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We study the lepton flavor-violating processes in the simplest little Higgs model. First, we examine the

constraints on the relevant parameters from the rare decays li ! lj� (i � j and li ¼ e;�; �), especially

for the latest data of Brð� ! e�Þ. Then, we calculate the lepton flavor-violating processes eþe� ! li �lj
and �� ! li �lj at the International Linear Collider and find that the simplest little Higgs model can

produce significant contributions to these processes. The rates of �� ! li �lj can reach Oð1Þ fb in the

parameter space allowed by the experimental data, which implies that these processes may be observed at

the International Linear Collider.
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I. INTRODUCTION

Little Higgs theory [1] has been proposed as an interest-
ing solution to the hierarchy problem. So far, various real-
izations of the little Higgs symmetry structure have been
proposed [2–5], which can be categorized generally into two
classes [6]. One class uses the product group, represented by
the littlest Higgs model [3], in which the standard model
(SM) SUð2ÞL gauge group is from the diagonal breaking of
two (or more) gauge groups. The other class uses the simple
group, represented by the simplest little Higgs model
(SLHM) [4], in which a single larger gauge group is broken
down to the SM SUð2ÞL. The flavor sector of little Higgs
models based on product groups, notably the littlest Higgs
model with T-parity (LHT) [5], has been extensively studied
[7,8]. Recently, some attention has been paid to the flavor
sector of SLHM [9–11].

The lepton flavor-violating (LFV) processes are ex-
tremely suppressed in the SM but can be greatly enhanced
in new physics models. Therefore, the LFV processes can
be a sensitive probe for new physics, which have been
studied in R-parity conversing minimal supersymmetric
standard model (MSSM) [12,13], R-parity violating
MSSM [14], topcolor-assisted technicolor (TC2) model
[15], and LHT [8]. The SLHM predicts the existence of
heavy neutrinos, which have flavor-changing couplings
with the SM leptons mediated, respectively, by the SM
gauge boson W� and the new heavy gauge boson X�.
These couplings can give great contributions to LFV pro-
cesses at the one-loop level.

The next generation eþe� International Linear Collider
(ILC) with the center-of-mass energy

ffiffiffi
s

p ¼ 0:5–1 TeV
and the integrated luminosity Lint ¼ 500 fb�1 with the
first four years is currently being designed [16,17]. In
such a collider, in addition to eþe� collision, one can
also realize �� collision with the photon beams generated
by the backward Compton scattering of incident electron

and laser beams. Because of its rather clean environment
and high luminosity, the ILC can precisely measure the
LFV processes eþe� ! li �lj and �� ! li �lj (i � j and li ¼
e;�; �). Very recently, the MEG Collaboration presented
the upper limit of 2:4� 10�12 on the branching ratio of the
� ! e� decay, constituting the most stringent limit on the
existence of this decay to date [18]. The upper bounds on
Brð� ! e�Þ and Brð� ! ��Þ are respectively 1:1� 10�7

and 4:5� 10�8 [19]. In the framework of SLHM, we study
the eþe� ! li �lj and �� ! li �lj at the ILC, taking into

account the constraints from li ! lj� decay.

This work is organized as follows. In Sec. II, we reca-
pitulate the SLHM. In Secs. III and IV, we study, respec-
tively, the LFV processes li ! lj�, eþe� ! li �lj and

�� ! li �lj. Finally, we give our conclusion in Sec. V.

II. SIMPLEST LITTLE HIGGS MODEL

The SLHM is based on ½SUð3Þ �Uð1ÞX�2 global sym-
metry [4]. The gauge symmetry SUð3Þ �Uð1ÞX is broken
down to the SM electroweak gauge group by two copies of
scalar fields�1 and�2, which are triplets under the SUð3Þ
with aligned vacuum expectation values (VEVs) f1 and f2.
The uneaten five pseudo-Goldstone bosons can be parame-
terized as

�1 ¼ eit��
0

0

f1

0
BB@

1
CCA; �2 ¼ e�ði=t�Þ�

0

0

f2

0
BB@

1
CCA; (1)

where

� ¼ 1

f

2
4 0 0

0 0
H

Hy 0

0
@

1
Aþ �ffiffiffi

2
p

1 0 0
0 1 0
0 0 1

0
@

1
A
3
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f ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f21 þ f22

q
and t� � tan� ¼ f2=f1. Under the SUð2ÞL

SM gauge group, � is a real scalar, whileH transforms as a
doublet and can be identified as the SM Higgs doublet. The
kinetic term in the nonlinear sigma model is*xfhan@itp.ac.cn
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where gx ¼ gtW=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� t2W=3

q
, and tW ¼ tan�W with �W

being the electroweak mixing angle. As �1 and �2 de-
velop their vacuum expectation values, the new heavy
gauge bosons Z0, Y0, Y0y and X� get their masses after
eating five Goldstone bosons,

MX ¼ gfffiffiffi
2

p
�
1� v2

4f2

�
;

MZ0 ¼
ffiffiffi
2

p
gfffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

3� t2W

q
�
1� 3� t2W

c2W

v2

16f2

�
;

MY ¼ gfffiffiffi
2

p : (4)

The gauged SUð3Þ symmetry promotes the SM fermion
doublets into SUð3Þ triplets. For each generation of lepton,
a heavy neutrino is added, whose mass is

mNi
¼ fs��

i
N; (5)

where i ¼ 1, 2, 3 is the generation index and �i
N is the

Yukawa coupling constant.
After the electroweak symmetry breaking (EWSB), the

light and the heavy neutrino of the same family have the
mixing, which is parameterized by �v ¼ � vffiffi

2
p

ft�
. The

mixing angel �v is experimentally constrained to be small
[20] and taken as a typical upper limit �v < 0:05 following
Ref. [9]. Besides, there is family mixing as long as the
Yukawa matrix of heavy neutrinos and that of leptons are
not aligned. This can induce the lepton flavor-changing
interactions of charged currents proportional to

Vij
‘
�Ni�

�Xþ�lj and �vV
ij
‘
�Ni�

�Wþ�lj, where Vij
‘ is the

mixing matrix [6,9,10].

III. THE LFV PROCESSES� ! e� AND eþe� ! li �lj

In our calculation, we take the ’t Hooft-Feynman gauge.
The flavor-changing interactions between the heavy neu-
trino and lepton, mediated by the gauge bosons (corre-
sponding Goldstone bosons) X� (x�) and W� (	�), can
contribute to these decays. The relevant Feynman rules can
be found in Ref. [9], and the Feynman diagrams for
eþe� ! li �lj can be depicted by Fig. 1. The SLHM can

contribute to the LFV processes eþe� ! li �lj via the effec-

tive vertices �li �lj, Zli �lj, Z
0li �lj, and the box diagrams. The

calculations of the loop diagrams in Fig. 1 are straightfor-
ward. Each loop diagram is composed of some scalar loop
functions [21], which are calculated by using LOOPTOOLS

[22]. The calculations are tedious, and the analytical ex-
pressions are lengthy, which are not presented here.

Very recently, the MEG Collaboration presented the
upper limit of 2:4� 10�12 on the branching ratio of
the � ! e� decay, constituting the most stringent limit

on the existence of this decay to date [18]. The upper
bounds on Brð� ! e�Þ and Brð� ! ��Þ are, respectively,
1:1� 10�7 and 4:5� 10�8 [19]. The li ! lj� can be

depicted by the effective vertex �li �lj involved in Fig. 1.

We take� ! e� as an example to show analytic results.
The partial width for � ! e� can be expressed in terms of
the dipole form factors of the lepton flavor-changing one-
loop vertex as [9]:

�ð� ! e�Þ ¼ 


2
m3

�ðjF�
Mj2 þ jF�

Ej2Þ; (6)

where

F�
M ¼ �iF�

E

¼ 


16�s2W

m�

M2
W

X
i¼1;2;3

Vie�
‘ Vi�

‘

�
v2

2f2
FXðxiÞ

þ �2
�FWðxi=!Þ

�
; (7)

with xi ¼ m2
Ni

M2
X

, ! ¼ M2
W

M2
X

,

FXðxÞ ¼ 5

6
� 3x� 15x2 � 6x3

12ð1� xÞ3 þ 3x3

2ð1� xÞ4 lnx;

FWðxÞ ¼ xð�7þ 5xþ 8x2Þ
12ð1� xÞ3 þ x2ð�2þ 3xÞ

2ð1� xÞ4 lnx: (8)

The SM input parameters relevant in our study are taken
as Ref. [23]. The free SLHM parameters involved are f, t�,

the heavy neutrino mass mNi
ði ¼ 1; 2; 3Þ, and the mixing

matrix V‘. To simplify our calculations, we assume the
heavy neutral lepton mass basis is aligned with the SM
neutrino mass basis, which induces V‘ to be equal to the
Pontcove-Mkai-Nagawa-Sakata neutrino mixing matrix.
Thus, the matrix V‘ can be parameterized with standard
form, and we take the parameters [24]

s12 ¼
ffiffiffiffiffiffiffi
0:3

p
; s13 ¼

ffiffiffiffiffiffiffiffiffi
0:03

p
;

s23 ¼ 1ffiffiffi
2

p ; �13 ¼ 65�; (9)

which is consistent with the experimental constraints on
the Pontcove-Mkai-Nagawa-Sakata matrix [25], and �13 is
taken to be equal to the Cabibbo-Kobayashi-Maskawa
phase. We assume that the heavy neutrino masses of the
first two generations are degenerate and take mN1

¼
mN2

¼ m1 ¼ 400 GeV.

In Fig. 2, we scan the following parameter space:

1 TeV< f < 6 TeV; 1< t� < 15;

0:5 TeV<m3 < 3 TeV; (10)

and plot, respectively, the decay branching ratio of � ! e�
versus f and m3 under the constraints of Brð� ! e�Þ and
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Brð� ! ��Þ. We find that the branching ratio drops as
the scale f gets large, and the reason is that the lepton
flavor-changing couplings �Ni�

�Wþ�lj and �Ni	
þlj are

proportional to �v ¼ � vffiffi
2

p
ft�

. Besides, the branching ratio

increases with the mass of the third-generation heavy
neutrino. The reason is that the decay width of � ! e�
is enhanced by the large mass splitting m3 �m1, which
increases with m3 since we have fixed the value of m1.
More specifically, due to the unitarity of the mixing matrix
V‘, the decay width of � ! e� shown in Eqs. (6) and (7)

equals to zero for the degenerate heavy neutrino masses of
the three generations, i.e x1 ¼ x2 ¼ x3. In our calculations,
we fix x1 ¼ x2, which can induce

X
i¼1;2

Vie�
‘ Vi�

‘

�
v2

2f2
FXðxiÞ þ �2

�FWðxi=!Þ
�

¼ �V3e�
‘ V

3�
‘

�
v2

2f2
FXðx1Þ þ �2

�FWðx1=!Þ
�
: (11)

Thus, Eq. (7) can be written as

FIG. 1. Feynman diagrams for eþe� ! li �lj in the SLHM.
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F�
M ¼ �iF�

E

¼ 


16�s2W

m�

M2
W

V3e�
‘ V

3�
‘

�
v2

2f2
FXðx3Þ þ �2

�FWðx3=!Þ

� v2

2f2
FXðx1Þ � �2

�FWðx1=!Þ
�
: (12)

The functions FXðxÞ and FWðxÞ will decrease as x in-
creases. However, when x is much larger than 1, FXðxÞ
and FWðxÞ are no longer sensitive to x and, respectively,
approach the limits 1

3 and � 2
3 . Therefore, with mN1

¼
mN2

¼ m1 ¼ 400 GeV being fixed, Eq. (6) and Eq. (12)

show the decay width of � ! e� will increase as m3 gets

large, but approach a limit where m3 is much larger than
mX.
Figure 2 shows the experimental data of Brð� ! e�Þ

favors f > 2 TeV and m3 < 2:5 TeV with mN1
¼ mN2

¼
m1 ¼ 400 GeV. Compared to the Brð� ! e�Þ, the lesser
region of the parameter space scanned is not allowed by the
upper bounds of Brð� ! e�Þ and Brð� ! ��Þ. This shows
that the upper bound of Brð� ! e�Þ can give more strong
constraints on the relevant parameters than those of
Brð� ! e�Þ and Brð� ! ��Þ for the values of V‘ and
the heavy neutrino masses of the first two generations
taken in our calculations.
In Figs. 3–5, we plot, respectively, the cross sections of

eþe� ! ��e, eþe� ! ��e and eþe� ! ��� versus m3 in
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FIG. 2 (color online). Scatter plots for Brð� ! e�Þ versus f and m3, respectively. The bullets (blue) and the crosses (red) are
allowed and excluded by the upper bounds of Brð� ! e�Þ and Brð� ! ��Þ, respectively.
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FIG. 3 (color online). The cross section of eþe� ! ��e versus m3. The incomplete lines for the values of t� show, respectively, the
upper bounds of m3 given by the experimental data of Brðli ! lj�Þ. In fact, f ¼ 3 TeV, and t� ¼ 1 is not allowed by the upper limit

�v ¼ � vffiffi
2

p
ft�

< 0:05 mentioned in Sec. II.
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the parameter space allowed by the experimental data of
li ! lj�. The upper bounds of m3 are, respectively, about

725 GeV, 1200 GeV, and 2500 GeV for f ¼ 3 TeV, f ¼
4 TeV, and f ¼ 5:6 TeV with mN1

¼ mN2
¼ m1 ¼

400 GeV. Compared to the SM predictions, SLHM can
enhance sizably the cross sections of the three LFV
production processes, and the magnitude increases with
m3. The cross sections can reach Oð10�4Þ fb for eþe� !
��e, Oð10�4Þ fb for eþe� ! ��e, and Oð10�3Þ fb for
eþe� ! ���. Such cross sections imply that it is challeng-
ing to detect the three LFV production processes at the
ILC.

IV. THE LFV PROCESSES �� ! li �lj

It is well-known that the ILC could offer the possibility
of working in the �� collision, thus realizing a high-energy
photon collider [16,17]. The SLHM can induce the LFV

processes �� ! li �lj at loop level. The relevant Feynman

diagrams are shown in Fig. 6.
Since the photon beams in �� collision are generated by

the backward Compton scattering of the incident electron
and laser beam, the effective cross section of �� ! li �lj can

be written as [26]


��!li �lj
ðsÞ ¼

Z xmaxffiffi
a

p 2zdz
̂��!li �lj
ðs��

¼ z2sÞ
Z xmax

z2=xmax

dx

x
F�=eðxÞF�=e

�
z2

x

�
; (13)

where s is the squared center-of-mass energy of eþe�
collision. F�=e denotes the energy spectrum of the back-

scattered photon for the unpolarized initial electron and
laser photon beams given by

10
-7

10
-6

10
-5

10
-4

10
-3

t  = 1

t  = 2

t  = 4

t  = 10

f = 3 TeV

m3 (GeV)

(e
+ e-

e)
 (

fb
)

10
-7

10
-6

10
-5

10
-4

10
-3

t  = 1

t  = 2

t  = 4

t  = 10

f = 4 TeV

m3 (GeV)

10
-7

10
-6

10
-5

10
-4

10
-3

500 550 600 650 700 750 500 600 700 800 900 1000 1100 1200 500 750 1000 1250 1500 1750 2000 2250 2500 2750

t  = 1

t  = 2

t  = 4

t  = 10

f = 5.6 TeV

m3 (GeV)

FIG. 4 (color online). Same as Fig. 3, but for eþe� ! ��e.
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FIG. 5 (color online). Same as Fig. 3, but for eþe� ! ���.
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F�=eðxÞ ¼ 1

Dð�Þ
�
1� xþ 1

1� x
� 4x

�ð1� xÞ

þ 4x2

�2ð1� xÞ2
�
; (14)

with

Dð�Þ ¼
�
1� 4

�
� 8

�2

�
lnð1þ �Þ þ 1

2
þ 8

�
� 1

2ð1þ �Þ2 ;
(15)

where � ¼ 4EeE0=m
2
e, with Ee being the incident electron

energy and E0 being the initial laser photon energy. x is the
fraction of the energy of the incident electron carried by the
back-scattered photon. In order to spoil the creation of
eþe� pair by the interaction of the incident and back-
scattered photons, we fix � ¼ 4:8, xmax ¼ 0:83, and
Dð�Þ ¼ 1:8 in our calculation [26].
Figures 7–9 show, respectively, the cross sections of

�� ! ��e, �� ! ��e, and �� ! ��� versus m3 in the para-
meter space allowed by the experimental data of li ! lj�.

FIG. 6 (color online). Feynman diagrams for �� ! li �lj in the SLHM. The effective �lilj vertex in (a, b) is shown in Fig. 1. The
diagrams obtained by exchanging the initial photons are not shown here.

10
-3

10
-2

10
-1

1 t  = 1

t  = 2

t  = 4

t  = 10

f = 3 TeV

m3 (GeV)

(
e)

 (
fb

)

10
-3

10
-2

10
-1

1 t  = 1

t  = 2

t  = 4

t  = 10

f = 4 TeV

m3 (GeV)

10
-3

10
-2

10
-1

1

500 550 600 650 700 750 500 600 700 800 900 1000 1100 1200 500 750 1000 1250 1500 1750 2000 2250 2500 2750

t  = 1

t  = 2

t  = 4

t  = 10

f = 5.6 TeV

m3 (GeV)

FIG. 7 (color online). Same as Fig. 3, but for �� ! ��e.
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We find the rates for �� ! li �lj can be several orders larger

than those of eþe� ! li �lj, which can reach Oð1Þ fb. The
reason is that the processes eþe� ! li �lj are s-channel sup-

pressed, while the processes �� ! li �lj get contributions

from u-channel and t-channel without such suppression.
Now, we discuss the observability of �� ! li �lj at the

ILC. The �� ! ��e is the best one and almost free of the
SM backgrounds. For �� ! ��e, its main backgrounds
come from �� ! �þ�� ! ���e ���e

þ, �� ! WþW� !
���e ���e

þ, and �� ! eþe��þ��. With suitable cuts, the
rates are 9:7� 10�4 fb for �� ! �þ�� ! ���e ���e

þ,

0:1 fb for �� ! WþW� ! ���e ���e
þ, and 0:024 fb for

�� ! eþe��þ��, respectively [13]. This implies the
production rate for �� ! ��e must be larger than 2:5�
10�2 fb to get a 3
 observing sensitivity with 3:45�
10�2 fb�1 integrated luminosity [27]. The backgrounds
for the �� ! ��� are similar to those of �� ! ��e. The
Figs. 7–9 show the processes �� ! li �lj at the ILC may be

observable in the broad regions of the SLHM parameter
space.
In Table I, we also list the production rates of �� ! li �lj

in the optimum case of different models. We can find
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FIG. 8 (color online). Same as Fig. 3, but for �� ! ��e.
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FIG. 9 (color online). Same as Fig. 3, but for �� ! ���.

TABLE I. The production rates for �� ! li �lj at the ILC with
ffiffiffi
s

p ¼ 500 GeV in the optimum case of different models.

MSSM with R-parity MSSM without R-parity TC2 LHT SLHM

�� ! ��� Oð10�2Þ [13] Oð10�2Þ [14] Oð1Þ [15] Oð1Þ [8] Oð1Þ
�� ! ��e Oð10�1Þ [13] Oð10�2Þ [14] Oð1Þ [15] Oð10�1Þ [8] Oð1Þ
�� ! ��e Oð10�3Þ [13] Oð10�4Þ [14] Oð10�3Þ [15] Oð10�1Þ [8] Oð1Þ
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that, since different models predict different patterns of the
rates and the differences are sizable, the measurement of
�� ! li �lj at the ILC may be utilized to distinguish the

models.

V. CONCLUSION

We studied the LFV processes in the framework of
the simplest little Higgs model. First, we examined the
constraints of Brðli ! lj�Þ on the model and found that

f > 2 TeV and m3 < 2:5 TeV is favored for mN1
¼

mN2
¼ m1 ¼ 400 GeV. Then, we studied the LFV pro-

cesses eþe� ! ��e, eþe� ! ��e, and eþe� ! ��� at the
ILC and found that it is challenging to detect the three LFV

processes at the ILC, although their production rates can
be enhanced sizably by SLHM. Finally, we studied the
LFV processes �� ! ��e, �� ! ��e, and �� ! ��� at the
ILC and found that their production rates can reach
Oð1Þ fb, which implies that the three LFV processes may
be observed at the ILC.
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