.2 X 102
D=0 4585 0.61 X 107
Py D7 (sum) 1.8 X 102
All 283 =24 =34
D;;(2400) D*m 0 Not seen
D,(2430) D 0
D,(2430)° Dt 358.7 0.76 X 10?
D070 363.1 0.39 X 10%
(3P D* (sum) 1.9 X 107 07
"
All 384 g5 E 74
D,(2420) Dm 0 Not seen
D, (2420)° D** 354.5 2.7
D*070 358.9 1.5
1P,”) D*a (sum) 6.9
All 20.4 += 1.7
D,(2420)* DOm* 358.4 2.9
D** 7 357.0 14
“tp,”) D*7 (sum) 43
All 256
D3(2460)° D=7+ 505.5 6.8
D070 510.2 3.6
(Gry) D= 389.2 2.6
D070 3934 1.4
Dm + D7 (sum) 24
All 43 + 4
D}(2460)* DOr* 508.4 7.1
D=0 505.6 34
(P, D= 391.2 2.7
D** 70 389.7 1.3
D + D7 (sum) 15
All 37+6
D(2760)° D a* 739.6 48
D70 743.6 2.4
(D) D=7~ 638.9 0.79
D*070 642.1 0.41
D + D*7r (sum) 14
All 60.9 £5.1
D(2760)* DO7* 742.9 4.9
D* 70 740.3 2.4
¢D,) DOt 641.3 0.81
D** 70 639.6 0.39
D + D7 (sum) 8.5
All No exp
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Numerical evaluation of the decay widths of excited D, mesons.

PHYSICAL REVIEW D 85, 014036 (2012)

Initial state (*5*'L)) Final state kr (MeV/c) Iy (MeV) Fexp (MeV)
Di*(S)) D 47.8 8.0X 107 <0.11
D?,(2317)* Dy 0 297.7 3.8 X 1073 <3.8
CPy) D a0 148.0 0
D,,(2460)* DIl 424.8 0
(“3P,”) D= a0 297.3 3.9x1073 <17
D, (2536)* DK~ 390.4 0 Not seen
D*K° 385.6 0 Not seen
(“1pP) DK+ 165.3 0.066
D**K° 159.4 0.055
D*K (sum) 0.12
All <2.3
D, (2573)* DK™ 4339 3.4
D*K? 429.4 33
N DK~ 242.6 0.27
D** K 238.3 0.24
DK + D*K (sum) 7.2
All 205
D,(2818)* DK+ 673.2 6.6
D=K? 669.8 6.4
CDy) DK* 547.3 1.1
Not observed D** K 544.8 1.0
DK + D*K (sum) 15
TABLE IV. Numerical evaluation of the decay widths of excited B mesons.
Initial state (*5*'L,) Final state kr (MeV/c) Iy, MeV) Lexp (MeV)
B;(5590)° B 7+ 269.9 35
0
(GP,) BO7° 271.8 17
Not observed B (sum) 87 No exp
B,(5646)° B 7~ 280.7 37
1
(3P, B0 282.8 19
Not observed B*r (sum) 93 No exp
B,(5721)° B** 7+ 360.0 7.5
('pP,) B 070 361.7 3.8
B*r (sum) 19
All No exp
B;(5747)° B+ 424.4 6.4
B0 4255 32
N B*=n* 379.5 5.7
B 070 381.1 29
Bar + B*7r (sum) 30
All 227135 5
B(5985)° B 7+ 651.0 5.8
BO7° 651.6 2.9
(3D,) Not observed B+ 609.4 2.3
B 070 610.3 1.1
Bm + B*7 (sum) 20 No exp
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TABLE V. Numerical evaluation of the decay widths of excited B; mesons.

Initial state (*5*'L)) Final state kr (MeV/c) Iy, (MeV) Lexp (MeV)
B*,(5615)° Bim0 204.2 1.6 X 1073 No exp
(3P,) Not observed Bi040 0
B,,(5679)° BY7° 0
(“*P,”) Not observed B0 224.0 1.9 x 1073 No exp
B,,(5830)° BT K~ 2292 0
BOKO 230.5 0
(“IPI”) B*“K~ 93.6 0.011
B*KO 98.3 0.014
B*K (sum) 0.036
All No exp
B*,(5840)° B*K~* 250.6 0.56
BOKY 251.8 0.58
(3P2) B*=K~ 135.3 0.041
B*KO 138.6 0.046
BK + B*K (sum) 1.8
All No exp
B,(6025)° B*K~ 523.1 10
BK® 523.5 10
CD)) B**K* 465.9 3.5
Not observed B*KO 466.8 35
BK + B*K (sum) 41 No exp

multiplet. They are mixed by the spin rotation of the heavy
quark, R. If we denote the transformation of the state as

RI|P k p)= 1P,k q) (29)
then
R (ZIP.k pXP.k PR = FIP. b gXP. kgl (G0)
)4 q

where P stands for the four-momentum of the heavy-light
meson, k is the eigenvalue to discriminate the spin multi-
plet, and p and ¢ label the polarization of the total spin.
The sum is taken over all states belonging to the same spin
multiplet. Because the axial-vector current for the light
quark and hence the interaction given by Eq. (2) are
invariant under R, we obtain the following relation among
the transition amplitudes:

Z|<P17 k/’ plllimlpy k: p>|2 = ZKPI: k/r pllRTRLm[RTRlp’ kr p>|2

P’ 4

= (P IR Lo R(TIP, K. p)P K o )R L RIP. K )
P’

= (P, k gl Lin D |P', K, ' XP, K, ¢'| Li|P, K, q) = D (P, K, ¢'| Ling|P, K, gD

q

Neglecting the mass difference of the mesons in the same
multiplet, we obtain the following relation on the decay widths:

S T(P.k p)— P, K, p') + w/K) = D (P, k q)
P’ P’

— |P K, p"y + 7/K), (32)

where the sum is taken over all states belonging to the same
spin multiplet and p and g are in the same spin multiplet also,

(3D
q
[
1
I'(|P )y — |P, K, p'y+ 7/K
37 2 DUP ke p() = 1P K, p') + m/K)
p().p
1
=————— > T(Pkp(j+1)
2(j+ 1) + 1 N
— |P K, p"y + w/K). (33)

We are able to explicitly confirm these sum rules in the
case of the initial states (07, 17) with k = 1 and (1F,2%)
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with k = —2 and the final states (07, 17) with k = —1 by
using the expressions of the decay widths given in
Appendix C.

As a matter of fact, there exists mass difference between
the mesons belonging to the same spin multiplet and the
sum rules are violated more or less by the kinematical
phase factor. Among the various decay modes the follow-
ing sum rules are not largely affected by the kinematical
phase factor because of relatively small mass difference
between initial and final heavy-light mesons, and these
rules should be confirmed by experiments:

I(D%,(0*,2317)— D,(0~, 1968) + )
=T(D,,(17,2460)— D*(1~,2112) + ),
I'(B*,(0*,5615)— B,(0~,5366) + )
—T'(B,,(17,5679)— B*(1~,5415) + ).
(34)

Here the decay modes 0f — 1~ + 7 and 1* -0~ + 7
are forbidden and the sum rules are simply reduced to the
above equations.

V. CONCLUSIONS AND DISCUSSION

The wave function of the heavy-light meson in the
moving frame is approximately related to the one in the
rest frame. Then the transition amplitudes of the excited
states of the heavy-light meson to the lower states by
emitting a chiral particle are expressed in terms of the
wave functions of the heavy-light meson in the rest frame.
The plane wave of the emitted particle, e~ )2 has been
inserted without an explanation by all authors in the pre-
ceding works, but we have found that a phase factor
e %moVz should be inserted instead of e 2. The boost
operator affects the matrix elements of the components of
the axial-vector currents perpendicular to the momentum
of the emitted chiral particle. However these components
are irrelevant in our calculation because the matrix ele-
ments of the axial-vector current are contracted with the
momentum of the emitted chiral particle.

We have used the wave functions of the heavy-light
meson obtained by the relativistic potential model in
Ref. [1]. Because 3P,(0%), “3P,”(17), and *D,(17) states
of the B and B, mesons have not yet been observed, we
have used our predicted mass values for these particles [1].

The partial decay widths of the excited heavy-light
meson emitting one chiral particle are numerically eval-
uated, and the predicted values are consistent with the
experimentally observed total decay widths of excited
heavy-light mesons.

One of notable predictions is the narrow decay widths of
undiscovered B,(0", 1*) mesons. Our predicted mass val-
ues of these are below the threshold of the kaonic decay,
and they decay through the #7%-n mixing with narrow

PHYSICAL REVIEW D 85, 014036 (2012)

decay widths of a few keV. Our predictions await the
experimental confirmation.

The parameters used in our calculation are not much
different from those used by Di Pierro and Eichten [5],
but the plain wave of the emitted particle (e %) in the
transition amplitudes is replaced by another phase factor
e 2imoVz due to the recoil effect. This replacement makes
the decay widths large in general, because the oscillatory
cancellation due to this phase factor becomes weak.

There are numerous studies to compute the decay widths
using the Schwinger-Dyson amplitudes, for example,
Ref. [9] and references therein. The coupling constant g
appearing in these articles and our axial-vector coupling
constant g appearing in Eq. (2) are related to each other in
the case of D* — D + 7 or the kinematically forbidden
case of B* — B + 7 as follows:

k#{0~ r|js,|17) = (Hw|H") (in their notation),

29 /MG,
left-hand side ~ “8Y 1772 ; 2 (101 — B )es

29 /MM,

N
fa
28 MM
right-hand side = g 7 ! 2k3e3, 8775;12) ~ .

(35)

n"’s are defined in Eqgs. (C1) and (C2) in Appendix C,
which are the overlapping integrals of the initial and final
wave functions. Coupling constants thus determined may
be used in the study of dissociation processes 7 + J/ iy —
D+ D or m+ Y — B + B by exchanging D* or B*. We
have obtained gn'}y = +/0.608 X 0.74 = 0.577 while they
gave the value ¢ = 0.53 using the leptonic decay of the
heavy-light system [9]. Agreement of these values is not
surprising because the authors of Ref. [9] also have fitted
couplings with the experimental data.

In the course of the calculation, new sum rules are found
to hold in the limit of mg — 0. Among these rules,
I'(D},(2317) — D + 7) = I'(D;(2460) — D + ) and
I'(B;,(5615) — B, + m) = I'(B,1(5679) — B + m) are
supposed to hold with a good accuracy and should be
verified by future experiments.

The radiative decays of the heavy-light mesons are
under study in the same formalism as the present one and
the results will be published in the near future.

APPENDIX A: TENSOR STRUCTURES
OF THE MATRIX ELEMENTS
OF THE AXTAL-VECTOR CURRENT

The matrix elements of the axial-vector current are ex-
pressed by the polarization vectors/tensors in the rest frame
of each heavy-light meson as follows:
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OTSITD _ oye3e® 4060
NuE e
el &) 2] yeel +2v2El), (k=1,10)
(A1)
0~ [j£10*
% y(£2 0,0, vED), (A2)
1~ ot
< |.] | > 2V(0, 8*2, _8*1, 0) (A3)’ (AB)
2 /MM,
o7l _ ")
5L =92V(0, &% —&!,0)¢ (k=4,5),
2/M,M, A
(Ad)
a-lenty *)
2= —Y[(weije}’ + ele])Ey]
2i /—1 1€ 1€
+ 72‘/28 823{§(k) (k)}]
(I3 _ %)
A L \% #3 + l #]
zlm - [((1)8 82 8 )§
7 823{5“‘) £t
<1_|j§|1+> 2y 3 (k) 3gl (k)
L= el Jeh k=6717
ZI\W 7 { f 182 §A4 ( )
(AS5)
(U V7 AR S 8 8 8
=12V (yVe33 ()+2 2 () ()
Signar. Y (Ve L€y +2y{ép + &30
1(481) 82351&31)’ ,},833[5(8)4_272‘/2{5(8) (8)}])
(A6)
(171212%)
= 243V2(g3e72 — 3 £+l ) ) )
2 /ML, Y (81 ) ){‘f Y ‘f }
(171j312%) ©) ©)
S = 2y V(eles — e HEY — 2V,
2 /LM, ) 1 A7
A-1i12%) ©)
= = 294 V{(ePPe5} — ePeSD) €L
2 /ML, 1€ 1 €2
+ V2(823 3 4 8%3 *2)5292)}
_ yZV[(ws?s? + S%j *.i)§(9)
+ 474V2{s%3 (9) %3 *2 (9)}] (A7)
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(1712117) .
21\/_1 V(s}sz2 € 821){5(“) 2y? §(“)}
(I713017) 2
21.7\/5_1 == ')’(8}8 81821){5(“) 2’)/2V2§(“)}
<1_|J |1 >
S 5 2{( _81 22)5(11)
+ V2e2ed + ele)El)
_ 2’)/4V2{81 (11) *25(11)} (AS)

where the repeated roman indices should be understood as
contraction with respect to the spatial components perpen-
dicular to the momentum, thatis, e} &5’ = ¥, ,&{&5". The
lower indices 1 and 2 of M and the polarization vectors/
tensors stand for the initial and the final one, respectively.

APPENDIX B: THE ANGULAR-SPIN PART OF THE
WAVE FUNCTIONS

Polarization vectors and tensors of mesons satisfy the
following orthonormal conditions and completeness

conditions:
e 50) =5, (p,g=1,2,3), (B1)
(p)* =
z p) ﬁp) 8, (B2)
P

Za(p)* W =5, (pg=12345, (B3

(P) g (p) 86 8.8 28 o
Zs /k/ —7( / kk' + jk/ k] 3 Jjk jlk/)' (B4)

The angular-spin part of the wave functions of various
spins takes the expression with the polarization vectors or
tensors as listed in Table VI.

They satisfy the orthonormal conditions,

dQ 1 By
[ 5w y1=0,, (85)
where p and ¢ represent both the polarization state and the
spin state.

APPENDIX C: THE DECAY WIDTHS IN TERMS OF
THE RADIAL WAVE FUNCTIONS

The transition amplitudes are expressed by the radial
wave functions and the spherical Bessel function, f(x) =
sinx/x, as follows.
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TABLE VI. The angular-spin part of wave functions of low lying states.

2S+1LJ k y(p)

'S, -1 1

351 —1 &-&w

3P, 1 n-o

“3P1” 1 (ﬁ . 5—)(5— . é’(P))

“lPl” -2 715{3,3 <8P — (i - 5) (5 - 8W)}
3P2 -2 ﬁnjoksjk

3D1 2 %{3(5 . g(p))(;; - F) — (G- g(p))}

(1) 17(S,) — 07 (1S,):
7'\ = vl +2€0)

- [ drf(qrusv, — vauy) + O(V3),
(C1)

nY = &4 + 22
— [ Al f (g — {f(gr) + 2f"(qn}vsv]
+ O(Vz), (C2)

/(411) = [dr[f(qr)uzul + f'(gr)v,v,
= V' (gr)(uyvy + voup)] + O(V?), (C3)

_ (80 kgM, )

(1)
M, 12 WMyl — kg (C4

(2) 07CPy) = 07 ('Sy):

& = = [ drfanten, = v + 002)
(&)
P = ved
= — /drf’(qr)(uzul + vyv) + O(V3),

(Co)

(8() Mykg
2nf2M,
(3) 0*CPy) — 17C 51)-

{Bf‘” kgnP¥. (CT)

fo) = [dr{—f’(qr)(uzul — vvy)

— Vf(griuv, + Vf"(grivou} + O(V?),
(C8)

014036-11

I'=0. (C9)
@) 15(3P,") = 07 (1S,)
vew — [ dr{=f(qr)usu, — vyv)
— Vi(gRuw, + VI (g} + O(V3),
(C10)

I'=o0. (C11)
() 1°('P7) = 07 ('S,):

ved = s [ tantun, - v - S istan)

+ 37 (g, + 3 (3f(ar)
+ f(gn)tvauy ] + O(VY),
(C12)
r'=o. (C13)
(© 1 (7P = 1705,

© _ [ drf(qruv, — vouy) + O(V2), (Cl4)

6) 6
2 = Vel

- f drf(qr)(u, + vovy) + O(V3), (CI5)

é;(f)) é:(ﬁ)
- [ dr{~f(qr)usu, — vyv)

— Vf(gruyv, + VI (gr)vau,} + O(V3),
(C16)

(84)*kgM,

(6) —k (612 C17
277'le2 {w B‘f BTA 1. ( )

I =
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(7 15 (1P) = 170S)):

0 =35 [ artstan + 37 @nluswy = va) + 07
nill = &+ VAED + £l = 28l + oV,
g = VED = 7 f drl=f'(gruyuy +{2f'(gr) + 3f"(gr)hvyv ] + O(V?),
73 = VIED + &5 - &l = —2n) + 0(V?),
ved = 7 = [ar] ran + @G0 + 370t = S + 37

- 2B + 57 g | + 00,

Vel = — f drl=2f"(qryuyu, — {f'(qr) + 3" (gr)}vyv, + Vif(gr) + 3f"(gnhuyv,

+ 2V (grvau, ] + O(V?),

(8)*kgM,
77'le2

(8)*kgM, 1

(7) (M2
—k
2 le2 { Bf BT A }

r= Zle sE0 = kgD X 2+ {wpn) — kyn (] = 222822

(8) 2+(3P2) - 07(15()):

n) = VLS 4 268 + 260y = V2 j drif(qr) +3f"(gr}uv) — vauy) + O(VY),

n = VIS +2v{ed - £Q =3 f drl—fi(griusu, + 2f'(qr) + 3" (gr}vyv, ] + O(V3),

ved =3 [ drl—f'(qrywyuy —{f'(gr) + 21" (gr)}vov, + {f(qr>+3f"<qr>}<u2v1+v2u1>]+0<v3>,

(8 kpM
755 Mszz{ B”I(g) an(8)}2
9) 27¢P,) = 17(S)):
n =2V — 260 3 [ dr{f(gr) + 3f"(qr}usv, — vouy) + O(V4),

n'y = 2VieY — 2v2Eh = V3 ] drlf'(gruyu, = {2f'(gr) + 3f"(gr)}tvav ] + O(V3),

= VED =5 [dil—{ran + G, + Vifan + @] + 00,
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(C18)

(C19)

(C20)

(C21)

(C22)

(C23)

(C24)

(C25)

(C26)

(C27)

(C28)

(C29)

(C30)

(C31)
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W= 2V £0) + VALY + 2600

=\/§fdr[—f’(qr)uzu1 —{f'(qr) +2f"(gr)}vsv, +g{f(qr)+3f”(qr)}(uzv1 +vu)]+0(V3),  (C32)

_ (80 keM,
107 M, f2

9) o

{w 377( kB”’I

(10) 1_(3D1) - O_(IS())'
ni = VE + 2600 = —2 [[drf'gn(us, — vau) + O(V)

nly) = &l +2v2el) = 5 [ drl={f(gr) + 3" (qrlusu, + {f(gr) — f"(gr}vyv,] + O(V?),

_ (80)krM,
67TM1f2

(10) (10)}2

{w wpMy — kpmy

A1) 17CD) — 17CS,):
77(11) = V(fﬁb” + 25(11) fdrf/ gr)(uavy — vouy) + O(V3),

ny = &Y+ 22l = 35 f dr{f(qr) + 3f"(grhuyu, + {=f(qr) + f"(grivsv ] + O(V?),

(84)*kgM,
37TM1f2

r— (11 (02,

{w WpMyg an

(C33)

(C34)

(C35)

(C36)

(C37)

(C38)

(C39)

As defined in Sec. II, ¢ = —2myV. V is the velocity of the heavy-light meson in the Breit frame. wg and kg denote the
energy and momentum of the emitted chiral particle in the Breit frame, respectively. {, which appears in the final

expression of I, is % times the coefficient in front of the chiral field in the matrix Eq. (3).
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