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In addition to three active neutrinos v,, v,, and v, one or more light sterile neutrinos have been
conjectured to account for the LSND, MiniBooNE, and reactor antineutrino anomalies (at the sub-eV mass
scale) or for warm dark matter in the Universe (at the keV mass scale). Heavy Majorana neutrinos at or
above the TeV scale have also been assumed in some seesaw models. Such hypothetical particles can weakly
mix with active neutrinos, and thus their existence can be detected at low energies. In the (3 + 3) scenario
with three sterile neutrinos we present a full parametrization of the 6 X 6 flavor mixing matrix in terms of 15
rotation angles and 15 phase angles. We show that this standard parametrization allows us to clearly describe
the salient features of some problems in neutrino phenomenology, such as (a) possible contributions of light
sterile neutrinos to the tritium beta decay and neutrinoless double-beta decay, (b) leptonic CP violation and
deformed unitarity triangles of the 3 X 3 flavor mixing matrix of three active neutrinos, (c) a reconstruction
of the 6 X 6 neutrino mass matrix in the type-(I+II) seesaw mechanism, and (d) flavored and unflavored

leptogenesis scenarios in the type-I seesaw mechanism with three heavy Majorana neutrinos.
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I. INTRODUCTION

One of the fundamental questions in neutrino physics
and cosmology is whether there exist extra species of
neutrinos which do not directly participate in the standard
weak interactions. Such sterile neutrinos are certainly hy-
pothetical, but their possible existence is either theoreti-
cally motivated or experimentally implied. For example,

(i) heavy Majorana neutrinos at or above the TeV scale
are expected in many seesaw models [1], which can
not only interpret the small masses of three active
neutrinos but can also account for the cosmological
matter-antimatter asymmetry via the leptogenesis
mechanism [2];

(ii) the LSND antineutrino anomaly [3], the
MiniBooNE antineutrino anomaly [4], and the re-
actor antineutrino anomaly [5] can all be explained
as the active-sterile antineutrino oscillations in the
assumption of two species of sterile antineutrinos
whose masses are close to 1 eV [6];

(iii) an analysis of the existing data on the CMB, galaxy
clustering, and supernovae la favors some extra
radiation content in the Universe and one or two

species of sterile neutrinos at the sub-eV mass scale
[71%

(iv) sufficiently long-lived sterile neutrinos in the keV
mass range can serve as a good candidate for warm
dark matter, whose presence may allow us to solve
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'If the bound obtained from the big bang nucleosynthesis is
taken into account, however, only one species of light sterile
neutrinos and antineutrinos is allowed [8].
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or soften several problems that we have recently
encountered in the dark matter simulations [9] (e.g.,
to damp the inhomogeneities on small scales by
reducing the number of dwarf galaxies or to smooth
the cusps in the dark matter halos).

No matter how small or how large the mass scale of sterile
neutrinos is, they are undetectable unless they mix with
three active neutrinos to some extent. The strength of
active-sterile neutrino mixing can be described in terms
of some rotation angles and phase angles, just like the
parametrization of the 3 X 3 quark flavor mixing in the
standard model [13].

The main purpose of this paper is to present a full
parametrization of the 6 X 6 flavor mixing matrix U in
the (3 + 3) scenario with three sterile neutrinos denoted as
vy, Vy, and v

()

V’u Vy
V V3
"1=Uu , (D
Vy Vy
Vy V5
K v, V(,)
where v; (fori = 1, ..., 6) stand for the mass eigenstates of

active and sterile neutrinos. Such a complete parametriza-

There are some interesting models which can accommodate
sterile neutrinos at either keV [10] or sub-eV [11] mass scales. A
model-independent argument is also supporting the conjecture of
warm dark matter particles hiding out in the “flavor desert” of
the fermion mass spectrum [12].
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tion, which has been lacking in the literature [14], is ex-
pected to be very useful for the study of neutrino phenome-
nology at both low and high energy scales. We propose a
simple but novel way to establish the connection between
active and sterile neutrinos in terms of 15 mixing angles and
15 CP-violating phases. It allows us to clearly describe the
salient features of some interesting problems, such as
(a) possible contributions of light sterile neutrinos to the
tritium beta (3) decay and neutrinoless double-beta (02 3)
decay, (b) leptonic CP violation and deformed unitarity
triangles of the 3 X 3 flavor mixing matrix of three active
neutrinos, (c) a reconstruction of the 6 X 6 neutrino mass
matrix in the type-(I+II) seesaw mechanism, and
(d) flavored and unflavored leptogenesis scenarios in the
type-1 seesaw mechanism with three heavy Majorana
neutrinos.

II. THE STANDARD PARAMETRIZATION

The 6 X 6 unitary matrix ‘U defined in Eq. (1) can be
decomposed as

(1 0)<A R)(VO 0)
U= , (2)
o Uu,J\s BJ\o 1

in which 0 and 1 stand, respectively, for the 3 X 3 zero and
identity matrices, U, and V|, are the 3 X 3 unitary matrices,
and A, B, R, and S are the 3 X 3 matrices which satisfy the
conditions

AAT + RRt = BBt + S5t =1,

AST + RBT = ATR + STB =0,

AtA+ stS=B'B+RIR=1, (3)
as a result of the unitarity of ‘U. In the limitof R = S = 0,
A = B = 1 holds, and thus there is no correlation between
the active sector (described by V;)) and the sterile sector

(characterized by U). In view of Eq. (A7) in Appendix A,
we parametrize ‘U as follows:

C14€15C16
_Cl4CIS§16§;6 - C14§15§;5C26
—814834c25¢26
_C14015§16026§§6 + 014§155;5§26§§6
_C14§15€25§§5036 + §14§Z4025§26§§6
+§14§;4§255§5C36 - 514024§§4C35036

( C14C24C34
—C14€24834835 — €14854825C35
—814815¢25€35
_014024534035%6 + 014§§4§25§§5§36
—C14834€25826C36 + 814815€25835536

PR SO
\ +514815855526C36 — $74C15516C26C36

and
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Vo 0 10
= 0301301, = 056046045,

0 1 0 U,
A R
s B = 0360260160350,5015034024 014, “4)

where 15 two-dimensional rotation matrices O;; (for 1 =
i < j = 6) in a six-dimensional complex space have been
given in Egs. (A2)—(A6). To be explicit,

A A
C12€13 $12€13 S13
V — P _ A A% __a% 5 Ak Ak
0= $12€23 7 C12813823  €12€23 = §12513523  €C13523 |»
A A A A A%k A
$12823 — €12813C23 T C12823 7 §12513C23 013023)
I A~
( C45C46 S45C46 S46
— — 0 — a Ak _a¥ a4 Ak A
Uo=| —Sas¢s6 = Ca5846556  Ca5Cs56 — S45546556  Ca6556 |

—Cy45856 — §25§46056 046056)
&)

in which ¢;; = cos6;; and §;; = e sinf;;, with 6;; and §;;
being the rotation angle and phase angle, respectively. Both
Vo and U, have the standard form as advocated in
Ref. [13], and either of them consists of three mixing
angles and three CP-violating phases. If the sterile sector
is switched off, we are then left with the 3 X 3 unitary
matrix V, which describes the flavor mixing of three active
neutrinos. If the active sector is switched off, one will
arrive at the 3 X 3 unitary matrix U, which purely de-
scribes the flavor mixing of three sterile neutrinos. In the
type-1 seesaw mechanism [1], for example, U, is essen-
tially equivalent to the unitary transformation used to
diagonalize the 3 X 3 heavy Majorana neutrino mass
matrix My and therefore relevant to the leptogenesis
mechanism [2].

With the help of Egs. (4) and (A2)-(A6), a lengthy but
straightforward calculation leads us to the explicit expres-
sions of A, B, R, and S as follows:

S45556 — C45546C56

C24C25C6 0
b
_ . A s
€24€258526536 — €24525535C36
Ak €34C35C36
T 824834€35C36
0 0 \
C15C25C35 0
(6)
at A kA
T C15C25835536 — C15525526C36
kA C16C26C36
—515516C€26C36 )
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. i -
( $14€15C16 S15C16 Si6
e A A% ak oA
$14€15516526 — S14515525C26 P -
e S15516526 T C15525C26 C16526
R— +€14554€25C6
- _ A% A Ak + A% A A% A Ak ’
S14€15516€26536 T S14515525526536 i o Ak akoa ax
akoa - sk A S15516€26536 — C15525526536 .
$14515€25535C36 — €C14524€2552653¢4 - C16C26536
\ JUR s tC15€25535C36
—C1454825535C36 1 €14€24534C35C36
T 8514€24C34 T 824C34 834
o PN A Ak A
§14€24534835 1 81454825C35 T, R R
A $24834835 7 €24525C35 T C34835
~C14815C25C35
s=| . . Tl (7)
$14C24834C35536 — 514524525535536 PO ~ N A% A
JA R o §24534€35836 T €24525535536 R
1514554€25526C36 1 1451525535536 . —€34C35536
A ok oA o T C24C25526C36 )
1¢14515555526C36 — €14C15516C26C36

We see that the textures of A and B are rather similar, and
so are the textures of R and S. In fact, the expression of B
can be obtained from that of A* with the subscript replace-
ments 15 < 24, 16 < 34, and 26 < 35; the expression of
S can be obtained from that of —R* with the same subscript
replacements. Note that the results of A and R have been
obtained in Ref. [15], and here we present the results of B
and S to complete a full parametrization of the 6 X 6 flavor
mixing matrix U.

It proves convenient to define V = AV, and U = U,B,
which describe the flavor mixing phenomena of three
active neutrinos and three sterile neutrinos, respectively.
Furthermore, § = UySV, links the mass eigenstates
(v, v, v3) to the sterile flavor eigenstates (v,, vy, v,) in
the chosen basis. We therefore have

vV, 141 Vy
vy | =V va | T R| vs ()
vV, V3 Vg

and
Vy Vy 14
vy | =Ulvs | +5] | )
VZ Vg V3

102 2 2
( 3 (514 + 575 + si6)

A1 — | §1485, + 81585 + S168%
\ 51483 + $158% + S165%
( %(5%4 + 354 + s§4)

B=1—| 8,85 + 85,85 + 83,835

JUR JURN JUR
\514S16 1 854526 1 534536

12 2 2
5(524 + 525 + 536) 0

A oAk A Ak A Ak
524S34 + S25S35 + S26S36

1.2 2 2
2(515 + 535 1 535) 0

a% a% PP
S15816 T 855826 T 835836

Equation (8) directly leads us to the standard weak
charged-current interactions of six neutrinos:

131 Vy
_£cc=%(€M7)L’Y”[V V) +R Vs ]W; +H.c.,
V3L Ve/ L

(10)

where V is just the Maki-Nakagawa-Sakata-Pontecorvo
matrix [16] responsible for the active neutrino mixing,
and R measures the strength of charged-current interac-
tions between (e, u, 7) and (v, vs, vg). Because of

VvV =AAT=1-RR', U'U=B'B=1-R'R, (1)
we find that neither V nor U is exactly unitary and their
nonunitary effects are simply characterized by nonvanish-
ing R and S.

In view of current observational constraints on sterile
neutrinos, we expect that the mixing angles between active
and sterile neutrinos are strongly suppressed [at most, at
the ©(0.1) level [6]°]. The smallness of 0;; (fori=1,2,3
and j = 4, 5, 6) allows us to make the following excellent
approximations to Egs. (7) and (8):

0 0

0 0
, (12)

)
Ly + %5+ %))
)
)

1(2 2 2
2(516 + 536 T 536)

*For example, the nonunitarity of V = AV, or the deviation of V from V|, can at most be at the 1% level as constrained by current

neutrino oscillation data and precision electroweak data [17].
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where the terms of (O(Sfj) have been omitted, and

Ak

Ak Ak
S14 515 516
~ Ak Ak Ak
R=0+1| 5, S5 5% |

Ak Ak s
$34 S35 S36
S=0— §15 §25 §35 , (13)

where the terms of @(s?j) have been omitted. It turns out
that R = — ST holds in the same approximation.

Note that the 6 X 6 unitary matrix ‘U can be used to
describe not only the flavor mixing between active and
sterile neutrinos, but also the flavor mixing between ordi-
nary and extra quarks. Note also that it is straightforward to
obtain the (3 + 1) flavor mixing scenario from Egs. (6) and
(7) by switching off the mixing angles 6,5 and 65 (for 1 =
i=4and 1 =j=25), or the (3 +2) flavor mixing sce-
nario by turning off the mixing angles 65 (for I = j = 5).

III. SOME APPLICATIONS

To illustrate the usefulness of our parametrization of
the 6 X 6 flavor mixing matrix ‘U, let us briefly discuss
its four simple but instructive applications in neutrino
phenomenology.

A. The effective masses of 8 and 0»2f decays

One or two light sterile neutrinos at the sub-eV mass
scale have been hypothesized for quite a long time to
interpret the LSND antineutrino anomaly [3] and the sub-
sequent MiniBooNE antineutrino puzzle [4]. In general,
however, it seems more natural to assume the number of
sterile neutrino species to be equal to that of active neutrino
species [18],* such that even possible warm dark matter in
the form of one or two species of keV sterile neutrinos
could be taken into account.

For simplicity and illustration, we are only concerned
about the effective masses of the tritium beta (8) decay
H—3He + ¢~ + 7, and the neutrinoless double-beta
(0v2B) decay A(Z,A) — A(Z+2,N —2) +2¢” in the
(3 + 3) neutrino mixing scenario. The former is

6 1/2
= [ 3V,
i=1

_ 2.2 2 .2 22 2 2 2.2 2 2.2
_'\/<m>eC14C15C16+m4sl4C15C16+m5s15c16+m6s16’

(14)

“In order to avoid any severe conflict between such a (3 + 3)
scenario and the standard ACDM cosmology, it is perhaps
necessary to either loosen the mass hierarchy of three sterile
neutrinos [i.e., not all of them are of @(0.1) eV] or refer to some
nonstandard models of cosmology [7].
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where (m), = \/m%c%zc%3 + m3si,cly + m3sts is the stan-
dard contribution from three active neutrinos. We see that
(m), = (m), always holds. The effective mass of the 023
decay is

6
(myee = Z miV;
=
= (m)ee(cracisc16)* + my(874c15¢16)
+ ms(85c16)* + mg(576)? (15)
with (m),, = m(cj2¢13)* + my(8},¢13)* + m3(8}5)? being

the standard contribution from three active neutrinos. It is
difficult to compare between the magnitudes of (m),, and
(m).,,, because the CP-violating phases may give rise to
more or less cancellations of different terms in them. In
particular, even (m),, = 0 [19] or {(m),, = 0 [20] is not
impossible. If both (m), and (m),, can be determined or
constrained in future experiments, a comparison between
them might be able to probe the existence of light sterile
neutrinos [21].

B. Deformed unitarity triangles and CP violation

Switching off three sterile neutrinos, one may describe
flavor mixing and CP violation of three active neutrinos in
terms of six unitarity triangles in the complex plane [22].
Three of them, defined by the orthogonality conditions

Ae: V/LIV:I + V/LZV;kZ + V,U«3V:'<3 == O,
A/'L: VTIV:I + VT2V:2 + VT3 :3 = O,
AT: Vel ;l + VeZVZQ + V63V;3 =0, (16)

are illustrated in Fig. 1 (left panel). The area of each
triangle is equal to J,/2, where J, is the Jarlskog parameter
given in Eq. (B2) and measures the strength of leptonic
CP-violating effects in v, = v, v, = v,, and v, — v,
oscillations. Now let us turn on the contributions of three
sterile neutrinos to flavor mixing and CP violation. Then
Eq. (16) approximates to

Ay Vo Vi + Vo Vi + Vs Vig = =77,
Afu: VTI V:l + V7.2V:2 + VT3V:3 = _y,
A{r: VelVZI + VGZV,ZZ + Ve3V;3 = _X*, (17)

where X = §14§z4 + §15§;5 + §16§§6’ y = §14§§4+
§15§;5 + §16§§6’ and Z = §24§§4 + §25§§5 + §26§§6' These
deformed unitarity triangles are also illustrated in Fig. 1
(right panel). The small differences of their areas from
Jo/2 just signify the new CP-violating effects.

Let us take a look at the CP-violating asymmetries
between v, — vy and 7, — vg oscillations, defined as
Aup = Pv,— vg) — P(9, — Dg). With the help of
Eq. (BS), we explicitly obtain
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FIG. 1.
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VNS 7*3
—Z*
V.,V
v,ul T*l e
(A7)
V;—l e*l
N4
B ‘/7'3 eﬂé
‘/7'2 e2
(AL)
‘/el :1
- X*
‘/63 ,u*3 ‘/62 :2
(A7)

Left panel: Three unitarity triangles of V = AV, in the absence of three sterile neutrinos (i.e., A =1 and V = V). Right

panel: Three deformed unitarity triangles of V = AV, in the presence of three sterile neutrinos, where X, Y, and Z are defined below

Eq. (17).

Am%lL

~ —4(Jy + ImX) si ,
(Jo + 1251223 ImX) sin 2F

A e

Am3 L
ﬂeT = _4(J0 + C12512523 ImY) sin&,
2F
A

=~ +4[.’0 + 012S12C23S23(523 ImX + Cr3 ImY)]

2
my, L

m%zL

2E (18)
where X = Xe 0 Y = Ye 102F03) and Z = Ze 19,
We see that A, and A,, are related to the deformed
unitarity triangles A7 and A),, respectively. In comparison,
A}, has something to do with A .. It is therefore possible
to determine three new CP-violating terms ImX, ImY, and
ImZ by measuring the CP-violating effects in neutrino
oscillations. Note that three CP-violating asymmetries in
Eq. (18) satisfy the correlation

. A
X sin + 4cy35,3 ImZ sin

2 2 Am3,L
A (553 A 0+ 053 A L) =405380; IstmT. (19)

When Am3,L/E ~ 7 holds, both A ,, and A,, are sup-
pressed such that A, becomes a pure measure of the
nonunitary CP-violating parameter ImZ. This interesting

possibility, together with terrestrial matter effects, has been
discussed before (e.g., Refs. [15,23]).

C. Reconstruction of the 6 X 6 neutrino mass matrix

The type-(I+11) seesaw mechanism [24] is a good ex-
ample to illustrate the flavor mixing between three active
neutrinos and three heavy Majorana neutrinos. In this
mechanism the mass term of six neutrinos is usually
written as

£ _ 176 ML MD Vi
~ “mass _E(VLNR) M]g My Ny + Hec, (20)

where v and Ny represent the column vectors of three left-
handed neutrinos and three right-handed neutrinos, respec-
tively. The overall 6 X 6 neutrino mass matrix in Eq. (20)
can be diagonalized by a unitary transformation:

’uf(ML MD)fu* = (M” N ) 1)
Mlg MR 0 MN
where U is already given in Eq. (2); M, =
Diag{m,, m,, my} and My = Diag{M,, M,, M5}, with m;
or M; (for i = 1, 2, 3) being the physical masses of light
or heavy Majorana neutrinos. The standard weak charged-
current interactions of six neutrinos are given by Eq. (10)
with v, = M|, vs = N,, and v4 = N3 in the basis of mass
eigenstates. With the help of Eq. (2),
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= VM, VT + RMyR" = VoM, VI + RMyR”,
Mp = VM,S" + RMyU” = RM U, (22)
My = SM ST + UM\U” = UMy UL,

where V = AV,, U = U,B, and S = UySV, have been
defined before. The approximations made on the right-
hand side of Eq. (22) follow the spirit that only the leading
terms of M, Mp, and My are kept. It is then possible to
reconstruct these 3 X 3 neutrino mass matrices, at least in
principle, in terms of neutrino masses and flavor mixing
parameters [25].

Given the basis where My, is diagonal, real, and positive,
Eq. (22) implies that My = M together with Uy =1 is a

PHYSICAL REVIEW D 85, 013008 (2012)

good approximation. Note that such a flavor basis is often
chosen in the study of leptogenesis, because the decays of
N; (for i = 1, 2, 3) need to be calculated. It is also much
easier to reconstruct M, and My in this special basis. For
example,

M8y MaSis MsSig
MD = RMN = M1S24 M2S25 M3§;6 , (23)
Ak
M85, MySs M8

and six independent matrix elements of M| = VoM Ve +
MpRT can similarly be obtained:

(Mp)ee =m(c1ac13)* +my(85,c13) + m3(873)* + M, (57,) + Ma(§75)* + M5(574)%,

(ML)e,LL

—mycpc13(812003 + 012S13S23) + m2512013(012023

A% AN

.
§1,813855) + mac 3875855 + M 87,85, + My§5855 + M387655,

£3
(M) er =myciac13(812823 — €12813¢23) — maSTc13(C1a8as + §7,813¢03) + maci38 5003 + M 87,485, + Mo 5855 + M387485,

(M) e =my(812¢03 + €12813853)* + ma(ciac —

(ML),LLT =

s JU Ak
+ m3cl3cz3sz3 + M1524s34 + M, 855855 + M385: 85,

§1,813853)% + m3(c13855)% + M (85,)% + My(855)* + M5(856)7,

_m1(§12€23 + 012§13§§3)(§12§23 —C12813¢03) — m2(612€23 - 512S13S23)(012S23 + §T2§13023)

(M), =m; (81282 — c12813¢23)* + ma(c1280s + 87,813¢03)% + my(cy303)* + M (35,)* + My(855)* + M5(83)% (24)

So any specific textures of Mp and M; predicted in a
specific type-(I+1I) seesaw model must have direct and
important impacts on the magnitudes of neutrino masses,
flavor mixing angles, and CP-violating phases.

D. Flavored and unflavored leptogenesis scenarios

It is straightforward to obtain the type-I seesaw mecha-
nism from the type-(I+II) seesaw mechanism by switching
off the My term. In this special case one arrives at the exact
type-I seesaw relation VM, VT + RMyR” = 0, where V
and R satisfy the unitarity condition VV*t + RRT = 1.
Given M; > my, it is more popular to write the 3 X 3 light
Majorana neutrino mass matrix as

M, =VM,V" = —RMyR" =~ —MpMg'M5, ~ (25)

where V = AV, =V, holds in the same approximation
[26]. Associated with this seesaw picture, the leptogenesis
mechanism [2] provides a natural possibility of accounting
for the observed matter-antimatter asymmetry of the
Universe via the lepton-number-violating, CP-violating,
and out-of-equilibrium decays of N; and the (B —
L)-conserving sphaleron processes. The CP-violating
asymmetry between N; — €, + H and N; — €, + H de-
cays, denoted as g;, (fori =1,2,3 and a = e, u, 7), is
given by [27]

. _T(N;— ¢, +H) -T(N;— {, + H)
TN, =€, +H) +T(N;,— €, + H)

1
- m§{Im[<ME>af<MD>aJ<M.‘5MD>I-,-]
1 jFi

< F(5p 2)+Im[(MDu,(MD)a,(M*MD>,,]G( )}
(26)

where the loop functions F(x) = /x{(2 — x)/(1 — x) +
(1 4+ x)In[x/(1 +x)]} and G(x) = 1/(1 — x) have been
introduced. If all the interactions in the era of leptogenesis
were blind to lepton flavors, then only the total
CP-violating asymmetry &; should be relevant:

I N | M;
8i %81& 87T(M]13MD)U§Im[(M MD)U]:}:( )

(27)

The leptogenesis mechanisms associated with Eqgs. (26)
and (27) are usually referred to as flavored and unflavored
leptogenesis scenarios, respectively.

In the flavor basis where My = My and U, =~ 1 hold, we
have obtained the explicit expression of Mp = RMy in
Eq. (23). It is then straightforward to arrive at
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(MEMp),; = MYRTR),, = M}(s3, + 3, + s3,),
(M{Mp)y, = MA(RTR)y, = M3(s%5 + sk + s35),  (28)
(M{Mp)sys = MA(RTR)33 = M3(s%, + sk + s3¢)

and

(MiMp),, = M M>(RTR),
= M1M2(§14§T5 + §24§;5 + 3‘\34.}8'\;5),

MIM) 5 ~ M,M;(RTR
(MLMp)3 \M3(RTR);3 29

= M M3(81487¢ + 52485 T 53483),
(M{Mp)s3 = MyM3(RTR);

~ A A% A A% A A%
= MyM;5(815876 + 825856 + $3583).

So the unflavored CP-violating asymmetry &; depends on
nine phase differences 6,4 — 85, 0;4 — 0,4, and &;5 — O
(for i =1, 2, 3), but only six of them are independent.
Because V =~ V|, holds in the same approximations as made
above, we conclude that there is not any direct relationship
between the CP violation at low energies (governed by 0,,
813, and 0,3) and the unflavored leptogenesis at high
energies. As for the flavored leptogenesis, the relevant
CP-violating asymmetries €;, also rely on the aforemen-
tioned nine phase differences. This point can be clearly
seen from

(M) i (M) o (M M), /1 = M2M2 Im[ R, R (R R),;,
Im[(M}) o (M) o (MEMp)3] = M2M2 Im[R}, R o (R R)F; )
(30)

Given the masses of three heavy Majorana neutrinos and
the flavor mixing parameters between light and heavy
Majorana neutrinos, it is then possible to determine ¢;,
and g; (fori = 1,2,3 and a = ¢, u, 7) so as to realize the
flavored or unflavored leptogenesis mechanism.

IV. SUMMARY AND REMARKS

An appealing and puzzling feature of the standard model
is that it happens to have three species of leptons and
quarks. If extra species of matter particles exist, no matter
whether they are sequential in or exotic to the standard
model itself, they definitely signify new physics. In this
paper we have conjectured the presence of three species of
sterile neutrinos and presented a full parametrization of the
6 X 6 flavor mixing matrix for active and sterile neutrinos
in terms of 15 rotation angles and 15 phase angles. Such an
exercise makes sense because we do have some prelimi-
nary observational hints on light sterile neutrinos, and the
theoretical motivation for the existence of heavy Majorana
neutrinos in the seesaw and leptogenesis mechanisms is
also very strong.

PHYSICAL REVIEW D 85, 013008 (2012)

We have shown that this standard parametrization of the
6 X 6 flavor mixing matrix in the (3 + 3) scenario of active
and sterile neutrino mixing allows us to clearly describe the
salient features of some problems in neutrino phenome-
nology. Four examples have been briefly discussed for this
connection: (a) possible contributions of light sterile
neutrinos to the tritium beta decay and neutrinoless
double-beta decay, (b) leptonic CP violation and deformed
unitarity triangles of the 3 X 3 flavor mixing matrix V of
three active neutrinos, (c) a reconstruction of the 6 X 6
neutrino mass matrix in the type-(I+I) seesaw mechanism,
and (d) flavored and unflavored leptogenesis scenarios in
the type-I seesaw mechanism with three heavy Majorana
neutrinos. Our results are expected to be useful to under-
stand the impacts of extra neutrino species on the standard
weak interactions and neutrino oscillations in a better and
more straightforward way. Furthermore, the parametriza-
tion itself can also be applied to the quark sector if extra
species of quarks are conjectured.

Let us stress that the presence of new degrees of freedom
in the neutrino sector may apparently violate the unitarity of
the 3 X 3 flavor mixing matrix V of three active neutrinos in
the weak charged-current interactions. Hence testing the
unitarity of V in neutrino oscillations and searching for the
signatures of new neutrinos at TeV-scale colliders can
be complementary to each other, both qualitatively and
quantitatively, in order to deeply understand the intrinsic
properties of Majorana particles. On the other hand, light or
heavy sterile neutrinos can have significant consequences in
cosmology. The latter provides us with a good playground
to study hot dark matter in the presence of sub-eV sterile
neutrinos and warm dark matter in the form of keV sterile
neutrinos, together with the cosmological matter-antimatter
asymmetry via leptogenesis in which heavy Majorana neu-
trinos and their decays play the key role. We hope that any
experimental breakthrough in these aspects will pave the
way towards the true theory of massive neutrinos.
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APPENDIX A

The 6 X 6 unitary matrix ‘U in Eq. (1) can be expressed
as a product of 15 two-dimensional rotation matrices in a
six-dimensional complex space [15]:

U = (056046036026 016)(0450350,5015)
X (034054014)(0230,3) Oy, (AD)

where O;; (for 1 =i < j=6) are unitary and read as
follows:
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Cl2 §T2 O 0 O 0
_§12 C12 O 0 0 0
. 0 0O 1 0 0 O
On=1 0 01 00 (A2)
0 0O 0 01 O
0 0O 0 0 0 1
and
(c13 0 553 0 0 0\ 1 0 0O 0 0 O
0 1 0 0 0 O 0 c¢3 385 0 0 0
s 0 ¢ 0 0 O 0 —§ c 0 0 O
O = 13 13 ’ Oy = 23 €23 (A3)
0 0O 0 1 00 0 0 0O 1 0 O
0 0O 0 0 1 0 0 0 0O 0 1 0
\ 0 0 0 0 0 1 \o0 0 0 0 0 1/
and
(c1400§’i‘400\ (100000\ 10 O 0 00
0O 10 0 0O 0 ¢ 035, 00 01 O 0 00
0O 01 0 O O O 1 0 0O 00 ¢y 5§, 00
014 - n ’ 024 - ~ 034 - ~ (A4)
—S14 0 O Clq 0 0 — S8 0 Coyg O 0 O 0 _534 C34 0 0
0O 00 O 1O O 0 0 0 10 00 O 0 10
\ 0 00 0 01/ \0 0 0 0 01/ \00O 0 0 01
and
( cis 0 0 0 §is 0\ (1 0 0 0 O 0\
0 1 00 0 O 0 c5 0 0 85 0
0 o1 0 0 O 0 0 1 0 0 O
015_ B 025_ B
0 001 0 O 0 0 01 0 O
_§|5 0 O O C15 O 0 _§25 0 O C25 0
\ 0 000 0 1 O 0 00 0 1/
1 0 0 0O 0 O (1 00 0 0O 0
0 1 0 O 0 O 01 0 0 0
0 0 5 0 §5 O 0 0 1 0 0 0
O35 = , Oy = . (AS5)
0 0 0 1 0 O 0 0 0 «cy5 s
0 0 _§35 O C3s5 0 0 O 0 _§45 Cys5 0
\0o 0o 0 0 0 1 000 0 0 1/
and
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(cmoooos%\ (10 00
0 1000 0 0 ¢ 00
0 0100 0 0 0 10
O = ;o Oy =
0 0010 0 0 0 01
0 0001 0 0 0 00
\—flﬁoooocm) \0 —5, 0 0
/100 0 0 0
010 0 00
001 0 0 0
%610 0 o cas 0 S | Os0 =
000 0 1 0
\O 0 0 —54 0 cus/

In the above equations we have defined c¢;; = cosf;; and
e sinf;;, with 6;; and J,; being the rotation angle
and phase angle, respectively. Because some of the two-
dimensional rotation matrices can commute with each
other, it is possible to rewrite Eq. (A1) as

U = (056046045)(036026016035025015034, 024, 0 14)
X (02301301). (A7)

sij =

On the right-hand side of Eq. (A7), the combination
(0930304,) purely describes the flavor mixing among
three active neutrinos, while (Os046045) purely describes
the flavor mixing among three sterile neutrinos. It is the
combination (O34 --0;4) in Eq. (A7) that allows the
active and sterile sectors to ‘“‘talk’ to each other, as dis-
cussed in Sec. II.

APPENDIX B

Given the n X n flavor mixing matrix, one may always
calculate its (n — 1)?(n — 2)?/4 rephasing invariants of
CP violation, the so-called Jarlskog parameters [28]. As
for the 6 X 6 unitary matrix ‘U under discussion, we totally
have 100 invariants of this nature. But we are mainly
concerned about the Jarlskog parameters of V = AV, de-
fined in Sec. II:
in which the Greek indices run over (e, w, 7) and the Latin
indices run over (1, 2, 3). Since 4 describes the flavor
mixing of three active neutrinos, JZB measure the corre-
sponding CP-violating effects in their oscillations. In the
absence of three sterile neutrinos (i.e., A = 1and V = V),
one arrives at a universal Jarlskog parameter

= 712 — 723 — 731 — jl2 — 723 _— 731 — jl2
Jo=J2 =08 =L =02 =3 = =L

3 Bl 2 -
= Jz = Ji. = C12812C13513C23523 Sing, (B2)

PHYSICAL REVIEW D 85, 013008 (2012)

OO\ (10 0 00 0\
0 & 01 0 00 0
0 0 00 c6 00 5%

> 036_ »
0 0 00 O 10 O
1 0 00 0 01 0
Oc%) \OO_§3600036)
(1000 0 O\
0100 O 0
0010 O 0

(A6)

0001 O 0
00O00O0 Cs6 ‘6;6
KOOOO_§56C56)

with § = 613 — 01, — 013, as guaranteed by the unitarity
of V. When the contributions of three sterile neutrinos are
switched on, J Z{B can be calculated with the help of Egs. (5)
and (12) in a good approximation. One finds

12 ~ 12 o
Je,u, = J() + C12812C23 ImX, ‘]Te = ‘]O + C12S12S23ImY,

Sl = Jo + €1812¢23523(523 ImX + ¢p3 ImY),

JIZET = Jy + €12623523(812823 ImX + 51503 ImY + ¢, ImZ),

Jok = Jo + 512¢03503(c12823 ImX + ¢1p603 ImY = 51, ImZ),
(B3)

and J2, = J3! = J2} = J3! = J, [29], where X = Xe %2,
Y = Ye i00t93) and Z = Ze %5, with X, VY, and Z
being defined below Eq. (17). Note that we have assumed
013, 0,4, 05, and 0,5 (for i = 1, 2, 3) to be small in our
calculations, and thus the terms of O(s3|X|), O(s5]Y]),
and O(s;3|Z|) together with those higher-order terms have
been omitted from the above results. The fact that JZ3, =
J3l = J2 = J3} = J; holds in the above approximation is
simply because they all involve the smallest matrix ele-
ment of V (i.e., V3 = §75) [30].

It is well known that the maximal value of J is J5™*
1/(6+/3) = 9.6% [28]. In comparison, the magnitudes of
ImX, ImY, and ImZ are likely to reach the percent level if
those active-sterile mixing angles are of @(0.1) and the
relevant CP-violating phases are of O(1). So the five
Jarlskog parameters in Eq. (B3) might deviate from the
standard one J; in a significant way, depending on the
constructive or destructive contributions from three sterile
neutrinos. It is therefore important to observe all the nine
Jarlskog parameters in neutrino oscillations. Taking ac-
count of the nonunitarity of V, one may easily derive the
probabilities of v, — vz and P», — vz oscillations
[15,17]:
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Zlvailzlvﬁi|2 + 2§Re(VmVB]VZJV;l) COSAij - 2%]2{[3 SinAl’j
i <j <]

Py, — vg) = VoV ,
SIVLlPIVal? + 23 Re(Vy; Vi Vi Vi) cosAy + 23 T sind;
PlFe = 7p) = - (VVDaa(VVT) - ’ (B9
aa BB
|
where A;; = Am},L/(2E), with Am?; = m? — m?, Ebeing ~ where AAT =1 and Ay = Ay, (ie., Amd = Am}, [13])

the neutrino beam energy, and L being the baseline length.
As a consequence,

(1]

(2]
(31

[5]
(6]

[11]

ﬂaﬁ EP(VaﬁVB)_P(Ija_’I_/ﬁ)
_ 4
(AAT) o (AAT) g &

= 4[J) % sinAyy + (T3 + J3) sinAz],

JZB sinA;

(B5)

have been taken into account. This result implies that both
Jo and J + J3 can, in principle, be determined if the
baseline of neutrino oscillations is sufficiently long. Of
course, terrestrial matter effects may more or less contami-
nate the genuine CP-violating effects in such long-baseline
neutrino oscillation experiments and should be properly
treated [23].
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