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Quadratic electroweak corrections for polarized Mgller scattering
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This paper discusses the two-loop electroweak radiative corrections to the parity-violating e”e™ —
e~ e (y)(yy) scattering asymmetry induced by squaring one-loop diagrams. The calculations are relevant
for the ultra-precise 11 GeV MOLLER experiment planned at Jefferson Laboratory and experiments at
future high-energy colliders. The imaginary parts of the amplitudes are taken into consideration
consistently in both the infrared-finite and divergent terms. The size of the obtained partial correction
is significant, which indicates a need for a complete study of the two-loop electroweak radiative
corrections in order to meet the precision goals of future experiments.
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I. INTRODUCTION

Polarized Mgller scattering has been a well-studied low-
energy reaction for close to 8 decades now [1], but has
attracted especially active interest from both the experi-
mental and theoretical communities due to the recent rapid
progress in measuring spin-dependent observables. Since
the nineties, the e-e scattering has allowed the high-
precision determination of the electron-beam polarization
at SLC [2], SLAC [3,4], JLab [5], and MIT-Bates [6]. A
Mgiller polarimeter may also be useful in future experi-
ments planned at the ILC [7]. In addition, polarized Mgller
scattering can be an excellent tool for measuring parity-
violating (PV) weak interaction asymmetries [8].

The first observation of parity violation in Mgller scat-
tering was made by the E-158 experiment at SLAC [9],
which studied Mgller scattering of 45- to 48-GeV polarized
electrons on the unpolarized electrons in a hydrogen target.
Its result at low Q2 = 0.026 GeV?, Ag = (1.31 *
0.14(stat.) = 0.10(syst.)) X 10”7 [10] allowed one of the
most important parameters in the standard model—the sine
of the Weinberg angle—to be determined with an accuracy
of 0.5% (sin’@y, = 0.2403 = 0.0013 in the MS scheme).
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A very promising experiment measuring the e-p scattering
asymmetry currently running at the Jefferson Lab, Qweak
[11], aims to determine sin®@y, with a relative precision of
0.3%. The next-generation experiment to study e-e
scattering—MOLLER (Measurement Of a Lepton Lepton
Electroweak Reaction) [12], planned at JLab following the
11 GeV electron-beam upgrade—will offer a new level of
sensitivity and measure the parity-violating asymmetry in
the scattering of longitudinally polarized electrons off an
unpolarized target to a precision of 0.73 ppb. That would
allow a determination of the weak mixing angle with an
uncertainty of =0.00026(stat.) = 0.000 13(syst.), or about
0.1%, an improvement of a factor of 5 in fractional preci-
sion when compared with the E-158 measurement.

Since Mgller scattering is a very clean process with a
well-known initial energy and low backgrounds, any in-
consistency with the standard model will signal new phys-
ics. Mpgller scattering experiments can provide indirect
access to physics at multi-TeV scales and play an important
complementary role to the LHC research program [13].

Obviously, before we can extract reliable information
from the experimental data, it is necessary to take into
account the higher-order effects of electroweak theory, i.e.
electroweak radiative corrections (EWC). The inclusion of
EWC is an indispensable part of any modern experiment,
but will be of paramount importance for the ultra-precise
measurement of the weak mixing angle via the 11 GeV
Moller scattering planned at JLab. To match the promised
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precision of MOLLER, theoretical predictions for the PV
e-e scattering asymmetry must include not only full treat-
ment of one-loop (next-to-leading order [NLO]) radiative
corrections but also two-loop (next-to-next-to-leading
order [NNLOY]) corrections.

A significant theoretical effort has been dedicated to
one-loop radiative corrections already. A short review of
the literature to date on that topic is done in [14]. In [14],
we also calculated a full gauge-invariant set of the one-
loop EWC both numerically with no simplifications using
FEYNARTS [15], FORMCALC [16], LOOPTOOLS [16], and
FORM [17] and by hand in a compact form analytically
free from nonphysical parameters. The total correction was
found to be close to —70%, and we found no significant
theoretical uncertainty coming from the largest possible
source, the hadronic contributions to the vacuum polariza-
tion. The dependence on other uncertain input parameters,
like the mass of the Higgs boson, was below 0.1%.

It is possible that a much larger theoretical uncertainty in
the prediction of the asymmetry may come from two-loop
corrections. Reference [18] argued that the higher-order
corrections are suppressed by a factor of either about 0.1%
or 5% (depending on the type of corrections) relative to the
one-loop result. However, since the one-loop weak correc-
tions for Mgller scattering are so large and since the
11 GeV MOLLER experiment is striving for such unpre-
cedented precision, we believe it is now worth looking into
evaluating two-loop weak corrections.

One way to find some indication of the size of higher-
order contributions is to compare results that are ex-
pressed in terms of quantities related to different renor-
malization schemes. In [19], we provided a tuned
comparison between the result obtained with different
renormalization conditions, first within one scheme then
between two schemes. Our calculations in the on-shell and
constrained differential renormalization (CDR, [20])
schemes show a difference of about 11%, which is com-
parable with the difference of 10% between MS [21] and
the on-shell scheme [18]. It is also worth noting that
although two-loop corrections to the cross section may
seem to be small, it is much harder to estimate their scale
and behavior for such a complicated observable as the
parity-violating asymmetry to be measured by the
MOLLER experiment.

The two-loop EWC to the Born (~ MM ) cross section
can be divided into two classes: the Q part induced by
quadratic one-loop amplitudes (~ M;M;"), and the T part
corresponding to the interference of the Born and two-loop
diagrams (~ 2ReM0M2+,loop). The goal of this paper is to
calculate the Q part exactly. We show that the Q part is
much higher than the planned experimental uncertainty of
MOLLER, which means that the two-loop EWC may be
larger that previously thought. The large size of the Q part
demands a detailed and consistent consideration of the T
part, and that will be the next task of our group.
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II. GENERAL NOTATIONS
AND MATRIX ELEMENTS

Let us start by writing the cross section of polarized
Mgller scattering with the Born kinematics shown in
Fig. 1,

e (k) + e (p)) — e (ky) + e (pa) (D

such that, with the appropriate accuracy for the present
paper, we find

77.3
0'=—|M0+M1|2
2s

3
- 72T—S(M0M0+ +2ReM M} + MM). (2

Here, o = do/dcosf, 0 is the scattering angle of the
detected electron with 4-momentum k, in the center-of-
mass system of the initial electrons. The 4-momenta of
initial (k; and p;) and final (k, and p,) electrons generate a
standard set of Mandelstam variables:

§ = (kl + pl)z’

1= (k; — kp)?, u=(ky — py)*

3

It should also be noted that the electron mass m is disre-
garded wherever possible, in particular, if m?> <<s, —t, —u.

M, and M, are the Born (O(a)) and one-loop (O(a?))
amplitudes (matrix elements), respectively. Let us describe
the structure of My:

My = My, — My,

_ J
M, = E My,
=v.z

My, = MO,r(kZ -« Pz),
4)

i a i .
R J tu,
M; = l;I#D/ JHI

where the ¢ channel upper and lower electron leg currents
are

I, = i(ky)y (v = alys)u(k,),
T = a(p2)y, (v = alyshu(p)). (5)

The squared Born amplitude M, forms the Born cross
section:

e k, k, e e k, k, e
vz Yz
e I3 P e e P, Py e
(1) (2)
FIG. 1. Diagrams describing nonradiative Mgller scattering in

the (1) 7- and (2) u channels.
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3
aT
= 2—M0MJ

— z [)\IJ(MZDlZ‘D]t 4 t2DzuDju)
N =/

+ AYs3(D' + D)(D' + DI")]. (6)

A handy structure to use in the present study is

Dir —

r_mlz(i=y,Z;r=t,u), (7)
which depends on the Z-boson mass m or on the photon
mass m, = A. The photon mass is set to zero everywhere
with the exception of specially indicated cases where the
photon mass is taken to be an infinitesimal parameter that
regularizes the infrared divergence (IRD). Another set of
useful functions is

A= A = A, ®

These are combinations of coupling constants and pp 7,

where pp) are the degrees of polarization of electrons

with 4-momentum k; (p;). More specifically,

/\lu];m A = pey Ay A;;&(T) =X = pey AV,
/\‘,// = vivi + dldl, )‘ﬁ&j = vial + a'v/,

where

vy =1, a’ =0,

vZ = (I3 + 25%)/2swew), a? = I/2sycy).  (10)

The subscripts L and R on the cross sections correspond to
pea) = —1 and pg) = +1, where the first subscript in-
dicates the degree of polarization for the 4-momentum k;
and the second one indicates the degree of polarization for
the 4-momentum p,. Let us recall that I; = —1/2 and
sw(cw) is the sine (cosine) of the Weinberg angle ex-
pressed in terms of the Z- and W-boson masses according
to the rules of the standard model:
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sw =11 — 3. (11)

We can present the one-loop amplitude M, as a sum of
boson self-energy (BSE), vertex (Ver) and box diagrams:

Cw = mw/mz,

M, = Ml,t - M1,w
M, , =M, (ky < p,), (12)
M, ; = Mgsg; + Myer, + Mpoy -

We use the on-shell renormalization scheme from [22],
[23], so there are no contributions from the electron self-
energies. The question of the dependence of EWC on
renormalization schemes and renormalization conditions
(within the same scheme) was addressed in our earlier

paper [19].
The BSE term can easily be expressed as
Mg, = Z 1L,DY I, (13)
Ij v.Z
with
D”’ = D”E”(r)D/’ (14)

where i%(r) is the transverse part of the renormalized
photon, Z boson and yZ self-energies. The longitudinal
parts of the boson self-energy make contributions that are
proportional to m?/r; therefore they are very small and are
not considered here.

In order to get the electron vertex amplitude (second and
third diagrams in Fig. 2), we use the form factors 6 Fy;, in
the manner of Ref. [22], replacing the coupling constants
v/, &/ with form factors vV'% — SF ‘y/(z)e’ a’® — 6FX(Z)6.
Then,

My, z (Mg, + My,
=1z
M. = i& Bl pitjmi
Jj/B.t lﬂ_ “ ) (15)
M. = 'g[«f DIt
j/H,t l . I ’

o

Eug

(3)

7.Z(W) 7.Z(W)

FIG. 2. One-loop t-channel diagrams for the Mgller process. The circles represent the contributions of self-energies and vertex
functions. The u-channel diagrams are obtained via the interchange k, < p,.
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where the electron currents with vertices look like
Bj, = IL,(v) — 8F)f, a/ — 8FY),
Hi = Jwi(vi — 8FI, al — §FY).

(16)

The infrared singularity is regularized by giving photon a
small mass A and in the ¢-channel vertex amplitude can be
extracted in the form

o —t N
M%’ert = _;(IOgW - l)logPMo,t' (17)

The remaining (infrared-finite) part of the #-channel vertex
amplitude has a simple form convenient for analysis and
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Méer,t = MVer,z - M%/er,t = MVer,t()‘2 — 5). (18)
The box term can be presented as a sum of all two-boson

contributions:

Mgy, =M,y + Myz, + My, + Mzz, + My, (19)

Yt

We need to account for both direct and crossed y7y, yZ and
ZZ boxes:
My, =MD, + MGG, j = v 2), (20)

D C . . .
with Mj;, and Mj;, given by exact expressions in four-

dimensional integral form (4-point functions) by

d*k

coding:
[ a\?
Ml?t = _l(;) .

X (ko) y* (v/ — alys)(k,

@2m)? ) (= 2k )k + 2p k) (g — k)> — m5) (k> — m})
= k+m)y" (' = alys)ulky)

X i(py)y, (v — alys)(py + k + m)y, (v — alys)u(p)), (21)

d*k

[ a\?
wg, = =i(3)

@m? J (k= 2k k)(k* = 2p2k)((q = k)* — m))(k* — m})

X i(ky)y* (v — alys)ky — k + m)y” (v’ — a'ys)u(k;)
X i(py)y, (v — alys)(py — k + m)y, (v = alys)u(p,). (22)

Obviously, for WW boxes we only need the crossed expression (22).
The infrared parts of the yy- and yZ boxes in the ¢ channel are similarly given by

A
M?"}’(YZJrZY),f

Z_ <2 log log

2

o 2 + imlog

M. 23)

Using asymptotic methods, we can significantly simplify the box amplitudes containing at least one heavy boson (see, for
example, [14], where simplifications were done on the cross-section level). Then

M{/Zt + Méyt (MyZ,t + MZy,t) (Mth + M%yt

= 2] [+ 1062 ) ity 0 — ays)(— )y uth) - w2y, 07 = a5y

3 2
+ (5 + log&)ﬁ(kz)y“(vz — a”ys)y*y"ulky) - @(p2)y,Vay, (0" — azvs)u(pl)], (24)

MZZ,z =
+ i(ky)y* (VP — aPys)y®

Myw, =

with the coupling-constants combinations for ZZ and WW
boxes

v = (V)2 + (a?),
= 2vZ4%, (27)
v =4f = 1/(45%‘,).

(E) o Y07 — Yy uthe) - 7, (P~ Py, v

Y ulky) - @(p2)y,Yay (W — alys)u(p,)] (25)

_i(%)zm 7 [a(k)y* (v — aCys)y*y ulky) - #(p2)Yy ey, (vC = ays)ulpy)] (26)

Now we are ready to present the one-loop complex
amplitude as the sum of IR and IR-finite parts:

1
M =M+ M, MM =280,
72 (28)

M{ = Mygg + M, + M, + M,

Box
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where

A
8} = 4Blog—

\/E ’
and the complex value B can be presented in form (see, for
example, [24])

(29)

t
= log—5- — 1 + im. (30)
m-s

The amplitudes from the nonfactorized part of the boxes
are given by

My = =SS [(LG + 70My, — (L2 + 7)Mo, ) G
o

where L, = log(—s/r).

III. EXTRACTION OF INFRARED DIVERGENCES

Now we should make sure that the infrared divergences
are cancelled. In a similar way as it was done for ampli-
tudes, we present the complex interference term &, and
differential cross section o as sums of A-dependent (IRD
terms) and A-independent (infrared-finite) parts:

773 f
OA'I = TMIM(T = O'/l\ + O’],
(32)
3
ol = MM} = o)+ o)),
o = oM oo+ g
The one-loop cross section which we denote ; = Red

was carefully evaluated with full control of the uncertain-
ties in paper [14]. The term 0'5 [see (2)] is called the Q part
of the virtual two-loop EWC and is one of main subjects of
the present paper.

If we substitute the amplitudes derived in Sec. II to the
left-hand-side of (2), and compare the result with the right-
hand side of this equation, we will get the same expression
for o as given in [14]. The simplest form for o} (see
formula (42) of [14]) is then

a

ol = — 5810y, (33)
T

The infrared-finite part a‘{ can be conveniently to pre-

sented via the relative dimensionless correction:

o
ol = = 8] oy, (34)

After some transformations, the value (ré is given by

oy = 2—M)‘+(M)‘ +2MY)

1
Finally, the infrared-finite part a'g expressed via the rela-
tive dimensionless corrections has form

PHYSICAL REVIEW D 85, 013007 (2012)

a3 a\2
oh = 5 MM = (;) 8,00. (36)

IV. BREMSSTRAHLUNG AND CANCELLATION
OF INFRARED DIVERGENCES

To evaluate the cross section induced by the emission of
one soft photon with energy less then w, we follow the
methods of [25] (see also [26]). Then this cross section can
be expressed as

o? = o] + o}, (37)

where o, have the similar factorized structure based on
the factorization of soft—photon bremsstrahlung:

ol == Re[ 51 + Ry]oy,
o (33)
0'2—;Re[( St + R 6],

where

2 2
R, = —4B10g—\/E —(1og> —1) +1-Z + 10222,
2
2w m 3 t

(39)

The first part of the soft-photon cross section, o}, cancels
the IRD at the one-loop order, while the second part, o3,
cancels the IRD at the two-loop order, with half of 0';’
going to the cancellation of IRD in the Q part and the other
half going to treat IRD in the T part:

0'5 =07 = %0’%’ (40)

To obtain the term —&7 + R, in Eq. (38), we must
calculate the three-dimensional integral over the phase
space of one real soft photon. It can be done according to
[25] in center-of-mass system:

1 dk
),

—6?+R1=L()\,w)=—4
m 0

41
where

k§ k3 P1 _ P
k k k2k Plk pzk

To account for the IRD cancellation between the imaginary
parts of Q- and T-type corrections, we add an imaginary
part to the soft-photon integral Im[L(A, ®)] = —4 logs-
which will be removed in a combined analysis of Q and T
parts.

The difference between the estimation relying on the
soft part only and the result obtained by separation into the
soft and hard parts at the lowest order is rather small (see
[14]), so we believe that the soft cross section will provide
the sufficient accuracy at the second order as well.

T%(k) = (42)
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At last, the cross section induced by the emission of
two soft photons with a total energy less then w can be
written as

Y 1 (a)? A 2
g =§ ;) (l - 61 +R1| _R2)0'0, (43)

where % is a statistical factor caused by the indistinguish-
ability of two final photons and R, = $7|B|*. The de-
tailed calculations of o?? are shown in Appendix .

Just like o?, the cross section o? is divided into equal
halves, with half going to cancel the IRD in the Q part and
half going to the T part:

0'57 =g} = %0‘77. (44)

Combining all the terms together, we get the infrared-
finite result at both the first (o o = Re[o; + o] ]) and the
second (op = a-Q + o}, + o})’) orders. Then the sum of
the first and the second order terms looks like

ONLO+Q = (TNLO tog
— L Re[R, + 8]0
T
2 1 i X 1
+ (%) RC[ERTS{ + 5fQ |R |2 - — R2]0’0.
(45)
V. NUMERICAL RESULTS

For the numerical calculations we use a =
1/137.035999, my = 80.398 GeV, and my =
91.1876 GeV as input parameters in accordance

with [27]. The electron, muon, and 7-lepton masses
are taken to be m, = 0510998910 MeV, m, =
0.105658367 GeV, m, = 1.776 84 GeV, while the quark
masses for vector boson self-energy loop contributions are
taken to be m, = 0.06983 GeV, m. = 1.2 GeV, m, =
174 GeV, m, = 0.06984 GeV, m, =0.15 GeV, and
my, = 4.6 GeV. The values of the light quark masses
were extracted using the fact that they provide shifts in
the fine structure constant due to hadronic vacuum polar-

ization Aahdd(mz) = 0.027 57 [28], where

o ) 5
Aal) (s) = i > Q;(logﬁ — 5), (46)
f

f=ud,s

and Qy is the electric charge of fermion f in proton charge

units g(g = Vdra).

On the other hand, the contribution of hadronic vacuum
polarization to the fine structure constant also can be
evaluated using the dispersion relation:

ax(s")

s’ —s—1i0’

A ag)d (s) = P ds’

47T o aM2 “7)
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where P means that the principle value of the integral
should be considered and o,(s) is the cross section of
hadron production in e*e~ annihilation. In the case of
small energies this cross section can be approximated
by the cross section of the pion production channel
ete” - ata:

2
o) = T B B, =41 =Mz g

N

thus giving the following contribution to Aalgsa)d(s):

Aa®)(s) = %(% log(i J_r g: ) - % - 253,). (49)

Thus, we extract the light quark masses from a combi-
nation of Eq. (46) and (49). Finally, for the mass of the
Higgs boson, we take my = 115 GeV. Although this mass
is still to be determined experimentally, the dependence of
EWC on my is rather weak. For the maximum soft-photon
energy we use w = 0.05./s, according to [14], [29].

Let us define the relative corrections to the Born cross
section due to a specific type of contributions as

[ _
Jc—%.  Cc=NLO,OT,...;
4]

86! = [=V,y,vy.

The parity-violating asymmetry is defined in a traditional
way [12],
oL T OLR —

ORL — ORR
Ao = —Ap, =
LR PV T T T
OpL T OpLr T Opp, T ORR

_ OLL — ORR (50)
g + 20—LR + O-RR’

and the relative correction to the Born asymmetry due to C
contribution is defined as
§C = AER — A(L)R

A AO
LR

Figure 3, plotted for # =90° and Ej,;, = 11 GeV,
clearly demonstrates that the relative correction to Q part
of unpolarized cross section is numerically independent of
the photon mass A. The dashed line shows that for the
kinematics relevant to the MOLLER experiment, the sum
of the virtual and bremsstrahlung contributions is close to
zero: 8¢ = 82V + 827 + §27Y = (0.001 98. We can also
see a quadratic dependence on the log scale of A for both
the virtual (upper parabola) and bremsstrahlung (lower
parabola) contributions.

The left frame of Fig. 4 depicts the relative corrections to
the asymmetry at E,;, = 11 GeV versus the scattering
angle 6 in center-of-mass system. The lower line shows
the corrections to the asymmetry with only one-loop EWC
taken into account, and the upper line shows the combined
one-loop and Q-part corrections. As expected, both of

013007-6
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8C,l

0.03

unpolarized case

L A, GeV
-0.03 ol | C
10 107 107

FIG. 3. Complete virtual and bremsstrahlung contributions to
the relative correction to Q part of unpolarized cross section vs
the photon mass A at # = 90° and E},, = 11 GeV.

them are symmetric along the line § = 90° have a mini-
mum at this point, and depend on the scattering angle quite
weakly. The difference of these two effects is an absolute
correction defined by

NLO+Q _ 40 NLO _ A0 NLO+Q _ 4NLO
_ ALR ALlr _ ALR Alr _ ALr ALR

Ay
Al Al Al

and depicted in the right frame of Fig. 4. Here we can see
that the Q part gives quite a significant contribution, with
A, reaching a maximum of 0.0419 at # = 90°. Taking into

5.C
062 —2
0.64 -
-0.66 |- NLO+Q
068 -
NLO

07k

r 0
_0_72ww\wwww\wwww\wwww\wwww\ww

P I IPUEP U
50 60 70 80 90 100 110 120 130
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3, Ay
02 |
0 Q
02 |
04 |
; NLO+Q /\\
o6 : i /
—— \
_08 I N 0 \
1L
.2 | \Q
1.4 |
10" 1 10 10° 10°
\s, GeV

FIG. 5. Relative (labeled by NLO + Q and NLO) and absolute
(labeled by Q) corrections to PV asymmetry vs /s. The filled
circle corresponds to our predictions for the MOLLER
experiment.

account that MOLLER'’s planned experimental error to the
PV asymmetry is ~2% or less, we see that it is necessary to
continue to work on the two-loop EWC, staring from the T
part.

Figure 5 shows the relative (labeled as NLO and
NLO + Q) corrections and absolute A, corrections
(labeled by Q) versus /s at & = 90°. In the high-energy
region (/s = 50 GeV) our one-loop result (see [14]) is in
excellent agreement with the result from [29] if we use the
same set of standard model parameters. As one can see

A,

0.044

T

0.042
0.04

0.038

T

0.036

0

P I IR I
50 60 70 80 90 100 110 120 130

FIG. 4. The relative corrections to the asymmetry (left) and the absolute correction A, (right) vs scattering angle 6.
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from Fig. 5, the scale of the Q-part contribution in the low-
energy region is approximately constant, but grows sharply
at \/s = my, where the weak contribution becomes com-
parable to the electromagnetic. This increasing importance
of the two-loop contribution at higher energies may have a
significant effect on the asymmetry measured at future
e~ e~ colliders.

VI. CONCLUSIONS

Experimental investigation of Mgller scattering is not
only one of the oldest tools of modern physics, but also a
powerful probe of new physics effects. The new ultra-
precise measurement of the weak mixing angle via
11 GeV Mgller scattering planned at JLab (MOLLER)—
as well as experiments proposed at future high-energy
electron colliders—will require that the higher-order effects
to be taken into account with the highest precision possible.

In this work, we build on the study of the one-loop
electroweak radiative corrections to the cross-section
asymmetry of the polarized Mgller scattering at 11 GeV
initiated by our group in [14], and address some of the two-
loop effects. At this stage, we perform a detailed calcula-
tion for the part of the two-loop electroweak radiative
correction induced by squaring one-loop diagrams.

The two-loop EWC to the Born (~ MyM{ ) cross section
is divided into the 7 part, which is the interference of Born
and two-loop diagrams (~ 2 ReM M ;_loop), and the Q part,
induced by quadratic one-loop amplitudes (~ M, M),
which we evaluate here. The results are presented in both
numerical and analytical form, with the infrared divergence
explicitly cancelled. Also, we clearly demonstrate the im-
portant role of the imaginary part of amplitude, which is
consistently taken into consideration both in the infrared-
finite and divergent terms.

As one can see from our numerical data, at the
MOLLER kinematic conditions, the part of the NNLO
EWC we considered in this work can increase the asym-
metry by up to ~4%. The corrections depend quite sig-
nificantly on the energy and scattering angles; at the high-
energy region of ./s ~ 1000 GeV achievable in the
planned experimental program of the ILC, the estimated
contribution of the quadratic EWC can reach +14%; for

y(k)

7(p)

FIG. 6.
ky < p,.
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3 TeV at CLIC, it would be +42%. We see that the large
size of the Q part demands detailed and consistent consid-
eration of the T part, which will be the next task of our
group. It is impossible to say at this time if the Q part will
be partially enhanced or cancelled by other two-loop ra-
diative corrections, although it seems probable that the
two-loop EWC may be larger than previously thought. Al-
though an argument can be made that the two-loop
corrections are suppressed by a factor of a/7 relative to
the one-loop corrections (see [18], for example), we are
reluctant to conclude that they can be dismissed, especially
in the light of 2% uncertainty to the asymmetry promised
by MOLLER.

Since the problem of EWC for the Mgller scattering
asymmetry is rather involved, a tuned step-by-step com-
parison between different calculation approaches is essen-
tial. One of the important results of this work is the
correctness of our calculations, which was controlled by
a comparison of the results obtained from the equations
derived by hand with the numerical data obtained by a
semiautomatic approach based on FEYNARTS, FORMCALC,
LOOPTOOLS, and FORM. These packages have already been
successfully employed in similar projects ([14,19]), so we
are highly confident in their reliability. In the future, we
plan to address the remaining two-loop electroweak cor-
rections which may be required by the promised experi-
mental precision of the MOLLER experiment and
experiments planned at the ILC.
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APPENDIX A: DETAILS OF CALCULATIONS
FOR THE CASE OF EMISSION OF TWO
REAL SOFT PHOTONS

First, let us calculate the amplitudes corresponding to
the emission of two real soft photons (see Fig. 6),

y(k)

y(p)

Double-bremsstrahlung diagrams for Mgller scattering in M!,. The u-channel diagrams are obtained by interchange
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e (k) +e (p)—e (k) +e (p)+yk)+y(p) (Al

in the ¢ and u channels with i-boson exchange (i = vy, Z).
The amplitudes are labeled as M}, Mi,, Mis, ..., where
the first (second) subscript denotes the origin of the first
v(k) (second y(p)) emitted photon: 1—emitted from elec-
tron e~ (k;), 2—from electron e~ (k,), 3—from electron
e~ (p,) and 4—from electron e~ (p,). The exact expression
for M, is the following:

Mlil = i(27T€)4Nk1Nk2Np1Np2 kal/l(kz)')/’u’(U —a ')/5)

X =

L ey oulk,)
4 -m

“e, =
Y¥eq(p) i

_ : : 1
X U(PZ)YM(U' - al75)u(p]) qz — 2

X 8(ky + p1 —ky — py — k= p), (A2)
where N, = (27)3/2 \/—_ Using the Dirac equation and

taking k — 0, we can simplify

k —k+m
— Bu(k =— Bu(k
k3_m7 (l) (kl_k) 2’)/ ( )
k]+m
B
—2kk7 u(k,)
= 3 Ok + YL+ mDuti)
kﬁ
=——u(k) (A3)
Analogously, at k, p — 0,
1 k&
- @y(ky) = ! ky). A4

Finally, the amplitude M!, at k, p — 0 has the following
form, with the convenient factorization from the Born
amplitude:

= eszNkea(p)elB(k)

ke kP
X TRk T ) T

Mi]lk,p—»()

(AS5)
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In the same manner, we get

Myl p—o = €*N,Nye(p)eg(k)
kg k¥ .
Ml
(kzp)(kz(k + p) + kp)
Ml o = N Nee(Den)— 881
121k, p—0 pVkCa p B (kzp)(_k1k) 0
Ml po = eszNkea(p)eﬁ(k)
P1P1
( p1k)(— pl(k+p)+kp)
Mﬁil4|k,p—>0 =e Nkae (P)e,g(k)
(pzp)(pz(k + p) + kp)
i PzPl i
Ml o = €N, Nye,(p)eg(k) — 22— M
ulirmo = N Niea PO, Ly
. k“pﬁ .
Ml —o = 2N, Nye,(p)egk) ———A— M
13lr=0 = R kP ey p) (= pik)
. k"‘pﬁ .
Mi, | om0 = €3N, Nie,(p)e g(k) ——2— M:
141k p—0 pRkEatPIE B (e p)(pak)
Misli p—o = €N, Nie,(p)e (k)ﬂfw
#er= PR (kap) (= prk)
Myl oo = €N, Nye (p)eﬁ(k)%w (A6)
P e (kap)(p2k)

Now we need to sum the terms generated by the sub-
stitution k < p. For the 11—, 22—, 33—, 44—cases it works as
the following:

M%llk,p—»() + (k < P)

eq(peg(kik?
(—kik)(—k (k + p) + kp)
ea(Keg(p)kik? )
(—kyp)(—ky(k + p) + kp)

= eszNkMg;(

1 1 e, (p)eg(k)kek?
— €2N N Mz( + ) a B 171
¢ ik —kp) (=k(k+ p) + kp)
e, (peg (ke kP
~ ¢2N .N.M: CalP)eIRT XY (A7)
PERTO T (ke k) (ky p)

As a result, the total #(u) channel amplitude is given by

Mf(u) |k,p—>0 = eszNkea(p)eﬁ(k)Ta(p)TB(k)M(i)’,(u)-

(A8)

Then, the cross section of (A1) has the form
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a??

d*kd’p(eN,)?

2 kot po<w

X (eN, )’ T(p)To(p)TP (k)T (k)

RN
—oulZ) (= et
N\7) 2\4= ko+po<w Ko

d3
< EL e ()T (D TEWT (k). (A9)
0
It is possible to prove that
1\2 &k dPp
) [ LT DT (P)TAWRT40
4 ko+po<w ko
= |L(A, @)]*> = R,. (A10)

If we change the condition ky, + py < w to simply ky < w,
po < w, the term R, will go to zero. However, the con-
ditions ky < w, pg < w are not valid from the experiment
point of view.

Let us calculate R, exactly. First, we introduce the
notation

1\2 Pk
I(a;,ay;b, b)) =— f —_—
( b 2) (477) a,<ky<a»,b,<po<b, ko

ip
X . T(p)T . (p)TP (k)T (k).

(A11)
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From Eq. (41) it is obvious that
100, a;0, b) = L(A, a)L(A, b)*, (A12)

which, of cause, works at A < a, b only. At da, db <X a,
b, the simple geometry considerations give the equation

I(a,a + da; b, b + db)
=1(0,a + da;0,b + db) + 1(0, a;0, b)
—1(0,a;0,b + db) — 1(0, a + da;0, b).
Simplifying using Eq. (A12) and (41), we get

b+ db
b

(A13)

+d
I(a,a + da; b, b + db) = 16|B|* log™—=" log
a

16|B|2da db

Finally, comparing Eq. (A10) and (A13), we conclude:
—Zl(a a+ da;b, b + db)

d w
- 16|B|2[ a [ @°_ 16|B|2L12( )|
w— 0

?|B|2. (A14)

3

Here, Q = {a < w}N{b < w}n{a + b > w}. Our result
for R, agrees with [24].
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